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PREFACE

This study was undertaken as part of Project Plan Agreement
FA-632. One objective of this program is the development and test-
ing of techniques to evaluate airport landside congestion param-
eters such as delay. This analysis provides a method of determin-
ing delays arising from queuing. Results contained in this report
should be considered as preliminary and indicative of further
development, especially where multi-server landside facilities
require analysis.

The authors would like to express their appreciation to the
Program Manager, Mr. Mark Gorstein, for his support and con-
structive criticsm,
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EXECUTIVE SUMMARY

An analytical queuing model was examined for accuracy in
predicting one of the major measures of airport congestion, namely,
the waiting time at a landside facility. The particular model
chosen is applicable to a single channel server whose arrival and
service time processes have general distributions. This model was
selected because

a. Arrival time distributions obtained from measurements were
tested and found to be non-Poisson.

b. A potentially wide range of applicability was desired
because of the many service facilities present at the landside.

c. This model was available as a computer program which
furnished waiting time and queue length distributions directly.

In order to investigate the feasibility of using this queuing
model as a tool for evaluating landside congestion, statistical
comparisons were performed to determine whether there is any
correspondence between observed field data and model predictions.
Using observed passenger arrival rates and service time distribu-
tions obtained at Denver-Stapleton Airport as the inputs, the model
validation was done by comparing predicted waiting times at the
security station, express check-in, and one boarding gate. Using
the t-test, agreement was obtained at the 5 percent level of sig-
nificance for the mean values of the first two facilities. More
comprehensive data collection is required to validate the probabil-
ity distributions of the waiting time and queue length.

This single channel queuing model may be viewed as the first
step in evaluating landside congestion using an analytical approach.
Further developments in this area would include multi-channel facil-
ity modeling and the linking of various facilities to formulate a
congestion model for the complete landside.

vii/viii




1. INTRODUCTION

Some of the Denver-Stapleton International Airport passenger
data which were collected for simulation model validation were
used to determine the validity of an analytic model. This was
done by comparing the analytically computed queue length and wait-
ing time distributions with the actual observed queue length and
waiting time distributions in the field. It was hoped that this
validation work would lead to the determination of the feasibility
of using analytic models for estimating the level-of-service of the
landside facility.

The input data for the analytic model are the actual arrival
rates and the actual service time as observed in Stapleton Inter-
national Airport in Denver. The outputs of the model are the queue
length and waiting time distributions computed for each facility
under study. The waiting time output was compared with its field
observed counterpart for model validation. It is believed that
this quantity is one of the most meaningful indicators of the level
of service.

PO ——




2. THE QUEUING MODEL

2.1 MODEL SELECTION

There are six basic characteristics which can be used to
specify a queuing model:

1. Arrival Pattern: The arrival pattern of the '"'customers"
could be deterministic (D) or described paramectrically as a Poisson
Distribution (or exponential arrival time) (M) or general (G).

For many airport landside facilities the arrival pattern is most

likely general (G).

2. Service Pattern: The service time pattern of each server
channel could also be deterministic (D), exponential (M), or
general (G). In the airport landside situation it is most likely

general (G).

3. Number of Service Channels: The queuing process may take
place at a facility with a single channel or a number of parallel
channels. In the airport landside both the single and parallel
channel cases are applicable.

4. System Capacity: Facilities may accommodate a limited
queue size or the maximum queue size may be unbounded. Since it
is most likely that no airport landside customers will be turned
back, the maximum possible quecue length may be considered infinitec

for most queuing situations of interest.

5. Number of Service Stages (in series per cach channel):
Each channel may have a single stage or multiple stages connected
in series. Both single stage and multi-stage processes are
manifested by the airport landside.

6. Queue Discipline: Queue discipline can be classified into
(a) first-come-first-served (FCFS), alias first-in-first-out
(FIFO); (b) service in random (SIRO); (c) last-come-first-served
(LCFS); (d) priority (PRI); and (e) general discipline (GD). The
airport landside system operates mostly on a first-come-first-
served (FCFS or FIFQO) basis, with some priority (PRI) treatments.




Based on the six basic characteristics, the most desirable

model for the airport landside system would be a model with

(1) general arrival pattern, (2) general service time pattern,

(3) multiple channels, (4) infinite or finite maximum queue length,
(5) single or multiple stages, per channel, and (6) first-come-
first-served and/or priority service discipline. In queuing theory
notation this most desirable model is represented as:

G/G/Nl/(§7)/<gg§5) with multiple-stage per channel

It should be realized that the so called most desirable model is
probably the most complicated model one would ever attempt to

utilize

The development of analytic queuing models appear to have been
influenced strongly by two factors: the origins of models in the 4
study of congestion in telephone systems and the question of what is '
easy and possible in mathematical analysis. Therefore, many assump-
tions commonly made in queuing analyses are precisely those which
seem reasonable in constructing queuing models associated with tele-
phone systems and those which make the models mathematically solvable.
As a result, analytic models which deal with multiple channels or
servers arc generally restricted to Poisson arrivals and exponential
service times (i.e., M/M/N). Models which deal with general
arrivals and general service times are presently limited to single

channel (6/G/1) cases.

The simplifying assumptions used in M/M/N model development
are not always applicable to qucues other than those encountered in
telephone systems; they are particularly inappropriate when the
customers and scrvers are really people as in the airport landside.
In a telephone system the process of switching channels or jockey-
ing is carried out automatically and rapidly, whereas in many multi-
counter operations there are no easily defined rules, and people
move with inertia. This was observed visually at Denver-Stapleton
International Airport where queues were formed at ticket counters
at the same time that servers were observed idle. This point was

further verified numerically by the field data. Out of five sets




of arrival data tested, only one set was Poisson, and none of the

service times observed were exponential. This was the main reason
why G/G/1 model was selected over M/M/N for validation. Although
this single channel model can represent only a limited number of
facilities in the airport landside, it was chosen to determine
whether there is any resemblance between observed field data and
the model predictions. In addition, a multiple-channel G/G/N
model is currently under investigation.

2.2 NEUTS G/G/1 MODEL

A readily available G/G/1 queuing model was chosen for model
validation. This model, developed by Professor Marcel F. Neuts
of Purdue University, accepts general arrivals and general service
times and computes the time dependency features of a single server
discrete time queue with a finite queue length. The model was
coded in Fortran IV and it resides on the DEC-10 computer system
at Transportation Systems Center/U.S. Department of Transportation f
(TSC), Cambridge, Mass. The program listing is included in the
appendix.

In the model, the numbers of arrivals during successive unit
time intervals are independent, identically distributed random
variables. These are expressed as the probability of a number of

customers joining the queue during a specified unit time. The

service times of successive customers are also independent and 3

. : 1 e Sl i
identically distributed random variables with a given probability E
density. The quzue discipline is ECES.

For any given time, n, the queue length is denoted as X, and !
the residual service time (i.e., the number of additional units of
service time required by the customer in service) is denoted by ;
Yn. The joint probability density function of queue length Xn and '
residual service time Yn is denoted as Pn(i,j), where

Pn(i,j)=P{Xn=i,Yn=j}. 4

Recurrence relations were derived which compute Phep(i,j) from

Pn(i,j) under all possible conditions of i and j. This joint




probability density function is used to compute the distributions
of queue length and waiting time. These are the basic outputs of
the model.* As stated before, the model has been translated into
a Fortran IV program. The inputs to the program are:

a. The size of the waiting room L1. In the program, L1 is
limited to 100 customers in the system.

b. The maximum number, K, of arrivals per unit time. In the
program, K 1s limited to be less than L1 arrivals.

c. The probability, P(J), that J customers join the queue
per unit time, where J = 1,2, ... K.

d. The maximum ser-rice time, L2, in terms of time units. In
the program, L2 is limited to be less than 31 time units.

e. The probability, R(J), that a service time lasts for J
units of time, where J = 1, 2, ... L2.

f. The probability, PO, that no customers arrive during a unit
of time.

g. The initial queue length, 10, and the initial residual

service time, JO.

h. The program control parameters, including the number of
time units to be run and the output option selection parameters.

The full output of this program includes the following:
a. The mean queue length as a function of time.
b. The distribution of queue length as a function of time.
¢. The mean waiting time as a function of time.
d. The distribution of waiting time as a function of time.

e. The joint density of the queue length and the residual
service time as a function of time.

For details, sce M.V, Nuets, "The Single Server Queue in Discrete
Time-Numerical Analysis, I,'" Naval Research Logistics Quarterly,
20 (1973), 297-304.




Any one or the combination of the above output items can be printed

out according to the user-selected options.

2.3 SUPPORTING PROGRAMS

In addition to the queuing model itself, two supporting pro-
grams were written. One of them is used to process the raw data
for queuing model input. The other program is used to compare the
model-predicted waiting time distribution with the field-observed
waiting time distribution.

2.3.1 Preprocessing Program CHISQ.F4

This program was written for preprocessing the raw arrival
data which were gathered in Stapleton Airport. The functions of

this program are:

a. Convert observed arrivals into an arrival distribution

N e

(histogram).
b. Determine the sample mean and variance of the data.

c. Perform Xz-test (chi square test) on raw data to determine

P e

whether the arrivals are from a Poisson process.

TR

d. Convert the arrival distribution into compatible units for
the G/G/1 model.

This program was necessary because the raw data were not directly
applicable to the G/G/1 model. The test of Poisson was incorpor-
ated in this program, because if the majority of the arrivals were
Poisson and the service times were exponential the applicability
of the analytic approach would be greatly broadened by using

M/M/N models. This program was written in Fortran IV language and
resides on the DEC-10 computer svstem of TSC under the file name

CHISQ.F4. The program listing is included in the appendix.

2.3.2 Postprocessing Program KOLMOG.F4

This program was written to compare the model-predicted waiting
time distribution with the field-observed data. The computed and

the observed waiting time distributions are the inputs to this




program. The Kolmogroff statistic* is computed from the input
data. Based on this statistic a decision is made whether to accept
or reject the hypothesis that the predicted waiting time distribu-
tion can be used to represent the field observed waiting time dis-
tributions. The outcome of this test determines whether or not the
queuing model can be used to represent airport landside facilities.

As before, the program was written in Fortran IV and resides
on the DEC-10 computer system at TSC under the name of KOLMOG.F4.

The program listing is also included in the appendix.

*
K.V. Bury, Statistical Models in Applied Science, John Wiley and
Sons, New York, 1975.




3., MODEL VALIDATION

3.1 DEFICIENCIES IN THE FIELD-OBSERVED DATA

Data deficiencies are discussed here for two reasons. First,
because of these imperfect data a judgement of the validation
results should be qualified accordingly. Second, if more data are
to be obtained for further analytic model validation, those
deficiencies are the pitfalls to be avoided. It may be noted that
the field data were not taken specifically for the purpose of
analytic model validation but rather for a simulation validation.
This would probably acceunt for some of the reasons for a deficient
data set. The major problems of the data, in addition to the ex-
pected nonstationarity, are listed as follows:

a. The majority of arrival data was recorded as number of
arrivals per 5 minutes. That means that inter-arrival times can
be erroneous by as much as 5 minutes. However, because the service
times are on the order of seconds, there is an incompatibility in
the accuracy of the two sets of data. A 5-minute inaccuracy in
data is too coarse to draw definitive conclusions.

Waiting times were grouped in 5-second intervals to form
distributions. Again, compared to the expected service time this
is also too coarse for detailed validation. [t is suggested that
the arrival times and the waiting times for cach customer should

be recorded and aggregated in 1-second intervals.

b. A variable number of service channels were used during
the data-taking period. The number of servers changes as the
demand slackened or increased.

c. The data are incomplete. For all the facilities, the
queue length data are missing.

d. Observed data were arbitrarily sampled. This may or may
not give a reasonable representation of the population on which
the data were taken.




In spite of these deficiencies, three facilities were selected
for model validation. They are the UAL express check-in, the
security check, and the Branniff gate.

3.2 TEST PROCEDURE

The field observed arrival data and the service time data were
preprocessed to conform with the input requirements of the G/G/1
model. Based on the preprocessed data the waiting time distribu-
tion and the queue length distribution are computed by the model.
The predicted waiting time distributions and their expected values
are compared with the field-observed counterparts. The comparison
of the mean is done by the t-test and the Kolmogroff test is used
for the distribution.

3.2.1 T-Test for Means

The mean value of the predicted waiting time is compared with
the observed mean waiting time using the t-test. The null hypoth-
esis for this test is that the population mean of the observed

waiting times is equal to the predicted value on the basis of a

random sample. The t-statistic is defined as:
£ B --a
s/vn
where

= sample mean

predicted value of mean

s
)
i

g
it

standard deviation of sample

n = number of sample points

The absolute value of the t-statistic is compared with a critical
value tar2, ned for a given significance level a. The null
hypothesis will not be rejected (i.e., it will be accepted that the
mean waiting time equals a) if the absolute value of t-statistic

is less than t The numerical values of this critical
Q

/2, n-1°




statistic may be found from standard statistical tables.* The

significance level a is usually set at 0.05.

3.2.2 Kolmogroff Test for Distributions

For a given sample x of size n, such that

a cumulative distribution function, Gn(x), is defined by the

following:

I
o
=

A
=
—

G, (x)

0
2]
N
=
>
A
b
A
b

If the sample x comes from the completely specified postulate,
F(x), then
n-—»>o

Bim o {Gn(x) CF(x) = o}-= 1, for all ».

Based on this fact, a test of fit for F(x) is constructed by
defining the Kolmogroff statistic,

D, = sup |Gn[x) . Bix)

If the value D is larger than a critical value (as a function of

n) (dn)c, the null hypothesis that the sample x comes from the

postulate F(x) will be rejected. For significance level a = 0.05
o+

the critical value is’

-
See, for example, E.L. Crow, F.A. Davis, and M.W. Maxfield,
Statistics Manual, Dover Publications, New York, 1955.

+Bury, Statistics Models, op. cit.
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(d ) = 1.36 , for a = 0.05 .

L /n

The observed waiting time distributions are tested by the

Kolmogroff test.
3.3 FACILITIES TESTED

3.3.1 Security Check

3.3.1.1 Observed Data - Data were taken on January 23, 1976,
between 1500 and 2000 hours. The arrivals at this station were
agpregated over S5-minute intervals, which resulted in 59 data
points. From these, the histogram shown as Figure 1 was produced.
A chi-square test of the data showed no agreement with a Poisson
process, and thus the G/G/1 model was applied. Two channels were
generally in service; however, at infrequent intervals only one
channel was operating. The service time per channel was operating.
The service time per channel was assumed to be a constant 8

seconds per customer. Waiting times were recorded for 726 arrivals
sampled from a total of 3,511 actual patrons. The frequency dis-

tribution of waiting times is shown in Table 1.

3.3.1.2 Test Results - In order to get better resolutions, the
arrival rate was converted from the number of arrivals per §
minutes to number of arrivals per 4 seconds. This is done by
dividing the observed number of arrivals (per 5 minutes) by 75.

It is true that the resulting arrivals may not represent the actual
arrivals if better resolution were used when the data were taken.
However, this is probably the best that can be done with the exist-

ing data.

In the majority of times, two channels were in operation,
cach with a constant 8 seconds service time (estimated). The
service time used in the analytic model was assumed to be 4 seconds
for 97 percent of time, 12 seconds for 2 percent, and 20 seconds for
I percent of time. It is believed that this service time distribu-
tion uscd in the analytic model validation is more realistic than

the estimated constant service time.,
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The comparison of mean and distribution are done separatcly

as follows:

a. Test for Mean Wating Time: The observed 11.63 seconds
mean waiting time at security check is compared with the model-
predicted mean waiting time of 10.41 seconds by the t-test. The

t-statistic is computed as

t:ﬁ“a

s//n

11.63 = 10.41
23.05/ /726

il
—
4=

25.
The critical value is

Safd-Y " Cp.oze, g T See60

Since t is less than ta/Z n-1» there is no reason to reject the
hypothesis that the (G/G/1 model can be used to predict the mean
waiting time for the security check tested.

b. Test for Distribution: The observed and the computed
waiting time distributions are compared by Kolmogroff test. The
Kolmogrotf statistic is computed by the program KOLMOG.F4 as
follows:

=)
[

0.08099, with n = 726

The critical value is

(d ). = =
B /n o

|

~J|

2

o

= 0.055, for a = 0.05.

Since Dn is greater than (dn)c, it is concluded that the G/G/1
model cannot be used to predict the waiting time distribution at
the security check tested.




The field observed and the computed waiting time distributions
are plotted in Figure 2. It is noticed that for waiting time less
than 10 seconds the field observed curve is flat. This flat por-
tion is the cause of the high value of Kolmogroff statistic D,.
Checking with the observed raw data it is found that there are
many (505 out of 726) who went through security check without any
wait. All of the rest waited 10 seconds or more. However, there
were no persons recorded as waiting less than 10 seconds if they
were waiting in line. This most likely indicates that the person
who took the data arbitrarily recorded anything less than 10
seconds as 0 scconds. This casts some doubt on the validity of
this portion of the field data, which therefore was omitted in
comparison. The observed and the computed results are summarized
in Table 2.

- 2 9

3.3.2 UAL Express Check-In

"3.3.2.1 Observed Data - Data were taken on January 23, 1976,
hetween 1500 and 2000 hours. The arrivals were taken in S5-minute
intervals. The histogram of the arrivals is shown in Figurc 3.

The arrivals do not agree with a Poisson process.

A total of 58 arrival intervals were observed. The number
of channels in service vavied between one and two. The service
time per channel was in cumulative distribution form. (See
Figure 4.) There were 192 arrivals sampled from a total of 337
actual passengers. (See Table 3 for details.)

3.3.2.2 Test Results - As before, the arrival rate was converted
from number of arrivals per 5 minutes to number of arrivals per

10 seconds for better resolution. The service time distribution
was deduced from the observed cumulative distribution plot (Figure
4).

The effect of the variable number of channels in operation was
compensated by multiplying the arrival rate by a factor correspond-
ing to the average number of servers in operation. The comparison
of mean and distribution are done separately as follows:




CUMULATIVE PROBABILITY QF WAITING TIME

COMPUTED
o qe 00000 cccc o0
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FIGURE 2. SECURITY CHECK WAITING TIME DISTRIBUTION
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a. Test for Mean Waiting Time: The observed 59.75 seconds
mean waiting time at UAL Express check-in is compared with the
model-predicted mean waiting time of 52.68 seconds by the t-test.
The t-statistic is computed as:

s -_a
s/vn
_59.75 - 52.68
68.15/ V192
= 1.437,

The critical value is

taf2,n-1 = Sp.ooas,en - 1980

Since t is less than ta/z ol there is no reason to reject that the
G/G/1 model can be used to predict the mean waiting time for the

UAL express check-in tested.

b. Test for Distribution: The observed and the computed
waiting time distributions are compared by Kolmogroff test. The
Kolmogroff statistic is computed by the program KOLMOG.F4 as
follows:

Dn = 0.11894, with n = 192

The critical value is

—

o3

- v

(o))

(d.) 1.36
B /n vi97

0.098, for a = 0.05

] Since D is greater than (d )., it is concluded that the G/G/1
model cannot be used to predict the waiting time distribution at
the UAL express check-in tested.

The field observed and the computed waiting time distribu-
tions are plotted in Figure 5. Note that if the waiting times
which are less than 30 seconds are treated the same, the predicted

21
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FIGURE 5. UAL EXPRESS CHECK-IN WAITING TIME DISTRIBUTION

(S8}
o




waiting time distribution is a rather close fit to the observed

waiting times.

The observed and the computed results are summarized in Table
4 for better comprehension.

3.3.3 BranifF Gate

53.3.3.1 Obscrved Data - Data were taken on Januarv 25, 1976,
between 1000 and 1500 hours. Forty-four arrivals were observed
and recorded to the nearest minute. The histogram of these is
shown in Figure 6. A chi-square test showed a lack of agreement
with a Poisson process. The service time per channel is shown
as Figure 7 in cumulative distribution form. In this case, only
one channel was in service. Braniff gate waiting time data were
combined with all other gate waiting times to form a single dis-
tribution shown in Table 5. There were 368 customers sampled
from a total of 1,498. This combined dsitribution was used for
comparison with the G/G/1 model.

3.3.3.2 Test Results - For better resolution, as before, the
arrival rate was converted from numbers of arrivals per minute into
number of arrivals per 10 seconds. The service time distribution
was deduced from the observed cumulative distribution plot (Figure
7). The mean waiting time predicted by the G/G/1 model at Braniff
gate was 33.85 seconds, which is significantly lower than the
observed mean waiting time at the gate (68.96 seconds). However,
it is emphasized that the field observed data were not observed at
Braniff gate alone. They were accumulated for all gates in service
during the observation period. Since the Braniff gate was relative-
ly lightly used and the service time was generally lower than the
rest of the gates. The predicted lower waiting time at Braniff
gate was consistent. Because of the lack of field data, the
statistical tests werc not done. However, the observed (for all
gates) and the computed (for Braniff gate) results are summarized

in Table 6.
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FIGURE 6. OBSERVED ARRIVALS AT BRANIFF GATE
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4, concLusiON

As mentioned before, the field data were not collected
specifically for the analytic model validation and thus were
not ideal for the purpose of this study. Instead of taking the
number of arrivals per 5 minutes and taking the number of delays
in a time bracket, the data for actual delay in seconds for each
passenger would be more suitable for analytic model validation.

Because of the single channel limitations, there are many
facilities in the airport landside which may not be represented by
the G/G/1 model (e.g., ticket counter, baggage claims, curb sides).
However, despite the less than desirable field data, for all three
facilities tested the G/G/1 model adequately predicted mean values
of the waiting time. Moreover, the tested facilities include
those whose numbers of servers were changed to accommodate demand
changes. It seems to suggest that as far as the mean values are
concerned, the G/G/1 model can be used for waiting time predictions.
The predictions of waiting time distributions, however, were not
good. The model did not do well enough to pass the Kolmogroff
test, possibly because of the reasons described above.
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APPENDIX
PROGRAM LISTINGS

YNEVTS.F4 - G/G/1 MODEL

TH1S PROGKAM WwAS CEVELCOFEL bY wARCEL Fo NEUTS - DEFART-
MENT OF STATICTICS = rOwLLE UNTVERSITY ~ wkFST LAFAYETTE-
INCIANA. OCTOSER 1971,

THIS FROGRAM COMFLTIES THE TIME CEFPENOENT FFATURES OF A
SINGLE SEwVFR DISCRETE TINME QUFLE WilTH A FINITE WAITINC-
ROON .

WITH ThE PYESFAT CIMENSION STATEMENTS A WATTINGROOM OF
SIZE LP TO CNF KUNNKEL MAY Kb <TJTULIED. THE CENSITY OF TFE
SERVICE TIME AN HE COUNCENTRATEC ON uP TO THIKTY POINTS.

THE FULL CUTPLT CF TH{S FrOGrANW INCLUCES THE FOLLOWINGY

The MEAM (I EUE LENCTE AT TInk N,

THE LISTRIGUTICN GF THE GUFIIE LENGTH AT TIME N.

THE MEAN WATTINGTIveE AT TIMF Ne

THE LISTRIFUTICN CF 1FE WAITINGTIME AT TIME N

ThE OCINT CENSTTY CF TFe CLFLE LENGTR AMD THE RESIDUAL
SERVICE TIME AT TIvt N

Bt ) e

ALL THESE ARE COMEUTFL FGr N Lo TO A SPECIFIEC VALUE NNN.

HY LSE GF ThE vokIoULS OFTIUNSe LISTED KFELOvwe SOME OF TreSE
FEATURES mAY AF LELFTel FrOM THE wrkITTEN CUTFUT.

THE Tre(RETIC2 LEVELURMENT OF ThE LISCKRETF TIME QUEUE
WITH Af; UNHOUMNLEL CUELR LENGTE MAY Ee FOUNIY TNV

# CTtLLe C, DAFERVMOS ANC MAKCF) F, NEULTS
# A SINCGLE SEEVER OULELE IN CiISCRETE TIME #
# Cotle~s Ot CrbTIkE e wECRERC=E CFERATIONGELLE ="1971.

THE FCLLCWING TS & COvKFANTUN PAkER TO THE ERESENT PRCGRAMYV

MARCEFL Fo NFLTS

THE STNGEE CrRVER kel IN CTSCreTe TIME = NUMERICAL
ANALYSTS #

PLFDUE wIWMFrhebhER SeelEs = DFFTe CF SIATISTICS.
PURLCUE UNTVERSTTY = weST LAFAYETIE = [N = 47907

T 2 5 5 2%

FIMeENSTON 2 (LuD) er (2C)eFP(YCUOZL) e X (L0UC)eY(10030)
CIMENSTGIv 2Z(1U®)Y ew (LOU) onT (2000)
INTEGER GRT(LG)
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AN A~ AAOTC

S OMNMODOOHNDOND

OO aNaNaNalal

[aNaNaNal

aXaEaNaNala)

~AOON

fadedrse T b} Ck | I C KN & stirrata
IN CROER TO welTE OLT TFRE JOUINT DeNSITY OF THE QUEUE LENGTHR
ANG THE wReSThbaL SrRVICE VIMEs SET CPT1(1)=1 = OTHERWISE
SET OPT (1) =0

KEAD (ReG9C) (HT (1)

IN CKDER TC weITk CULT tHE CISTEIBUTION OF THE wAITING=-
TIMEs SET OPT(Z2)=1 - ClreRwlsE SET CPT(Z2)=0

MEAD (5469G) CFT(2)

THE USErR MAY “JSE TC COMRLIE ArC wkITE THE UISTRIRUTION OF
THE WALITINCTIVE CNLY AT TIlmE FOINTS wkICH akE A MULTIPLE OF

A CCNSTAwT MR, THEIS TL SAVE ON FRUCESSING TIME ANL ON Trt
NUMFER GF L TiWFS CF CUlRLT e IN THIS CASE ThE ICENTITFIEK

OPT(3) ShOLLL HE SET mQUAL 10 oNE AND THE NUMEEK NR ShOULLD EE
GIVFN. CPT1(3) ANL Nk Awrt TU BF CIVEN IN AN Ilelc FORMAT.

KEAD (5¢G97) CFT(3) oAk
ANR=NK

KTESTI=OPT (1)
KTESTZ=0FPT (2)
KTEST3=0PT (3)
1IF(KTEST3,FCal) KIFSTZ=0
IF(KTEST3,FGal) KIFST4=0

fedrdrdedt T OHOF L A | A #twsren
Ll IS ThE SIZF OF TrHE wAITINORGCMe L1 IS LTe 101
FEAL(5«1001) L1

L2 IS Tkt NUMRER CF PCINTS ON wFICF THF UDENSITY OF THE
SERVICE TIMF TS CCNCERTRATED. (2 1S LT 31

READ(S4100)) L2

K IS THE MAXIMUM NUMKER CF ARFRTVALS PErR UNTT CF TIME,
K SFOULD wF AT LLEAST CNE ANUD STRICTLY LESS THAN Ll

READ(Se1001) K
R(y) 1S ThE PEORBAFILIVY THaT 8 SErRVICE TIME LASTS FOR J
UNITS OF TIME,
ONE SHOULL VECLFY BEFCRERANE THAT THE SUM R(1)+eeek(L2)
IS FQUAL TN OrEw

REAC(S41002) (K(J)su=1lsL2)
P(Jy IS ThE POQORAEILITY THAYT U CUSTCMEKS JOIN THE QUEUE

DURINC A UNTT OF TINMF,
THE INDEX U RI'NS FRCM ONE TO K,
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laFaEaNaRaRaNal 'a¥aNa¥uNa¥el

[aNalaNaNaNalal

REAG(5+1002) (P(J)9sd=19K)

PO IS THE PRCFABILITY THAT NU CLSTCMERS ARRIVE DURING A
UNIT OF TIMF.

ONE SHOULD VEEIFY BFFCREFANC THAT FO + P(1) ¢.,ee*P(K)
IS EQUAL TO ONE .

REAG(S91003) PO

T0 IS TRE INITIAL PUFLE LENGTH,

JO IS THE INITIAL KESIDUAL SERVICE TIME.
IF 10=0ys THEN J0=0 ANL COUNVERSFLY.

10 SHOULD NOT ¢ XCEEC L1

JO SHOULD NCT EXCEEC L.

REAC (5+1001) 10
FEAG(591001) U0

NNN IS ThHE MAXIMULM TIME PCINT FCR wrICH THE OUEUE
FEATURES ARE COMFUTED. NNN SHCHILD FE AT LEAST ONE AND
AT MOST 9999, NOTE FOWEVER THAT THE PROCESSINC TIME
ANO THE NUMBEF OF LINES CF UUTPLT CkOW PROPORTIONATELY 10
THE VALUE OF ANN.
REAG(5+1004) ANN
IF(10eEQeNeANDeu0+EG.Q)GOTN 2001
PP(J0esJ0)=],
GOTO 2zno2
c001 POO=1.
2002 N=0
X11=P0
DO 21 I=1.r
xI=1

X1l=x11+P (1)
Xl=x]lexi®ep (1)

21 CONTINUE
DO 2¢ J=1l.Le
XJd=J
X1l=X11+R (J)
Xe=Xx2+XJ#a (4)

22 CCNTINUE
xll=xll=-2,
x11=ABS(Xx11)
WRITE(341014)
WKRITE(3+41022)KeL2sL1
N1=0
WRITE(3¢1N07INYsPOe(UsP(J) yu=19K)
WRITE(341012)
WRITE(391010) (JsR(J)wu=19L?P)
wRITE(3s1012)
WRITE(3+41008)10+40
WRITE(3e¢1n12)
WRITE(3+41009)NNN
WRITE(3s1012)
WRITE(3+1013)X)yXe
WRITE(3+1006)
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c #seas D I ACNOST I Cg wnnae

IF(L1.LE.K) CCTC 005
IF(I0eEQRe0eANC e JOeNEe0eOReTO0NEO.ANDeJOEQ.0)GOTO 2005
IF(X11.GT,.000001) GCTO ¢200%
IF(KTEST3,EGe1eANLeNKR4LTW2) GOTC 2005
WRITE (443200)

3200 FORMAT (/e1Xez2THE FRCCRAM FAS RUN#}

[aN e Nal

L1l=L1-1
L2l=Lec-1
Lé2=Le+1
Ml=L]%#L2
Kl=K+]
v0 13 I=1.L1
Y{lsL2)=0,0
13 W(I)=l.-PC
IF(KetQel)GOTC 2003
L0 c0 T=2.K
WD) =w(T=1)=F(I-1)
20 CCNTINUE

AT THIS STAGE THE INFLT CATA kave REEN KEAD INs THE
PP~AKRAY rRAS PEEN INTTIALIZEL AND TFE INPUT DATA HAVE
BEEN WRITTEN CUT ANC sUEJECTEL TO SCME RUCIMENTARY
DIAGNCSTIC TESTSe THE NEXT LINF STAKRTS THE MAIN LOOF
whHICH 1S REPEATEC NNN TIMES,

#ueed T H e M A LN L O NP #ustas

aNaEalaNaNaNaNalal

€003 f=N+l
IF(NsGToNMN) STCP

THIS PORTION NF 1+F PrROCKAM COMFUTES THE N-W FP=ARRAY,
PP (T1eJ) IS THF PRCFARILITY THAT AT THE TIMF CONSIDEKEUD
THERE AkE 1 CUSTCMFEw=S [N THE SYSTEM AND THE RESIDUAL
SFRVICE TIME CF TrE CLSTCMEF REING SEFVEDL IS U

THIS 1S FOP T KETwWEEN OUntE ANU Lle FCR U BETWEEN ONE AND
LZe THE IDENTTFIER 00U CONTAINS THE PROEABILITY THAT THE
GUELE LS ENMPRVS

(e Ba i atlalallal alailla

WRITE(2410G0)

ARITE(2elNn] 7N

WHRITE (3e)0]12)

X00=PUO+PR (191)

00 1 I=1ex

X(1)=r(T)uP00+PU#EFP (T+]14]1)

[1=1-)

DC 8 NU=leT

XUL)=2X L) e (1#)=NL)*FF(NDY)
4 CUNTINUE
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4 L0 ¢ J=1s121
Y(IeJ)=PCOHPP(leu+t)
IF(1.tQ,1)GCIC S1
DO S NV=1.T1
Y(IoJd)ZY(TeJd)+B(I=NV)HPP(Nyede]l)

S CONTINUE

€1 CONTINUE

7?7 CONTINLUE

1 CONTINUE
LC 6 I=kl.L1ll
nNUl=T=-K
NUZ2=NU] +1
11=1-1
X(1)=rO0#RFE (1+1s1)

DO 7 NUSNL 2]
X(1)=x(1)+F (1+1=NL)#PE(NUsY)

7 CONTINUF
DO % u=ls 21
Y(IeJ)=PU#PF (Teu+1)
0OC K V=Nt 19l
Y(lod)=Y(Ta ) 4P (T=nv)srF(Nyeygel)

Ho O CORTTIMLF

~ S CONTINUF

A CONTINUE -
x(Llhy=r,c
DU 10 Mu=1ek
X(LI)=X(LY)+w (ML) HRPE (L Llel=rtLol])

lu CONTINUE
LO 11 u=leL 2!

Y(Llou)=ko(Lloy+l)

N 1z MI=YeK

YOLleu)=Y (L log) e (NL)HFE(LY=NItel+]))
12 CONTIMIE
ll CGN]IN!J’

POO=FURY (N

701y CONTAINS FIRST Tre LeinStTy ANDC NEXT TwE CISTRIKUTICN
CF TRt GURUF (enNCTE 6 Tt TIve PCINT CONSTDEKED.

YUN CCHIL(r S THE M AN LELE LFSCTRE AT TRE TIME POINT
(‘(,‘!\.Slbr ~F ’.‘/o

(s B o B VI i

XM= g=2(N
LG la 1=141 ]
/(1)=0.0
NG 1% J=lel e
PE(Ted)=Y(Jal) s ()*X(])
L(T)y=/7 (1) b (Tay)
1S CunTfnte
lg CCE b Jatsp
/7 (1)=/7(1) 4t G
;w[.;xt.«r .) .-[(l)
l"} l” ‘:/.l]
((1)=/(1)+7(1=1)
Mz AME ¢ =7 (])
18 CONTINLE
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IF(RTESTAFLLO) GLTIC 20U

XN=N

Ll=aMUl (XN « XNF)

IF (UL LTare%) KIRESTu=)

IF (UL afrTaroeG) “ThSTy=¢

IF(nTrCT4a f0a1) GBCTC 701U

JTE(PTrCTa,5Gen) GLTC cluYy
2008 CCONTINUF

TRIS FORTION AF THE PrROGHAEM COrRUTES TRE CISTRIBUTIUN UF
Tt VIRTUAL WAITINGTINVE AT TIMF No TRF ALCORITHRM IS AN

ANAL GCUE OF heowRMERZS wETHCL FC:> THE EvALUATION OF OkUI-
NARY FOLYAOMTIALSe RLT ACAFTEL «“txk 10 CONVOGLUTION PRODUCTS,

[aNala¥a¥alal

IF(KTESTP.FGeU) GLTL ZUUB
2010 CONTINUE
06 32 Jsl<l2
WT (J)=PP (L 1e)
A2 CONTINUE
UG 33 J=LZZel]
wl (J)=04"
33 CONTINUE
MN1=1
MN3=/7
MNG=|
DC 34 Jx=1aL11
JXl=L1=ux
MNZ=i4iG
MNg=MiZ+L.7?
MNS=MNGL + 2
DC 35 J=/Z«MN4
JR=MNS =Y
WT(UR)=040N
MNE=MAY(Q () s uk=MNF)
MN7=MING( Pour=1)
UC 35 Nu=MNEeNMNT
WT(ur)=WT (Uk) ¢k (NC)Y W T (Ur="L)
35 CONTINIF
wT(1)=0,0
DC 37 Jd=lelc
WT (JJ)=WT (JJ) +PE (UXlelJ)
37 CONTINUF
34 CCNTINUE
wT(1)=FPQO+»T (1)
IMN=Z o=PU2=wT (1)
UC 36 J=reM]
i wT(O) =T (U +nT (U=1)
“ IMNZZMN 4] =T ()
36 CONTINUE
2006 CONTINUF

-~

C THE WRITE STATEMENTS FOk ThHE RFGQUIREDL OUTFUT,

2009 WRITE(3el1016A)NexMp
WRITE(2411]12)

i 36
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4000
4010

410v
4110

cho?

17
c004
2005

3000

3100
C
C TrhF
C

997

99#

999
1000
1001
1002
1003
1004
1005
10066

WhITE(3e1018)N
WK1ITE(2eln12)
DC 4000 T=1.L1

IF (£ (1) eLFe0e5556%) GC TU 4000

Llk=1+1

GO T0 401V
CONTINUE
COMTINUE

WRITE(3e1IN11INL4FUOe(1eZ(I)eI=1sL1P)

whIIE(3elnl2)

IF (KTEST2.FCe0eBNLeKTIESTUerGe0) GOTC 2007

WRITE(ReliiZl )N o240
wrelle (Relrle)

CO 4lu” [=1eVM]

IF (WT (1) el FeUe55969)
MlF=]+1

GO 10 &110

CCwnIINUVE

CCNTINUE

COTO 4100

WRKITE(3e1020)NeN1 POV (UsWT(J)ou=1eMI1P)

CCNTINUF

IF(KTEST1.EGe0) GCTC ¢c004

WwrRITE(3el012)
WHITE(3e10G1G)N
WKITE(341015)F00
WKITE (3s1012)

D0 17 I=1l.L1

WRKITE(341N0S) 10 (FH(1ol)eJu=10eL2)

CONTINUE

LG 10 2007

WHITE (3e9GF)
WRITE (33000 X111

FCRMAT (/a1 Xe2X]1] = #eE20eln)

WITE(4e3100)X11

FOKMAT (/o1 X 92EFRORy X111

FORMAT STATEMENTS,

FORMAT(TI1e12)

FORMAT (2 ATTEANTICAY THERE ARE EKRKOKS IN THE INPUT#,
#2 DATA. PLEASE CheCKe

FCFMAT (I 1)
FORMAT (#21%)
FORMAT (13)
FCRMAT (3F7,.5)
FORMAT (F7,%)
FCRMAT (T4)

%)

79£2010)

FORMAT (3XeI30INFT449(EXe10FTe4))

FOKMAT (/7))
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1007 FCRMAT (2 THE DFNSITY OF THE NUMBER UF ARRIVALS PER?#,
#f UNIT OF TIMEZe//(2X910(149FBas)))

1008 FORMAT (2  THE INITIAL QUELF LENCTF IS #e13s/¢ THE®S
@z INIVIAL RESIOULAL SERVICE TIME IS #,13)

1009 FORMAT (2 THE NUMRER CF TIMF POINTS COMPUTED 1IS#»
#14)

1010 FOGRMAT (2 ThHE CENSLITY CF 1FF SERVICE TIMESZ2s//2X%
#(10(Ja4sFB,S)))

1011 FORMAT(3Xe10(14sFee5))

1012 FORMAT (/)

1013 FORMAT (2r«2THE MEAN Nre OF ARRIVALS PER UNIT-YIME}?.
#F10e4e/72 THE MEAN SERVICE TIMEVZ9eF10.4)

1014 FORMAT (#1#e//7/77# THE TRANSTENT EERAVIQOR OF A #,
#2DISCHFTE TIME QUCUE wITH & FINITE WAITINGROOMZ,
®/7)

1015 FCRMAT (2 THE GUEUE IS EMPTY WITH PRCBARILITYZ,
#FG.5)

1016 FORPMAT (2 AT TIME N =2,1497 THE MEAN WUFUE LENGTh2,
¢ ECUALSZ2«F1Ce4)

1017 FORMAT (2 THE CUEUc CHARACTFRISTICS Al TIME N = 2,
#]a)

1018 FORMAT (2 Tre CISTRIRUTICN NF THFE QUEUE LENGTH #.

#2 LT TIME * = 2e4la7)

1019 FCRMAT (2 THE JUOINT CENSITY CF TFRE QUEUFE LENGTH 2,
®#zANC THE CESICUAL SERVICE TIME AT TIME N =2414/)

1020 FOrRMAT (2 THE CISTRIBUTION NF THE WAITINCTIME AT #,
BETIME & = 24lb4e//(3X910([4.FBE)))

1021 FCOr™MAT (2 THE MEAN WALTINGTIME AT TIME N =#4l4s
4z 1SzeFlc,.4)

1022 FCRMAT (¢ THE LPFFR LIMIT OF THE NUMBER OF ARRIVALS#,
#z PFw UNIT OF TIME IS#e13e/2 THE UPFER LIMIT OF ThEz,
#2 NUMHER CF ULNITS OF StkvICcE=TIME PER CUSTOMER 1S#»
#13¢e/7# THE UPFEK LIMIT 10 Twe NUMBER UF CUSTOMERS#s
#g M THE CYSTEM [S#e[4/)

END
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A.2 (CHISQ.F4 — PREPROCESSING PROGRAM

Cl, REAC IN ThE SANFLE (F ARRIVA| S PER UNIT TIME,
C2. SORT ThE SAMPLE RY NUMBER OF ARRIVALS.
C3. CHECK IF THF SAMPLE IS A POISSON FROCESS.
DIMENSION A1(101)+PL1(101)eTF(10)
Ce AL(I)=NUMBEK OF CCCU~ANCES OF 1-1 ARKIVALS PER UNIT TIME.
Ce N=TOTAL SAMPLE FCINTs.
KEAD(Z0s10CU)N
SUM=0.
SUMZ=0.
JMAX=(U
SMALL=N,07%N
DC %00 1=1,1C1
S00 Al(l)=0C.
00 1000 1I=1sN
FEAD(CCelCD) 1A
IF(IANMF,N)GC TQ <00V
Al(1)=A1(1)+1
GG TO looce
4000 COMTINLUE
DO 000 U=1+100C
IF(1A,CT4y)CC T1C =000
Al(u+l)=A)(u*tl)+1]
SuM=SUuM+]A
SUMz=SUMP+ A% A
IF (UeGTouvAX) yMAX=Y
GO TG 160N
C0N0  CONTINLF
1000 CONIInLF
FrMe aN=SUM/,
VAR=GUMP2 /P <FNELNSEME AN
KATJO=VAK /FMEAN
TYPE 1) eFNEANeVARIKATIC
IF(‘*A"(“ol 1.()‘.“0‘”"."“‘100('70102)(’0 TU0 4496
Coe VERIFY [F THF SAMPLFE 1S FOISSON 1
JMIN=] {
FACi=1.
EXPA=FYP (=-FNMEBN)
FMELNI=,
Pl (1) =Fxpaskn
€100  CONTINNF
PO R0 T=UMIN e uMaXx
FACT=FACT®]
FMEANT=FMCANT®FNF AN
P=exba#bkMEANT/ZFBC)
€Q0J PL(I*1) =k
IF (P1(JMAYXY) JLE (SMulLL)ICU TG €200
JMIN=UMB X4 ]
INAX=UMAX . )
GG TU AYun
00 CONTINUIE
NOF=JvAX
FllL=kg ()
AlL=A1(])
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Flrsk Ok X)
Alrm=a]) (UMY 4)
UO e30" T=7eubMix
IF (rll eGRGSVMALL)GL TG €210
FiL=FI1l +-1 (1)
all=all+£1 (1)
IL=1
LCE=DGF =
£310  CONY [Mue
IF (FlreCGh JuMALL)EL TU €420
i Flh=k|lrek) (UNVLx=1)
Alrz=AalFel) (Yt ax=1)
IF=unax=]
UQF=COF =1
€329 TR (FILoGF oM ELL abiNl e treF (SMALL)GO 10 KR40
€300 COUNTINUE
€40  CUNTIRNUF
LOF=0GF =1
IL1=1L+)
IFl=1h=1
(RIZ= (AL =20l ) asr/b L (AlF-FlF) &t/
LC 650 1=t lelr]
Crle=CRlee (ALY =-1(L))®%2 k1 (])
N €S0 CCiE INuF
TYPE wl(eTtile ¢ 24F
SUOT0 Se6 o
6666 fYRE 700
566K CCn I Intt
TYFE 4&0
DC »00" I=)lecMaXxelu
NC =01t J=1sl0
=010 IP(U)=(T=1)eu=)
TYPE SO0 (TkF(U)ed=101l()
TYRE ENGe (R (IR (U)+])eu=1e10)
000 TYRE 6000 (ALCLIF(J)*]L)eu=]e10)
1u0 FChMAT (15
300 FURPMAT (/e 2 e2FVELnevAkoV/M = 243F1063)
400 FORMAT (/o1 XeZCHT 30 oLCF = r9cFlGed)
4590 FURMAT(//e)Xe2= AxVLS/ZEXPTC FREG/CHSVL FPREN TARLE vze/)
<00 FCRMAT (/eI xald(lXell))
€00 FORMAT(1Xe]O0(1XeF=41))
700 FORMET(//7e)Xo2THF SamFLE CtN NCT HFE POTSSCN $37)
END
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A.3 KOLMOG.F4 POSTPROCESSING PROGRAM

9
€ THIS FHOGREM WAS LFVELOFED FY L1 SHIN YUANe TRANSPCRTATION
C SYSTENS CFATERe DLTs CAMBRICGEy MASS.e MAY 1976,
cl. TFIS FFCO~AVM COMEORES THE neStkVEL wAITINCG TIME DISTRIBUTION
Cl. Witk Ykt ~HELEING MCUEL GEMERATED WALITING TIME CISTRIBUTION USING
Cl. KCLMOGCROFF TEST.

CIMENSTOUN OFFFRGC(cUC) «GFREC (00)

DO 1600 T1=1e20¢

OrFERG(I)=0.

GFRO(1Y =",

1000 CONT TAUF
440¢ FURMAT(FS,u)
Ce INFUTS FROM GLELFING MCDEL
TYPE AGNDD
€000 FORMAT (/9 i Xo2NUMEER GF CLASSES HY CUEUEING MOLEL = Ze/44X)

ACCFFT 4100eMQ
W ITE(11e6100)N0
TYrE ~lur
cl10¢ FORMAT (/e XarTYrt IN THFY ONt AT B TIME wiTk =)o AS THE 1ST24/7)
ACCreT 420069 (0FRL (1) eI=1enG)
W ITE (1) 44210V (NF=GLI) 9o 1=) oNG)

zlu FURMAT (F7,.%5)

4100 FCRMAT (1)

4gny FORMAT(ET4C)

Ce FACTOR=GUFUFINC UNTT TlIve/0OBE<ERVEC UNIT TIME,
TYkr (4N

(XA FORMAT (/91X a#FACTCR = 24/e4X)

ACCEFT 4NnCUeFACTLR
wiITE(11440CO)FACTOR
FACTUR=1,/FACICK

C. INFUTS FROM» ORSFRVED CATA ¢

J=1

SFREW=0.

TYFE (202
€300 FURMAT (/79I Xe2TYrt [N QRS VALLE 2 FRE(G ) PAIR AT A TIME #e/441)
000 CCnTINUF

ACCERY G220 eCHSVYobEG
WhlTE (12e4cc0)CPRSVeFREG
el FURMAT(2PFS.0)
IF(CHSVel Toe=0e01)0ORFRO(J) =SFKEC
!' ‘Gl‘CVQLIQ'GQOl,GC 10 2"0
TOKSV=0RSV*FACTOn+]le%
IF(10%SV,GTeu)CO TC 100
SEFREG=SFCEQ+FRED
GCU TC 20r0
c10g Orf~0€0)=SFREC
J=I0xSy
SFREQ=SFREG*FREG
G0 TU 2030
cllo CONTINUF
N=SFREN
SFhEuw=1e/SFRER
fO ?27200 1=1y9ICFSvV
OFFROGIT)=0NFRO(T)#SFREQ

-l




€200 CONTINUF

Ce GET MAX AB< DEVIATE FOR TESTY
DMAX=O.
DO 2300 1=29I0ESV
IF (OBFRQ(I)sLE.0.,000001)C0 TO 2300 |
IF(QFRA(T) sLE.0.U00001)QFRG(IN=1, |
DEV=ABS(CBFRQ(I)=0OFRGC (1))
IF(DEV.GT.OMAX)DMAX=CEYV

c300 CUNTINUF
FN=N
SQRTN=SQRT(FN)
TYPE S000eN9SQRTNSCMAX

€000 FORMAT (/g1 X g 2N s SRKRTINyDMAY = 29144F10,5¢F9.5)
TYPE S100

€100 FORMAT (/41X e2CRSERVEL ¢ #)
TYFE S20N0+ (CBFRQ(I)el=19eInESV)

sc00 FORMAT (5FY94S47/)
TYPE S300

£300 FORMAT (/o1 Xe2CONMPLTED ¢ 2)

I IF (I08SV ,GThCING=]0FkSYV

‘ TYPE S200, (GFRG(1)el=14NC)

EN(

230 Copies
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