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ANGLE MEASUREMENTS FOR BROAD-BEAM-ARRAY RADARS

INTRODUCTION

Broad-beam-array radars will be considered in this report. Because of the frequency (less
than I GHz) and antenna-size limitation on the ship, fairly broad beams are anticipated. This
natura lly raises the question as to the accuracy with which the  angle measures of the target can
be made , a top ic which is the concern of this report. It is not the purpose here to describe the
entire radar. The antenna would be an array with beamwidths of 5° and 15° in azimuth and
elevation respectively. Four arrays would be required to cover the full 360° in azimuth. The to-
pics affecting the angle measurements will be briefly reviewed. These include antenna pat-
terns , multipath propagation , no ise , scann ing the array off axis , and the roll and pitch of the
ship. A design and rough results will then be given for the case of the radar being stabilized
with respect to ship motion . Finally a means will be formulated for obtaining azimuth and
elevation measurements when both sea-reflected multipath propagation and ship motion are
prese nt.

REVIEW OF PERTINENT TOPICS

Antenna Patterns

The Kirchhoff-Fresnel theory can be used to determine the antenna patterns for a
planer-array antenna. A simplified form of it in the far field is

E = 
je~~

2
~~ (1 + cos ~) 55 A ( x , v )  ej

~~~
5 ’ 1fl + ( I ” h) l  dxd~, (1)

where
E = electric field,
R = range ,
A = wavelength ,

= angle between the line normal to the array and the line in a plane normal to
the array connecting the field point to the array (Fig. I) ,

.4 (x..v )  power distribution across the array,
d = aperture width ,
h = aperture height ,

2~rd 2~rd
CS = 

~~~~~~~
— cos fi tan az az , (2)

is A
and

2ir h _ 
2,r h

= cos ~
) tan el — — ci , (3)

Manuscr ip t suhmoied March 4. 1977.
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Fig. I — Antenna geometrs

w ith az and el being the azimuth and elevation angles. The variation in ~ is neglected , and the
aperture field is assumed to be factorable , so t hat

E = const f ( E  ) f (a  ) ,  (4 )

where

1(e) = f  A ( v ) ’ ~~ 
I / I  dx

and

/ ( ~ 
) .= 5 .4 ( v) e +~ 

S / dx.

The antenna patterns then is assumed to be

G (az , c i )  = G (az ) (1 (ci ) = / ‘( E ) f ’(o ) .  ( 5)

The set of antenna patterns which will be used is shown in Table I. These are for 0° point ing
angles. Pointing angles other than normal to the array t’ace w ill be considered later. The
cosine-squared and double-angle-sine patterns are typ ical of the sum and difference patterns in
a monopulse radar. The double-null pattern is an even function wi th a null at zero.

Multipath Propagation

A simple geometrical optic s model is used to describe the sea-reflected multipat h propaga-
tion . The geometry is shown in Fig. 2 . The radiation from the antenna to the target and the
hacks cat ler will he propagated by the direct path and the reflected path At each point (Sn the
antenna aperture t he signal strength is the sum of the direct signal and the indirect signal ,
whose re lative phase varies. The resultant relurned signal is obtained by summing the signals
acro ss t he aperture. The res ults of th is simple model are ~ el i knos~ n III and are

S = -I (( i(e l ) ~~~~~~ A 
+ ~(1( —el it 

i~~~tt I I 
(h i

2

_ _ _ _ _ _ _ _ _ _ _  _ _ _ _  ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~
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Table I — Antenna Patterns

Name 4 (x )  1(o )

dir .
— sin —

- . . 2 ~~~~ 2 2Cosine squared Los 
d a 

2

adir sin —

2i~-x 2
Double-angle sine sin — 2(1 

2 a

2ir x 
(12 sin

Double null cos — _____________

2 a

TARGET

ANTENNA 01~~cT pATh

hT 
—_--__— ei

I ig 2 — Mu lt ipat h .pr op agat ion geometry h 

— h 1

IMAGE OF — I
ANTENNA ‘ -

~~~~ IMAGE OF
TARGET

whe re S is the returned signal , -i is the amplitude, h
~ 

is the antenna height , el is the e levation
angle . p is the re flection coefficien t , and ~ is the phase shift at sea surface. For a smooih sea
t he reflection coeffi c ients are

sin e l — 
~~~~~~~ 

— cos 2 el
(I (‘ = 

~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ ( 7 )

sin el + .~
/;-

~I:~ cos 2 el

and

sin el — ~~~~~ cos 2 el
1~~l~ 

= —.-—-.—.- - — . (8)
F 1 sin el + ~~/F 1. — cos 2 el 

~~~~~~~~~~~~
_-.- _ _ _
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w here 
~~C 

= 
I 

— j6OA r is the complex dielectric coefficient shown in Table 2 for various fre-
quencies [21. The model presented is fairly good as long as the Rayleigh criterion .

I A.~h < — ____

8 sin ci

w here ~/z is t he wav e height , is met. For higher sea states the picture is more clouded. We will
assume for the remainder of the report that for the higher sea states the reflection coefficient
magnitude and phase shift are unknown and vary with time. A more detailed discussion is
given in Append ix A. In addition the dominent reflection is near an angle equal to but opposite
of the target elevation. If several dominent reflectors are present , terms would have to be ad-
ded to (6) to account for them. Two plots of the radar signal level for zero sea states are given
in Fig. 3. The ordinate value of 0 dB is for the free-space range at the peak of the antenna
pattern . These are the usual lobing plots associated with a ship ’s radar coverage.

Table 2 — Dielectric and Conductivity Values t~sed
in the Reflection-Coefficient Calculations

Frequencies Value of Dielectr ic Value of (‘onduct is i ty  tr
(Mh z) Constant € (m hos/m)(F/rn )

f < 1500 80 4 .3
1500 to 3000 80 - 0.00733 If - 1 500) 4 .3 + 0.00l48 if - 1500)

3000 to 10 .000 69 - 0.00243 ( 1- 3000) 6.52 + 0.00 1314 (1 - 3000)

TARGET ELEVATION
T A R G E T  ELEVATION DEG R EESI  DEG R EES I

(at I l i t r i , t , ni _ iI  ps’lar i ,~i ii on. h tt ti. I ’c.Irn%I udl t i  2 (1 . t h t  ‘s e r I l ~. . I I  poIari iati ~ ii .

.IIi&I fl OSC I ‘I beafli on i he hot iCIbil 24 t t i . tic aItty l i i i t  h . ~in1t I S I l Y C

lI t  beam Ii the 1dB poin t ahtts C

the hon ioii

I ig ~ I obun g due to I l I i I I t I t ’ ,uit i  pi i t pag.l t uIhIl iii r ,id iat io n ss uth .s II 1.111  ci .1 sntitolti ‘ I I

4
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Errors Arising in (‘on~et it ionaI Angle Measurements

I ‘,s o conventional means of obtain ing angle measurements in free space are hearnsplit ting
for scann ing beams and the nionopulse method for stationar y beams. The scanning beam Is of
no coilcern here. The angle measurement by the monopulse method is il lustrated by taking the
ratio of t he signals from the double-angle-sine pattern (dilkrence pattern I and cosine-squared
antenna pattern (suns pattern ) given in Table 1. This ields

~ / II 
2

dir stfl iT - — —-

= 

~P17~T7FFii
The azimuth angle can be found from (2) and (9) and is

ai = (A 2d ) . ’~ . ( 10)

and the elevation angle can be found from (3) and an equation similar to (9) :

el = (A 2 h) . h’ . Un
Since the heamwidt h is ~~~ equals 2 .88 (A 2t/ ( or equals 2 ,88 (A 2/i ) .

= 
~~~ (O~~~ 2 ,88 ) ( 12)

and
ci = .~~, (P~~~ 2.88 ) . ( 13 )

The az imuth , or elevation , is directl y proportional to t he ra t io  of the dilI~renee si gnal to the
sum signal.

The etlCct of noise on the monoputse measurement 131 i~ given in f ig. 4 . A t  a 13-dR
signal-to-noise ratio S/N the nionopulse error ( st anda rd  deviation I is 0.1 heanswi dth. l’or a
rough approximation t he slope of the nsonopulse curIe. ~~ ct s by ( 1 2) (Sr (I 3) , Is 0.4
heamwidth . Therefore the error could he cot si puted by m u l t i p l y i n g  the slope (If the nionopulse
curve by 0.1 /0.4 = 0.2 5 For ~nv other nsonopulsc curve (or an~ ot her curve ) formed by the
ratios tound in this report the angle error s~ ould he es t imated by multiplying the shlp e of the
cur s e by (1 .2 5

I I I

I ic 4 I ~~~ ( iut ~ no ise on the mon oplils e mea 511 i t  i f iCt i t

t i l l ilil rni..iIu led to t bc.tms’, idih 

~~ 

o:i — 

~ ~ I 

—
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.-\ ts gle meas ure iisents in se ,i-re llected multipath propagation are considered nex t .  In Fig
Sa t he 3-dR contour of a pencil-beam radar is shown centered on the horizon (or the case
when the beans has no cross-level error. W hen no cross-l evel error i~ present , t he target and its
image lie at the same az imuth bitt at ditkrent e levations ss ith respect to their defining planes ,
When c ross - le sel  error is present , the target and images are at ditl~rent angles in bot h the az-
imuth and elevation planes. .~\ well-established fact in radar is that multiple unresolved targets
can cause large angle errors. To sirn plitv the problem , it wil l he assunsed the c ross-l evel angle
(t in Fig S b) is zero and therefor e az imuth and elevation nieasuret iienis can he made in-
dependent l y .  In a later section nonzero cross-level angles wil l be considered.

ELEVATION Z

ELEVATION

~~
‘
~~~: 

IMA~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~
b0:

il \ II - . F11’ .s .  Ics ci condi i ions l b I (‘ ross- Ic s ci conditi ons

I- Ic — F al ge r ,Inll i niage pos itions ss ithin the 1 d B contour of the beam of a pencil- beaiii radar

One means of measuring the elevation angle ss hers there is sea-ref lected niultipath propa-
gation was suggested by Whi te 141. For t~~o antenna patterns (1~ and ~~~~ the returned s ignal
voltages in t he form of (6) . with l!l = I 81) . for horizontal polarization are

= -
~ I(’ .~ (el ) , 1 

— p (s ’
4 ) —el l i “1 ( 14)

a n d

= 1 1G 11 te l  )e ’ (i(i~ ( —el Ic 1. ( 1 5 )

Tak ing the ratio . .~‘ ut the t~~ o o l ta g c s  yIelds

II 
(~~ I — ci

(1~~(el ) 
- 

( l C  

( Ib)
I (1 1 tel I 

~ II 
(1 4 I —ci I

I ~~~ ( i t ’

R~ requiring s~ mrnetry of t he two beams wi th respect to the horizon , w hich nseans that

(i ~ 
( — ci I (i fl tel I = (~~ ( —e l ) (1 4 (c i  1 . ) l~~

)

the mult ip,ith terms in ( I hi cancel out , leaving the ratio of the t~~ o antenna pattern s :
(s~ t e l  I t e l  I . rhen t he ratio can be sols ed for the d e s  ation angle. W hen even-funct ion ,IFI-
ten na pat t ern s .ihout the horizon are used , niultipath terms can he canceled in the ratio \s an

(S

-. , .- -.-~~— .- -——- - - ———— . 
~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ 

.— .-.
~
—.-,—-..- - ,-- . — ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ 

~,,.,‘IdA_ ,



--- ____________

NRL REPORT 811 4

exam ple using the double-null pattern for G8(el) and the cosine-squared pattern for G~ (el).

which are defined in Table 1 , the ratio becomes

2d -~- sin 
~~/Iir

2 _ 1~12 1 
2 2

I / 2 (l / n - . (18)
d . (5 / (k 2 /  2 (~-

~~

- 
S i f l T /~~~~~~i r/  

it, - -
~~~

t.Ising (2) and (18) the elevation angle becomes

el = -
~ -j ‘/~~~~. (19)

For ratios near zero the slope (sensitivity ) is small and the ability to measure elevation in the
presence of noise is poor. In addition the received power has many deep nulls as a function of
elevat ion for reflection coefficients near unity because of the symmetry about the horizon in
the examp le used. Improved antenna patterns using this technique will be considered later.

Effects of Scannin g Off Axis
When an array is scanned off axis , two e ffects must be considered. First the effective

aperture width d1. decreases by
= d L’(iS az . (20)

The second effect is that the peak of the beans steers in both the elevation and azimuth along
cones. This is illustrated in Fig. 6 . wh ich shows the cone for the azimuth case. The array is in
t he t’: plane normal to the .v ax is. The azimuth ai ari d elevation el represent the target ’s posi-
t ion. The array steering angles- ~tre y and & The cone .,hown in Fig. 6 ts defined as follows.
T he phase is the same at the array for any target along a cone defined by rotating a line from
the array to a target about t he ,v axis such that the angle between the line and the y axis is al-
ways 90° — y . The other cone of constant phase is defined by rotating from the array to the
target about t he = axis , w here the angle between the line and the axis is 90° — & The rela-
t ions between the beam pointing ang les and the beam steering angles are [5~

~ =e l  (21 )

and

sin ~ 
= ens el sin a/ .  (22 )

I ig b — R~Iati ~ ttship of beam point Ing angles ai and el

~ 
M \_ 

to be,im ’ s(eenn g angles y and A

7 

-- -- -~--
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These results are show n graphically in Fig. 7 . The results show that the azimuth y measured
by the radar is coupled to the true azimuth by (22 ) . To find the true target azimuth , the eleva-
tion must be known.

The antenna patterns are then written as
G(y. el ) = G (y  — y~ ) G(el — e10 ) . (23 )

where G(~ 
— Yo ) might be the cosine-squared antenna pattern

ii sin I ( i r d
~/ A  ) (y — Yü ) ] 2

G (y  — Yo ) — - — — -—~~~~ . 124 1
2 (i’i’ Iie A ) ( y  — Y~ 

) 
~~ 

2 — 
~ ( i r d e ’A I ( y — )‘ lI ~I’

.-
where d

~ 
is the effective aperture , Yo is the angle steered off in azimuth , and, by 1 22 1 .

y ~~sin ‘ t (cos el sin az ) .

i lO~ 5 2 !  - l 2 -5 I l0~

~~ ~~~~~~~~~~~~~~~~~~~~~~~~~ 
[

~~~~~~~c~ 

Fig 7
s~~e~: ~~~~~~~~~~~~~~ 

and~~I i n ~~ t ,i t ion~~~hearn

-~~ 
‘ - ~~ 

5 2 ’ ‘
~~ -2 

- 

1 _ _ _ _ _ _ _ _

40 40 40 20 0 .20 40 -60 40

40

Errors Due To (‘one Correct ion

Errors in measurin g the steered elesa tion ~ and y result in errors in the true azi nsuth az .
Since (22 ) is approx ima t e l y  l inear in a regiot s . thes e errors can he studied he using a trunca ted
Taylor s e r i es  ex p a n s i on

1/ = i/ l + (‘
~ 

2~ y + 
~ 22 ~~ ( 2 51

where

= ~~‘!! . = ~ ~~~~~~~~~~~~~~~~~~~~ (2h)
ci) ’

and

~ 12 = sin y tan ~~~~~~~~~ — sin 2 )’. ( 2 ~~
(

The sta ndard des I,itlo n in estim,ii in g the azimuth is then
= Ii + ~~~~~~~~~ ( 28 1

- J 1L. -- -~.-~W -J.~P~~uI1 -- -. =-- 

~~ -~~~~~~ UL ~~~~~~~~~~~~~~~~~~~~~~~~~ ~~~~~~~~~~~~~~~~~~~~
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Figure 8a illustrates the error in azimuth if no elevation information is present . Figures
8b , 8c , and 8d illustrate typical errors in estimating azimuth for various amounts of elevation
accuracy. Several things are interesting. At the low angles good elevation estimates are not
nec essary to correct the effects of the cone. However for large angles scanned off axis in both
azimut h and elevation , elevation accuracies approaching 1° are requ ired to make a good az-
imuth correction.

4

az=45° —(I, U,w 35 wu~~~3 -  w 3 .  -

u_i u_i

15°

0 
0 0  10 20 30

ELEVATION el or d (DEGREES) ELEVATION ei or 6 (DEGREES)

(a) No knowledge of elevation (hi For ff~ = 1° and iT-. =

4

u_i 3 .  . ~~~3 -  -

u_i u_i

2 - ~~
‘ 2 - 

az — 4 5 ° 

300 

-

~~ 

20°

ELEVATiON ei or 6 (DEGREES ) ELEVATION ei or 6 (DEGREES )

Ic) For U’~ = 1~ and o’-. = O.2~ (dl t O T (Ti = 6 and ir =

Fig. 8 — Azimuth error s when scanning off axis

9
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Array Drh’e Equations

All the discussion thus far , exc ept for a brief comment earlier , has assumed that the array
was on a stable pl atform. However the platforms of present-day shipboard radars are not stabil-
ize d. The equations required to drive the array are developed in this section,

The coordinate system in deck coordinates (xd, .1
~~~

, :~
) is shown in Fig. 9. The Cartesian

coordinates are related to the spherical coordinates by

r cOs e~ Sin a~ . (29)

= r coS ed C(~ ~d’ (30)
and

= t~ ffl ed. (3 1)

where the Yj ax is lies along the deck of the ship in the aft-to-bow direction and the :,~ axis  is

perpendicular to the deck of the ship. The gimbals of the gyro are set so that the roIl axis is at-
tac hed to the ship and the pitch axis is attached to the roll platform. The roll is positive when
t he deck is down on the port side and the pitch is positive when the bow is down.

Z4 NORMAL TO DECK

Fig. 9 — Deck coordinates

The relat ion between the stabilized coordinates and the deck coordinates is obtained
through two rotations and is

XII
= T y<, (32 )

“II

or

= T’ v5 . (33)
- S

where T’ is the transpose of T
cos R 0 —sin R

T = sin R sin P cos P cos R sin P . (34)
sin R cos P —sin P cos R cos P

in which R and P are the roll and pit ch respectively. Sometimes t hese are placed into polar
Form by noting

sin eI 11 = (3c )

JO

*
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and

tan az~ Xd/Yd (36)
By combining (29) through (31) and (33) through (36), one obtains the standard stabili-

zation equations

cos el 5 sin az 3 cos R + (cos e15 cos az 5 sin P + sin el 5 cos P) sin R
tan azd - . (37)cos el 5 cos az5 cos P — sin e10 sin P

and

sin Cl d (cos el 5 cos az5 Sin P + sin el 5 ~~OS P) COS R (38)
— cos el5 sin az5 sin R.

where the subscript s indicates the stabilized coordinates. Similarly the inverse relations can be
found. The error propagation can be studied by us ing a Taylor series expansion. However the
cases of interest are more complex than the standard stabilization equations. The effect of scan-
ning the radar off axis can be incorporated into the equation , t he orientation of the array on
the ship must be accounted for , and, if any mechanical stabilization is used , t he results must
reflect this.

W e beg in b~ .iligning the axis with the array face. From Fig. 9 the deck azimuth was
measured c lockwise from the v,1 axis in the X (I y d plane. It is desirable to measure azimuth from
the array face rather from the bow of the ship, assuming the antenna lies in the ~~~ plane.
This is accomplished by rotating the deck coordinate through an angle .iabout the :~ ax i s  suc h
that the t axis is normal to the array face. If in addition the array is tilted back by an angle ~~~ ,

t he coordinates must be rotated about the x axis until the x plane lies on the plane of the ar-
ray. The new face coordinate system (x1, v,, ,-) has the axis normal to the array, and the ar-
ray lies in the xiv,- plane. The relation between the coordinates is

Xd X
= W y~~. (39)

“(I

where W W’ = l and

cosd sin dcos .~~~ —s in dsin,~W = —sin d cosdcos~~ —cos dsin~~~. (40)
0 sin~~ cos~~

The stabilized coordinates and face coordinates are then related by

X _ S
= TI+’ ~‘, (4 1)

and

“ ‘‘‘

~~~~

-

~~~~

- (42 ) 
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The effects of the array pointing at the intersection of two cones is next incorporated .
The angles y and ô are defined by

si ny  = _____  
(43)

-.~!x~ +~ ?
and

COS 
~ 

+ y 1
2 , r . (44)

From use of (22) , (43), and (44) the beam steering angles in azimuth and elevation are

sin t 
~~~~~ 

(4 5)

and
= el ,1 = sinH ( , rI. (46)

If the previous transformations are used , t he beam steering angles can be related to the beam ’s
stabilized position by

sin y = cosdcos R cos e15 sin az 5 (47 )

+ (cos dsin R sin P — sin ,lcos P)  cos eI 1 cos az ,

+ (cos .~~sin R cos P + sin . ‘s~ sin P)  sin el 5

and

sin ~ = ( —sin ~ sin dcos R — sin R cos ~~
) cos el , sin az 5 (4 8)

+ ( —sin~~~sind sin R sin P — sin ~~cos .-1cos P

+ cos~~ cos R sin P 1 (cos el 5 cos az 1 I

+ ( —s in ~ sin dsin R cos P + sin £~ cos a! sin P

+ cos =~ cos R cos P) (sin el , ) ,

w here dand ,~~are the array orientation angles on the ship. R and P are the roll and pitch an-
gles , az 5 an d eI 5 are the azimuth and elevation in stabilized coordinates , and -y and ~ are the
beam pointing angles.

Conversely, if a target ’s angular position is measured in the beans steering eoo rd it sa ies .

t he target ’s position in stabilized coordinates can be obtained with relations wh ich are the in-
verse of (47) and (48) . These are obtained by finding

ai ., = tan (49)

and

el = sin 1:~/r. ( 50)

When the Cartesian coordinates are converted to polar coordinates ~i i the arr.i~ lace, the cone

effect must be included by noting

sin a11 = sin y cos~ 
(
~~l)

and

cos az , = J7’~ 5 2 ~ — sin y I ens ~ 
)
~ 2)

12
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This is incorporated into the required Cartesian-to-spherical-coordinat e consers ions
= r cos e1 1 s in az 1 = rsin y, ( 5 3 1

= r cos el , sin az 1 = ~~~~~~~~ 
— sin 2 ) (54

and
= rsin e11 = rs in & )

~~5)

When the equations are combined , the inverse beam pointing equations are

az , = an~~ Icos R cos d s/cos 2 
~ — sin 2 y ± (cos R sindcos~~ 

— sin R sin ,~4 )s in  y

+ I —cos R sin ,~lsin ~ 
— sin R cos ,~~

) sin F,)/ (sin R sin Pcos d
— cos P sin d )-v”cos 2 ~ — sin 2

+ (s in R sin Psindcos~~ + cos R cosdcos .~~~ + cos R sin Ps in ~~)sin y

+ ( —sin R sin Ps indsin ~ 
— cos P cos ds in~~ + cos R sin 1’cos ,-~~Isin F J  ( 5 6 )

el ., = sin 1 [ (sin R cos Pcos d + sin Rs ind)~iJcos 2 
~ — sin 2

+ (sin R cos Psin deos ~9 — sin R cosdcos~~ + s in ~~cos R ens P) s in  
~
‘

+ I —sin R COS Psin -a! sin ~ + sin I? cos .clsin ~ + ens R ens /‘e,Is .-~~) sin ~ J . ( 5 7 )
Equations (47 ) and (48) must be computed for each new beam position , and equations ( Sh )
and ( 5 7)  must be computed for each detected target. The error propagation through the equa-
t ions can be studied by using a truncated Taylor series. The error equations are show n in -\ p-
pendix B.

So fur it wa s  shown that a beans can be pointed toward any point from about • (dl  in
both elevat ion and azimuth. However the axis  of the beans for angle measur ement Purposes i s

not necessarily a ligned with the horizon. This is called cross level. Nonzero c ro s s- le se l  angles
cause two problems. One is t hat both the azimuth and elevation nsea s uren sent s are subjected to
t he target ’s image due to sea-ref lected multipath propagation. The other is that it t he beans is
scanned off in azimuth and elevation , t he effects of the cone may limit the elevation ang les in
w hich targets may be seen , and the accuracy required of t he angle measures in the arra~ nsa~become proh ibitive in order to maintain good true az ins uth and elevation estimates Therel’ore
a mechanical cross- level stabil ization will be presented.

The drive signal Z for cross level is computed as liilli iw s..\ unit vector I s , =

= 0, , = I) ts taken in stabilized coordinates. The unit s e c tor  in the lace coordinat es is
found b~ using (4 2) . and t he .v1 and , components are

= sin R cos P cos a! + sin !‘.stn .~i ( 5 8 )
and

— ( —sin R cos Psin ~~sin a! + sin Psin .~~~e i i s -i + ens R ens l’cos ,~~) ( 59 )
A rotation is performed through cross- le sel  angle 7 about the i , .1515 until s , becomes ietn ,
w hich is the condition for zero cro ss level:

= 5~ enS / + Sin / (1 (60 )

Therefore , from use of (58 ) through (60) , the e rns s- l es e l .irtg le-dri s e st gn a l I s

/ — t an — sin R cos I’ eos 1 ~ sin I’ s its ..i ( I )-si n .~~(sin N c i s  I’ sin  a! - - sin F’ c i i s . . / (  4 ens N ~os

l~
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Since the array is rotated through an angle Z, t he face coordinates (.s ,, v1. :,) nsust now
be rotated t hrough an angle Z to form a new set of ’ face coordinates (.s , . .v , ,~

- 1 I :

s~~ J . 
(62)

where
cos Z 0 —sin Z

S =  0 I 0 . (63)
sin Z 0 cos Z

Therefore the new face coordinates in terms of the stabi lized coordinates are

X s
TWS ~, , (64)

— s —J

and ( TWS ) ( T W S) ’  = I. The array drive equations are obtained the same way as before by
replacing ( s i , ,. :, ) w t h (x , ,  v~ , Z~ 1 . These equations are lengthy and therefore are not
reproduced here.

STABLE-PLATFOR M RADAR ANGLE MEASUREMENTS

For a low- frequency (less than t GHz) radar the antenna size is somewhat limited; there-
fore fairly large beanss are anticipated. The question naturally arises as to the accuracy to
w hich angle measurements can be made. 

*

A radar is considered with beamwidths of approxi mately 5° to 15° . The antenna is as-
sumed to be a phased planer array therefore four faces will be needed to cover the full 360° in
azimuth. It is assumed that t he antennas have low sidelobes. It is further assumed that the ra-
dar is stab ilized in both level and cross level, The azimuth and elevation angles y and ~ are
measured at t he antenna. Given these measurements , (28) can be used to find the random er-
rors in the true azimuth and elevation. Both ‘y and ~ are necessary , because t he beans steers
along cones.

The azimuth measurement is first considered. Because the beans is stabi lized , t here ap-
pears to be only a single target in azimuth (target and images are at the same azimuth). There-
fore the results quoted earlier from Ref . 3 , plotted in Fig. 4, can be used. At a 13-dB S/N the
monopu lse accuracy is 0.1 beamwidth. The azimuth y acc uracy will he approximate ly 0.5° or
better with no bias error. (This is not the full azimuth error .)

The elevation error is next considered. To cover elevations up to 30°. two recei ve beams
are suggested; one placed 1/2 beamwidth off the surface and the other up 3/2 beamwidths .
This is shown in Fig. 10. A monopulse channel can be added to the upper beam position ,
which yields elevation estimates of 0.1 beamwidth at a 13-dB SIN. Therefore from previous
results the elevation accuracy would be better then 1.5° . The sea-reflected multipath propaga-
tion can be ignored in this region; however in the low-beans position it cannot.

The elevation-measurem ent technique in the low angle is similar to Whi te ’s tec hnique 14)
described earlier. The upper-beam antenna pattern and the lower-bean) antenna pattern are

14
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LOWER BEAM 2<’-... UPPER BEAM
0 3  - (1 2 BEAMWIDTH UP) (3 2 BEAM WIDTH UP)

ELEVATION ANGLE (DEGREES)

Fig. It) — Fr~c-spacc beam patterns in the elevation plane for a broadheamed
for a hroadbe amed radar

subtracted , and the ratio of the resultant to the lower-beam antenna pattern is taken. This ratio
J is plotted versus elevation angle in Fig II for free space and when multipath propagation is

present assuming a smooth sea and vertical polarization . First , t he figure shows that the sensi-
t ivity of the measurement increases as the elevation increases. Second , the multipath has little
effect on the measurement except in the vicinity of the first null. The accuracy of the measure-
ment is determined by using the rule of thumb developed earlier (the accuracy of a ratio meas-
urement in noise at a l3-dB S/N is approximately 0.25 times the slope of the error curve) . Use
of this rule of thun’ib and the finding of the slopes of the error curve at several locations
resu lts in the elevation errors as a function of elevation angle given in Table 3 . The elevation
est imate becomes better as the elevation angle increases , and the bias error due to mult ipath
propagation can be ignored.

The true azimuth error can then be found using curves such as in Fig. 8. For a 13-dB
S/N it appears that by combining the error due to the cone effect with the azimuth measure-
ments t he total az insuth error can be held to less than 1° with essentially no bias error. For
stronger S/N the results improve. For example at 23 dB the results would improve about three-
fold. In sumnsary it appears that t he planer phased array can make adequate angle measure-
ments if t he array is cross-level stabilized.

1 .0 -—

0.8
0

0.6 FREE-SPACE
ERROR CURVE

:: MULT~PATH PROPAGATION 

15 20
ELEVATION AN GLE (DEGREES )

1 ig ( I  - Ratio ot the dilkrcn~c in s igi i . i ) t ese t  in Fig ii) to the sign _ I )

Ic c) of the towe r (‘Cain I free sp~ict’ Cl i$ ’ l  curse) .*ni ~( - ~innnpared in t h at .

t he same i ii 1,1 to n sflhtioi h sea mutt ipath condit inns
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Table 3 — Elevation Error as a Function of
Elevation Angle for a 13-dB S/N

Elevation 
- 

Elevation

(deg) Slope Error

__________ _______ 

(deg)

0
4 24 6
8 18 4.5

12 8 2

UNSTABLE-PLATFORM RADAR ANGLE MEASUREMENTS

In the previous section the radar was assumed to be mechanically cross-level stabilized
and electronically stabilized in level. Under that assumption the steered azimuth could be
measured accurately, because the target and image appear as a point target in that plane. The
elevation was estimated so as to find the true azimuth , which is coupled to the elevation by the
beam steering along conical sections. The problem that will now be investigated is the presence
of cross level , causing the target and image to appear at different locations in both the steered
azimuth and elevation. This is illustrated in Fig. 12.

~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ 

HORIZON 1-ig 12 — Fan beam ti lted in cross level

We begin by considering a simple case. Let the array be normal to the ship and pointed
toward the bow of the ship (d= 0, ~ 

= 0) and let the pointing angle be (az ., 0. el ,, = 0) .
Let the pitch P be zero and the roll R be finite. From (47) and (48) the peak of the beam in
the face coord inates comes at (y = 0, ~ = 0) and the beans is tilted in cross level by the roll
R of the ship given by (61). If the target is somewhere in the beam at angles az ,, and el ,,, then
the azimuth and elevation angles in the array coordinates are

= sin~~ (cos R cos el ,, sin az ,, + sin R sin el ,, ) (65)
and

= sin~~ 
( — sin R ens el ,, sin a! + cos N sin el ,, 1 . (66)

The image is located at a!,, and —el ,,. t hus its az imuth and elevation in the array coordinates
are

= sin fcos N ens el ,, sin az ,, — sin R sin ci ,, ) (6 7 )

16 
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and
= sinH ( —s in R cos el ,, sin az ,, — cos R sin el5 ). (6 8)

In general the azimuth and elevation in the array coordinates are different for both the target
and image. This causes problems in measuring the angles. The signal returns assuming
geometr ical optics are

= A1 G~ (y , - ) G~ 
(
~~T )t ’ + p~~ 5 ( y j ) G6 (~ 1 ) e~~’~~~”) ,  (69)

S~~ = .4 IH~ (y r ) G8 (
~~T )e

~~
’
~ + p H~ (y , ) G8 th~ ) e~ - ’14

~~ ’)  (70)
and

S,~ -i (G 5 (y~- ) l i 8 (~~T h$ +
~

H + ~~~ (y j ) H 8 ~~~~~~~ (7 1)

~ here G~ and G8 are suns patterns in azimuth and elevation , H.~ and H6 are difference pat-
terns in azimuth and elevation , S~ is a sum signal , S~~ and S,,~ are difference signals in az-
imut h and elevation , and (~ = (2 ir h/A ) sin el is the relative phase shift between the target and
t he image.

Equations (65) through (68) could be substituted into (69) through (7 1) . The unknowns
are the signal am plitude .4 . az imuth az ,, , elevation el ,,, re flection coeficient p. and phase shift at
the sea surface ~~~. Thus this model has five unknowns. Using the suns signal (69) as a phase
re ference , t he magnitude and phase can be found in (70) and (7 1) . Therefore there are five
equat ions. However the solution could be quite difficult because of the nonlinearity of these
equat ions. One solution technique is to use a least-square solution formulated as follows. Given
a set of functional relations

S., = f (X 1 .  ‘~2 ’  .k 3 \ ) . i = 1. 2 , ..., .~~. (72)

if the S are measured , denoted us S;~ , t hen the following relation holds: 
$

~~ IS,
M — f (X 1 , .k X5 ) 12 = 0 (73 )

The values of .V, can be estimated by using a searc h technique which minimizes (73) . For
complex problems this search can be tinse consuming and may be ill conditioned in regions. In
addition many locally good solutions may not be correct. The nature of the search for given
problems must be investigated in great detail. This technique is basically the same as the one
descr ibed in Ref. 6.

The solution for the true azimuth and elevation as fornsu lated assunses an image located
at the same az imuth as the target and with the opposite elevation angle. If the scatter ing sur-
face does not operate in this manner , more equations can be used by changing the beam point-
ing angles or beam shapes to obtain these additional equations , and t he model must be nsade
more comp lex with more unknowns.

A tec hnique for obtaining the az insuth when nsu ltipath propagation and cross level us
present was suggested by Bernard Lewis , and a s insple tentati ve solution was worked out by
[.ewis and t he present author as described below . The glint appears in only the elevation plane
even t hough the beam is not cross leveled , and t he target measured angle will be somewhere
along the line connecting the target and image as shown in Fig. 13. The apparent target az-
imuth position in the unrotated frame of reference (a,. el) is

az — c + (1. (74)

17
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prop agation and antenna cross level are present

However what is measured is .v and v in the rotated rel’erence franse Ia/ - el ) . The values of
and 1 can be related to .v and v by

c = .v cos ui (7 5)

and

ci = v sin ~i; (76 )

therefore the azimuth is

ai = s cos 1, + sin u’ . ( 77)

The azimuth can be found because the apparent target position lies on the line connecting the *

target and insage. Work is continu ing on this conce pt.

SUMMARY

The intent of this report is to consider angle-nseasurement accuracies for a hroadbeam
search radars whose antenna is a planer array. Two basic systems were considered: an antenna
stabilized against ship motion and an unstabi lized antenna system.

The stabilized antenna by normal nsonopulse techniques yields good steered azinsuth esti-
mates , w hich must converted to true azimuth by using the target elevation . A nseans of es-
timat ing elevation with no bias errors was given which was poor near the horizon and ins -
proved to that ac hievable by a monopulse nseasurement at about 3/4 beamwidth above the
horizon . These estimates are good enough to adequately correct the steered azimuth to the true
azimuth with an accuracy of less than 1° for minimal detectable signals (S/N = 13 dB). The
mechanical stabilization in cross level and electronic stabilization in level have other advan-

tagc~ as well. First , vertical polarization is postulated , which improves the detections when mul-

tipath propagation is present at the low angles. Vert ical polarization can be nsaintained wuh
cross-level errors but at the expense of a complex feed and dipole structure on the array. Also,

the beams can be accurately pointed in level to minimize the nsultipath effects and nsainta in
power in the desired directions. Finally, if the array is tilted in cross level , the ability to scan to
h igh elevation angles off broadside becomes nonexistent , and better and better steered eleva-
tion estimates must be made to provide adequate estimates of’ true azimuth. Other alterna ti ses

1$ 
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to a mechanical stabilization in cross level and full-phased array is a full mechanical stabiliza-
t ion. The antenna need then only be column fed to achieve azimuth steering. Of course multi-
pIe receive beams are required in elevation. However the difficulty with either approach is that
mechanical movement of a large antenna is required. In this author ’s best op inion , w hen the
antenna is cross-level stabilized , adequ ate azimuth measurements can be made.

The second method considered was no mechanical stabilization but steering in azimuth
and elevation electronically. The beam is level stabilized but not cross leveled. A means of ob-
ta m ing an estimate of the target ’s az imuth and elevation was formulated by assuming the tar-
get and image were at the same azimuth and symmetrically located above and below the water.
A solut ion technique involving least squares was suggested for obtaining a solution. However
no results are yet available. The difficulties with this method are that the solution is complex ,
t he polarization changes as the cross level moves, and very accurate elevation estimates are re-
quired for large cross-level angles and large scan angles. However no mechanical stabilization is
required. Furthermore the method is only suggested and has not been verified.

The concept proposed by Lewis (last paragraph of the preceding section ) would provide
good estimation of azimuth when the antenna is not cross-leveled and sea-reflected multipath
propagation is present.
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Appendix A

C OMPLEX MOI )E L S

The sinsple geomet r ie~d solutio ns in the main lext are v a l id only s~ hen the sea is smooth.
In this append ix ~ e consider s~hen these solution s arc not valid.

The multipath reflection is t irst considered. ( onsider forward scattering from a nsirror sur-
t’ace as s hown in 1- 1g. A l .  The c)as s ica l ph~ sical optics solution would show a large first Fresnel
zone and succeeding zones alter isat ing in phase and all in the shape of an ellipse (Al . A 21. The
forward scatter is strong s~hen the ang le of incidence is equal to t he angle of reflection . The
size of the zones can he fairly large (or low graz ing angles. For exaniple at a radar of
ssave length 10 cm and a grazing ang le of 0 59° , t he sensimajor and sensiminor axis of the first
el lipse is 615 by 6.6 meters [A2 1. W hets the source is a po int source , most of the contr ibutions
are usua lly considered in the fi rst zone , and the remain ing zones more or less cancel out. 1-low-
es er if the beans is narrow and illuminates snsall areas of the Fresnel zones , t he l’orward
scatter ing change s , because the contributions frons the ‘arious regions are weighted differently
than ~ hen a point source is considered. For target s at low elevation angles the first Fresnel
zones appear at a fairly large distance Irons the radar , and w ith normal beansw idths on 2D ra-
dars the illunsination of the most insportant Fresnel zones can be considered as though they
were illumin iated by point source. However ,il high eies-ai ion angles the first Fresnel zone
moses in toward the source and the beam weight may have to be taken into account . A
constant-power contour of two ti lted beams on the mirror is shown in Fig. A2. We assume that
t he pecular strong contributions lie in a small region near the intersection of the contours .
althoug h there ma~ be some geometries ~-he re t his is not true.

For rough sur faces the forward scattering is much more cons plicated. Two experiments
w ill be considered. In Ref A l  an ex perin ient is described in which the direct path and
re flected path over a rough sea was separated by using narrow -beam antennas. The illunsina-
t ion was provided by a broad-beans pulsed radar s~it h a 9-ens wavelength. The experimental
resu lts are shown in Fig. A 3. The results show a constant signal voltage on the direct wave be-
cause of the absence of multipath propagalion. The indirect (reflected signal) shows an in-
terference e ffect by bouncing up and down with a t inse constant of a 0.5 s.
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Fig. -\5 — ~ ;tn ,$tion with time of 9-cm hon~zon ialty polarized radiation reflected
from a rough sea at a graz ing angle of 11° fr~m Ref. A Ii

In Ref. [A2 1 another experiment is described , wh ich was conducted by Ford and Oliver.
The experiment used a narrow beam to examine the scattering from various reflecting areas.
The results basically show that there is a large region of low-level diffuse Scatter extending over *

a large region away from the more-or-less specular Fresnel zone.

Thus for the forward scatter we ignore the beans shape and the diffuse scatter. Therefore
t he geometrical optics solution with p being variable is valid. h owever there ma~ be s ituations
where these assumpt ions break down.

Next the target model is considered. If a target rerad ia ies ene rgy at about the same nsag-
nitude along the direct and indirect paths and does not change w i t h  t tm e , it is considered a
point target. For height determination it really does not mai ler I t s  long as there is signal
strengt h) if the reradiation is different along the direct or indirect path s

In summary . nsany factors affect the height deterniin. ,ti~~i in ij d,irs Son-ic of thens are
the surface-reflect ic~ e ffects, target characteristics , and sign .i I si r~ ’ t i g i  .*~ rO ss the antenna aper-
ture. Others are prop.tgation Cffe c ts such as refraction and dueling \lost of these effects are not
cons idered in the analysis.
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Append ix B

ERROR PROPAGATION THROUGH TRANSFORMATION S

The error propagation from the array measuremen ts to the stabilized-coordinate equa-
tions . (56) and (57), are studied by a truncated Taylor series expansion. The series can be writ-
ten as

& az 5 a a z 5
az 3 — 

az~ + ~ ~~~~~~~~ E~ (B I)
el , 

— 

el~ 
& el 3 ~ e15 [

~~a,,  a~
with the definition

& a z ~ a az 5
= 

c3y i9~C 
~ el~ b el 5 

(B2)

a,, a~the errors are

= C[ c o v[ ~~ C T. (B3)

The elements of Care

= cos az , Icos R cosd( —sin y cos y )  ~~
‘
~~ s~~~~~

_ sin 2 y + (cos R s in dcos ~ho -

— sin R sin ~~
) cos y I

— sin az , ( (sin R sin Pcos d — cos Psind) ( —cos y sin y ~~~~~~~~~~~~ 
2

+ (sin R sin Psindcos~~ + cos Pcosdcos~~ + cos R sin Psin~~ )cos y l ,  (84)

cos R cos d( —cos ii sin ~i)—
~~

--- - - - = cos az , ..~~~~~
2
~~~~~~~in 2 y

+ ( —sin cd sin ~~ cos R — sin R cos ~~)cos ~

— sin az , ( (sin R sin Pcos .i — cos P sin d)

+ ( —co s ~ sin ~~~~~~~ sin 2 y )

+ ( —sin k sin Psindsin :~9 — cos P cos ,isin~~ + cos R sin Pcos , / ( c o s  ~
(, (B5)

hel
= ((sin R cos P cos.i + sin P s i n . i ) (  —sin ~ cos ~ ~~cos ~i 

— sin ’
hy cos el 5

+ (sin R cos P sindcos ~ 
— sin Pcos .~~cos :~~ + co~ R ~‘os P. sin .~~ feo s 

~ I (B~
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and
b e l
— —z--~

- = 
~~~~~~~~~

— j (sin R cos P cos d + sin P sin ,ci)
Th cos el ,

( —cos h sin h/~~~~~
2
~~~~~~ n 2 

~
+ ( —s in R cos Psind sin ~~ + sin Pcos lsin 94 + cos R cos Pcos94)cos ~J. (B7)
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