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STATISTICAL CORRELATION DISTANCE FOR
PLATFORM-TO-PLATFORM RADAR INTEGRATION

IN TROD UCT IO N

In search-radar tracking systems the detections must be associated or correlated with the
tracks. One way of correlating the detections with tracks is to compute a statistical distance
between each track location and measurement and choose the detection to go with the track
which has the minimum distance function. Usually those detection and track combinatio ns are
limited to a small reg ion of space such that the distance would be below some threshold , thus
reduc ing the number of calculations required dramatically. This type of correlation has been
used with most searc h-radar tracking systems to date.

This report will first rederive the basic statistical distance used in most co llocated radar
tracking systems. The derivation will be based on the standard hypothesis-test procedure. Next
the test ss i l l be comp licated somewhat , and a new stat istical measure will be obtained which
wou ld probably be of more use in integrating radar data from noncol located sites.

STANDARD STATISTICAL DISTANCE

We begin formulating the standard hypothesis test. Given a detection and measured posi-
tion X.,,, find which hypothesis H,, I I, ..., N, has t he highest probability of being true. This
is given by

P (H ,/ X ,,, ) > P (H , / .X’ ,,, ) . ( I)

w here I I  is the hypothesis that the detection belongs to iih track. This should be read that the
hypot hesis H1 is c hosen if the probability of H, be ing true given the measurement is greater
than t he probability of H, being true given the measurement for all values of i. By use of
Bayes rule the hypothesis test can be rewritten

P (X m/ H i ) P ( H , ) P (X n,/ H I ) P ( H , ) 
2)

P (X ,,,) P (X ,,, )

The P( 10, ) is irrelevant and can be removed. The measured position can be w ritten as

= + ,\,~, . (3)

where X T is the target true position and N,,, is the measurement noise. By change of variable
using (3), t he hypothesis test (2) can be rewritten as

P \ (X ,,, — X 7- / H, ) P ( H, ) ~ P~ (k ’ ,, — X 7- / 11, ) P (I 1 , ). (4 )

s ince the noise and the hypothesis are independent . (4) becomes
P (H )

P.~ (X ,,, — X~- ) 
~ P~ (X ,,, — X 1 ) 

P (H , ) ‘
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If the noise is Gaussian or near Gaussian , t he hypothesis test (5 )  is equivalent to
[ ( X ,,, X 1 ) — 

~“ /II .k’,) I R ~
”1 t ( X,,, — .k~~

) ( k ,,, — -

c ELY ,,, — k’1- ) — (k ’ ,, — .k’ , ) I ’ R ~ ”’ Ix,,, — X , ) — (X ,,, — k 1 11 + ( ‘, ( 6 )

w here R~~ is the covariance matrix of noise , C = In P (H , / P ( I I, ). and the prime denotes the
transpose. If the measurement is unbiased (A’,,, = X~. ) and the hypotheses have equal proba-
bility of occurrences ( P ( H , ) = P ( HJ ) ) , then (6) reduces to

NA’,,, — .k’, - ) J ’ R ~ ”’ Et A’,,, — A ’,))  < NA’,,, — k ’ ,- ) i ’ R~”’ E t A ’,,, — A ’, ) J . 7

For “good” collocated radars the measuremenls can be made unbiased in mosl cases. ( This is

not true in gener I unless considerable effort at the radar level is made and bias-removal algo-
rithms are used between different collocated radars.) With the assumption of no bias, for collo-
cated radars t he quantities are defined

r 0= = a- . and R,,~~ = 0 I / Irs  
(8 )

The noise is  uncorrelated in the range and azimuth measurement , and t he hypothesis test be-
comes

(r,,, — r , 
2 (a:,,, — a: T 2 (r,,, — 

~7 
2 (a:,,, — a: r 

2

7 + 2 2 
- 

+ - (9 )
IT~~ t T 0: IT

It is assumed that the T R and (T a: are est imated when the measurement is taken , and r ,,, ari d
a:,,, are t he measured quantities. However , t he true position r T and a:r are not known , To
complete t he test , r r and a:T must also be estimated. The best estimate of the target ’s posi-
t ion comes from the tracking filter , w hich may be the Kalman filter or some variation of it. In
any case t he best estimate of the target ’s tr ue position is the predicted position of the filter

X~ X T + ~~ = 
1a:~,] ’  

(10)

[sing t he best estimate of the target ’s pos ition X~~, the best estimate of the measurement error
rr p and r r , .,  and t he measured position I,,,, the hypot hesis test becomes

(r ,,, — 
~1, 

2 (a:,,, — a:p 2 (r,,, — Tp 2 (a:,,, — a:p 2

+ 2 
—

~~~~~ 7 + 2 
‘ 

‘ ( 11)
(T~ ET a-

The statistical distance D, is defined as
(r,,, Ip ~ 

2 (a:,,, — a:p 2
D, = 2 + 2 ‘ ( 12)

(T R (T a:

This is the usual stat istical distance used in minimum-distance correlators for tracking with col-
located radars. The statistical distance is also sometimes used for determining if a target is turn-
ing or not. For example, if the predicted position is biased from the true position , t he distance
1) becomes large and the bandwidth of filte r should be opened up if the association was
correct. At this point we will consider a somewhat more complicated correlator based on
knowing both the measured and predicted position.
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NEW STATISTICAL DISTANCE

The formulation of the new statistical distance parallels the previous development The
hypothesis is

P ( 1/ , A ’,,, . A,, ) > P ( H , / . k ,,, , V,, 1 . ( 13 )

in wh ich H, is the hypothesis that the measu iement X,,, belongs to t he ith track ,

k’,, = A’, + .\ ,,, .  ( 14)

and

X,., = X, + .5’,,, ( ‘i S )

where ,k’,,, is the measured position , A’, is t he target ’s true pos ition , N,,, is the measurement
no ise , and .\

‘,, 
is t he predicted position noise. By use of Bayes rule the hypothesis test ( 13) can

be wr itten as
P (X m, X,,/ HJ ) P ( !~

) P tA ’,,,, X,,/ H , ) P (H , ) 
( 16)

P (X m. Xp ) P (X ,,,, X,,)

The P (X m. A’,, ) is irrelevant to the test and can be ignored. Equations (14) and (15) can be
used to c hange the variable in (16) , yielding

~
. I (A ’,,, — A’, , (X~ 

— A’, ) / H~ 
) P (H1 ) I

~~
‘ P Vy, , ti p E ( X m — X1 L (X~ 

— X, ) / H , ) P ( H , ) 1 . (17 .

The noise is independent of the hypothesis , and the a-priori probabilities are assumed equal
(P (H , ) = P (H1 ) )  hence (17) can be written as

I (X ,,, — A”, ) (X~ — x, ) I ~~ P~ ~ E ( X 1~, 
— A’1 ) .  (A ’,, — A’, ) 1. ( 18 1

The probability distributions are assumed to be Gaussian . Even if they are not , this assumption
often yields good tests. The test can then be written equivalently as

( V1 — V ~) ’R~ T~~ , (~~, — )  < ( V  — V ) ’ R 1 ( V  — V )  (19)

w here

X,,, — A’, R 
~, ~ 

R ,~ ,~
on 

~~ ~~~~~~ 
and R \.,, \~ =

Rather than rewrite the hypothesis test , t he statistical distance is defined as

= ( V 1 — V~ ) R~~~ ( V 1 — V ). (20)

The inverse of the covariance matrix can be rewritten using a vector identity as

— R — ‘  — ~ 11 Q12 (21 )Nn, N,, Q21 Q22 ’
where

= (R ,,,, — R , , , ,  R,, ’,,’ R,,,, ) —
~

= —Q 1 1 R,,,, R,,’~~ ,

= —R ,,~~ R,,,, Q11’
and

R,,~~ (I + R,,,, Q11 R,,n,,,~ ~~~ ) —l
•

~~~~~~~
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t he st ,it st IL ii d ist ,incc def ined in I I I i~ quite coiit~’le ~ . and man III the pa ran lete rs in the te s t
,ire unknown -\~ heti ’ re , th e ut i k ,t own parametCi ’~ in t he te s t must he es t i ma t e d.  t h e  hest
le.ls t-sL Ili.ire e s t i m a t e  k , t  the t a r g e t ’s t ru e posI t ion t - gi ’,ct i the predicted and t iie .isured p 1151-

lion h~ st, ii i Liard L III. u l i t  I I if l  S I’,

on k , ~~~ + Q,~ ~~~~, Q:i 
- 

! ( Q 1 1 ~ ,, ~ 
- - I k ,,. I . ( 2 2 (

The other  qua nti t i e ’~ t i  he estimated arc is  t ’ , l ( o w s  I he Cr ’s a r ia n c e  m.itr i’t  s,, ,, is estimated

at t ne radar , and the c,~ ’t ar iance matrIx R ,, ,, 
- 

is uht, iined (rum the tr aL king f i l te r I-a r rather ra-
pid u~ d~ite tIn es the c rassco r re la t i l  I f lS  k , , , ,  .ifld the mean I can he esti m,i ted h~ aver a g Ing
the results os ci the l ist f e w  upd. ites t h e  pr l lced ure Ust described is  qui te complic ated , hut the
stat ist ic , i l d i s t a nce  can be simpli f ied for  a s pcc ia l  c isc

t h e  f i rst  s impli f icat ion is U, set the mean ~due at I to iero . w hich means k ,, and k ; ,
ha ’t e mean ‘t al Lies equal to the t rue t a rget s posi t ion and are th ~refore unbiased es t imators.  The
s C c l ’ f l  LI s l f l l p f t t i ca t IOf l  is to set the c r , ,sscorre lat i on hetw cen the measured and predicted ~ I ‘ s , ’

t io f l s  k , ,, 
- 

to Lero. The s ta t i s t  ca l d is tance (2W then reduces It)

J) on I s ,,, ‘— s~~~) k , ] ,  ) ,, ) Is - s , , ) k , , , (x 1, 
— I , ( 23 )

w here

k’1, = ( R ,, ’,t, - ‘- k , , ]  ) H ( R H  A ’ , R ,,’,,t k’ ,, ) . ( 2 4 )

The quant it y I) is  the sum of two squared \I ihalanobis d ist ,i nces , ’

Equation (23 )  is a good stat ist ical distance measure i t
’ t he measured and predicted pos i-

t ion~ are unbiased estimates , which is usuall~ t he case when the targets are nonmaneusering ,
the tracks hase nor previously been corrupted , and the measurements are unhased because of
the use of good radar and radar-al i gnment procedures. However , i t ’ this condit ion of nonhiased
e s t i m a t e s  does not hold , the mean ‘t alue of t he I - and the cross corr cl utions between the
predicted and measured posit ions should he est imated , since they are ii,~w non/e ro

The question natural ly ar ises is to how much better the test gisen h~ 
( 20 ) is  os er the

simpli fied test  given h~ 
( 23 (  Is i t  wor th w hile performing all the e x t r a  computing of est imat ing

the mean at I and the c rossc orr elat ion terms. This question is  not addressed direct ly  in this
report. The ,insw er requires a long-term simulation anil anal~ s is  procedure w i th  the use of
many t~ pical situation s. I lowese r , a tess comments are in order. I ,rst . given that the radar
measurements are unbiased and no bias exists be tw een dit l~ re nt r.ILI ,Irs . the predicted pos ition
is  unbiased t ’ , pically when the target is not maneuvering i’r the t r a ck h,is nut been pres ously
corrupted most of the time. The simplified stat ist ical  di s tance is suff ic ient under th e se cir-
cumstances. If the predicted position is corrupted because of t a rget  nianeu sers or pres iousl~
misass igned detections , t he estimates required for the hypothesis test w i l l  he rather poor any-
way ,  and proper sort ing of the data will probably require a longer time histi ’ r~t at detect ions
Therefore it is felt that the simpler hypothesis test given by ( 2 3 )  is  sufficient to use in all cases
The stat ist ical distance measure (23 ) can also be used as a turn detector in that if the detection
and tracks are proper ly associated and the stat ist ical distance is  large , the target is  turning and
hencr. t he bandwidth of the filter should be opened.

(, V Trun k and 3 1) \~ , ls,, ,~ , t r I L L I n g  I lieN or ~luIi ip(e t’liil m i  Radar l n iL ’g r ,, i l ,, n . \ R l  Repo ri 5115 . I)c~ 4 ,
‘( “ 5
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The concep t of correlating or ,issoc at ing detections with tr ,icks uses a measure cummonl~
called statistical distance. Wi th the use of ba s i c  concepts in hypothesis testing, the statistical
dis tance commonly used in search-radar t racking s~ s t e m s  w a s  derived. By use at more ( i t  the
iii tor mation available that is . by use ol’ predic ted positions as well as measured positions , a new

hypo thesis test w as constructed and ~i new St , i t l s t i ca l  dis t ance s’t is obtained which  s’t ould prob-
ably be of more us e  in integrating radar data front noncol located s i t e s  In general the form is

quite complicated , requiring sante rather difficult es t imat ion , t ‘ nder a special case the s t , i t i s t i c a l
distance becomes eas~ to implement and is essentiall y the sante as the \1~ihala nobis d is ta nu e
.-~ll that is essentially required is that the measured and predicted posit ions be unbiased estim.i -
tors , which is true in most cases. In the cases this is  not true, such as maneuvering target s , cur-
rupted tracks , and biased radar da t a , it is generall y thought that the general form of the s t a t i s t i -
cal distance is not nec cess ar \ to compute because other t ’aclors must enter into the correlation
process as well. Finally the stat ist ical  d is tance can be used to determine it the target is

maneuvering.
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