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Abstract

We consider the asymptotic solution of boundary value problems for
the vector system

£
i

A(t,e)x + B(t,e)y + C(t,€)

i

ey E(t,e)x + F(t,e)y + G(t,e)

as € > 0 under the assumption that the matrix F(t,0) is singular. A
full set of asymptotic solutions is constructed assuming that F(t,0) can
be block-diagonalized, the reduced problem is consistent, and a new stabil-
ity condition holds. Boundary value problems are then solvable if an
appropriate "boundary"” matrix is nonsingular for € # 0. Such problems
arise in optimal contreol theory, among other applications.
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A Singular Singularly-Perturbed Linear Boundary Value Problem
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Let us consider a linear system of the form ASTIFICATIZE......

»
]

A(t,e)x + B(t,e)y + C(t,€)

(1) f*'

E(t,e)x + F(t,e)y + G(t,€)

m
<
1}

for vectors x and y of dimensions n and m, respectively, for a small
positive parameter ¢, and for a finite t interval, say 0 <t < 1. It
is natural to consider (1) subject to a list of n + m 1linearly independent

boundary conditions of the form

(2)

i) B st

(R, (e)x(3) + S,.(e)y(i)) = c(e)
3 J J
and study the asymptotic solution of (1) - (2) as € - 0.

We recall that rather classical methods can be used to asymptotically
solve the "regular" singularly perturbed problem (1) - (2) when F(t,0)
sgtisfies an exponential dichotomy, i.e. its eigenvalues have either a pos-
itive or a negative real part throughout 0 <t <1 (cf., e.g., 0'Malley
(1969a), Harris (1973), or Ferguson (1975)). When F(t,0) is everywhere
stable, for example, they show that the initial value problem for (1) has

a unique solution which converges as € > 0 for t > 0 to the solution

of the reduced system

|
gnm wite sectin (]
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A(t,O)XO -+ B(t,O)YO + C(t,0)

(3)

o
]

E(t,O)XO G F(t,O)YO + G(t,0)

subject to the initial condition XO(O) = x(0). For the analogous terminal
value problem, however, the solution would then be exponentially large as
€ >0 for t < 1. More generally, boundary layers (regions of nonuniform
convergence) of thickness 0(eg) must be expected at each endpoint for regular
problems when the limiting solution within (0,1) is bounded, and this
limiting solution must satisfy the reduced system (3) and n boundary condi-
tions determined by an appropriate combination of the original conditions (2)
evaluated at € = 0. Because such limiting solutions involve only n bound-
ary conditions, m linearly independent solutions of the homogeneous form of
(1) are of boundary layer type, i.e. they are asymptotically negligible away
from the endpoints. Considerable progress, then, has been made in determin-
ing which regular singularly-perturbed linear boundary value problems have
limiting solutions as € = 0, what boundary value problems these limits
satisfy within (0,1), and the nature of the endpoint boundary layers. The
results are, however, more complicated than for scalar problems (cf. 0'Malley
(1969b) and O0'Malley and Keller (1968)). 1In addition to its direct utility,
that information is useful in analyzing nonlinear problems (cf. Hoppensteadt
(1971)) and in designing numerical algorithms (cf. Flaherty and 0'Malley
(1977)).

Here, we shall consider "singular" problems where F(t,0) is singular
and of constant rank throughout O < t < 1. Their analysis and the behavior
of their solutions are considerably more complicated than for regular prob-

lems. Specifically, we shall find that the asymptotic analysis of singular




problems involves a consistency condition which did not occur for regular

problems, a new stability requirement, and the occurrence of other

(thicker) boundary layer regions of nonuniform convergence. These singular
problems are less complicated, however, than turning point problems where
F(t,0) is singular at isolated points (cf. Levinson (1951), Wasow (1965),
and Olver (1977)). Fundamental matrices for homogeneous systems (1) without
turning points can be constructed as in Turrittin (1952), and they could, in
theory, be used to asymptotically solve nonhomogeneous problems via variation
of parameters.

Our interest in such problems arose in analyzing nearly singular optimal
control problems (cf. 0'Malley and Jameson (1975, 1977)) and in devising
methods for the numerical integration of stiff differential equations (cf.
Flaherty and O'Malley (1977)). The technique we use generalizes that devel-
oped for singular arc computations (cf. Goh (1966) and Robbins (1967)).
Closely related methods are given in O'Malley and Flaherty (1977) and 0'Malley
(1978) for certain nonlinear problems.

The simplest control example is given by

]
(e}

X = =Y, x(1)

1
i
—

-x, y(0)

[y
<
I

Here, -x/¢ represents an optimal control and y, the corresponding state
of a nearly singular control problem (cf. 0'Malley and Jameson (1975)). The

solution is

APVE  wlle T
-t}fe _ ~1ive ~( t)//t_)/“ v o e

x(t) = -/ (e )




and y = -x, so the limiting solution

Lo
Gelil ey~ e

is asymptotically trivial for t > 0 and features a O(/E) boundary layer
at t = 0. Note, in particular, that the corresponding control acts like

an initial delta-function impulse.

2. A Transformed Problem and the Corresponding Reduced System.

Under rather mild assumptions, the singular matrix F(t,0) can be
block-diagonalized (cf. Sibuya (1958, 1966) and Chapter VII of Wasow (1965)).

We shall simply assume

(H1) that there exists a smooth nonsingular matrix P(t) such that

0 0 0
P leyr(e,0)p(e) = | O Fy(t,0) 0
0 0 Fg(tao)_

where -~ F5 and F9 are stable matrices (i.e., their eigenvalues have

negative real parts) throughout O < t < 1 of dimensions m, X m, and

m3 X m3, respectively, with m = m1 + m2 =5 m3, m1 > 0.

Hypotheses guarantecing the existence of P are given in Wasow (1964) and

elsewhere. (We note that an analogous trichotomy was used by Hoppensteadt




and Miranker (1976), except that they allowed F(t,0) to have purely

imaginary, but nonzero, eigenvalues.) In analogy with the parallel situa-
tion in singular optimal control (cf. Jacobson (1971) or Anderson (1973)),
we might call problems where m = my totally singular and those where 1

m>m

1 partially singular. (1f either m, = 0 or my = 0, it may be

more convenient to use a singular value decomposition F = UDV where U and
V are orthogonal and D is diagonal with the eigenvalues of VF'F. One 3
then uses the transformed variable z = U'y (cf. O'Malley (1978)).

In general, we introduce

=L o L oLyt
(5 Bly=iyy 9553

in (1) and obtain the equivalent system

= A(t,e)x + Bl(t,s)yl + Bz(t,s)y2 + B3(t,£)y3 + C(t,c)

N
»
|

€y, El(t,s)x + eFl(t,e)yl + er(t,e)y2 + eF3(t,e)y3 + Gl(t,t)

(6) 4

€y, = Ez(t,e)x + cF[’(t,e)y1 + Fs(t,c)y2 + eF6(t,e)y3 + Gz(t,e)

\ €yy = E3(t,s)x + eF7(t,s)y1 + £F8(t,e)y2 + Fg(t,e)y3 + G3(t,e)

where, in blocks compatible with (4),

eFl EFZ eF3

-1 5y o

P “(FP - ¢P) = cF4 FS cF6 :
cF7 ch Fg




= =l o -1 v opr -1._ 1 o 1
[Bl B2 B3], P RRE [El E2 E3] . and P G = [Gl (12 C3] .

Experience with singular perturbation problems leads us to expect that the
limiting solution to (6) within (0,1) will satisfy the reduced system ob-

tained by setting ¢ = 0 in (6), i.e.

o = “o®o T Bio¥i0 T Bag¥ao T Bao¥sn t ©

S
Pl
1]

0=80% " ©ig

(7 {

o
]

Ey0%0 t Fs0¥20 + Ca9

P e
o
1

Eao®o * Fap¥ap * G3p

where, e.g., A0 = A(t,0). For any solution of (7),

=
Y20 = "FsoEyp¥Xg + Gyp)>

(8)
30 ° (E3oxo + Gy)

and there remains the my linear equations

(9 E10%0 = ~C10
and the nth order system of differential equations
(10) X, = H. X, + B, Y

0 070 10 10 0

, o . . , _ ‘ "ﬁ



to determine the ml—vector Y and the n-vector X.. Here

10 0
Bowh -B . F . - B F Bl T w O~ B e B W
0 0 2050720 309030 0 0 2050720 30°90°30°

In order to solve (7), then, we'll assume

F

(H2) G10 is in the range of ElO for 0 <t sl
and
(13) “E;gByp 1s stable throughout 0 <t < 1.

Differentiating (9) we have

b10%10 ~ C10

=2

Eyeti0 =

so (10) and (H3) allow us to solve for YlO as

(11) Y Ty (R T. + €

(B, oy + £ ) 1070 * 61071

10 = CE1pB1o) 100 * E19’%50

and there remains a nonhomogeneous system for X.. To determine X

0 0’

is convenient to introduce the projection

(12) E=1 -QE,
where

- -1
13) SR

it

We note that ElOE = 0 while ElOQ " and EBlO = EQ = 0. Moreover,




E and B have rank m since

10 10 1 ElOBlO has (full) rank m

1 Thus, E
has rank n - m, > 0. 1Indeed, Q is nearly a generalized inverse of E

(cf. Campbell, Meyer, and Rose (1976)). Using (9), (12) implies that

10

(14) X, = EXO - cho

and (10), (11), and (14) imply the linear system
(15) (Exo) = K(Exo) + L

for EXO where K = EHO - QE10 and L = -KQG10 + EJO + QGlO' Under hypo-

theses (H1) - (H3), then, the solution X, of the reduced system (7) will

0
be completely and uniquely determined up to later specification of a

boundary value for EXO. It is perhaps most natural to use the condition
(16) EGIXH(G) = E(GxG),  § =0or 1,

presuming a boundary value (16) is supplied by (2). Other possibilities
should also be considered, however.

Note that our manipulations allowed us to determine ElOXO from the
linear equation (9) and the remaining ''component" EXO of x0 from an
end value problem like (15) - (16). The alternative problem character of
the solution for XO (cf. Cesari (1975)) makes it quite different from the
more straightforward solution of regular problems.

If (H2) fails, the reduced system (7) is inconsistent, but irrelevant
(cf. 0'Malley (1978)). A simplified example is provided by E§ = 1.

y(0) = 0 where the limiting solution for t > 0 is unbounded like t/e.

For regular problems, the reduced problem (3) is necessarily consistent,




but inconsistency of (3) would occur here if (H2) failed. Although we have

only used the nonsingularity of ElOBlo to define the reduced problem, the

stability assumption (H2) is generally needed in order for a limiting solu-

tion to exist. A simple example is provided by ; = -y, €y =x, x(1) =0,
y(0) = 1 which has the solution (x,y) = (-/e sin t//g, cos t//z) for

which there is no limit as € > 0. We note that by changing the sign so

that ey = -x, EIOBIO < 0, and we have a limiting solution. No such stab-

ility assumption was required for regular problems where m1 = 0. If

EIOBIO = 0, further differentiation of (9) might allow one to determine YlO’
just as singular arcs of higher order are obtained in control (cf., e.g.,

Robbins (1967)). The structure of the asymptotic solutions will then differ

considerably from when (H3) holds. An example, arising in optimal control, is

/ xl = —yl + Xo» xl(l) =0
;(2 = -Xl, Xz(l) = 0
£y = €9y y,(0) = 1

\ €Yy = =X, = €Yys y2(0) =0

(cf. 0'Malley and Jameson (1977)). Here, the asymptotic solution is given

by X = —iz and y, = §l where x, = 2/e Im [ce~mt/ ] and
e 4
-wt/ JE]

¥ = 2 Re [ce for ¢ = (1 -1 J(l +i/e)/(1 - i/g))_l and

= e"i/é Vi + ive. Thus, the boundary layer thickness is 0( ?E). Finally,

if ElOBIO is singular, but nonzero (as when n < ml), progress could be

generally made through preliminary algebraic manipulations (cf. Anderson

(1973) for an analogous control problem).
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e e e

3. Construction of Asymptotic Solutions.

A linear nonhomogeneous boundary value problem can be solved by varia-
tion of parameters once a complete set of linearly independent solutions of
the corresponding homogeneous system is known. For the asymptotic solution
of (1), we'd need n + m linearly independent asymptotic solutions. Alter-
natively, one could seek an outer solution of (1) (i.e., a regular perturba-
tion of an already obtained solution of the reduced system (7)) and modify
it by adding the appropriate boundary layer corrections (cf. O0'Malley (1969b)
which solves corresponding scalar problems). Since we can supply n - m,
boundary conditions (like {16)) for the reduced system, we can expect an

outer solution under hypotheses (H1) - (H3) to be of the form

17) (X(t,/e), Y, (£,76),¥, (£, /), ¥, (t,/e))

)Ej/z

=
I ™ 8

(Xj(t)’Ylj(t)’YZj(t)’YBj(t)

j=0

being an asymptotic solution within (0,1) which converges to a solution

X of the reduced system (7) as € » 0. It would be completely

0° Y107 Y207 Y30

determined termwise by the boundary values

(18) E(3)X(i,7e)s J=0or 1

since higher order terms will satisfy a system of the form (7) with succes-
sively known nonhomogeneous terms.

Since E has rank n - m the outer solution is parameterized by

l’

n - m1 vector functions of JE, and there is need for m+ n ~ (n - ml) =

m + my linearly independent boundary layer solutions of the homogeneous




version of (6) which are asymptotically negligible within (0,1). For the

regular problem with m, + m, = m, there would be my boundary layer solu-

3
tions which are decaying functions of the stretched variable k = t/e and

m, which are decaying functions of p = (1 - t)/e (cf., say, Harris (1973)).
For our singular problems, however, we shall also find my boundary layer
solutions depending on each of the stretched variables 1 = t/V/e and

o= (L~ t)//e. (These thicker (Ve >> ¢) boundary layers (upon matching)

now require our asymptotic expansions to all be power series in
(19) w= Ve

rather than e. In order to generate these asymptotic solutions, we'll as-
sume the coefficients in (1) to be infinitely differentiable, though finite
approximations could be obtained under less smoothness.

We shall construct asymptotic solutions to (6) of the form

B+ Y

1 + 542,
/ x(tye) = X(E, W)+ uam(T,u) =i (o) R 2r(p,u) = i)

’ a-1 B Y42 §+2
yl(t,e) = Yl(t,u) + u pl(T,u) + u ql(o,u) + u sl(p,u) + p ﬁl(K,u)
(20)

= o , p+1 Y §+2
yz(t,C) = Yz(t,u) + u p2(1,u) + u qz(o,u) + U sz(p,u) + 1 KZ(K,u)

B+ Y+2

L a 1 - $
\ Y4(tse) = Ya(t,u) + wpa(t,u) + 10 "qq(0,u) + w0 “salo,u) + wohy(k,n)

where the functions of the stretched variables

2

]

(21) T = t/u, c=(1-t)/u, p = (1 - t)/uz, and K t/u

tend to zero as the appropriate variable tends to infinity. The outer solu-




= as

tion (17), then, provides the asymptotic solution within (0,1). The

scalings ua, uB, uY, and ué for the boundary layer corrections remain

free to meet various boundary conditions (2), while the remaining p ~,
u, and uz factors are simply used to prevent calculation of trivial
coefficients.

Since the outer solution (17) satisfies the nonhomogeneous system (6),
the boundary layer corrections will satisfy the corresponding homogeneous
system. The boundary layer solutions which depend on k or p are com-
pletely analogous to those obtained for the regular problem when m, = O.

1

Let us first seek m, boundary layer solutions of the homogeneous

system (6) of the form

[oo]

(22) (m, P spypy) (0, = B ) 0 (el b ()

(cf. (20)). Thus, we'll have

1 dm

u"a—; += B + B

1
ANCE T IR T R R,
'EE; E.-m + upF
dt 1

2 2
1By RS By
(23) ﬁ a, ,
u i Ezm + uF4pl + F5p2 4+ u F

\ dpy 9
Bige  Tgh T EEgRy TREapsk Bghgn

6P3

When u = 0, this reduces to the limiting problem

dmO

at - B1o@ryg

dpy

ar - Epo(0my




=] 2=

3 { 0=k, (@muy + F (0p,,

(24)
0 = E3q(0)my + Fyq(0)py
so
(1) = -F_H(O)E,  (0)m (1)
P20 5077 can>> g
(25)
. _‘-l
while
d2m0
(26) Hl BlO(O)Elo(O)mO.
dt
d2
Since E(0)B..(0) = 0, —5 (E(0)m, ) = 0, so the only solution m. which
10 dT2 0 0

decays to zero together with its first derivative as 1 + = must satisfy

(27) E(O)mO(T) = 0.

Furthermore, multiplying (26) by ElO(O), provides the decaying solution

—/Elo(O)BlO(oir
(28) Elo(O)mO(T) =e Elo(O)mO(O),

and the definition (12) of E implies that

—VEIO(O)BlO(O)T
(29) mo(T) = Q(0)e ElO(O)mO(O).

Finally, the differential equation for P10 has the decaying solution




= " —1
(30) P1o() = = OE (0B (0 E (0)m (o).

Since plO(O) and ElO(O)mO(O) are arbitrary, we are able to provide m
linearly independent solutions to (24) by specifying either. Higher order
coefficients in (22) satisfy nonhomogeneous forms of (24) with successively

known, exponentially decaying terms. The decaying solutions (22) are

thereby completely determined up to specification of either
(31) ' pl(O,u) or EIO(O)m(O,u).

This possibility of a choice of boundary values makes the boundary layer cor-
rections with O(#) boundary layers more flexible than those with 0(g)

layers (cf. (40)).
The classical boundary layer correction

9 4 g - oo
(32) W dsu 8,0 Ros0,) v T (uj .0 &
1 23 s m

m

gtV Rpgrhe ¥

must satisfy the system

1

ool Sk 2
WOAG + B L+ WOy, + Boly

de
L sk 2 2

w ElJ + u Flll T FZP,Z + F3£3

(33)
dlz 2
o4 rom = EZJ STNCr) Fakl + FSEZ + F6£3
\ as

. e 4 4

- okl Y EBJ + u F721 + u F822 + F923.

The resulting limiting problem




( dj, LES
de - B3p(0) %50 de - Ep0(03g + F30(0)24,
(34) ﬂ
a0 = E,(0)j, + Fe(0)%, 0 + F  (0)2 Tso Fop(0)2
k dk 20 0 50 20 60 30° dx 90 30

has the unique decaying solution

F,n(0)k
galel =2 440,

; S =il
3 = By (0)Fgr (0240 (x),
(35) { 250(0) = (B1g(0)B4 (O)Fg0(0) + Fyo(0)Fgn(0)) 240 (k),

and

Fagle) ==

. FSO(O) (K—S) =1
JK e (EZO(O)B3O(0)F90(O) + F60(0))230(s)ds

up to selection of 130(0). Higher order terms satisfy nonhomogeneous forms

of (34) and are completely determined up to the initial value
(36) 25(0,1).

This procedure, then, allows m, linearly independent boundary layer solu-
tions (32) to be constructed.
The terminal boundary layer solutions are found in a manner analogous

to those at t = 0. Thus, the leading terms of

[

(37) (un,qg,0G,,0q,) v I
m=0

m
(unm,q]m,quN,uq3m)u




=16

=l 5
qzo(c) = -Fso(l)Lzo(l)no(o),

p
el ‘

q30(0) = —F90(1)L30(1)n0(0), |

(38) J
q10(°) =e qu(O) |

\ ol
= e (OB, (1)
We note that (12) implies that
(39) E(l)no(c) =0

so that no(o) = Q(l)ElO(l)no(a) and these leading terms are therefore

- (FmB oMyt
1,0(0) = (B, (1B (1) E; (1), (0).

Analogous work successively provides the higher order terms in (37) up to

determined up to the initial value

specification of either

(40) ql(O,u) or Elo(l)n(O,u).

Finally, the leading terms of the boundary layer correction

2 2 2 g (L 2 n |
(41) (u"r,u 1S, H s3) " mio (u LW Sy 58, sH s3m)u |

are given by

=F.,(L)p
(320(0) = e » s20(0)

-1
J ro(o) = 820(1)F50(1)szo(o)
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510(0) = (B} (DB, (DF;a(1) + Fpo (1)F;e (1), (0)

(42) © Fgy(1) (£-9) D
530(9) = I e (E30(1)BZO(1)F50(1) + F80(l))520(t)dt

p

and the solution is completely specified up to the initial m, vector

(43) SZ(O.M)-

We could prove the asymptotic validity of the solutions (20) which
we've constructed by integral equations methods (cf. Harris (1973) or
Vasil'eva and Butuzov (1973)). Although that proof would differ somewhat
from the classical (regular) ones, we regard the construction of the solu-
tions as the most challenging aspect of this study and shall not further

discuss the details of proof.

4. Fitting the Boundary Conditions.

Since our construction of the outer solution (17) and of the thicker
boundary layer corrections (22) and (37) distinguish between components of

Ex and Elox, it is natural to write

(44) x = x; i sz

for the n and m1 dimensional vectors

(45) X = E(t)x(t,e) and Xy = Elo(t)x(t,c).

(We experienced a similar separation of components in solving the reduced




problem (7) where we had a differential equation for xlO = [XO and a
linear algebraic equation for X20 = ElOXO.) Instead of the x represen-
tation of (20), then, it will be more convenient to use the further decom-

position

% at+l 8+2 y+2 5+2
xl(t,E) xl(t,u) + u ml(r,u) + u nl(O,u) + p rl(p,u) + u jl(K,u)

(46)

B+

o 1 Y+2 8+2,
xz(t,e) Xz(t,u) + u mz(r,u) st nz(o,u) o rz(o.u) + u JZ(K,U)

where, e.g., Xl(t,u) = E(t)X(t,u) and ml(T,u) = %‘E(UT)m(T,u) = 0(1) by

(27). We note that ElOE = 0 implies that we must have
(47) E. .x, = 0.

Now note that the solution (x' y')' of the original system (1) is of

the form

(48) () = T®u®
where
(49)

for




and u is the n + my + m dimensional vector

(50) u(t) = (Xi Xy ¥i 7o Fo)'.

Furthermore, the expansions (42) imply that all solutions (20) of the trans-

formed problem (6) are given by

(51) u(t) = UCe,m)k(u)

where the square matrix U is

2 2 2,
Xl(t,u) uml(T,U) u nl(O,u) u rl(o,u) i Jl(K,U)

Xp(60)  my(r,n) uny (o) ulr, (e, P, G,m)

(52) U(t,u) = Yl(t,u) %—pl(r,u) ql(o,u) uzsl(o,u) uzll(K,u)

Y, (tsu) pz(r,u) Hq, (o, 1) s, (0,1) uzzz(K,u)

Y3(t,u)

p3(T,u) uq3(o,u) s3(p,u) 23(K,u)

with fixed boundary values

xl(j’u) Sl j=0orl, mz(O:U) T Im b ql(O,u)

1

(53)

"

s2(0,u)

L -5 and L= Op) =1 5
m, 3 m,

and the n + m + m1 vector k(u) is partitioned as



(54) kG = 00 1Mk ) WPk 1k () k).

We note that the boundary values (53) imply that plo(O) = -(v’ElO(O)BlO(O))_1

-1
and n20(0) = (JElO(l)Blo(l)) , So both pl(O,u) and nz(O,p) are non-

>

singular for € sufficiently small. Also note that U(t,p) would be a
fundamental matrix if the corresponding n + m + my dimensional system were
homogeneous. We shall select a,B8,y, and & so that the ki(O)'s are
0(1) as € > 0 and nonzero if the particular ki is not identically zero.

Putting (48) and (51) together, the boundary conditions (2) imply the

n + m linear equations
(55) Al(u)k(u) = c(e)
for the unknowns ki(u) where

(56) 8, () = 4

Nt =

(Rj(uz) S, 2)TGIVG Hu).
0 J

An additional my boundary conditions result if we impose the endcondition
(57) A, GDkG) = B (Dx, (,u0) =0,  §=0or1
o 10 1 ’ ’ ’

required by consistency with (47). (Note that ElO has rank ml.) Thus,

the boundary value problem (1) - (2) will have a unique asymptotic solution

of the form

x(t,€) -1 e :
(58) = T(e)u(t,u)a “(u) 1
y(t,e) 0




el

———

Xl(O,u) 6 Q(O)XZ(O,u) uml(O,u) + Q(0)

2

=0~

provided

(H4) the (n+m+ ml) X (n+m+ ml) matrix A(u) = (Ai(u) Aé(p))' is

nonsingular for e sufficiently small.

Because the boundary layer correction terms are asymptotically negli-
gible away from one endpoint, we can considerably simplify calculation of

A(u). Thus, up to asymptotically exponentially small terms,

T(0)U(0,u) =

0 0 w5 (0,1 + Q0)3,(0,u)

3 3 2
1
I B0, § P Op O + T PR 0 0 0 T W°P, (002, (0,1) + P4(0)
and likewise for T(1)U(l,u). These imply that
(59) A(n) = (Akﬁ)’ k= 1 2 L= Ay wiey 5
where
1 3
i j=0 =1
1 3
Big ™ Ro(uml(O,u) + Q(0)) + % Sp(P1(0)p, (0,1) + u££2 P (0)p,(0,1)),
2 3
Al3 v Rl(u nl(O’U) + UQ(l)nz(osu)) + Sl(Pl(l)ql(())u) + szz Pk(l)qg_(OsU))a

Ao
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A v qu

3
14 ¥ ERE O + QD5 0w) + S R s 0,0+ E P (s (0,0),

=2
2

Bys v Ry(u') (0,m) + QU0)3,(0,m) + S0 (7 I 702,00 + 750)),

By Elo(J)Xl(J,u) with j determined in (57),

and

uElo(O) (ml(O,u), 0, 0, qu(O,u)) if. 3 =0
(Byps Byzs Byys Byg) ™ o

2 . o

H ElO(l) (0: nl(oau)) rl(oyu), 0) if Jr= 1.

Because A12 = 0(1/u) (= 0(1) only if SlPl(O)plo(O) = 0), the matrix A(u)

will have an asymptotic series expansion

8

(60) A(n) %-l 2 G.UJ.
Moo d

It will therefore be nonsingular if the limiting matrix 60 is nonsingular,

although A(p) can still be nonsingular for e # 0 if 60 = 0. 1If Gl is
the first nonsingular coefficient in (60), A_l(u) will be O(ul_z), so the
séiution (58) of the given problem will generally be unbounded like O(u_z).
In particular, note that a bounded solution will result if £ = 0 and that
the powers a,B,y, and & in (54) are integers. Further, the limiting

solution within (0,1) depends only on kl(u), so we might say which bound-

ary conditions are appropriate for the reduced problem (7) (cf. Harris (1973)).
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We might also consider the possibility of nonunique solutions under appro-
priate orthogonality assumptions if A(u) is singular.

To summarize our principal results, we have

Theorem:

Under hypotheses (H1) - (H4), we obtain a unique solution (58) of the l

boundary value problem (1) - (2).

5. Natural Boundary Value Problems.

a) Sample Problem 1.

Suppose we are given a problem in the transformed form (6) with pre-

scribed boundary values

Instead of actually obtaining A_l(u), we can apply the boundary conditions

in (51) to obtain a solution with

k) (0) = E(@x(0) for X,(0,u) = I,
a =0, ky(0) =E; (0)x(0) - X,,(0)k,(0), i
(62) J B =0, ky(0) =y;(1) - ¥ (1)K (0),
| ¥ =0, k(0) =y, (1) ~ V(0K (0),
‘ § =0, kg(0) =y;(0) = Y3,(0)k; (0) = py;(0)k,(0).

In particular, the limiting solution within (0,1) will satisfy the reduced




=Dl

problem (7) and the initial condition (16) with j = 0.
b) Sample Problem 2.
Suppose our problem is of the transformed form (6) with prescribed

boundary values

Again, the unique solution is readily found to be of the form (51) with

kl(O) = E(1)x(1) for xl(l,u) =l

a =1, k,(0) == /B (O)B (B) (y,(0) - ¥, (0)k (0)),
(64) § B=-1, k) =vE JHE @) (5 (Bx(l) - X, (15K @),

Y =0, k(0) =y,(1) - Y, (1)k;(0) ~ g,,(0)k,(0),

6§ =0, kg(0) =yy(0) - Y;30(0)k, (0)

and the limiting solution within (0,1) satisfies the system (7) and the
terminal condition (16) with j = 1.
c) The General Problem.

As our special problems suggest, we can seek a solution (51) of the
transformed system (6) plus boundary conditions. That problem will be
udiquely solvable provided the reduced system (7) can be uniquely solved
subject to appropriate boundary conditions. We must suppose that
Elo(O)x(O,s) or yl(O,e), Elo(l)x(l,e) or yl(l,c), yz(l,e), and

y3(1,e) can be obtained in order to uniquely determine the initial values

(31), (36), (40), and (43) for the various boundary layer corrections of the

S e




i . 1 il

solution (20) - (46). 1In order to solve the reduced problem (7), separated

boundary values for E(j)X(j,e) need not be given (as in the sample prob-
lems). However, if the prescribed boundary values for Ex are coupled at
t=0 and t =1, existence of the solution to the resulting reduced two
point problem is not a priori guaranteed. One must always be able to solve
the given conditions for yz(l,s) and y3(0,€). Knowing y3(0,e), for

example, one would solve

y300,€) % Y300, )k, () + 1P (0, 1)k, () + 10k (W)

to obtain kS'

Further, it is essential that at least my -+ my boundary values be

obtainable at t = 0 and at least my S5 m, boundary values be obtainable
at t =1 because these are the number of linearly independent boundary
layer corrections decaying at those endpoints. In particular, we cannot
expect to asymptotically solve initial value problems or *=2rminal value
problems for (1) unless we artificially restrict boundary values to appro-
priate lower dimensional manifolds (cf. Hoppensteadt (1971)).

Since the solution of general problems (1) - (2) relates crucially to
the solution of simpler transformed problems (like our sample problems), it

is convenient to solve general problems in terms of simpler "natural" ones.

This generalized "shooting" method has been somewhat developed by Keller

and White (1975) and Ferguson (1975).
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