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FOREWORD

This report was completed by Dr. William Bucher shortly before his

death in an automobile accident while on his way to work on 11 Feb 71 .
Aside from small changes to update footnotes , it is exactly as he wrote

it. Although Dr. Bucher was an experimen tal physicis t in the classical

sense, his fine capabilities as a theoretician are illustrated in this

publication .
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I. INTROI)IJCTION

A detailed energy-ba l ance stud y offers an effective means for ana-
lv:ing the motion of conducting bodies i mmersed in an electric field
Produced by a pair of electrodes. By considering the p artition of
energy throughout such a system , exact and highl y manageable expres-
sions can he derived to provide a description of the system dynamics.
As the system moves from one state to another under the influence of
electrostatic or external forces, changes occur in the physical quan-
tities associated with the state of the system . Such changes determine
completely the dynamics for conservative systems. For nonconservative
systems , as will become apparent , the inclusion of dissi pative forces
(e.g., sparking, corona , etc.) can be treated in a stra ightforward way.
Quantities of particular interest here are the kinetic energy, both ro-
tational and translational , of the conductor ; the electrostatic field
energy; the electrical energy supplied to system by battery ; energy dis-
si pation; and current flow in the externa l circuit.

In this report , the Nirallel plate electrode confi guration is exam-
ined in detail. For other electrode confi gurations , the appropriate
energy partition equations can he derived in a manner simi lar to the
development presented here. For example , spherical -electrode geometry ,
which is app licable to the particle detector of Shelton and Morrissey 1

was examined previously. 2 (Sec Reference 2 for the analyses of part i-
cle detection in both parallel plate and spherical geometries , and con-
ductor link-up across electrode gaps.)

Following the derivation of t he energy equations for charged and
uncharged conducting bodies between parallel plate electrodes , a theo-
rem on the partition of energy for electricall y neutra l bodies is pre-
sented. In addition , solutions to a variety of problems are presented
whi  ci) illustrate the range and Ut 11 i ty of the energy- balance approach.

T I .  ENERGY-BALANCE I:ORMULAT ION

Figure Ia shows schematically the geometry under consideration.
l’~I i i le the shape of the sing le conductor dep icted in this fi gure is
rather specialized , it will he noted that no such restrictions app l y in
the following treatment. Indeed , configurations of two or more arb i-
trarily shaped conductors are also permitted , provided on l  that the
individual surface charge distributions reflect the effects of all mu-
tual interactions.

‘R. I). Shelton and J. Morrissey, “Airborne Particle Analyzer ,” patent
pending.

Bucher , “On the Phenomenon of Current Pulses Generated by Conduc-
tors Near Contact in Electric Fields ,” BRL Report No. 1951 , Dec Th .
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It is convenient to represent the total electrostatic energy f~ of
Fi gure Ia as the sum ,

r = r, + r + F ( I )a h ‘c ‘h ,c

where and 
~ 

are t he  t o t a l  energies  of the subsystems of Fi gu r es l b

and lc , respectivel y, and 
~h c is their interaction energy. For any

charge distribution , the energy of assembly is given by the w e l l  known
relation

U = 

~~

- 5 V 1q~ + W ( 1f) J~ (2)

where5indicates the required summation and/or integration over i ;

is the potential at the point j.due to all charges except q
3
; and

i c elf }j ’ 
is the self-energy of any point charge j. Since W (self) is

constant , it can he neg lected as it will cancel in the final result ,
and thus

U = ~fV(r) dq (5)

will he used to determine assembly energ ies. Similarly, ~ i~c cons t an t
and by its omission Equation (I) reduces to C

= 

~h 
+ 

~h ,c 
(-1 )

App lying Equation (3) yields

= -
~~ 

(Q_) (0) + -
~

- (Q+ ; (0) + 4j v(a~ :)d ~ (5)

where the regions is over the surface of the conductor ,

v (a , :) V ( a) — i.: , I (~)

and V ( a )  i s the floating potenti al on the conductor. By de fining q
0

as the charge distribution the conductor would have if the net chitrfl-
were zero , then q can be expressed as

q = + q0,

ii
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and l:quat ion (5)  can he r e w r i t t e n  as

= 
2 

V (al 1
~net  

— ~~ dq~~~ - 
.~ E~J 

Zdq0.

I t  1- - no ted  that the t o t a l  e l e c t r os t a t i c  energy of F i gu re  lb  i s  asso-
ciated with the charge distribution on the conductor; none is i n v o l v ed
in assembling the charges Q ÷ on the conducting p lanes. ‘I’he fir st t~~

terms of Equation (8) represent the energy required to assemble the i t
T h ar g e  d i s t r i b u t i o n  on the conductor , and the  t h i r d  term is the energy
of isseiah ly of the  neu t r a l  d i s t r i b u t i o n .  (S ince  both integrals in
I-~ aat ion  (8)  are n e g a t i v e , a l l  terms are p o s i t i v e . )

The i n t e r a c t i o n  energy 
~ 

a r i s e s  from t h e  s u p e rp o s i t i o n  of t h e

f i ~~~d c har g e  d i s t r i b u t i o n s  of F i g u r e  l b  on t he  c o n s t a n t  f i e l d  c o n f i gu-
r a t i o n  of Figure lc. T h i s  energy of interaction i s  b a s i c a l l y  d i s t i n -
~u i s h e d  f rom t h a t  of a s s e m b l y  in  t h a t  w i t h  t h e  former  t h e  charg e dis -
t rj h u t  i o n s  ar e  f i x e d  and t h u s  t h e  f a c t o r  of o n e - h a l f  i s  o m i t t e d  f rom
I ~ u a t i on  (3) in c o m p u t i n g  

~~~~~ 
There fore ,

= Q (
~

‘
~
) + Q + (~

) + L f:dq~~~ + l~~ f2d~~~. ( 9 )

where  t h e  f i r s t  two te rms may, as shown b e l o w , he i n t e r p r e t e d  as the
c o n v e r s i o n  of ene rgy  from t h e  e x t e r n a l  c i r c u i t  (batter’-’) to t h e  e l e c t r o -
s ta t i c  p o t e n t  ial e n e r gy  of t he  cha rges  Q~ on the conducting plan es , and
t he l a s t  t~ o t e r m s  r ep re sen t  t he  i n t e r a c t i o n s  of t h e  f i x e d  c h a r g e d  and
n e u t r a l d i ~~t r i h u t i o n s , r e s p e c t iv e ly , w i t h  t he  c o n s t a n t  e l e c t r i c  f i e l d

I: = -F :. I t  is seen t h a t  t h e  l a t t e r  two i n t e r a c t i o n s  are  a t t r a c t i v e
0

(both in ! egra ls  lead to  Il (  a t  i y e energy  v a l u e s )  and f u r t h e r  that I
are p r o p o r t i o n a l ( t i m e s  - 2 )  to  t h e  l a s t  two t e r m s  of I . q l i a t i o n  ( 8)

‘- o i h s t i t u t i n g  F~~uat i ons  ( 8 )  and  (~ ) )  i n t o  I a l t i : i t  ion  (4 )  i e l d s  f o r  t h e
tot aI e l e c t r o s t a t i c  e n e r gy  of t he  sy s t e m

= V - 

Q)  
+ V k ~ ) 11 net 

+ 

~ 
I fzii~ t + f2dq0 (10)

~-. h e r e , it must he remembered , bo th  t h e  a c c u m u l a t e d  c h a rg e s  on either
[) l : I t  ( ( )  and Q )  and t h e  cha rge  d i s t r i b u t i o n s  ~~~~~ arid q )  depend on

t h e  p o s i t i o n  a 1) 1 t he  conduc to r .  I n  e v a l u a t i n g  the  i n t e g r a l s  of  Fqua-
ion (10) , i t  i s  c o n v en i e n t  to  use t h e  l i n e  charge  dens i t  \ ( 2 ) ;  I bus

f:hl =[: ~(,a) d ( 1 1 )

s i n c e  dq = a ( Z , a )  k •dA = A ( , a I d .

- ~~
— 

- -  
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The energy-balance equations are obtained from considering the
energy flow to and from the system as shown in Figure 2.

Q V =~~~ + W  112)ext . o electrostatic

The energy flow into the system is simply the energy supplied by the
battery : the charge transferred through the external circuit times the
potential difference , 

~~~ 
V0. The output energy, la beled here simp ly

as W , may , in general , be of several fo rms; for examp l e , kinetic energy
of the conductor(s), work done by the system , or dissi pative as might
result from motion through a viscous medium or sparking between ele-
ments in close proximity.

The relationship between next. and the charges accumulated on the

plates , Q and Q ,  is established in the following way . By Gauss ’ s law ,

= Q and -p
~ 

= Q~ ’ (13)

where ~ is the inducing flux at either plate as caused by the presence
of the conductor(s). It can be shown (see appendix) that , for a point

* charge q at pos ition , the f luxes  are

= (4 - Z ) q  and = (~- + :)q .  (14)

For a cond uctor , wh ich can here be descr ibed by a l ine  charge ~( ) ,
superpos iti on y ields

= 
~-j

’
~4 - Z) A(:)d: and (15)

= ~f(4 + :) x(Z)d:.

Since the net flux transfer between the plates (i.e., the disphicement

f l ux) is 4 (~ + 
~~) and as this displaced flux is , by cont inuity , equa l

to the charge transferred through the external current , Equations (13)
and (15) lead to

next . = (~~~- 
- 

~+) = (Q _ - Q + ) (l6a)

= - ~.fz A(:)d : (lob ~

and

~batt . 
= next. 

V = -
~
- V0 

(Q - Q ) .  (lt~c)

Is

,*—. - - “
-
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The energy-flow equation Equation (12) is now separable into two parts
by noting that the expression on the right-hand side of Equation (l6c)
is equal to the first term in Equation (10). Substituting Equations
(16) and (10) into (12) then yields the energy-balance equations :

~batt. 
= = E j Z A ( Z ) d  ( 17a)

0 = W + 
~~ 

V( a)Q
~~~ 

+ ~
. E JZX (Z)dZ + 4 E f  :x 0 (:)d Z (17b)

w h e r e X = A  +~~~~net o

The interpretation of Equation (17a) is that all the energy sup-
pl ied by the battery is stored in the form of electrostatic potential
energy by charges (Q~ and Q) accumulated on the plates and that the
magnitude of this energy transfer is determined from X(:) by the above
integral. The second Equation (17b) shows that the sum of the electro-
static potential energy of the conductor and the external work, W , is
constant; or equivalently, that work is generated by a lowering of the
electrostatic energy of the conductor. (NOTE: Any interpretation re-
garding the partition of electrostatic energy within such a system is
not unique. The present interpretation corresponds in a natural way to
the development presented here; several other approaches are also pos-
sible , and each suggests a different but equivalent way of subpartition-
ing the elec trostatic energy . However , in all other aspects, all ap-
proaches are necessarily identical in that Equations (17) result and
that no ambiguity exists regarding external quantities .3 It should be
clear from the foregoing that Equations (17) apply to conductors with
arbitrary shapes and , by a summation over N can represent N-body sys-
tems, provided only that the line charges AN and the floating potentials

VN(a) include the effects of all conductor-conductor interactions .

III. ThEOREM FOR NEUTRAL CONDUCTORS

From inspection of the energy-balance equations a very useful the-
orem is now evident for problems involving neutral conductors :

The change in internal energy of a neutral con-
ducting body is equal to the change in the work W ,
and the sum is equal to the loss of potential energy ,
by the conductor with respect to the uniform field E

0.

Further , this sum is also equal to the increase in
electrical energy supplied externally (by the battery).

3w. Panofsky and M. Phillips , “Classical Electricity and Magnetism ,”
Add ison-Weley, 1955 , pp. 88-89.
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This follows immediately from Equat ions (17) by se tt ing 
~net 

and

A to zero ,net

w = = - 4 E~
f 

:x(Z)dZ (18)

1
- 2 ~batt. ,

where the internal energy -~~~. is identical to the assembly energy of
m t .  - -

the neutra l charge distribution on the conductor. In the absence of
dissipative forces (e.g., viscous damping , corona, sparking, etc.) the
gain in kinetic energy is equal to iIW .

IV . ILLUSTRATIVE EXAMP LES

The following problems , involv ing both neutral and charged bodies ,
are now presented as examples to illustrate the usefulness of energy-
balance in obtaining direct ly selec ted information on a varie ty of
otherw ise unrelated problem s, some of which are not amenable to the us-
ual analytical techniques.

A. Problems Involving Neutral Conductors

1. Motion of a Thin Ellipsoidal Conductor on Being Swept into the
Un iform Field of a Finite Parallel Plate Capacitor by the Associated
Fringing Field. Figure 3 indicates by the superscript (i) the initial
conditions and by (f) the parameters at a later time.

W’= K E ’=~~
1 . = 0  (19)
m t .

Equations (1’~a) and (17b) y ield

~~KE) = (KE ) ’ = 4 E0_[
A ( :)d . (0)

The l ine charge dens ity is given by

A = 8q / L , (21)

where q , the “separated” charge with corrections for the presence of
conducting planes, is determined elsewhere. 4 Integration of Equation
(20) leads to the result ,

~~batt. 
= 2

~~~jnt .~ 
= 2(~ KE) = 4 E

0
qL , (22)

4
W. Bucher, “Electrostatic Forces on Conductors Moving between Conducting
Plates,” BRL Report in print.

18
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Figure 3. Neutral Conductor in Fringing Field
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where the kinetic energy is due solely to translation ~ i th velocit y v
a I on the med Ian p l a n e ,

V 
[~ 

E 0qL/m ~~ 12 3 )

2. Thin Elli psoid Rotated from Position Parallel to Normal to Me-
dian Plane as Shown in Figure 4. The solution is similar to that in
paragraph 1 above except the kinetic energy is rotational. The angular
v e l o c i ty  i s  there fore  

1

w =
~~ 

E
0qL/1],

2 
(2-1 )

where I is the moment of i n e r t i a .  (Note that , in t u r n , t h i s  p rob lem i s
a l so  s i m i l a r  to one in w h i c h  a t h in  conductor l y i n g  on one of the  con-
ducting planes is rotated about one end to a position of ali gnment i-.ith
the electric field. The separated charge q, however , is about four
times larger.)

3. Displacement of Thin Neutral Conductor from ~‘led i an to Conducting
Plane as Shown in Figure 5. (Note, the solution to this problem is of
particular interest since it corresponds to an integration over the
near-reg ion of the conducting plane for which no analytical solution
exists.)

A(KE) = 
~~int. 

- 
~~int. 

(25 ;

= 
~~~ E~ L(Q - q) ,

where Q and q are the “separated” charges at the  c o n d u c t i n g  and m e d i a n
planes , respectivel y . The velocity of the conductor upon striking the
p l a t e  i s  t h e r e f o r e  

1

v ~~ 2E 0L( Q - q )/ 3 m ~~ ( 2(s )

and the charge transferred in the external circuit is

2 L ( Q  - (1)/3d (2T )

While the charges Q and q can he calculated as previously outlined , the
approximation Q 4q is of sufficient accuracy for most cases of
interest.

B. Pr ob lems  Involvin g Net Charges

1 . The determination of the kinetic energy acquired by a thin con-
doctor  w h i c h c a r r i e s  a c h a r g e  

~net ’ acqui r ed by c o n t a c t i n g  one p l a t e .

a nd then moves to the opposite plate i s  e a s i l y  ca r r ied  out by substitu-
tion into Equations (17a and (l7h) , and will not therefore be presen ted
here. However , one i mportant point concerning the change in the charge

‘
~~~~~~~ ~~~~~~~~~~~~~~~~~ ~~~~~~~ 
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distribution (and, hence , internal energy) during this traversal is
noted : The charge distribution undergoes only very small readjustment
between the time of leaving the one plate which it has contacted and
approaching to within very small distances from the other plate (as
indicated in Figure 6). The floating potential , of course, var ies more
nearly linearly. These variations in the charge distribution are in
contrast to those of a neutral body, which undergoes rapid change as
either plate is approached . The magnitude of such nonsynunetrical effects
as energy transfer (e.g., external circui t current and kinetic energy)
can be determined by comparing the resul ts  from the energy equations
when applied to a charged conductor located at the median plane and at
contact on each plane . The required charge distributions at each loca-
tion were determined prev ious1y~ ; only the floating potential at the
median plane is required for input into Equations (17). This is found
by using the classical solution for an isolated , charged e l l ipso id and
then applying the method of images to determine the correction due to
the conductive plane .

2. While Equat ions (17) apply only to conductors , they can be mod-
ified to inc lude the presence of point charges . The necessary changes
will be apparent from the following example from which the kinetic en-
ergy of a point charge is determined.

Firstly, the self-energy of a point charge is constant and , as
mentioned earl ier , was therefore omitted . Secondly, the absence of
self-energy causes the last two terms of Equation ( 17b) to be increased
by a fac tor of two. However , the second integral is necessarily zero
for a point charge. Thirdly, the “floating” potential, V(a) for a point
charge must be interpreted as the field due solely to the infinite se t
of images . Therefore, Equations (17) become

~batt. 
= - E 0Z q (28)

0 = W + 4 q~~ X) + E0:q

where X : + .
~
. d and ~ is the image potential :

~(X) = (_~ /l61rc
od)(~

. + 2E~
. 

~~~ 
),

where A k = X/k. The kinetic energy, etc,, follow simply and directly

from Equation (25) differences . Figure 7 shows the potential ~ for a
point charge .
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V . SUMMARY

It is clear from the foregoing examples that the energy equations
prov ide  a convenient  and p o w e r f u l  means for extracting selected infor-
mation from a wide variety of problems. This approach is partic ularly
important in prob lems for which ç le te  solutions cannot be obtained
by an al y t i cal  tech n i ques .

The method desc r ibed  here in  served as a bas i s  for s o l v i n g  several
problems of immediate concern . In Reference 4, the energy equations
were used to invest i gate the motion of a conductor in the near-reg ion
of an electrode , a point of singularity. In Refe r ence 2 , t h e  en ergy
approach was successfull y applied to gain both qualitative and quanti-
tative understanding of electric current pulse generation by conduc-
tors in the vicinity of contact.
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It is necessary to de term ine the induced charge d istribution, or
equivalently the incident flux distribution , on either of two parallel
conducting planes due to a unit point charge located between the planes.
This problem is most easily solved by the method of images; an infinite
set of image charges is generated by multi ple reflections at each plane.
It is interesting to consider first the solution resulting directly from
the in f in i te  summation of images by ordered pairs. The result of this
approach is the non-convergent sequence

1 1 N (1)

where 
~N 

is the flux incident on one plane due to a l l  image  p a i r s  up to

and including order N . The explanation of this paradox involves the
proper ordering of two limiting processes: the infinite extent of the
conducting planes and the infinite set of image charges. The boundary
condi t ions  are met on ly  if  the l a t e r l i m i t  is taken  f i r s t .

The above paradox is thus easily resolved by cons ide r i ng first only
tha t  f lux  inc iden t  on a c i rcular  area of radius  . Then , after summing
over the i n f i n i t e  set of images , t he l i m i t  w i t h  respect  to 2 can be
tak en. The above procedure for the f i r s t  step y i e l d s  for the f l u x  w i t h -
i n the  c ir cula r a rea

- - X IN-X
I ( \ , )  = 1 - - --

~~~
— - - - - -

~~ +

X +~~~~~ I- N = l  + 12 \ - \ )  j

E 2N+X
- — - -~~~~- 2 )

1
N=l + 2N 4 X Y J

where X ( t h e  distance of the unit c ha r -g e  from the plane) and are i n
unit ; of d , t h e  p l a t e  se~si r - i t  i o n .  A p lo t  of l a ( u a t  ion ( 2 )  as shown Ia
Figure  8. The second l i m i t  ing  p rocedure y i e l d s

= 1 in F ( \ , )  ( 5 )

= 1 — X i n  d i m e n s i o n l e s s  u n i t s

or

= (1 - X/d)q.
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