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I INTRODUCTION

A simplified monopulse radar will be analyzed in this report.
Expressions for the voltages out of the phase detectors of the radar
signal processor will be derived with the assumption of no interfering
signals being present. Interfering signals due to various sources and
their apparent angular position will then be considered. The radar
control system will also be analyzed to determine the error present in
pointing the antenna when no interfering signals are present.

1. IDEAL MONOPULSE RADAR

A simplified block diagram of a monopulse radar receiver is
shown in Figure 1. The sum, azimuth difference, and elevation differ-
ence signals are obtained from the hybrid and down converted to an
intermediate frequency (IF) where the sum signal is added to the two
difference signals. After hard limiting, he sum signal is used as a
reference to phase detect the difference channels.
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Figure 1. Monopulse radar receiver.

The antenna coordinate system is shown in Figure 2 with the center
of the antenna located at the origin. The antenna is assumed to be
rectangular in shape with a width of 2 d1 and a height of 2 d2‘ A

vector drawn from the origin to a point in quadrant A may be written as
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Figure 2. Radar antenna coordinates.

A vector from the origin to the target may be defined as

R = (|R| cos a cos 8")% + (|R| sin a) ¥ - (|R| sin B) 2 .

The target return signal will arrive at point "A" at a time

before it arrives at the center of the antenna where S is the projection

of vector DA upon vector R with an angle y between vectors D and R
i.e.,

S = IDA' cos y ,
But from the vector dot product

R D,

|5A| cos y = -mﬁTJ& 3 .
I
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Therefore

or

_{y sin o + z sin B)
C

A
._tA

This results in a phase difference between point "A" and the center
of the antenna of

¢ = 2nf AtA

where f is the frequency of the incoming signal. Since wavelength (1)
is c/f, :

b = %1 (y sin « + z sin B) :

The signals received in each of the quadrants may be obtained from

d, d
1 -2 j %F (y sin a + z sin B) . "
A=K e Tt g 4
z 'y
0 O
d
. j-%l (y sin a + z sin B) St
B =K e et d d
z y
_1 0
d
. j %F (y sin o + z sin B) j
C=K e e e d d
&y
Q -d2
. 2m
JT(ysina+zsinB) Jut
D =K e e’ 4 d "
z y
_d -2
5
W S e - Sy %™  wr———— =




K is the magnitude of the voltage signal appearinyg at the race o Cud
antenna and w = 2nf. Integrating each of the above equations results

in
‘ 21:d1 . 2”,d2 .
J sin a j sin o
A - -1 Jut
A= i e e Ju

=
]

The signals out of the hybrid are
I=A+B+C+D

AA-(A+C)-(B+D)

AEr(A+B)—(C+D)

Performing the indicated operations gives

21'|d1 21'd1 anz 2:d2
] ==sina - j s—sina j r=sing - j sing
e -e e -e Jut
L =K e

?j % sin:)(j 2—;— sin .,)
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A, =K

A

A=

2nd 2ud 2nd 2nd
; 1
(J X sina =j )lsina >(e3 2sinB - 2sinB)
\ A A
e + e -2 -e jut

. 2T . 2T e
(_] X sin a)(JTsinLS)

j T sin a -j
e i -e

( 2ﬂdl 2nd 2nd 2nd
K

e +e
. 2m s 2 "
(J x sin a)(J e sin L,>

The following trigonometric identities will now be used:

)\lsincx)(j )\zsinﬁ —J'——)‘—z—sinB >
-2 ert

ed* - % = 2 sin x

jx -ix
¥ + e * = 2 cos x .

Thus the signals out of the hybrid may be written as
by ::_I ejwt
; Jjuwt
;:A | '!AA! e
P | jAJt
AE ] [AEi e s
where
21rdl anz
sin X sin a sin X sin B
| w X &
SRS haOy t 37d 7d @
: E yin o 2 gin B
5 sin 5 sin
2nd 2nd
: 1l - cos X sin a sin X sin B
o U T 7nd |T 2 (2)
)‘ sin a X sin B
7
L T G IR e TR L e ! 3 P’ A e ——

o




Cvd ) <1d )

. R s,

sin sin o I = cos \=——— sin |

- % - i . (3)

il A
Al = 4K d. d -— e
E L =2 2nd 2nd
== sinta == giny B
The three signals are mixed to an IF where th signal is added
e limited to a

to the A signals and the resulting signals are hard

magnitude KL'

J:Jl J""I:;t
e

l.A L
3¢y J.ot
& e
= K= 5
E KL e e

Phase angles ;l and ¢, are defined by

i EN :
l sin -—-——;———————j (4)
Ao . 52
121° + |y
et o T
(5)

¢, = sin S . —

‘ [ 2 2
£+ |
|z Ny

Substituting Equations (1),

(2), and (3) into Eguations (4) and

(5) gives
)
1 - cos — sin «
-1 A
¢1 = sin 3
// 2 2vd1 2ﬁdl =
sin sin «J + |1 ~ cos sin )
A A
2nd1
1l - cos sin «
~1 A
$, = sin
1
// anl
2 ]1 - cos X sin a
md
@1 Al gin a ‘ (6)
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Similarly 9 is

nd

¢, = _TZ sin B s (7)

he ” signal is shifted in phase by 7/2 and is also hard limited
giving

JwIFt

=3 KL e

Since only the real parts of the signals are of interest, the
three signals may be written as

L= —KL sin (uIFt)

o |
+
]

4, = K cos (wIFt + @1)

ot
]

;E KL cos (mIFt + ¢2) .

The ” signal is used as the reference signal for the phase
detectors. The output of the azimuth channel phase detector is

€, = [-K sin ()] [K cos (wpt + ¢1)] )

Using only the lower s’deband,

But from Equation (4) it can be seen that

:’I

€, - K A s (8)

\ | 2 2
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Similarly the elevation channel phase detector output, s

IAEj

€y = k; = e

(9)

Al 12 [ [2
v,._} + ,..JE}‘
K and K are peak magnitudes of the error signals. Using Equations (6)

and (7), the outputs of the phase detectors may be written as

ndl
e =K sin <—T_ sin u> (10)
Vj A 4 2%
rdz
€g = Ke sin \—= sin o) . (EL)

Since the error signals as given in Equations (10) and (11) are
functions of sin o and sin B, these two quantities will now be defined
in terms of the antenna azimuth and elevation angles, and the target
azimuth and elevation angles as shown in Figure 3.

From Figure 3 it can be seen that:

A i .. ==l o)
sin a cos GB sin (VB VA) . (12)

The determination of sin B is more complicated, but can be
determined as follows:

2 2
cos a = /{ ~ cos eB sin (wB - wA)

sin B' =

' =
sin GB

cos §' = 1/éosz o= sin2 B
cos2 o

' cos 6y cos (WB - wA)
cos 6_ =
B cos a
- Vo=
sin eA sin (OB g') »
10
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Using a trigonometric identity

sin QA = sin Uﬁ cos B' - cos é sin &'

Substituting and collecting terms gives

c032 asin 6, +cos 8 cos (q/B— wA) sin B = sin eB »’cos2 o - sin2 B

A B

Squaring both sides of the equation and collecting terms results in

2 I 3 2P T Rl 2
sin B+Zsin6AcoseBcos (wB “A) sin £+ (cos™ « sin A~ sin B)-O

This quadratic equation must be solved for sin 8. Examination of the
geometry reveals that only one root of the equation is a valid value
for sin 8. This one root is:

sin B = sin OB cos GA - sin dA'cos bB cos (VB - uA) X (13)

Equations (12) and (13) may now be used to solve for sin « and
sin B to determine the phase detectors error signals using Equations
(10) and (11).

If the radar is designed to drive the error signals (cw and Le)

to zero, it will keep the target near the boresight of the antenna
under normal conditions. The target azimuth and elevation angles

referenced to the antenna are a' and B as shown in Figure 3. With
the target near antenna boresight,

sin o *

¢
Q

sin B *

Thus, for small target angles off the antenna boresight, sin a and
sin B may be thought of as the measured angles that the target
is off boresight.

12




Examination of Equations (1), (2), and (3) reveals that if the
target is near antenna boresight in one axis, then the I and A signals
for the other channel are approximated by

i <2nd o )
sin (== sin 5,

1 P 2nd tn B (14)
i
1 - cos (3%2 sin ST)
I1&ip ® . i s
— sin 6,
E;P and inP are the voltage antenna patterns for the I and A

channels. S is used to denote target angle off boresight for either

the azimuth or elevation channel and the subscript of d is dropped
so that d denotes the dimension in either channel.

The 3 dB beamwidth (BW) of the I pattern occurs when

o [t (2]
sin X sin 2 ¥ )Lz‘
2

2:d __ BW
g 2

With a small beamwidth

sin (r £ w) = 22 (v 4 pw)

Solving for d/* in terms of beamwidth results in

= TBW - (16)

d _ 0.443
\

Substituting this value of d/) into Equations (14) and (15) and using
the small angle approximation for sin BT glives

6

T

sin (0.886 m —

1t]. » ( Bw) a”n

P 6
)
<6.886 " W

13




e
l - cos @.886 B

uiP= T . 18)
@.886:‘§w>

Plots of 20 log :L‘P and 20 log

A p are shown in ‘igure 4 as a
function of QT/BW.

ill.  INTERFERENCE

It has been shown that the general equations for and
signals may be written as

Ju_-t
L = ZT e ¥
PR eJ“IFt
3 uT

where ET and AT are the magnitudes of the target signal in the ! and

channels. If interference signals are present (e.g., thermal noise
which is always present, or clutter) the true target signal is
corrupted and the I and 4 signals may then be written as

n n ;
. JQIFC
e ZT+2X11+J§:‘1Q8
i=1 i=1
- - Jw. ot
IF
= 3 A 3 A
i=1 i=1

where the subscript "i'" denotes interference signal "i'" out of a total
of "n" interference signals. The subscript "I'" denotes being in phase
with the target signal and the subscript "Q" denotes being in quadrature
with the target signal. The I + 4 signal is formed and limited to
obtain

o, e ot
I+4A= KL e A e ¥

14
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Figure 4. Sum and difference antenna patterns.
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with
n n
+ )
g =Sin_1 (AT 1ulI+Z. l)
A [T + ¢
and
' / 2 2
| ol o n _.n. 1 9 B 8.3 ¢ L
i (“T+Zl hyx ‘1“1(3) +<AT+ wier T iu)
The I signal is shifted by 7/2 and limited to obtain
. Ja__t
Jéx IF
L =J KL e e
with
n
R e T
¢ sin L]
and

/ ” 2 . 2
lz] = (zT + I zﬂ) + (zl LiQ)
The error signal with the interference signals present is

€ = KC sin (®A = 0c)

z

where Ke is the peak magnitude of the error signal. Using trigonometric

identities

e =K (sin ¢, cos ¢_ - cos ¢, sin ¢_)
€ o L a -

n n 4 .n ¢ B AR ‘n .
(“r”l i b el | ZiQ)(“T“lz 1) (L'r”lz‘u . Ai(L)(l : in)
TTF T, : s

i
=N e I T
n % o, + SR .n
i Xn) 5 Wl “11) 1 (1 '1({) (1 "i‘!) e
. € TE + a; (2] :
16
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If it is assumed that the I channel target signal is much greater
than the A channel target signal and all the interference signals, ¢
may be approximated by

n
+ Z —
Ity )
[ K\(: a b 72’ »
=
or
n
A T \
L i ol 1y :
= & KF __—-_'/__..1_ . k‘:'o)
A !
With a null tracking system, the servo tries to make ¢ = 0.
Therefore,
A n
o, SRR B
LT uT

The interference power in the & channel is

.n g2 2
By Ty = 5+ 2gg)

If it is assumed that the average value of A, . is equal to the average

value of A,., then o
il
SR
o 2 =

17




and
<o S IAi .
“1 “1x 1 2
Then
it Ix'\i
el Sk 2
b - /S
z
or
A
?I - - g0 1 (21)
“F

1f tT > LT’ the phase detector error signal as given by Eguations

(8) and (9) reduces to

A

o7

and substituting into Equations (10) and (11)

4
T nd
- Ke sin (A sin OT)

-

Expressing d/) in terms of BW as given in Equation (16), setting
K =1, and assuming that 7d/) sin QT is small gives

% i

0.443 1 — = =17 ’
BW 1 6‘;;
18
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Solving for will give the angle at which the target signal must

s
appear to null the interference. The negative of this value will give
the angular location of the composite interference signal. This

interference angle bl is
_B o0/l
I km “1 2 S
where
k = 0.443 1 % 1.4
m

The interference power IA must be divided by the number of

i
independent samples of interference (nei) that occur over the measure-
ment interval. Thus

I

_ BW n 5 §

e % Li/T8 n . (22)
m L el

If the interference signals are Gaussian with a 0 mean, the 1 o
value of interference is

v = ﬂ ‘Tn --—-——--.IA1
X k Y “12S8_n v
m L e

i

Defining o4 as

5 = ___/_g__==8“ (23)

kn 2(1 Z) Tei
A

results in

g I 2 2

C 9 * 9y LR T % . (24)

Solving Equation (23) for v‘IAi/nei gives the interference voltage

signal produced by the 1 o angular error o, as

/1 k
AL, —E-VZ S. o

nei BW 5 &

i

19




For modeling purposes, the 1 ¢ values are multiplied oy a Caussian
random number having a mean of 0 and a standard deviation of 1.
Defining this random number as RNi results in an interterence voltage
sample of

/1 K
e e O

b Y |
nei BW i

Substituting into Equation (22), the total interterence signal becomes

eI=alRNl+02RN2+...+OnRNn ‘ (25)

Equation (25) gives the error signal due to multiple interference
signals in terms of the errors caused by the individual error sources.
However, it must be remembered that this equation was derived with the
assumption of small angles and the assumption that the . channel
target signal is much greater than any of the other signals. If
these assumptions do not hold in any given circumstance, then
Equation (25) may not be valid. Finally, it should be noted that the
signal-to-interference ratio is the ratio of the I channel target
signal power to the A channel interference power.

A. Thermal Noise

The 1 o value of thermal noise may be obtained by using
Equation (23). If the noise levels are the same in each channel then

S SZ

s |
T N

Dropping the I subscript, the 1 o value of thermal noise is

g, = = (26)
¥ x ok (_g) n
m N en
where

4 2
PT G A OT

) kT BN LR

Z|n

% (27)

PT = Peak transmitter power

G = Antenna gain

20
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= QOperating wavelength

Op = Radar cross-section of target

K = Boltzmann's constant (1.38 x T Rl | i

T = Absolute temperature (usually taken as 290°K)
B = Receiver bandwidth

NF = Receiver noise figure

L = Radar losses

R = Radar range to target

___PRF
Ben = 2 x B (28}

where By is the servo noise bandwidth. Defining kn as

PT G2 t2 :T
k= > — (29)
(47)" KT BNF L
then
R B
k v2 k_n
m n en
Defining
W
Ty o R — . — (30)
k V2 k_n
m n en
gives
2
oy = VTl x R s (31)
B. Rain Interference

The presence of rain will both attenuate the target signal
and create a signal return from the rain itself. The attenuation
effect will be discussed first. If the amount of signal attenuation

21
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is defined as ‘ZTEV’ then the 1 o error due to thermal noise in rain is
4

2 S
= x x . (32
oN VT1 R ATTEN )

The amount of attenuation present may be calculated trom

Agp = App * R

where AdB is the total rain attenuation in dB, ATT is the two-way rain

attenuation expressed in dB/meter, and R is the range in meters.
Then the total rain attenuation is

(A
A =10

4’19

or

(ATT x R)
A=10" 10 ;

Since A = A%TEN

(ATT x R)
20
Apppy = 10

. (33)

The 1 o value for rain return may be calculated from

BN
L

o = /(44*344, . (34)
km - (I ) Mer
RA
If the rain is uniformly distributed over all regions in which
a significant response would be obtained

o R 3

—

In Iy

where S/IR is the sum channel signal-to-rain interference ratio. The

volume of rain illuminated can be obtained from the dimensions of the
resolution cell and is

22




CcT
Volume = (R x Bwel)(R x Bwaz) 2
or
2 CT
Volume = R~ BW BW =
el az 2
where
Bwel’ Bwaz = 3 dB antenna BW in azimuth and elevation

¢ = Radar pulse width.

The effective rain cross-section is

Volume x Ny

o} = — (35)
rain L2 L
p c¢p
where
Lp = Two way beamshape loss (Li = loss in both coordinates)
ch = Loss to rain return if circular polarization is used
N., = Volume reflectivity of rain (m2/m3).
v
2 w177

Lp is 1.329 for a radar with uniform illumination*. Thus, Lp
1, may be obtained from curves in several different textbooks or it may
be calculated using the following equation**

-14 r1.6 A-4

ﬂv =6 x 10 (36)

*Barton and Ward, Handbook of Radar Measurement, New York: Prentice
Hall, Inc., 1969, p. 34 (Table 2.4).
**Ibid., p. 138.

23
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where r is the rainfall rate in mm/hr. A loss due to circular polar-
ization would probably be between 15 aud 20 ds. [Ihe . channel 5/1
is then
il @
b MRk, o .
I . et 2
R 7 BW - R
by Bwel T
The number of independent samples of rain return may be calculated
from
1
n TR e ———————— ‘\,
er ¢t x 28 (38
R n
whete
t, = ——
o
. DR
2
G
“DR A
cR = Correlation time for rain

9pR = 1 o doppler spread on rain

IR = 1 o spread on rain velocity due to wind.

9YR has a value between 2 and 4 m/sec.*

Defining

1.77 O Lc
K = "m (39)
flv BvJel BWaz -‘—2—

*Ibid., p. 139.
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gives
- BW
" /(%
a T 215} By
R
Defining
VEP = o
km v2 KR ner
gives
:R = VEP x R
@ Ground Clutter
The 1 o value for ground clutter return may be calculated
from
A 5 BW
9 -
k 2 (—1)11
m CA ec
where
C, = Clutter power in A channel
n = &
ec . X a8
c n
on ik
“DC
20
g - ve
DC A

R ¥ Correlation time for clutter
Ic = 1 o doppler spread on clutter
A 1 © spread on clutter velocity due to wird.

25
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e has a value between 0.0 and 0.4 m/sec depending upon tue type of

clutter and the wind velocity.* [If the clutter is uncorrclated trow
pPulse to pulse, it then appears similar to thermal noise and the
correlation time is the reciprocal of the PRF.

The effective cross-section for o channel clutter that is uniformly

distributed in range and azimuth and has a Rayleigh amplitude distri-
bution is

0 2 o Bwaz CcT
g =0 G s
cec sC Lp 2

(44)

where
ao = Clutter reflectivity (mz/mz)

(%C = I channel antenna gain to clutter.

The clutter reflectivity can vary from at least -10 dB to -30 dB below

I m2 depending upon the type of clutter, the angle of incidence, and
the wavelength. Typical values may be between -15 dB and -25 dB.

The I channel signal-to-clutter ratio is

02 o L
b e ) o PR R (45)
C 2 0 R x BW cT ID

GSC o) az

GST = I channel antenna gain to target signal

ID = Doppler improvement factor in signal-to-clutter power ratio.

Defining
G
Cgs = 'G'Sl N
SC

*Ibid., p. 139.
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and
9 by s
K™ 0B _er b (1)
( az
gives
2
S CSS Kc
C - i e - (48)

If the clutter is distributed over several beamwidths in azimuth
around the target, the clutter power in the azimuth A channel is equal
to the clutter power in the I channel because the channels are adjusted
for equal noise outputs and the 1 ¢ value for clutter in the azimuth
channel is

B,z R
Qpy ® metsi G ar. ¢ (49)
k V2K n SS
c e
Defining
BW
VRG = az (50)
k v2 K n
c ec
gives
B
g., = VRG — (51)
CA GSS

In the elevation channel, clutter is not uniformly distributed over
several beamwidths and most of the clutter returns come from an eleva-
tion angle ‘g below the target. Under these conditions the clutter

power in the elevation / channel (CA) is not equal to the clutter power

in the I channel. The transmit antenna gain to the clutter will be G

S’
but the elevation A channel antenna gain to the clutter will be G

Then bc

" e
NG, g, et WAL
€, GgoOpe ORXBW et ™D
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Defining
G = GST )
DS GDC
gives
g %33 S K, ,
C_.,_-_ g (53)
A

Substituting Equation (53) into Equation (41) gives

BV, = :
9%ke ~ pnaseessol i (54)
k 2K n ss ps
m C ec

Defining
BW
VHE » Bl (55)
k v2 K n
Cc ec
gives
Seg * VA& / S . (56)
SS DS

D. Multipath

The 1 ¢ value for error due to multipath in the elevation
channel may be calculated from

o ! 57
M fsz el
k /2 (——):1
m I em
M
where
IM = A channel interference power due to multipath.
Then
o P - S |
— W — (SC,\
IM ’ G 02
° “pM
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where

GD“ = A channel antenna gain to multipath

= Surface reflection coefficient (voltage).

This assumes that the target is illuminated by the full gain of the

channel and that equal power is scattered along the direct and

indirect paths. A flat earth with a single reflection point is assumed

and this places the multipath at an angle 6

in Figure 5. 2
TARGET
h
ANTENNA t
ha Ry GROUND

below the target as shown

Figure 5. Geometry of multipath model.

Tt

7

R
g
+
- " n—l ht ha
M2 . Ry

Target height

F )
"

=
[}

Antenna height
R = Target ground range.

The . channel antenna gain to the multipath is then the A channel
gain at angle GM.

(59)

Since filtering is usually ineffective for multipath, Nog San be

assumed to be 1, and the 1 o error becomes

A % p % Bwel
M — -
ka "¢ Cpg
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Defining

W™ = 1 (61)
kmfz_
gives
1
OM = VMP ——— . (62)
GDS

At very low angles, the antenna main lobe will illuminate the
surface and the multipath error can become quite large. Since
Equation (62) was derived with the assumption that the ! channel target
signal is much larger than all other signals, Equation (62) will not
hold for large multipath errors. A simplified model of this condition
is the target and its image forming a two point target whose relative
amplitudes and phases vary. The two point target has been investigated
in several textbooks and will not be discussed further except to state
that it can be shown that the apparent radar center of the two point
target can lie outside the two points.

E. Target Glint

Equation (19) gives the error signal out of the phase
detector (with K£ = 1) as

N N N ¥ .
Sk (ZT hulty ! Lu)(“r i A11) g (21 AiQ)('l “iQ)
T+ sl ]I

Until now the target signal has been assumed to originate from a single
point source which produced the signals I and 4,.. However, in actual

T T
practice the target consists of a number of separate scatterers whose
return signals combine to form the Z and A target signals and __, and A

£ T
do not actually exist. If only these separate scatterers are considered
and all interference signals are ignored, Equation (19) will give the
error signal with glint as

(z’; Xu) (’:1: A?I) * (’:T Aig) (LT Ziq)

L+ |z

T
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where

2
lz] = /(‘: z:ﬂ)z + (zli ziQ)

Since -iQ = I and AiQ = AiI where the bar denotes average value,

S
lz] = v2 Ly Iy ’

For small angular errors Zi > Ai; therefore,
2+ 8] = 2]

The complex target error signal then becomes

N N
¥ A
1t (Zl 51) (“1 “i)
2
5
1%

or
N
S il
S
b s |
But vE-L§ Zi is the voltage in the I channel which has been designated
) ¥
as L. Thus
N
_ =»/z_zlai
E LT
But
km
il TR

where 6, is the angle that produces voltages A, and Zi, and may be

i i
defined as
s
i L L
s iy et ¢ 5%
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i -

where R is the range to the target and L is the length of the target
in the plane of interest. Then T becomes
1 /E'km ~N )
£ W e Y f . T . (63)
T R LT BW "1 i i

If it is assumed that there are small rotations of the target
about its center point, the target aspect angle will fluctuate and the
reflector located at ‘4 will reflect its radar energy with a Doppler

shift of frequency of

i

2 v,
1 * =3

relative to the frequency of the signal from the target center. Vri

is the relative velocity between the center of the target and the point

located at Ei. This relative velocity may be calculated from

where w is the angular rotation of the target in rad/sec. Then

2 w li

a
i A e e (64)

If L is the length of the target in the plane of interest, then
the maximum Doppler frequency variation from the target is

(65)

In actual practice, W is not constant but varies with time because

of such things as target vibration and internal motion. This can
cause frequencies which are larger than fM' Because of this, a better

fit to the actual target spectrum is obtained with a Markoffian spectrum
as shown in Figure 6 whose half power frequency is equal to fM' The

Markoffian spectrum may be generated by passing Gaussian noise having
an amplitude of "A" through a single pole low pass filter whose
transfer function is
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Figure 6. Markoffian power spectrum (normalized).
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1
S

2n fM

1+

The power at frequency "fi" may be found from

P S
S, B i

=
N

The total power may be found from

o0

2 >
Ardl ol
€+ f

0 M
or
A2 m f
S = 2
3 .
Since S =
m £
M
ZT A ) .
Substituting into Equation (63) gives
i, ok de g B
T ARV n fM BW.-1 "1 d "
Since

=

m
€1 " 3w o1

where eT is the angle that the composite signal appears off boresight.

Solving for 6, results in

T

4 N

6y =
e S W B
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[he average value of ¢_ is 0. A particular sample of 6 is

P
I W 5
G AR V/ 7 fM el e
with
o b o e
le = AT (70)
1
T = (71)
2m fM
.(lgkccl 5

k( is a Gaussian random number with a mean of 0 and a 1 ¢ value of 1.

y

is the 1 ¢ value of % and typically varies from 1/6 to 1/3 of the
maximum span of the target. Then
4 1

Sy
O %/ £ "aTves : R

Equation (72) may be expressed in block diagram form as shown
in Figure 7.

|

1 4 G 1
kG emmep| T¢ — / e
R ﬂfm 1+78

Figure 7. Glint model block diagram.

From Figure 7 it can be seen that

(73)
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where BG is the previous value of glint. « is the derivativ

present value of glint. The present value ot glint may be obtained
by utilizing the increment form of the Taylor series expansion

expressed as

2 3
£(x +h) = £(x) + hi' (x) + =,

where

f(x + h) = New value of GG (8 )
G
. New

f(x) = 01d value of ec

h = At (i.e., time difference between samples).

Thus

2 3
. At .. At .ee
SG 6G+At 96+ 21 OG+ 31 ec+...
New

where 6 . is defined by Equation (73) and

G
5 - (G - 65)
G L
and
---_(G'ec) .
G T
Rearranging =
$ 6
o G G G
o L N S
T T
RN E WD B
& % 2 3 <A
T T T
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VT () +%’!— EW (%) + ..

of Ehe

(74)

(75)

(76)

(77)




Substituting into Equation (75)

o] +‘c (E_—_eg +.A—t% é__g_..'._g_g
G HEINES T 210 \'w 2 2
New i
S . 6
At G G G
y o ( S 3)
T T

Rearranging terms

(]

g 2 3
o =(-£+ut2)ec+<‘*—t-£§+-‘“—3>c
New h 2T . 2!t 3!t
Bix 3
+<“ -Atz)c+§f G+
21t 3!t ik
Defining
At
s it . 1 gae i -(T)
A—l_—+H(T) o = e
B=1-A
C= At - 1B
gives
"\(; =A:<G+BG+CG+... (78)
New

with G and its derivatives defined by

. 1 4
C=k G rR/TE A
M
This value of eG may now be considered as one of the error angles
New

to be included in Equation (22).
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V. ANTENNA POSITION

The outputs of the phase detectors have been suaown in
Equations (10) and (11) to be ot the form

£ = KW sin (%i sin » (80)

where sin a is defined by either Equation (12) or Equation (13)
depending upon the plane of interest. 1If sin . is small, then - may
be approximated by

tx (- ) a

where Va is the target angle and Ya is the antenna angle. If K is
equal to )/nd, the gain constant "K" is 1.

A block diagram of the antenna tracking loop reflecting
Equation (8l1) is shown in Figure 8.

€ P (S) ;
K f— G= - VA
Q(s)
Figure 8. Antenna tracking loop.
Since WA = Geg,
K :
o S (82)
With
m m-1
woy P
P(S) bms * bm—-lS = b0 s
“TE® " = n-1 (83)
as 4+a S P e oA
n n-1 0
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the error signal becomes

K[anSn + a, lsn—l A2 nhiaF ao]
g = — V. «(84)
n n-1 m m-1 B
5 ) lsls T
[anb +an_l$ 1 e +aO]+K[bmS +bm_15 4 bo]

It is required that Vo * Vpo i.e., that the steady state value

of ¢ - 0. If the target angle vy
may be expressed as

B changes at a constant rate (V), it

vg = VE + $0
where Y0 is its initial position. In the S-domain
v
\Y 0
Uit e
B SZ S

Applying the final value theorem to Equation (84) gives the steady
state value of € as

‘ .n n-1
bl I\(anb * an_lb L AT aIS + ao) (l . _—0)
L .n D=1 , m m-1 255
S0 a8 amlb # e F alh + ao) + K(bms ¥ bm—ls SO T bo) 8
or
V
V + = +
b 5% %0 (s Vo) (85)
S8 a, X
— +
K b0

For €gg to be 0, a and a must be 0. This requires G from

Equation (83) becomes
b8 +b 8% e . +b 840
m m-1 1
n—

Sz(anS T

G = 0

- teootas+4 az)

This transfer function consists of both the transfer function of the
rate gyro which is 1/S and the transfer function of the controller
GC expressed as
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2

A simple form of Gc to implement is

bls + bO
Gc o a,S
2
or
KG (1S + 1)
Gc oeciasioir e (86)
where
b
0
KG - 32 (87)
b
- b_l ; (88)
0
This is the familiar proportional plus integral controller. With this

controller, the steady state error can be made to approach 0 if the
angular rate of the target is constant.

With the proportional plus integral controller, it has been
shown that a target that presents a constant angular rate to the radar
can be tracked with an error approaching 0. If the angular rate is
not constant but has a constant acceleration (A), the target angle
may be expressed as

At? + ve + Yo

Vg “ 2

In the S-domain

1

0

A \')
Vo = == + — +
B S3 SZ S
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Applying the final value theorem to Equation (84) results in a steady
state error of

Since a; and a, are both 0 with the proportional plus integral

controller, substituting Equation (87) into the above results in

W
SS KG

(89)

Thus with a proportional plus integral controller an angular acceler-
ation produces a tracking error proportional to the acceleration.

V. SUMMARY

Expressions for the target signal voltages out of the phase
detectors of a monopulse radar have been derived. Interference
signals were then added to the target signal to determine the effects
of the interference upon the phase detector output. The following
expression was derived which expresses the 1 ¢ value of angular
interference as a function of radar parameters and the signal-to-
interference ratio.

BW

S,
k 2 ( iy
m ) S el

AL

Interference terms were then obtained for thermal noise, rain,
ground clutter, multipath, and target glint.

A brief analysis was performed on the radar antenna tracking
loop. It was shown that a constant angular velocity target can be
tracked with essentially no error due to the control loop if a
proportional pluc integral controller is utilized. However, if the
angular velocity is not constant, a tracking error results which
is proportional to the angular acceleration.
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