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(A FORTRAN SUBROUTINE TO SOLVE THE TWO-POINT
e BOUNDARY VALUE PROBLEM i

by

} L L. J.|Richards !

SUMMARY

‘This Memorandum describes a Fortran subroutine, BOVA, which provides the
solution of a set of nonlinear ordinary differential equations subject to non-
mixed two-point boundary value conditions. A finite difference method is used,
together with Newton's method. A specification and listing of the subroutine is

given.
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1 INTRODUCT ION

We consider the following problem. Given a set of n nonlinear first

order ordinary differential equations

X

1 fl(xl’ Xys wees xn)

X, fz(x], x2, celels xn)

(1=1)

X = fn(x]. Xy vees xn)

find a solution trajectory xl(t), xz(t), 2k xn(t) over the interval [TO,TF]

which satisfies n two-point boundary conditions each of the form

|
(=1

xi(TO)

or

(]
.

x; (Tp)

for some i(l € i € n) . The differential equations are autonomous, ie the

independent variable t does not appear in the right hand sides of (1-1). A
non-autonomous system can easily be put into autonomous form by defining a new
=0, with xn+l(T0) =T

variable xn+](t) =t , satisfying X Similarly,

equations involving higher order derisziives can be replaced by aolarger set of
first order equations by defining new variables. We must assume however that
each of the boundary conditions holds at only one point (either T0 or Tg).
If this assumption were not satisfied a method similar to that described in
section 2 could be used, but this would involve a large increase in the amount

of computation and storage required.

The Fortran subroutine described in this Memorandum was designed for use in

a numerical application of optimal control theory. When an optimal control

problem is solved using Pontryagin's Maximum Principle, this leads to a two-point

boundary value problem. It was found that this boundary value problem could not

be solved by conventional 'shooting' methods, so that an alternative method was

required. The method described here is applicable to any two-point boundary value

problem, but it would not be a good choice for a general purpose two-point
boundary value algorithm, since in most cases more effective algorithms can be

found.

SRt
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2 METHOD

Equations (1-1) and (I~2) may be rewritten in a more compact notation.

The differential equations are
x = £(x) (2-1)

and the boundary conditions are

cOxry = &
(2-2)

F o E
Cx(T) = 4

where x is an n-vector, QO is an &-vector, dF is an (n - %)-vector, and
C0 and CF are 2 xn and (n - 2) X n matrices with constant elements.
We use a finite difference formula to convert the set of nonlinear differential
equations (2-1) into a set of nonlinear algebraic equations, which are then
solved using Newton's method. Instead of trying to determine the solution
trajectory throughout the interval we consider its value only at regularly spaced
'grid points'

Tr = To + rh (r = 0,...,N)

where h = (T, - TO)/N and N 1is some positive integer. The method will yield

F
:_((TO), :_t('l‘l). Coar x(TN) = x(TF) c
The finite difference approximation is similar to one suggested by Foxl
Yy ¥y = MGy, * 3y e
However, we omit the correction operator Cyi and use the trapezoidal rule
¥, <Y = Iy, +y9 . (2-3)
This leads, in our notation, to the vector difference formula

E(Tr+l

J=EEd - ih(ﬁ()_t(TH')) + _f_(:_c(Tr))) (r=0,...,N-1)

Math
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It is convenient to replace the N + | vectors §(Tr) each having n

components by a single vector 2z having n(N + 1) components. Let

z = xi(Tr)

where k = 1+ rn
(2=l oo ,ns E=0L G N (2-5)

The equations (2~4) provide nN equations involving the components of 2z .
A further n equations come from the boundary conditions (2-2), the first &

of these equations involving the components z o 2 and the remaining

l!
aN#1® C° ZoNen
total of n(N + 1) nonlinear algebraic equations in n(N + 1) unknowns, and we

(n - %) equations involving the components z We thus have a

can write these equations as

g(z) = 0 (2-6)
. -0 0 0 L 40 4 .
where gk(g) = 7 + k2?2 b RO en?n dk (k=00 ,s2) (2-7)
gk(E) Zrn+i  Z(r-1)n+i

0 Zrged P 5 Coynerr e z(r—l)m‘n))

ron+i’ rn+n

. ih(fi(z

(k =i+rn+2, i=1,...,n, r=0,...,N-1) (2-8)

F F ‘ F
g, (2) € 1Bl MCIPLENOIL SRR

.

c. z dF
jn " nN+n j

(k =nN+2+j, j=1,...,n-2). (2-9)

Newton's method for solving nonlinear equations is well-knownz’3 and will

be only briefly described here. Starting with an initial guess EO the method

. 5 . l 2
generates successive approximations z , 2z, ..., to the true zero z . The

iterative process is defined by

2 - o i G gty (2-10)




i . . . i . .
where J(z) 1is the Jacobian matrix evaluated at 2z~ , ie the matrix whose

(p,q)th element is (agp/azq)(gl) . If go is sufficiently close to 2z the

1 2

sequence go, » 2°, ..., converges quadratically to z .

IN

3 COMPUTATIONAL DETAILS

In using equation (2-10) it is not necessary to find the inverse of the

Jacobian explicitly. It is sufficient to determine the vector gl satisfying
JzhHe' = gzh (3-1)
and then put
§1+l L 51 - 51 A (3-2)

The solution of the set of linear equations (3-1) is made easier by the fact that
the matrix J(Ei) has most of its elements equal to zero. In fact it has the
form shown in Fig 1. This means that use can be made of an algorithm which takes
advantage of the band form of the matrix to reduce the amount of storage and

computation time required.

In order to calculate J(z) one must be able to calculate partial

l’ fzo veey
It may be that these partial

derivatives of the functions f fn with respect to each of _he

variables Xps Koy eeny X 'rivatives are
difficult or impossible to calculate directly, for example the functions a:
given not in analytical form but as a series of tabular values. In this case

it will be necessary to make an approximation to the derivatives by some
numerical means. In Appendix B a subroutine is listed which does this using the

simplest of finite difference approximations.

The success of Newton's method depends on the distance of the initial
guess EO from the true solution 2z . The larger this distance is, the greater
the number of iterations needed to converge to a given accuracy. If the distance
is too large the algorithm may not converge at all, and the method will 'blow-up',

ie produce estimates which increase in magnitude rapidly and without limit.

4 SPECIFICATION OF BOVA
Title Solution of two-point boundary value problem using a finite

difference method.

Programing language 1900 Fortran.

Math
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Description The subroutine produces an approximate solution to the
differential equations (1-1) subject to boundary conditions (1-2). The solution

is given at a finite number of regularly spaced grid points.

Accuracy Single precision arithmetic is used, and the accuracy obtained

depends on the number of grid points employed and on the input parameter ACC.

Experience The subroutine has performed satisfactorily on a number of

test cases. See section 5.
Method See sections 2 and 3.

The call statement The CALL statement is

CALL BOVA (M1, M2, M3, M4, M5, M6, M7, MAXIT,
HH, ACC, ICND, Z, NIT, EPS, AA, AM,
INT, XY, F, FY, P)

where MI, M2, M3, M4, M5, M6, M7, MAXIT, NIT are integer variables.

HH, ACC are real variables. ICND is an integer array of length at least MI.

INT is an integer array of length at least M3. AA is a real array of length at
least M4. AM is a real array of length at least M6. XY, F, FY, P are real arrays
each of length at least Mi.

Input parameters Before calling the subroutine, the user must set the

arguments

Ml = n, the number of equations

M2 = N + 1, where N determines the number of grid points

TO, T], TZ’ vooy TN

M3 = Ml x M2
M4 =M3 x (3n - 1)

M5 = 2, the number of boundary conditions specified at the initial

point To

M6 = M3 x (M5 + Ml - 1)

M7 = reporting parameter. If M7 > 0 the subroutine REP is called after

every M7 iterations. If M7 < 0 REP is not called. See 'subroutines
called'.
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MAXIT = the maximum number of iterations allowed
HH = h, the distance between grid points = ('1‘F - To)/N
ACC = accuracy required. The iterative process is stopped if the

norm of the vector difference between successive iterates is

less than ACC. The norm used is the uniform or Chebyshev norm:

fel, = max{|ei|: G e M} .

ICND(1) = Ji Ci=R L)

= Ki (1=2+1, ..., n)
where xj. is the ith variable specified at the initial
point T, , and XKy is the (i -~ 2)th variable specified at

0
the final point Tp -

Results At exit we have

NIT the number of iterations needed for convergence to the required
accuracy. If MAXIT iterations were performed without convergence
to the required accuracy NIT is set to -1. If the iterative
process 'blows up', ie produces estimates which increase in

magnitude rapidly and without limit NIT is set to -2.

Z (k) xi(Tr) (k = i#rn, i = 1,...,n, * = 0,...,N).

State of other variables All the input parameters are left unchanged.

The arrays EPS, AA, AM, XY, F, FY, P are used as work areas.

Subroutines called The user must provide the following four subroutines:

(1)  Subroutine GUESS(Z,M,HH)

On entry, this subroutine must accept the values of M = n(N + 1) and

HH = (TF - TO)/N and on termination must provide:
Z() = x(T) (k = itrn, i = 1,...on, £ = 0,...,N)

where x?(Tr) is a guessed approximation to xi(Tr) . Z 1is a real one-
dimensional array of length M .
(2) Subroutine FUN(X,F,M)

On entry this routine must accept the values of X =x and M =n , and

on termination must provide:
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F(i) = fi(§) (1wl e D)
X and F are real one-dimensional arrays of length M .

3) Subroutine PARD(X,I,P,M)

On entry this subroutine must accept the values of X = x, I =i and
M =n, and on termination must provide
P() = — (x) (GG =1,...,n0).

9X.
J

X and P are real one-dimensional arrays of length M .

(4) Subroutine REP(Z,M,ANORM,IR)

This subroutine enables the user to monitor the progress of the iterative

process. On entry

M = n(N+ 1)
IR 5 .
Z(k) = Z_~ » the IRth approximation to xi(Tr)
(k= dsrn, 1 ® |, ...;n, T = 0,..:,N)
avor = TRy L IR (IR-D)

]

where ug_llw=max{|si|: i=1, ...,M}
Z 1is a real one-dimensional array of length M .

The ICL subroutines FPDEBM and FPMOVE are also used.

5 TEST RESULTS

We consider the problem
y = y3 - sin t(1 + sinzt)

over the interval 0 to w , with boundary conditions
y0) = yiv) = 0

which has the solution
y(t) = sin t .
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Expressing the problem in the form of equation (1-1) it becomes

xl(O)
xz(ﬂ)

x3(0)

3 » 2
x| - sin x3(l + sin x3)

The numerical results obtained will depend on the number of grid points,

the accuracy demanded and the initial guess. The following table gives the

results of a number of runs.

Case No.

(o)W U N oS UL I SR

Maximum error No. of iterations

.0003
.062
.00005
.0003
.0003
.0003

oloNoleNoNo)
(Ve lio N0 WV, BV, IRV, |

Case | had N = 40, ACC = 0.001 and

Case
Case
Case

Case

Case

v &~ W N

0

x](Tr) = 0

0

x2(Tr) = 0 Tt = O, 1y sy N
0

x3(Tr) = Tr

as for case
as for case
as for case

as for case
was used to

as for case

1, except N = 20
1, except N = 100
1, except ACC = 0.00001

1, except the subroutine PARD listed in Appendix B
approximate the partial derivatives

1, except the initial guesses were:




0
xl(Tr) 10

it
o
Lo}
L}
o
-
-
=

]
]

The following equations were also solved:

fo A
iz = 4x]x6
Xy o= -3k, + 3 - ik
§4 = - 4x9
*S 5o 5x2x8 = 5x3x7
i =X,
i7 = 2x2
i8 = 3xlx2 = 3x6x7
ig = 4xlx3 = 4x6x8
‘g = 5%
with boundary conditions
Xl(O) = x3(0) = x5(0) - 1]
x6(0) = 0

x3(“/4) = xs(ﬂ/4) = xlo(ﬂ/é) = - /2/2
xa(ﬂ/é) = -1

x7(ﬂ/4) = |

xg(n/h) = 0
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The exact solution is

xi(t) = cos it (A =1,.,.,5)

xi(t) = sin (i - 5)t (1 = 65000510).

The equations were solved, using subroutine BOVA, with N = 40, ACC = 10—8 and
initial guesses xg(Tr) = 0.5 for all values of i and r except those
specified in the boundary conditions. Six iterations were needed for convergence.
The maximum error was 0.001, this error occurring in Xg » which was not

specified by the boundary conditions at either end of the interval. On the

ICL 1906S computer this run took 43 seconds.
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Appendix A
LISTING OF BOVA

SUBRIUTINE BOVA(M],M2,M3,M4,%45,M16,47 ,MAXIT,HH,ACC
1,ICND,Z,LNIT,EPS,AAAMLINTLXY,LFL,FY,P)

INTEGER INT(M3)

REAL Z(i43),EPS(M3),AACMA) , AMIME) , XY (M1),F(MI),FY(M1), P
1M1)

INTEG=ZR ICHD(M))
COMMON/DIMS/N,NN,NINL,NDI,ND2,NE, i STA,IRP,H,H2
N=M1

NN=M2

NNN=M3

NDl1=M4

ND2=X6

I1STA=MS5

IRP=M7

NE='17=-N

H=HH

H2=0,5%4

CALL RBYPA(MAXIT,ACC,NIT,Z,EPS,ICND,AA,AM,XY,F,FY
1,P,1HT)

RETURN

END
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SUBROUTINE BUPACMAXIT,ACCLNITL,ZLEPS,ICND, AN AMXY,F,FY,P,INT)
THIS SUBROUTINE SOLVES A NONLINEAR TWO-POINT BOUNDARY VALUE
PROBLEM USING FINITE DIFFERENCE FORMULAE AND A
NEWTON-RAPHSON PROCEDURE

MAXIT 1S THE MAXIMUM NUMBER OF ITERATIONS ALLOWED
THE PROCESS STOPS WAEN TWO SUCCESSIVE ITERATES AGREE TO AN
ACCURACY OF ACC,OR IF THE SOLUTION BLOWS UP
NIT IS THE NUMEER OF ITERATIONS NEEDED
(-1 IF NO CONVERGENCE,=-2 IF SOLUTION BLOWS UP )
A CALL IS MADE TO SUBROUTINE REP AFTER EVERY IRP ITERATIONS,PR

=

VIDED
THAT IRP IS +VE
C CONTAINS INFORMATION ABOUT THE BOUNDARY CONDITIONS
THE OTHER ARRAYS IN THE SUBROUTINE LIST ARE NEEDED BY IMPRO

n

aocaoooooooooooaoacOoaan

AT EXIT Z CONTAINS THE SOLUTION
INTEGER R, INT(NNN)
REAL Z(NN:!1),EPS(NNN), AA(ND1),AM(ND2) ,XY(N),F(N), FY(N), P(N)
INTESER I1CJDCN)
COMMON/CIMS/N, NN, NMNN,L,NDI ,ND2,NE,ISTA, IRP,H,H2

C FIRST WE MUST MAKE AN INITIAL GUESS AT THE SOLUTION
CAl.l. GUESS(Z,NNN,H)
ANORM=0.

DO 14 I=1,NNN
AN=ABS(Z (1))
IFCAN-ANORM) 14, 14,0
ANDOPM=AN

14 CONTINUE
BLOV=ANORM*].ES

.C

DO 3 R=1,MAXIT

CALL I¥“PROYVE(Z,EPS,ICND,AA,AM,KY,F,FY,P,INT)
c NEW ITEFATE =0LD ITERATE + EPS
C INFINITY NORM = ANORM

ANDIv=0.
DO 4 I=1,NN
ZC17=2(1)+EPSCI)
AN=ABS(EPS(I1))
IFCAN-ANORM) 4,4,0
ANORM=Al

4 CONTINUE
IFCIRP) 8,8,0
IF(R/IRPxIRP-R) 8,0,8
CALL REP(Z,NNN,ANOPRM,P)

8 CONTINUE
IFCANOPM-ACC) S5,0,0
IFCANDOR4-BLOW)Y 3,0,0
NIT=-2
GO TO 9

3 CONTIIVE
NIT=-]
RETURN

S NIT=R

9 RETUBN .
END z
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SUBROUTINE IMPROVECZ,EPS,ICND,AA,AMXYLF,FY,P,INT)

c THIS SUBROUTINE TAKES A GUESS Z AND CALCULATES EPS SO THAT
C Z+EPS 1S A BETTER APPROXIMATION TO THE SOLUTION THAN Z
C A NEWTDH-RAPHSON METHOD 1S USED

INTEGER R, INTC(NNN)

REAL Z (HNN)L,EPSCNNN), AA(ND1) , AM(ND2) ,XY(N),F(N), FY(N), P(N)
INTEGER ICND(N)
COMMON/DIMS/NLMNIL,NNNL,NDI,ND2,NE, ISTA, IRP,H,H?2

5 FIRST ZEROISE THE ARRAY AA WHICH WILL CONTAIN THE MATRIX
; AAC1)=0.
CALL FMOVECAAC1),AAC2),ND1-1)
Cc
i c R DENOTES THE NUMBER OF THE PIVOT POINT ¢1 TO NN)
c I DENOTES THE NUMBER OF VARIABLE ¢1 TO N)
c NNN=N*NN. THIS IS THE ORDER OF THE MATRIX
Cc NE=NNN-N
c ND1=(M1+M2+1)%NNN , ND2 =MI*NNN ,WHERE M1 AND M2 ARE THE
c NUMBER OF NO{JIZERO SUBDiAGONALS AND SUPERDIAGONALS OF THE
c BAND MATRIX A. TO TAKE ADVANTAGE OF THE BAND FORM WE STORE
c THE NONZERO ELEMENTS CF A IN THE 1-DIMENSIONAL ARRAY AA, SO
THAT
Cc ACI,J) = AACI+NNN*(M1-C1-J))
c WE HAVE MI=ISTA+N-1 M2=2N-1-1STA
c WHERE ISTA IS THE NO. OF BOUNDARY CONDITIONS AT THE INITIAL
POINT
C H 1S THE STEP-LENGTH. H2=0.5%4
c THE RIGHT HAND SIDES OF THE EQUATIONS ARE STORED IN EPS
c TH1S WILL BE QOVERWRITTEN LATER
>
o FIRST DEAL WITH BOUNDARY CONDITIONS
c THE DIFFERENCE EQUATION PROVIDES (NN-1)%N SQUATIONS
c THE FEMAINING N EQUATIONS COME FROM THE BOUNDARY CONDITIONS
c SPLIT BETVEEN INITIAL AND FINAL POINTS

MI=ISTA+N~1
M2=N+N=-1-15TA
DO 4 K=1,ISTA
EPS(K)=0.
1=1CNDC(XK)
S AACK+NNNIx(M1+I-K))=1.
4 CONTINUE
DO 14 K=ISTA+1,N
IV 1=NE+K
EPSCI1)=0. e
I=1CND(X) ‘/
15 AACTIWI+MNNNY(MI+NE+TL=-TI1))=1. .
14 CANTINUE
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AT
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31
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32
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Appendix A

NOYW FOR THE DIFFERENCE EQUATION

EACH ROW OF A CONSISTS OF 2n NONZERO ELEMENTS

THE 2ND N COEFFICIENTS OF ROWCISTA+(R-1)N+1) ARE ALMOST

THE SAME AS THE 1ST N OF ROW C(ISTA+RN+I)

THE COEFFICIENTS INVOLVE PARTIAL DERIVATIVES,AND THE POINTS

WHICH THESE ARE EVALUATED ARE INDEPENDENT OF I, SD WE CAN
FIND THESE POINTS IN THE OUTER LOOP

INITIALISE FY BEFORE STARTING OUTER LOOP
DO 12 K=1,N
XYC(K)Y=Z (X))
CALL FUN(XY,FY,MN)
SET UP IST N COEFFICIENTS IN FIRST N EQUATIONS
DO 22 I=1,N
CALL PARD(XY,1,P,N)
IRA=ISTA+I
1W=M1~1RA
WE NOW FIND AC(IRALK) (K=l,ee0e,N)
DO 23 K=1,N
AACIRA+NNN*CIW+K) )==-H2xP(K)
I I=IRA+NNN*(IJ+1)
AACIV1)=AACIVL) =1,
CONTINUE
DC 1 R=1,NN-2
M= RxN
L=M-N
DO 3 1=1,N
XYC1)=Z(HM+1)
ALSO NOW FIND FUNCTION VALUES
FCI)=FY(1)
CALL FUN(XY,FY,MN)
BEGIN INNER LOOP
DD 2 I=1,N
IFA=ISTA+(R~-1)%xN+1]
FIND PARTIAL DERIVATIVES FOR 29D N COEFFICIENTS OF
EQUATICH IPA AMND 1ST N COEFFICIENTS OF EQUATION IRA+N
CALL PAPRD(XY,1,P,N)
WE NOW FINL ACIRA,M+X) AND ACIRA+MN,M+X)
IW=M1+M-1RA
DO 7 K=1,N
IWI=1IFA+NNN®CI'V+K)
IW2=1IW1+N%(C1=-NNN)
AACIT1)=-H42xP(K)
AACIT2)Y=AACIW 1)
IWI=1IPA+NNN*CIWV+]I)
IW2=1"T]1 +N%(1=NIIN)
AACIVI)=AACIWL)Y+ 1.
AACL2)=AACLY2)-1.
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C NOW FIND EPS(IRA)
EPSCIRA)=H2*(F(I)+FY(I))=-Z(M+I)+Z(L+1)
2 CONTINUE

1 CONTINUE
c WE HAVE MISSED OUT THE 2ND N COEFFICIENTS IN THE LAST N EQU
ATIONS
C SO SET THESE UP NOW
M=NE
L=M-N

DO 18 I=1,N
XYCI)=Z(M+1)
18 FCI)=FY(I)
CALL FUMN(XY,FY,N)
33 DO 19 I=1,N
IRA=ISTA+L+1
CALL PARD(XY.,I[,P,N)
IW=M]l+M-1RA
DO 20 K=1,N
IWI=IRA+NNN¥(IJ+K)
20 AACIW1)=-H2%xP(K)
IWI=1IRA+NNN*CIWV+1)
AACIWI)=AACITL1)+ 1.
EPSCIRAY=H2*x(F(I)+FY(I))=-Z(M+1)+Z(L+1)
19 CONTINUE

c WE HAVE FINISAED SETTING UP THE EQUATIONS AND CAN NOW PROCE
ED
C TO SOLVE THEM

34 1W=]
c AM AND INT ARE WORK ARRAYS USED BY FPDEBM

CALL FPDEBM(NNN,IW,M1,M2,AAC1),AMC1),EPSCI1),INTC(1),172)

c EPS HAS BEEN OVERWRITTEN, AND NOW CONTAINS THE RESUIRED SJL
UTION
c
c CHECK FOR SINGULARITY

IF¢1'72) 0,18,12
WRIT=Z(2,11)
11 FORMATCIX, 184 SINGULAR MATRIX)
FORMAT(1X,6E15.6)
STOP
10 RETURN
END
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Aggendix B

LISTING OF SUBROUTINE PARD

SULLROUTINE PARL(XLI,PL0)
REAL XGH,PA)

BEAL FC1C)

Culig0d /ZEST/QC10,10)
IrCI-1) S5,0,5

CALL FLIC(X,P,ol)

Lo 1 Jd=1,4

DeL=C.01%M(J)
IFCABSCLEL)=1.E~8) 0,052
LEL=1.E-2

YX=X(Jd)

X(J)=XX+LtL

CALL FLI(X,F,.)

X(Jry=xx¥

DO 1 K=1.,U
QCKX,J)=(F(K)=P(K))/LCLL
DO 6 J=l,u

P(JI)=R(I,4J)

RETURW

END

Math
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