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I. INTRODUCTION

A detailed energy-balance study offers an effective means for ana-
lyzing the motion of conducting bodies immersed in an electric field
produced by a pair of clectrodes. By considering the partition of
energy throughout such a system, exact and highly manageable expres-
sions can be derived to provide a description of the system dynamics.
As the system moves from one state to another under the influence of
electrostatic or external forces, changes occur in the physical quan-
tities associated with the state of the system. Such changes determine
completely the dynamics for conservative systems. For nonconservative
systems, as will become apparent, the inclusion of dissipative forces
(e.g., sparking, corona, etc.) can be treated in a straightforward way.
Quantities of particular interest here are the kinetic energy, both ro-
tational and translational, of the conductor; the electrostatic field
energy; the electrical energy supplied to system by battery; energy dis-
sipation; and current flow in the external circuit.

In this report, the parallel plate electrode configuration is exam-
ined in detail. For other electrode configurations, the appropriate
energy partition equations can be derived in a manner similar to the
development presented here. For example, spherical-electrode geometry,
which is applicable to the particle detector of Shelton and Morrissey!
was examined previously.2 (See Reference 2 for the analyses of parti-
cle detection in both parallel plate and spherical geometries, and con-
ductor link-up across electrode gaps.)

Following the derivation of the energy equations for charged and
uncharged conducting bodies between parallel plate electrodes, a theo-
rem on the partition of energy for electrically neutral bodies is pre-
sented. In addition, solutions to a variety of problems are presented
which illustrate the range and utility of the energy-balance approach.

IT. ENERGY-BALANCE FORMULATION

Figure la shows schematically the geometry under consideration.
While the shape of the single conductor depicted in this figure is
rather specialized, it will be noted that no such restrictions apply in
the following treatment. Indeed, configurations of two or more arbi-
trarily shaped conductors are also permitted, provided only that the
individual surface charge distributions reflect the effects of all mu-
tual interactions.

lR. D. Shelton and J. Morrissey, "Airborne Particle Analyzer,'" patent

pending.

Zw. Bucher, "On the Phenomenon of Current Pulses Generated by Conduc-
tors Near Contact in Electric Fields,'" BRL Report No. 1951, Dec 76.
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It is convenient to represent the total electrostatic energy ¢ of
Figure la as the sum, 4

(1)

where Eh and Ec are the total energies of the subsystems of Figures 1b

and lc, respectively, and ¢ is their interaction energy. For any

b,c
charge distribution, the energy of assembly is given by the well known

relation
ek s V.q. + E W (2)
2 1] (self)j’

j#i i

whcreSindicates the required summation and/or integration over j; \'I

is the potential at the point j due to all charges except qj; and

“(svlf)j’ is the self-energy of any point charge j. Since w(sclf) is

constant, 1t can be neglected as it will cancel in the final result,

and thus
U l—fvm dq (3)

will be used to determine assembly energies. Similarly, ic 1s constant
and by its omission Equation (1) reduces to

£ = Cb + gb,c’ (4)
Applying Equation (3) yields
1
£, = 5 (@) (0 + 1 @) (0 + %fv(a,:)dq (5)
C

where the rcgiondl.is over the surface of the conductor,

- = / & RS )
v(ia,z) V(a) Loh, (6)

and V(a) is the floating potential on the conductor. By defining d,
as the charge distribution the conductor would have if the net charge

were zero, then q can be expressed as

9% et * Y50 (7)
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and Equation (5) can be rewritten as

V(a) A ?l_’_ﬁof Z dqnet Eof Zd({o. (8)
C C

It is noted that the total electrostatic energy of Figure 1b is asso-
ciated with the charge distribution on the conductor; none is involved
in assembling the charges Q,_ on the conducting planes. The first two

tof —
PO —

&b

terms of Equation (8) represent the energy required to assemble the net
charge distribution on the conductor, and the third term is the energy
of assembly of the neutral distribution. (Since both integrals in
Equation (8) are negative, all terms are positive.)

The interaction energy £ e arises from the superposition of the
’

fixed charge distributions of Figure 1b on the constant field configu-
ration of Figure lc. This energy of interaction is basically distin-
guished from that of assembly in that with the former the charge dis-
tributions are fixed and thus the factor of one-half is omitted from
Equation (3) in computing &b s Therefore,

s e
= — - 2 7 (
Eb,c Q 2 L Q+ 2 B Lo,/;dqnct X Lo‘/‘“dqo’ (9)

where the first two terms may, as shown below, be interpreted as the
conversion of energy from the external circuit (battery) to the electro-
static potential energy of the charges Q, on the conducting planes, and

the last two terms represent the interactions of the fixed charged and
neutral distributions, respectively, with the constant electric field

E = -EOZ. It is seen that the latter two interactions are attractive

(both integrals lead to negative energy values) and further that they

are proportional (times -2) to the last two terms of Equation (8).

Substituting Equations (8) and (9) into Equation (4) yields for the
total electrostatic energy of the system

1 ; (g - L - -
E o oY = == = E 7 — E Z ) LN
7 2 \o 4, =8 p* 2 Vi) Unet * 2’&1/~dqnet 5 ZI(L/ndqo LS
where, it must be remembered, both the accumulated charges on either
plate (Q_and Q_) and the charge distributions (qnCt and qo) depend on

the position a of the conductor. In evaluating the integrals of Equa-
tion (10), it is convenient to use the line charge density A(Z); thus

ﬁdq =[: A(Z,a) dzZ (11)

since dq = o(Z,a) k <dA = A(Z,a)dZ.



The energy-balance equations are obtained from considering the
energy flow to and from the system as shown in Figure 2.

Q V=i + W

y (12)
ext. o electrostatic

The energy flow into the system is simply the energy supplied by the
battery: the charge transferred through the external circuit times the

potential difference, Qext Vo. The output energy, labeled here simply

as W, may, in general, be of several forms; for example, kinetic energy
of the conductor(s), work done by the system, or dissipative as might
result from motion through a viscous medium or sparking between ele-
ments in close proximity.

The relationship between Qe(t and the charges accumulated on the

plates, Q_ and Q, is established in the following way. By Gauss's law,

o =Q and b, = Q,, (13)
where ¢ is the inducing flux at either plate as caused by the presence
of the conductor(s). It can be shown (see appendix) that, for a point

charge q at position Z, the fluxes are

l -
b = (% - 2)q and i (? + 2)q. (14)
For a conductor, which can here be described by a line charge x(Z),
superposition yields
S 7YdZ
¢_ = Eﬁ_z— = Z) )\(_)d._ and (15)

b, = %ﬁ% # 7Y A(Zyaz.

Since the net flux transfer between the plates (i.e., the displacement
flux) is % (@_ + ¢+) and as this displaced flux is, by continuity, equal

to the charge transferred through the external current, Equations (13)
and (15) lead to

g G~

1 1
Quee, *F 0 -8 =2 (Q -9) (16a)

by g
o afb A(2)de (16b)

C
and
l ~
batt. " Qext. Vo *% Y% W, = R (1l6c¢)
15
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The energy-flow equation Equation (12) is now separable into two parts
by noting that the expression on the right-hand side of Equation (16¢)
is equal to the first term in Equation (10). Substituting Equations
(16) and (10) into (12) then yields the energy-balance equations:

Ebatt. = £Q+ = EOJ£~ZX(Z)dZ (17a)

EO[ Ix, (2)dZ (17b)

(ST

1 1 3 s
D=l s a a0 * 7 Eodéﬁ“xnet(‘)dL B

where A = Xnet + Ao.

The interpretation of Equation (17a) is that all the energy sup-
plied by the battery is stored in the form of electrostatic potential
energy by charges (Q+ and Q_) accumulated on the plates and that the

magnitude of this energy transfer is determined from A(Z) by the above
integral. The second Equation (17b) shows that the sum of the electro-
static potential energy of the conductor and the external work, W, is
constant; Or equivalently, that work is generated by a lowering of the
electrostatic energy of the conductor. (NOTE: Any interpretation re-
garding the partition of electrostatic energy within such a system is
not unique. The present interpretation corresponds in a natural way to
the development presented here; several other approaches are also pos-
sible, and each suggests a different but equivalent way of subpartition-
ing the electrostatic energy. However, in all other aspects, all ap-
proaches are necessarily identical in that Equations (17) result and
that no ambiguity exists regarding external quantities.? It should be
clear from the foregoing that Equations (17) apply to conductors with
arbitrary shapes and, by a summation over N can represent N-body sys-
tems, provided only that the line charges AN and the floating potentials

VN(a) include the effects of all conductor-conductor interactions.

III. THEOREM FOR NEUTRAL CONDUCTORS

From inspection of the energy-balance equations a very useful the-
orem is now evident for problems involving neutral conductors:

The change in internal energy of a neutral con-
ducting body is equal to the change in the work W,
and the sum is equal to the loss of potential energy,
by the conductor with respect to the uniform field Eo‘

Further, this sum is also equal to the increase in
electrical energy supplied externally (by the battery).

3w. Panofsky and M. Phillips, "Classical Electricity and Magnetism,"
Addison-Weley, 1955, pp. 88-89.

17

-

TS R TV e TR L e R T T I P 0 s ey S A g .

«



A

where the internal energy Ein

t

This follows immediately from Equations (17) by setting Qnet and

to zero
net ?

= e, ™ -

(ST

Eod/'zx(Z)dz (18)
C

—

2 Ebatt.,

: is identical to the assembly energy of

he neutral charge distribution on the conductor. In the absence of

dissipative forces (e.g., viscous damping, corona, sparking, etc.) the
gain in kinetic energy is equal to AW.

IV. ILLUSTRATIVE EXAMPLES

The following problems, involving both neutral and charged bodies,

are now presented as examples to illustrate the usefulness of energy-

b

alance in obtaining directly selected information on a variety of

otherwise unrelated problems, some of which are not amenable to the us-
ual analytical techniques.

A.

Problems Involving Neutral Conductors

1. Motion of a Thin Ellipsoidal Conductor on Being Swept into the

Uniform Field of a Finite Parallel Plate Capacitor by the Associated
Fringing Field. Figure 3 indicates by the superscript (i) the initial
conditions and by (f) the parameters at a later time.

wh = kgl = gt =0 (19)

Equations (17a) and (17b) yield

ACKE) = (KE)

1 B g .
3 Eov/.-k(-)d-. (20)
C

The line charge density is given by

5
A = 8qZ/L°, (21)

where q, the '"'separated' charge with corrections for the presence of
conducting planes, is determined elsewhere.” Integration of Equation

(20) leads to the result,

vl ro

= 2(a8; . ) = 2(&KE) = 5 EaL, (22

AEbatt.

4 i
W. Bucher, "Electrostatic Forces on Conductors Moving between Conducting

Plates,'" BRL Report in print.
18
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Figure 3. Neutral Conductor in Fringing Field
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s

where the kinetic energy is due solely to translation with velocity v
along the median plane, |

2 2
v =[§ quL/m] (23)

2. Thin Ellipsoid Rotated from Position Parallel to Normal to Me-
dian Plane as Shown in Figure 4. The solution is similar to that in
paragraph 1 above except the kinetic energy is rotational. The angular
velocity is therefore

2 2
w =[§ quL/I], (24)
where 1 is the moment of inertia. (Note that, in turn, this problem is
also similar to one in which a thin conductor lying on one of the con-
ducting planes is rotated about one end to a position of alignment with
the electric field. The separated charge q, however, is about four
times larger.)

3. Displacement of Thin Neutral Conductor from Median to Conducting
Plane as Shown in Figure 5. (Note, the solution to this problem is of
particular interest since it corresponds to an integration over the
near-region of the conducting plane for which no analytical solution
exists.)

f i

S

ALKE] int. int.

]
o

(25)

= TELQ - q),

0
where Q and q are the '"separated'" charges at the conducting and median
planes, respectively. The velocity of the conductor upon striking the
plate is therefore

1
5
v =PEJ¢Q ’q)/“J‘ (26)
and the charge transferred in the external circuit is
= 2 . e 4
Qexe, = 2L(Q - @)/3d (27)

While the charges Q and q can be calculated as previously outlined, the
approximation Q = 4q is of sufficient accuracy for most cases of
interest.

B. Problems Involving Net Charges

1. The determination of the kinetic energy acquired by a thin con-

ductor which carries a charge Qnet’ acquired by contacting one plate,

and then moves to the opposite plate is easily carried out by substitu-
tion into Equations (17a) and (17b), and will not therefore be presented
here. However, one important point concerning the change in the charge

20
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distribution (and, hence, internal energy) during this traversal is
noted: The charge distribution undergoes only very small readjustment
between the time of leaving the one plate which it has contacted and
approaching to within very small distances from the other plate (as
indicated in Figure 6). The floating potential, of course, varies more
nearly linearly. These variations in the charge distribution are in
contrast to those of a neutral body, which undergoes rapid change as
either plate is approached. The magnitude of such nonsymmetrical effects
as energy transfer (e.g., external circuit current and kinetic energy)
can be determined by comparing the results from the energy equations
when applied to a charged conductor located at the median plane and at
contact on each plane. The required charge distributions at each loca-
tion were determined previously“; only the floating potential at the
median plane is required for input into Equations (17). This is found
by using the classical solution for an isolated, charged ellipsoid and
then applying the method of images to determine the correction due to
the conductive plane.

2. While Equations (17) apply only to conductors, they can be mod-
ified to include the presence of point charges. The necessary changes
will be apparent from the following example from which the kinetic en-
ergy of a point charge is determined.

Firstly, the self-energy of a point charge is constant and, as
mentioned earlier, was therefore omitted. Secondly, the absence of
self-energy causes the last two terms of Equation (17b) to be increased
by a factor of two. However, the second integral is necessarily zero
for a point charge. Thirdly, the '"floating" potential, V(a) for a point
charge must be interpreted as the field due solely to the infinite set
of images. Therefore, Equations (17) become

s w Z 2
Ebatt. anq (28]

1 "y
0 =W+ >qd(X) + EIq

where X = Z + % d and 4 is the image potential:

~ A
1 E 1 k
@(X) -=<-Q/16"€°d)(k— ol F 1_)\2 ):

1 k

where A ® X/k. The kinetic energy, etc., follow simply and directly

from Equation (25) differences. Figure 7 shows the potential ¢ for a
point charge.
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V. SUMMARY

It is clear from the foregoing examples that the energy equations
provide a convenient and powerful means for extracting selected infor-
mation from a wide variety of problems. This approach is particularly
important in problems for which complete solutions cannot be obtained
by analytical techniques.

The method described herein served as a basis for solving several
problems of immediate concern. In Reference 4, the energy equations
were used to investigate the motion of a conductor in the near-region
of an electrode, a point of singularity. In Reference 2, the energy
approach was successfully applied to gain both qualitative and quanti-
tative understanding of electric current pulse generation by conduc-
tors in the vicinity of contact.

26
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It is necessary to determine the induced charge distribution, or
equivalently the incident flux distribution, on either of two parallel
conducting planes due to a unit point charge located between the planes.
This problem is most easily solved by the method of images; an infinite
set of image charges is generated by multiple reflections at each plane.
It is interesting to consider first the solution resulting directly from
the infinite summation of images by ordered pairs. The result of this
approach is the non-convergent sequence

oy =5+ 5 (DY, (1)

where ¢N is the flux incident on one plane due to all image pairs up to

and including order N. The explanation of this paradox involves the
proper ordering of two limiting processes: the infinite extent of the
conducting planes and the infinite set of image charges. The boundary
conditions are met only if the later limit is taken first.

The above paradox is thus easily resolved by considering first only
that flux incident on a circular area of radius Z. Then, after summing
over the infinite set of images, the limit with respect to Z can be
taken. The above procedure for the first step yields for the flux with-
in the circular area

el X 2 2N-X

Bt ==l ) i i
£ - > )
08 [r . (ZN—X)"}

2N+X
= 1 (2)
2 21
N=1 [Z + (2N+X) ]
where X (the distance of the unit charge from the plane) and Z are in
units of d, the plate separation. A plot of Equation (2) as shown in

Figure 8. The second limiting procedure yields

&%) = Lim  F(X,Z2) (3)
Z®
s 1 <« X in dimensionless units
or
¢(X) = (1 - X/d)q.
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