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1. INTRODUCTION

This report , submitted in fu lfillment of Data Item A001, Contract No.

DAAG53—76—C-0127 , presents the results of a study per formed by DBA S ystems , Inc.

invest igat ing the app licability of array algebra digita l terrain modeling and data

compaction . For the purpose of this study the data were assumed to be collected along

epipoiar lines .

During the course of this study two opt ions for converting the collected data

into regularly spaced terrain elevations were evaluated . The firs t of these is to perform

an “Arra y Prediction ”, or funct iona l representation , of the data directl y in the epipolar

coordinate frame (Section 3). This approach allows for data compaction and subsequent

evaluat ion at uniform intervals in a gridded “map ” coordinate system . The second option

cons idered during this stud y app lies the principle of array al gebra in a piecewise “trans-

locat ion algor ithm ” (Section 4). In this method the non—gridded epipolar coordinates

are fi rst converted (translocated) to regularl y spaced elevation data and then subsequent ly

compacted using the methods of “array prediction ”.

During this study it was found that efficient direct arra y prediction algor ithms

could be derived and that the exp licit formation of the regression coefficients could be

avoided . Using these algorithms the arra y requirement for rectangularl y spaced data

was remov ed; thereby allow ing the boundaries of the area to assume arbitrary shapes .

In delineating these methods severa l examp les of direct prediction coefficients , or

“k—vectors ”, are derived . In typical cases , the knowledge of ten (10) such coefficients

rep laces the data handling as conventionall y required for the exp licit formulation and

solut ions of norma l equations .

The algor ithms developed or trans locat ion demonstrate that between 2 and 10

scalar mult iplications are required for each point mani pulated. During the cou rs e of

this effort the various alternatives for performing the operation were examined .
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In addition to ana lyzing the mathematical equations required for terrain

compact ion , the computat iona l requirements were ana lyzed for both sequential

and parallel processors . Based upon this ana lysis it ~pears that the assoc iative

array processor is ideally su ited for processing the derived al gor ithms . This is due

to the feature of “sweeping while scanning ”, i.e. processing the olgor ithms first in

one direction and immediatel y using the results in the other coordinate direction .

It appears that only minimal storage is required to generate the one sweep characteristic

for the algorithms , thereby avoiding multiple read—in (fetch) or read—out (store) cycles .

The remainder of this report describes , in detail the results of this effort .

Sect ion 2 provides some relevant background on the principle of array algebra an d

illustrates its application using simp le functiona l examp les . Sections 3 and 4 put

forth the detailed mathematica l developments and anal ys is of the algor ithms for direct

prediction and translocation . The fina l section (5) presents the conclusions and

recommendations based upon the study.
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2. BASIC PRINCIPLES OF ARRAY ALGEBRA

This section is devoted to an exposition of the basic principles of Arra y Algebra ,

centered around the notions of arra y multi plication and array least squares regress ion .

The first subsection introduces Array Algebra in the simp lest s ituation of two dimensions ,

and contains a numerical examp le to illustrate the ideas . The second subsection presents

the theory for higher dimensions . The third subsection discusses the savings in computations

that array algebra solutions to linear equations produce compared to conventional least

squares techniques .

2.1 Arra y Algebra in Two Dimensions w ith a Numerica l Examp le

Let m and n be positive integers . By a 2-dimensiona l array of size (nxm) is

meant a collect ion of rea l (or complex) numbers , indexed by two indices and ~~, which

assume integer va lues between 1 and n and m, respect ivel y. An individual number of

the collect ion, called an element of the array, s denoted by the form x~~ , and the

array itself is abbreviated [x 1

As an ordinary matrix is also a collection of numbers indexed by two indices ,

the separate notion of 2—dimensiona l array may appear superfluous . It wil l be seen below ,

however , that the roles of arrays and matrices are different .

M t ’tAae4 L~L1L~ be. de~w.te.d by a~ p~ t~~ o ~‘tom ~ke beg.~vuti n~ o~ -the.

a1ph ctbe~t , a~’u’taq-s by cap ~L-taL~ ~‘rom The end .

I .  
Although a 2-dimensiona l arra y has the same structure as a matrix , its role in

mathematics is in severa l ways like that of a vector . In particular , two arrays X 1x 1, -~

and Y -
~~ t y 1~ 

] of the same size (n x m) may be added together to form a new (n x m) array

as follows:

X + Y [x~3 + y ~, ] .

4~~

r.

5,.
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This operation is called array addition. A lso, if c is a sca lar , that is , a real (or

complex) number , then c and the array X may be multi plied to form a new (nxm) arra y

as follows:

cX [cx 1~~] .

This operation is called array sccilar multi plication .

The two array operations defined above satisf y the same rules as do the

corres ponding operations on ve:tors . Because of this , the set of all arrays of a given

size, together w ith the two array operations, have the structure of a vector space.

For g iven size (n x m), this space wi l l  be denoted R n,m i and wil l  be called (n x m)

array space.

S. 
There is a third type of operation on an array space RE~ 

which resembles

the operation of multiplying a vector by a matr ix to produce a new vector .

Let X = [x
~ 

] be an (n x m) array; let A rO~k ] be a (pxq) matrix. If

q=n, an operation denoted o1 on A and X that yields a new (pxm)  array s defined

as follows :

A O~ x = [
~~~~

ahk  
,ç~ J = [y~~].

(p, i’t } (n ,m) (~ ,m)

The new array is indexed by i~ and i, in that order and equates to the ~th row of A times

the ith column of X .

If q m, a second operation denoted 02 on A and X that yields a new (n x p)

array is defined as follows 2 :

A 02 X [ 0hk ~~~~ ~ [Y 1h l .
(p, m) (n ,m) 

k
I t ~)

The new array is indexed by t and ~~, in that order and equates to the hth row of A times

the t th row of X .  —

P ‘ The opvwf...~on A o , ~&s de~wt~ed by a ~ape. ’z4c ’Lq) t A’ ~ Rau ha!a ( 1 9 7 4 )2 Venoted A 2 X ~Ln Rwtha~a ( 1 9 7 4 )

r
-4-
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Both of the above operations wi l l  br~ called array multip lication . They hav~
the property of being l inear operations . That is ,

A o 1 (cX ÷ dY) cA o1 X + d A o1Y,

and

A o 2 (cX + dY) A o 2 X + d A o2 Y.

These equalities follow directl y from the definition of the operations, in the same way

as do the corresponding operations on vectors .

Three further important equalities are as follows:

(AB) o~ X = A o1 (B o~ X),

(AB) 02 X = A 02 (B 02 X), where (AB) = matrix product of A and B

and A o
~ 

(B 02 X) = B ~ ~& 0~ X).

These equat ions ore derivea by observing that if A = [a hk  1, B = [ba,] and X [x i,]

then both sides of the first equation may be written as

~ a~ b~ ~~ I,

and both sides of the second equation may be wr itten as

L ahk  bk~ 
x~~]

For the third equation, observe that

L ab E bk, x1~ = L bk ~ a~ ~~~~
t 3

S.
. A fourth operation on arrays is the dot product , w hich is similar to the dot product

for vectors . Name ly, if X [x~~] and Y = [y1,] are both arrays of size (nx m), then

X ‘ V = ~ x~ y
~.,

and is a number equal to the sum of the products of all corresponding elements in the two

arra ys

1 Vevw.t e.d R S (X * V)  £vt Rauhaea ( 1 9 7 4 )

5,.
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The value of a dot product is a scalar. The dot product operation is only defined for

arrcys of the same size. If comp lex numbers are involved , the above definition must be

changed to

X~ Y =

w here the bar denotes comp lex con jugation .

Recall that if A = [ah k  I is an (nxm) matrix , then the transpos e A T of A is the

(mxn) matrix whose (k ,h)th entry o~ h is a~ . The transpose operation is related to the

dot product for vectors as follows . If v is an rn-vector , and u is an n-vector , then

(Av) .u  = v . (AT u).

There are corresponding equations for the array dot product and the array

mult iplication of matrices and arrays: if A is on (nxm) matrix , and X and V ore (m x p)

and (nxp) arrays respectivel y, then

( A o,X) .Y = X.- (AT o, Y).

This equality follows from the fact that

a~ , x 3~ )y
~ 

= 
~~~ Ot i  Y~~

) .
t k 3 t

If now X and Y ore (p x m) and (pxn) arrays respectivel y, then

(A 02 X) . Y = X . (AT 02 “ii .
A

This follow s from

: 
~~ 

0k .~ 
x~~3 )y ~~ = L~ x~, ~ a,~ y,. ) .

F 
~~~ .1 4 4

— 

In case comp lex numbers are involved , the transpose operat ion must be rep laced

by the comp lex transpose *; namely, A* is the matrix whose (3 ,t)t h element a ’.~ equals

rhe comp lex con jugate 
~~ 

of the (t ,.i)th element a
~1 of A .

-6-
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The numerica l examp le of th is subsection is a 2—dimensional array least squares

regression .

Let p1 ar-id p2 each be a finite set of parallel lines in the Euclideo n plane E2,

but such that the lines of p1 are not parallel to the lines of p2. The set of all points

that are intersections of lines p1 and p2 is called a bounded grid in E2 .

In this examp le, let p2 consist of the lines x = 0, x = 1 , x 4, x = 5; p2

cons ist of the lines y = —4 , y = 1, y 2. The associated bounded grid G therefore

consists of the 12 pairs of po ints (x ,y) such that x equals either 0, 1,4 or 5 , and y equals

either —4 , 1 or 2.

Associated with G is a pair (t , i) of indices , 1 ~ i ~ 4, 1 
~ 
j ~ 3, such that the

(~ ,,)t h element of G is the intersection of the tth line of p1 and the i th l ine of p2 ; the

set of parallel lines is itself ordered either from left to right , or , if horizona l, from

-
‘ bottom to top .

To the ( t , i)th point of G, let there correspond a number u1~ such that the (4x3)

array U = [u~ ~.j  is as follows

0 2 -1

1 1 1

-1 0 2

-3 -1 0

The elemen ts u
~ of U can be considered as values of an empiricall y g iven function at the

• grid points (x
~ ,y, ) of correspoinding index pa irs (i , ,) .  Analogous ly, if the pa irs (x ,y)

o f the grid are latitudes and longitudes of points on the Earth , the u 13 could represent
S. . radial elevations above a regular figure such as a sphere or spheroid fitted to the surface

of the Earth .

*

4. -7-
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the problem is to determine the coefficients wh ,~ 
in the math model

z = ~~L W h k  f~(x) g~ (y)

wh ich “best ” fit the emp irica l values U. Two finite sets of functions f1 ,... ~~~ 
and

.,g~ of a sing le real var iable are given , such that the domains of the 
~h include

all of the firs t coordinates of the grid points in G, and the domains of the g~, include

all of the second coordinates of the grid points of G. Then real values for variables

1~~h~~r, 1~ k~~s are to be determined, so that the sum

4 3 1~ S

~~ ( L ~ f~(x1)g~ (y, )w ~ — u
~3 )2

1 1  3 1  l~~~ 1 k 1

i sa  minimum .

In the present example , let r 3 and s 2 .  A lso , assume f~(x) = xh 1, and

gk (y) = y
C 1• The functions 

~h and 9k and the grid G give rise to two matrices

A =  [fh(x l)J and B= Eg~ (y5 )1 of sizes (4x3) and (3x2) respectivel y. Namely

1 0 0 1 -4

1 1 1 
, B =  1 1

1 4 1 6  1 2

1 5 25

A Form the (3x2) array W = [w ,~k I . Then using the array dot product, the above

sum of squares may be expressed as

(Bo2 A o 1 W - U )  (Bo2 A o 1 W - U ) .

The. obje.c t~ve £4 to e.xj~te.~~ -the. ~o~u~t~Lon vaLue ~o’t The. a viay W .Ln tlzLs
m~~~ni.~za..tJ.on a4 an twuzy p -’Lodaa.t .Lnuof.vLng The cvor.ay U. Th.t~ £4 CLLUed a.tkLzy
.~ea4.t .~qua.ke4_/t eg/v e4~s.Lon.
———----5--——

_ 1
For any (nxm) matrix C of rank m, for which man , set C = (CT C) CT

or, if C contains comp lex numbers , C~ = (C*CY
1
C* . Then as shown below , the solut ion

value for W is

Wr, B o2 A o1 U.

4.

-8-
a
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Recall that two vectors x and y in a vector space are orthogona l if their dot

product x .y equals 0. Using the analogous notion of orthogonality in the array spo ces ,W0

may be characterized by the condition that B 02 A Oi W0 - U is orthogona l to B 02 A Oi W

for all arrays W in R , . ,  = R 3 2 .  Geometricall y this means that the array 8 0 2 A o, W,~ - U

is orthogonal to the subspace of all B 02 A o1 W , and so that B 02 A o~ W0 is the element

of this subspace closest to U. It must therefore be show n that

(Bo 2 A o 1 W ) ( A o1 B o 2 B~~~~A~~o1 U U ) 0

for all W in R 3,2 .  This equation may be rewr itten as

W (BT 02 
AT 0~ A o~ B o2 B~ 02 A~ 01 U - BT 02 AT Oi U) = 0.

But
BT 02 AT 02 A o~ 

B 02 B~
’ 02 A~

’ Oi U

= (BTBB ~)o2 (ATAA~)o1 U

BT o2 AT 0~ U.

Thus the right—hand side of the above dot product equals the zero array, so the dot

product itself equa ls 0 for all W in R 3 ,2 .  Hence W0 = B~
’ 02 A~ o~ U. In order to

compute the value W0 of W for the examp le, it is therefore necessary for form

and to evaluate B 02 A 0~ U. The (3x4) matrix A is as follows:

A r .86765 .22059 - .22059 .13235

- .77206 .53676 .71324 - .47794

[ .12500 - .12500 - .12500 .12500

5,.

Li~~ 
~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~
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The (2 x 3) matrix B equa ls

[ .27417 .35484 .37097

[_ .-i 7742 .06452 .11290

-
~~ 

4.~ t
Using these values for A and B , the array W0 = B 02 A Oi U is found

to be

r .2554-6 - .01305

1 .17161 .05159

[-.2883 1 .01008

2.2 Arra~ AI gebra in Higher Dimensions

To simp lif y the writing of arrays in higher dimensions , the following not ion

of index vector is infroduced . Let .~~~ .. ~~~~ 
be a sequence of integer valued indices

such that 
~ 

takes values 1 to nk . Form the index vector J (i 
~~~~~~~~~~~ 

,~). Then J

takes as values the vectors with integer coordinates in the hyperrectangle Q which

A 
cons ists of all vectors (x1 ,.. . ,x N) such that l~~~

X k ~~~
5
~k ‘ 

1~ k~ N.

I

U

-10-
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An N—dimensional 
~~~~ 

of size (n1 x n2 x . . .x nN ) s a collect ion of

rea l (or complex) numbers , indexed by N indices 
~1’ • ‘ 3 N ’  

or more compactly,

by the index vector J (iII .. .,i ) .  The index vector J takes as values vectors

w ith integer coordinates in a hyperrectangle Q. An array element is wr itten in

the form x~ , and the array itself is abbreviated ~x j 1

As in the case of two-dimensions, the set R~ , . . . , 
~, 

of all arrays of size
-

~ 

N

(n1x.. .x nr~) 
form a vector space, called an array space. The two operations of array

addition and scalar multiplication are defined by

[x~ I + Iyj I = [x~ + yj I,

S 
and

c[x~i = [cx~I

A matrix A = [a
~, ] and an N-dimensional array [x~l can be multip

lied

together in N different ways, each called an array mu lti pli cation 1. Namely, if A

has size (mx n) and [x~1 has 
size (n1 x...x nN), then if n— n~ 

let 2

- 

. 

A 0k x = (E 
t i k 

x~).

A 0k 
X has size (nj x...x n,r_i xmxn k+l x...xnw), and index vector

(
~~ 2 , . • • ,~~ k j ’ ~ 

~~~~~~~~~~~~~~~~

As for the case of two dimensions , array mu lti plic ation in N dimensions has the

.5. 
following properties :

A Ok (cX + dY) = cA o~ X + dA Ok “i’ ,

(AB) Ok X = A Ok B X ,

A o k B o h X = B o h A o k X ,

for k ~ ~ - .  For k = ~ , the second relation shows that the third relation holds only for

A and B such that AB = BA.

5 ~ Tvuned R ma -t~& mu ~~~~~~~~~~ -Ln Ra~thaLa ( 1 9 1 4 )
2 Devto.ted a~ A kX £.n RauhaLa ( 1 9 7 4 )  

_ .. ~ ~~~~~~~ - - .. —-— — - - -— - - -
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The dot product of two arrays X and V of the same size is defined by

X V  = ~~ x~ y j

where j  varies over the vectors with integer coordinates in the hyperrectang le Q.

To formulate the problem of N—dimensional array least squares regress ion, the

concept of a bounded grid in N-dimensiona l Euclidea n space EN must f irst be defined .

Let n k be a positive integer for 1 ~~k ~ N. For each k , let

.,x~~ be real numbers . The set G of all vectors in EN of the form

x j = (X~
1) ,..., x ~~ )

T
, where 1 ~~ , ~ 

m,~ , 1 ~~k ~ N, is called a rectangular bounded

grid in EN

Let B be a nonsingular matrix of real numbers of size (NxN). Then the set

D = BG of all vectors Bx~, where x~, is a vector in the rectangular bounded grid G,

is called a bounded grid i n EN .

Let e1 , . . . ,e~ be the standard orthonormal basis for EN, so e1 = (1,0,.. . ,0), ...,
• eN = (0,...,0,1). Then Be1 , . ..,  Be~ is also a basis in EN , 

but it is in general not

rectangular. Set bk = Be k . If y (y1 , . . .,y~,) = 
~~ 

y~ ek , then B,, B(L y~ ek ) 
=

~~ y~ 
B ek = 

~ Yk bk . Therefore the elements of the bounded grid D may be expressed
Os ~~~~~~~~

A 
Let U = [u~l 

be an N—dimension al array of size (n1 x.. .xn N ) whose elements

are in practice values of an emp iricall y defined function at the points B~ of the bounded

grid D in EN .

For each Ic , 1~~k ~ N, let mk be a positive integer , and let 
~k t

Ic 
t~ ~~mk

be functions of a sing le real var iable , such that for each index vector .i , the ~c th

coordinate coefficient x~~ of Bx~ w ith respect to the basis b2 ,  . . . ,b~ 
belongs to the

T:I ~~I 

~k 1 ’ ’~~k 
~~k ’ 

~~~~~~~~~~~ 

~~~~~~~ X m k ) m a t r
~~~~~~~ k I (x 4

k
) J
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The problem of array least squares regression is to find the array W of size

(m1x.. .‘- m~) such that the dot product

~~ 2 o~ A2 02 ... A N ON W - U) (A1 01 A2 o2 ... A N ON W - U)

is a minimum .

By an argument , based on orthogonality, entirel y similar to the case of two

dimensions , the solution value of W is

-~, -
~
,

W~ = A, O~ A2 02 . . .  AN °N U,

where

— tAT A ‘ A T
Ic — ‘ Ic I c ’  r% k .

In case the elements of U are measured quantities , and the variances of all

the measurements are the same and equal to the constant a - , then the maximum likelihood

estimate of U of the form A1 01 A2 0
2 
... A N o~ W is the value of this expression for

wh ich W equals the W~, above. This follows readil y from the fact that the covariance

matrix of the observations is a2 I, where I is the identity matrix of order IT nk
c 1

2.3 ComputationalAdvantages of Array Al gebra and Arra y Regression, and
Suitability for Programming on a Parallel Array Processor

The role of array al gebra in computational applications consists of being a
A formalism for an extremel y efficient method of solving systems of multilinear equations
: in which certain of the sets of quantities involved are associated with a bounded grid of

points in some higher dimensional Euclldean space . Both the method of solution and the

formalism of array algebra arise out of this association .

-13-
5,.
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By the use of the operation of array multiplication, the amount of computation
_ 1 _ 1

required for the solution of such a multflinear system , e.g., in the form A1 0~ . . .A~ 0N ~~~

w here all the matrices A1,.. .,AN have the same size (nxn), is , when done by sequent ial

processing, proportional to the first power of the number nN of parameters , and not to the

third power(n M)3as in the conventi ona l linear solution .

The array solution method may a lso be compared with another fast algorithm

for solving systems of linear equations of a special type, namely the Fast Fourier Trans form .

For this algor ithm, the amount of computation required is proportional to the product of

the number of parameters t imes the logarithm of the number of parameters . Moreover ,

this level of efficiency is only attainable when the number of parameters iS a power of 2.

If A k is an (mIc x nk ) mafrix , and X is an n1x. . . X f l~ array, then on a parallel

array processor, the operation A °k X requires mIc nIc parallel mult ip lications . Thus array

products of the form A1 o, . . .A N 0N x or A~ 01 . . .A~ °N U, in which the array U has

size m1 x. . .xm~,, require a sequence of N subsequences of m1n1 , •..,  m~ n~ parallel

mult iplications respectivel y. This shows that array al gebra operations and array

regression are eminently suited for imp lementation on a parallel array processor.

I.

- . .

•

.

.

...

.

.

~ 
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3. APPLI CATION OF ARRA Y LEAST SQUARES REGRESSION TO DIGITA L
TERRAIN DATA COMPACTION IN THE EPIPOLA R COORDINATE SYSTEM

The basis for the application of array least squares regress ion to the compaction

of digital terrain data in the epipolar coordinate system is that the elevation observations

are made at a set of points which in the epipolar coordinate plane form a grid . This

imp lies that , in the terminology of Section 2, the observations form a 2—dimensional — -~

array. The functions that are used in the regression have a special form which is

appropriate for terrain modelling; these functions are described in subsection 3.1. The

structure of the compaction , the coefficients for the regression , and the array algebra

formula that expresses these coefficients in terms of the observations are discussed in

subsection 3.2. Subsection 3.3 addresses the problem of specif y ing the values of

certa in parameters that determine the individual functions of the regression . These

parameters are not solved for , but are spec ified in advance on the basis of the general

structure of the terrain being modelled and the density of the elevation observations

made by the epipolar scanner. T he recovery from the compaction of the elevations at

all of the observation points, for input to the contour plotter , is described in sub—

section 3.4.

3.1 Functions Occurring in the Array Least Squares Regression for Dig ita l Terrain
Data Compact ion

Let U = 1u~,] be the 2-dimensional array of elevations observed by an epipolar

scanner at a set of observation points which in the epipolor coordinate system form a

bounded grid D. By Section 2.2 , there is a nonsingular linear transform B and a

rectangular bounded grid G such that D = BG. If b, = B(1,0)T and b2 = B(0,1)T , then

for each (x ,y) in the bounded grid G, xb1 Yb? is an element of the bounded grid D.

Let x1 , .. . ,x,j and y , .. . ,y ~ be rea l numbers such that 0 consists of the vectors

(x 4 , y ~
); then D consists of all x 1 b1 + >‘ b ,, for 1 ~ t N and 1 ~ .1 ~ M.

_ _ _  

~~~~~~ _ _  

. -
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According to Section 2, the problem of array least squares regression in two

dimensions, as applied to the array U of observations at grid points in D, is to determine

the coefficients a~ Ic 
in a linear combination

~ 
a~ fb (x) g~ (y)

such that the sum of squares

2~~ (
~ � a~ f~(xf )g~ (y3 )-u 13 )2

is a minimum .

The form of the functions f~ and g~ 
to be considered for the present application

to digital terrain data compaction is as fol lows . Let c be a rea l number , c< 0. Then the

function exp (cx2) is called a Gaussian error function, and the functions f~ and g
~ 

w ill

be translates of functions of this form . That is, there are constants c~ an d sh, dIc

and tk such that

fh (x ) = exp (ch (x - s h~~~),

and

g k (y) = exp (dk ( y - t k)2 ) .

If 1~~i~~H and 1~~k~~K , then the points (sh ,tk ) are called node points for the regression .

Gaussian error functions take the value 1 at the origin 0, and are symmetric

about the or igin because the argument in the exponential is squared. They also decrease

rap idly to 0 as the argument grows in magnitude , the rapidity being greater the more

negat ive the constant c.

-16-
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The motivation for the choice of translates of Gaussian error functions for the

regression is that for the prediction or estimation of the elevation at a point with

coordinates c~b1 + y0b2, by the evaluation of the functiona l model

F(x,y) = 2 a~ fh (x) 9Ic (y)

at(ç1 ,y,,), the values fh(x,)and g~ (y0) for node points (sh,tk)not very near to(~c,y~)

are neg li gibl y small , so that F(ç, ,y~,) is adequately expressed by a sum

~ a~ ~~ (ç ~~) g
~ (y0 ),

h k

where h and k take only a small range of values corresponding to node points (s~ ,tk )

very close to (x,~ ,y,).

A more detailed discussion of the origin and suitability of the abov e choice of

translates of Gaussian error functions for the regression is contained in Kraus and Mikhail

[ 2 ] .

3.2 The Nature of the ComEact Ion and the Array Al gebra Formula for the
Coefficients

The functiona l model

F(x ,y) = 
~~ ~~IIIc ~h (x) g

~ 
(y)

h I c

A being the one used to estimate terrain elevations, it follows that the compaction of the

terrain data consists of the following :

(a) The set of node points (sh ,t k ) ,  and the coefficients ck and dk , 1~~i~ ‘H,

1~~ ic ~ K. These are selected 
on a basis to be discussed below .

(b) The set of coefficients ahk , ~~~~~~~ l~~ic ~ K. These are computed using

the expression given i n Section 2 for the solution to the 2—dimensiona l array least squares

regression problem.

5:
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Relative to the computation of the coefficients ahk  , it wi l l  happen in practice

that the number NM of observation points is very large, as may be the number

HK of coefficients abk . Nevertheless in the array algebra determination of the

coefficients ahk 
-

, the only matrices that need to be inverted are the O-ixH) matrix A~A1
and the(KxK)matrix A~A2, where

A1 [fh(x~)], of size (NxH),

and

A2 [g~~
(y 5 )] , of size (MxK) .

Setting A~’ = (A~A,) ’A~ and A~ = (A~A2) A , then in the notation of Section 2,

the array [ahk ] is equal to

A~~o1A~~o2 U.

This formula is, by the discussion at the end of Section 2.2, valid for measured

quant ities for which all the associated variances are take n to have the same va lues.

A sl ightly more genera l s ituation may be accommodated by the array algebra;

th is is the case in which the covariance matrix for all the observations is expressible as

a tensor product C1 @C2 .  Here C1 = [c~ I is of size (NxN), C2 = [c~’3 I is of size

(MxM), and C2 ®C2 is by definition equal to the (NMx NM) matrix [C1 c~ I . In

this case the array of coefficients [ahk ] equals

...1 _ 2 _1 ...1 _2 ...1
((A~,C, A,) A~ C, ) o, (~A~ C2 A2) A~ C2 ) °2 U~

In practice, the matr ices C1 and C2 w ill be diagonal , so the ir inversions are performed

by inverting their scalar diagonal elements term—b y-term .

b

I

-18-
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Also in practice , an empirically determ ined covarionce matrix may be

approx imated more or less well by a positive definite tensor product matrix . This

cou ld be used in the array formula above for the regression coefficients to produce

values for these which are better in the sense that their variances are smaller than

wou ld otherwise ‘ - -  f the covariance matrix of the observations was tacitl y assumed

to be a positive scalar multiple of the identity matrix , the scalar being realisticall y

large .

3.3 The Spec ification of the Parameters in the Gaussian Error Functions

The functional model of the terrain elevations is a linear cotnbination of

products of pairs of functions 
~h and g

~ , 
each such function being selected as a

translate of a Gaussian error function, hence of the mappings

x -P exp (c(x-s)2), y-i exp (d(y _ t)2),

where c ,d< 0 and s ,t are parameters . This subsection addresses the problem of specif y ing

the values of the parameters c and d, and s and t in all of the functions 
~h and 9k

occurring in the functiona l model.

Two considerations influence the choi ce of the parameters . These are computational

feasibility and efficiency, and the amount of undulation of the terrain being modelled, i.e.,

whether it is level to broad ly roll ing, or very rolling to broken . These two considerations

A are interconnected, and will be discussed simu ltaneously.

To ovoid ill—conditioning in the matrices to be inverted in the determination of

the coefficients 0hk , it is necessary that for a given spacing of the node points the

magnitudes of the parameters ch and d k in 
~h and g

~ 
respectivel y are not too large or

too small. If the coordinate system is so chosen that the mean distance between adjacent

node points is 1, then the ch and dk shou ld be not more than .t~n(0.8) -
~ — .223 , and not

e 
- less than -tn(O.2) = —1.60 9. Within these limits , all the c~ are ass igned a sing le value c,

-19-
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and all the dk are assigned a sing le , poss ibly different , s ing le value d. These

ass ignments are made with a view to simp lifying computations . The actua l values of

c and d, within the limits set above , w ill be farther from 0 for less rolling terrain, and

closer to O for more rolling terrain.

As will be shown in 3.4 , computat iona l advantages occur if all the node points

are a lso observation points . Then the node points wi l l  form a subgrid of the grid of

observation points . This is especiall y true if the node point grid is obtained from the

observation point grid by deleting every other row and every other column . This is the

situation that will be considered here . The compaction wi l l  then consist of the at most

(N+1)(M+1)/4 coefficients aN k ,  the values of the parameters ch , dIc 5 h~~ 
t Ic being

specifiable by only a few words.

It is clear that because the spacings of the observation points and the node

points are closel y related, and because the spacing of the node points and the values of

the parameters cN and dk are also related, the observation point spacing must be chosen

in a particular way . Namely, the spac ing of the observation grid points is such that

relat ive to the resulting subgrid of node points, values of cN and dk can be chosen in

the interval from — 1 .609 to - .223, as described above, so that undu lations of the terrain

are adequately modelled by the function

F(x ,y) = 
~ 

a~ ~h (x) g
~ 

(y).
N Ic

A 
3.4 Recovery of Observation Point Values from the Compaction

In the most genera l situation , in which the node points do not necessaril y

form a subgrid of the grid of observation points , elevat ion values at grid points are

recovered from the compaction in the form of the est imates obta ined by evaluat ing

the functiona l model at the observation grid points . If, as in subsection 3.2 ,

-20-
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A, = [FN (xI )] and A2 = [g~ (y1 )] ,where (x 1 ,y1), 1~~t~~N, 1~ ~~M, are the

observation grid points , then

A, 01 A2 02 [a Ick I

is the array of observation point estimated elevations .

Because of the choice of the functions 
~h and g~ , the matrices A, and A2 may

in practice be replaced by banded matrices A~ and A~ , obtained from A, and A2 by

rep lacing all of the negligibly small elements in them by 0. In a sing le column , the se

w ill be all elements sufficientl y far from the diagonal; i.e., corresponding to numbers

x~ or y , w hich are far enough away from the 5h or t Ic for that column respectivel y, so

that 
~N (x 1 ) = exp (ch(x~ 

— 

~
h)2 ) or 9k (y1) = exp (dk (y , — t k )2) are neg lig ibly small.

In pract ice , for this general situation , the array of elevations at the grid of

observation points is estimated by

A~ o, A~ 02 [a hk  1

If the bandwidth of A~ is 2b, and that of A~ is 2b2, then (2b,+J)N K
(2b2+1)NM scalar multi plications are required in evaluation of the NM elevation

grid.

When the node points form a subgrid of the grid of observation points, as

described in subsection 3.3, then by a transformation of the functional model , the array

A of coefficients [ah k  1 may be replaced by a new coefficient array [F(s~,tq 11 of values

of the functional model at the grid of node points (s r, t q ), 1~~
p
~~H, 1~~ ~ K. This

does not achieve any further compaction, but does reduce the amount of computation

necessary to recover the elevations at all the observation grid points.

Let B, = [
~h (s,)]and B2 = [g~ (t q )] , so that B, and B2 have sizes (HxH) and

(Kx K) respectively, and are moreover nonsingular . Then

[F(s,,tq )J = B, 01 B2 02 [aNk 1;

-2 1-
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hence

_,

[aNk I = B, 01 B2 o2 [F(sp,tq)].

Therefore the estimated elevations at the observation grid points are expressible in

terms of the elevation estimates F(s p, t q) at the node points by

_ 1 _ 1
[F(x 1 ,yj )] A, o, A2 02 (B1 0~ B 2 02 [F(s p, t q)])

_ L
= (A, B, ) o, (A2 B2 ) o2 [F(s~ ,t 4 )]

Moreover the array [F(s~ ,t q)] is expressible in terms of the array U of observed elevations
by the equations

[F(s~~i tq )I B, 0~ B2 02 LaNk ~
1~~’

B
, 
o1 82 o2 A, o1 A2 o2 U

- 
I (B, A~ ) o~ (B2 A~) o 2 U

(A, B, ) o1 (A2 B2 ) 02 U~

This shows that the array [F(s~ ,t q)] may be used as an array of coefficients of a functiona l

model for the terrain, and that this model is obtained from the orig inal functiona l model by

means of simp le array operations . The new functiona l model and the computational
techniques described below are together called direct prediction.

As exp lained in subsection 3.3, the grid of node points was selected from the grid

of observation points by deleting every other row and every other column of observation

pOintS . Let the epipolar coordinate system be normalized so that the node points have

consecut ive integer coordinates . This requires that the observation points be equally

spaced and form a rectangular grid in the epipolar plane. Then the observation points

5,.
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themselves include the node points plus sets of points of the form (n+~ , m),(n ,m-~j -) and

(n+~, m+*), w here m and n are integers . Once the values of N,M,H,K, and the common

values c and d of the ch and dIc respectivel y are ass igned, the matr ices A, ,A2 ,B, and
_1

B2 may be computed once and for a11.

Since the values of F at the node points are alread y ex plicitl y known, being

the coefficients of the new functional model , it is only necessary , for the recovery of

the elevations at the observation grid points , to do computations for the points in the

observation grid of the form (n,n *),(n4,m), (n+1,rn+1) . According ly let E, and E2
be the matr ices [f N (r*~ )J B, and [g~ (m**)1 B2 respect ively.

The matrices E, and E2 have the following important property: they may be

approximated very closel y by matr ices E~ and E~ which are banded and circulant , as

defined below , except for the first and last few rows . These properties are inherited

by E, and E2 from the matrices

[
~ N (n+~~)I = [ex p (c (n +~ 

— h)2 )] ,

[g~ ~n+~~)I = [exp (d(m+~ - k)2)],

- - B, = [exp (c (n—h) 2 ) ] ,

and

B2 = [exp (d (m— k)2)]

A where 5h and tIc have been set equal to h and k respectivel y. To soy that a matrix is

c irculant is to say that each row , except for the top, is obtained from the row above it

by a one column right tra nslat ion. Because their elements are functions of the difference

Y of the row and column indices, the matr ices listed above have this property .

Because of their special structure , E~ and E~ ore each essent ially determ ined

by a sing le row, and the onl y nonzero elements of the row are the ones within the band .

Finall y, symmetry properties of the matrices result in a row having the for m

N

-23-
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O . . . O e b eb..., ... e2 e1 e1e2 ... e~~1 eb O...0 ,

where 2b is the bandwidth . These rows are called k-vectors . In a matrix or array
mult iplication involving a matrix E~ or E~ , a k—vector and a column wou ld combine
into an expression

+ z
~+,,~)+ e2(z 1 , ,3 + z

~+2,3 ) + .

.+ eb(z 1...~ +,,3 + zt+ b j ),

requiring b scalar multiplications .

The sequence le,l,l ~ I , . . .,~ 
e~j  is a monotonicall y decreasing sequence of

positive numbers . The value of b is chosen in the following manner . Let J be the fl ying
alt itude , R the base—to—hei ght rat io, f the focal length of the camera. A lso let the
max imum height difference from the mean value of 2b consecutive observation points
be less than p% of the fl ying altitude J. Finall y, let q be the mean error of image
coordinates . Then b must be such that

le b+1 1 (p/100)J < (J/f) R ’q.

T ypical values for these quantities are f l5cm., R = .625 (with image area equal to
23x23 sq. cm.), p = 5%, q = lOMm. The quantity J cancels in the above inequality,
wh ich then becomes Ieb+l I < 0.02. To be on the safe side and to allow for round-off
errors, 0.02 shou ld perhaps be rep laced by 0.005 .

The following table expresses the values of the k—vector sequence e1 , .. .,eb
as a function of the values of exp(cx2) at x = 1. Computations were performed by means
of a bonded array Cholesk y algor ithm.

-24-
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TABLE 1

exp(c) b e ,, . . .

.2 - 5 .5728 , - .0924 , .0183 , - .0037 , .0007

.4 7 .6149 , — .1577 , .0596 , - .0237 ,

_________ 
.0094 , - .0038 , .0015 

_______________

.6 11 .6298 , - .1928 , .0983 , - .0560 ,

.0330 , - .0197 , .0118 , - .0071 ,

_________ 
.0042 , - .0025 , .0015

.8 20 .6353 , - .2083 , .1209 , - .0823 ,

.0601, — .0455 , .0352 , - .0276 ,

.0218 , - .0173 , .0137 , - .0109 ,

.0087 , - .0069 , .0054 , - .0043 ,

_________ — — .0034, - .0026, .0020, - .0015

The case exp(c) = .5 2 ’ has a special advantage for computations .

A TABLE 2

exp(c) b e,,... ,e b

.5 10 .624052 , - .17R300 , .080523 ,

- .0393 10 , . 019540 , -.009/56 ,

.004876 , - .002438 , .001219 ,

5 - .000609 
_ _ _ _ _  _ _ _
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Af ter the first few terms, as for the other values of exp(c) , the sequence is very

nearl y a geometr ic progression , w ith factor exp(c) . This means that in a matrix or
array mult iplication containing a matrix E~ or E~ with the above k-vector, the
k-vector and a column would combine into dn expression, when exp(c) = 2 ,

.624(z~ + z1÷, ) - .l783(z 1_ , + Z 1 + 2)

+.O8O5(z~_ 2 + z~+ 3 ) +  .004876 [z 1~~

- 2[z 1_5 + ~~~ + 2[.-(z !_ 4 + z1÷5)

— 2
_ i [~~~ +

_ 1 _ 1
z
~+3 +2  [—(z~~~ + z 1~~~) + 2  (z~...9 + z ~+,~

)]]].

Here the second index j of z has been supressed to simp lif y the appearance of the formula.

The k—vector term of smallest ma9nitude inc luded in the above sum is

e,~ = - .000609.

The evaluation of the formula requires only four scalar multi pl ications . If the
term e3 = .0805 is included in the approximate geometric progression , only three scolar

- 
- 

mult ipl ications are needed.

In the densifi cation , i.e., the recovery of the elevations at the observation

gr id points from node point values (n,m), the tota l number of sca lar multi plications

required for the observation grid points of the form (n+~,m) and (n,m±~) are 3(HK) +
• 3(HK) = 6HK. Using one set of the elevations so computed , the elevations at the

observation grid points of the form (ni-i ,m+fl are computed with 3HK additional scalar

multi plications . The densification of HK node point values by 3HK elevations requires

9HK sca (or multi plications or 3 multiplications per point. Equally rigorous convent ional

computationa l methods for this densification require on the order of (H K)3 scalar multi —

p li cations. The accuracy required for the operation needs in practice to be to onl y

three or four decima l p laces.

~~~~~~~~~~~~~~~~ _ _  ~I~~~~ :tIJ 1I ±___
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Let b, be the bandwidth in the x—direction , b2 in the y—di rection . The

one—sweep pr incip le of saving extra read—in—read-out operations requires (2b
,
+3)K

words of core space for saving simultaneousl y 2b
, 

grid lines of node point values and

3K values of predictions F(n-i-~,m), F(n,m-i-~ ) and F(n+~ ,m+~ ).  Then read—in one row

(or column if the sweep direction is changed) of the grid elevations onl y once , and the

intermediate interpo lat ions need not be output and again input if one proceeds as

follows .

1. Read in the elevations of the (n+b,)th grid row

2. Compute

F(n+~,m)

3. Using the resulting values F(n+~ ,m) compute

F(n+~~,rri+-*), m b 2,b2+1 ,...,K-b2

4. To get the values F(n,m-~-~), we use any of the 2b, rows of elevations
preferably a

F(n+b,,m+* )

5. Now the following rows are no longer needed in the computations
and may be output:

The (n-b,)th row of node point values

F(n4 ,

F(n+ b,,m+-~ )
A F(n+-~ ,m)

6. Rep lace n by n+1. Repeat procedure until n=H.

Notice that the last interpolated row of the F(n+~ ,m) and the F(n+~ ,m+~~) is for n=N—b,.
The last interpolated row of the F(n,m+~) iS for n N-b,.

;. -27-
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Because the node point elevations and the interpolated values only have

5 decima ls (for computations onl y 3 or 4 decimals are needed if their local mean va lue

is considered as a trend function) the stored 2b, K words can be compressed to fewer

but longer words on the genera l purpose computers, Gennery LI] .  If extra core space

were available, in addition to the necessary 2b, K words, one could apply the above

algorithm to batches of, say, p rows. Then the number of read—out, read—in operations

during the one—sweep processing is decreased p—fold . The array processor is an ideal

development in th is respect because now the p rows can be processed in para l lel as if

only one row existed . Especiall y the more efficient read-in - read—out operations of

the parallel processor speeds the processing compared with the sequential processor .

Some closer comparisons with actua l processor times of the two different methods was

not performed during this study.

The principle of direct prediction in the two—dimensiona l case requires 2b,÷2b2

node point va lues F(n,m) only in the closest area of F(n+~ , rn-i-i), F(n ,rn+~ ), and
F(n4-~ ,m). This fact allows the boundaries of the area to assume arbitrary shapes such as

and the direct predictions s tHI can be utilized inside the narrow zone of boundaries .

-28-
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4. ARRA Y TRANSLOCATION IN MAP COORDINATES TO PREPARE FOR

A RRAY A LGEBRA DATA COMPA~~~TION 
-—

In the map plane versus the epipolar plane, the points at which elevations

ore observed by the epipolar scanner do not form a grid. In the present section , a method

called array tronslocation is described for determining elevations at a set of points called

the e levation grid. The elevation grid is a bounded gr id in the map plane , the elevations

at whose points can be input to a contour plotter. The set of elevations at the points

of the elevation grid may be compacted by the array algebra method of Section 3, the

elevat ions being treated for this purpose as an array of observations at the points of a

bounded grid. Subsection 4.1 describes the principle of array translocation . Subsection

4.2 contains examp les and algor ithms for different forms of array translocation .

4. 1 The Princi ple of Array Trans location

In the present discussion , a set of points is specified which in the map coordinate

system form a bounded grid. The map coordinate system is taken to be normalized so that

thegrid is rectangular and the grid points have integer coordinates, consecut ive grid points

on a gr id line having consecutive integer coordinates . This bounded grid is called the

elevat ion grid. The problem is to compute estimates of elevations at the points of the

elevat ion grid from a set of elevations observ ed by the epipolar scanner at points which

do not for m a grid in the map coordinrite system .

The transformation from the epipolor plane to the map plane is assumed to be

such that locally the departure from linearity is not too severe , and distances are nearly

preserved. Because the observation points of the epipolar scanner form a grid in the

epipolar plane , taken here to be rectangular , these observation points have locally a

nearly gr dded arrangement in the map plane.

-29-
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The method of estimating elevations at the points of the elevation grid consists

in locall y interpolating or fitting low degree polynomials through the elevations at the

observat ion points, and then evaluating these polynomials at the points of the elevation

grid ; a g iven polynomial is evaluated at those points of the elevation grid which are

w ithin the loca l reg ion over which that polynomial has been fitted .

Any estimation technique of the above sort is called translocation . Array

translocat ion consists of performing the estimations in two steps . The first step is an

est imation of elevations at a set of intermediate points , w ith integer X-coordinates ,

by transloca t ion involving polynomials of the X-variable only. The second ste p is

an est imation of the elevations at the points of the elevation grid , from the elevations

at the intermediate points, by trans locat ion involving polynom ials of the Y-var iable

only.

The first step of the array trans location is performed as follows . A pos itive

integer N is specified in the interval from i t o  5. The number N-i will be the degree

of the polynomials in the one variable X used for the local elevation estimate calculations .

A second positive integer M is specified to be the number of consecutive points in an

epipolar sca n line to which a polynomial of degree N—i will be fitted . Therefore in

pract ice, N~~M. It is assumed for this discuss ion that the epipolar scanner scans along

lines parallel to the X—ax is in the epipolar plane , and hence in the map plane along

curves roughly parallel to the map coordinate system X-ox is .

Let 
~~Ic 

= (xk ,yk ), i~~k ~M, be consecut ive points on an epipolar scan lines ,

w ith the displayed coordinates being relative to the map coordinate system . Let 1k

i~~Ic~~M, be the elevation at 
~~k • Two pol ynomials F and G of degree N-i are

required. The pol ynomial F is f itted to the Y-coordinates y~, at the X-coord inates x~
The polynomial G is fitted to the elevations zk at the X-coordinates x~ . The differences

~~~~ ~~~~~ 
X k , i~~k~~M— 1 , are by assumpt ion all nearl y equal to 1. For the purpose of

determining the coefficients of F and G, these differences will be taken to be equa l to 1.

-30-
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It is know n from the adjustment calculus that this approximation wil l not introduce

any ser ious errors in the estimation . Let H be the largest integer less than or equal to

M/2 . Then H+h, w ith h assuming integer values in the interva l —H < h ~ (M+ 1)/2,

will be the numbers rep lacing the X—coordinates x1 , . . . ,xM for the purpose of fitt ing

the polynomials . For the purpose of the fittings , all X-coordinates wil l be translated

by —H , so that X-coordinates of the points to which the polynomials are fitted are

taken to be the integers h, -H~~h~ (M+i)/2 . Set

N — I

F(x) = 
~ a~ x ’t = o

and
N 1

G(x) ~ b1 x t .
t= 0

Let C be the (MxN) matrix

C =

where hk -H+~~, i~~k~~M, and 1~~t~~N. Let Y Ly1 ...y~
]

T 
and Z

Also let A = 
~ q) ...aN_ l 1 and B= [

~~~ 
...b~_ 1 1

T
. Then the values of A and B for

which the polynomials F and G give the best fit , in the sense of least squares , to the

respect ive sets of pairs of numbers (hk ‘Yk ) and hk ,z k ), J~~~k ~ M, are g iven by

A = C~
’ Y

and

B = C~~Z .

Here, as in Section 2, C~ (CT C) CT

It is clear that for fixed N and M, that the matrices C and C~ are independent

of the particular sequence of points P1 ,. . . ,P,~, ,  and therefore in an algor ithm for

computing the column vectors A and B at the various interva ls along the scan lines ,

C may be specified once and for all.

—3 1—
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The polynomials F and G, w ith their coefficients determined as abov e, are

used to obtain elevation estimates at points wi th integer X-coordinate as follows .

Let m be the integer closest to the midpoint of the interval from x 1 to x,~. Then

G(m—H ) is the estimated elevation at the point (m,F(m-(-l )) .

The first step of the array translocation is comp lete w hen all consecutive

sets of M observation points on the epipolar scan lines have been processed in the

above fashion to produce a new collection of points all having integer X-coordinates

and estimated elevat ions .

The second step is a repetition of the first step, but now along lines parallel

to the map coord inate system Y-axis and intercepting the map coordinate system X— axi s

in points with integer X—coordinates . The points to which the pol ynomials are fitted

are the ones produced in the first step; the points at which the elevations are est imated

are the ones w ith both coordinates integers . These are the points of the elevation grid .

This comp letes the genera l descri pt ion of array translocation . Given below are

some examp les of the basic translocation fitting and estimation procedures for various

values of N and M, accompan ied by efficient algor ithms for executing the computations .

4.2 Examples and Algorithms for Array Trans location

a) N 1, M = I

For th is case the elevation estimate at a point Q with integer X-coordinate

m is the value of the elevation at the epipolar scanner observation point nearest to Q.

The V-coordinate of Q is the V-coordinate of th is observation point .

~ 
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b) N = 2 , M = 2

This is ordinary linear interpolation .

c) N 2 , M = 3

H ere

r~ ~.I ~ 3 ~

I i ~

and Y and Z have size (2 x i).

Then if m’ = m-H ,

F(m ’) [1 mf lA

L i m ’]C~Y .

An algor ithm for evaluation F at m ’ is as follows :

(y1 + y2 + y3 )/3

d2 = (y3 — y1) 2

F(m ’) = d1 +d 2 m’ .

..1

This requires only two mult iplications by the constants 3 and 2 , and one multip lication

d2 m’. The function G is evaluated at m’ by a s imilar algor ithm with V replaced by Z.

d) N = 2 , t~1 = 4

For th is case ,

2 1 0

6 L—~ 
— i 1 3

and V and Z have size (4x 1).

~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~



An algor ithm to evaluate

F(m ’) = [1 m ’] C~ Y

is as follows :

d1 = y1 +y 2

d2 = d1 +d 1

d3 =

d4 = (d1 +d 2 )/6

d

~ 

= (y4 - y 2 ) 2

d5 = d 4 + d 5

F(m ’) = d5 + d.~ m ’.

Even though there are now four observations , evaluat ion of each of the polynomials still
_1

only require two multiplications by the constants 2 and 6 , and the multipl ication

d.3 m ’, which is the same number as is required in case (c) where M = 3. The fourth

observation may cause some oversmoothing; however , including it improves the chances
4

for the detection of gross errors . This may be done by forming L z~ - 4G(m ’), and if

~~ if is unexpectedly large , the residuals z, - G(x~) may then be tested to determine the

- A 
point P1 at w hich the gross error occurs .

e) N = 3 , M = 5

Here

-3/35 12/35 1//3~i 12/3 5 -3/35

= -1/5 - 1/10 0 I 10 1/5

1/7 - 1/14 — 1/ 7  1 14 1/7

and V and Z have size (5x 1).

34
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Instead of estimating the elevation at a sing le point, simultaneous

est imation at three points wi l l  be considered in this examp le. These three points are

(m’,F(m ’)) and also (m ’—i , F(m ’—l ) ) and (m ’+l , F(m ’+ l)) .

The algor ithm for evaluation of G at m’-l , m’ and m ’+i is as follows:

d1 z~~+ z 4

d2 = d1~~~d1

d~ = d. , + d~

d4 = z1 + z.~

d5 = d1 -.

~ = d + d 4

• . d7 = (3/35)(-d4 + d3 + (17/3) z~)

d~ = (1/iO)(z4 - 12 + 15 - z1 + z5 - z1)

d~ = ( 1/14) (~ - d 1).

• 

- 

So far , only four multi plicat ions , each w ith one factor fixed , are required. Then

e1 d0 m ’

e-. d~~-~~e1 + e 1

;~ 
F(m ’) d7 + m ’(d,~ + e1)

F(m ’4 1) = F(m ’) + d9 + e2

F(m ’—l )  = F(m ’) -4- 4 — 
~~~~

- . 
Two more sca la r multi p lications are required above.

a

p
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Th is case has the advantage of not oversmoothing, as well as producing

three elevat ion estimations at each iteration .

If a spa rser elevation grid is wanted , e.g., only at points with even

integer map coordinates, then the last part of the above algor ithm may be easil y

modified for this as follows:

- d9 m’

e2 d~~+ e 1 + e 1

e3 c19 + d9

e4 e2 + e 2

- • 
e~ = e3 + e 3

F(m ’) = d7 + m ’(dN + e1)

F(m ’+2) = F(m ’)+ e. +e5

F(m ’—2) = F(m ’) + e4 — e5

I’
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5. SUMMARY AND CONCLU5~ONS

In the previous sections the principles of arra y algebra , as it app lies to

digita l terrain representation, were put forth . Section 2 detailed the mathematica l

formalization for array regression in an N-dimensiona l Euclidea n space . Section 3

put forth the algor ithms for data compaction in an epipolar coordinate frame while

Section 4 detailed the methods of array trans location as it would be app lied to

generat ing rectangu larly sca led terrain elevation .

During this stud y it was found that efficient direct arra y prediction algor ithms

cou ld be derived and that the exp lic it formulation of the regression coefficients could

be derived and that the exp licit formulation of the regression coefficients could be

avo ided . Using thes e al gor ithms the array requirement for rectangularl y spaced data

was removed; thereb y allow ing boundaries of the area to assume arbitrary shapes . In

delineating these methods severa l examp les of direct prediction coeffic ients , or

vectors U , were der ived. In typ ical cases , the knowledge of ten (10) such coefficients

rep laces the data handling as has been conventionall y requ ired for exp licit formulation

of observation and normal equations , solut ion of norma l equations and predictions using

the solut ion .

The al gor ithms developed for 1-ranslocation demonstrate that between 2 and 10

mu lt iplications are required for each point mani pulated.

A In addition to ana lyzing the mathematical equations required for terrain

compact ion, the computat ional requirements were anal yzed for both sequential and

parallel processors . Based upon this ana lys is it appears that the array processor wi l l

prov ide a significant computationa l advantage.

As was previousl y state d two alternate methods; namel y, compaction and

translocation , w ere reviewed and mathematicall y described herein. Based upon our

anal ys is it appears that these processes could have a si gnificant impact on the

-37-
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computational efficiency in the field of automated cartography. For this reason we

recommend that these algorithms be imp lemented at the ETL fac ility and a series of

comparat ive tests conducted using both the CDC 6400 and Staran computer systems .

The exp loitation of Staran, in conj unction with array regression, should form the

cornerstone for a technology for efficient manipulat ion of massive volumes of digital

terra in data . Increases in overall throughput of orders of magnitudes are totally w ithin

current state— o f—the—art .

A

a

1~:
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APPENDIX A
REVIEW OF THE R-MATR IX MULTIPLI CATiON PRINCIPLE OF ARRAY ALGEBRA

Genera l Background and Definitions

This expose is intended to explain some technical details pertinent

to the R-matrix multi pl i cation which forms the backbone of the so—called

Array Algebra , treated in [Rauhala , 1976] and in many other publications by

the same author . Considering the limited scope of this paper , the proofs of

equivalence between certain least squares problems solved in a conventional

way arid the extremely eff icient solutions of the same problems via array

techniques will be omi tted . We shall be satisfied by observing that the con-

ventional (monolinear) least squares solution . may be generalized to multilinear

cases of array algebra provided the design matrix A in the monolinear formula-

tion can be expressed as a tensor product of several matrices ,

A = ci, 0 .. . fi
t 

- ( I )
(n~ N) (m,.,, ,) (m~.n2 ) (m~.n~)

~ m ~~~‘ 
. . . u rn, , ..

~ ( I
’

N = ~~~~~~~~~~~~~~ . I
Here the symbol 0 represents a tensor product and we are in the presence of

an i-dimensional case. The tensor product itself is defined in terms of two

matrices as fo l lows:

® C

(~~ i)  (r .s) n,.. 
~i.e., each “entry~’ of the resulting matrix the entry of the second matrix

multi plied by the whole first matrix. From this definition follows e.g. the

computational rule

. . B® C ® .D ~ E (.E~~ C ) ®  1’ = .B~~ ( C ® r )  .
(p.s) (ris) (t .u) (prt~ c,~u) (Pr . ~$) (~~

s
~i) (p~~ ij ) (rt~~su )

r We only mention that a formulation such as (1) is possible if the observations

form an i-d imensional grid; throughout this paper , the pertinent wei ght

matri ces wil l be cons idered as unit matrices for simplicity .

L: .- •
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The famil iar obsu vd t Iun  equations in the mono-linear case read as

fol lows :

= -

( t l . i )  ( M .N ) f r J 1) ( M . t )

where v is the residual vector , A is the design matrix , x is the vector of

unknown parameters , and ~ is the vector of observations (if the problem

were not linear at the outset it would be linearized and a constant vector

would be added to the right-hand side). The least squares solution may be

writ ten as

(x~ ~~~~~~~~~~~~~ , ~~~~= 1, 2 , : . ., N  , (2cL )

where (A ’),r represents the entries of the matrix A
1 and (x)1

represent the entries of the vectors X ,~~ respect ively;

(R Tl~ 
).. l /~( N ~ M) ( N ~~N)  (N ~~M )

is called the 1-inverse of the matrix A under the usua l assum ption of the

nonsingular matr ix of normal equations , ATA. Written in the matrix form ,

equation (2a) becomes

x = . (2& )
( H ’ ’)  (N~~M ) ( M I )

We shall now confine our attention to an array (multi l inear) form-

ulation associated with (1). We notice that ~ will be written as an

(m,~ m2.....m~) array L wh ich stems from the gridded observational structure.

In a similar fashion , x will be represented by an (n~i n2* ... ‘n t) array

X.  Furthermore , the matrix A1 can be shown to be the tensor product

I~ = lI~ ~ . . .  . ( 2 c )
(N1M) ( f l , .v~i ,) (n 2 .m 2) (n 1~m~)

-2-
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From various references on the subject of array algebra we observe that

the solution equivalent to (2a) ,  (2b) is the fo l low i ng:

( X ) .  ~ (~~). i~ (~~ ) r ~~ ~~~~~ ~ 
ft

JsJz J~ g.t s  g~aç ~~~~ 
a

f ) 2 

~ 
... , ti , 

(3Q~
)’

j~~
= l ) 2 ) . . . ) n ,.

In a compact form , this may be written as

X (f ~
2

)’ (A e ) 2 
. . .

- (A ~~~ L . (3&)
( ,1, .n~ .• . . .n .) (n ,~ m,) (na~~

h..~ ) (n .m,) ~~~~~~~~ .ir ,)

An explanation of this notation convention is in order. The symbols X and L

represent i-dimensional arrays , while A , j=1 , 2,..., i , are matrices (two

dimensional arrays). The subscript simply identifies the matrix , i.e., it

has a role of- a “name” . Thus instead of A ,, A 2, A 3, etc., we could have

written A , B , C , etc.; since a matrix A’ is assumed to have the dimensions

(mj*n~)~ its 1-inverse matrix A has the dimensions (n~~m1). On the other

hand , the superscript “k” of a matrix indicates that its second index corresponds

to the k-th index of L. For instance , the matrix A~ has been assigned

the superscri pt “i” ; this means that the second index of the elements in

Af must be the same as the i-th index of the elements in L. Equation (3a)

demonstrates this rule and shows that the index in question is . Consequently,

the order of the second dimension of Af in (3b) is the same as that of the

i-th dimension of L , namely m~ - In analogy to the conformability requirement

(the number of columns in a first matrix equals the number of rows in a

second matrix) associated with the conventiona l matrix multiplications , we

3

i~~~~~~~~~~~~~~~~~
-
~
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may now speak of conformable arrays associated wi th the R-matrix multiplications .

The right -hand side of (3b) is a typical example of i successive R-matrix

mu l t ipl icat ions in a convenient , “short -hand” notation. A “long-hand”

equiva lent of (3b ) is of course e q u a t i o n  ( 3a ) i n  wh ich j, , j2 ,.. .,j~ are

the “free” indeces. It is worth mentionin g that the order in which the

matrices are arranged for the R-rnatrix multiplications is inconsequential

provided the superscripts are not interchanged ; equation (3b) could thus

be writ ten e.g. as

x . .. (~~~~)2 L.
This  is apparent from (3a) in wh i ch the summations may be performed in an

arbitrary order .

We shall next illustrate a few special cases of R-matrix multiplicatio ns .

If the space is one—dimensional (i=1), we have essential ly

X (
~~) ‘ L

(‘i, . I) (~ i,~~nl,)  (r.~, M I)

which corresponds to (2b).  The two dimensional case may be portrayed as

X = ~~~ (,,~J f )
2 

L 1q
,
~ L A2

(n ,zn 1) (n , .m ,) (~~z 1ma) ( m ~~~h1a) (n , .m ,)(m ,.m1)(.~1,_ n~~)

where A~
T E (A~ 

)T That it is so becomes apparent from the “ long -hand”

form , namely

(X)~, 
= 

~~ 
( 1~~

,

t 

~~r 
~~ (li2

e )j r  ~~~ ~~~ s’),,ç ~!,r, 
(A~

T)

where (A1 ). has been wri t ten as (A~
T)r . We can thus assert that the

2 JL rL
superscript “ 1” corresponds to the left-hand side mult ipl ication and the

- 4 -
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superscript “2” corresponds to the transpos ition and the right -hand s ide

multiplicat ion . Unfortunately, there is no equ ivalent for the superscript

°3” , etc., so that somewhat absurd names such as “bac k-hand” side or

“beyond-hand” s ide multiplication would have to be invented if we wanted

to i l lustrate , at least intuitively, some operations in terms of the conven—

tional matrices . One m ight thus be tempted to visualize the R-matrix multi-

pl i cat ions in three or i dimension s as fol lows :
A:T

X = ( .tl ,
1) 1  

(
~~~~:

)
a ( A ) ~ L ,:1~ L ~~~T

(
~~

, ‘
~~a~~~j) (n ,~~ ni1) (~? a*~~~&) (fl.1.m4 )  (m,.m~~.s PaI~ ) er

X (i~1,~)’ (A ~
) 2 ( a~)~... (~~) ‘L f~ L

3

R~~~~~

However, i t should be sufficient to work solely in terms of the orig inal

definitions (3a) and (3b). We shall next present some practical consider-

ations in handling equation (3a) and shall determine the number of signif icant

computer operat ions (scalar mult ipl ications) involved .

The form of equat ion (3a) suggests that each summation sign

represents a “do- loop” in regular FORTRAN programming. The last do-loop

may then be imagined to result in an array Z whose el ements are

(z )r r . . . r j .  
= (lii )

~~~ 
(L )

~~~~~~~...  r~ 
• 

(3c)

In computing the (one) element of 2 depicted in (3c),  m~ multi pl ications

must be performed wi th regard to the index ç which is then replaced by the

free index j~ . To f i l l - in the elements of Z for one value of j
~~ , 

the

summat ion  in  ( 3c ) whi ch was seen to r equ i r e  m~ mult ipl ications must be

carried out m ,~ ~~~~~~~~~~ ti mes (m , times due to the index r~ , m~ t imes

due to r2 ,  etc. ). Finally, s uch operations must be repreated for each j~~
,

i. e . n~ times , in order to complete the array Z. This step has accordingly

-5-

.- -— —. 
- --—-5- - .  

~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ — -

- -—-~~~~~~~~~ - —~~~~-- --- - - - - 5 —~~---



--5— ”. — ——---5 -5-

invol ved

fY) ( rfl~ ~ rn~~ ic .. . ni,~ ) ri~

multi plications. In analogy to (3a) and (3b) we may now write

(X )f l . ..j . = ~~~ 1~~~ r~ 
. .. 

~~~~~ 
(&

~~~,r s (Z)rr  r j .~ (3d)

X 
= (

~~~
,
P) I  

(
~~~~~~~~)2 (

~~,)~
‘ Z

(n,~na
.... n,~.) (fl , E ni,) (n~

.vii
~ ) (n1 ,  m,~ ) (nl, . rv1,~ . . . ni. _~ .

A sim ilar argument to the above may be repeated with respect to the last

do-loop in (3d) g i v i n g  rise to the elements (Y) . . of 
‘
~
‘ - ,(m1* vv12 .. .a ~~~~~~~~~~~~~~~~

which now involves

• rn~ .~1 (m , m2 * . . . Yn. 2 ri )
multiplications . The number of multiplications that occur in the remainder

of the I steps may be similarly expressed as

m j 2  
(,n,% r 2 w ... x r n 3~~n~~, wr i ~~) * f l~_2

I t  may be appreciated that although the result i s invariant wi th respec t to

the order in which the array multi plications are carried out , the total

number of scalar multiplicatio ns is not.

In order to facilitate the upcoming comparisons in terms of scalar

multiplications (and thus in terms of the computer time), the following
b

simplifi cations are made:

= rn2 - . . = m (4a )

P1, fl 2 . . .  = r 7 ~~~~~fl ; ( 4& )

- 6 -
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we have

m~~~~kn . 
(ia)

where necessarily

k~~~~~ I .
The number of scalar multiplications associated with the R-rnatrix multiplications

as described in the preceding paragraph is now
i s, , ’ ,

m x ( m  )~~~n = n Ic
— i41 I,’~~rn~~~ (t ~i f l ) i V )  — ‘.5.

m (tt,~~ h1).fl = VJ ’ ’  ~~~~~

*5 -Im x ( r l )~~ ri fl

The total is

J k = / , 
- (7a.)

n~’k ~~~~~~~~~~~~ . .
~ ~ f k > I . ( 7&)

The formation of each of AJ from A~ requires approximately only
(m.n)

(2k -m-1)n 3 scalar multi pl i cations (mn2 = kn3 to form A~ ~~ approximately ti3 to

i nvert this positive-definite matrix , and kri3 to post-multiply this new matrix

by AJ). The total in an i-dimensional problem is thus i ( 2 k  +1) n3 . If i > 2 , —

this number is at least one order of magnitude smaller than the number of

scalar multi plications associated with the subsequent R-matrix multip lications

as evidenced by(7). Under such circumstances , the computer time required to

form all of A may be considered negligible. -

— 7 -
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Efficiency of the Array Technique

In cases where the design matrix has the structure exhibited in

(1), the conventional procedure of forming the normal equations and solving

for x as in (2b), i.e.

x = (~ r,~)~s 
,q

T 
~~

( N ’ N ) ( t4 * M)  ( t-1~~I )

would be extremely uneconomical . In particular , the inversion of ATA would

necessitate approximately N 3 scalar multiplications. This inversion would

consume by far the greatest amount of computer time . The formation of A~
by comparison , would require only NM scalar multiplications (although in

• general T4> N , M is of the same order of magnitude as N) and the pre-multi-

plication of this vector by the above inverse matrix would necessitate only

N2 ~‘-‘~tional scalar multi plications. We have not mentioned the original

construction of the matrix AT in which slightly more than NM multiplications

would be performed . In any event , the number of significant scalar multi-

pl i cations determining the computer run time in this “brute force” approach

would be N3 and the operation directly responsible for it would be the matrix

inversion of ATA. Before proceeding any further we emphasize that the

mono linear solution could be carried out much more eff iciently through the

use of the property (2c). If we set for simplicity

the “brute force ” approach would involve one inversion of an (n~ n~ ) m a t r i x

while a “refined”mnonolinear approach will be seen to necessitate i inversions

of small (n’n) matrices . Thus if n = 10, we would have e.g.

i = 2 , N = n~ = 100 parameters ; ( 100 100) inverse versus two (10 x 10) inverses

i = 3 , N = n~ = 1000 parameters ; (1000 1000) inverse versus three (10 ~ 10) invers ’~s

- 8 -
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The i nversions of (n.n) matrices account for a negligible amount of the

total computer time. On the other hand , the inversion of an (N * N) matrix

in the “bru t e  force” approach is in general totally prohibitive ; this would

not be substantiall y altered even if an inverse multi plication of the vector

~Tsp by the matrix ATA were performed without explicitly inverting ATA. The

total number of scalar  m u l t i p l i c a t i o n s , al though reduced , would still be

proportional to N3. The associated computer storage problems , not treated

in this paper , would be equally formi dable.

For the reasons exposed above , only the “refined”mono linear approach

will be now considered and later compared with the array solution for efficiency .
-

• When the tensor product property (2c) is utilized,from (2b) and (2c) we write

x = (
~ ,t ®

~~~® ... ® f L~)e . . 
- 

(&)

The formation of A~~® A~~... ® A  requires

~~~I ’ ~2 m2 + fl , ~~ ~ 
+ ... ÷ n1 m, ~ - . . ‘ (9)

scalar mu ltip licat iomj , all of A~ having been computed beforehand. Due to

(1 ’), the last term in (9) is MN and the next largest term is smaller by at

least two orders of magnitude. Since the number of scalar multiplications

needed to form A’e in (8) is also MN , their total number is then 2MN.

Instead of (8), one might consider a mathema tically equivalent hut

formally slightly different equation , namely

x [(~T~,i’ @ (4
~~~~2i

’ @ . . . ® (f?~A~
)-’ ] ~~T?

However , in this formulation substantially more scalar multip l icat ions are

needed.- Al ready the vector ATe involves 2MM of them since

is in this respect equivalent to A t ; its subsequent post-multiplication by ~

— 9 -
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necessitates another MN scalar multi plications. Furthermore , the construction

of the matrix between the brackets in the above equation accounts for N 2

multiplications as does the final multi plication by ATf. For these reasons ,

the most advantageous route pursued in the refined monolinear formulation

is that of equation (8).

We now adopt the same simplifications as considered earlier in the

equations (4) and (5); it follows that

fri = k’ n~ , (IQa)
N ~~‘i’. ( i O & )

The total number of scalar multiplications associated wi th (8) is thus

2 f r l N 2k t r i 2t . ( i i )
The number of multiplications used in formi ng all of A was seen fol lowi ng

(7) to be i(2k +1) n3. This number is at least one order of magnitude

smaller than (11) even if i = 2 and the formation of the matri ces A~ may

accordingly be neglected insofar as the computer time is concerned . We shall

next compare the above most favorable monolinear formulation with the array

approach for efficiency . As a matter of interest we mention that if k = 1

-
; 

(i.e. n=m , N = M), this mono linear formUation exhibits the structure related

to the Fast Fourier Transform.

We have seen that both the refined monol incar formulation and

the array approach require the formation of the matrices . In the former

* case , these operations are negli gible compared to the total computer burden

for any i ~ 2 while in the latter case, their impact can be ignored only if

I > 2 ( for I = 2 , the number of pertinent scalar multiplications would have

U the same order of magnitude as in the subsequent R-matrix multiplications).
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Accordingly, the “savings ratio ” that will be determined in conjunction wi th

the R-rnatrix multiplications will represent also the “ to ta l  s a v i n g s  r a t io”

only for i> 2. If i = 2, the total savings ratio of the array solution

versus the refined monolinear solution would be somewhat lower , although

its order of magnitude would not be altered . The savings ratio CR) that

concerns us is given by the expression in (11) divided by the number in (7a)

or (7b). We thus have

R ~ (2/t ) ri’ ’  ... tI i c - ~ i , (12a)

R = 2 r  I
(b

t _ kt~~)/ ( kI.~I) ... ~f k,!  . (12 . &-)
For a large value of k in (12b), i.e. for many more observations than para-

meters , it follows that R-* 2n’~ . For example , if I = 3 and n = 100 result ing in

N = 1000000 parameters , the (tota l) savings ratio would be R-’ 20000. However ,

a resonable value for k in practice is k = 2; one can imag ine that every second point

in each dimension of the grid is a “node point ” where the value of some

function is to be determined from the least squares adjustment.

We conclude this section with a few examples to illustrate the

savings one may achieve when utilizing the array techniques

I = 2, n = 10, N = 100 parameters... k = 1, R = 10.0
k = 2, R = 13.3
k = 4 , R= 1 6.O
k = 8, R = 17.8
k large R-’ 20.O

I = 3 , n = 10, N = 1000 parameters... k = 1 , R = 67
k = 2, R = 114
k = 4 , R = 1 5 2
k = 8 , R =  175
k large R - 2 0 0 .

In this last group (i = 3), R has the r.ole of the total savings ratio. The

number n = 10 would of course be too small in practice. A quite realistic example in

two dimensions might be the followi ng :

i = 2 , n = 100 , N = 10000 parameters ... k = 2 , R = 133 .

— I i —
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It is not difficult to realize that if the “brute force” approach were used

in the cases that concern us (gridded observations ), the savings ratio would

be several orders of magnitude higher than the above R. In particular , i t

would be multiplied by

(N3 ÷2M N +N z ) / 2 MN
i.e. approximately by

N2/ 2 M  = N/ 2 k ’~
if k is not excessively large . In practice N (total number of parameters)

could range from several hundred to several million. This thought should

merely warn the “problem inventor ” that extremely signif icant computer

• savings may fail to materialize if enough care is not taken at the level

of the problem design and formulation .

- 12 -
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Future Savin~ s Possi bi 1 i ties

We assume that an ideal paral lel processor capable of performing a

sufficient number of scalar multiplications simultaneously will become avail-

able in the future . The economies achieved in conjunction with the array

techniques could then be greatly magnified . In particular , the parallel

processor could perform the mult iplications in (3c) i nvolving some or all

.r~ simultaneously. In considering for our purpose the computer

time requirements in the latter case , (L) r r  r would act as a vector with

a simpl e index . For the forthcomi ng comparisons we again adopt the simpliuica-

tions (4a) and (4b). At each of the i steps , the number of multiplications

• indicated between the parentheses in the expression (6) would be now performed

simultaneously with the number of multiplication s (m) factored before the

parentheses. The total number to be considered in this context is thus

~mn = tIc ri1 . (13)

Upon consulting (7a) and (7b), we deduce that the additional savings ratio

(R) due to the paraflel processor is
• R = . . .  J k = !  , (i4~~)

Li k > 1  . (i~ifl

The pertinent savings ratio (
~

) between the refined mono linear solution and

• 
the array solution in conjunction with the parallel processor is

(!�)
Upon considering (12) and (14), f or any k ~ 1 we have

= (2/ i ,) Ic~~
m n2(t h h)

This  resu lt is ver i f ied if th e number 2k ’ n2’of ( i i )  is divided by ikn2 of (13).
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W e conc lude by exte ndi ng some of the examp les of the previous

section as follows (the values of ~ are rounded):

• i = 2 , n = 10, N = 100 parameters ... k = 1, ~ = 10 , = 100
k = 2 , R = 15 , = 200
k = 4 ,~~~= 25 ,~~~~~

= 400

I = 3, n = 10, N = 1000 parameters.. . k = 1, ~ = 100 , = 6700
k = 2 , R = 233 , R = 27000
k = 4 , ~ = 700 , R = 107000

I = 2 , n = 100, N = 10000 parameters... k = 2 ~ = 150 , = 20000.

As a closing remark we note that the idea of a parallel processor su its

perfectly the R-matrix multiplications .
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Practical Applications

The usefulness of the R-matrix multiplication techni que for a

whole class of least squares problems has been demonstrated at the level

of the solution itself. The rule governing these multiplications has

been explained following equation (3b), in which A~ were the 1—inverses

of the “original” matrices A~. However , essentially the same rule could

be applied and comparable savings could be realized with regard to the

least squares predictions in which some “original” matrices would be

involved . In either case the matrices attributed a superscript are
-

‘ 

called R-matr ices . Practical applications associated with a special

- • structure of these matrices will be briefly mentioned in the next paragraph.

In practice the R-niatrices often exhibi t a banded structure wh ich

can significantly accelerate theR-matr ix multiplications . The banded

structure is the basis of an extremely efficient multilinear prediction

technique cal led array prediction. According to [Rauhala , 1976], this

technique , when applicable , has the potential to surpass several “fast

transforms” , local polyimials , and other conventional signal processing

and model ing techniques in many sciences . This is especially true for

the automation of the typical “map ” sciences like geodesy , photogrammetry ,

cartograpl~’, meteorology , oceanography , geology , image processing , remote

sensing , and other sciences of the space age technology as indicated in

-i the above reference.

.,•
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