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PREFACE

In the fall of 1976 the author was invited to render a lecture on Gas

Bearings in a course entitled “Principles of Tribologv ” at the Univers i ty

of Pittsburgh. A number of texts on the subjec t are avai l able 0 , 37 ,

38, 39, 40, and 41). Together , these publications cover the I I L !  I quite

thoroughly. However , being the products during an era of rap id ~cchno1og-

ical developments , their perspectives are somewhat diffused . Therefore,

this wri ting was under taken in orde r to pro jec t the theor etic al f ounda tion
of gas lubrication as a mature technical discipline, it is offered as art

overview reference, supp lementing the tex ts previousl y ci ted .

The encouragement by the Office of Naval Research to make this writing

reach a wider readership is most welcome. This distribution as a con-

tract report allows the writer to express his gratitude for the continuing

research support given to him by ONR since 1961 .

--C.H.T.P., May 1977
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1.0 INTRODUCTION

Men have derived beneficial mechanical effects from air and other gases in many

ways. In most cases , a moving body is involved , and the relative kinetic energy

is converted to create levitation or to perform useful work . Viscous shear

would contribute to parasitic losses directly or would cause the generation of

turbulent flows which in turn would precipitate dissipation . Compressibility

of the gaseous medium is often an essential feature of the useful mechanical

process; e.g. expansion work in heat engines and propulsion nozzles. ~F1uid

fi lm lubrication is an excep tional mechanical process in tha t viscous shear

stress contributes directly to the useful function of developing a load capac-

ity. Although viscosi ty also causes bearing f r iction , the equivalent lift—to—

drag ratio of a typ ical 
‘
~‘hydrodynam ic wedge” is in the order of 1000 to 1,

which compares favorably to a high performance wing . Lubricant compressibility

is the d istinc tive fea ture of gas bearings in contrast to the more common liqu id

lubricated bearings. Although basic concepts such as the ~hydrodynamic wedge W

ore still applicable to gas bearings despite of lubricant compressibility, many

additional features in gas bearings are unique and require separate attention .
Il

The po ten tials for large scale indus trial app lication of gas bearings were
recognized in the late 1950’s. Advoca tes of gas lubrica ti on have emphasized

• The gaseous lubricant is chemical ly stable over a wide temperature

range.

• Atmorpheric contamination is avoided by gas bearings.

• The viscosity of a gas increases with temperature so that the

heating effect in overloading a gas bearing tends to increase

the restoring force to overcome the overload .

• A gas bearing is more suitable for high speed operation.

- .—  - - • _. -~~~ • .5. —
S .. •_ , • ~~~

.— —I. ‘~‘. .‘
— • -5. ‘. p _ 

‘ . - 
— , - .

- / .- - 
~~~~~~~~~~ ~~~~~~~~~~~~~ ~~~~~~ ~~ “ 

,
.- -  -.,- Ir,(. ~r ’ - - 

~~, ~~~~~~ 
- I



-2—

• There is no fire hazard .

• Use of gas bearings can reduce thermal gradient in the rotor

and enhance its mechanical integrity.

• For high-speed applications, the gas bearing is inherently more

noise free than the rolling-element bearing .

• System simp licity is enhanced by use of self-ac ting gas bearings

which do not require cooling/circulation equipment.

These optimistic views must he tempered ~.iith more subtle engineering con-

siderations before one can confidentl y substitute gas hearings f0r more

conventional oil—lubricated bearings.

Surface Chemistry — Modern lubricating oils cont lin additives of long chain

molecular species which form low friction surf~~~. c ’ .-itings on bearing sur—

f~’ces. Consequently, sliding friction in oil bearings is minimal even when

full separation of the bearing surfaces by the fl uid film is not realized .

Boundary lubrication of gas bearings is essentially not pos sihle*.

Lift~ oft Speed — Viscosity of gases is less than ~~~~~~~~~ times that of lubri-

cating oils. Thus, for a self—acting gas bearing , the lift—off speed is

proportionally higher than its oil—lubricated counterpart. Friction heating

at the sliding contact prior to lift—off is according ly more intense and is

therefore more likely to cause materia l damage in self—acting gas bearings.

Chemical Deterioration — The gaseous medium is chemically quit l.- stable at

ord inary environments. Lubricating oils, in contrast , vould decompose at

* Boundary lubr ication is sometimes used in gas bearing gyroscope to ensure
m inimal star ting fr iction for prolon~e4 usage. The friction coefficient
of such surf aces is typically > ~~~~~~~ while that of conventional bearing
surfaces in the presence of oil is usually < o. io [2 1.

- • -. - - .-
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a rela tively low temperature. For most oils, coking would tak e p lace below

300°C. In the event of inadvertent malfunction , sliding friction can cause

considerable temperature rise. If the coking temperature is reached , the

endothermiC chemical process would function as a sink to moderate further

temperature rise arid thus would prevent material damage of the bearing

surfaces.

These three factors combine to make gas bearings more susceptible to

mechanical damage and thus preclude widespread application of gas bearings

in heavy duty equipment. The same considerations also exert a dominating

influence in the choice of satisfactory materials for gas bearings.

Benef icial use of gas bear ings mus t  be pr edicated on the avoidance of

these l imi t ing f a c t o r s .

Nomenclature for mathematical symbols are separatel y summarized at the end

of each chapter. Where different definitions for the same symbol are used

in different sections , the section numbers are indicated.

- ‘ 5 - . 
• -
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2.0  MATHEMATICAL THEORY OF GAS LUBR ICA TI ON

Theory of gas lubr ica t ion Is genera l ly  regarded as an extension of the fluid

f i lm lubrication theory of Reynolds ,
3which was ori ginally formulated for  an

• incompressible lubrican t. The crucial issue is concerned with an appropriate

account of the density variation within the lubricant film such that the

basic princip les of thermodynamics are satisfied to a degree consistent with
the approximations already invoked in momentum considerations .

In cer tain ways , anal ysis of a gas bearing is simpler than that required for

li quid bearings. As to be demonstrated below , the tempe rature  in a gas bear-

ing film may be regarded to be a constan t1
~~~, even though viscous heating

necessarily cause some temperature rise above that of the bearing surfaces .

Since the viscosity coefficient of most gases is dependent solely on tempera-

ture, an isoviscous approximation is quite satisfactory for studying gas

bearings. In a li quid bearing film, the isoviscous approximation is less

reliable. The gas bearing film is inherently a single phase constituent.

Irrespective of the local pressure level relative to the ambient , the gaseous

lubricating film remains a homogeneous medium. However, in a liquid film

bearing, it has been an established emp irical  knowled ge tha t a homogeneous

li quid state is assured only when the local pressure is near or above the

atmospheric pressure 1
~~

1. Where the pressure  tends to become subambient in

a self-acting liqu id bearing film , a two-phase flow structure is prevalent .
In fac t ~ totally rigorous treatment of this aspect of the liquid lubrican t

film is yet to be demonstrated. 
[6 ]

On the other hand, the kinematic boundary condition at bearing surfaces need

more attention in gas bearing analysis. It is not unusual for a gas bearing

film thic’~ness to be in the order of 1 jim or less. Under such a condition , a

velocity slip at the bearing surface may not be neg ligible ~~~~~~ especially if

the atmosphere is rarefied. Furthermore , the common assumption of imperme-

abil ity of the bearing surface may not be valid 
8 

This is particularly

true for sintered materials.

: :-~ 
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Still one other comp lication in gas l ubrication theory arises at cryogenic

temperature levels. The local Mach number may be quite large , such that

phenomena akin to those, in high—speed gas dynamic s Involving f lu id  inertia may

become evident~
91 . In the following , the classical iso thermal gas lubr ica tion

theory will be developed with the continuum point of view.

2.1 Scaling Rules in Thin Film Viscous Flow

The fl uid dynamic point of view of gas lubrication concerns a film—like

domain which may be described by a small distance measure from a smooth

reference surface. The flu id in question is physically characterized

by the thermodynamic properties of gaseous media.

The geometrical properties of the domain are characterized by two

scales. The small scale , C , is the measure of the bearin g gap. The

large scale , R , is the global measure of the surface , including its

overall extent as well as its radius of curvature. The ratio

c = C/R < -~~~ 1 (2.1)

indicates thinness of the film .

Let V be the scale of the velocit y field in concern . If n is a local

unit normal vector of the reference surface , and if V is a local

velocity vector of the flow fi ld , then lubrication fluid dynamics

is further characterized by the condition.

= O{~ v} (2.2)

-* -* -~
U = V - V - n  (2.3)

is then the projection of the ve locit y vec tor onto the tangen t plane

of the reference surface. These geometrical concepts are i1lustrated

in Figure 2.1.

- _ .t ‘a 
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2.2 Momentum Conservation

If a local curvalinear coordinate system is used such that the gradient operator

becomes

icj i + 
+ (2.4)

where y is the distance measured from the reference surface; ‘~3? is the two—
dimensional surface constrained gradient operator ; then the momentum equilitorium

conditions for either liquid or gaseous lubrication flows are

— p + 
~~~

— 
~ = 0 {~~~ ; 21; ~~ (2.

= 0  ~~~~ (2.6)

T is a time scale representative of the duration in which fluctuations of the

flow field take place. The right hand side of e.q. (2.5) may be discarded pro-

vided one is willing to neglect the numerical values of

~
2(2 ); ~2(2!~.); ~

2 (2.7)

then

+ a au
p = 

~~ (u-~~) (2.8)

Now eq. (2.6) shows p may vary by O{~~ } along whereas it may vary by O{-~~~}

along the reference surface , then , since 0(c2) is already omitted from eq. (2.5)

* Note that one may allow ~ 
2~9~ 

= O(c~~) with 0<a<1 so long as is small.

This is the basis for the usefulness of the turbulent lubrication theory

[10,11]. An auxilliary requirement for eq.(2.8) to be valid is < 1;

this Is peculiar to a gaseous lubricant 

~4 i -
~
l ..ws:;

~~~ , ::-~~~~ ,-
‘
~~~~~• 
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in writing eq. (2.8), one is also entitled to assert

• 
~~~~~ (2.9)ay

If the film thickness is bounded by y = (h
1, 

h2) and 
(Ti1, 11

2) are the boundary

conditions of U, then eq. (2.8) can be integrated twice to yield

11(y) ~ 1
1(y)12

(h2)i~ (y) = + , ~ 
{ U
2 

— i~
} — (— , .~ 

— I.)(y)} -~ p (2.10)1 I~~h ,  I~~h2,

where

(m-l)
= 

fh 
~~ 

dY-I m = 1, 2 (2.11)

n being the dummy coordinate along ~~~. Thus far the question of compressibility

has not been brought up. Therefore eqs. (2.10) and (2.11) are equally applicable

to liquid and gaseous fluids.

2.3 Mass Conservation

The continuum mass conservation condition can be expressed over the full film

thickness as

— + 4’
(ph) + 2 - (pUh ) + E~ = 0 (2.12)

where
h
2 — 

h
2

ph =J pd y; p~~ =f p~ dy (2.13)

h
1

and Ec~, is the total mass efflux through both bearing surfaces. Eq. (2.12) may

be formally derived by direct integration of the differential continuity equa-

tion with respect to y. In so doing , one must pay attention to the functiona l

dependence of (h1, h2) on both t and the surface coordinates and according ly

impose Leibnitz ’s rule for differentiating integrals which have variable limits.

I- .

• 

?

_ •
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- 
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~~~~
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• . — •~~5’

t .~ 
- 

•
, •

~
- -

~~~~~~~~~ 

-

-, ,~-~A :  ~~~ 
- . rn ;~ 

~~~~
• 

‘ _ ,  

-~~~~~ -~~~~~~~~~~~~~~~~~ - • • - ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ 



—9—

2.4 Energy Conservation

With a liquid lubricant, p is constant , and since it appears homogeneously in

eq. (2.12), it can be dropped. Whereupon further integration of eq. (2.11)

with respect to y (assuming a constant viscosity) and subsequent substitution

into eq. (2.12), without p . would yield the classical incompressible Reynolds

equation.

For a gas , densi ty depe nds on bo th pressure and tempera ti on accord ing to the
equation of state:

p = f(p, T) (2.14)

The thin film condition has justified the approximation of y—independence of p.

thus the ques tion of y—depe ndency of p is reduced to that of T [41

For most lubrication problems , the perfect gas law is suitable , so that

p = (2.15)

where A. is the gas constant. Temperature in the lubrication film must satisf y

the energy equation:

pC (~~ + 7)T - (
~~ T) = 2( + . 

~)p + - 
U (2.16)

The two terms on the left of eq. (2.16) are respectively convective (and transi-

ent) and conduction cooling effects respectively, while the two terms on the
right hand side are respectively flow work and viscous diss ipation effects.

(Note that the thin film approximation has allowed considerable simp lification

of the viscous diss ipation term).

Assuming that the thermal gradient in the bearing—journal structure is negligible ,

then the extent of temperature variation in the lubrican t film depends on the

balance between the cooling terms on one side and the flow work and viscous dis-

sipation terms on the other side. The flow work term is seen to be of the order ,

• . ~~~~~~~~~~~

- 
~~~• ~~~~~~~~~~~~~ . •

- ~~~~~~~~~~~~~~~~~~~~~~~~~~ ~~~~~~~~~~~~ _ - ~~~~ -
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upon es timating pressur e var iation accord ing to eq. (2.10)

~~~~~~ ‘ ‘ ‘ —
~~~~

— (2.17)
r2Rr c 2R2

which is s imilar  to that  of the  d i s s i p a t i o n  term.  The re lat ive impotance of

transient thermal capacity to conduction is

pC 2 2  ~IC C 2 2

~
_

~.i) (!~~.) = (~__ 2 ) ( . Y ) (~_.a~~) (2. 18)
T K K C IJT

p

UC
Since —

~~~~ 
(Prandtl number) and C

v
/C

p 
of most gases are 0{i) then recalling eq.

(2.7), one can thus justify neglecting the transient thermal capacity term.

Similarly, the relative importance of convective cooling is

~C V  2 2  ~C C
c—’~---) (-c——-

~—) = (
~~~

) (
~~

) ( ‘ )  (2.19)

which is again neglig ibl e . Thus , the t emperature field in the lubricant film

is determined by conduction cooling of the heat arising from viscous dissipation

and flow work. The fractional temperature rise within the lubricant film can

thus be estimated as

-
~ uC •

K T  
~~~~ (~~;R) ( y ~”l )~ ( 2 . 2 0 )

Consequently, if the “bearing ~ach number ” is small , then temperature variation

across the lubrican t film thfckness can be neglected . Accordingl y, one commonly

accepts the isotherma l a p p r o x i m a t i o n  in the  anal ysis  of gas bear ings .

2.5 Isothermal Gas Bearing Theory

Substituting eq. (2.15) into eq. (2.12) and dividing out the constant ‘T , one

ob ta ins

~~ [p(h2
-h

1
)] + 2 [pJ

2 
~dy] ~~ = 0 (2.21)

h
1

• —- -.‘ •.• -_ - . • -.—
~~~~~~

. - - ‘

.~~
. .

~‘ 
- 

~~-- •;

L-__ _ _  
-

~~~

- -- -

• - •- - - -  -— — - ~~~~~~~~~~~ - - ~~~~~~~~• ~~~~~~~~~~~~~~~~~ ~~~~~~~~~~~~~~~~~~~ .~~~~~~~ -.- - • _ - ~~~~ - ‘~~~ -~~~~~
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Now, since gas v iscos it y depends only on temperature , it can also be regarded as

constant. Therefore eq. (2.11) becomes

(y—h
1
) (y2—h

1
2)

11
(y) = — —— ; =

then eq. (2.10) becomes

~ (y) 
~~ 

+ (h
2

_~~~) ( ~~2 l
)_ [ ( h 2

ih ~ )t h 2
2
~~~l

2 ) - (y 2_h Z)]

y-h
1

= {U
1 

+ 
~~~~~~~~~~~~~ 

— f(y—h 1
)(h

2
-v) —i--— 1 (2.22)

where h = h2 
— h

1
. The two groups enclosed by brackets are respectivel y th e

Couette (linear profile) and the Poiseuille (parabolic profile) components of

the velocity field .

Integrating across the film thickness:

4.
2 

1 -
~ ~~~P 3J Ud y = -

~~ 
(t1

1 
+ U

2
) (h) - -j -

~
—- h ( 2 . 2 3 )

1

s u b s t i t u t e  into  eq. ( 2 . 2 1 )  one f i n a l l y  f inds

-
~~

-
~~ (ph) +7 [2

(L
l 

+ I~2
)ph] - (h~ p

/ p) +~4 = 0 (2.24)

2.6 Coupling Effects

While E quat ion  ( 2 . 2 4 ) ,  together  with appropriate boundary and initial condi-

t ions, completely describes the mathematical conditions to be satisfied by

the f i lm press ure in a gas bearing, it is often not possible to comp lete

its solution wi thou t  considering coupling effects which require simultaneous

solution with another system of equations. These coupling effects most

commonly appear in one or more of the follow ing three forms :

~ •
. . 
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• Surface flux , $, is a function of the film pressure.

- The bearing film thickness depends on the film pressure

due to either flexibility (foil bearings) or compliance

of the bearing surface.

The bearing film thickness depends on the kinematics of

bearing components which depends on the global effects

of the film pressure.

The nonlinear appearance of (p, h, ~) in Equation (2.24) makes the overall

ma thematical problem of the total system quite unwield y. Fortunatel y, the

“ex ternal” problem is usually linear . It is often possible to f ind the

“Green ’s function” of the external problem so that such a coup ling effect

can thus be expressed as a linear integral equation . Thus , for a gas

bear ing with a porous wall , the Green’s function for the isotherma l viscous

gas flow through a porous medium can be found so that one can write

1 2
= -

~~
- p C , dA (2 .25)

is the corresponding Green ’s function and dA is an area element of the

porous surface. Similarly , in the case of a flexible or comp liant bearing

surfa ce , a suitable elasEicity equation can be first solved to yield a

Green’s function; then the elastic deformation of the comp liant surface can

be wr itten as

= p C
h 

dA (2.26)

The Green ’s function problem in either case is a major top ic by itself ,

for the present purpose it suffices t indicate tha t  ei ther  Equation (2.25)

or Equation (2.26) would be solved together with the isotherma l gas

lubr ica t ion  e q u a t i o n .

When the kinematics of bearing components  ~s invo lve d , t ime dependence

becomes an inherent  f e a t u r e  in addition to coup ling . En many cases , t ime

- 
.

~~ 

-
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dependence may be treated by a perturbation of h; i.e.

h = h ( r ) + Sh (~ , t); ~- l u I  < <  h I  ( 2 . 2 7 )

~ being the local position vector. Accordingl y, the  f i l m  pressure  can be
assumed to be

r = p (
~ ) + ó p ( i~, t); 

~i’i p 1  (2.28)

Them Equa t ion  ( 2 . 2 4 )  fo r  i m p e r m e a b l e  - a ir f a c e s  can he s ep a r i t e d  ~nt ()  a s t e a d y —

state problem :

3h
~ 1 4’ ‘ o
2

’ {-
~ (U~ + i

2)ph 
— -

~
-‘
~

-
~

j- P 0 :’ p , } = 0 (2 . 2 9 )

and a dynamically oerturbed problem :

+ . 
~~~ (t ~ + ~~ )h~~ p - 

i i  

•
~~~

5)

= - p0 
- ‘ 

~~~~~~ (U 1 + - p p~ 1~ h )  ( 2 . 3 0 )

Equation ( 2 . 2 9 )  mus t  be solved first ; its nonline a r character requires an

iterative process in the numerical rocedurc. Eq~i.5tion (2.30) is linear

with respect to the dependent variabl e Sp. óh is treated as the d r i v i n g

function, while the stead y—state solution p0 appears in various co ef fi ci en t .~.

The d ynamical iv perturbed problem will he trea teJ more thoroughl y in Sect ion

6.

2.7 Global Bearing Characteristics

In performing a gas bearing analysis, one is u l timat y lv concerned  w i t h  the

computa t ion  of f l ow r a t e  as well as the  f o r c e  and moment v e c t o r s  exer ted  1w

the bearing film. The flow rate is mainl y a concern of e x t e r n u l l v —

pressurized bearings in order to establish the flow suppl y r e q u i r e m e n t .
The flow calculation requires knowledge of the film inlet pressure , wh ich

is obtained by establishing continuit y oetween the suppl y restri ctor and t h e

- — 
‘ •__~ S 4 .

~~~~~~~’ 
•
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- 
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film inlet flux . Force and moment vectors are required not onl y for t h e

nominal operating condition but also for perturbation e f fe c t s  to ensure

static and dynamic s t a b i l i t y .

At the nominal operating condition , static equilibrium is maintain ed between

the external load and the integrated film force; and , in the e l s e  of a

se l f—act ing  bearing , also between the d r i ve  to rque  and the viscous friction

in the bearing. Both requires consideration of the hydrodyn in ic stresses

at the bearing surface. Due to the thin film character of lubrica tion

problems , the shear stress is several orders of magnitude smaller than the

f i lm pressure;  the scale for  the shear  Stress  being tiv/C w h i l e  tha t for the

f i lm pressur e being ~iVR/C
2. Therefore , in the computation of the hearin c

f orce vec tor , the shear stress is commonly neglected . However , in t1i~ com-

putation of the bearing moment vector——e.g. , bearing friction torque— —

sometimes the f i l m  pressure is inhe ren t ly of no consequence;  t h e r e f or e , ti n -

contribution from shear must he retained. Thus , a distinction must he

made between a pressure—moment (e.g., pitch—moment of a tilting—pad ~~~~ - i t  i n g)

and a shear— torque.

The pressure force acting on an element of bearing surface dA is

d~ = ~pdA 
(1 .31)

is the outward normal unit vector of the surface element. The ~t e i r  t o r e

acting on the surface element is

4. -)-
p ( U —U )

+ 2 1  h~~dF = 
~ h 

— -
~~

- 
~ -p }dA ( ,- . 3,) )

To allow for the contribution of the ambient back pressure , the hearing

force vec tor is thus

5-

+ - + 4.F = - dF — np dAJ p a

‘ 
pa
)(
~
A (2. H)

1
— 

- 
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The pressure—moment is

+ I •‘~M = / rxn(p—p )dA (2. 34)p 
~ 

a

is the position vector of the surface element measured from tile origin of

the chosen coordinate system . The shear torque is

+ I • Ii —)- 4- -9- h —~ -
~~= f { j~ rx(L

T
2

-.-U
1
) — -

~~~ rx 2 p}dA (2.35)

If one is interested in the static equilibrium c o n dit i o n , then p ~5 i l d  he

used for p in the above equa t ions .

To calculate perturbation effects on the force vector and the pressure

moment , op would be used instead of (p—p ) in Equations ( 2 . 3 3 )  and (2.34).

• ~~
- ‘.

- ~ —~~~~~
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2.8 Nomenclature

Symbol Definition

C Representative scale for film thickness

C~ Specific heat at constant pressure

C Specific heat at constant volume
V

+
F Fluid film force vector

4-
F Force vector due to fluid film pressure
p

-4
F Force vector due to wa l l  shea r

S

Gb 
Green ’s function for surface deformation , E q.  ( 2 . 2 6 )

Green ’s function for surface flux at porous wall .
Eq. (2.25)

h Bearing gap, h
2
—h

1

Elast ic  d e f o r m a t i o n  of c omp l i a n t  s u r f a c e

Norma l coordinate integrals , Eq. (2.11)

M Mach number

-4
M Moment vector due to fluid film pressure
p

4-
n Outward unit normal vector of bearing

p Fl uid pressure

Surface position vector

R Representative linear extent o~ bearing

Gas cons t an t

t T ime

Torque vector due to wall shear

Projection of velocity vector on reference surface

V Represen tative scale of

- � -  -c ’ • - ’ ~~~~~~~~~ ~~~~~~~~~~~~~~ 
-‘

- 
,-. -—- - 

-~~~~~ -~~ —— -•
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Symbol D e f i n i t i o n

4-
V Velocity Vector

x Coordinate

y Normal coordinate measured from reference surface

a Numerical coefficient

-y Ratio of specific heats

) Perturbation of ( ) from steady state

Three—dimensional spatial gradient operator

4.

2 Two—dimensional surface spatial gradient operator

c Film thickness parameter , C/R

Dummy variable of y for integration

K Thermal conductivity

p Viscosity coefficient

p Density of gas

Representative scale for time

Bearing wall mass flux

Subscripts

0 Pertaining to the stead y state

I Referr ing to lowe r bearing surface

2 Referr ing to upper bearing surface

- 

- 

- 
a 
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-
-
.
~~~~~~~~~~ 

—- -—- -- -- _ -  • -- ~~~~~~ ~~~~~~~~~
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3.0 GOVERNING DIFFERENTIAL EQUATIONS FOR COt’IMON BEARING CONFIGURATiONS

The most common bear ing geometries include those of

• slider bearing

• journal bear ing

• thrust bearing

• conical bearing

• spherical bear ing

4.

For each of these geometries , the operator 
~~ 

assumes a spe cial form , in the

following, the terms associated wit h ~7 in eq. (2.24) are developed for each

of these five bearing geometries.

3.1 Slider Bearing (Figure 3.1)

The simplest slider bearing is one vith a rectangular p lan form and r i d i n -  on a

flat moving surface which has a uniform rectilinear velocit y which i s  d i r e c t e d

along one side of the slider. A very important appl icat~~ ri of t I e  gas lubri-

cated slider is the read/write head of a disc or drum type computer memor . The

geometry of a rectangular head riding on a rotating disc is more general , this

will be used as the model in the following derivation.

z I 11head
___________________________ 

F i r .  3 .1

Si i der  on a R o t a  t i n e  1 ) 1  sc

As shown in Figure 3.1 , one may desc r ibe  the present geometry with a sot of

Car tesian coordinates (x , z) such t ha t  the plan form of the slider is given by

a b b
- -~~ ~ x < -

~~ ; - ‘
~~ ‘ z ~ 

-
~~ ( 3 . 1 )

• —• •- 

- 

~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ -~~~~~ — - - ~~~~ • .



Let (1, ~) be the unit vectors of this coordinate system. lao head itself may

have a sliding veloc ity Uh d  
corresponding to an actuation operation :

Uh d  
= I u

2 
+ kw

2 
(3.2)

Let the disc center be located at (X, Z) in the chosen coordinate system , t h e n

the disc velocity is

~disc 
= Tw (Z—z) + k ( x — X )  ( 3 . 3 )

Since the coo rd ina t e  system is f I x c i  to the  cen te r  of t h e  p l an  f o r m  of t h e

slider , then considering the  upper  and lower s u r f ac e s  of the h e a r i n g  f i l m  to  h0

respectively the head and the disc , one has

U1 
= U

disc 
Uhead ~[w(Z z) n

2
] + i~[w (x—x)—w 2]; ~ 

= 0 (3 4)

Therefore ,

+ ~ 2 )p h] ~~~{[w( Z-z ) - u
2 ] --

~~~ 
+ [w (x-X) - W

2 ~~~~~~~~~~~~~~~~~~~~~~ 
(3.5)

(h3p ’~~~p) = + ~~~~ (h a
p ~~~~~ ( 3 . 6 )

When the head is a t  a la rge  d i s t a n c e  f r o m  the d i sc  (- e n t e r , (x , z) m ;iv h e

neg lected in comparison to (X, Z) in eq. (3.5). That is , t he d i s c  v e l c i t — ~-

may be approximated by the tangential disc velocity at the head cent r.

3.2 Journal Bearing (Figure 3.2)

The journal bearing is characterized by a cy l indrical surface. The cii rv i-

ture of the surface has significance mainl y in the film shape of t h e  e c c e n t r i c

gap and in projecting the pressure i ield to form the r e s u l t a n t  h e a r i n g  f o r c e .

From the standpoint of the differential equation , the cylindric al surface can

be simply described by a Cartesian - ‘ordinate system (- , z) such tha t
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~~~~~~~~~~
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+ 
4- 3 -

~~~~~~~= 

~~0 ~~~~~~~ 

+ k -
~~
- (3.7)

Each surface may rotate about , as well as translate along, the journal axis.

Thus

= l
0
ui
1
R + kw1

; U
2 

= i~~ 2
R + kw

2 
(3.8)

R being the journal radius. According ly

+ ~2)ph] 
= 

~
- (a~ + ~~~~~~~~~~~~~~~~~~~~~~~~~~~ ( 3 . 9 )

~~~~~~
. (h~p~~~ p) ~~~ (h 3p ~~ -)+

~~~ (h
3p ~ ) ( 3 . 10 )

3.3 Thrust Bearing (Figure 3.3)

The overall configuration of the thrust bearing is in the most part similar to

that of a slider. However , the plan form may be either an annulus or a sector

thereof , so that the natural coordinate system is that of the cy lindrical polar

coordinates , with the origin coincident with the axis of r o t a t i o n . W r i t i n g

~~r’ 
T0 ) for the unit vectors along the radial and circumferential directions ,

then

13
1 

= 1
0
ru
1
; U2 = 1

0rw 2 
(3.11)

—4- 3 -3. 3
= I -~~

— + i~ —
~g (3. 12)

then r is the local radial coordinate. Due to the inherent  curvature of the

coordinate system, for any

~r~r 
+ (3.13)

4- 
1 

-3(rf ) 3f
~~~7 .  

‘

~~ = ~~ 3r 
+ ( 3~ 14)

I 
-~~~~~ ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ - • ~~~~~~~—- - - - -- ~~~~~~~~~~~~~~~~~~~~~~
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Consequently,

~~~~~~~
. [4 (~~ + ~~2

)p h] = 
2(01 

+ 02) 
3(ph) (3.15)

~ 7. (h
3p\~~p) = ~~~~~ [~ -

~~~~~ (rh3p ~~ ) + ~~~~ (h 3
p if)] ( 3 . 1 6 )

3.4 Conical Bearing (Figure 3.4)

Geometrically ,  the conical hearing is na tu r a l l y  described by tile conical polar

coordinates (R, ~~). However , for a description of the sliding speed , as well as

overall mechanical effects, the cylindrical polar coordinates (r,9) a re  more

useful. These two coordinate systems are related to each other I hrough the ic if

apex ang le y:

r = RsinY ; = OsinY (3.17)

Excep t fo r  the express ion of (
~~

, L
2
), equations (3.15) and 3.16) would be ao-

plicable upon replacing (r, 0) by (R, 4). The sliding velocities are , however

U
1 

= i~ Rsinyw
1
; U2 

= i~ Rs inyw 2 (3 .18)

Thus

+ ~~2
)p h] = 

~~ 
(w~ + w

2
)siny 

3 (ph) 1 
~ + 0

2) 
~~~h) 

~

- 

(3.19)

~~~~~
. (h~p\~/p) = 

~ 
[
~~ (Rh

3p 
~~ ) + ~~ (h

3p ~~
)]

= —i- [sin~yr ~~ (rh3p ~~
) + ~~~~ (h 3

p ~~
)] (3. 20)

3.5 Spher ical Bearing (Figure 3.5)

The spherical surface is commonly described in terms of (~~, A )  wh i ch are

respectively the co—latitud inal and the longitudinal angular coordinates. The

— 
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direc tion of the polar axis, k, would be oriented to preserve symmetry in the

bearing geometry; i.e., a bearing border is descr ibed by a small circle (
~

const.). The triad of unit vectors of the chosen coordinate system , (1,,
is def ined in terms of (~~, 0) with respcct to the reference Cartesian triad

(t , ~ , 1~) .  The spherical bearing is often used to allow “free orientation ” (41

the “sp in vector”. Thus the spin vector , ~~~, may not coincide with ti le polar

axis, k. In general , the orientation of w is given by the angular paramet ers

(a , B) with respect to the Car tes ian  reference. These relationshi ps are il-

lustrated in Figure 3.5. The spin vector , and the associated surface velocit y

are

T 4 [sinacos~cos(B—0) 
— cosasin~]

‘4:-

= w + ~~ sin-isin(B-0) (3.2k)

+ ~~ [sino~sinqcos(B—0) + cosacos1]

- 
i~ sinns in ( 13— 0)

= uR’ ~ I (3.22)
+ i0 

[cosasin~ — sinctcos~ cos(8—0)] 
-

The surface gradient operator is

Rsln~ 
{T~ sinq -

~~~~
- + t~ -~~-} (3.23)

and divergence of t = ~~~ + ~ 0f0 is

= Rsin~ ~I 
(s
~~~Y 

+ —
~~

-
~~~ (J. 2~ )

Accord ingly

(i~ph) = w [sinasin (8_0) ~~~~~~~ + cosa -~~~~~~ 
1 Cl - ~~~~~~~~~~ cos(f-O)]ph~~ j (3.25

L~
. (h 3p~~~p) = 

R~~ 5~~ fl2~~ 
Ssin~ (sin~h

3p ~~
) + ~~~ (h

3p 

~~~~ 
(3.26)

• • — • - .- -‘. -
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3.6 Useful Coordinate Transfcrmations

It is seen above , that due to coordinate curvature , the expressions ofTh~~ (h 3p 2 p)

respectively for the thrust bearing , the conical bearing, and th e spherical bear-

ing become quite cumbersome . It is sometimes useful to periorm a coord inate

transformation to facilitate analysis.

For thrust and conical bearings, the required transformation is

dr
= —~~~

Or , _____________________________

= ln(r/r ); r = r
0

exp(~~} (3.27)

where r is a reference radius.
0

For the spherical bearing, the required transformation is

d~ =
5 inq

Or ,

L~ 

= in tan 
~
; sin~ sechc ; cos~ = -tanç (3.28)

‘ ‘4 -  4: _ _- - _ - ‘ -
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3.7 Nomenclature

Chapter /
Symbol Definition Section

a Slider width in x—direction

b Slider width in z—direction

C Radial clearance

e Eccentr icity

Radia l , circumferential , and colattitudin al components

of f

-4-
f An arbitrary vector

F ,F x— and y—components of joutna l hearing force

F ,Ft 
Radial and tangential components of journal bearin G force

h Bearing gap,

H h/C

+
1 Unit vector along x—axis

-4- -4-
j .  ,i Radial ar-id circumferential unit vectors
r 0

3’ Unit vector along y—axis

Unit vector along z—axis

p Fluid pressure

r Cylindrical radial co ordinate

r Reference radia l coordinate
0

R Journal radius 3.2

R Conical radia l coordinate 3.4

R Spherical radius 3.5

u X—component of velocity

U Projection of velocity vector on reference surface

• -~~~ 
•
~~~~~ 4’ 

J.
. . •

,
. .

- • p3 -c- - . ‘ v’- ‘
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Chapter !
Symbol Definition ±ection

-4.

U Travers ing veloc it~- of read/write headhead -

-4-
w z—component of U

X Coordina te

X x—c oordinate of disk cL-nter

z Coordinate

2 z—coordinate of disk center

Attitude angle 3.2

ci Inclination of sp in vector from polar axis 3.5

B Dihedral angle of planes containing and 3.5

-~ Half apex angle of cone 3.4

-4-

Two—dimensional surface spatial gradient operator

Eccentricity ratio of journal , e/C 3.2

Transfor med mer idianal coordinate

0 Polar angular coordinate

Angular coordinate on conical surface 3.4

Colattitudinal angle of spherical bearing 3.5

o Rotational speed

Spin vec tor of spherical bear ing 3.5

Subscr ipts

1 Referring to lower bearing surface

2 Referring to upper bearing surface

(
~
) Time—deriva tive of ( )

_ _ _
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4.0 REPRESENTATIVE SOLUTIONS OF SELF-ACTING ;AS BEARINGS

In a self—acting gas bearing, compressibility is manifested mainly in terms of

the relat ive magnitude between the  v iscous  wedge a c t i o n  and the ambien t pres-

sure level. At a high ly compressible condition , the film pressure tends to be

so adjusted to pr eserve a Coue tt e  cha rac t e r  in the v e l o c i t y  p r o f i l e  a t  all  in-

terior points with the exception of slidin g exit edges , where through a sharp

pressure gradient the ambien t boundary condition is satisfied . Examples illus—

trating this feature are given below.

6.1 Infinitely D~~~~~Slidors (Figpre 4.1)

This is a special ease of 3.1. (x ,z,X) are neglected relative to 2. U =

is the constant sliding speed . Also assumed to vanish are (u2.~4:” ,~
- , ~~~~~, 

~~~
The differential equation is reduced to

~L (~!ah — ..L 
~~ = (4 ]

dx 2 l2i~

The boundary conditions are

p (x = O,a) = 

~a (4 .2)

Non—dimensionalization is achieved by def in ing H

x = x/a; ii = h/c ; p = 

~~~~ 
~ =

p Ca

where C is a representative gap. is the compressibility number for a slider.

Equations 4.1 and 4.2 are then rewritten as

d 
(/l~~~ — 

~~ ~
) = 

(4.3)

p (x = 0, 1) = 1 (4.4)  : 

:~~ ff’~1~
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Equation (4.3) can be integrated once to yield

~~~~~~~~~ 
~~~~~~~~

=
:-~~ * 

( 4.
-
I)

h is an integration constant; it represents the oqulvalent gap if the vt -l oci i v

prof ile we re purely of the couette type . Suppose ~~ vanishes a t  x~~~, then
dx

= I (4 . 1)

-\t (x = 0, 1), p = 1, then

= 
~~~~~~ 

(
~ 

- (4 .7)
d x h 3 p

Thus , if A is to be recognized as positive by convention , th en at eith er ambient

edge , the sign of the p re s su re  gradien t is de t e rmined  o n l y  by (h — h *) .  T u e

following observations can be made.

4.1.1 h converges from the leading edge. An e x tr e m u c  ‘r i  = ~-.(‘Uld

exist at x where

_*  — _ _*  —

Ii = h  ( x ) <  h (0)

This condition can only be satisfied by

_*

h c- h (0); p ~‘l

Thus press ure near a converg ing leading edge is ele ’- -u ed from th e

ambien t and mus t sat isf y the cinstrain t on it s maxim /I :

~ < = 

* 
< ~(o) (4.8)

~~~
) ~(;)

4.1.2 h diverges from the leading edge. Using sim i l i r  i t -  1 ~~~~t i  j i i t ~

above , one cone ludes that pressure near ;i d i v t - t - g I I1/ ~ I ed(1 inc edge

is reduced from the ambient and its minim a is hi i h - ~ ed in he

~~~~ 0~~~ -

3 — 
— a

- 
“I
’

— -  ~~~~~~~~~~ — - - — — - - - -  
--—— --- - 

~~~~
- - -

~~~ - — - -
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h (0) 
5 p* ‘~ I ( . 0 )

h (x x)

‘Ihe above results tr e /lfl e ct ed by compressibilit y mai nl y in t he n ,  t r a i n t s

of pressure extrema according to (4.8) and (4.9). Further JIr og rI ;s’.- tt u I I

depend on specific details of h. Of special inter e~ t is the st -~~ s l i - icr .

shown in Figure 4.2, which can be solved in close form [121 .

4. 2 Int ini ~~jj Lung_Srçp~ S1iders_ (Figure ~~~~~

h is sectionall y constant in the two regIons (0 x -  
~~~‘ ~~ 

1)

E q u a t i o n  ( 4 . 5 )  can he rewritten as

= A ( 1  - 1) 
~~~~~. 10)

dx p

where y = h*/h and ~ /hi~ are constants in each region.

From Equation (4.10), one re- sons that ~ mus t b mount nic In the range

0 <  x c- I f  one furth -r imposes Equation (4.5) as a matching condition

at the step,

~ {l - ~~~ dp 
(~~,~)} = 

~ ( l~~~~ 
(~~. l l )

1 dx p(x ) Pi~~ dx

then one would reach t h e  conclusion s , for - 1

— *
- 

- h
1: 

p (x ) 1 (4.12)

p ( x )

in order to satisf y the boundary conditions at (x = 0,1). Equa t ion  ~4 . l O )

can be formally integrated for either region to yield:

p—Y
l

p — I + t’~~ 2-n = A
1x (4.13)

for 0 x x , wher e = h*/h
1 

and A
1 

= A /hi ; and

- 
~ + in (~~~~) = A (x-1) (4.1-- I )

— 
.-_ _ .- , -  

-

4: _ -4: ‘4: ~~~ - i • - -  /: • -

- I • •. — q• ,. ~ -
- 

- ‘.4: • 
. 4- ‘

— — — ~—



— - - -~~~~~~~~~~~~~~~~~~ - - -- - ~~~~~
- • - -

— 1 5 —

for x x - - I .
0 

—

These equ at  ions  must r e s u l t  in the same 
~ ~~)  

~~0
’ t hs ret ore one ~,bt a iii -,

— — *p h -h
1i (

~ —1 ) + r1* c~ e L_) _±_ 
~ (4 .  

~) I1 o 
j;

1
_~;*

—

h -p
p — l + ;* ~~~~ ~~~~~ 

= A (x — 1 ) (4.l”
h — I  °

They define simultaneousl y the numerical constants (p . h*) for e tch set
(h

1 , 
x
0; A) . The correct solution Can be f und i n  the range

1 < 

~o 
< ~ (4 .17)

At extreme values of 1, the limiting behaviors can be examined anal ytic I I V .

4.2.1 Small (Incompressible Case)

One may seek the solution in the form

P C 
= I + 

~~~~~ 
+ Q { 4 2}  

( i . 18)

Substituting into Equations (4. 15) and (4.16), co l l ec t i n g  te rms

in the first power of A • one finds two s 1mp h- linear ai gebrai

equations which c-an be readil y solved to ~‘ieid

(~~ •~~~~~ )
~~~~2~~~~~ x (i-x )(1 - 1 )

h* = ~~~~~~~~~~~~~~~~~ i~ ; Ti = (4.19)
(l- )h3+x ° (l-x )h + x

0 1 o o 1 o

A c c o r d i n g ly ,

p(O ~ x x )  = I + A ii

0 
(4 .  2 0)

- - - 1-xp(x - x - 1) = I + A ii (—--- ---—-
)0 -

1-x
0

p3 e 
~~ 

—

• - - - -
~ 

— . — 
~~ 

.4: -
i--- -

, 

--4: 

.
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~

--_ _

~

——-__ ____  •~~~- -



-- - - - - - - -- -~~- 

- 3 ( 1 —

These seem to be the incompr essible stcp —b t-i r tug solutions.

4. 2.2 Large A (IIig h1~ Compressible Case)

The limiting behaviors LI EquaL ions (4. 15) a t i d  ( 4 .  16) fei 1/I rr I-

4 require

~~~~ 
~~~0

’ h~~) = ( i , h )

Writing -~h 
= h 1 

— h* and -~~~~ 
= h 1 

— p~~ t hen I h u l t  i on s  (4 .  1 ‘) h i d

( 4 . 1 6 )  become :

- h ( i i  — l  )+-~b i — Ii ~
i)

+ (h 1 
h )  ~~~~ 

L±~~
_
~~~~)- - ---°- ( 4 . 2 1)

h
1
-1- Sp + (h

1
-~ h) ~n 

= - (l-x ) (4.22)
(h

1
-l)-~ h

For large A , dominating terms for the respective lefthand sides

of the above equations are those containing ~n~ h and ~n(~~p— :ht).

Thus , for a first approximation ,

- — 

h
1
E
1
(l—E ~) 

-

(h
1
—l) - -

= -i—-:i:--~
— ( 4 . 2 3 )

where (E, E1
, E2

) are exponentiall y va nish ing functions:

Ax - A (l—x )
0 • 

0

E1 
= exp~ — — ; = exp — — —

- h
1 

-

E = E
1
{(h

1
— l ) — h 1

E
2
} (4.2- )

A c c o r d i n g l y ,  upon s u b s t i t u t i n g  Th into Equation (4.13) and

p3 - 

- 

4-. 
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retaining only terms with comrneasurate accuracy, uric f inds

— — — (h
1
—l)(i—E

2
) r

p(O < x ~ x )  = I + - 

~
j -

~
--—- exp i— 

~~~~~~~ 
—

o h 1

(h —l)(l— E ) . —

~ 1) = 1 + 1 
l+E i-exp -_ ~~~~~~~~~~~~~~ ( 4 . 2 5 )

o -

In essence , p has become almost sectional ly unif orm;

p(O < x x )  = 1 and p(~ ~- x - - I) = ~x c e nt  f a r  b o u n d a r y

layer behaviors as (
~ 

, 1 ) .

Sample results for (h 1 
1.5 , x = 0.50) arC- ~li~ wn fo r  a f u l l

range of A in Figure 4.3. The primar y et fec ts ot ~n~pressi—

bility are related to the pressure peak (which Cc -tic s •~it the

step junction) and the pressure profil e s ‘ri its tse s ides.

For smal l  val ues of 1 , the amount  of peak pressure elevation

above the ambient is essentially prop ertienal tI the product

of the sliding speed and the fluid viscosity and is insensitive

to the ambient pressure level. -\ t large compress ibilit y

number s, the peak pressure asympt otic-ally approaches a constant

multiple of the ambient pressure ; this asymptotic multi p le is

numericall y equal to the gap ratio h1
. The pressure profile is

approximatel y triangular at a small compressibility number ,

which causes concavity in the inlet portion and canvexit- : in the

exit portion of the pressure profile. As A becomes asvmptoti—

call y large , the pressure profile approaches two horizontal lines

with a rapid increase at the step and a rap id decrease at the

exit edge.

4.3 Infinitely Long Taper Slider (Figure 4.4)

For a taper slider , the film thickness may be described as

h = I + (1 — x) Ab (4.26)

p3 11 
~~ 

#

_ 

-.
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so that

= - Ah (4.27)
dx

which is a constant. This fact allows one to reduce Equation (4.5) into an

exact integral with the aid of the transformation

= ph; d -~ = — ~~ d x;  A = Pnh  ( 4 . 2 8
h

Equation ( 4 . 5 )  accordingly can be r ewr i t ten  as

~I{l + 
-
~~

- (
~-~ — 4 ) }  = = ( 4 . 2 9 )

ThIs equation can be integrated in closed form ; whereupon substitution of

the or iginal variable h for ~~ yields

r l_ 6
2 ~~~~ ~~l 2 ~

(l_6
l
)(l_

~ 2
) 
[~~~~~~~~

— -- 2~~ 

= h (4 .30 )

where

~~l’ 
62) 

= - ( 4 . 3 1 )

For small values of A , 
~~l’ 

62
) are comp lex:

(B
i t 62

) = 4± ii; ~~ = 
~~~ 

~E
* 

- (4.32)

Then , instead of Equation (4.30)

Ti

X 2 exp 4 tan 1 
A A  2 

I = ~2 (4.33)
(1 — -

~
-) + V (1 — -

~
-)(

~ 
— -

~) + 
‘i

• ~~
,_. . - - . - .

. . - -

L _ _ _ _ _  
_________________________________

_ _ _  - . - - -
~~~~~~~~~~~~~~~~~~~~~~~~~ - - - -~~~~~~~~~ 
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For each \, is found by satisf ying the inl et boundary condition (~~
I = 1 + Al t

when h = I + Ah) in either Equation (4.30) or (4.33), dependin g on whether

(6 l~ 
62
) are rea l or comp lex. This comp licates the romp iltati ti process some-

what; the general numerical feature s are as shown in Fi gure 4.5. At snail

A , p is directl y proport ional to A so that t h e i tu cui I i Im prc-ssure is

independen t of the ambient pressure. As A hceonic- s in~ r .-is inglv larger ,

however , p does inc rease indef in ito ly, but becomes u Itim at c- l y hounded by t h e

asymptotic limit ph = 1 + Ah whereupon at t h e trail ing edge p drops -ab ruptl y

to meet the ambient condition .

4.4 Plain Journal Bear ing (Figure 4.6)

The simplest journal bearing is a rotating journa l wit h i t s  ax is displaced

fr om, but remaining parallel to the axis of the station ary buShio(T . Both

the journal and the bushing surfaces are purel y cvlind ri . •-\x h - i l  m ot itti

is assumed to be absent. The following conditions thus p r - ~ ~i l 1or

Equations (3.9) and (3.10)

C
l 

= = 0

W
i 

= W
2 

= 0

h = C(l — cos~) (t.34)

Using the dimensionless variables

z = z/R; p = 

~“~ a 
i~ 

-, h /C = 1 — ecos~

2
. 1 = 

6~iwR (4.35)
C

then Equation (2.24), for impermeable walls and at stead y state , is reduced

to

~~~~ (i
3
~ ~~~ + -

~~

- (h3
p ~T) = —

~
-

~~ (~ h) (4 .36)

p3 -. 
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Pressure Distributions in Tapered Slider
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Cross Section of Eccentric Journal 
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The boundary cond itions are

~~(z =±L/D) = 1 (4.37)

and per iodicity in 0.

In its comple te fo rm, Equation (4.36) is not amenable to rigor - us closed

form solution . Results obtained by numeric il computation have  been quite

thoroughly compiled for engineering analysis 113 , 141 . As y m ptotic a p l - r o x i —

mations have in some instances rendered closed turin solutions , while in

other cases simplified the numerical formulation con siderab ly . I~use are

reviewed in the following to bring out the rc-I ev /in t ‘-l -~s ic/i l features wit l e f t

are substantially valid irrespective of t h e  asymptotic . appr osi :tat ions .

4.4.1 Small Eccentricity Solution

Presuming analytical continuity i n  the  l i m i t i n g  c o n d i t i o n  0 ,

a power series solution may be po~; t i l a t eI :

= 1 + cp (~~.38)

Substituting into Equation (4.36) and collecting terms ass r ’ciat i--l

with the first power of c , one obtains

7

3 - 3 •
— 

~ c - . -

~ ~ Th — 

~~~~ 
+ = isinO (4.3fl

and the corresponding boundary conditions are

(z = ± L/D) = 0 (4. t I )

This formulation is known as the “Linearized P’ solution [ 15 , 16 1

and is valid for all (A , LID) provided o~~~ ) is siif~~i chent1 v

small.

An analogous formulation can be carried out with the expansion

= = 1 + ~~~~ ( 4 . 4 1 )

- ‘ .• _ _4
~ •4: . . . 

— . , - 
- - 4:4: -

- . p3 ~
- - 

- - . ~ U.-.~~~.1. • ~~~ - 
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~~~~~ 

._. 
- -

- --; -
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Accordingly, Equation (4.36) is reduced to

2
3 3

~
‘ö — l~) •} + = cosO (4.42)

with the boundary conditions

( z  = ± LID)  = - cosO (4.43)

This latter formulation is known as th e “Linearized PH”

solution [17].

It is almost self evident that ~ and are related to each
C c

other by

-
~ = p — cosO (4.44)

The advantage of treating Il) i n s t ea d  of ph as the  unknown i• s

to the asymptotic condition

u r n  t4i = constant (4.45)

fo r  all  c , even though t h e  con st~iat I ts t- if is somewhat der endent

on ~~~. This interesting result v i l l  be f u r t h e r  e l a b o r a t e d  in

Section 4 . 4 . 2 .  For any f i n i t e  A , however , - . does n o t  h a v e any

advantage over p~~. In the present section , no fur t l /c-r attention

will be given to

The harmonic dependence on 0 in the nonhomogeneous term ol Equti—

tion (4.39) and the inherent 9—period icitv af p
~ 

suggest the

solution to be of the form

— 10p = R e f q e  } (-t .-i b)

Accordingl y, Equation (4.39) i s  reduced  to

- (I + i - ’)}q - IA  ( 4 . 4 7 )

— • .- ,S ~~~~~~~~~~~~ 
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A closed form solution satisf ying the boundary cm-id Lion

q(z  = ± L/D) = 0 (4.48)

is

q = (-j-
~
4-;i-) ii - ~~~~~~~~~~~~~~~~ (4 . 4 9 )

- -  cosh - . 1 -f-iA (
~ )

Since p as given by Equation (4.46) is a sinusoidal function of

9, real and imaginary portions of q represent respectivel y a

component in phase with the minimum gap region and a quadrative

component sh ifted a quadrant t oward the convergent side of the

bearing gap.

lim q = iAf 1 - - - ~f-} (4 .50 )
cosh(j~)

cos h t j~- . ~lim q = I — —-- - - -—  --- --—j— (4. 51)

cosh ~

Thus , at small A , q is proportional to A and is a purely

quadrature component. At large -~ , except for the end reg ions

~iA ( L / D — I z l )  0 {l } , q is essentiall y uniform with respect to

z and Is inphase with the  min imum gap .

4.4.2 Large ~1 Solution

For larg e i., Equation (4.36) may be rewritten as

= ~ ~~ (
~~~ ~~) + ~~~ (h~~~ ~~-)) ( 4 . 5 2 )

where ~ = ph. If one ~~~~~~~~~ the terms enclosed in the brackets

to be bounded , then as A -
~

- 
~~ , Equation (4.52) would indicate

lim -
~~
-

~
-
~~

-
~
- = 0 (4 .53)
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This condition is a hit unusual In two aspects . Firstl y, Equa-

tion (4.53) is in direct contradiction with the boundary

condi tion

= •
~ ~~~ 

= i sinG (4. 54)
- z=±L/D

Secondly, Equation (4.53) has a to tall y different structure as

compared with Equation (4.36) f rom the stand point of the ti n -or’ ,-

of partial differential equations.

To remove the above two object ions , one must reformulate the

present problem in terms of /1  “matched asymptotic expansion ”

[18]. With such an approach , Equation (4. 53) i s  to  c impo sed

onl y in the open domain

— . L
zi (a. ) ) )

as an “outer solution. ’ °Iiere~ s i n  order t i t  t t . t i n -  b o u n d ar y

conditions may be r e c r e i l e d , an edge reg i o n  b o r d e r i n g  each

end wou ld be r e c o gn i z e d  such tha t

= 0~ , t. ’} ta r 0 - = 0 ‘.~~~l ( 4 . 5~~)

Accordingly, a rescal ing of t h e  a x i a l  c o o r d i n a t e  i s  in order ;

name ly ,  f o r  the  edge regions , one can d e f i n e

= 
~ 

(
~ 

- Ii!) (~~~~~~~~ 7~~

so that instead of Equation (4.52), one has t h e  edge equation

~~2 ~~ 
- ~~e - ~~ -

~~~~ ~~ T~ 
(4.58)

where 
~e 

= 

~
‘
~~ edge~ 

Neglecting the righthand side of Equation

4
~~ . 

-
. -

I
i 

~~~~~~~~~~ ~~~~~~~~~~ ‘. -
- - 

~~~~~~~~~~~ 
)~~~~~ - 

- 
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(4. 58) no longer causes t h e  two ob j e c t  ions preV b us] ~ - r i  i sea

with respect to Equation (4.53). ‘FIt boundary condition at

= 0 can be directly identified with Equation (4.54).

The procedure to connect the ‘ outer solution ” w ith - i t he  boun d i r y

layer solution remains to be d ev e loped . T h e  key is con t i i  n - d  in

the ‘‘mass Content rule ’’ f o r so I f — l e t  i ng p m  b e t  r i up s  1 41 wh i- h

• is to be derived in the  f o l l o w i n g .

Because h d oes n ot d e p e nd  on z , }- q i i  i t  i n t l  (6 .  36)  can c r e s -r i t  te ! i

as

~~~~~~~~ (~~~~~~,
_ -)  = ~~~~ Li( ) - ~~~ -: (4 .59 )

I n t e g r a t i n g  bo th  s i d e s  ‘~-c r  t h e  f i l l  c i  i - - t m )  - - r i - n - a - , as p and h

are both per [cd i c • t h e  r i g ht h a n d  s i d e  vi i d van i ~~I SC) th ;i

- (h3
p
2)dO = 0 ( 4 . 6 0 )

dz -‘0

or ,

-2 rr 
2(h3p )d G = C0 + C 1~ ( 4 .6 1)

0.

Since p(z = + L / D )  1, one ob t a i n s

C
l 

= 0

:2r 
—

C
0 =j  h 3dG = 2- (1 + -

~~ c~~
0 

-_

Theref ore

(~~
3
~

2 )d G = I + -

~~ 

( 4 . b2 )

This is the celebrated “~1tss P at t i-nt Rule. ”

— 
. a •  - ~ 

1’

- I ~
- - 
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Equation (4.62) is valid for all z. If one applies it to th i-

outer solution , then

2 1 - •

u r n  ~‘ P I G
2

= lim~~- h + 4 ~~°
- 

-

Or ,

= i 
2

~ 
2

= - 

1 — c 
( 4 .  6 3)

As the “edge solut ion ” must  b lend i n t o  t h e  “ o u t e r  so l u t  ion ”

smoothly , this also becomes the second boundary condition f o r

Equati on (-4 .~~8) :

~

~~ 
( - . - -  ,e) = ~~~~~~~~~~~~~~ ( 4 . 1)4)

edge - E cos q

It is clear now t i t t  . = I I  - c o n s tan t  is a c o n d i t i o n  p r i - v i l  j a y

at large A for all . The asymptotic value of - , I n ec-v -i’  is an

explicit f u n c t i o n  i r acc ordin g ti Equation (4 .63). The y]of~;i ]

inaccurac) of this approximation is O~ l/ ~’ 1 c - h  i c h  co r r e op o r i d s

to the axial fraction of the ed ge region. Thus  t h e  “ 1 i n e i r  I Sc’d

PH” solution actuall y does not accomplish any i m p ro v e m e n t

beyond •~- = constant in the central region . The term g iven by

Equation (4.44) furnishes a portion of the next improvement ,

which is of 0{l/Tfl } In the global sense.

To extend t h e accuracy in the large A r .~g io n , the outer s o l ut  ion

may be found by solving Equation (4.52) with thic expansion

-

- .~~~~~~~~ •~~~~~~~ _~~~~~~~~~~~~~~~~~~~~~~~~~~~ _~~~~ —- -•
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3 2 ’ —1
4 = 1 + ~ + A + . . . 

( 4 . 6 5 )

obtaining

3 a

o~~~~~ 
l + ~~ sinG

is an additional constant to he d i - L e r m i n e d  by E q i t c i t  io n

(4.62) and turns out to he

= 0

Thus ,

= - 4 ~ ~ ± -~~ 2
’ 

s i n G  ( 4 . 6 6 )

The “edge solution” should be sim i Iarl y c x ~~n i d ’d as

~eO 
+ + . . .  

( 4 . 67 )

The leading terms ire t~ sat i a t  V the t o l  b c-Jot ’ co n d i  t i c ) n S :

eu ‘ 
~

~ ‘‘eU ‘ , 
—

= h ( 4 . 6 8 )

= l + 
3 2

el j o h  eO
— 

“ ‘‘cO ~r 
+ 

~el - -

= h 
~~ ~~eO 

~0) - 
eO 

~cosO 
(~~. h 1 )

,
_. .

.

~~~~~~~~~~ 
. -~ .•t~~
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~~

-

I — - 
~~~~ - 

‘

‘a— - ‘ - -- - - ----- -.~~~~~~ -

- 

-- ~~~~~~~~~~~~~~~~~



- - ‘ --- ~---- -~~
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= 0

3 3 2
= — c 1 + r sinG

Since further correc tion would be of 0 f A 2
~ fo r  b o t h  the

• “outer” and the “edge” solutions , boc;il iccurac ,- up t-

0{A 1} is achieved by 
~~~~~~~~ 

~~~~~~~~~~~~~~~~~~ 
.-~~~ ) ever ‘jwls-re . P oI ;i l

accuracy , however , is of O{A } .

4.4.3 Long Journal Bearing

If L/D is very large , (112) in s t ead  U t  R is /4 m , r o  ; l p p r i l j ’ r i - -

ate scale for the axial coord m ate. If one fe t inca

= 2 z / L  = (-
~~~) ~~ ( 4 . 7 0 )

then Equation (4.36) becomes

~~~ 

(~~
3~ 
j  

- A~~ ) = - (D)
2 (

~~~ ~~~~) 
(4.71)

Clearly, if one lets the ri ghthand side vanish , one - l g c l i n

obtains an “outer solution ” which is not v a l i d  fo r  I — q j  =

0{D/L}. The outer solution is governed by

= 0

Or , integrating once,

-- *h p dO 
= \(ph — 

~jj ) (-1 . 7: i

is a constant of Integration. Titer value p
0 

= p ( G  a )  n , i v  c

regarded as the second constant I integrat ion , t h i n s

• (4.71)

= + A 
rO 

dG ’ (-
~~~~ 

- 

~~~
) ( - 4 . 7 1 )

-0 it Ii 1’) -
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For every ~~~~~~ the correct value of p0 
is found by t h e condition

~ (±2n~) 
= PC0) (4.74)

A suitable continuous iteration procedure is to increment n

repeatedly to find p(O):

— - — 2na
= p

0
’ + A~~ dO (—

~~
- - 

3
) (4.75)

Integration in the negative 0 direction assur -a cii. n c - il

stability. Convergence is reached when further li t -r at of

n cease to y ield significant change. Wlie r p ‘ i i -

content rule” would be chec k ed to ~‘er i i  y t I ~~- c o r r - t r e S s  - ‘ I  -

The amb ient boundary condition ia ~ ,lt is ’ ie/ .  by  I t , - c - r - - t  rue—

tion of an edg solution. l i i i -  t x / a l  ~~- u r J i i i , t e  I ?  ‘ P edge-

so lu t ion  is to be r e s c a le d  in o r d e r  t o  r’ . - t - i i i t  t he  r I gfl th/ ind

side of E q u a t i o n  (4.71). Thus d e f i n j n g

(‘h) v — I n )  (4.76)

at either end , the edge problem is expressed /IS

~~ (~
3 

~e ~~~ 
— A 

~~~~ 
+ (~

3 

~e 

cP 
= 0 (4.77)

The required boundary conditions include

= 

~e
’
~~~ ~~~~~~~~~ 

=

=

= p (~~) (4.78)

,. •,
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The last expressions ensure smooth blending of p into the

“outer solution .”

4.4.4 Short Journal Bearing

If L/D is small , the compressibility number would have to be

resealed as

sb 
= (

L
)

2 
A (4.79)

Accord ingly ,  Eq u a t i o n  (4 .7 1)  can be rewritten as

~~~~~ ~~~~~~ - 

h 
-
~~~~ ~~~~~~~~ 

= - (
L)_ 

~ 
(i~~~ ~~

) (4 .80)

The righthand side is dropped when (~~) 0. If n is replaced

by c/[A
~~
’ , Equation (4.80) becomes identical as Equation

(4.58), which is concerned with the edge problem with a large

compressibility number . The axial boundary conditions are ,

however , different. Here , one has

p(n = ± 1, 9) = 1 (4.81 )

- .- ,-  - - — — . 
- . .-
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4.5 Nomenclature

( d i c i p t . - r

Definition Section

a Slider width in x—dire ction

C0,C C o n s t a n t s

I) Journal d iante ti- n

E0, E1
, E .) Expoentinl functions in compressible step slider -4.2

solution , eq. (4.24)

h bc - - i r  lop  ga p ,  IL, — h 1

h

hi
1 

In let to  exjt gap ratio

h C o n s ta nt  of integration in si i d e r  solution

h
1 

— h ~or step slider -it  la r g e  1. 4 . 2

Ah h 1 — 1  of t a p e r  slider 4.3

L J o u r n a l  l e ng t h

p Fluid pressure

Am b i e n t  p r e s s u r e

Perturbation of p with respect to

p

Edge solution of p for long journal

p -it x . ‘I  s t e p  slider

p Extremum of p

h
1 

— P of step bearing for large A

q F u n c t i o n  iii solution of p for journa l , eq. (4.46)

R Journa l radi u s

u Sliding speech

- .— — ,- - -

_ _  - 

‘ :*~~~~~~~~~~~~±11
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( h1/l p i  -r /
~ec t i  i i

x Coordinate

x x /a

x Width fraction of step
0

—

x Value of x at pressure peak

z Axia l coordinate of journa l

2 z/R of journal

Numerical parameters in taper slider solut ion , 4.3
eq. (4.31) and ( 4 . 3 2 )
_*  —

h /b b r  step slider “ .2

-
~ Numerical parameter in taper— slider so lti t ion , 4 . 1

eq. (~~.32)

E c c e n t r i c i t y  r a t i o  of j ou rna l , c/C -4 .4

Dimensionless axia l edge coordinate for long ~ourn;il 4 .4 .  3

Dimensionless axial coordinate of long journal.
2 z / L

o Polar a n g u l a r  coordinate

0’ Dumm y variable of integration fur

A A /h ” for step slider

t/Ah for taper slider 4 .3

Rotational speed

6 , L - t
A Compressibility number for slider , 

~~

‘

~~~ :

‘4: 

4 .1

Compressibility number for journal , ~~~~~~~~~~ 4 . 4

sh Short journa l compressibility number . (~~
) 4 4 .4

p Viscosit y coefficient

A Independent variable of taper slider solution m b  -4.3

- — -4, = ,. • -  4 : .
—. • 

-. 
, - ~ 

-

• p3 ~- ~- 
~ 

‘
~~w

’- -
~
. - 

~
‘ - -

- - ~~~~~~~~~~~~~~~~~~~~ a-- - - — - — .
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C h i p  t cr /
Symbol D e f i n i t io n  Sec t ion

Incompressible step slider solution -i.2

First order term in reci procal expansion for t h e  4 . 4
“outer solution ” of journa l at large A , eq. (4.66)

~e 
“Edge solution” of ,l for journal at large A 4.4

Leading terms in reciprocal expansion for 
~

- 4 . 1
eo C eq. (4.67)

Perturbation of t~ with respect to €. 4 . 4

*
Constant of integration in solution fur an -4.4
infinitel y long journal

- ‘ -~~~ ‘ ~ • t 
.—  

- -

p3 - 
- ,- - - - ‘ .~~~.i. -~_. - 

- -s - -  .- -

: - -‘;‘~~~~~~~
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5.0 - EXTERNALLY-PRESSURIZED BEARLN (;S

In an ex t e r n a l  ly—pres su r i zed  gas bear 1mg the  pressur Lzat ion l iv e I ( r e l at  jVe

to the ambient) set the range of film pressure. Due to com pressibilit y , t he

supp ly—to—ambien t pressure ratio , instead of the- )trc-ssure di f fi-re nc e , is tIe

governing pa rame te r  in the ope’r~iting characteristics of the beari ng. l’lte-

steady—state governing equation for the most general extern a ]ly—pi~ -ssur izt-d

bearing Is

3
~~p (Ii p 2 p) = ‘-

~~~~ Z: (5 .1 )

- accounts for effluxes through both bear ing surfaces. ~or (-x t ,- i - tt/- uI lv

pressurized porous gas bearings , - wou ld norma l i v  he uleg. l  I i cc- .

In comparison to the self— ac t ing gos bearing, m a t i c - m a t  ics re q ’uirr- ~! to  si -I c e

the externall y pressurized gas b e a r i n g  is relativel y st r a i cltt forward . ‘Ihe

unknown of Equation (5. 1) may be censide’red t o  be -
~
‘ p~ and th e  c - h i l t  I on i i - ,

in fact linear. In many instances , when the -gap i s  u n i t  o rm t u r d  t h e  su r t  , t c , - - ~

are impermeable , clo sed f orm c-x ,lct solut i - n a  i r e  - tva i la h lu- . fhn - - - ci- r , t o

ana lyze  an e x t e r n a l ly — p r e s s u r i z e d  bear lug, most of t h e  t im e - , or i ~ c a n n o t

treat Equation (5. 1) as an i a t  1 /it ed p r o b l e m  h e c a ’i s e -  t h e  h e a r  i ng  I i  l m is

often only a port ion of the overall pn eurn a t i c  n e t w o r k  b e t w e e n  t i -  - ‘r e s s i ir —

ized sourci- and the  , t m b i i - n r  . This is becausc - an externa I c—i - u  - saur r i zeul

bearing generally would rt- qu i re semi- kind cI upstream l a - s t  r i d  h( ’ I / to

real ize a stiffness. r is when t h e  ri-strict ion avat em i i ;  r r ’ c  Iii 1(11 tha t

the  o v e r a l l  a n a l y s i s  can  become s u b s t a n t i a l ly  more c- o m n l i c - t c  c - I .

In a por ous  b e a r i n g ,  r e s t r i c t i o n  takes  p l ace  in a d i s t r i b u t -d m a n n e r .  I t s

complete  anal ysis  involves solving the presciure—f low field pr oble m together

with  Eq u a t i o n  (5 .1)  w it h  a p p r o p r i a t e  pressure  and flow continuit y condi t io n- ;

at the  i n t e r f a c e  between the  porous material and the bearing film. ‘fiie-

porous bear ing  s u r f a c e  i t s e l f  introduces some additional como h ication sin ce

the  n o n — s l i p c o n d i t i o n  on the v e l o c i ty  p r o f i l e  would have t o  he revised .

Some of these questions are topics of current research.

For bearings with impermeab le walls , there are three ma)or discret e

1

p3’ 
~~~~~~~~~~~~~~~~~~~~~~ 
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restriCtOr types; namel y, the capillary restrictor , the orifice restri c - ti r ,

and the inherent restrictor. The most commonl y used restri ctor type is

the last one——the cap illary restri t-tio n seldom ly can be achieved w i t h a

practical configuration , the orifice type - restrictor is v u l n e r a b l e  t o

“pneumatic hammer” instabilit y .

lii the following sections , general features of the inhere-nt restric lor wil l

f irst be discussed ; then representative solutions of Eq u a t i o n  ( 5 . 1 )  f or

impermeable  walls wi I 1 be presented wit h allowance for tf~ - u se-  of i n h e r e n t

upstream restrict ion.

5.1 The Inherent Restrictor

When gas enters into the bearing gap from an essentiall y stagnant s t i t e  i n

the supp ly reservoir , its pressure undergoes an abrupt drop clue to the

formation of the velocit y head . Subsequentl y, under the’ action cf w oll

shear stresses , the velocit y profile gradually develops into a parabolic

distribution whereb y its pressure undergoes an additional drop. The f l o w

length required for the velocity profile development process to complete

is proportio nal to the flow Reynolds number . Due to these phenomena , the

effective film inlet pressure is lower than the supp ly stagnation pressur e

by an amoun t which is proportional to the velocity head at film inlet.

Thus, if the supp ly hole is properl y sized , to make this pressure drop

significant , there is an “inherent inlet restriction .”

A theoretical model for the behavior of the inherent restrictor is t h e

entrance of an incompressible viscous flow into a parallel channel [l9,20J .

According to this calcul at ion , the static pressure distribution at the-

channel entrance can be described in a universal manner as shown in

Figure 5.1. The symbols used in labeling the graph are:

p static pressure at entry x distance front entry

p local static pressure v kinematic viscosit y of li quid

p density of liquid h channel height

Urn mean velocity

— 4: - - 

- - -
—.. . 1

’

~~~

’-

~~
.:- : : 4 :~

r . /
~~~~~~

~ ~~SUP~(. l~~~1 ~~ ~ .v ’
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The static pressure distribution has an asymptotic tangent which is in

agreement with the lubrication theory (full y developed viscous channel

flow). According to this result , if one replaces the curve- in Fi gure

5.1 by its asymptotic tangent , the e f f e c t i v e  e n t r y  f i l m  p r e s s u re  is lue.- c -r

than the upstream stagnation pressure by the amount

2
PU

— 
‘~eff 

= 0.601 (—f-—) 
‘ .2 )

If one wishes to account for the deviation between thic - asvinptot Ic tangent

and the actual curve , a “disp lacement ” leng t ht can he c a l c u i l i t c - d  to- he

h
6
+ 

= 0.00625 —~~~ (. 
~ )v

The integrated effec t of this displacement length is a load clot idion c y -f

the amount

- h
2

lJ
6W = 4.692 x ~~~~ 

(-i- PU 2
)(—-—

~’)

This is a second order effect which is much smaller than t h e  t e r m s  w h i c h  in

neg lec t ed  in the  l u b r i c a t  ion theory . T h e r e f o r e , i t  is sa t  I s t a c t - o r v  to  c i s c

Eq. (~~. 2) to ac c o u n t  fo r  a r e s t r i c t o r  p ressure -  d r op  w i t h o u t  further c o n k  - r n

r e g a r d i n g  the  d e t a i l s  of p r e s su re  deve lopmen t in an entranc- e re -d i- ’n e-~ mi te  t t i i j d

f i l m .

The a s ym p t o t i c  law f o r  i n h e r e n t  i n l e t  p ressure  drop  as given by )-q. (5.2~ Is

mainl y accountable by the nondissi pative conversion of pressure to k i n - t  Ic

energy [20]. Therefore , one may e>:tend this idea to compr css - ilrhc I l u i h c i  i l - - t i a m i c a

as a basis for calculating the pressure drop through an inhleu ’ - - ii L r - ~- I  I i d  o r .

The following conceptual steps are assumed in order to develop t in -‘Ph ~
1 cabl e

computationa l procedure (see Figure 5.2):

The hearing wall is in thermal equilibrium with t h e re -~ e- m ~\’oir gis .

A t h .oat  sec tion is recognized . Since the  m l  i t  edge  i n  - i 0 ic t I il

construct ion would be more or less rounded , th e- throat O t c t  I on  m u - ~-

he defined as the termination point of t I~~- edge round .

— ~ 
.- • . _~~~. _ , 

~~~~~~~~~~~~~~~~~~~
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- The flow process from the reservoir to the throat follow the-

isentropic law.

Near the throat region , heat transfer between the walls and

the gas flow takes place rapidly to equalize their tempera-

tures with little pressure change.

Further development of the velocity profile involves

negl ig ible compressibility effects.

Subsc r ip t s  “ s” , “th”, and “ in ” w i l l  be used to desi gnate-  t i e  n - s u ed I ’ e’c

s t a tes  ot ~ sup p ly s tagnat ion , throat  and e fective film inlet.

Let the mass f l u x  per u n i t  inlet  edge be

-
~~ = 

~ th U th l
~ 

( 5 . 5 )

According to the  i s en t rop ic  law ,

1 u — I
‘
~th — ~

‘th 
-
~~ 

T
th 

— ~ th
p 

— 
‘ T 

—

S 5 S S

1
- - 

- - ‘c-l 2
2 ri T T’t h Y

U th = 
( ‘ ( —1)  

1 — C—) (5 .6 )

Thus , Equation (5.5) can he rewritten to express the mass flux in terms of

the stagnation states of the reservoir and the pressure ratio (p
~~h

/p S
) :

2Y ~th ~~~ ~th ~
‘ -

= 
(Y—l)~ T ~s 

~~~~~~~ 

~ 
— (-.

~;---) h (5.7)

With temperature equalization (the pressure being unchanged), the- inlet

velocity head becomes

— — 
- - 

* 

- -  
- ;,~ 

-

- - 
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1 2 1 (~ /h)
2

(— PU ) .  =
2 m in 2 1

th
P th

(
TH

~

-T
= -~~- 

S

2 
(5.8)

th 
h

Now , making use of Equation (5.2)

~th 
= 1

~in 
+ 0.601 (

~~
- pU ) .  ( 5 . 9 )

Combining Equa t i ons  ( 5 . 7 ) , ( 5 . 8 ) ,  and (5.9), one obtains

= —~~~~~ - 0.60 1 (—i---) I (— -~--) - ~~~~~~~ 
- 
(_.~~~)

Y 
(5.10)

P5 Ps L ~ th  ~ th  -

For gas l u b r i c a t i o n  c a l c u l a t i o n s, i t  is m o r e  c o n v e n i e n t  t e>  u s e  the p r e s su r i -

f l ux u~ ins te-ad of thie mass flow 
~; 

that is

-: = - T  ~5

so tbn~t Equation (5.7) can he rewritten as

1 - Y—l

= 
- 

= (_S~~ (1Y~) 1 - (_~ i)
1 

2 
(5.11)

p .~~T h PS 
Y — l  -

Equations (5.10) and (5.11) allow one to calculate p . upon given the

stagnation state variables of the reservoir and the pressure flux.

Since the func t i on  of the  r e s t r i c t o r  is ma in l y in the  p r e ser v a t  ion of an

equil ibr ium condi t ion , it is essentia l to know the differential perturb-

tion characteristics of p . with respect to uP and it .  T h i s  is  o b t a i n e d  I - v

differentiating Equations (5.11) and eliminating the di fferentia l of

- 
S 
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- . - 

.
. . 

— . -— 
t 

- - 
-

- 

~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ - 
-

_ - 
a-

—- -  ~~~~~~~~~~~~~~~~~~~~~~~~~ ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ 
-

~~~



- -.-- -—-- _ _- -  - - - -

— 6 1-

6 (
Pin
)

iSintP Ps

= -
~~
-. (~~!D)

~Qnu4 P5

= _  a (
Pin

a9~nh p5

-i - I  — 1
= 

~~~ 
(~!~~ ){l_ (.~±J ) (

l tTh ) i  — (~~~~~~r 

-

- 0.601 (.
~~~~~~

-
~~~

__

~~~

_

- 
~~~~ 

( 5 . 1 2 )
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Graphical presentations of Equations (5.10), (5.11), and (5.12) are shown

in Figure 5.3. Despite these rather complicated expressions ,

the fo l lowing observations can be no ted :

Compressibility affects the restrictor pressure drop only modestly.

Even if the flow should be sonic at the throat , the effect of inlet

flow development is within 5% of the incompressible case. It is higher

for a monatomic gas but lower by a similar fraction for a diatomnic gas.

The relationship between the dimensionless flow rate and the normalized

supply—to— throat pressure drop is approximately an elli ptical quadrant

for both mnonatomic and diatomic gases.

- The pressure—flow perturbation relationshi p, when expressed in a

dimensionless representation , is essentiall y same for both moma tomic

and diatomic gases.

- Perturbation of restrictor pressure drop by flow is relatively insig—

nigicant unless the supply—to—throat pressure is at least 50% of the

critical pressure drop.

Based on these observations , the following empirical formulae are proposed .

Pth - Pin = 0.60l~~ l + C0(
P:

~~~
th)

2 
(P5 - Pth)

(5.13)

~v Pth ) ( 2  — 
Ps Pth ) ‘1’cr

~s~~ cr ~s
Pcr

~cr 
is the critical pressure for sonic flow , 

~cr 
is the corresponding f l ow

function obtained by substituting Pcr for Pth in Eq.(5.11) and C is an empirical

numerical constant. Their numerical values are

Monatomic Diatomic

Pcr /Ps 0.48714 0.52828

0.72618 0.68473

C0 0.1139 —0 .1150

These empirical formulae give “exac t” results at either extremes of

At the midpoint , 
~th 

= 1/2 
~~cr 

+ p5), the inaccuracies are

Er ro r  Monatomic  Diatonic

% 
~
Pt±~ P1I~ 

1.244 0.742

% -ç 0.496 —0 .139

which are remarkably small.

- -
_-
. — 

_4
~~~~~~ P~~~~’~~~~~~

. 
— ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~

- - - - - 
,__~~~t&_ p 

~~~ — 
. 

- 
- - -

- - -
~~~~~~~~ ‘• ~mlr~

t 
~~~~ 

- 
~
-

— ---~ -— — -4:—— T i _
~~~~ __ .~~ - - . --- 4:—-- —-- - —- --------

. - - -‘- - - 4 :  
— -4:---.---- - ---—-—- ----- - —



— -4:- - 

— 

—65-

_ _ _ _ _ _ _ _  _ _ _ _ _ _ _ _ _ _ _  _______________________________ 0

—
‘--5-

-5---

N

I I 

~ 

, 

~

(
S
d °‘d) 

0

~~~~~~~~ /

1 

-

~~~

.

~~ 
l~

~~ ~~~ 

r 2

I 
~~~ 

C)

0

\~~~ 

S 
‘

S S

5-’ -

0 

\\
_
\\

f__ I I .  , 

- -

, 
~~~~~~~~ 0

0

- 
~~~~~ ~~~~~~~~~~~~~~~ 

- ft~~~~~~~ ~~~

- 
- 

~~~~~~~~ 

- 5 .
’

- •~~
- ~~~~ 

-
.

~~ 

— . 

~~~~~~

. . - 

- - — _ 

-



— 

—66-

In Eqs. (5.13),  P S 
— 

~th 
can be eliminated to render

_______  = + 0.601V1 ÷ c0x2]x

where _________ 
(5.14)

x = (
P5
~~~~

th) = l_ V l _ (
~
L)2

- -  

~cr 
‘l’cr

Performing a variation operation on Eq.(5.l4), it is found

r (l+2c x2)
6
~ ln 

= — 

~~s 
- P )[l + 0.601 

~~l + ~crV~~cr
2
- 

~ (5.15)

Since it has been shown in Figure 5.3 that restrictor pressure drop is

most likely to be at least half of tha t for sonic flow, one may safely

appr oxima te C0X by C0 in these formulae. Thus one obtains

~in 
= Pg 

- (P5 - ~cr~ [1 
+ 0.60lV l + c

O][l 
_
~~ 1 

- (~~~~)
2]

6Pjn 
— 

BPin 
— 

aPin
— 3Qn~ 

— 
a9nh

= - (P 5 - P~~) [1 
+ 0.601 

~~ l + C 0)] ~cr~~~~ r~~ 
i L 

(5 .16)

The graphical relation between 
~in 

and q’ is shown in Figure 5.4. Eqs.(5.16)

would be used in the analysis of ex ternally pressurized gas bearings with
inherent r e s t r i c to r s .

5.2 Centrally—Fed Strip (Figure 5.5)

With impermeable surfaces and a uniform gap , Equation (5.1) reduces to

h3 —4,~ (~
—) = 0

In tegra ting repea tedl y, one f i nds
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Fig. 5.5

Centrally Pressurized Strip
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3 2 2
h ~- ( ~~~) 

— l2~ p

(5.17)

-
~~ 
(p2 — P

1
2) = (a—x) for 0 < a—x < P-~

u~ is the pressure flux and is 
a constant of integration. The boundary

cond ition p(x a) = 
~a 

has been imposed in obtaining Equation (5.17). At

the edge of the inherent restrictor

~ (P 2 — P~~
2 ) = 

l2~i-4i (5.18)

Eliminating ~ - between E q sJ 5 . 1 6)  and ( 5 . 18 ) ,  one ob ta ins

~~~~~~~~~~~~~ 
~~~~~~~~~~~~~~~~~~~~~~

P5 r~~ 2 1 2 _ 1~~~2
~ ~Ps’

(5.19)

where K = ~(l - 
~~-~-)[i + 0.6011/1 +

Eq. (5.19) shows that for a given (p 1 /p5), how ~~~~~~~ 
varies with h as

illustrated in Figure 5.6.

Sonic flow at the restrictor throat occurs at Pin = Pcr- For Pin c Pcr’ flow

is determined entirely by the sonic throat. Then , instead of Eq.(5.19), gap

is related to 
~jn 

by s e t t in g  uP to 
~cr in Eq. (5.18); that is

2 24U R~~~~~
’ 

_____________h = 

1(!.~i~) — (-~-~-)~T if 
~in

< 
~cr 

(5.20)

[ Ps Ps

Beyond the throa t , prior to the f u l l  development of the  viscous ve loc i ty  p r o f i l e ,

there would he an extended region of supersonic over expansion , then f ollowed

by a complicated “high ~~ ch number v iscous f l ow” . A full account of the pressure

field precisel y by ana lytic al means is not yet possible. For this reason ,

it is common engineering prudence to avoid restrictor choking .

- 
- ~~4: - ,

. -

- ~~~~~~~~~~~ 
~ 

- - - - -1. ~ 
.. 

-. 
- 

~~~~~~~~~~~~~ 
. .  ~

- -

- - 
S 

- ‘

- 

- -5 4

____  A



_ _ _

1.G 

~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ 

—

0. l~ ‘ - I T -~ L .~~~~ ‘ . r . S

0.1 1.0 10.0

1.01 T’~’~ 
:::I I: 

~~~~~~~~~~~~~~~~~~~~~~ 
— 

“i’ cr

~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~
0

•
. 1 

_
1

•
.0 V d  10.0 ~~~~~~~~~~~~~~

h p  —~~ p /i’ ) p . — p
= 

24 ’I~~~~ 

in

Fig. 5.6

Characteristi c- s of Centrally Pressurized Strip

- ‘
,. 

- 
•p

_

p
• 

•
• —

--
. 

~~~~ ~
- ‘- ~~~~~~~~~~~~ 

- -

- 
;~~ 

;-‘
‘. ~~~~~~~~~~~~~~ . 

. - 

-. 

S 

—

-~~~~~~~~ -- - - —~~~~~~ —
- 4 : -~~~~~~ — - -  ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ 

- —
~~~~~



- - --- 
- --- -

—71—

if one desires to compute the stiffness of the bearing, a variational pertur-

ba tion with respect to h would be performed on Eq. (5.18):

1
~in h h l2iZ

[~~~
nuP — 3uSZnh] (5.21)

With the aid of Eq. (5.16), 6inup wou ld be elimina ted , yielding

6
~~in 2

(5.22)oh r uii ‘\~fuy 2_ u~i2 2cr cr Pin

- Pcr)[1 + 0.601~~~
+ 2 C o

1}2 
+ 

P~
2) 

h

The numerical value of 6p~ 5
/6h is approximately proportional to the bearing

stiffness. As shown in Figure 5.6 , it may be maximized for given (p5, Pa)

through a choice of h. This is generally regarded as the ideal design .

If Ps/Pa is large , then an “exit choking” condition can develop. This occurs when
p 

5
(1.l9(— ~-) 

~1
~
‘ 

s~~a~ 
1 or 

~~

— Pg for y =

cr p 
7
—

PS 5

and are marked in Fig. 5.6 with the symbol ‘
~~~~~~

‘
. I t  is seen that the optimum

design in the case 
~s~

’
~ a 

= 5 is no t  valid because “exit choking ” would have

taken p lace.  “ E x i t  c hok in g” can be avoided by d i sc re t e  f e e d i n g ,  t h i s  w i l l  be

discussed in Section 5.4.

5.3 Various Axiall y—Symmetric Bearin~~

The above development can he readily generalized for various other hearing

geometries so long as rotational symmetry exists with the centerline of

the supply h o l e .  W i t h  impermeab le  hear ing  wal l s , r e f e r r i n g  to Chap te r  3 ,

the governing equations for conunon bearing configurations are:

Journal Bearing

b (h3p 4~) = 0

- 4 .- .- • . .  ; 
~~~~~~ ~~~~~~ - -

- 
. .  -, - . • ~~~~~ - .

_ _ _ _ _ _ _ _ _ _ _ _  -_ -4 :— ---------—--~~~~~ ~- 
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Thrust Bearing

r (rh p ~—
1

) = () (5.23h)

Conical Bearing

sin~ r -
- (sin r u  I ]) ~J) ) () ( 5 . 2  ~c )
- r

Spher hal Boa r~ jug

sia ~ - - (simi:H 1 p 1~ (5.2 I d )
-p -

If the fu n, thickness is um nit o rm , t mt- n with a sui tabl e- ~,ord imu:ute t m - u ns f - u —

m a t h - n  each of the-se tour - q u u l t  iofl~- i-ar t hi- reduc ed into Equation ~~. 1 7 )  so

that the corresponding resu Is—— c- . ~~. , F igui re 5.6——would he direc t Ic

appli cable, pr c-v ided the t &-rm ‘‘ 
~~

‘‘ i n  the- d e f i n i  t ion ot  the- rest r i t on

para me te r s  be according ly ident if h--l . in the case ot  a journa l b - - u i - l o g ,

the re  is no need t o  p e r f o r m  co rd ir - i t~~ t r a n s f o r m a t i o n ;  one u n i v  j inmed l a t e ]  v

recognize the axia l coord i nate “z” Ii ) he equivalent to ‘x” in Equation

(5.15) and ‘‘ Q ’’ w o u l d  s i m p ly  be l i i i -  a x i a l  d i s t a n c e  I ron the ’ fe -c ling plane

to the ambien t  end . For thrus - arid conic— i l bearings Lquia t li - n ( 1 . 2 7 )  p r o :  dc

the needed t r a m i s t e r m u t  ion , while F-suat ion (3.2~ ) lur ur i r — h e s t s -  t r;insf~~r i: - t  h e

or a spherical he- sr  i n g .  Thus , r - - f ~- r r in g  to F i g u r e  5 .6 , the e-qrl i l oot  -- -

for these hearings -i re as f o l l o w s :

Bearing Type Eguivalent ” c ’

Journa l L / 2

Thr ust r . j~~n(r /r . )~~in a in -

C o n i c a l  c-sc r . ln(r f rin a in

tanuP /2
Spherical R i - n  ~~~~~~~~~

- 
- - 

‘ i-j -- . ’ ‘ W ’ 
~~~~~~ 

— - - ‘ - - 

~~~~ 

-— - - - .

— ~~~ ‘~~~~~ - -
-

- _ _
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5.4 Feeding Th~~~~~h l)iscre -te ll oles

In the preceding Sect ions , h o w  supp l y is assumned to e n ter  r -~-~~r inc g .up

through a l ine—feed , in  order t u  a c h i e v e  the  desired degre - n r u - s t  r i -  t ion

wi t.I-ioul ‘‘ exi t ch o k i n g ’’ set- ~~ - - t  ion 5.6), the ‘‘ I inc—f e-ed ’’ i s I - u i  r u -p u I i  ( I

by a sir  h -s  of sm~i I I Feed— tue ic-s. Al though q u a l i t a t iv e  aspect s of the I I c ’-

p r oc  iSS through t he  d i s r o t e  I eed—lu o los are essentia l 1 y urn - uanc,e-d , t lie- f ol I - n- I - -

phenomena niav substant i~u i  iv miter I he re-stri ct ion b e h a v i o r  q u u o n t  i t a t  ivc- l y

- The- c- f t  e c t i v i - fi lm pressure , p . , u t  c- - i h  f e e d — h o l e  may be pt-;d - -d
if l  [ 1]

subs tamu t i - u I Iv  jhove t h u r  - ;  i vu- n b y E q u m ; m t i on  (5 .  18)

rI pen entc -reu u~ tin- I-c uring u r n , flow per i phery may d i l a t e -  s i i ~n i l  iT an

prior t o  f u l l  d c - v - ! p u - u t n t  of  t he  v i s - o u s  v c - l u ) c  l i e

Son ic condition i s  n -re l i k e l y  to ui-cur ut ti uc thu - o u t - 1 - ; t ct u d i - -- u- - t . .-

res tri c t e r . In t lu - - c -\ - e - u u t  ~ a Sonic - m i t t  c ond it ion , ;u supers- -n iu-

oVer X p ;u n S i - m  r e g i on  u n i v  a l : u r p c -  - n u e u ~glt a r e -a  t o  r eq nu i u - t- - - - rN- - t hun

to t h e  pr essu  re-  p r o f  i 1~ -~ 
I - - -  1

I f  t h er e  ir e- fl I c e d l ioles  per  u n i t  l - i i ~~t h  ol  I - e d  I u s- , r h - - n  t h e  r e u - i ( r h - t o r

f l o w  area is ~~na t imes t h ; u t  e’f t h e  I i  I n  i n l e t  a r - - i . ‘‘ - i
’ I c i n g  t 1 - - t h r o a t

r a d i u s  of e t c h  f e e d — h o l e - . I t  n i s  I i - se-ri  to I - -  ~~u f 1  i c  i e n t  l v  l u  . p r e s n u l r -

peaking a t  ca l u I ec- l—hol~- u n i v  he’ ne--g l - c -t ed . Flu e-n the- a n a l y s i s  -f -ho I j e l l s  h 2

and 5.3 can he dire-c t l ~
- u sed  for iii - - ii is - r c - t - l v  f c 1  L e - u r i m i g  pr -v i u le -d  in

eqs. (5.11), (5.13), ( 5 . 1 - ) . ( 5 . l 5 ~ urn ] ( - . 1 ’ - )  a rc r t - n u r h - d  u s  th e f l u u x  t1ir~~u uglu

the discrete rest rictors. i F u m s , i n  c-qs . ( 5 . 17 )  and (5.18), s h o u l d  I n-

mul ti p I Led by t h e  t u t o r  (2-- n-q ) . ( -  - r u s c - q n z c - r u t I v , eq .  (5 .  1° c m  t~~- a d a pt  u - I 1-v

add ing a f a c t o r  (2li na ) to i t s  r i g l u t l u - i n d  S i l u - . Hue g r u p lu s o l  i y .  5 . h  s- - c u d

then be app ] ic- able it (21 u1. u ho d h i I ~~-d i n t o  t i r e  -uhu - o  i s s . u  - i r d  r . uu l ip i led to

(+ ‘ /~~~~~~~) . The sytrmhol ‘
+

“ On e a c h l i t ’ -  g ive - S t l u ~- u pper  lc - u mn d  of  ( u i - u )  t o  avoid

‘‘ex it choking ’’. For u- -ci mj -le - , f r  u d i.Itenui c g u n w it h p p 
~ 

‘‘ - - : i t  c l u - k i n F ’’

is avoided by requiring

2 i m i a  < 0.2921

When this is done , however , I Ire i - - s  r I - t u r  us~’ u  Id  out - c u lt i i i - . t j ~ i o u -

at the corresponding point -~o t h a t  eq. (5. I~~ sh m ou uid 1-n - r ep ] u - t - d  Ii - e q .  (~~~. ) )

irrespective of the quest i i u f l  - f  su]-c -rsoniu o v e r e x p u u u n  ion dovnst r e - u r i s ot t j i~

r e s t ri c t o r  t h r o a t , the- portions for 11c l u r g er  t h~u m t  tli a I rnarkc-d I v  “

should be revised . 

-- 

-

~~~~~~~~ 

‘*
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5.5 Non—uniform Bearing Gap

In the event of a non—uniform gap, the pressure profile would he a l t e r e d  I t

the film , even if the boundary pressures (p~~ . Pa) are u n c h a n g e d .  Tl u i~ -H---

pendence of the pressure profile on the bearing gap distribution may havu-

a significant influence on the bearing stiffuues s. An illustrati cun of t h i s

issue will be g iven by a detailed anal ysis of a spherical hearing, wiu i cl u

is fed through a port at the pole with an arbitr ary axial eccentr ici t y so

shown in F i g u re -  5 . 7 .  To f o cu s  our a t t e n t i o n  on the- f i l m  p r e s s u r e  prc f I

res t r icto r  behavior  w~~11 he put  aside ; t . C .  P 10 ( i m u s t e a d  of p5 ) is  c c - m r s i d c - r e - c I

to be given .

The problem at hand is s p e c i f i e d  by the following set of equations:

sia~ h
3
p ~~~~~ = —12uR~

Ii = C (1 — ccosu~) ( 5 . 2 4 )

p~~~; P (
~ a

) = Pa

This problem can he simplified by th~ transf~-rmatiomi

— C 3 d dru — (-g) -
~
‘
~filf- (.2 - )

yielding

= - 
l2pR sp

~~dn C3

l(~~2 
~a
2
~ 

= - 
l2pR~ (n - 

~~ 
( 5 . 2 t )

~Z p 2 
_ _ _ _ _

2 , ? 2
rj ~~ a in a

where
(1 ~2)

l 3c 2cos~ + -~~~~ cos2x + e (3  + r 2)  Q n s inx + (1 + h 2) ln ( t u n ~~t

2 tan~~ ( tan -
~-) (5. 2 7 )

1 — c  2

I
/~~ - 

~ ~ 
-
~~~ 

- : -~~~ 
— ~~~~~ ~~~~~~~~ - - -

- ~~ .~ - - 
- 

— 
S 

-

_ _ _ _ _ _ _ _ _ _ _ _  
-
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Axia l ly D isp laced Spherical Bearing With Polar Feed Port

-- 1 - ~~~~~~~~~~~~~~~~~~ ‘~~~
• 

: — ‘ - -
-
~~~~~~~~~~~~

s-.- - ~~~~~~
-.. -. 

- 

- - ,  

-~~~~-~~~~~~~~--- - — - -~~-- -~~~~~~~~~~ - - - - -—~~~~ ~~~~~~~~~~~~~~~~~~~~~~~~~~~



----~ - - - - -~ -~ - - - - - - - - - ~~~~~~~~~~

—76—

Graphical illustration of the above result is given in F igure 5.8. It is

seen tha t, as c increases (gap decreas as) , the area under the pressure profile

decreases. This is the indication of a nega tive stiffness ! Thus , unless

there is a sufficient restrictor compensation of this effect , this type of

bear ing tends to “lock up”.

The tendency fo r  “lock up” to take place is aggravated by large eccentricity

which causes significant gap non—uniformity. It is more serious in the case

of a discre tely—fed bearing than that of a line—fed hearing .
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5.6 Exit Choking

For a l i n e— f e d  s t r i p  b e a r i n g , son ic  f l o w  is most like’Iy t o  u s - c u r  at  h u c  e x i t

because the f i l m  p ressure  is lowest so t h a t  I l ow  speed is h i g h u - s t  t h i n .  l i i

a rigorous treatment 01 a high ‘‘Mae-li number ’’ gas I j I m , One sii~uu Id nt u-u ke ; i l ]  ow ;u n c e

for inertia forces in the momeneum balance- and also include transverse viscosity

v a r i a t i o n  due to t e m n p e r a t u m r e -  v a r i a t i o n .  In order to g a i n  a f i r s t  insight in

the  overal l  phys ica l  s i tu a t ion , th - - problem u- j- i  i i  I irst be ex -iuii in c-d w i  t l t  \- e -r \ -

rough ap p r o x i m a t  ions to minimize mathema t i c u ]  d r u d g e ry .  ~u u b s - q u i e n t  l y ,  t h e -

same prob l em w i l l  he rev iewed w i t h  i flu e- re- r I g o r o u m s  t reatntent :und t bin- has is

f o r  a more a c c u r a t e  t h r e e - r e t  ic~u l  t r e a t m e n t  w i l l  h e -  a c c o r d  im r g iv int d h -: it ed.

5.6.1 An Approximate Treatment

For the present purpose , the - isoviscous approxin u ;u r ion w i l l  h -c - i d e - p t  sd , n n d

the  convec t ive  i n e r t i a  w i l  1 he inc l uded w i t h  a ~~~esumed par~uh o I H. leo i tv

profile. Such a treatment should be regarded as a f i r s t  u p p c o x i u i i a t i o n  (Se -C ’

Sections 2.2 and 2.4).

The assumed pa rabo l ic  velocit y pro file is

= 
6y(h—y) 

~
h

Furthermore , the continuit y (‘onditiomi is a p p r o x i m a t e - c l  is

(pu ’ ) = 0 or + u i ’~~ 0 (5.29)

Thus , u s ing  above a p p r o x i m a t i o n s  in est ima t ing convect iv -  j u t e - r i  iii , t h e n , I u ) g c - t  in-n

w i t h  the p r f e c  t gas law p = p/ ~RI) , one finds t nt -  me -nit-nt u uru si 1~ j u t e t - - v j u l  d

= -~~ — 
~~~

‘ 
2 i~p -

- -  2 u~~~~x
-3 y

= !j~j~ 11 — 
36y 2 (h~ y)

2 
U (5 . 9))

U 3 x 1  h
4

The second term on the r ight hand  s ide  is convt -ct ive i m r  t l u  t f - - t  j s - - u u  I i - u  r

to a compress ib le  f l u i d  S i n c e -  i t  originated from ~~~ H- 
-

- 

‘

-.‘~

,

_ _ _ _ _  
~~~~~-_— -- -~~~~~~~~~~~~~~~~~~~ ~~~~~~~~~~~~~~~~~~ -- - - -  - _ _ _ _ _ _ _ _
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I n t e g r a t i n g  twice  w i t h  the boundary  condi t ions  u i ( 0 )  = u(Ir) = 0, one- o b t a in s

= 
y (y—h) 

~E 
- 

1 — 
6u 2 (2 y 4— 

~ j~y
3-+- h 2y 2+ h~~~ ± h )~~

2~u ~x 5~T h
4 (5 .31)

Returning to t h e continuity condition , one can write

hr
pu d y = c o nst  =

0

Or , f r o m  eq .  ( 5 . 3 1 ) ,

~~~~ ~~ h~~ T p dx h 3 ( 5 .  L~)

T h i s  can 1~~- i n t e g r a t e d  wi th respect to x to y i e l d

1 2 * 12 u - *
-p ~ ) - P ~ 2 n ( ~~~) = - - -~-~ (x - x ) ~~~

p Ii

where thie superscript “ ‘  refer s to  t h e  c h o k i n g  c o n di t  ion

* — ~~~~~ —~ —--—~- = —~~— = (p—) ( 3~— - ;  35 h r ,RT ~u *h a* 
p 5 .  -

and

ak - -~-~-~~ 1 (.h - )

may be regarded as the effective sonic speed . Comparing with eq.(5.IS), -u n-

reckons tha t the term H.i(p/p*) in eq. (5.33) represents the approximat e

c o n t r i b u t i o n  of convec t ive  i n e r t i a .

Using symbols defined by eqs. (5. 34 and (5.35), eq. (5.32) can  be - r e - w r i t t e n  as

- ~j~~~~) 
d 

(p~~ = — 
l2~i .u~ ( 5  9~~)p* p dx P p*h

2

For any p (x 0) = p~~ , eq. (5.36) indicates that a me~n i e u t o n i e u l l v  d e c r e a s i n g

pressure  d i s t r i b u t i o n  canno t  he coni t inued  h el  ow p*. l inus , u ~-orrec t scs i n i t  ion

of the  f i l m  pr e-ssure  mus t  sat i s f y t Ire In equalit y

p > p* (5 .37)

- ~ 

_
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_
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Given the half—width of the bearing strip 9., along with (tu , a* , p
in ’ 1’~

)~
eq. (5.36) can be integrated to yield

1
(
e
) [(

In
) — 1 - (

~~
) in (—~~~ ) = 

~~~~~~ 

(5.38)

which may be solved to find the integration constant (p*/p ), which must not

be larger than u n i t y  if the inequality (5.37) is to be satisfied . Violation

of the l a t t e r  condi t ion  can occur  if 9. is too small .  The l ower bound of

is found by se t t i n g  p* = 1
~ u in  e q . ( 5 . 3 8 ) ,  i . e .

p h ~ 
~ 2 

-

= - (-c) — — h-u (—u) - (5 39)

This  r e l a t i o n s hr i p is g r a p h i ca l l y  shown in Fi g.  5. 9. If  9. — .-~~~~, tIre exit film

pres su re  p* sa t  is f  ies t h e  e- !uat  i o ru

= 
~~ 

— — In  (—~~
) (5 . 4 0 )

The apparent discontinuity between p* and p 1 
is a necessary anomal y of the

present analysis.

The exit choking phenomenon is seen to depend on two pa rameters which may be

recognized as

121J a*2. ~ in
2 and ——

Pah

The lower bound of the  fo rmer  p a r a m e t e r  is f i x e d  by eq.(5.39). Exit choking

occ urs if

Pa /’P in 
is too small ,

9. is too narrow , or

h is too large.

Represen tative pressure profiles , with and without exit choking , are  illustrated

in Fig . 5.10. In this example , exi t chok ing takes place for p. /p > 10.
2 2 2 in a

~~ a~~
’
~~ s ~

‘a 
) is plotted against x/Q . In the absence of convectiv e inertia ,

such a plot  would be a s t r a i g h t  l i n e .  Wi th  
~ in ’~ a = 6, there is very l i t t l e

evidence of any s i g n i f i c a n t  convect ive  i ne r t i a  e f f e c t .  As the  c o n d i t i o n  of

exi t  choking Is approached , the pressure  gradient  steepens . A c c o r d i n g l y ,  the

- F - 
~~~~~~~~~~~~ _ 
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pressure near the exit would increase with flow increase which wou rld corru-spund

to a larger gap. Thus, it is clear that “exit choking” causes a “negative

stiffness ” tendancy.

5.6.2. A Rigorous Re—examination

Credibility of the above analysis is a bit uncertain since the exit choking

condition in fac t contradicts the apriori assumption of an isotherma l gas.

Fortunately , a more satisfactor y treatment is available 
[25]

, which -u is

cons is ten t  w i t h  t h e  compress ib le  boundary  layer  theory and s a t i s f i e s  the

energy equation by dint of the  relativel y inocuous assumption of a unity

P r a n d t l  number.  This approach w i l l  be b r i e f l y o u t l i n e d . I t  wil l be shown

tha t the q u a l i ta t i v e  aspects  of the a p p r o x i m a t e -  a n a ly s i s  present - ed abo v e

are not contradicted , albeit the accuracy of the quantitati ve results max ’

be in doubt.

Adopting the boundary layer approx imation and assuming a unit s- Prandtl

number , the  g o v e r n i n g  e q uat i o n s  f o r  the  stead y s t a t e  f l o w  of a gas  b e t w e en

parallel plates are

+ = 0_
‘x S y

p (u~-~~+ v~~~) ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ 
( 5 . 4 1 ,

p =

2
~L~i + ~~~

— = cons t .  =
y—l 2 y—l

where T~ is the wall temperature which is assumed to he a c o n s t a n t .

Now , making the  s u b s t i t u t i o n s
* A
u = pu , v = pv (5.42)

one f inds

A
dU  av

÷ = 0 (5 .

-
~ I 

‘

~

- 

-
~~~ 

-: ~
— “ -

--
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--S ‘I

dx ay 3y

where

= ~
3 + 2(y — l)M2) 

~~ 
— l)Ma 

(
i
) (5.44)

[1 ± (y — l)M2]2 yp

= 
y~~ T 

, a2 = yQT (5.45)

In this form , compres s ib i l i t y  e f f e c t s  show up in the c o e f f i c i e n t  of d p/dx

and the term 0. Otherwise , the system of equations is exactl y same as that

of the incompress ib le  en t ranc e f low . Numer ica l  so lu t ion  reveals  tha t , except

in the entrance region , the velocity profile is approximately a parabola

even when the  Mach number is q u i t e  large .

Eqs.  ( 5 . 4 3 )  can be- i n t e g r a t e d  across the  channel  to y ie ld

p ~.EJ (~~~~~
—

~~~
--) d y = 

[~ ~] l~f Od y - ~~~d y (5.46 )

It may be noted  t h a t  the  f i r s t  two terms on the  r i g h t  hand side of e q . ( 5 . 46 )

are of the same si g n .  The second term represents the influence of transverse

d e n s i t y  v a r i a t i o n - u  on the  w a l l  shear s t resses  and is inversel y proportional

to the  f i l m  p r e s s u r e .  The t h i r d  t erm  mainl y accoun ts  fo r  c h a n g e  in the  veloc-

ity profile. A detailed numerical study of eq.(5.43) revealed t h a t , beyond

the entrance region , the velocit~ profile is not too different from i parabola.

One can thus dev i se  a s u i t a b l e  a p p r o x i m a t e  c a l c u l a t i o n  method  f o r  e q . ( 5 .4 6 )

by the assumption of a suitable distribution of U .  Write

= f (y/h) (5.47)

f is the d i s t r i b u t i o n  f u n c t i o n  such t h a t

f d (~
) = 1 (5.48)

J o
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A - ,,
u is thus the mean value of u. One can then define a Mean Mach Number to

be 

M —
~~ (5.49)

Accordingl y ,  eq. (5 .46)  can be rewr i t t en  as

y h
F(M )h 2

l2~~~~~~~T ~~~~~~ 
= 

12 d(y/h) 

y 0  

(~~~ )G(M
0
) (5.50)

+ H —p— ~~
~i dx

where ,
(1 T

F(M ) —j
~ 
(1 — M 2 ) d ( y f h )  (5.51)

G(M ) = ~~~~~~~~~~ d(~~) (5 .52)

H = ~~~f f
?d(Y/h) (5.53)

Upon given the distribution function f and the viscosity—temperature relation-

ship u(T), F(M0) and G(M ) can be calculated as universal functions of M .

This is done for

f ( ~~) = 6 (1 — 

~
-) - (5.54)

IJ = const.

H is found to be a constant and is precisely 1/10. F and C are dependent on

both ‘p- and M as shown in Figure 5.11. F is seen to vanish at M 1 for

either value of y. In fact , F 1 — M 2 would be a very adequa te approximation

for the dia tonic gas. In any case, the vanishing condition of F would establish

exit choking. From this point of view , one might observe that, the “isothermal

approximation ” presented previously would somewhat prematurel y pred ic t chok ing at

- 
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M = -
~~
-

~
-

0 
~ 

54~

which is 0.68 fo r  y = 1.4 .  On the  o t h e r  hand . C p r & - s e n t s  an a d d i t i on a l

e f f e c t here which  tends  to mask this  d i s c r e p a n cy  somewhat.

A reasonable a p p r o x i m a t i o n  f o r  F and ( to p e r m i t  closed fo rm i n i t e - g r a t i o n  of
e q .  (5.50) is

* 2
p
1F = 1 — (-—- -)
p

* (5.55)
p-,

C = ---

~

----

p

* *where , p and p 2 may t a k e  on t h e  t o  [l o w i n g  num er  i t -a l ia I - o s , ( - o r r e - s p o n d i n g
to the dashed l ines shown i n  F igu re  5.11:

‘ .4

1.6667 0 .95  1.0

where upon , eq. (5 .  50) , for ii c on s t a n t  In , ca n b€- i n t e u i r ;u t ed to  b e - o m e
*

I ~ * 2 * 2 1 +
— ~ h- ~~ + p) - p 2 + (p 2 

— p 1 
) ~n (—p--—— - -

~
--- )

- p + p 2

l2p u ~ T x
= 

w ~ (5.56)
h2

where p is the  ent ranc e f l u i d  f i l m  pressure ( n e g l e c t i n g  i n h e re n t  r e s t r i c t i o n )
at x = 0. Choking t akes  p lace  at (p = p 1

k
, = ç * ); j~ e..

* * ~
-. * 2  * 2  p - I - p ,

(p — p 1 ) ~ (p + p 1 
— + (p 2 

— p
1 

) in
I p 1 + p

*
l2p u T i

w o  U
= (5 .57 )

h2

— 
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(p = p , x = 9.) wou ld be an “unchoked” solution if the corresponding u
a * 

0

which satisfies eq. (5.56), would yield 9. 2. from eq.(5.57). For a

choked exit condition, 
~~ 

is found Irom eq. (5.57) with 9. = 9 .;  and then

p (o ~ x ~ 9.) > p3
. These fea tures are q u a l i t a t iv e l y u n a l t er e d  f r o m  the

previous “ isothermal approxima t ion” .

-
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5.7 Nomenclature

Chap ten

Symbol D e f i n i t i o n  ~~~~~~~Li~~~ 1l

a Half—width of inlet slot 5.2

a Feed—hole  r ad ius  5.4

a Acoustic speed 5 . 6 . 2

*
a Eff ect iv e sonic speed 5.6.1

C Emp i r ic a l  c o e f f i c i e n t  in eq. (5 . 13)  5 .1

F F u n c t i o n  of M , eq. (5.51)

C F u n c t i on  of M , eq. (5. 52) ‘- .6 . 2

h Bear ing  gap, h , -

K A constant, eq. (5.19 ) 5. 1

-
~ W i d t h  of s t r i p  bea r i n g  gap

*
2. Lower hound s~~ without e-xit chok ing

M Mach number

M Me an M ach number , eq.  ( 5 . 4 9 )  5 . 6 . 2
0

p Fluid prc-ssur (

Amb ient pressure

~cr  
C r i t i c i I  p r e s s ur e  fo r  i s en t rop ic ex pans ion  5 .1

ne f f  
Effective film inl et pressure- of in c o m p r e s s i b l e  f l u i d  5. 1

~in 
C o m p r e s s i b l e  f i l m  i n l e t  p ressure

p Static pressure at film inlet 5.1

p Stagnation pressure of supp ly

~th 
“Throat ” pressure at film inlet 5.1

Pressure at choking

Gas constant

T Absolute temperature
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C h a p t e r  /
Symbol Definition Sec t ion

T Stagnation temperature of suppl y 5.1

Tth 
“Throa t” tempera ture a t inle t 5 .1

T Tempera ture of bearing wall

u x—component of velocity

u ’ Velocity profile for calculation of convectiv i n e r t i i  5.6.1

u Mean velocity 5.6.1

u Pu 5.6.2

Mean value of u 5.6.2
0

U Mean velocity

U
th 

Throat velocity at inlet

v y—component of velocity

V

Load deficiency due to entrance pressiirc drop

x Coordinate

x Distance from entry 5.1

X Pressure drop ratio , eq. (5.14) 5.1

y Normal coordinate neasured from referenc e surface

Ra t io of spec if ic hea ts

“Displacemen t thickness” of entrance pressure pro f i le

2 Two—d imensional surface spatial gradien t operator

C Axial eccentricity ratio of spherical bearing

8 Compressible dissipation function , eq. (5.44) 5.6.2

p Viscosity coefficient

Value of p at wall 5.6.2

v Kinematic viscosity

T.

_ _ _ _ _ _ _ _  ~~~~~~~~~~~~~~~~ ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~
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Chapter!
Symbol Definition Section

p Density of gas

°th 
“Throa t” density at inlet 5.1

Colattitudinal angle of spherical bearing 5.3,5.5

Inlet mass flux

x “Sommerfeld angle” 5.5

Pressure flux

‘I’ Dimensionless pressure flux , eq . (5.11) 5.1

~cr 
Val ue of ~p for choking 5.1

F — -

~~~~~~~~~~~~~~~~~ -~~~~-~~~~~~~~~~~ -- ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~
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6.0 TIME DEPENDENT EFFECTS

Transient variation in the gas bearing film pressure is a mass storage

effect and may be considered as compressibility transient. It is exhibited

both in terms of an initial transient and also in terms of a “steady—

state” time—delay. Mathematically, as shown in Equation (2.24), a first

order time—derivative appears simultaneously with second order space

derivatives. The structure of this equation is similar to the diffusion

equation which is commonly encountered in transient heat condition . In

principle , the pr oblem can always be solved b y a “marching” process numeri-

cally . However , this type of calculating procedur is known to be vulnera-

ble to numerical instability ; the refore , special attention must be given to

the algorithm in order to realize both spatial accuracy and temporal

stability [26].

Step—by—step numerical integration , however , is not always a practicall y

attractive approach. If one is content ~‘ith perturbation solution and is

not concerned with the initial transient , then the linearized time dependent

problem can be treated in the frequency domain. In Section 6.1 the dynami-

cally per turbed gas bearing problem will he rigorously examined in the

context of operational calculus. In Section 6.2, the frequency domain

solution will be examined in terms of  its global characteristics.

Because compressibility transient is basically nonlinear , there is a non-

linear rectification effect when large amp litude time dependence is involved .

Thus , a gas film with sustained finite amplitude oscillation is capable of

suppor ting steady—s tate load . The theoretical description of such a

phenomenon is treated in Section 6.3.

6.1 Time—Dependent Perturbation Problems

As a model problem , the time—dependent perturbation problem will be examined

in some detail for a self—acting bearing with impermeable surfaces. For

porous bearings , mass storage in the porous material must be also accounted

for. Similarl y, for ex ternally—pressurized bearings , pressure transient in

the supply line must be included if upstream flow restrictions are present.

• 
-

..

- ,- . ‘•—$I•’. 
~~~~~~~~~~~~~~ 

.
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The governing equations were previously given as Equa t ions ( 2 . 2 1)  thr ough

(2.30). To facilitate subsequent discussion , the following simplified

notations are Introduced for the perturbation problem:

6p ‘~~). {~~~
- 

( U
1 

+ U ~~~~) h
0

S p — -j--
~
-— ~~ / (p 6p ) }

h
2 

-
-÷ - 1 -~~ -‘-  0 -

~~Sh 2 
{-

~~
• (U~ + U

2
) 

~ 0 
— 

~~~ i0 
2 p0

}~ h (6.1)

Then Equation (2.30) can be rewritteo as

( -
~ 

+ h 
~~

-)
~ p = - ( , : + p -~ -)~ h (6.2)

Let the boundary conditions be

5p ( r ., t )  = 0 (6.3)

The subscript ‘ i ” indicates the pos sibilit y of mere t L  n one hearing

boundary . Let the Initi ’l conditions be

~~~~ t~ 0) = fl(r); •h(r , t~- 0) = 11(r) (6.4)

One can operate on Equation (6.2) with the Lap lace transtormation~~
271 

~~

— S ~ p dt; -
~~~

--
; = 0

St 1
~h dt (6.5)

Then one obtains

( ~~~+ sh )-~p + p H  — ( + sp )6h (6.6)

and the boundary cond iti ons become

= 0 (6.7)

In principle , one may regard the system of equations governing ~p as

- ~~
-‘ ~~~~ 

‘
: .. 

•
. ~,. . .: -~~~ 

- -

- ~~~~~~~~~~~~~~~~~~ . .

-
- ----. —--- ---~~ 
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- - -  -

~~~
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~~~~~~ 
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solvable by the Green ’s function method . Let G(~~; u) be the Green ’s

function ; then by its definition ,

(~ + h S)G = ‘(r , u) (6.8)

~~

(r, u) is the teo—dimensional Dirac delta function defined by

0 if ~ is excluded from A

~dA U

1 if is included in A (6.9)

A is any subdoniain of the bearing surface. u is the dummy position vector

of the area element dA. And

G ( r i , I
~ ) 0 (6.10)

According ly,

cdh~~ 
4- p H  — ( .  + s p ) ~ h~~t\ (6.11)

The above integral covers the entire hearing surface . ~\1l terms enclosed

in brackets are regarded as lunctions of th e dun~ny p- - s l tion vector ii.

Finall y, the inverse L.ip l a e  trin sf r’~ c-rn he “erformed on E’iuation (6.11)

so that

~~~~~
( r , t )  ~~~

1 (—p (
~~~ , s)}

1 
- st - 

- 
-= . e r~p ds (6.12)

“ is a suitable constant which is larger than the real part of any  po io of

~p. In general , Equation (6.12) indIcates the sum of a number of exponentia lly

tfm~ dependent term. The exponential coefficients are the pojes ‘f -~n. lut

accord ing to Equation (6.11), the poles of 
~
p must be also the poles of G~ h

since the spatial Integration process weighted with either h~~ or p H would

! ~~~~ ~~~~ 
p 

— 

- 

-
— — — — — - -  - —.-. —- .-~~~- -~~ 
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not cause any singular behavior . If the system is stable , then the initial

conditions associated with fl and H would decay exponentiall y. At the same

time , since the i n i t i a l  cond i t ions  do not  a f f e c t  the exponent ia l  c o e f f i -

cients , the ques t ion  of per turbed d ynamic s t a b i l i t y  is independent  of the

i n i t i a l  condi t ions .

For a stable system , Equat ion (6 .12)  can be eva lua t ed  w i t h  l~ 0. However ,

If Th contains a pure l y harmonic  t ime dependence;  i . e . ,  ~h - e.~~
t , then -h

would have poles at s = ± J~u.  I t  would  then be necessary to regard the

l i m i t i n g  process ~ -
~~ 0 to t ake p lace subsequent  to t h e  p e r f o r m a n c e  of the

integral operation. Equation (6.12) can be r e w r i t t e n  as

Sp(~~~~ , t) {f(r , ~)cosw t — g(r , ~)sin~-t idui  ( 6. 13)
0

(f , g) are r e spec t ive ly the real  and i m a g i n a r y  p a r t s  of -~p ( r , s ~j — ) .  If p

is solved w i t h  both (11, H) set to zero , then  t h e  above p rocedure  wou ld  l ead

to a s p e c i a l  solution with null initial conditions. The late time behavior

of any solution with a different set of initial conditions is not distinguish-

able from this special solution.

6 .2  Globa l C h a r a c t e r i s t i c s  of Harmonically—Perturbed Gas Bearings

Again , the  s e l f — a c t i n g  gas bear ing w i t h  impermeable walls will be used as a

model problem.  E q u a t i o n s  ( 6 . 1) ,  (6 . 2 ) ,  and (6 . 3 )  would be the system of

govern ing  e q u a t i o n s .  In  the  use of opera t iona l c a l c u l u s  to so lve  a l i n e a r

t ime—dependent  p r o b l e m , the  response to an impu I se t un~- t ion t o~~’ ther with

the convolu t ion  theorem a l lows  one to compu te  the response to an y  fer n  of r i m e

dependent d r iv ing  f u n c t i o n  [27). The response to an impulse functi on can he

expressed as a Four i e r  i n t eg ra l  of harmonic  response in t h e inversion t o rmu li .

For this reason, the dynamic environmen t is often specified in the frequency

domain. The harmonic perturbation solution is also a c o n v en i e n t  t o o l  i n  the

evaluation of dynamic system stabili t y in accordance with an en ergy  f l o w

criteria [28 ,29]. Margin of dynamic stability is one of the most important

issues in the design ~ t high—speed rotating equipm ent. Thus , the h a r m o n i c

pe r tu rba t ion ana l y s i s  of a gas b e a r i n g  is a s u h] ect  of considerab le importanc e .

_ _  

1 4 P
~~~~~~~~~~~~~~
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The harmonic  p e r t u r b a t i o n  s o l t i t  ion can  in p r i n c ip le be expressed in terms

of a Green ’ s f u n c t i o n . For c o in p u l a l i o n  purposes , the Gree n ’s function

formulation for gas hea r ings , however , cannot  be conveniently implemented —

due to the comp l e x i t y  in the two—dimensional operator as given by

Equation (6.1). Therefore , the harmonic perturbation problem will be recast

in a form which can be readily solved by relative ly conventional numerical

procedures.

To specify a harmonic perturbation problem , the perturbed h e a r i n g  gap is

specif ied by

~h ( r , t )  = -~g (~~) cosut  (h . 1 4 )

desc r ibes  t he  spa t ia l d i s t r ih u t  ion o~ t h e  p& r t t t r b ~~t I ‘ii , and v is the

p a r t i cu l a r  f r e q u e n cy  under  co n s i d e r a t  ion . ‘ihie c o s i n e  I u n c t i o n  is ch e s er i

to i ndi ca t e  t ha t  t ime  r e f e r e n ce  is f i x e d  hr  t h e  gap  n u t  i o n .  W i  t t t t h e

omission of i n i t i a l  c o n d i t i o n s , t he dy n a m i c  p e r t u r b - i t  ion p c~~~ 1t ’ n i s  homo-

geneous in (ô p ,  ~h ) .  C o n s e q u e n t l y ,  ~p m u st  a l so h av e  ~ I t r m n i c  t i m e —

dependence at the same f r e q u e n cy  v .  F u r t h er m o r e , cit e can ~- -r t e

- ~~ - i- .)t
= ~g ( r)  R e (~ ( i — .

and the unknown perturbed pressure may be expressed as

- ivtRe{ q (r)e 1 ( 6 .! ’)

5 q )  would genera l l y be complex , i n d i c a t i n g  the  p o s s i b l e  preselo e of ~ h ; t s ~

shift between ~p and oh.

As both bear ing surfaces are assumed to he fixed to rigid bodi es . 5~ m ay

represent the effect of either a translation or a rotation of one s u r f a c e

relative to the other. in the case of a translational perturb ation, ti le

relative motion between the two bodies is indicated by the p erturbati on

vector ~eRe{e~
Vt }, then the perturbation of the hearing gap is

~ -
~ ivt

Oh Oe Re (e I

. 
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Thus, by comparison with E qua t ion  (6 . 1 5 ) ,

-~
= n . (6.18)

In the case of an a n g u l a r  or a r o t a t i o n a l  p e r t u r b a t i o n  represented b y 1-lie
-
~~ i-u trelative angular perturbation vector O~ Re(e 

} , h e a r i n g  gap p e r t u r b a t io n

becomes

Oh = — r - O’y Re{e LVt } (6 . 1 9 )

Accordingly,

= — • r ~ = r ii 01 (1 • -~~f l)

W i t h  Og r ep r e 5 e n te d  b y e i t h e r  Equat ion (6. 18) or (6.20), stibs t i t i l t  ion ol

E q u a t i o n  (6 .  1 5) and subsequen t ci  im loo t ion of the commo n foe t o r s  e and

R e {  I roni a l l  t ernis. Eqiia t ions (6. 1) through (6. 3) become

-3
hi

-
: + 1

~~2
)

~~~~~ 
-q - 

~±:~ 
(p

0
q )  J + i v l i O q

— { [~~ 
(P~~ + U ) p - 

~~ 0 ~~~ p ) 
J \ g — i vp g ( e~ ~~~J

Oq ( r .) = (e. 2:’)

Well—proven numerical method s for s o l v i n g  t he  above sy st e m  o f  e q t I - ~ t i o ns

available. Formally, one may write

= • / O g ( i , . i  U

with i nd ic a t  i t ’~ ’ a l i n e a r o p e r a tor .  Then the corres pond ins p er t  i r b : t ion

the force vector is , a c c o r d i n g  to E q u a t i o n  ( 2 . 1 3 )

= n ~q dA = r~~( O g) dA ( h . 2 - ~)
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For the translational p e r t u r b a t i o n  probl em , making use of  E q u n t i - ’ n  (6 . 1 8 ),

one can wri te

11~ ~~ -~~ -~OF = - n ( :  n )  dA ~c’ ( 6 . 2 5)

Thus , stay ing wi th  the  vec tor  n o t at i o n , one can dcf  In c  t h e  t r nii s lati o nil

s t i f f n e s s  m a t r i x  to he

= — n ( i-i ) dA ( 6 . 26f orce

For the  most general  case , a p e r t u r b a t i o n  force m a y  a l s o  he l f l ( h U i ed 6- -: ui

angu l a r  p e r t u r b a t i o n .  However , fo r  most common l y used o : l r i n ,~s. t h e r & -  is

a s u f f i c i e n t degree of symmet ry  So tha t i t  is u su a l  l v  o s s i b I ,  t o  I o c i~~ p

the or igin of the c o o r d i n a te  sys tem to e l i m i n a t e  inductio n of f r  c hr

angu la r  perturba t ion as w e l l  as induction of moment by tr ansl at i ’n .ih

perturbation . Therefore , perturbation of the momen t v e c to r  w i l l  t e s t  he

examined with Equa t ion (6.20), yielding

= 

- 

~~ ( —  ~ ~
) dA (6 . 2 7 )

Aga in , the angular stiffness matrix can he defined as

moment 
— x 

~ (~ ~~ 
- i~~) dA (6.28)

As presented in Equations (6.26) and (6.28), there are no apparent I o r n n

d istinction between a gas bearing and an incompressible fluid— fil~i hearing .

There is actually a very important difference which is imp licit in the

structure of the operator t , which reflects the lefthand s id e of Equation

(6.21). For an incompressible fluid—film bearing, they are all related t o

the spat ial differential operators and are all real . The righthand side

conta ins a frequency independent real part and an Imaginary part which is

directly proportional to the frequency. For this reason , the “dynamic

stiffness” matrix of an incompressible fluid—film hearing is usually
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represented by a set of “stiffness matrix coefficients ” and i set of “damping

matrix coefficients. ” F o r  a gas hearing, because of the presence of ivli ’tq

on the lefthand side of Equation (6.21), both real and imaginary parts of

are frequency dependent. Consequently, one can regard both “stiffness and damping

mat r ix  c o e f f i c i e n t s” of a gas bea r ing  to be f r e q u e n c y  d e p e n d e n t .

6.3 R e c t i f i c a t i o n  E f f e c t s  of H i g h — F r e q u e n c y  Osc i l l a t ion :

A gas f i l m  undergo ing  susta ined o s c i l l a t i o n  develops a mean p ressure  above

ambient .  H i s t o r i c a lly ,  t h i s  phenomenon was reported as evidence of an

anomalous rheological property of air [301. Nevertheless , a correct theore-

tical analysis as well as the recognition of the true mechanism actu a lly

predated  the in tense  gas l u b r i c a t i o n  e f f o r t s  of the 60 ’s [ 3 1 ] .

By sustaining the h i g h — f r e q u e n c y  o s c i l l a t i o n  w i t h  an e l e c t r ic a l  or a magnetic

means , load support capabilit y can be developed by a t h i n  gas film . A gas

bearing operating on t h is principle is called a s q u e e z e — f i l m  ~ as hea r ing .

Squeeze—film gas bearings f v a r i o u s  g e o m e t r i c a l  shapes are illustrated in

Figure  6 . 1 .  The asympt otic t h e o r y  f o r  s q u e e z e — f i l m  gas b e a r i n g s  is b r i e f l y

outlined below .

Consider  the most  gene ra l  e q u - I t  ion of tile i s ot h e r m a l gas bear ing  equa t ion

fo r  impermeable walls:

-
~~~~~ (ph) +~~~ ~~~ 

~~~1 
+ 

~~~~ 
ph — 

~~~~~~~ p
-

~~~ 
p } = 0 (h .29)

If a sustained fluctuation at a s u f f i c i e n t l y h i g h  f r e q u e n c y  is p r e s e n t ,  t ic-

l eading term of Equation (6.29) dom ina t e s ;  t hus

(ph)  0 (6.~~
t))

‘r ime independence of (ph), however , is obviously not va l id at bearing edges;

therefore , Equation (6.30) is a legitimate approximation only in t h e  i n t e r n a l

region. Suppose

= U 2 
= •;h = 0 ((~~;l)

_ _ — — - -

- - -. 
- ~

4_ 
~~ - ‘ - • ~ . - ,. ,~~~~~~~~~ -. . -

_____________  _ _  --~~~~-~~~~~- - -



-100-

c 
- 

_ _ _ _ _ _ _

Gøs ft (~y~ c r — - , 2 1 U ~ 
~~~~~_

‘ - --—ftOA1ING TRA ’~SOUCER

- -

T~ ns~~ er - 

- 

-

- - - 
- - - --—--_ ‘ ppc~,t V . ~ WAU

— .— -- - ‘., 
~~~~~~~ ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ :

- 
- 

- - 
L -  ‘

~~~

-- — - - — -- Schematic of Floating—

Elements of Squeeze—Film Bearing Transducer Journal—Thrust
Bearing

- —
- TIE ~~ TS

1’

t E 
A

- 
- — —- 

~-~~~
- -- 

I 
- -

/
k

’ 
~~J wRi,~G - --

~ CONE ~~~~
‘ ‘ - 

‘~~~-.-. 
1

- -~ ~ ~~
- I

—

~~~~~~~.

-p. 
~~~~~ -

~ 
.- - 

~~~~~~~~~
- _ - _ ~. il. U”~iN( 

- 
- 1

- 
-
~~ — 

- -—
~~~~~ 

— - L 4~~~~~ : -

~~~~~~~~~~~~~ ~~~~~~~ 
_ IJ

_1
,. __  - -- -— ~ —

I’Bf ~~ ‘ - — _~-L — 
—

1~~ 
~~~~~~~~ ~~~

lIT lI~ ~~~~~ ~~~

Experimental Axial—Excursion Conical 
— 

- - 

_j
Squeeze—Film Bearing With Wave Ex- - r L -

tender Type Transduc er 
- 
;: ‘~~ ~~~~~~~~~~

- - - - - - - - - 1-.
- (

~~‘.J’~’

Experimental Sp herical Squeeze—
Film Bearing with Wave Extender
Type Transducer

Fig. 6.1

Various Squeeze—Film Gas Bearings

-

_ ._
.
.-,

7t~~~ <. ~~~~~‘ ~~ - - . -. . - - 
- 

~, - :

—- — _ ~~~~~~~~~~~~~~ - _ _ _  _ _ _  
~~~~~~~~~~~~~~~~~~~~~~~~~



— 1(3 1 —

Then Equation (6.29) is reduced to

(ph) — 
~~

-
~~~~

- ‘-

~~~

-
‘ . - (p~h~ ) 

= 0 ( 6 .3 2 1

If  one perform s a “ t ia ie—s er  ies av e r a g e ” on Fquation (6.32), one obtains

~ -
~ 2 3

2 .
~~~~~

‘ <p h 0 (6.33)

The symbol < > designates t h e  av er ag e d  r e su  I t  of the enclosed quanti ty .

Since p and h are both u n i t rm a long  t h e  ~ - i r i n g  edges ,

<p
2
h
3> = p

2 <h 3> (6.34)

is a so lu t i on  of E q u a t i o n  ( 6 . 3 3 ) .  This  r e s u l t  may be regarded  - i s  an

analogy of t h e  “mass c o n t e n t r u l e ’ d i s c u sse d  i n Sec L ion 4. 4 . 2 .  I n  th e

internal reg ion , then

- )  3
p h - = (p h Y  < 1 1 > 

~a 
Ii -

~

or

< 11
ph = p~ < h >  (h.3~ )

I f  Ii is a s i m p l e  h a r m o n i c  f u n c t ion; e . g . ,  h = C( 1 — c co s vt ) ,  t hen

ph = ~I + E p~ (: (6.36)

The tempora l l y averaged pressure  i- -i t hen

3 2

= i + 
2 ~~~~~~~~~~~~ p~ ( 6 .3 7 )

If c -+ 1, a significant amoun t of pressure elevation above p is seen
a

poss ib le .  The quest ion  remains , how high should the frequency he to

j u s t i fy  Equat ion (6.30)? The answer lies in rewriting E q u a t i o n  ( 6 . 2 9 )

~~~~~~~~~~~~~~~~~~~~~~ 
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in a dimensionless form, scaling-2,/with l/R , h with C , and p with Pa ; one

would then establish

l2pvR~ 1 (6.38)
p3C

to he the required condition . To be thoroughly rigorous , one must be

cautious that Equation (6.38) does not violate the prerequisite for an

isothermal analysis; namely,

uC
~~ < 1 (6.39)

Above results have been generalized to relax the assumptions of Equations

(6.31) and (6.38) [32 ,33], and to consider “l ong tine scale” dynamics 13~ I
as well  as “h y b r i d  sque eze—sl ide ” gas f i l m s  [351.
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6.4 Nomenclature

S~ nbol Def inition Se c t i on

C~~ Spec it ic hea t at constant pressure

Translational perturbation vector

f Rea l part of 6’
~p for s-~jw

Perturbation force vector

g Imaginary part of -~p f o r  s--~~j

Spat ial distribution of harmonic  gap p e r t u r b a t i o n

C t;reen ’s unction of

h Steady—st ate film thickness
0 -

Sb ~~~~~
i- N~~~ 

lur - t ion

L ap l a o t r n ~~f or m  of h

H Initi a l ccr~d t. in n  of  ~h

F o r c e — s t i f f n e s s  m a t r i x
= force

M o m e n t — s t i t f n c s s  m a t r i x
moment

Linear operator

M Mach number

P e r t u r b a t i o n  moment v e c t o r  due to äp

n Outward u n i t  normal vec tor  of h e a r i n g  s u r f a c e

Ambient pressure

p0 
Steady— state pressure

Pressure perturba t ion

Lap Lace transform of t5p

Linear operator for 
~
p, eq. (6.1)

Spatial distribution of harmonic pressure

Linear operator for tp, eq. (6.1)

S u r f a c e  pos i t ion  vec to r

Position vector of ith boundary
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Ch;ipt cr 1
Symbol l ) e fi ni t .  I o n  Sec t

s Laplace  pa rame te r

t l ime

u Dumm y var iable of r

Two—dimensiona l Dirac delta function

Sy Angular perturbation vector

Two—d imensional surfac e spatia l gradient operator

Excursion r a t i o  of ha r m o n i c  m o t i o n

K Thermal conductivity

U Viscos i ty  c o ef f i c ien t

v Frequenc y of harmonic mot ion

I n i t i a l  c o n d i t i o n  of op
0

)
I 2u yRo Squeeze number ,
i’ C

2

a

Subscripts

1 ref er ring to lower bearing su r f ace

2 ref err ing to upper bear ing sur f ace

Time-series average
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