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1. Introduc tion.

In today ’s comp lex world an understanding of the impact of modelling

assumptions upon optimum military strateg ies derived from mathematical

models is essential for the determining of optimal solutions to complex

problems of international significance. In this paper we continue the

• study of one of the authors on the effects of various modelling assumptions

on the structure of optimal tactical allocation policies by systematically

contrasting the solutions for a sequence of idealized models. These combat

models are too simple to be taken literally but should be interpreted as

ind icating general princ iples to serve as hypotheses for subsequent higher

resolution studies of real world problems via computer simulation or field

experisnentat ion .

in prev ious papers [34], [35], 136], [37], [38] one of us has

studied the optimal control of deterministic Lanchester attrition processes.

A major result of this previous research was that optimal tactical alloca-

tion policies are quite sensitive to the precise nature of the combat

model adop ted , even as to whether the tactical scenario lasts for a

specified period of t i c  or terminates only when a predetermined “break-

poin t” has been reached . We have shown I ~t’] that whether or not concentra-

tion of all fire on a single ~~flCflI~ target type is always the optimal fire

distribution policy depends on whether , for exampl e , enemy target types

undergo a “square—law ” or “ li near—law ” attrition process (see also [38]).

In the paper at hand , we exanllne the eftects on the structure of the

optimal fire distribution policy of whether combat attrition is modelled

as a determinis tic or ~i stochastic proc..’ss. Although there has been a

continuing discussion among mi l itary operations analysts about the relative

hL~ ~~~~~~~~ .-.-—•~ —j--. . . • —— . - -~ —.~ .--.~• -~~~~—-~~-•• -.- - . —.-—. --. -~~~-~~. ~~~~~~~~ . — -.—~- .—--— ~—~ —‘ —~~~~~~~



~~~~~~~~~~~~~~~~~~~~~~~~~~~ 

meri ts ot ~etermi ,iistlc versus stochastic comba t attrition models (iu

particular , see [4), [9)), there apparen tly has been no systematic attempt

to con trast optimal mili tary strateg ies derived from such different

modelling approaches .

In ord er to keep the impact of modelling assumptions on optimal

strateg ies in sharp focus and also for reasons of mathematical tractability,

we consider a simp le fire distribution problem for a homogeneous Y force

in Lanchester combat against heterogeneous X forces composed of two

ty pes of weapon systems . Out research approach is to study the same

scenario (prescribed duration battle) using a deterministic combat attri-

tion model and also a stochastic one and then to compare the corresponding

optimal fire distribution policies.

The solution to the deterministic problem Is obtained using modern

op tima l control theory (see [8], [27]). As discussed in [37) arid [41],

th e non—negativit y restrictions on the force levels are state variable

inequality constraints (henceforth abbreviated as SVIC ’s) and req uire

special treatment (appropriate modification of the usual maximum princ iple~ )

when active (see Chapter 6 of [27], [40]). In this paper we shall treat

SVIC ’s by the method of Speyer and Bryson [32) (see also [19], [24]) of

adjoining an SVIC directl y to the return functional with a (Lagrange)

multi pl ier (see [41]). UnlIke the corresponding ternilna l control problem

studied in [34], however , this “solu tion” requires several computer assisted

computations for implementation.

The solution to the stoc~iastic problem is obtained using the  w e ll—

known dynamic programming approach to optimal stochastic control [13), [21),

H in this paper we employ an cqulva.lent statement of t h e Pontryag lu fllilXiIIIUm

princ Ip le (27] commonly used by eng ineers in the United States . There Is ‘

m inor sign diftercnce (see p. lO~ of [8]) between these versions .
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[121. The basic equations of optimality (the fundamental functional

equation for the optimal expected—value function (see [12 ] ) )  are developed .

We derive analytic solutions to these equations for very small numbers of

combatants and thus obtain the optimal closed—loop control. As is the

case for the Lanchester stochastic process (see [91, [ 2 0 ] ) ,  a general

solution for arbitrary numbers of combatants has not been obtained for

the fundamental functional equation (actually a system of differential—

difference equations), although solutions for specific (small) numbers of

comba tants are readily obtained . Therefore, we have used finite—difference

methods to generate a numerical approximate solution.

The bod y of this paper is organized in the following fashion. First ,

we review a few relevant facts about the Lanchester stochastic process .

Then we state the two optimal control problems that this paper compares.

The method of solving the deterministic problem is outlined . The basic

equations of optimality for the stochastic control problem are developed ,

and obtaining an analytic solution to these equations is discussed . The

use of finite difference methods for generating a numerical solution is

described . Then we compare results obtained from the two models and dis-

cuss these results. The implications of these results for defense p lanners

and mili tary operations analysts are pointed out.

I’ The Lanchester  Stochast ic  Process.

In 1914 in the Br i t i sh  j ourn .~ Engineering F. W. Lanchester  [23]

pos tu la ted  tha t  under the condit io~ uf “modern warfare” combat between two

homogeneous forces could be descr ibed by the equations~

‘See [45] for a discussion of the as~umptioris inherent ~n (I). A further
discussion of Lanches te r—type  equation s  of w a r f a r e  can be found in [ 3 9) .
Further references on determints Lanchester formulations can be found
there [39 ] or in [11].

~

.... .-.-~~~
., 

~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ 
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dx
—ay,

(I)

where a,b are commonly referred to as the Lanchester attrition—rate

coeffic ients and x(t),y(t) are force levels. During World War 11 ,

B. Koopma n suggested a reformulation of such a model in stochastic form

[ 2 5] .  Subsequent work on stochastic node1~ of combat attrition has been

by 9. Snow [31),  9. Brown [ 6 ] ,  [ 7 ],  G. Weiss [44), D. Smith [30] ,  and

C. Clark [9). The stochastic process corresponding to a model like (1)

has been called the Lanchester stochastic process by B. Koopnian [201.

Before considering the optimal stochastic control problem , it seems

appropr ia te  for  us to review a few results for the Lanchester stochastic

process . Consider combat between a homogeneous X force and a homogeneous

Y force. Let us model this combat as a continuous parameter Markov chain

with stationary transition probabilities (see pp. 188—189 of [26] for a

further discussion of terminology). Let M(t) denote the (integer)

number of X combatants “alive” at time t after the battle beg ins , and

let N (t) denote the number of Y combatants.” We denote the state proba-

bility by P(t ,m ,n), and thus

P(t ,m ,n) Prob[M(t)~ m ,N(t)~ nj.

Making standard assumptions (see [5)), we f ind that the state probabilities

satisfy the following system of differential—difference equations

for l~~~m � m
0 

and 1~~~n~~~n0

‘Random variables are denoted by capital letters , while their realizations
a r e denoted by the corresponding lower case l e t t e r s .

We adopt the  co nvent ion that  1’(t , m ,n ) = 0 for eit h er m > or n > n0. 

.J2~L~~~~~ 1~~ T~~~
~_
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~~ (t,m ,n) = P(t ,~~~l ,n)A(n~~l ,n) + P(t ,m ,n+l)B(m ,~~~l)

—{A(m ,n) + B(m,n)}P(t ,m ,n), (2)

where m
0 (n

0) is the number of Ii (Y) combatants at the beginning of

battle at t 0, i.~e. M(t—O) = m
0 with probability one; A(m,n) Is

the rate of attrition of the X forces with A(0,~) — 0; and B(m,n)

is the rate of attrition of the ‘1 forces with B(m,0) — 0. In other

words , we have

Prob
[j

e
~~~ f~~~~~~~

t)
~t~~ 

~~~ = A (m ,n)~~t .

(Moreo qer , P ( t ,m ,n) Is, more precisely, the transition probability

P(t,m ,n) P(t,m ,n;t 0,in0,n0) Prob~~~ t m t _ g
~~

m
~~ .)

Of course , the state space is discrete , i.e. m a 
~~~~~~~ ,m0 

and

n 0,1,... ,n
0
. At state space boundaries, i.e. m = 0 or n 0, 4

equa tion (2) takes the form

~~-(t,m ,0) = P(t ,m+1,0)A(m4-l ,0) + P(t ,m ,l)B(m,l)

— P(t,m ,0)A(m,0),

~-~(t,O ,n) P(t,0,n+1)B(0,n+l) + P(t ,l,n)A(l,n)

— P(t,0,n)B(O,n),

= P(t,1,O)A(l,0) + P(t,0,l)B(0,l). (3)

In it ial cond itions for (2) and (3) are

1 f 0 r  i~~~~~ m n — n 0,
P(t 0,m ,n) =

0 c~ ’~erw...sc. (4)

k . ~~~~~~~~~~~~~~~~ ~~ ,. .
~ .~~. ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ 

.. —.— —
~~~~~~

. — ..—
~ 
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Let us adopt the following terminology for the attrition rates

(and hence the process itself). We say that  we have a

(a) linear—law attrition process when

A(m,n) = amn,

B(m,n) = bmn , (5)

and (b) square—law attrition process when

A(m ,n) = ~m + an,

B(m ,n) bm + nn, (6)

where c*,~ may be referred to as operational loss rates.

Although it is well—known that (2) through (4) yield an exponential

solution (the Chapman—Kolmogorov equation expresses the semi—group property

of the state probabilities (see [20])) when A(m ,ri) and B(m,n) have

been specified (for examp le , by (6)), general solutions which apply for

all values of m
0 

and n
0 

have only been obtained to this system only

in a few spec ial cases. In the special case when a + ~ a b + ~~, Isbell

and Marlow [181 developed a general solution to (2) through (4) for a

square—law stochastic attrition process. Recently , Clark (see pp. 102—104

of [9]) developed the general solution to the linear—law stochastic

attrition process (i.e. A(m ,n) and B(m ,n) are given by (5)).

One reason why we have reviewed this material Is to now point out

to the reader  that  a general solution to (2) through (4) only exists fo r

a linear—law attrition process and is very complex (see pp. 102—104 of [9]).

In considering the optimal control of the Lanchester stochastic (square—law)

process , we will encounter a similar system of equations for the optimal

expec ted—value  f u n c t i o n .  Keeping in mind that  a general solution has not

been obtained to the corresponding equations (2) through (4) for the state 

-.~~~~~ -— .- -~~.—- -.--- —.-. —~ .- -. ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~



7

probabilities of the square—law stochastic attrition process , the reader

will not be surprised to learn that we have not developed an analytic solu-

tion for the general case of these equations .

Additionally, using the above noted solutions for the Lanchester

stochastic process , Clark (following results in [25] and qualitative results

in [31]) made comparisons (9] (see also Chapter 11 of [4]) of the average

force levels in the stochastic process (denoted as rn(t) and n(t)) and

the corresponding force levels x(t) and y(t) in the deterministic

formulation (such as (1)). Unlike the corresponding situation for the

Yule—Ferry  l inear b i r t h  process (see pp. 77—78 of (3] or pp. 156—159 of

[10]), there is a bias (due to “boundary effects”) in the dynamical behavior

of x(t) and y(t) as compared with rn(t) and n(t) for the same values

of a and b. It turns out that i (t) lies above x(t), and the amount

of separation grows over time .

The above is a major result of Clark ’s caref ul investigation in

which several numerical examples are given to prove such points . He con-

cludes that (see p. 11—19 of [4]) “the deterministic model would have

diff iculty approximating a stochastic simulation” with respect to the time

history of force levels . Clark’s solution to the stochastic linear—law

process was important  in making such a comparison . This fact that the

average of the Lanchester stochastic process does not behave identically

to th e corresponding force levels x(t) and y(t) computed according to

the corresponding deterministic model has motivated the paper at hand .

_____________ __________________ __________________



— . . ---— -~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ 
.- -

~~~~~~~~~~~~~~~

8

3. The Optimal CoLltrol Problems .

In th is sect ion we s t a t e  the  two optimal  control  problems that are

considered in this paper. The deterministic optimal control problem

considered is

maximize{ry (t~ ) — Px1(tf
) — qx 2 (t f

) }  wi th  t specif ied ,

subj ec t to:

dx
2

—b~x~ — b
2
x2, (7)

x1,x2 , y � 0 , O
~~~ 4D~~~

1I and t
f
� t ~~~~

with ini t ial cond it ions

x1(t .’O) = x~~, x 2 (t O) = x~ , y(t 0)

where all symbols are explained in the Append ix. In this problem x1, x2 ,

and y are called sta te  variables , while is called a control (or

decision) variable. A cons t ra in t  such as x1 � 0 is called a s ta te

variable inequality constraint (SVIC) and requires special treatment (see

below).

The bat tle lasts for 0 ~ t ~ t unless , of course , one side ormax

the other is annihilated before t . To be more precise , the ba t t l emax

terminates under one of the three following circumstances :

(1) X
1
(t

f
) = x

2 (t
f

) = 0 and t~ ~ 
tmax~

(2) y(t
f) — 0 and t

1 ~

(3) t = t
t max 

- —— . - - - -~~~~~~ --=—~~~-. . .
~~ ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ ~~~~~~~~~~~~ -- .. I
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where t
f 

denotes the time at which the battle ends. Upon further

analysis, it has been convenient to consider that there are eight “terminal

states ,” or “target sets.” These are shown in Table I. The reader should

note that for S
4 through S

8 
the battle ends by the system (as described

by the three state vatiables x
1
,x2, and y) being driven to a prescribed

terminal state. For these terminal states , t
f 

is undetermined when

t
f 

< t ) since it is then determined by entry to the terminal state ,

and this depends upon the control used. For these cases a well—known

transversality condition must hold. The above problem (7) is called a

prescribed duration battle, since the battle lasts for a maximum duration

of t , i.e. t ~~~tmax f max

The corresponding stochastic optimal control problem considered is

maximize E[rN(t
f
) — pM

1(t f
) — qM

2(tf
)] with tf 

specified ,

subject to: casualties occur randomly as a continuous
parameter Markov chain with stationary transition
probabilities corresponding to the deterministic
process (7), (8)

M1,M2, N � 0  and

where the random variables M
1
(t), M

2(t), 
N(t) are force levels

(integers), E[.] denotes mathematical expectation , and all other symbols

are explained in the Appendix . In ‘8) $~~
(t
~
m1,m 2 , n) denotes a

closed—loop control (see ~16]). For the deterministic problem (7) we

have not been precise about this point , since it is well—known that open—

loop control (e.g. 4D 
= •~ 

(t;x~~,x~~,y0
)) and closed—loop control

(e.g. c
~D 

= k(t ,x1,x2,y)) are equivalent and yield identical results in

trajec tory and payoff 116]. For stochastic control problems this equiva—

lence is , of course , not true (see [12]). 
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Table I. Defin ition of Terminal States for Deterministic

Optimal Con t ro l  Problem (Prescribed D u r a t i o n

Battle)

S
1
: x

1
(t~) > 0, X

2
(t

f
) > 0, Y(tf

) > 0, ~1 t ax

S2 : x
1

(t f
) = x

1
(t
1
) = 0, x

2
(t~) > 0, Y ( t f

) > O~ t
f t

where t1 
< t

f

S
3
: x

1(t~
) x

1
(t
3
) > O~ x2

(tf) 0, Y ( t f
) > O~ tf 

= tnlax

where t
3 

< tf

S
4
: x

1
(t

f
) > 0, x

2
(t~) > 0, y(t

f
) 0~ t

f 
� t

a

S
5
: x

1
(tf) = x

1(t1
) = 0 , x2

(t~~) > 0, Y(tf) 
= 0, tf ~ 

tmax

where t
1 

< t~

S
6
: x

1
(t

f
) x1

(t
2
) > 0, x

2
(t f
) 0, y(t

f
) = 0~ tf 

� t
a

where t
2 

<
~

S
7
: x

1
(t

f
) = x

1
(t

1
) = 0, x

2
(t
1
) 0, y(t

f
) > 0, tf ~ 

t
max

where t
1 

< t
f

S
8
: x

1
(t

f
) = 0, x

2
(t~ ) x

2
(t
4
) 0, Y(t1) > 0, t

f ~ 
t
max

where t
4 

< tf
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4. Determination of an Optimal Policy for Deterministic Problem.

In this section we outline how an optimal policy (expressed as a

closed—loop control) may be determined for (7). In order to keep the

length of the paper at hand within reasonable limits we will only be able

to highlight the main points. Details which are available elsewhere in

the open literature will be omitted . In order to contain the length of

this paper the entire “solution” will not be given here)1

4.1. Outline of Solution Procedure.

Before giving our solution algorithm , it seems appropria te to define

some terms . We have then

Definition 1: By an extremal path we mean a path on which the necessary

conditions of optimality are everywhere satisfied (we use

the work everywhere, since we take the class of admissible

controls to be the space of piecewise—cont inuous functions).

Definition 2: By an extremal control we mean the control used in order

that the system follow an extremal path.

Definition 3: By the domain of controllability for extremals to a given

terminal state we mean that subset of the initial state

space from which extremals lead to the terminal state .

Definition 4: By the synthesis of an extremal control we mean using the

basic necessary conditions of optimality to explicitl y

determine the t ime history of an extremal control from

initial to terminal time as a function of initial conditions .

“Complete results in a form suitable for numerical determination are to be
found in Append ix C of [ 4 3 ] .  The “so lu t ion” occup ies twenty pages in [4 3 ] ,
and this should explain why [or the purposes of the paper at hand only
r ep re sen t a t i ve  resul ts  are g iven .  

~~~~~~~~~~~~~~~~~~~~~~~~~ ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ 
. . .
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Our solution algorithm then is as follows:”

(a) an extrenial control law is developed from the maximum principle

(which must be modified when the trajectory lies on the boundary of

the s ta te  space) ; for Lanchester “square—law” attrition structures

the extremal control  law in many cases depends only on relationships

between dual variables (marginal returns from destroy ing targets),

(b) for each terminal state an extremal control is synthesized by com-

bining a backwards integration of the adjoint system of differential

equations wi th  the extremal control law and corner conditions,

(c) for each terminal state the domain of controllability for extremals

is determined by forwards integration of the state equations using

the synthesized extremal control from (b),

(d) the solution is determined at this point for regions of the initial

state space which are covered by only (part of) the domain of con-

trollability for extremai~ to one terminal state; one must also verif y

that the entire initial state space has been accounted for , since

otherwise one may have overlooked some type of “singular” surface ,

(e) if domains of contro1labili~y overlap so that for a point of the

initial state space contained in their intersection there is more

than one extreinal leading to the terminal surface , then one compu tes

the return (or payoff) associated with each extremal; the optimal

t raj ec tory  is selected from the  extretnals by comparing these values.

The above solution alg ’x ‘~.ani is a refinemen t of the one presented

In [34]. 1.et us make a few remarks about the appl ication of this  p rocedu re

to the prescrived duration batY..- 
~
‘; For this problem we may think of

1
~For this approach to work it is essential that an optimal policy exist t or
(7) . This  has previously been retabllshed in [37], [41]. in this c a s e

one of the extremals must b~ ot ’ )ptimal trajectory.
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t ime  as being an addi t iona l  s ta te  var iable .  On the othe r  hand , ‘~-r the

labell—Marlow terminal control problem [34] time may be considered as being

a parameter and consequently was eliminated for the determinations of step

(c) above . In o ther  words , for  the Isbell—Marlow problem a domain of

t~untrollabi1ity was determined by inequalities involving the three state

variables ; for the prescribed duration battle (7) such a de terminat ion

involves the four variables t , x° , x0 , and y
max 1 2 0

For the prescribed duration battle we have not been able in all

cases to develop analytic expressions at step (c) in the above algorithm

as we did for the terminal control problem studied in [34]. Consequently,

we could not analytically accomplish steps (d) and (e) for the probleni at

hand. We have, however , used computational methods to determine the optim al

con t ro l .  We have expressed our “solution” (partially presented in the next

section) so that g iven a point P° = (x~~,x~~,y 0) in the initial state space

and t , one can determine which terminal states are reached by extremals.
max

Th~ ,, ~~ can determine to which domains of controllability P° belongs .

Then , using the extremal control , we can numerically compute the return

(or payoff) associated with each extremal and select the optimal policy

from among a finite number of possibilities . A computer program was written

in FORTRAN to do the above and computations performed on an IBM 360 computer.

4.2. Summary of Solution.

We have applied the solution procedure of Section 4.1 to develop

a “solution” in the sense discussed there. Without loss of generality we

assume that a
1
b
1 

> a
2
b2, i.e. R > 1. There are two cases to be considered

(1) c~ � 1,

and (2) 0~~~ 6 < 1 ,

where t~ 
a a

1
p / (a

2
q) .
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For Case (1): a � 1, the domains ot controllability do not  ov er lap

each other , and hence extremals extremnals are unique. The extreiual control

is thus the optimal control . The optima l policy, moreover , may be expressed

in a pa r t i cu la r ly  simp le form : always concent ra te  all f i r e  on X
1 

while

x1 
> 0. Further details on domains of controllability and “event” tines

are to be found in Table 11 of [43].

For Case (2): 0 ~ S < 1, some domains of controllability overlap

each other , and hence extremals are not unique (in the sense that  f r o m  a

point in  the initial state space the system may be steered along any one

of several extremals to various end states of battle). (See [41] for a

disc ussion of a similar case.) Thus , considerations “in the large ” ( i . e .

step (e) of the above solut ion procedure)  are required to determine the

optimal policy . U n f o r t u n a t e l y,  explicit analyt ic  expressions are not

readily obtainable as they were for the Isbel l—Marlow termina l control

problem [34]. However , as discussed in Section 4.1 above , one can use the

information presented in Tables III of [43] (which is fifteen pages long)

to numerically determine an optimal fire distribution policy [or any specific

set of model input parameter values . A representative sample of t h i s  informa-

tion is given in Table II.

In Case (2) the optimal f ire distribution policy canno t be exptc~ :;cd

in the very simple form as in  the first case. When Y wins in time less

than tma (S
7 

for which the optimal policy is determined), the optima l

fire distribution policy is pre~~ selv the same as when a ~ 1. However , for

all other cases (i.e. terminal states S
1 

through S
6
) the extrema l policy

is to finish the prescribed dur~~~io~i )at tle by fi r ing at X
2
, regardless ot

whether or not X
1 

has been annlb i l~~t ed. This differs from that when ó 1.

Thus , we see that force levels at tect the optimal hire di stribution policy.

- -~~~ - -.  
~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ _ -

~~~~~~~~~~~~~

-

~ 

- . .~~~~~~~~~~~~~~~~~~~~~~~~~ - . .
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Table Ii. A Repr esentative Part of the Solution

to the Prescribed Duration Battle for

0 a 6 1.

(Nonrestrictive assumption: a 1, i.e. )

S5 : x1( t~ ) — z 1(t 1) • 0, x2 (t ~ ) 0 , ~ (t~~) • 0, t~

,1 for 0~~~t~~~t where x ( t ) 0
* 

1 1 1
Extreaal Control ; •D (t) —

0 for t~~< t S t f

Doma in of Controllability : a1b 1y~ •2 — (b2x~)
2

a1b1y~ ‘ a2 + (R_i) (b
2
x~~)

2

1 1j
/~~~jy~ — .~ + (b

2
x~)~~

t — t  +— t a n hf I b2x~v1

where t 1 — t
1(S5) — t

1(S2
) is given by

(I) for a1b1y~ a2

— s~ + (b 2x~Y~ — b 2x~
— tn{ 

-

(2) for a
1b 1y~ ~2

t — ~~~~~~~~~~ 

— /~~b1y~ 
— 5’ + (b 2x~ )~

1 
—

(3) for mm
1b 1y~ —

t~

NOTE : fo r 0 s 6 ~ R — IR(R— l) optima l paths also •ati sfy (equality

yielding a dispersal surface )

for 0 ~ ‘ (b
2
x~ )/(kb

1
)

a1b 1
y~ ~ — 4 ~~~~~~~~~~~~~~ + b 2

x~~~,

where k is given by k — {~ 2 —

- ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ ~~~~~—,-.- ,
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4.3. Dev elopment of Basic Necessary Condit ions .mal±~~
.

We will use Speyer and Bryson ’s approach [32]~ of adjoining the

s ta te  var iable  constraint directl y to the criterion functional with a

Lagrange multiplier. The Hami l ton ian  is g iven by (see also [19 1)

H(t,x,p,
~D
) a pl+D

a
l
y — p2

(l_
~D
)a
2
y — p

3
(b
1
x
1
+b2x2

) + fl 1( t ) x 1 + ~2(t)x7, (9)

where

0 for x . > 0,I 1

r1 (t) ~I 

~~� 0  for x
1

0.

The adjoint system of differential equations for the dual variables is

dp
1 *

= — 

~~~~~~~~~~~~ 
b1p 3 

— rt 1
(t), (10)

dp
2 *

a — j—(t,x ,P,4
~~
) b

2
p
3 

— 
~2
(t), (11)

* * *= — 

~
—(t,x ,p,4

~~
) = +D

a
lpl 

+ (l—m ~~)a2p2
. (.12)

Boundary conditions for the dual variables (also frequently called trans—

versality conditions) are discussed below . When t < t , the followingf max

transversality condition also ‘iolds

I1 (t=t
t
,X ,p,4D

) a 0. (13)

When x1,x2 
> 0, the maximum principle y ields the extremal control

law [34], [41]

1 for v(t) > 0,

~~ (t) =

U tor v(t) < 0, (14)

1 Tay lor  a p p a r e n t l y  is the  onl y p erson  to app ly  these i m p o r t an t  r e s u l t s  to
variationa l problems in operations research . See [41] for discussion of
previous app lications . 
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where v ( t )  (—p
1

)a
1 

— (—p
2
)a
2
. In [34] we showed that  there  are no

singular subarcs (see Chapter 8 in [8]) in the solution.

Without loss of generality, let us consider a constrained subarc

on which x 1(t )  0 for  t
1 ~ t ~ t 1 (and x2 ,y  > 0 for t < t

f
). Since

dx 1 *a 0, the control is clearly $D (t)  — 0 for t 1 ~ t ~ t~~. The requi re-

ment that 0 yields the following relationship between dual variables

on the constrained subar~~

a1p1(t )  — a
2
p
2
(t). (15)

The multiplier ~1
( t) is determined from the condition that 0,

and this  yields

p
3
(t)

a
1 

(a
1
b
1—a2

b2
). (16)

The interpretation of r11
(t) (see [41] for a further discussion) is the

rate of marg inal return to Y for keeping 
~l 

0. Thus , (intuitively)

Y tries to annihilate x1 only when it p r o f i t s  him to do so. Further-

more , the requ irement that ~1
(t) � 0 when x1 

= 0 for a finite interval

of t ime yields that  we must have

a1b1 ~ a2b 2 , ( 17)

since i t may be shown that  p
3

( t )  > 0 for  t < t
f
. The nonrestrictive

assumption that  a1
b
1 ~ a2b 2 

( i . e .  R > 1) implies that it is nonoptima l

to have = 0 for a finite interval of t ime .

Furthermore , when the necessary condit ions of optimality are expressed

in Speyer and Bryson ’s format [32] (see also [ 1 9 ] ) ,  the corner condi t ions

‘The development of (15) requires a slightly d i f f e r e n t  argument when t = t~.

arid y(t
1
) a 0. See [41] for a further discussion of this point .



we auup~ t ue  t~~iiv ~~.. ’-.. ~~~~~ - ~~
.. ,

~~~~
,. .,

~~~ i: ~~~~~~~~~~~~~~~~~~~~~~~~ ~~~~~~~~~

18

(see pp. 125—126 of [8)) take a particularly simple form for a first order

SVIC : the adjoint variables are continuous across all corners (both

inter iar to and on the boundary of the state space). In other words

+p(t ) a 
~(t) , (18)

where t denotes the time just before the corner (i.e. a left—hand limit) .

We also have tha t

- * - + * +H(t ,x(t),~~(t),$ (t )) — H(t ,x(t),
~~
(t),tpD(t)). (19)

On entry to a constrained subarc with x
1
(t) a 0 for t

1 
� t ~ tf , (19)

yields

a
1p1

(t~) 
a a1p1

(t
1
) a a2p2

(t~) = a
2
p
2(t1). (20)

Let us finally consider the boundary conditions for the dual

variables at ~ = t~ . The nonrestrictive assumption that a
1b1 

> a
2
b
2

yields that no extremals lead to S
8
. The three terminal states S1, S2 ,

and S
3 

may be discussed collectively. In all three cases the length of

the battle is equal to t .  Then , according to the results presented

in [ 4 2 ] ,  we have

for S1. S
2, 

and S
3
;

P 1
(t

f
) = —p + v

1
, P2

(tf) —q + “2’ P3
(t~) = r > 0, (21)

where
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a 0 for x
1
(t

f
) > 0,

� 0 for x .(tf) 
a 0 but x

1
(t )  > U for t ~ t~~,

unrestricted for xi
(t

f
) — 0 and x~ (t) 0 (22)

for t~ ~ t ~ t
f 

with t
1 

< t~~.

The latter condition that , for example , the multiplier v
1 

is unrestricted

when the system is on a constrained subarc for  a f i n i t e  in terva l  of t ime

is because the boundary of the state space is “absorbing” (i.e. the state

constraint x
1 
� 0 essentially acts like a terminal equal i ty cons t ra in t

as far as the determination of boundary conditions for the adjoint variables

[421). If there were replacements in the model (7 )  so tha t  the boundary

of the state space would not be “absorbing ,” then we would have v~ � 0

for xi(tf
) = 0.

For S~~, S5. and S
6 

the duration of the battle t
f 

is determined

by the terminal equality constraint Y(tf
) 0 when t

f 
< t

max SO that

the transversality condition (13) yields p
3
(t

f
) ~

- 0. When tf t
mnax~

additional analysis is required , and this is discussed in Section 4.4

below . Then , again according to the resul ts  presented in [ 4 2 ] ,  we have

for S4, S5, and S
6
:

p1
(tf) = —p + v1, P2(tf

) = q + “2’ P3(tf
) a 0, (23)

where the multipliers v
1 

for I 1,2 are again given by (22) .

For S
7
: x

1
(t

f
) — x

2
(t1
) = 0, Y(t~

) > 0~ tf ~ 
t~~~~ we have [8)

P1
(t

f
) = P + V

1
, P2

(t
f
) —q + “2’ P3

(t~ ) = r > 0, (24)

since t~ Is determined by the (equality) terminal constraints x
1
(t 1
) 0

and x , ( t 1) = 0. Since these are e q u a l i t y  c o n s tr a i n t s , the  m u l t i p l i e r s

_ _ _ _ _ _ _ _ _  --~~~~~~~~~~~~~~~
. -._.- .-  ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ ~~~~~~~~~~ - .
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and V
2 

are unrestricted In sign. Since t
f 

is unspecified , the

tranaversailty condition (13) with •~~(t f
) a 0 yields tha t —P2

(t
f
)a
2Y 

= 0

so that P2
(t

f
) a 0 and v

2 
q. The condition (15) which , in particular ,

holds at ~ tf 
yields that P

1
(t

f
) — 0. Thus , we have

for S
7
(x
1
(t f
) 0 before x

2
(t

f
) — 0, Y(t f

) 0]:

P1
(t

f
) — 0, p

2
(t
1
) - 0, P3(tf

) = r. (25)

4 . 4 .  Synthesis of Extremal Control.

For each terminal state , extremals may be synthesized by combining

the conditions which must hold on a constrained subarc and the extremal

control law (14) with a backwards integration of the adjoint equations (10),

(11) and (12). The boundary conditions for the adjoint variables given

in Section 4.3 and the corner conditions (18) and (19) are used in this

backwards sweep process . It is convenient to use the switching function

v(t) = (—p
1
)a
1 

— (—p
2
)a

2 
in synthesizing extremals. Using (10) and (11),

we readily find that for t <

p3
(t)(—a

1
b
1
+a2b2

) < 0, (26)

since p 3
(t )  > 0 for t < t~~.

Detai ls  in the synthesis of extremals are si’i~i1ar to those presented

in [ 3 4 ] — [ 3 8 ] ,  [41],  and [ 4 3 ] , ~ and hence they are omitted . The treatment

in [37] is most similar to the problem at hand . Details for 6 ~ 1 and

for 0 � 6 < 1 are different.

There are two interesting aspects , moreover , that we encountered

in synthesizing extremals. These are

H in some of these references the non—negativity of the force levels &. i . c .

SVLC ’s) have been treated by means othei than Speyer and Bry son ’s ap p r o a c h
[81. The basic princ iples of werking backwards from the end , however , are
the same in all app lications .
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(a) when 0 ~ 6 ~ 1 and a swi tch  lii the t a rge t  type  upon which all Y—

f i r e  Is c o n c e n t r a t e d  occurs w i t h ou t  the annihilation of a t a rge t  type ,

the switching time depends upon the initial force levels and possibly

the valuation of Y survivors , and

(b) when P° = (x~ ,x~ ,y0
) is such that when 6 < 1 an extretual leads

to S~ (i.e. we reach S4 
with a switch in tactics) with tf

(S~)

< t
max~ 

we can possibly also steer the system to an end point wi th

Y ( t f =t max ) — 0 without  violating any necessary conditions of op t imality .

Let us f i r s t  discuss the dependence of the non—annihilation switching

time on force levels and valuation of Y survivors .  Such a switch in

fire distribution only happens for 6 < 1. Let us compare the situations

for extremals leading to S
1 

and S
4
. In both cases we have

~~1 for 0~~~~ t~~~~ t — -t ,
* 

f 1

0 for t~ 
— ~ t � t 1, (27)

where X
1

(t at ~~ _t
1

) > 0. It is convenient to introduce the “backwards t ime ”

t defined by t = t
f 

— t~ Then when 6 < 1, we have ~~~~(t )  = 0 for

0 ~ ~ where denotes the backwards time of the first switch in

f i r e  d i s t r i b u t i o n . For S4 [x 1(t f ) > 0, x
2
(t
f
) > 0, y(tf) — 0~ tf 

< tmax ] 1

it may be shown u s i n g  ( l O ) — ( l2 ) , (14) , (23) , and (26)  th a t 1
~

r (S ) = 
1 

cosh 1z, (28)
1 4 va

2
b
2

where z = ( R — ô ) / ( R — l ) .  For S
1

[x
1

(t
1

) > 0, x
2
(t1
) > 0, y(t1) = 0,

t 1 , it may be shown that

“ F u r t h e r  d e t a i l s  of th c  r esu l t s  summarized in th is  sect ion are  to be found
in [43]. Fo ke ep time paper at hand 1rom being too long , we h ave omitted
them .

_ _ _
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) 1

1 
__________r (S ) — in(— j, (29)

1 1 l + av a 
2
b
2

where

(30)

The fo l lowing  theorem is of interest  (see [36] fo r  a similar result) .

THEOREM 1: Assume that R > 1 and 6 < 1.

Then,

-r
1(S

1
) < T

1
(S
4
).

A proof of Theorem 1 is given in [43]. Furthermore, it is readily shown

that u r n  t1(S1) = 0. Thus , when 6 < 1, the switching tim e t — t
f 

—

r-’+—
along extremals leading to S1 explici t ly depends on the value

Y places upon the survival of his own forces . The higher he values Y—

force survivors , the longer Y forces concentrate their fire on X
1 

when

6 < 1. For extremals leading to S4, the transversality condition (13)

yields that Y—force survivors have zero value. Intuitively , we see tha t

firing longer at X1 prolongs the length of battle for those cases when

Y(t f
) = 0, since a

1
b
1 

> a
2
b
2
. However , for extremals leading to S

4

this Is not an optimal tactic .

Let us therefore consider the case when ~ = t for S . We
f max 4

just discussed above the possibility when R > 1 > 6 of prolonging the

length of battle along an extremal leading to S4 
by firing longer at

x
1
. Using (27), it may be shown that

____ 
(b x (t: —t )+b x°) 

____

Y(tf
) — Y (t

f
-~T 1

)COSh/~2
b
2 ~1 

— 
1 1 f 1 2 2 sinh /a2 b 2 r 1, (31)

/a
2
b
2 

~~~~~~~~~~~~~~~~~~~
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wh ere
1 (z+/z~+a

Z
~ l~,t (a) m l . j , (32)1 1 y— 1 -I- av a 

2b2

and

a ( r +v) / ~~ (33)

where v is the multiplier correspond ing to the terminal constraint

Y(tf
) 0. Then , the following lemma may be established [43].

LEMMA 1: Consider an extremal leading to S
4 

with y(t
1
)

given b y (31) and t f defined by y ( t f ) 0. Then
a y ( t f

)
< 0 if and only if a1b 1y~ < s2.

In [43] it is whown that by increasing the implicit valuation of Y

survivors (i.e. v in (33)) the length of battle may be extended until

t
f 

= t •  However , this is not an optimal policy . This situation in

which a special case (here t t for S ) requires an inordinate
f max 4

amount of analysis unfortunately has arisen in all problems that we have

studied .

4.5. Obtaining~ an Optimal Policy.

Af ter extrernals have been synthesized , domains of controllability

for extremals may be obtained as shown In [34]. It then remains to apply

steps (d) and (e) of the solution procedure given in Section 4.1. A

computer program written in FORTRAN has been developed to assist In the

determination of an optimal policy. This computer program does the follow-

Ing : for a given point in the initial state space , we determine to which

termIna l states extrenmals lead . Then , the payoff corresponding to each

ex t r ema l is computed . The o pt i m a l  p a t h  (and hence the optim al policy ) is

rea d i l y obtained by determining which extremna l yields the largest return

to Y.

..

~ 

—-
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In the above fashion , the optimal f i r e  d i s t r ibu t ion  po1fc ~ m a y  be

obtained as an open—loop control .  A f t e r  this has been obtained , It is a

straightforward matter to express the optimal policy as a closed—loop

control. In doing this, it is convenient to cite the princi ple of optimality

[1] (a special case of Isaacs’ tenet of transition [17] (see alBo [2])),

i.e. every subarc of an optimal trajectory is itself an optimal trajectory.

5. Determination of an Optimal Policy for  Stochastic Problem.

in this section we discuss how an optimal f i r e  dis t r ibut ion policy

(expressed as a closed—loop control) may be determined for (8) . Using

the formalism of dynamic programming , we develop the fundamental funct ional

equation fo r the optimal expected value function. This is a sufficient

condition of optimnality: a control which leads to the satisfying of this

equation is an optimal policy (see [ 2 9 ] ) .  An analytic solution is developed

to the f u ndamental functional equation for very small numbers of combatants.

Finite d i f ference  methods are used , however, to generate a numerical

approximate solution , since a general solution (for arbitrary numbers of

combatants) has not been obtained to the fundamental functional equation.

5.1 Development of Fundamental Functional Equation.

Let S(-r ,m1, m2 , n) denote the optimal expected—value funct ion (see

[12]) .  Then

S(t ,m1, m 2 , n) = maximum E [r N ( t 0) — pM1
(r 0) — qM

2
(r O)~~, (34)

m , t

where

the system state is m1, m2 , n at t ime T (i.e. M 1(-t ) = mu 1, ete),

• is the class of admissIble  controls ( i . e .  must  always be

1 2
chosen f rom the set o~ rational numbers
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= t
f 

— t is the “backwards time” from the end of battle (which

begins at t 0 ) ,

Etmi t denotes mathematical expectation given that r n ( t )  a (m
1
(T),

m
2
(T) ,n ( r ) )

casualties occur in a random fashion between t and t
f~

in other words , S(-v ,m1,m2, n) is the max imum re turn  that  we get on the

average when we s tar t  with force levels m1,m2 , and n at t t~ — I ,

fo l low an op timal policy •(s,m1,m2 ,n) (chosen from the class of

adm issibl e policies •) for  t ~ s ~ t f~ and casualties occur in a

random fashion.

We consider that casualties occur as a Markov process with discrete

state space (or discontinuous Markov process). Specifically ,  we assume

that

(1) the at t r i t ion  process is a continuous parameter Markov chain with

stationary transition probabilities corresponding to a deterministic

Lanchester square—law attrition process; this is equivalent to

assuming

(a) the future occurrences of casualties depend only on the state

of the system at t and not on past history,

(b) the transition probabilities depend on only the state of the

sys tem ,

(c) 
Prob[~ i~~

1 
sualt ~~ = $a1nt~t ,

~~~~~~~~~~~~~~~~~~~~~~~~~~ ( l—$)a 2n~~t ,

Prob
[ 

e
1
Y 

r~~
t
~~ (b

1
m
1
+b

2
m
2
)~~t ,

where •a1
n is X

1 
casualty rate , etc., 

- -~~~~~-- -~~~~~~~~~~~~~ -~~~~-~~--- ~~~ 
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(d) pr brmor e than one casualtyl 
—

~ 
interval ~ t J “ /

wher e 0 (x ) denotes dependence on x such tha t  lim
X

con s t . ,

( 2) the Y—fo r ce s  have perfec t information as to the state of the sys tem

at t and the expected casualty rates,

(3) the Y— for ce s can instantaneously shi ft  f i re  from any target at any

time ,

(4) the length of the bat t le  is known .

Then , we have

state variables: M1( t )  ,M2 (t )  ,N ( t ) ,

decision (or control) variable:

where

A • — 
~o 

1 2 n ( t ) — l
E — 

‘n ( t ) ’ n (t ) ’”~~’ n ( t )

To be mor e p recise = 
5
(t ,m1

m
2~

rt) is a closed—loop (o r feedback)

control .
- 

To develop the fundamental functional equation f or the optimal

expected—value function , we begin by considering any interval of “backwards

time ” of length ~-r which occurs from -r — -r~ to t. The re are f ive

exhaustive and mutual ly  exclusive possibilities for  random events to occur

in such an interval .  These are

(1) one X
1 

casualty occu r s ,

( 2) one casual ty  occurs ,

( 3) one Y casualty occurs ,

( 4) no casual ty occurs ,

( 5) more than one casua l ty  occurs .  

~~~~~~~~~~~ -- - - - -- ~~~~~~. - - . . - .“ .-- . - —~~~~~~~
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Let us now examine each of these cases and develop expected re turns .

(1) One K
1 

casualty occurs in M :

By our assumptions above, we have for  the probabi l i ty  of occurrence

o f this event

Problone K1 casualty occurs in ~-r] — •a1
n~ t.

Given that one X1 casualty is realized in the interval from t to

— &r , the optimal fire distribution policy for Y will consider the

maximum expected value for the return functional as casualties continue

to occur randomly from t — 1~t to i 0. This maximum expected value

is S(t—~ -r, m
1
(T—AT),m

2
(t—M),n(-r —~ r ) )  where m1

(-r— M ) =

= m
2
(t), and n(-t—~ -r) — n ( - r ) .

(2) One X
2 

casual ty occurs in tcr:

Simi la r ly,  we have that

Prob[one X 2 casualty occu rs in M]  a (l—$)a
2
n~~r ,

with  the optimal expected—value funct ion S(-r —~ t ,m1
(t ) ,m2

( t ) — l ,n ( r ) ) .

Events (3) through (5) are analyzed in a similar fashion .

Now , by the standard dynamic programming argument which combines

the probabili t ies of events (1) through (5) above with the maximum expected

return to be achievable given these events occur , we obtain the expression

S(i , m 1,m 2 1 n) = maximum{[ l_ At {, 5a1n+(l_ *
~

)a 2n+b 1m1+b 2m 2
} ] S ( r _

~
t ,mi, rn 2 , n)

/

4- (1—$
5

)a
2
nAtS(i—M ,m1, ni7--I ,n)

+ tb 1 m 1 +b
2
m
2
)AtS(T—~ t ,m1, m 2 , n— .I)). (35)

_ _ _ _ _  ~~~~~~~- -.~~~--.-“--
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Rearranging terms in (35) and taking the l imit  as M -* 0, we

obtain the fundamental  functional equation for  the opt imal  expected—value

fu nct ion

fo r m 1, m2 , n > 0:

~~-(t ,m1,m 2, n ) = (b 1m1+b2m 2
){S( - r ,m1, m2 , n— 1) — S(-r ,m

1,m 2 , n)

+ n maximum [$ 5a1{S(-t ,m1— 1 ,m2 , n) — S (r ,m1,m2 ,n ) }
00 £1

+ .(l~ $5)a 2 S(i ,m1, m 2 —l ,n) — S(t ,m1, m2 ,n)}], (36)

with the boundary condition at ~ t f

S(-r— 0 ,m1, m 2 , n) = rn — pm1 
— qm2, (37)

where m1,m 2 ,  and n are integers and

• — {0 ,~~,~~,•~~•
(n_l) 1} (38)

Special forms of (36) in which m
1 

0, etc., will be given later .

More concisely , we could have said that (36) results from combina-

tion of the well—known formal ism of dynamic programming with the retrospective

(backward) probabilistic evolution of the system over time (c.f. [13], [22]).

It should be noted that  (36) is a special case of an equation given by

Kushner in 1962 [21] .

If we take (36) to be the basic equation for  S(t ,m ,m 2 , n ) ,  then

( 35) may be considered to be the simplest f i n i t e  d i f f e r e n c e  approximation

to I t , i .e .  the result  of applying the well—known Euler ’s method to (36)

(see pp. 130— 131 of [ 1 5 ] ) .  (Of course , a method employing a hi gher o rder

—.- — --—
.. — .  ..- ~~~~~~~~~~~ 

. 
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approxima t ion scheme (see pp. 132—140 of [15]) may be necessary under many

circumstances.)  We will find this  point of view convenient when we consider

deve loping a solution to (36) .

Alter natively,  we could have taken a discrete parameter . Markov

chain as our basic combat model . It is readily shown that an optimal

policy exists for this latter formulation (see Theorem 1 on pp. 88—89 of

[ 2 2 ] ) ,  and that a policy which y ields the maximum in (35) is an optimal

policy (see Theorem 2 on p. 89 of [ 2 2 ]) .

5 .2 .  On the Analyt ic Solution of the Fundamental Functional Equation.

The f i r s t  task in determining an optimal fire distribution policy

(which requires obtaining the solution to (36) and (37) is to develop the

en t i re  system of equations ( c . f .  equations (2) through ( 4 ) ) .  We mus t ,

therefore , develop the form that (36) takes at the boundary of the system ,

i .e.  m1 
= 0 or m2 

a 0 or n a 0 , where the f i re  distribution problem

no longer exists. When n = 0, arguments similar to the above lead to

fo r n 0 , m1 �0 , m 2 �0 ,

= 0 with  S ( r 0 ,m
1,m 2 , 0) —ni

1
p—m~ q ,

and hence

f or n=0 ,m1�0,m
2�O: S(T ,m1,m 2 , 0) = —m1p — m 2q. (39)

Simi lar ly,

fo r m 1—0 ,m 2 —0 ,n�0 : S(t ,0 ,0 ,n) = nr , (40)

dSfo r  m1a0 ,mf0 ,n>0:  a~
-(T ,O ,m 2 , n) — b

2
m
2
{S(-t ,O ,m2,n—1)

— S(t ,O ,m 2 1 n ) }  + a 2n {S(t ,0 ,m 2 —l ,n) — S ( T ,0 ,m 2 , n ) } , ,  (4 1) 

-- . - -- ~~~~~-~~~~~~~---- ~. - ~~~~,- ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ 
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dSfor m1>0 ,m 2=0 ,n>0 : ~— ( i ,m 1,0 ,n) = b
1

m
1

{S(T ,m1, 0 ,n— l)

— S(t ,nm 1, 0 ,n ) }  + a
1n{S(T,m1—l ,0,n) 

— S(t ,m 1, 0 ,n)} .  (42)

Equatio ns (36) through (42) are the complete system of equations for  the

optimal expected—value funct ion in the optimal control of the Lanchester

stochastic process.

For m1 > 0 , m~ > 0 , n > 0 the optimal f i r e  d is t r ibut ion

policy is dete rmined by the maximization operation in (34) ,  and hence

~ 
1 for  W ( r ,m1, m2 , n) > 0 ,

*
=

0 for  W ( r ,m1,m2 , n) < 0 , (43)

wtm ere we shall refer  to W ( t ,mn1,m2 , n ) as the “switching function.” It  is

def ined by

for m1 > O , m 2 > 0 , n > O ,

W ( - r ,m11m2 , n) = a1{S(- r ,m1—l ,m2 , n) — S(T ,m1,m 2 , n )}

— a 2
{S(-r ,m1, m 2 — 1 ,n) — S(r ,m1,m2 , n ) ) .  (44)

Let us observe that  at the end of the b a t t l e  at ~ = t f~ we may combine

(37) ,  (43) , and (44 ) to obtain

1 for a1p > a 2 q ,

~~ (t ~0 ,m 1, m 2 , n) = {
0 for  a1p < a 2 q, (45)

which  is similar to results for the optimal control of the deterministic

p rocess ( 7 ) (see , for  example , (14) , (21) ,  and ( 2 2 ) ) .

I t  should be noted that  equations (36) through (42)  have the same

fo rm as those for  the Lanchest er  square—law a t t r i t i o n  s tochas t ic  process

L. . .~~~~ . ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ -- - - -. - ., --.. - .-- - -
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(i.e. equations (2) through (4) when the a t t r i t i o n  rates are given b y ( 6 ) ) . I

A general solution has not been obtained to these equations . Never the l e s s ,

it is of value to develop a partial solution. For example , since we use

f i n i t e  d i f fe rence  methods to generate an approximate solution (see Sec t ion

5.3 below) , it I.e desirable to check the adequacy of the approximation ( in

pa r t icu lar , the “ time step size” used in the numerical propagation of the

approximate solution by “marching ahead in time”). This is easily done by

comparing the approximate solution, denoted as S, to the exact analytIc

solution , denoted as S. Hence, a partial analytic solution is ubeful .

Careful consideration of (36) through (42) reveals that there are

restrictIons on the order in which the optimal expected—value functions

S(-’- 1in.~ m2~
n) for a1 

a 0,1,2,..., etc., can be computed . In particular

an admissible sequence for building up the solution through S(t ,1,1,l)

is shown below in Table III.

0 0 0
1 0 0
0 1 0
0 0 1
1 1 0
0 1 1
1 0 1
1 1 1

Table III .

Admissible Order for Computing Optimal Expected—Value
Functions (admissible order is from top to bottom).

‘We note that. (36) becomes a first order system of ordinary differential
equations for S(t ,m1,m2,n) when as determined by (43) is used . Solving
for S(t ,m 1,m2 , n) for m1 0,1,2,..., etc., we can then determine •

‘
~ 

by
(43). The synthesis of an optimal control by combination of the contro~ law
(43) with integration of a system of differential equations is similar to
that for deterministic optimal contro l problems .

__________  _____
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We readily successively compute using (39) through (42)

S(t ,0,0,O) a ~, S(-t ,l,O ,0) —p , S(i ,O ,1,O) a —q,

S(r ,O ,O ,1) a r , S(r ,1,l,0) —p — q,

b2
r—a

2q~ — (a2
+b

2
)c 1a2

r—b
2
q~

S(r ,0,1,l) = 
a2+b2 

Je + 

~ a2+b 2 j

b
1
r—a

1p —(a
1
+b1

)r a
1
r—b 1p

S(t,l,O,l) - [ a1+b~~)~ + a1
+b

1 
(46)

Using (46), equations (36) and (37) become for m
1 

a 1, in
2 

= 1, n =- 1,

~~-(r ,J.,l,l) = — (b1+b2
){S(t ,l,l,l)+(p+q)} + maxiiiium[~ 5a1

{S(t,O ,1,l)—S(t ,l ,l ,1))
4~

_O or l

+ (l—4
5
)a
2
{S(t ,l,O ,l)—S(t ,l ,l ,1) J I ,  (47)

wi th

S( T— O ,1,1 ,1) = r — p —

whe re S( t , O , l , 1) and S( -r , l ,0 , 1) a re g iven by (46) .

Using (43) , (44) , and (45) , we may readily solve (47). As for the

determuini stic formulation , there are two cases that  must be d i s t i nguished

Case ( 1) a1p � a
2

q,

Case (2) a1p < a
2
q.

For Case ( 1) :  � i
2

q ,  we have tha t •~~(t ,1,1, 1) = 1 f o r  0 ~

where  -r , denotes the “backwards t ime” of the f i rst  switch in the op t ima l

f i re d i s t r i b u t i o n  p01 li:y . ‘ilius is the smallest  -r wh ich  sat 1sf ics

W( r=r 1 , l ,l ,l) — 0 with W (i ,1 ,1 ,1) given by (44). 

-- -~~~ - -
~~~~~~~~~~~

- . - -
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for  0 � -t 
~ 

-r~ when a1p � a
2

q (~~~(,,1,1 ,1) 1)

a1(b 2 r—a 2q) —(a 2+b 2 )t  ~ [(b1—a2)(b1+b2)+a1b1 lr
S(r ,l,1,1) a 

(a1+b1—a2)(a2+b2) 
C 

~~~~ (a
1
+b

1
—a
2
)(a

1
+b

1
+b

2
)

a1p a1a2q k —(a 1+b1+b 2
) ’r

— 
(a
1+b1+b2) 

+ (a1+bj~a2 ) ( a 1+b 1+b 2) ~~

a1a2
r (b1+b2)p [(b 1+b 2 ) (a 2+b 2 )+a 1b 2 ]q

+ ‘
~(a

2+b2)(a1+b1
+b

2
) 

— 

(a
1
+b1+b2) 

— 

(a
2
+b2)(a1+b1+b

2
) 

( 8)

We note that  -r 1 might be equal to +~~, i.e. we never switch.  Ass umm i ing

that a switch in targets does occur , however , let us denote S(1 T1,l ,l ,l)

by 
~~ 

where , as we recall, I
l 

is the smallest ‘r which satisfies

W(r=t1,l,i,1) — 0. Then, we have that m~~(t ,l,l,l) = 0 for -r i, 
•
~ 

~~ 
‘2’

where 1
2 

denotes the ‘1backwards time” of the second switch in the optimal

tire distribution policy. Then, we have

tot  11 < t 

~ 
-r~ when a

1
p � a

2
q (+~

(-r ,l,1,1) = 0)

a2 (b 1r-a1p) ~ — (a 1+b1)t  (a 2+b 2 )( 11— 1)-a 111-b11
$ ( r ,1, l , l) ( + b ) ( +b ) 1e — e

a1a2
r ((b

1
+b2)(a1+b1)+a2b1]p (b1

+b
2
)q ~ (a 2+b 2+b 1) ( , 1— i )

+ ~S0 
— 

(a 1+b 1) ( a 2+b 2+b1
) + (a

1+b
1
)(a

2
+b2+b1) 

+ 
(a2

+b2+b1
) ~e

a1
a2

r [(b1+b2
)(a

1
+b1

)+a
2b1

]p (b
1
+b2

)q

~ (a 1+b 1) ( a 2+b 2+b1) — 

(a
1
+b

1
) ( a

2
+b

2
+b

1
) 

— 

(a 2+b 2+b 1
) ç ( - 49 )

Again , we note tha t  12 mi ght  be equa l to +~~, i .e .  we migh t  neve r redIs-

t r i bu t e  fire a second time . Assuming that a second switch in fire d i s t r ibu -

t ion does occ u r , we have •~~(t ,I ,1, l) 1 for 1
2 

< T � 
~~~~

. We have not

ca rr ied  out the computat ion of S(t ,1,l , l) pas t 

~~—-,-  . .---‘-, 
_
~~~~~~~~~~~~~~
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For Case (2): a
1

p < a
2
q, the results are symmetric to the above

(interchange the roles of X
1 

and X
2
) and hence are omitted .

A lthough the above constitutes a complete development for S(’r ,l ,l ,l)

(and hence ~~ (t ,l ,l , l) via W( ’r , l ,l , l ) ) ,  these r e su l t s  are comp lex

enough that it is not immediately clear how $~~(‘r , l ,l ,l) changes ove r

time and/or depends on model pa rameters) 1

5.3. Development of Numerical Solution.

With  the adve nt of modern hig h—speed dig ital compute rs , f i n i t e

d i f f e r e n c e  methods of obtaining an approx ima te solut ion are commonly used

when an analytic solution cannot be obtained to equations like (36) through

(42). Euler ’s method (see pp. 130—131 ~f [15]) yields the simp lest f i n i t e

difference approximation for (36). Let u~ ~enote the  approx ima tion to the

optimal expected value func t ion as S. We shall compute values for this

approximation at discrete points in time separated by a constant  amount

M. We let r LM so that t
f 

L~ ’r . Then (36) may be approximated

by

fo r  m
1

> 0 , m
2

> O , n > 0 :

S((t-4-l)AT ,m1, m2,n) {1—(M)(b
1
m
1
+b

2
m
2
)}S(2,A,,m1, m2,n) +

(M ) (b
1
m
1
+b
2
m
2
)S(LAt ,m 11 m2 , n—l) + n(t~T) max1mum [c~~a1

{S(IM ,in
1

—l ,m 2 , n)

— S(IM ,m1, m2 , n)} + (l-_
~ 5

)a
2
{S(i~ t ,m1, m2—l ,n) 

— S(LM ,m1,m2,n)}J , (50)

fo r  t — 0,1 ,.. .,L—l with boundary condi t ion  (37) and also (38) .  Similar

app roximations may be developed fo r  (41) and ( 4 2 ) .

‘ We recall  tha t  f o r  the deterministic formulation when x
1
(t

1
) > 0 a nd

x 2
(t 1) > 0 , the c o n d i t i o n s  a 1p � a2 q and a1b 1 > implied that

•~~(r ,x 1, x 2y) 1 for the entire b a t t l e .

-



— __ _ __ _ _ _ __ _ _ _ __ _ _ _ __ _  

35

As noted above , consideration of (36) through (42 )  y ie lds that

there  are restr ict ions on the order in which the optimal expected—value

fu nction S (or its approximation S) is computed . The computation of

S ( ( t+l)~~-r ,m 1, m 2 , n) depends upon the quanti t ies  shown in Figure 1 below .

J m1—i~ mn
2~ n~ mi~ m2

_i~ n] [mi~
in
2~

n_
~~
j

mi~ ni2~nj

Figure 1. Dependence of Optimal Expected—Value Function
on Discrete State  Variables .

Based on the dependence depicted in Fi gure 1, the solution can be “built-

up ’t as shown in Table IV .

It  remains to discuss the adequacy of the f i n i t e  d i f f e r e n c e  approxi-

mation (50) . it is well—known (see pp. 130—145 in [15]) that Euler ’ s

method yields a f in i t e  d i f ference  approximation for  such a system of

differ ential equations that is both consistent and stable so that the

app roximate solution S can be guaranteed to converge to the exact analy tiL

solution S as M -
~~ 0 (and L -* a’) [28]. However , Ai must not be too

la rge in order to keep the truncation error sat isfactor i ly  small. Moreover ,

the time step size At is also limited by the  fact quantities like

(A’r ) ( b 1m1+b 2m 2 ) or a1nM or a2nAt in (50) represent probabilities and

hence must be less than one . in our computational wor k U we have used a

‘A computer program has been written in FORTRAN for this purpose.
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Table IV. Admissable Order for Computing Optimal
Expected—Value Functions .

0 0 0 3 1 0
1 0 0 3 2 0
0 1 0 1 3 0
0 0 1 2 3 0
1 1 0 3 3 0
0 1 1 0 3 1
1 0 1 0 3 2
1 1 1 0 1 3
2 0 0 0 2 3
0 2 0 0 3 3
0 0 2 3 0 1
2 1 0 3 0 2
1. 2 0 1 0 3
2 2 0 2 0 3
O 2 1 3 0 3
0 1 2 3 1 1
0 2 2 3 2 1
2 0 1. 3 1 2
1 0 2 3 2 2
-~ 0 2 1 3 1
2 1 1 2 3 1
1 2 1 3 3 1
1 1 2 1 3 2
2 2 1 2 3 2
1 2 2 1 1 3
2 1 2 2 1 3
2 2 2 3 1 3
3 0 0 1 2 3
0 3 0 1 3 3
O 0 3 2 2 ‘3

3 3 2
2 3
3 2 3
3 3
4 () 1)
() 4 0

etc .

Note: A d m i s s i b l e  o r d e r  is top to bottom , starting with

column ( composed  o f  m
1 , m

2
, n )  on left .

-

~

-

~
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t ime step si ze which yields agreement in the fourth decimal place to the

r ight  of the decimal point when S is compared to the exact analytic solu-

t ion S in the special cases (such as (48) and (49))  when the l a t t e r  has

been obtained .

6. Comparison of Results from Deterministic and Stochastic Formulations.

In this section we compare the structures of the optimal fire dis-

tribution policy between the deterministic control problem (7) and the

stochastic control problem (8). Before presenting this comparison , it

seems appropriate to discuss some general methodological considerations.

Any comparison between the two models should be guided be the purpose

of the comparison. In the paper at hand our purpose is to consider whether

th e structure of the optimal fire distribution policy is the same fo r  the

two formulations . In other words , we would like to determine upon what

groups of model parameters the optimal allocation rule depends and whether

this depends upon the particular form of model adopted (here deterministic

or stochastic). The’ things that can be compared between the two models

are ( 1) the optimal f i r e  dis tr ibut ion policy and (2) the optimal (expected )

return . it is the opinion of the authors that the second c r i t e r ion  (i.e.

optimal re tu rn) is only signif icant  when there are d i f f e r ences  between the

opt imal  pol icies  from the two models. Furthermore , ther e ar e two types ot

comparisons that  we can make between the models:  one Is q u a n t i t a ti v e  and

the other is qual i ta t ive.

A d i rec t  quan t i t a t ive  comparison of the opt imal policies~ ob tained

f r o m  the two form ula tions is impossible: on the one hand f o r  the d c t e r m i u i s t i ~

‘ T h e  on l y  papers known to the authors  in which a q u a n t i t a t iv e  compari ~ oii
between results for deterministic and stochastic optimal contro l pz .~h 1etns
j s  made are [48] and [ 4 9] .  In both pape rs the s ta te  space Is continuous
the s t o c h a s t i c  problem .

_____ _ _ 
_  J
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model we have a piecewise differentiable battle trajectory, while on the

other hand for the stochastic m odel we have a discontinuous Markov process

describing the force levels. Thus, we have $~ (t ,x11 x2,y) for the deter-

ministic formulation with x
1, 

x2, and y varying continuously over time ,

and we have •~ (t,m1
,m2,

n) for the stochastic formulation with m
1
, m2,

and n restricted to be non—negative integers and casualties occurring

randomly as a Markov jump process . The impossibility of directly comparing

$~~(t ,x1, x 2 ,y)  and $~~(t ,m1,m2 , n) continuously over time should be apparent .

Nevertheless , we can still gualitatively compare the s t ruc tures  of

the two policies. There is, however , a difficulty in that

represents a conditional policy, i.e. the optimal policy given that the

system is in state (m1,m 2 , n) with “backwar& time ” t remain ing in th e

battle. When a state transition occurs (rando mly)  to (m~ ,n:~ ,n’), then

the optimal policy accordingly becomes ~~~~~~~~~~~~~~~~~ In comparing the

optimal policies this should be taken into account , since it does no t seem

* 0 0 0 0appropriate to compare $5 (t ,m1,m2 , n0) with m1, m2 , and n0 held con-

stant to •~~(t ,x11 x2,y) with x1, x
2
, and y changing (continuously)

over time. Since for the stochastic formulation it does not make sense

to consider an “average” optimal policy or the optimal policy fo r  “average”

force  levels , for  comparison wi th  the optimal pol icy  fo r  the de te rmin i s t i c

formula t ion  we have cons idered a real izat ion of the s tochas t i c  attrition

process in which the force levels are always “near to” those of the corre—

sponding determinis t ic  process. In other words , we wil l  compare $D
( T ,x l, x 2 , v )

to $~~(t ,m 1, mn2 , n) at selected values of x1, x 2 ,  and y .  The force levels

in the deterministic model are rounded to integers to yield the values ol

m1, m2 ,  and n as follows : m
1 

[x
1
] + 1 (and m

1 
= 0 when x

1 
0) 

~~---- ~~~~~~~~~~-~~~~~. .~~~~~~-~~~~~~—- - —  - . - 
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-
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where [x ~ denotes “ the grea tes t  in teger  in x ,” i .e .  [3 .96 ]  3~I I

Moreover , in our comparison we will  t ry  to use the results  obta ined f r o m

the de terminis t ic  formulat ion  to gain insight into the behavior of the

opt imal pol icy for the stochastic control problem. In other wo~~~’, we

wil l  t ry  to explain results from the stochastic formulation U ecusidering

the corresponding behavior for the deterministic formulation.

Numerical results have been generated using two FORTRAN programs

run on an IBM 360—67 computer. The program which generates $
D
(t,Xl

,X2 , Y )

(and also the force level trajectories) has been discussed in Section 4.5.

The program which generates •~~(t ,m1,m2 , n) performs the computat ion s

described in Section 5.3. The program for  the s tochast ic  fo rmula t ion  is

lim ited by computer memory requirements. Results for all force levels are

re ta ined fo r  two time steps. A ba tt l e  with m~ = 5, m~ 5, and

requires  200 ,000 bytes  of computer memory, and this increases exponent ia l ly

w i t h  the fo rce  levels as Table IV indicates . Thus , most runs of the computer

program fo r  the s tochas t ic  formulat ion have been wi th  the above as the

upper  l imi t  fo r  in i t ia l  fo rce  levels , al though we have run one case with

= 9, m~ = 9, and n
0 

= 9 which required nearly 2,000 ,000 b y tes of

memory.

The above computer  programs have been run for  over f i f t e e n  d i f f e r e n t

“parameter sets ,” typical examples of which are shown in Table V. in all

cases we have chosen parameter values so that a
1
b
1 

> a
2
b
2
. The optimal

policies for the deterministic and the stochastic formulations have been

comp~ired as discussed above. The results of these comparisons will now be

summarized .

‘ 1 1h l~i Is  done S~) that an in terval  process ( t i m e  between cast i .~1t l e s )  ol t I m e
( a s m i a l t y  process  w i l l  be “s imi la r” in the  d e t e r m i n i s t i c  and s t o c h a s t i c
1 oriTimi lat ions 

—- -—- ... ~~~~~~~~~~~~ ~~~~~~~~
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Table V.  Parameter  Sets Used to Generate Numerical
Resul ts  Given in Tables VI through VI I I .

Parameter
Set 

~l ~2 ~l ~2
1 0.025 0.015 0.035 0.005 0 .75  2 .25  2 .0

2 0.005 0.003 0 .007 0.001 0.15 0.45 0.4

3 0.085 0.080 0.03 0.03 1.0 2 .0  2 .0

Note :  For all the above parameter sets we have a1
b1 > a

2
b2 

and a1
p < a

2
q.

The f i r s t  thing to be pointed out is that  the optimal f i r e  distribu—

*t ion policy fo r  both  formula t ions  has the proper ty  tha t  ~m is either

0 or 1 (almost everywhere in time))1 For the de te rminis t ic  f o r m u l a t i o n ,

we have shOwn [34 1 that a singular solution is impossible and that

must be 0 or 1 except for at most one point in time . Although we have no t.

proved such a result for the stochastic formulation , we have never encoun te r ed

any exception to it in all our numerical computat ions . As we have discussed

above , two cases must be dist inguished:

Case (1) a
1
p � a

2
q ,

Case (2) a
1

p < a
2
q.

For Case (1): a
1
p � a

2
q,  the op timal policy is apparently identical

for both formulations : ~~ (t ,x1, x2,y) = •~~(t ,m1, m2,n) 1 for > 0

(or m
1 

.‘ 0). We recall that this result has been proved for the determi-

nistic formulation. Although a proo f has not been found , it apparently

is also true for the stochastic formulation. No exception has been encoun-

tered in a l l  the cases for which numerical determinations have been made.

‘ See [3 6 ]  [or a d i scuss ion  of why t h i s  is so and for an example uf a similar
problem with a different a t t r i t i o n  process fo r  which  •~ may take  on an
i n t e rmed ia t e  value , I . e .  0 < $* < 1 (see also [ 3 8 1) .

_ _ _  _ _ _  _ _
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For Case (2): a
1
p < a

2
q, the optimal policies are similar but nu t

ident ica l . The bas ic s t ructures  are apparent ly  essent ia l ly  the same . As

discussed above, the two policies have been compared at selected points

along a deterministic trajectory by considering a corresponding realization

of the stochastic process obtained by rounding the determinis t ic  fo rce

levels. The time of such a comparison is rounded up to the next whole

minute in the case of the occurrence of a casualty and to the next 0.01

minute in the case of a switch in fire distribution . Cases corresponding

to over ten parameter sets have been considered ; illustrative examples of

such parameter sets are shown in Table V.

In Table VI we show some typical comparisons . Although not shown

in Table VI , it should be noted that in all the cases numerically computed

had the property that for constant m1, m2, and n

p~~(i ,m1, m2 , n) = 0 for  0 ~ r < r
1 

and $~~(r ,m1, m2 , n) = 1 for 1
1 

>

where r denotes the “backwards time.” In Table Vi we show the optimal

policies f o r  the two formulations for two parameter sets. The optimal

policies are g iven at discrete points in time fo l lowing the above d i s c u s s i on .

These t imes correspond to a switching time in one of the formula tions or

the occurrence of a casualty in the “typ ical ” realiza tion of the stochastic

process. The deterministic force levels x1, x2, and y f rom which

m1, m2, and n have been determined are not shown in Table Vi. The

opt imal  returns for the two formulations are also shown.

The results shown in Table VI are typ ical and indicate  (at least

for all the cases so far computed) th a t  there is no fundamenta l  d i f f e r e n c e

between the structures of the two optimal policies , at least where the

deterministic battle does not terminate prematurely, i.e. t t .uf max

~Thius , these remarks apply to cases in which optimal deterministic trajec t o l i t - ’
lead to terminal states S1, S2, and S3

. 

~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~
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Table Vt. Comparisons ot Results t rom l)e erwlnistic

arid Stochastic Optimal Contru l Prublem s

(DetermLnistic Trajectory Leads to terminal State SI)

j~~~~ameter Set 1 1
Elapsed 1im~ , t Force Levels Determinis t ic

-~ (minutes) —~ l—~2 
‘~ 

~~~~~~~~~~~~~~~ 
qp~~imal R e t u r n  

~~~~~~~~~ 
S( t ,m 1~~~2~~ j

0 2 5 3 1 —10.95 1 — 8 . 9 1
13 2 5 2 1 —10.95 1 —ll .lo
18 1 5 2 1 —10.95 1 —9.12
31 1 5 1 1 —10.95 1 —lU.9o
35.39 1 5 1 1 —10.95 0 —10 .79
41.28 1 5 1 0 —10.95 0

5O=t =t 1 5 1 0 —10.95 0 —10.00
t max

Parameter Set 2 1
Elapsed  Time , t Force Levels Determinis t ic

(minutes)  —~~l---~ 2 ~ 
~~~~~~~~~~~~~~ 

Qpt imal Return  ~5jL~~1~~2 Z ~j  S

o 5 5 5 1 —2.06 1 —0. 6.!
27 5 5 4 1 —2.06 1 —2.17
50 4 5 4 1 —2.06 1 — 1 .o7
55 4 5 4 1 —2.06 0 — l . U - 4
56 4 5 3 1 —2.06 0 —2.06
56.38 4 5 3 0 —2.06 0 — .o~
87 4 5 2 0 —2.06 0 — 2. Lb

100—t =t 4 5 2 0 —2.06 0 -2.05f max

~ Paramneter S~ t 2]

Elapsed Time, t Force Levels
(minu tes) —~ l----~ 2- 

~ 
~~~~~~ l-~~2-~~~- ~~ ~~

0 5 5 5 1 1
5.61 5 S 5 1 0
6.38 5 5 5 0 0
26 5 5 4 0 0

50=t =t 5 5 4 0 0
IT max
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The reader should note that changes somewhat earlier in forward time

t roni 1. to 0 than does (at least for the realization of the stochastic

• process considered here) .

In cases in which the deterministic battle ends prematurely (i.e.

the optimal trajectory leads to S4, S5, S6, or S
7
) more pronounced

quantitative differences may occur. This is illustrated by the cases shown

in Table VII. As noted above, the determInistic trajectory determines at

which values of m1, m2, and t we look at $~~~
. This should expla in

to the reader why the stochastic results shown in Table VII arc not realizable. 1

Thus , for the first battle shown in Table VII , a realization of the stochast.i

battle would evolve differently (in structure) than the deterministic battle

due to this difference in the optimal controls. The authors feel that t}ii~~

is due to the fact that Y marginally wins the deterministic battle , and

thus in the stochastic model there is a fairly good probabilit~~ at t

much less than t that Y will lose the battle. In other words , theremax

are some possible probabilistic trajectories which yield a reduced pay otl

to V . These are weighted in the stochastic decision process , and Y con-

sequently fol lows a more conservat ive policy for the stochastic formulation.

For the case of the first battle shown in Table Vii , Y essentially Eive~

up his chan ces of w inning to guaran tee a given level 01 return. ihis

phenomenon is similar to the “Ilypaper effect ” noted by Whittle 1~ 8J in

certain s tochas t ic  opt ima l cont ro l  problems . In the second battle ShoWn ,

Y achieves a clear—cut victory in the deterministic battle , and this

phenomenon does not occur .

It - *
A transition I roni (m ,m ., ,n) (3,5,5) to (2,5,5) is Impossible when ~ —

This probability has not been explicitly determined . 

_ _
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Table V I I .  Comparisons of Results from Deterministic

and Stochastic Optima l Control Problems

(Determinis t ic Tra jec to ry  Leads to Terminal State S7)

LParameter Set 
~1 t 50 minu tesmax

Elapsed Time, t Force Levels
(minute~) !1. .E2 fl 

~~~~~~~~~~~~ ~~~~~~~~~~~~
0 3 5 5 1 0
3 2 5 5 1 0
5 2 5 4 1 0
6 1 5 4 1 0
8.59 0 5 4 0 0
11 0 5 3 0 0
13 0 4 3 0 0
18 0 3 3 0 0
21 0 3 2 0 0
24 0 2 2 0 0
31 0 1 2 0 0
4O~ l=t f 0 0 2 0 0

Parameter Set 3 j

Elapsed Time, t Force Levels 
~~ ~ITJ~ 30* 20*

- 
(minutes) —~l—--~2 

n

0 2 3 5 1 1 1 1 0
3 1 3 5 1 1 1 0 0
5.04 0 3 5 0 0 0 0 0
8 0 2 5 0 0 0 0 0
11 0 1 5 0 0 0 0 0
14 0 1 4 0 0 0 0 0
l4.ll=t

f 0 0 4 0 0 0 0 0

Note:  ~40* denotes •~~(t ,m1,m2 , n) computed w i t h  t 40 minutes.

_  ~-~~~~~~ --
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In addit ion , in cases in which there is a p rematu re  t e r m i n a t i o n  In

the deterministic formulation , the optimal policy for Y in the correspond —

1mg stochastic problem is affected by the length of the “perceived p lann ing

hor izon . ” This e f f ec t is shown in the data for the second battle of Table

V il in which optimal policies are given for stochastic battles of vary ing

lengths. We see that when the deterministic battle ends near to the

scheduled end of the stochastic battle, V follows a more conservative

policy in the stochastic battle. Since there is some chance that Y cannot

annihi la te  the X forces in the “perceived length of ba t t l e ,” he follows

a conservative policy of firing at X
2. This might , in fact , explain the

resul ts  fo r  the f i r s t  battle . Other similar phenomena have been encountered

in cases not shown he re.

Finally ,  in Table VIII  we show that the optimal policy followed by

Y in a realization of the stochastic combat process may differ appreciably

t rom that for the deterministic formulation if the realization does not

“follow” the deterministic trajectory . It is seen that  may repea ted ly

switch back and f o r t h  from 0 to 1 for  cer tain real izat ions of the s t o c h a s t i c

process. This is qui te  d i f f e r e n t  than the corresponding behavior [or the

deterministic version .

7. Discussion.

In this  sec t ion we discuss what we have learned f rom the  above com-

par ison.  F i r s t  and foremost , the authors  feel  that  the de t e rmin i s t i c

formulation provides more insight into the structure of the optimal fire

distribution policy. The explicit dependence of the optimal control upon

various parameter groups (these are (1) R — a
1
b
1

/ ( a
2
b
2
), (2) ó = a

1
p/(a

2
q),
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Table VIII. One Possib le Dependence of Optimal S tochast ic

Control on Realization of Casualties in

Stochas t ic  Lanchester A t t r i t i o n  Process

(Determinist ic  Traj ectory Leads to Terminal Sta te  S7; See Table V I I . )

[iarameter Set U t f 50 minutes

Elapsed Time, t Force Levels
(minutes) -~~1-—-~2 ~

O 3 5 5 0
0.5 3 4 5 0
0.7 3 3 5 1

10.0 2 3 5 1
15.0 2 3 4 0
20.0 2 2 4 1
23.55 2 2 4 0
24.0 2 2 3 0
25.0 2 1 3 1
26.0 1 1 3 1
30.0 1 1 2 0
35.0 1 0 2 1

I



~~~~~~~~~~~~~~~~~~~~
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and (3) ~ — -~/~1i ) is readil y obtained for  the de terminis t ic  opt ima l

control problem . This has not been true for the stochastic problem for

whi ch onl y the dependence upon ~ has been ana ly t ica l ly  obtained .

Let us now summarize the observed differences and similarities

between the structures of the optimal policies for the determinist ic and

stochastic formulat ions. The similarities are: (1) optimal policy always

0 or 1, (2) same parameter groups (R ,S, and n) upon which optimal

policy depends , (3) optimal policy dependent upon force levels and

whether Y wins or loses, (4) in both models +
* 

= 1 for  x
1 

> 0 when

� 1 and R > 1, and (5) +
* 

= 0 for t E (T—T
1,
T] when 0 ~ ~ < 1 c R;

furthermore t
3
(~~)~~~ The differences are: (1) in the stochastic

formulation the optimal policy actually implemented (i.e. followed) in a

battle depends upon the battle ’s probabilistic (forward) evolution (i.e.

the realization of the stochastic process) and the time remaining in the

prescribed duration ba t t l e , and (2) is “greater  in the stochastic

model” except for cases corresponding to premature termination in the

deterministic battle. Overall , we feel that an understanding of the

structure of an optimal policy is best developed by considering the

dete rminist ic  version of such a combat problem . For problems too complex

for analytic treatment , rules of thumb for approximating an optimal policy

are probably best obtained from deterministic formulations.

~ In [34] and [361 one can find further discussion of the structure of the
optimal policy , including interpretation of such parameter groups . The reader
may find the following interpretations useful for understanding the solut ion
to the problem studied in the paper at hand . The quantity a b 1 

may be thought
of as the  ra te  of des t roying X1

’s ki l l  capabi l i ty  a g a i n s t  +. lt is a mc. t su Le
of s t r a t e g i c  ( long run) r e t u r n .  The quan t i t y  a 1 p represents  the  r a t e  of de—
struction o . value by V at the end of battle. Thus , it represents short
run  return. The quantity r v’~~ r e f l e c t s  the loss of Y val ue a t the end of
battle so that n measures the loss of Y value relative to that of X , at
Lhe end of battle.

~
1 r4oreovcr , t

1 
depends upon m 1,m 2 ,  and n in the stochastic optimal control

problem .
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Final ly , we would like to point out that there is a circumstance

under which the stochastic formulation is to be preferred over the deter—

minis t ic  one . This is , n a m e l y ,  when there is a small number (approximately

three  or under) of each combatant  type . As noted above , obta in ing  a

numerical approximate solution to the optimal stochastic control  problem

is limited to small numbers of combatants due to computer memory require—

ments.~ In such cases, however , of small numbers of combatants (and a

stochastic attrition process), the stochastic formulation as a tiarkov chain

is to be preferred when the required computer resources are available for

the obvious reason that the deterministic differential equation model

cannot adequately describe the situation . This point made comparison of

r.~su1ts from the two formulations difficult.

8. Implications for Defense Planners.

The authors feel that t~.e s tudy of even the very simplest a b s t r a c t i o n s

(idea l iza t ions)  of tact ical  allocation s t ruc tures  as considered in this

paper has yielded s ignif icant  implications fo r  defense planners and

mi l i t a ry  operations analysts . F i r s t  and foremost is the fac t  that  s tudy

ot such deterministic optimal control  problems provides much more insight

into the structure of optimal allocation policies than corresponding stochastic

formulations . We feel that such deterministic formulations provide a better

understanding of the effects of modelling assumptions on optimal military

s t ra tegies  derived f rom the mathematical models. This is , of course ,

essential for determining optimal (or near—optimal) solutions to real world

problems that are far too complex to be solved by exact analytic methods.

t These grow exponentially as force levels increase because of the way In
which a solution must be “buil t up.” See Figure 1 and Table IV b r  I l l u s —
trations of this point .

_ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _  “-- - -- —. —~—— -•• - .
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Moreover , one might apply general princip les or rules of thumb developed

f rom the study of such idealizations to higher resolution studies which ,

for  example , mi ght  use computer simulation methods .

The study of the deterministic optimal control problem (7) in this

paper y ields several significant results which should be kept in mind by

prac titioners who perform more detailed computer simulation studies.

These are

(1) Force levels do a f f e c t  optimal strategies . Whether one “wins ” or

“loses” affects optimal strategies.

(2) Even the nature of the scenario (terminal control or prescribed dura-

tion conflict) may affect optimal strategies. This, if one devel ops

“good” tactics for  a 90 day compaign , such tac tics need no t be “good”

if the conf l i c t  does not terminate at the prescribed time .

(3) The nature of the attrition process has a significant effec t upon

op timal strategies .~

Finally, the authors feel that the above results indicate that more

basic research should be done on the termination of battles and war~~ as

wel l  as combat a t t r i t i o n  theories.  The demonstrated sensitivity of results

obtained from optimization problems like the one considered here shows

this .

~T h l s  result has been pointed out elsewhere [36], [38] and is partially
based on the s tudy of a similar problem [38].

‘
~SoIne work has been done in this directIon [14],  [33] ,  [ 4 6 ] ,  [ 4 7 ] ,  a l t h o u g h it
does not appear to be widely known among practic ing analysts.

~
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APPENDIX. Explanation of Notation.

The symbols which are used in this paper are defined as fol lows :

a 1, a2 , b1, b2 — constant attrition—rate coefficients ,

A(m ,n),B(n-t ,n) = attrition rates of X and Y forces , respectively, in
stochastic battle; it should be noted that

r one X casualty in time 1Prob ’ I A ( m n)t~tLinterval from t to t + ~ tJ “

E 1.] conditional expectation (mathematical expectation o quantity
in brackets at ~ = 0 given that at t we have m(T) =
(m 1(T) ,m2(t) ,

n ( r ) ) )  ,

H = Hamiltonian function ,

the numbers (a random variable) of X
1, 

X2 , and V
comb atan ts , respectively ,  at time t ,

in 1, m 2 , n = realizations of the random variables M
1(t), 

M
2
(t) , and N(t);

initial values denoted as m~ , m~ , n0,

p,q, r utilities assigned to surviving X1, X
2 

and Y f o r c es
respectively,

fo r  1 1, 2 , 3 , = dual variable corresponding to x~ (t)
(x 3

( t )  = y ( t ) ) ,

(p1,p2 ,p 3) (a vector),

P(t ,m ,n) = Prob[M(t) m ,N(t)=n] state probability,

p0 (x~ ,x~ ,y0
) = point in the initial state space ,

R a
1

b 1/ ( a 2b ,) ,

S (t , m 1 ,m 2 , n) optimal expected value function ,

S n u m e r i c a l  a p p r o x i m a t i o n  to S ( T ,m 1, m , ,n ) ,

Si 
for I = 1 ,. ..,8 — the  !-

~~
-
~ part  of the te rmina l  s u rt a c e  as dcl m e d

In Table I .
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s s(x~ ,x~) b
1
x~ + b

2
x~~,

t — time after beginning of battle ,

time at which X
1 

is annihilated , i.e. x
1
(t
1
) = 0,

= first time at which 2b1
x
1
(t2

)x~ + b2(x~)2 — a2
y2(t

2
) for an

extremal leading to S6,

last time at which fire is directed at X1 
for an extremal leading

to S3,

time at which X
2 

is annihilated (before X1), i.e. x
2(t4

) — 0,
~ for an extremal leading to S

8

tf time at which battle ends,

t maximum possible duration for battle , i.e. t ~ tmax f max

v = v (r )  = a
2p2(t) 

—

W(i ,m1,m21 n) = “switching function” defined by equation (44),

x1,x2,y average force strengths; with initial values ~~~~~~~~

_ 
R—6z — cosh va

2
b
2 

t~~ (S~ ) j-
~

q a
2

6 a
1
p/(a

2
q),

n
1
(t) for i = 1,2, = multiplier corresponding to state. variable

inequality constraint x~ ~ 0,

V
1 

b r  i = 1,2, = multiplier corresponding to state variable termina l
inequality constraint x 1

(T) � 0,

t r a c t i o n  of Y—fire directed at X1 
In deterministic (stochasth)

formulation ; extremat and optimal controls denoted as

—-

~

—--_.

~ 



(t) controls in stochastic

= “backwards time” from the end of battle defined by t = t
f 

— t~ i.e.
the time remaining before the end of battle ,

t
1

(S
i
) = “backwards time” of the first switch in tactics for extremals

leading to Si.

Additionally , remarks similar to those for r1(S~) above apply to

t1(Si), tf (Sj)) etc.
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