
~“AOaAO41 *44 AIR FORCE ACADEMY COLO F/Ø 20/8
TIC PHOTON SCAT TE R IN3 MATRIX ELEMENT FOR ?RANSVERSE ELECTRIC OU—ETC(U)
~ JN 77 H 0 DOGLIANI

IMCLASSIF IED USAFA TR 77’ 7 SUPPL. pi.

U U I~1!* F0
END

__________________________ DATE
FILMED

8 —77

t



—

WsAFA-TR-77-7

(j
~~

THE PHOTON SCATTERING MATRIX
ELEMENT FOR TRANS VERSE ELECTRIC

OUTGOING PHOTONS

HARALD 0. DOGLIANI
DEPARTMENT OF PHYSICS “

USAF ACADEMY , COLORADO 80840

:
/ Lu r \~~~tc~rr~C

4, 
~~~~~

APPROVED FOR PUBLIC RELEASE; DISTRIBUTION UNLIMITED

DEAN OF THE FACULTY

U N I T E D  STATES AIR FORCE ACADEMY

COLORADO 80840

— a~~ ~~~~~~~~~~~~~~~~~~~~~~~ 
- - - —

~~~_~1 
~~~~~~~~~~~~~~~~~ -~~hh1~~~~~~~~~~~ ~~~~~~~-~~~~~~~-



r - -

EDITORIAL REVIEW BY IT COLONEL A. G. ELSER

DEPARTMENT OF ENGLISH AND FINE ARTS

USAF ACADEMY, COLORADO 80840

( •~~
q,

* .~~~~~~~~ ~~~~~~~-

* *
~~ 

______  *

* -~ ‘ç.~

lhi~ researc h report is presented as a competent treatmen t of the subject , worthy of
publication. The United States Air Force Acadeiiiy vouches for the quality of the research.
w ithout necessarily endorsing the opinions and conclusions of the author.

This report has becit cleared for open publication and/or public release by the appropriate
Office ol Information in accordance with AFR 1 90-17 and DODD 5230. 9 . There is no objection
to unlimited distribut ion of this report to the public at large , or by DDC to the National
I echnical Iii I onna t ion Service.

This rese arch tepo rt has bee n rev iewed and is approved for publication .

L
_ _ _ _ _ _ _ _ _ _ _ _ _ _ _

1 ‘~~~~~~~~~~~~~ ‘~ ~~~~
‘ ‘  ~ PHILIP J . ERDLE . Colonel . USAF

~~~~~~ ~~~~~~~~~~~~~~~~~~ Vice Dean of t he Facult y

Additio nal cop ies of this document are available through the National Technical info rmation
Service , United States Department of Commerce , 5285 Port Royal Road , Spring field , VA 221 51.

. a.•
~ ~~~~~~~ ~~~. . .  .

— 
~~~~~~~~~~~~ ~~~~~~~~~~~~~~ -

-~

~l4



OF THI S PAGE (~~‘.n bit. 5nIi ,.~~

D~~DADT r k t S t I I L A r b J T A T I f lk J  DA~ E READ INSTRUCTIONS
‘u- ~#“ U ~~~~~~~~~~~ IRI~~I~ U P BEFORE COMPLETIN G FORM

I. REPORT NUMSIR 2 GOVT ACCE SSION NO 3. RECIPIENT S CATALOG NUMBER

/ ‘ USAFA-TR-77-7— ~“ ‘ _____________________________

4. TITLE (aid 3ubtiS4 ~) 
I. T Y PE OF REPORT I PERIOD COVUEO

The Photon Scattering Matrix Element for
Transverse Electric Outgoing Photons Supplement -

8. PERFORMING ORG. REPORT NUMBER

1. AUTHOR(.) I. CON T RA C T  OR GRANT NUMSER(.)

Harald 0. Dogliani
S. PERFORMING ORGANIZATION NAM E AN D ADDRESS 10. PROGRAM ELEMENT . PROJE CT . TASK

A R E A  S WO R K UNIT NUMBERS

Department of Physics’ (DFP) - —‘ -.

USAF Academy . CO 80840 _______________________
II. CONTROLLING OFFICE NAME AND ADDRESS 1*. REPORT OATS

/ June 1977
I). NUMB ER OF PAGES

23
14. MONITORING AGENCY NAME & AOORESS(I1 dIli.rait from Cont,oliinl Offi c.) II. SECURITY CLASS. (of tAt. r.port)

Unclassified
IS.. DECI. AS SIFICAT ION/O OWNGR A OIN G

SCH EDULE

IS. DIST RISUTION STATEMENT (of thIs Ripen )

This research report has been cleared for open publication and/or
public release by the appropriate office of information in accordance
with APR 190-1 and DODD 5230.9. Distribution unlimited .

17. DISTRIBUTION STA TEMENT (of hi ab.tnact wit.n.d In Block 20, II dlf I . r a i t  Ir e~, R.p..-nt)

15. S UPPLEMENTARY NOTES

IS. KEY WORDS (Continu. on river.. aid. if n.c...aty aid Id.nilly by block numb.,)

Dirac Propagator, Second Order Perturbation Theory , Magnetic Maltipole
Scattering , K-shell scattering , Compton effect , Transverse Electric
Modes , Vector Spherical Harmonics

20. ABSTRACT (Conlin u. on n v. ,.. sIan If n.c.ss .ry aid id.nlity by block numb. ,)

This report is a supplement to Second Order Radiative Effects Using Dirac
Propagators and Vector Harmonic Phontons (Ph.D. dissertation by
Hárald 0. Dogliani, University of Colorado, 1976).
‘The matrix element for photons scattering from bound K-shell electrons is
presented. It is assuned that only magnetic niiltipoles are important and,
hence, only transverse electric mode vector harmonic, outgoing photons
are assuned. Electric nultipole moments are accounted for in the Ph.D.
A4~~ c t ~~~~4rw ~ N

DO : I ~I 1473 EDITION OF I NOV 85 IS OBSOL ETE UNCLASSIFIED
8~~CU* ITY CLASsIrI C4T ~~ N OP THIS PAGE (Ihu.. P.,. Lui.nu~~

~~~ 
S 

~~~~~~— 
- __ ._____a_ — - — ._—----- .-.—~~

_ 
~— — .‘—~

,,,. -—- ---- —- - ~ ~ —.—.—. ~..~
___t_______ ._ —--—-—‘- — .—.—-. -. ~~~~~~~~~~~~~~~~~~~~~~~ -~~-. - - - .1



SECURITY CLASSIFICATION OF THIS PAGE(IThm. 0.1. Enl.n.d)

SECU RITY CLASS r F I CA T I O N  OF THIS PAOE(Wh.n 0.1. Ent.n.d)

tt

_  TTI I~~~k~~~~ ~
TT:1,



CONTENTS

Introduction 1

Transverse Electric Matrix Elements 
• 3

Appendix 

~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ - — - 4 . P

~

-

~

-S --- -

~

, - -—,--~~~~~~~ 
- .-,,-J____... .—~~~~~~~~

.——- - -- -‘-— 
-,-~ -



- .~ .-~ -~ - .~ - .- - - .~~~~~

INTRODUCTION

This report is a supplement to Second Order Radiative Effects Using

Dirac Propagators ana Vector Harmonic Photons, henceforth referenced as

SORE, by Harald 0. Dogliani, Ph.D. dissertation, University of Colorado ,

1976. In SORE the scattering of circularly polarized photons by K-shell

atomic electrons is treated using Dirac propagators representing inter-

mediate state electrons and using a vector harmonic expansion for the

outgoing photon fields. Since electric dipole transitions are usually

assumed to dominate such a scattering process, only electric multipoles

were treated in SORE by considering transverse magnetic, TM, outgoing

photons and by neglecting transverse electric, TB, modes.

The analytic representation of the differential scattering cross

section for photons scattering off K-shell electrons with outgoing vector

harmonic photons is given by
2RV E 2do = Eii ~,,m IMI dk. 1

The differential scattering cross section, do, is a differential with

respect to the final photon wave number k. The speed of light is c and

V is the interaction volume with R being the radius of a spherical

volume containing the outgoing photon 0± wave number k with angular

momentum ~. and projection in. Planck’s constant is h. The matrix

element for the interaction is M.

(1)
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As a supplement to SORE , the matrix element for TE mode photons

is presented in this report . By combining the TB mode matrix element

presented in this report with the TM mode contributions presented

in SORE, one can more properly treat photon scattering events in those

situations where higher order multipole transitions are significant.

The relevant terms for inclnding TB mode scattering are presented

in the appendix of this report. In order to calculate the matrix element

for K-shell photon scattering, Equations 2 , 3 and 5 must be combined with

Equations 18, 19, 21 and 22 in the appendix.

A complete discussion of the vector harmonic expansion in terms

of TB and TM modes is contained in SORE. Also included in SORE is

a discussion on how a typical TB or TM contribution to the matrix

element is derived. Finally, it should be emphasized that scattering

matrix elements were developed using Dirac propagators for the intermediate

electron states (see Sore). The use of single-electron, Dirac propagators

with the use of vector harmonic outgoing photons results in expansions

in terms of discrete exchanges of angular momenta . As is indicated

in SORE , this may be of significant utility in certain scattering

problems where total cross sections are needed.

( (2)
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TRANSVERSE ELECTRIC MATRIX EL~ 1FNTS

The TE matrix element , averaged over initial electron spins, is

given by

IMP 2 
= ½ { rM1t

2 
+ 2

where

= 
m ’P.’p ’ C (kk0~m) 

~
‘a (1,k9~m:TE) + Ie~~,~~m:Th

~~
,

= 
m’~~p ’ 

C(kkoQm)(Ia(2,ktm:TE) + ‘e (2,kQin:TE)),

C (kk0R.m) = he3c (1) m r(2~~)/ (~ (L+l)Rv~~~)]½ 
. 3

The following symbols are used:

k0 incoming photon wave number

k outgoing photon wave number

incoming photon angular frequency

outgoing photon angular frequency

e charge of an electron

outgoing photon angular momentum quantum number

m outgoing photon angular momentum projection quantum
number

in ’ ,2.. ’ ‘p ’ intermediate state (propagator) quantum numbers

(see SORE)

A incoming photon circular polarization A = 1,2 ,

4

(3)

f: ~~~~~~~~~ :~~~~ ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~
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The Ia (X ,kR..m :TE) and Ie (A ,kQm :TE) must be evaluated for the absorp-

tion first and emission first contributions to M1 and M2 for incoming

photon polarization x. They are evaluated as follows:

= 
j~~~ 

YATB(i) 
~m’ 3/2 ~m ,~m

1I +3/2 WATEU(i)

6
+ 

i=3 
YATE (i) 6m ’ ,l/2 dm ,_m IP+l/2 WATED Ci),

Ia(2,k~
m:TE) = � YATE(i) 6m ’ -3/2 6m,~m

tI
~3/2 

WATED(i)

+ E YATE (i) 
~m ’,l/2 ~m,~m

uI +l/2 WATED(i) ,
‘=3

‘ 4
Ie(l,k9~

m:TE ) = E i
r~(2(2n+l)) l ~ YETB (i)

n=o j=l

C~m ’,-m+l/2 ~m,-m”+3/2 WETEU(i)

+ 

~m ’ -m-l/2 ~m,-m”+l/2 D~~~fl~

l’2~~Ie(2,kR.m:TE) E ~~ (2(2n+l)) 
/ E YETE (i)

n=O j=l

[6m~,~~~l/2 ~m,-m”-l/2 
1~~T~~ (i+4)

+ 

~m ’ -m-l/ 2 6m ,-m”-3/2 1~ThD(i+4)J. 5

The final electron ic states are specified by the double primed quantum

numbers ~“,m” and p’1 . The integrals YBTE and YAlE, and the coefficients

WETED , WETEtJ , WATED, and WATEU are provided in the appendix .

(4)
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The functions required to evaluate the matrix elements describing

photons scattering from K- shell electrons are presented in this section.

Only the magnetic multipoles (TE modes) are accounted for in this

scheme. These functions are inserted into Equation 5.

The following mnemonics are used in the definitions of the constants:

1) all constants beginning with the letter “Y” represent radial

integrals;

2) all constants whose second letter is “A” are encountered in the

“absorption first” matrix element;

3) similarly, all constants whose second letter is “E” are en-

countered in the “emission first” case;

4) all constants end with “TE” since this set considers TE modes

only.

The j~ (k0r) are spherical Bessel functions of order n , whereas the lower

case g (r) and f(r)  are the radial wavefunctions for the K- shell electron

initial states - See SORE Equations(3-54) and (3-73) . The final electronic

state radial wave functions are represented by G(r) and F(r) as introduced

in Equation (3-58) , SORE . The following functions are also used:

I(j,k:~ ,m:n ,i) -JYjk(e~~
) ~~ (e ,~) Y~~ (o,~ ) d~, 6

Where the Yjk (o ,~ ) are the usual spherical harmonics.

The C(jk:p) are given by

C (jk:p) = ~~ C~’/ chy~
where the C~~ are

C’~ [(
~ 

+ 1/2 + pm)/(2~ + 1)31/2,

(6)

I
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r
C2

~ = -p~ ( t+  1/2 - pm) / (2&+ 1)3 1/2 ,

c3P = -
~~~~~~~ 

+ 1/2 + - ~~)/ (2z + 2p +

c’~P = -p[(~ 
+ 1/2 + p + pm) / (2~+ 2p + 1)3 1/2 , 8

and yP is related to the Wronskian of the radial propagators , S(r) and

R(r), where

yP = Si (r) Rr(r) - Sr(r) Ri*(r). 9

The S” (r) , S’ (r) , R’ (r) and R’ (r) are the regular and irregular S

and R solutions , respectively , to the following coupled differential

equation
2 d K(mc ÷ V - E )  S(r) -d ~(~~ +~~) R(r)=0 ,

(~~~2 
+ V - E) R(r) + 

~~~~ ~r 
- S(r) = 0. 10

In Equation 10, k is a non zero, integer quantum number, E the propa-

gator energy and V the potential. The radial propagators, RR(p’ri :rr’),

RS ( . . . )  and SS ( . . . ) ,  are given by - . . j

RR(p ’ri:rr’ )=R ”(r)R’ (r’)/rr’,

r i~RS(p’ri :rr’) = R (r)S (r’)/rr’,

SS(p’ri :rr) = S
1 (r)S i*(r I)/rr l . 11

If the electron is initially in a spin up state represented by

~ (i’) then *

C~ Y00(e’,~’) g(r’)

0 12
= c3

~ Y10 (e ’ ,~ ’) if (r’)

c4
~ Y11(o ’ ,~ ‘ ) if (r)

*Bethe , M.A. and Salpeter , E .E . ,  Quantum Mechanics of One- and Two-
Electron Atoms (Springer-Verlag, Berlin , 1957) p. 64.

(7)

~~~~~~~~~~~~~~~~~~~~~~~~~~

Mii W 5) = { (‘(i Z :p ’) ( ( y + , i ~” +1 / 2 )  ( c - m ”~ l/ ) ) 1 2
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For an arbitrary , spherically synm~etric potential the radial wave

functions, g(r) and f ( r ) , must usually be obtained by numerical means .

They form solutions to the following coupled differential equations :*

(E -V(r) + mc2) f - (~~~
. + (1 + k) 

~~ 
= 0

~~~ ( E - V ( r )  - m c 2 ) g +  (~~~+ ( l - k)~~ ) = 0  13

The final electron state is similarly given by

~
1
~

” 
~~~ m”-l/ 2~

8 ’~~ 
G(r)

~~~~~~~ m”+l / 2~~’~~ 
G(r)

~

c3P” Ye,, m11 l/2(0,~
) iF(r)

~
4
~

” YV, m”+ l/2~~~’~~ 
iF (r) 14

Notice that Equat .on 14 has a slightly different r dependence as

compared to Equation 12. The G(r) and F(r) functions satisfy the

following differential equations:

dF F _ Imc B V i
- k 

~ 
- L--:

~~ 
(1 - __

~~~) 
+ 

~~~ 
C,

dG , C _ rmc E V
~~~‘- k ~~ L~~~~(l~~~~~~

)
~~~~~ F 15

which can be obtained from Equation 13 by substituting G(r) /r for

g ( r )  and F(r)/r  for f (r) .*

*Bethe , Ibid . ,  p. 65

(8)

12 ~~~~~~~~~~~ :~~~‘:~~~
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Similarly , for the spin down initial electron the wave function

is given by*
p =  1

j = 1/2,

£ = 0 ,

k = 0 ,

- 1/2. 16

This then yields

0

C2
~ Y 00 g(r)

=

~ C~~ Y1 -1 
if(r) 17

c4
~ ~1 ~ 

if(r)

YETE’ s

YETE (1) = fdr’ r’2 g(r’) J~ (kr’)fdr r ,j~ (k0r) G*(r) RR(p’
ri:rr ’) ,

YETE (2) =fdr’ r’2 f(r ’) j~ (kr ’)fdr r j~ (k0r) G*(r) RS(p’
ri :rr ’) ,

YBTE (3) =fdr’ r’2 g(r’) j~~(kr ’)J dr r j~ (k0r) F*(r) RS(p
’ir:r ’r),

YETE (4) =Jdr r’2 f(r ’) j ~ (kr ’)f d r  r j~ (k~) F*(r) SS(p’ri:rr
’) ,  18

*Bethe, Ibid ., p. 64.

• 

(9)
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YATE’ s

YAlE (1) =fdr’ r ’ f(r ’) j
~ t~~o

r’)fdr r j~ (kr) G* (r) RS (p ’ri :rr ’)

YATE (2) = fdr’ r’ j
~ 

,(k0r’) f(r ’)fdr r j~~~r) F* (r) SS(p ’ri :rr ’) ,

YAlE (3) =fdr r’2 J Ll +P I (k Or ’) ~ (r ’)fdr r j~~(kr ) G*(r) RR(p ’ri :rr ’) ,

YATE (4) =fdr’ r’2 J~ 1+~~(k0r ’) g(r ’) (dr r j~ (kr) F*(r) RS(p ’ir:r ’r) ,

YAlE (5) =fdr’ r’2 j’~ ,(k0r’) f(r ’)fdr r j L (kr) G*(r) kS(p’ri:rr ’) ,

YAlE (6) = fdr~ r’2 j’~ ,(k0r) f(r ’)fdr r j~~(~~) F*(r) SS(p’ri :rr ’).l9

In some of the above equations one encounters j ’  which should be inter-

preted as the first derivative of the spherical Bessel function with

respect to its argument.

Define the following constants:

• 
A = C4~ i~~

1 (3~t (~~+l)(2~ ?+1))½ k~
1

AB = c1’
~ 

.~‘+P’ (4(~~~~ ) 2 ) ½

AC = C3~ i~~~~(6(2V+l))
½

2+ £ ‘ + ‘
B = - C I P (1(~’+p ’)+2)1

= - c4
~ ~~~~~~~~~~~~~

BB = C3
~ i~

’-l (3il(v+l)(2~ l +l))½ k~~ . 20

(10)
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- - 5 _ _ _ _ _ _ _ _



- - ---5- --.-~~~-—~~~~~~~~~~~~~~~~~~~~~~
. —

WETE’ S

WETEU(l) = ~ ‘1~
” C~~ I (Q.” ,m”-l/2: L,m”-1/2:n ,O) 6~, 

~~~

((m”-3/2 C(43:p ’) + CC(i,m”-3/2) C(44:p’)),

WETEU(2) = - c’p 31/2 {I(i”,m”-l/2:i+p’+l,m”-l/2:n,0)

~~~~~ 
((m”-3/2) C3~ C(4 1:p ’)

((L+m”-l/2)(i-m”+5/2))~~
2 

+ C3~ CC(i,m”-3/2) C(42:p ’)

((i+m”+l/2)(i-m ”+3/2))~
’2 

+ C4~ 2
-1/2 CC(i,-m”+3/2) C(4l:p’)

* ((Z+m”-3/2)(i+~ ’-1/2)/ 2)~~~~C
4
~ 2

-1/2 (m”-3/2) C(42:p’)

((i+m ”- 3/2) (i+m h t+1/2)/2) h/2

+

~C
3
~ (m”-3/2) C(4l:p’)((i+m”-3/2)(i-m ”+3/2))1”2

+ CC(i,-m)

• - C4~ CC(i,-m”+3/2) C(4l:p’)((i-m”+5/2) (i-m ”+3/2)/2)1”2

+ C4~ (m”-3/2) C(42:p ’)((~-m”+l/2)(i-m ”+3/2)/2)~~
2 

3 ) ’

WBTEU(3) = -C~~ C~~ I (i”+p” ,m”-l/2: i-p~ ,m”-l/ 2:n ,0) ~ ,&-P’

((m”-3/2 C(23:p ’) + CC(i ,m”-3/20 C(24:p’) ) ,

(11)

* — —  . •,•
— •  
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WETBU(4) = - C3~ 31/2 { I(L”+p”,m”_l/2:i+l,m”_l/2:n,0).5
~
,
~~+i

((2 i+l) (2i+3)) 4”2 tC3
~ (m”- 3 / 2 ) C ( 2 l : p ’)

((i+m ”-l/2) (i-m”+S/2)) 1”2 + c3
~ CC(i, m”-3/2) C(22:p’) 

*

((i+ m”+1/2) (i-m”+3/2)) 1”2 + C4+ 2~~”2 CC(t-m ”+3/2) C(21:p’)

((i+m”-3/2)(i+m”-l/ 2)/2) 1”2 - C4
~ 2~~ ’2 (m”-3/2) C( 22:p ’)

((i+m”-3/2)

+ I(i ”+p” ,m”-l/2:i-l ,m”-l/ 2:n ,0) o L , i l (( 2t + l ) (2
~~

l))

IC3~ (m”-3/ 2) C( 21:p ’)((i+m”-3/2)(i-m ”+3/2))1”2

+ c3
~ CC (i ,m” -3 12) C(22 :p ’) ((i+m ”-l/2) (i-m ”+l I2) ) ~

’2

- c4
~ 2

h/2 CC(i,-m”+3/2) C(2l:p’) (Ci - m”+5/2) (i..mI
~+3/2)/2)

V2

+ C4~~2~~~
2(m”-3/2) C(22:p’)((i-m”+1/2)(i-m”+3/2)/2)~~

’2
J } ,

WETEIJ(5) = C ~ C I (2. ” ,m”#l/ 2: i ,m”+1/2:n ,0)

S 

((m”+112) C(33:p ’) + CC(i ,m”+l/2) C( 34:p ’) ) ,

~ 

~~~~~~~~~~~~~~~~~~~~~ 
~~~~~~~~~~~~~~~~~~ T . T 1~~~ . ~~ - 
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WETEU(6) = - ~~~~ 31/2 (~ (i” ,m”+l /2:t+p ’+1 ,m”+l/2: n ,0) 6
~~’ i ~~l

((2 L+l) (2i+3) ~ 
-1/2 tc 3

~ (m”+l/2) C (31 :p ’) (2. +m”+3/2) (i-m”+l/2)) 1/2

+ c3
~ CC(i ,m”+l/2) C(32:p’) ((i+ m”+ 5/ 2)

- +C4
~2~~~

2 CC(t , -m”-l/2) C(31:p l ) ( ( i+ m l l + l/ 2)( 2 +m 113/2)/2) h h’2

- c4
~ 2 -1/2 

(m”+l/2) C(32:p’ ) ( ( &+ m ”+3/2) (i+m”+5/2 )/2) 1”2 i

+ I (i” ,m”+l /2: &+p ’-l ,m”+l/2:n ,0)

[ C~~(m”+l/2) C(31:p’) ((~÷m”+1/2)( m” 1/2))’

+ c3
~ CC(~,m”+1/2) C(32:p ’) ((~+m”+3/ 2 ) ( L - m ” -3/ 2 ))~’2

- c4
~ 2 1/2 CC( Q , -m ” -l/2)  C(3l :p ’)

+ c4
~ 

,-l /2 (m”+1/2 ) C(32:p ’)

WETEIJ(7) - C4
~ C’~ I (i”+p ” ,m”+1/2:~ -p ’ ,m’ + 1/2 : n ,0) 6~ , 

~~~

c ((m ”+l/ 2) C(l3:p ’) + CC(i,m”+1/2) C(14:p’)),

(13)
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