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1

A semi— empi r i c/ I l r a t h e m it i  cal r : ~~ol fnr  a t u !h J l en t  near  wake has been

developed wi th in  the framework ~~5 an “interaction hvr oth t ~~ i ’ ’ suggested by

Prad shaw . The near  wake hoh1n~l an a i r fo i l  hao  been t ’- l~ated as a “ cn ru lex ”

‘-h ~~or f l o w  cons i s t i ng  of two ne~~u h b o r i r c ’  stm~ ]Ve S h O l S  layers W l  ‘2 uz ;tinct hu~

.‘er la :~~ in q  shear  s t re ss  oro~~iJ e s  ~ f : o sit ~ s igns . The rose ot ~~~de1 u t i l i z e s

th~ mean o~~entu r  and c o n t i n u i ty  e.:uot on / I  to~~etl~~ r w i th  two she ir  s tress

t ran s nor t  e ( n i a t i ) n s  der ived fret-  th~ t s ’b u l c nt  k~ ne t  ic en e m y e q u a t i o n.  By

r e l a t~~ne t h e  s he ar  stresses to the  loca l  t u r b u ~ ens , : : i nt i tie s , closure for

he severn :  no svstsr ’.s is achieved w ith ou t  tI- ’ ~~~~~ of the eddy v Is c o s i t y  concept .

‘ihe  ~h e a r  str ’~ss is there tere  no 1cn~~e~ r e- V~~ r e  ~~~~ vanish oh t h e  ve loc i ty

rx rr’um’. The model has been cnr’na~~~l to f t ’  r x i r : r e r t a l  data of Chevray and

~:nva~~ r-iv on~I aced agreement has bec n ~h t . u f r . e~J - A scr ~t o r i s on  wi th  the  asymmet r ic

cascade wake ~a~~o r f  Po~ and La ht - i r a r o a n a  is a ls o  pres’~nted. Our  c a l c u l a t i o n s

have v a li : l at r O  ‘ h ’- basic p h ilo s cr h v  of an ~n t e r act ~~v’- a u nr o a c h  in the s tu d y  of

no~~r wa~~os .  ~I w  ver , it  also  c l e ar l y  n u n e f  s at e~ t h a t  the a c c u racy  of ce r t a in

ct-r i r~~col ~sn ef  ion s  s o d  to d ef : ne  t h e  f ur h s i e n c e  st~~-~c~ n r c  has  a Lh r ’ ct  i t -t act

en th e  success o~ t h i s  or any n t he~ a l c u l o t :e  t-~~t 1el

-~ —V. _ _
~~~~~

_ —V.
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One o’~ t he  t r ~ ran.- obiectives OC the oresent r, sear ~~h sr o sr r t r r -  j 5  ‘(V. OE velot ,

an accurate anO e f f e c t i v e  t e ch n i su e  fey- t redictinq aerodynamically induced vibra—

tj e r V s- of ro to r  and ~ t a t or  blades :n turbomachiner . T rot- a th o o rot  i co l  s t a n d po in t

an esse n t i a l  ~ten t o w a rd s  the  development of such a r etuo ’I  r equ l  r e ,  a real j ot i c

mcd llinq ot the  flow th rocob  an a n n u l a r  cascade of O~~~~i f’ V l 5 .  The r e s u l t i n g  r reb-

let -  is, of course , three— :lirensioriaL , 1 st  i t  can be ; .:bst t ’t i a l ly  n : n p li f i e d  i f

we assume axial syr n - e try  in the t :rn~,_averaged basic Tow so that a two—dimension al

analysis in the circur ferent al or blade _ h r_b lade stream sur ‘ocr is bosuible.

wit :-: in this general context , the  t u r b u l e n t  near w~~k~ ~~~~~~ nd any one a ir f o i l  con—

~t ~~~~~~~ hu t  a sma l l  T a r t  of the o v e ra l l  c ascade  fic:-. f i e l d .  N e ver t h e l e s s , t h e

s t r u c tu r e  of a near wake plays a dec i s ive  role in determining the aerodynamic

~~~cina function which w i l l  be needed f o r -  any  subsequent  cascade gus t  calculations.

Test 1t0 r~~cen~ advances in num e r i c a l  methods d e a lin o  w i t h  t u r bu l e n t

boundary layers ,
1 

little cresress has been made in tb . modelling of an asymmetric

tu r b u l e n t  near wake . This is in par t  dse to th~ f i s t  that  the s ta te  of the ar t

in turbulent modellinu is such tha t  a large ~mn nn t  of e m r ir i c i sm  is o f t e n  required

t n i n- e l se  the success of ar- y T rod1ct ’~on method . Tn the case of a near  wake formed

by the coalescence  of tv- - turT ui .n~ h eun d ar v  layers  w i th  opposite shear stresses ,

I : t h l e  is kn own T~bou t 1-r ~~‘‘ ~ 5jT’ ~ em ~~ f t h e ir  l n t e r / I c tj o f l .  “Iorec vcr , for  an

1 . ‘ t -t -n t~
-
~~~

- wake , th  ‘ t s : in t  of  zero R ey n o l d s  st r e s s  does not necessarily coincide

vi t ’ th’~ n e in t  n ’ r’ero velocity q ro d i en t .  Any at t e n r t to ob t a in  c losure  for the

cover-nina e- r’.iatsa n~ by us ing  a s imp le  eddy viscosity model for the shear stress

will t~ errfere encounter diIficslties . It i~ the purpose of this work then to out-

line a method by which these problems can be resolved.

In :-us~r t a n~ element in our re ent analysis is the “interaction hypothesis ”

f~ r’~ t - - r  ~~e d  by er l IsbOw , et. ol. in ceniunction with t h -  study of duct flow.2



—-—-——-— --~~~~~~~~~~~ - •~~ —~~
_ V .

W i t h i n  the c o n tex t  o ’ th i s  hyn o t h e s i s , a near wake can be r ’ ’i i r d e d  at an i nt . r-

ac t ion  between two r . e i ahh o r in o  s imple shear l a yer s  wi th l~~st i .n c t  but  nossibl y

overlapping  shear stress p ro f i l e s  of onpos th e  s igns  (c f . F i c ur e  1) . If the

in teract ion is such that  the tWL b we TilcQ l~~’t S C t t L t C  in each layer is essentially

u n a f f e c t e d  by the  t resence of the ad jacen t  layer , a superposi t ion of the  two shea r

s t r e s s  f i e l d s  ‘or the  nurp ose  0’ cal cu l a t i no  the net Reynolds st ress  is t h e n

noes ~b l e . N orcov er , by relatin t t’~~ shear stresses to the local t u r b u l e n t  (ruan t l-

t ies , as it has been suggested by Bradshaw , Ferr iss  and Atwel l , two shea r / I t r e -e ;

t r ,~r is i ort  equations can be derived from the t u r b u l e n t  k i n e t i c  energy equation .

Cl o su r e  fo r  t h e  governing system is therefore achlev . : l w i t hou t  r ak i n t use of t he

eddy viscosity concert.

— 
V ~~ . —

“

- -  V V~~~~~~ I T T V - V V . ~~~~~~ .~~~~~~~~~ .



_ _ _ _ _ _  — - -V.

w

U-
0

>-~~~~~

0

~~2 I
U, w

I.- I.-~~~ C/) I
z w C,)

+ -

+ + i— —

—±-
~~~v



_____________  - 

:V 

_- -

~~~~~~

PASIC F~~~~~~~ V~l ’ T J T T N TNT E AflT~ VJ I T :  T- OTO. ’P

In order to exo ler e  the val I c l i ty  ef the in t e r a c t ion  aru roc- ’. • our invent i—

qat ion  has been confined to a 1-Sot otyl e model wh i c ’ includes  o n y  the  e u n e r : t i  al

phys ical  de ta i l s . The fluid is i n it i a l l y  assumed to he : r icosi rr esstble .

m r  .c , due to the  r r - a c n i t u le  o’ the  Revnold ; number usu ,~ ‘v c-t o’ u n t tV r e u  in turbo—

m a ch i n e  / in t er r a l  g low a n t l i c i rt :  n -  , t h e  flo~
.’ is also .xo -t . i  - n~~ t y t  fy  t h e

Is’s : I in. lciye’- ~l p y ox t t - a t  ion an T the V I 5~~()U s  st rc’;ses lv ~~ r: i t n r r e .: w h e y :  c’f lt-~

t i re to the :e vnn l -. e stresses. The ro r e utu n  and co r : t l n u i t’ :  : u . i t : - n ~ ar e the n

u iv en  by

= F -n— - ~ , (1)

a nd

- 0. (2)

Th~ : i r-t e s i o r,  ~~~~~~~~~~~~ s y st em  ‘or -  tb -se :ni ’ :ens  1/I chosen such that the

x — o x ~ s is t a n ne st  te the  m ean  c it-b. h r -  of i .  nC airfoil at  the t r a il in a

ed ge: x is e : :ua l  h~~ 0 a t  the tracilna edue and l e s i t i v o  in the  downstr ear  Tirec-

t c c s .  The t im e_ a ver a g e d  ve loc i t y  cnm~ - ‘ e~~t ..- a le rcr  t h e  x an d  y axes are then given

by F and F , respective ly. The free stream vr, l O : i t  U in t h e  rressure gradient

t erm of eq :at - -s (1) is to he replaced by F or U , T e r - e n d i n c  on w h e t h e r  y > y

‘~~~ ‘
~ 
~ 

‘
~
‘c ’ where 

~~~~ 
I t’ t h c~ locus of ‘die V l s I  t ’ ‘ i O t t - U t - . P h y s i c a l ly , our

s r - o h - tv : e r-i ’n~ e~ can be envi sioned as that of a twe_dimensional asymmetr ic  wake

heb~~nd an a i r - fe l l or a flat nl a-c , l o r t-ed  by the coa l escence  of the upp er  and

lower  5 u r f ~~ce bosn I an  lo ers h av :n a  poss ibl y d i f f e r e n t c h a r a c t e r i s t i c s .  In our 

, er . t n ’  l~ ‘ , tb ”  usual  shear  ~~~r e es  is re T lOced  by T (shear  s t r e ss) /

( . 5 :  : t ; )  = — uv , where u and v are v e lo c it y  f l uc~ sir  ions and the  overbar  den ot e s

a time a’.’er aae .

‘
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A c cor d : na  to tb -’ in t e ract :on .h’,’r : t h e si s , we can f u r t h e r  w r i t e

4V -
I = I + I

such that  is the dominant shear s t ress  in the region of positive shear-—

nomi n a l ly  wh ere  y > y -— and vice versa for T . In order to obta in  a t ractable

svst om , cer tain  assumy/ t co s  s mus t be macI c to s e c u r e  c losu r e  for esuations (1)

and (2) . Using the Bradshaw-Ferr i  s s -A twe l l  t u r b u l e n c e  nc)0e1 we define two

sets of c-n i rical  f u n c t i o n s , (a
1~~, G , L 1  and (a

1 
, G , T . )  , such th a t

a
1

= — ~0 , ( 3 )

(p’ v + ~ q~~~)
G ‘

± ± 1/2
+ T

(5 )

at:c.r.s (3) — (5) are equi’:almnt ti- ass.um:nn that (1) ‘d .  local shear

stTi- s is :-ro ortior:al to the turbulent intensit’.’ oH (ii) ‘da ta-r a y diffu-

sion is directly nrer:ortional to the local ::I:ee,r ~-~~r e e r -  w:’O: a ~b io te r depending

so t ”-, ma x :mum o f  th .  shea r  .stres~~, 
-

‘ 
and (i i i )  t iV ,. di~~ mn ~ t bar : r a te  C 15

d.’t rmoLne -I by local shear st ress  and a I m oth s c a l e  L.  F t  th , ‘cy ua t  j e s t :  ( 3)  , (4)

o n 1 ( 5 ) ,  the  st r ~~ct ’ :~~’ - of h u r l - u I  o c ~. is d e f i n e d  cr~. t ’  rm.s of  r e l a t i o n s  between

t u r b u l e n c e  ::uan ’-~ icr- and it is thus in t l  er en d en t  of t h e  meat: flow . It has been

b- :orvr l t Ia~ above a ss ump t io n s  ore  n u t  ~ e valid ever  a wide range  of Pr o s s ur ’

gr a ~~~’ .  t : t n  ~Tach r o a r -h e r , Reynolds flumber and i i :  e ar  hr be r a the r  i n s e n s i tiv e  to

V 4,5r apid  --h ‘do ’ t - C / I t  flow . This wIl l , oT c’:urse , en~~~le t h e  r . r r s i r- t

be . ‘x t ’ nde T to a wide variety of mean flow conditions , often without

re- : t - . r “x ~ so - i a ~~a . 0n s u l s t :  ~~r : t  t n :  (3) , (4) and (5) into t h e  exact turbu—

+
T e n t  ~‘r-” ~y :u.’~ i n , we can ~ e y j y . - . twr - t r a n s i e nt  e q u a t i on s  for I and T of the

V ... -
.
- -

~~~~~
- : -  

~~~~~

- .
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~ 4~~1/2

1u 
~~~~ 

+ ~ ~ i ~~ ~~~ - (c:
k 1~~~~~~~~~ /2 )  

~~ 

L 
— . (6 )

The system consi st-I n:: 0~
’ eq ua t ions  ( 1)  , ( 2 )  and (6) i s  now closed provided

tha ’ the empir~ aal functions can he determined x r t e r i m m n t a l l y .  7 n c -h e r n o t i u

r e T -r e s en t / I t  con o f  these t un c t i - ’ r ’ is ai”n  in Figure 2. Concer tual lv , the two

se ts  of err-p t sisal funations ar’ hi- ~. ‘a s - c a r T e d  as d i s t i n c t, but in fent they

are qual ita t c vely the same exce:tt  f o r  c h r r t u e c  in s iqns  and t he i r  det  e n d enu .  on

v as i l l u s t r a t e d  in Figures 2 and ~~ . It  must he em rh a s i z e d  t h a t  t h e  success

of the present approach , regardless of the method  used in s r - l v in o  the  governing

system of equations is then dependent on t he  accuracy of (a 1 , G ,L ) .  The

details of the empirical funct ions  used in our calculat ions are discussed in

the ~ ESULTF AN T E I ~ C’U SSION section . In addi t ion  to equations ( 1 ) ,  ( 2 )  and ( 6 ) ,

certain in i t ia l  ar-si boundary conditions must be speci f ied .

Cs not  In n  t h a t  the genesis o’ a nea r  wake is e f f e c t e d  by the merg ing of

two surface boundary layers at the t r~~i l i n a  c hic where x = C , t he  natural initial

conditcons for  an a i r f o i l  wi th  zero t r i d l a n o  .-rd q e  th ickness or ’: t h e r e f o r e  u lven

by

U = U ( 0 , y )  , (7)

V = V ( 0 , y )  , (8 )

+ ~‘t ’
~ ( O , ~~) y > o k7 =~~ (9)
0 , y ’ 0 I

001

- 
0 • y~~~ 0~

T = ( 10)
‘r (O ,y) , y < oI

V *V~~~~~~~ •
‘ 

.

,.

~~~
“ 

~~~~~~~

- -  .~~~~~~ .~~~~~~ -— ,~~~ ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ 
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where ‘d’.’ velocity rrofiles U ( C ,v) and V(0 , y )  , and hh” eh .’r’- sh~ asss yof° li-n

+
I (~‘ ,v l  and (0 ,y )  are ideall y supp l  i c c 1 by an upstrean boundary layer calcu—

l at c on  or measured d i r ec t ly  fro”- “ x n ” r L m e nt s . For x > 0, we shall also require

th,at t’(x , y )  = 0, when y = 0 for the symmetric case.

The boundary conditions for  the present  nobler ,  a re

as y ‘ +~~~ , (11)
+

T ~~0 /

U - 4 - U-and as y -~~ . (12)

-
~ 0

A c a r e f u l  ex a m :n a t l e n  of the t u r bu l e n t  shear s t r e s s  e- ru . ~t to n s  also i n d i c a te -s

that  T s ho ul d  vanish  alr~~st i m m e d i a t ely  a f ’-er crossi na in t o  t h e  reci ion domi-

nated by necahlve shear . In fact , en notIon tr:at t b . .  .::overnl no syster is  hvpr r -

4-
bolic , it is possible to determine two c har a ct r r ~ s ti : s , an d  F , e r r a n , a t i n o

f re t -  t ht  t r a i l i no  ecioe such that T 0 in a r ec i °r :  b o u n d ’ - d  by F and  t h e  lowe r

edge of the wake , arid vice versa for 7 .  In d i f f ” r en t ’,rl ‘ ‘rm , tI es ’ char :ct r~~s-

t i c s  are given by

F :  = tan \ , and v ( 0 )  = 0 , ( 1 1 )
dx

whe re l/ ,~ + ~ 
1/ .

v * a ~
-‘ H [(a ~~q )

2 1 ,V ‘- 2a
1 rr 1 r- 1t a r  = _______ ~~~~~~~~~~~~~~~~~~~~~ _ ____

i lvo er b ol i c i t y  I-as indeed been f u l l y  exploited :n tb .. work of  P : -a I ’ ha~’ , e ’ -

al .  (see , e . g . , re ferences 2 , 3 and 4 )  . In t I e  r : r e s e -r, t- ana l ’~’s: s , hcweye r ,

charac te r i s t i cs  associated wi th  the ov ern in g  s yst e m  s i oy  a r e l a t i v e l y  m in o r

role.  They are useful  in so f ar as providing a conceptual fr’arr’s ’w .. rk w i t h i r :

which the precise boundaries of the in t e rac t ing  shear layers  can b.. t b - f i r - i ’ d  for

V ,~~ , a ~~V 
-

_ _ _ _ _ _  _______________  ,.



“ V . - -

the purpose of scaliri c the em r a ir i c - a l  f u n c t i on s  ( c f .  F i a u r e - s  2 and 7 ) . ‘ n h I -. ’

oth~ r hand , the conditions that 7
+ 

and I be ressoctively ze-ro in mca :t  o~ h’

ce n t er s  of negat ive and positive che~~r wt  11 be c iut e r ’a t i c~il 1y sat ~ s f t e - d i f  w. .

r e t r u i r e  that

+
I ~~0 as y V . ..~~ ( 14)

ard  0 as y + . ( 15)

The explicit use of sh~~r~~c te r : s t :  cs in s r -ecc  f v i r  a 1 ‘ ti: lass c en d i  I i e -n : ’  ~s ther ’—

°.r e ’ .lr t r iecei’ ’.:ary . It  cs u s e f u l  t o  no t  ‘ iOr - e -  a few i0 ;  r e :  r I - r i  of  the l r , t r ’r a c t i v ”

analys is :

(i) ‘ se to the  i nc lu s t n n  - f  ‘d boundary  la’~er p r o f c l es

at t h e  t r a~~l i n ~ ed-:’ as ini ’oail -‘-~n T i t i s n s , tb’

observed I l o w  a sy m m e t ry  is I ‘dn a dealt  w i t h  d i r er - t I ’ ; .

( ii )  b In s ,  I -h e  n e -ar  w.-r~. ’ is h i ch l y  dot  ‘- n  l e n t  u r c n  tb ’

s t r u c t u r e  of  the luw’ ’r  .and -i t  r . - r -  sw - fa c e  b o u nda r y

layers , the i nteract ion a:: rcri ’: -h is xnectecl to

p roduce b e t t e r  ~‘esu 1 t- e t it a n  it ’; s im I l a r i t y  methods

in which the loss ol init ial conditions is implicit

in the zero initi al wok,~~wH-ith ass’is-r t Ion .

(iii) The (indirect) use- of the t ’.:”bulcnt  ener c ’~’ equation leads

to the inccrpora 4- tc- ” ol n’~ve st1ve- rind diffusive effects

in t o e -  en e -r q y  I - u r I n e - h  . in addi t ion  to ‘dot usual balance

between p r odu c t i o n  and dissi :’ri~~ion of turbulence . The

“past history ” of th e  turbulence- is therefore explicitly

taken into accour~± .  tr  a h i gh l y  tu r b u l e n t  and rapidly

varyinq f l o w  r e q in t : , su ch as a n ear  wa ’se , t h i s  considera-

t ion wi l l  have a direc t. bearinci on t I - c  accuracy of the

Presen t n’ode.l.
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( i v )  The de c o rt p c - : i h to rt  of the ::t shear s tress r ia-f : le l y r I c

+
T and I , each. of i’.”- i - ’- l s at ~~s fi e s  a s ’o - ar , i t e  t r . . n n t , o r t

equation , en ables us he c i rc u mv e n t  ~he usual  d i f f i c u l t i e s

associated w~~th a ny - : -  r m p l e x  r . l o - r y  ‘C ow ), - i -; :nq an extrr ’r -ur

in its veloci ty  :- ‘- n f i l e .

(v )  I t  is also of In 4- ’ ’ r ’ - s ~ ~- , r o c r i t  out t h r t  ,tt ~. (tx; i’ r l .’ no E-

w i t h  noun °” r.’ lai’, - : :  ~‘ r i  du c ’ ‘Cew i~~~~T y -a ’~~~s 
t : .~~~+ h-

ems ’ r ical f~ n~~t : - an ’ :  e.v. r ’ 1 l~~~t a t r i o  1~ ’ measur e ’  of

universality .
5 It  is “x : ‘ - ‘ h e° t h a t  ‘ ‘o rr e s pon d i nu

f unctions fo r  n e a r  ~ 0i0’.’;, ‘n o ’ ’  d e t . - r  “ t n ’. i , w i l l  be canon—

icr-i l , t o  sore ex~ -- : ’ .I , ~~‘ ‘‘C  sr ’’ ” ’ r ’ c la ss  of f l o w . Tr ,

m v  ~n I - e r n m l  f low .ar ’: l t c a t- t r - n s ,  a r a r t : c - -.:la r cascade

geometry and the angle- of a t ta c k  or i nc idence  of the

a i r fo i l  w i l l  only i n f l u e n c e  I - I - c  nea r  wake solution

throunh the in i t ia l  and boundary cr-anti tions .

In the for”aoina analysis , I-ha’ fluid bar been assumed to be incompressible.

This s i m s l i f i c o t t o n  can be remov ed w i t b e~ t added  c omp l e x i t i e s  i f  we invoke

Morkovin ’ s h v : r - t h e c i ~~a t h a t  the t u r b u l e nce s t r u c t u r e  — —  de f ined  in our case

by the err  i r ’ ~~- ’ i l  fu n c t : -°n - :  — -  is urt af” 5-e-t ’:- ’T by n - r r s - r e s s i b i l i t y  when the Mach

‘i ’~ml--er fl-j -:’-:ahisr n is much  Ic- s •~~ ~r- in’d’v. ~i h : r ~ ~:- ‘‘ : . -oc h has been f ound

I--a be’ qu it ’- ’ sa t i s f a c t o r y  by B r a r I - , T : .w ‘~‘~~ ‘- U o ’i n r l a :v  layers on adiabat ic

w a l l s  f r e e — n I - r e a m  N ach  nur~ e r :r  i:: t o  4.  Thus , u s i ng  an order of magnitude

a n a l ysis  i den t i c a l  to t h a t  of Bra - i - - h ow , t I - ’  m o r n  mom entum , con t inu i ty , and

turh’il ent k in e t i c  eneray e-i ’.rcr t on ’ , f o r  ad i - i l oo t i c  c-)r - S’ re t i s ih le  f low take on

t h e  fo l lowing s i m p l i f i e d  forms :

(‘‘V ‘hj 1 1: 1 ~n ’~u -H - + (V + — ) - - -  — -—- -~~-‘- — _r-__ i - ( 16)o y — x — -y

-S ~~~~~~~~~~~~~~~~~~~~~~~~~ ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~
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p—S w

1~

a — —

H —  
~~~

— (ov p ’ v) = 0 (17)

l T  ‘ i_—i7
—. , — —

-F O ( V + 2
~~~~~~) — ~-~-- = ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~

- D - T c  ( 18)

wher e
~ 2

_ tr -r
D = — (‘~ — 1) “ C~T - --- 

, ( 19)a
1

r = 0.886 being the recovery fac to r , I a c on s ta r . t  such that trja
1 

7,

= 1.4 the ratio of specific heats and ~d the fr-cc -;t.rears ~‘~ach y : ’ ,rr ib . ’r .

111. the symbols in equations ( 16) — ( 19) l€ ’n o t c ’  I - i t ’ -  t ame  ‘: s , int ~~t i ’ - r ;  ar t  i n

ti- c incompressible case , with ç° being the densi’y fluctuating. to replac ing

(V + r- ’ v / i r )  by v , using the Crocco re l .-r t i c - r :  c T  + r~~~/2 to f i nd  the mean

temperature and hence the mean d e n s i ty , a nd i-r , a k i n - :  the  a s s ump t i o n s  t h a t

+ —
T + 1  (20)

+
a1

5 
= /q ’- (2 1)

— 1 1 2(p v + — s-i V ,~ ç’ ’ q V
= 

~~~~~~~~~~~~~~~~~~~~~~~ 
-
,
- -‘ ---—

~~~
— - ---——-— ( 2 2 )

+ 
1/ 2

= H- (~~~3)

as in t h e  incom i ’re ssible  ca-i.- , tI ’ ’ ‘ - - ‘j r e r - r o t  i - a r c  for  t he dependent va ri ables

+
U , U , I ‘t n t  I are

u + - r ( y  - 1)t ’~ 
2 ~] ~~~~~ = — ~~~~ + ( 2 4 )

U j  y .~ ~,, 2 -— dx y

V

- V

-
V. 
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a~~ 1 -1 ‘ -
~~~ liv ~‘

~~

‘

~~~ L’ r ( ’  — l )~~~ -
~~ r ’C  — l ) M , ’ + -- - - -  + — 

~~
--- = 0 ( 2 5 )

___ + [-—
~

-
~ 

I . , - l)~ .~~~
2

2a 1 - 
2a 1 a1

r l ’~ 
,.

V 
- 

. .- 
‘ 

- _
i t .31 4 g  _

r”

-. +
+ ‘l—

~
:l- (~ ~

,. r 
— ~~~~ , ( :1-) —

wh e ’e  I-be coe ”’ t r ,’ t ” - ’  I- in t ,h ’ ’ :r- ’ ’- ’ :’— . r n- a, ~~~~ t. ‘‘~ - ‘ ‘ ‘ tra m ’: -  t ,  l . ’
~~ ) has

be en r e w r i t t e n  such thr i t  t he  m e at :  10 r : ’l  ty  dro c a r t  ear ’  ext  1 i c r  tl. v . TI-i ’

f ree stream M ach i ,umb er  t’ in e - r - r r i t  t o r t s ( . 4 )  ,and ( 2 5 )  r u t . ’ i--c n c r  l it’,” d by

M or M , .de:-e n d in c :  on the-  shear r ’ ’g oi- , a r: ’d I : :  r r ’ ’ ’ r ’ u r , ’  - r r i i r ’ ’ r i ’ . r tu ’’t
.4*”

also be ad uo t e-i accordinqlv .  It  i-on easily  be n -vs I - i .~~t - : u r t :  o r  ( . T ’i ) —

(2~~) are again hyperbo l i c  and t hey  are  re-d u ct i l-le i. - ‘ C - - i n c - - m r  r- r s r i b l . . ’

egu a t i on t :  when M -
~ 0. The solut~ en a l g o r i t hm  t o  be dis cu s s e d  in tI .~

next  s e c ti on  is the re fo re  equal l y ar’s’l icable to ‘h e  cemr r e n s  I b ie  ‘an, ’

w i t h  o r r I ,  m i n o r  n~~d i f ic at i o ns .

-, 
—
‘ 

— 
V-.— ’ • ,‘ V. , ~~~~VV 

V

Il__ S — —  ~~~~~~~~~~~~~~~ — — 
~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ 

_ _ _ _ _ _ _  _ _ _



5 -

E t t l T ’ I ” , -
~~ t.. t”5 )T ’~~U V ’

A numb er  o ’ vr-t r~- e f f e c t i v e  alno ,  ~thr - ’-’ h ave- been ie-velosf’d in rose-nt y.-’rir :

for so lv ing  quas i—linear  hyperbolic sy s t ems  of the f or e  n iven  by equations

( 1) ,  (2) :ir,d (i). in the work of Bradshaw , et . al .  on t u r b u l e n t  boundary layers , 3

the “te th er -I  of cha rac te r i s t i c s  was adopted to solve a somewhat simpler system of

I -hr  ~~~~ r u a t I  ens i n v o l v i n c  the : ier-e ~~den t  variables U , V an t I . The advantaces

V of such on ar~:’~~c.ach are that  the :c ’u lt in a  numcr :c”al — her e  is e s s e n ti a l ly

c x:’ I i c i t , and tha t  the well—known c o ’r r a n t — F r i e d r i c h t ’ -Lewv c r i t e r ion  r-rov i ,des a

c l . ’a —  cut  l i m i t  t° the x—step that can be taken to ir , s- ,:rr’ numer ica l  s tab i l i ty.

The -ar t - ‘ -n  l i r n  0 ’ th e ’- continuity equation from I-ho remaining system in that cati-

also ‘- ‘Ce-ctt: ’.”-lv sr-bra ces the r-roblem . to -a r c’ of  onl y two unknowns— —namely, U r ind

- -so t h a t  hIVC - :h a r r-r c t e r i s t i c  angles at each point in the f low can be con—

ver ien f ’ VV ~.-t e r m i n e c i  by a second—order  a lgebra ic  ecua t ion .

t’cr 0-a: ore-tent purpose , a direct genera lization of the method of

chara cterirI -~ ’-’- to deal with equations (1), (2) and (6) is, of course , pos—

sibli. but  has been found  to be somewhat cumbersome . f le - s r - i t e  the fact that

V car, again be uncoupled , the determination of the characteristic angles now

requires the solution of essentially a ti - i r d - c r d er  ,a lc ~ch r aic  equation . An

at tempt to circumvent this difficulty has since h i - e r  d i scussed  by Bradshaw , -.
‘ 

I

Dean and McEligot in c o n ju n c t i o n  w i t h  I - h e -j r  work  or. d u c t  flow .’ Due to the

rather weak coupling of the o ov er r : in u  sys’ err , i t  has b r - r n  s’aaaested that the

two turbulent shear stress equations can be so lved  - -e - :  a ra t e l y  c . r ing  the

ve locity prof i le  at the previous x— step as a f i rs t  a r : r o ~~i na ’i o n . ‘Ihe result-

ing I and T -ire t h en  sui~ned and a new velocity U’’ - frle- is then calculated .

Accuracy can presumabl y be improved t .rounh iteration. For our purpose , however ,

we rind it convenient to formulate a more direct numeric-al scheme based on the

general finite difference approach similar to tb  one devised by Ferriss .7

- • .
I,. _____________ - ~~~~~~~ ~, ,, .~~~ -~~~
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~~~~~~~~~~~ ic  ‘ ‘ - f ‘~~ ‘ ‘- r , r . c c i l v  ~~~~~~~~ ye- Icc:  ‘ -  rc- ’C Ic- s in I - i t o  i n n e r

nra s tm : lr -r r I s  those encountered it: bo ’. :n ’I r i r v  layers , a mccii of ‘,‘a,ra rbl’-

sin ” in  t°e ’ nrmS -:r”ctr°n’: has b”n -,d a ~ed ‘Cr I - b r  r~re’t r~ analyc~ s.

T~-~ v — r I - c r - n  a ’”- air a b a t e - - i  o u t w a r d  f r :  I-he x— ixis ir, “ l - . e- ‘o r:’ of a rico: et r i c

sequence such tha~

= 
~~~~~~ j - I  

= 1
’
~~ 

- 

I “~
‘)

(22)
( ‘y )  = y , 1 ~ ‘V

art 
V

y
l 

= =

Tb’- a”aret’ic “ S I - r n  r is usua l ly  ta ,k ’r -n to  i~~ ’ o~ i - ’ ’i’ ’: of 1.05. V- shri ll

also .ien~ t-’ ‘C e bc’-’.:n fa,r~’ grid i~-- t n t r -  f o r  t u e  l” -wr ”~ arid rani er wake . ‘brr . ”s

r e - ’- t  ,‘c ” r v ely  i-v and v ,,, . T}’ie tctal number of i n t e r i o r  -ur id r ) O l f l t S  at  any

r y e -n x — s t - a t~~on is t h e n  given by

= L -‘- tI — 1

The r e -u u ir e c i  n um e r i c a l  scheme ‘- a r  s o lv in o  e-, : u o ti o n s  ‘C), (2) and (6) can

now be fo rmula ted  in terms of d i f f e r e n c e  :soti-ar:I-:: wit , ’:: a t y r  ical c--mI -ut a-

tion cell consistincr of two adjacent mesh r-e ’ t an , :] e c  as - - i , - --wn ‘. r  I - t r a i n ’ -  4 .

For any function f(x ,y) which is r~ l r -as t  I - v t — ’  dj’’’- ’- -nt :al I .’ U: 
~
‘
‘ ‘ h O

or -I ”r— - -’-rreut ‘ i r r st c ’  d i f f e r e n c e  o r I - r r ~’ y 1”~a ’ ton ta ’’ “ ‘  r o ’ ’ i a l  I- r ::‘a ’ iv’ - o~ I-

wi’C rest-est t- - y -it (x ,y .) is then ~i”-r i-a

f , - (l -\ 2 ) f . - - \~~f .
i,j+l I , j i ,,j~~~ , (7°)

/ 

(1+ i )

where
a ‘~-r j > 1 ~

= 
-l for j l~ 
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x i x~+i~ x 1+1 x

FIGURE 4. A TYPICAL  COMPUTATION CEL L FOR

D I F F ER EN CE A P P R O X I M A T I ONS (29 ) AND (30 )
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V~~~~~ = • 4, ,:..1
:,, -

-
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In the case of a ic- c ’irithn: c ~cr nc t  ,o n of y ,  it can be - - b--w r : ~h,it the e r r o r

assoc-,aI-r-- i w~~I -” -, an a: rr, ’ox :mati on of the fern- G i v e n  i- ,- (29) remains - - r - r : s t r , r : t

t a h r o u - ah ou t  I-he ent lre gr id despite the  , in , - r , ’ .asc- in v- ’ ’:ter size in ti~ - outer

recions  ( e . e.  , s e fe - r e -n c e  2 )  . A” cen ’”red” diff e-ni-r:c’--: - - - : - r r - r ’ ion is used to asi r o x i —

m a t e  the r - a r t : a ’ t o e ’r lv a tlv e  of f with ~~- ‘- - :‘e nt  t- x .  Thus v’ :-,av-

- f
f~~f \  

‘ i+ l , j ,

~~ I - 
-
~~~~

-- - ‘
-~~~~~<

-
~~

-- - - , (~~ f l )
1+1 ~~~~ 

- 
1

wh e re

x . + x ,

X .
1/~ 

— 
2 

-

In

x . -
1 ~+l i

i t  is -as.a- f’a l t-r note that

(~~~~~~~ ) ~~~~~ 
( .
~-~

) ~~/2. P 1)y 
i+ 3/ 2 , j  - i + l , i - i

The fSn:te difference analec to t h e  crot ’e -~~r , :n c  n v - f i r -  can “ -w be “I--rivet

by ret-lacing the artial derivsct:ve’:’ in ‘r: -O,at: r,s (I), ‘C) anal (6) with their

cor res : - -’n d :  ncr an-prr:x:niations criv ~ n b’, (30) 10 ( i ~l )  . For ti-is p u r r o n e , we now

Ic ‘ In c
r

+
—T , , 0

1,3

E~~~ 1 V  = 1 -V . - 1 ,1,3 1,3

0 - - -
V V i ’ ~~~ , V1,1

r
H , ,  = h / a , 0 01, ’- 1 , 3

0 2h
~~~ 

0 (33)

0 0 it . ./a
i , j  I

- ~~~~~‘ 
V

p 
,_, ,,; ~~ 

‘ 

V

_ _  

.1
--V----- - - - - - -  — —

.
---- ------- _‘- - ~~~~~~~~--- ~---~-~~V . V S .



_ _ __ _  _ _ _ _ _ _  ~~~~~~ ‘

~~~~~~~~~~~~

_

~~~~~ 
‘1

~~~ - + 1/2
e. , = aut _ 

~~~
‘ 

, V ‘I-
i ,J, r 2

’ i+ l ,j-i’ r- rr r = —1 , ~~, 1, (34)

and

( , v )
S

13 , - = _7.;___t_ ‘ (~~-i- l) r.:. - . ( 3 )o x )  - 1,~ t -

i

T~ cai n t hen  be she-wr: t h a t  arc .- u r b  th e  r o t n I -  >: ~1/2~ Y , ) e-~ u ,it : e’ns ( 1 ) ,  ( 2 )

an d  ( 6 )  are r e d u c r i- l e  to

A n . , + B s . , + C , . 5 , - = a , (ic)
1 ,3  i- ’ l , j — l 1, 3  1~~1 , i  1, 1 1’1 ,3~~ 1 1 ,3  -

whe re-

= - ~~~~
, 

- 
(-1)  ( 3 7 )

1,3  1,J

B . - = - (1-X 2 )’b, - 
( 0 )  

- - (38)
1, 1 1, 1 ) , J

( 1  ~C . - = F~. , - (39)
1 ,3  1 , 3

an a

-4-
I .

1 ,3

5 ,  , = U .  (4-h )

L T i i J
The ln I ’o r rnqen- ’-ous  term d . - is aiven by

1 ,3

= -~~~. ,~~~~ . . + 1( l -A 2 ) E . - H . .1 k . . - C , .~~~~ . . ~~~ , - 
(4 1 )

i ,J  1,3  ~,J— l 1,3  1,3  1,3  1, ]  i , i ’ i  1, ’

where
1/2r -~ + -

I , , T , , !,~ .
1, ’ 1, 3 1 ,3

= Uy) 
~ 
l ( t  + 1 )  
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In ‘ - ‘~~.~ iI- a°’: (42) , the er-irs— ve-locit’,’ U ‘~~‘. be r e : -  aced by :‘ or U

‘Ir- - : -en cl i m -3 on whe the r  v . > y or y. < V .  ‘In ‘C.’- course of derivinc~ equation

(36) , we have also linearized the  c o r r” s r~a i n d i n c ;  rcr ’i ,a I- i - i r i s by aPproximating the

coeffr-crerts in~~ 1ving U , V , ~~~~ -or I i-v t h e i r  values at x ., which are taken to

be known . The non—linear version may be rec-~’~vered , if r-c- --bed , by re:~iacing

I + 1 ‘2 for  the i—indices  0~ th- se ale -r e o r ie n t  v a t ’ : ala- in - -  “it r ir : r : : r , - “ ‘ruations

( 3 ? )  — (35~ . At  -‘m c ’  g iven x—nt .ati”-n , I-ho d r’,tr’rior e n d  r~ - r ‘ ‘s h- r , t ’ -rn- r , t .’-

3d c- -:’- a a i t i - a n s  v i t a l -  t i - s- -r an-c n -air-be— of -r.rikr:c’~’ns. lire r’.-’ru ’’r r : ‘ “ ‘r - -nan hr

s’r: tt e- : :  :n “ “ - e- following cnn-east  ( ‘c - r n - :
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where the i-indices have been omitted for clarity. The boundary sc-nd itions at

and y
~ 

are incorporated through the inhomoqenes-us vector d. Before the above

l inea r  syst em is ac tua l ly  solved , however , a mo d i f i ” u i t i - ’- n  is deci rah ie .  On noting

that I-he downstream shear stress dis-tribuI-ions of both the t e n  art br-I-I-err shear

lay e r s  should vani sh in most of the reai1c.-ns of rrt ’ r ,~rj ’n” shear -h -j o t~ zer o  u ç —

+
str e a m  c o n d i t i o n s ,  it is nossib ] . ’ ’ ‘-a ca lcu l at e -  I -it ’d -n i’,’ mI - t h e - n i ’  - -‘ ri d

po in ts  where they are non—zero . The ad’.’antrm- :”- ‘C ‘ s a r t  n c - -aid : is f i a t  i t  r i --

sults in a reduction of I-he number of o~ uait e --ns - ‘ m r ’ - r”fnri’ I - h i -  size of the

matrix ~~ A more important corise-~uence is t i - a ’ wi a i r ’ ’ ’ ’: ~ nse:I w i t h  t i~ - need

to tofu:” and j u s t i f y the enr~’ in c—i l f’jrrc ’- - - - n o  ‘ - - -  ‘ ,rr i--e-c’r r n d, th e  boundaries

within which  the top and lower shear 1-i ’.’er - - ai r - ’  c:or, ’in ed .  °r, the other hand ,

care must be exercised to allow for the :tr-’vth of I-h i- shear layers. For this

nurpose , whenever a shear stress r -r ”i le  is  c:r”13u ’ e -- t , I -he magnitude of the

shear s tress at -ri o ir- ’Ieo . a i r r~~ t a”  rb is cl rOa -. r-’n~b, to - i ’ - ” . ’- r m m n ’ :  whether cer ta in  l imits

( usual ly  0 .0 1 ) i--ave b e a n  x - a ’e -h , ’d .  “h e  h o - j r - I a n - n fo r  th e  downstream pr o f i l e

will ,  then  be me-s - -a -i outward by or ’ - ar i d  rn ’ ~ t if I -b r -  t- ’- i- --r am nc e  has not been met.

The reduced ‘err-  of the  cn” f ~~ici , en t  m at r i x  .~
‘ is of I - h o  band type w i t h

nine non—zero  .‘I ’~
,m q n,i1a . The 1 :, r:rr a~ syst ”r- can tb  i’ - ’ o r , -  h~ solved e f f i c i e n t l y

h-v one of the n-,3f l ’i standard r o u t n e-  ava i lab le  ~‘-r -” :  : , various sci’:ntific sub-

routi ne :-ackaqr ’s . lIre values o~ U ,  I and T at t b ’ -  i n t e r i o r  qr i d  p o i n ts  are

then  contained in the solution vector

i~ur  l i n ear i z a t i o n  of tI-r e n um er i c - i l :- che -me a l so  I. .is t h e  e f f e c t  of un—

r - a-, ’~i, - i i n a i  t h e  o ’ : n t : n u :t y  equation , an d  t h e r e f o r e  V , from the remaining system.

Using equation (2) to eliminate (~ U/1x) frer-- t h e -  n-or-”ntun- equat ion , we obtain

~ v fli-’ 3:
— -~ — (— 1 = i’ —~~~_— + _ a ( 44)

“

• 1=

-— 
- ‘ ~~~~~~~~~~ -5 -’ -

~~~~~
V -~~~~ 

V
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where all quantities , exceet U, are ‘- ow known . ‘I”, it s: t h e -  i r r iti - ri l condition

= 0, ocr-ration (32 )  can the-n be a :  t e q r at i - d  ou t w a r d s  from y to determine t i --

vertical velocity profile V.

Uith the values of U , I , I ant V known at x ., the implicit finite differ-

ence scheme can be used to advance U, I and I to x , V is then calculated
~ 1

h-v e-,:uatisn (44). This erocess is repeated until a : - - l ot i r r n eve-n the entire do—

r - ’a ar - ~a f  cot crest is obta~~n e t .  A~ ~n a’iaaimte1y ,  be for e  a rm i n c r e m e n t  in the  x—dir,’ct i- n

is -‘rid e , t h e  cu r r en t  veloci ty and r i h ” - a r  - t m  -n -a  p r — f )  his can be used ‘o upda te  t l . i~

l i n e a r i z e d  coe ’f i c ic - nt s  and to imr rove t in -  so lu t ion I ’ ,’ i t e r a t i on .

The n-rn -posed r -u mer ~ cal scheme is believed t -  he quite stable , bu t caution 

a’ be e x ’r - a a s e d ,  t j n~ rj re t he ac currm cv of I - ” . ’ - sol ’r t  I ar t . A l t h o a i u b  the  e f fec t ’ ;

of a G o i J s I- e - r - n - t v~ -e- s i n g ul ar c tv  at t i ”  t r a i l  r i :  edge ~s expected to vanish

q u a ck ly  ,~~ a recent  s tud y by Burqgraf1 s’aiqcest” t i , ai 4- an extremely fine mesh

rust  be used te- insure accurrmcv in: t i ,~ - v e r y  ‘ii ’ , r w a k ’-  r a i l - - n .  Tc ’r-ica lly an x—

stat- i -  SiZ e  of th e  order of R 3
~
5
, P. be :t:-a t in’- P - v~ I ts  r- -jrrI,er based on ,‘ I ior cl

lo n ct i -  , mus t he u ”eal f - i n  a m a x - r u  i n- n , -: ’ I-: n - i - h - i .  ‘ ‘ -:‘r n u m e r i c a l  ex t  i t - : r e n ts

indicate  a comp arable x — s t e r ’  s in ’-  ~‘- .~~-I -  a lso h e  u sed ( ‘ha r t h ~ f i r st  2 or ~~

c h o r d  length :‘Iowrrs ’-ream) in t h e : n ’ - ’ - ’- n ,t  calc”a at r— ’rn. ‘~c’re-oa ’e-r , i t  is useful

I-c- no te - t i -at  “‘- i- r -m ’-”s n - f  -a r -aw ( I ,  for ‘*r- h - - v ai r -i a::  e n  wake e-- ,i-~es “an be

- ‘ietc’ rm i ne-i I-’ ’,’ ti ,- n -ai x an -un - oh- ir a  ‘~~. i-o a ’  ‘ a an ’i les  ~ ‘it at v r i n d
+~ ‘ 

‘ -L

From r - - : ’ ja i ’ - -~r ii 3) w , Ir - ~ i v’-
1 - ~’

V ‘ 2a G~~ 
- ‘ -

1 vi
I-a r, 3 T ’ ’ ‘ (45)

ThUS , the x — s m e ~ - s a n ’ -  m :, :’r t also in ‘r ’-n . ’r a l  ‘I-”- r e st - :  c ted  such tha t  the  wake

width is allowed to expand by no more I - h a i r ;  one urid ;-oint in either normal

d: re ctrc -n for each x—increment.

V
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RESULTS A’,’h- l - T , O c U b c T - ’ :

As the f i r s t  t i -st case for our n-c-del , we hive chosen the measurement:; by

Ch ev ray  and Kovasznay of a symmetr ic  wake behind  a th in  f l a t  p iate .~
’1 The da ta

available in this case is perhaps + i  rrc :st -iI-etasiv e and best documented f ray

both t h e  experimental and the theoretical ~ c i n t n  of v i e w .  The st u d y  by Rur omi r--if

adapted the -J’ ebeci ’-Smi th  and Glus i -ko  m- sli’ls I-’- co mput e  the ve l o c i t y  and c - h e a r

Stress  r a r o f a l c i  and it thus  r :rovades  a bas is  0 1 ca-n-par’  ; : r - r ’. b , ’twr rn  t -  :

model ant  oth-a ’: n - r et )  t i o n  me thods  now rio;, r i a b l e .  shoul - -l in: n o t e -’] , h-aw ’-ve r

t h a t  -due to the use o’ the eddy v i s c o s i ty  - ‘ - n - ’- t - , t i - e -  obeci—tmith and °lushko

models  used by P-rr -rcrna f are restric ” i’-l ta s’,-mr - a + - I - n i c  fl’ wn , The r - r e c e n t  r i t a - t a r - - r i c h

does not assume ::‘‘—ar ’ .’trv i n  its 4 ;S~~n - V :~~.1 t~~~~ r i r : ai a c--o-- - i r i s - - n  w:’-h ~~~~~, - .ai - - a ”-r i ‘a m

cascade wake dat -r i  o~ R a j  and L ak s hr ;a r ; - r i r a va n a 1 
is t r-”aonted an the second test

case.

As re r ’:eate-ll ’,’ no-t’a d in our  t -r e v :o us  t r - s c : r s 5 :  — n - , : f l r ~ of  +- , -  - t  crucial

ste]’-s in the applicat t o n  of th r -  n n , a s i -n t  - ‘c,’herre - , :t: frict , any other calcula-

tion method--is the-  choice of enr- : nical ‘:nactioflra which define the turbulence

structure . In a roc’-nt :nterautl’.” -r t-;d ’,- of ;:Vn-n-4~t’ r j c jet s and wakes by Morel ,~~

a set of or:’~~racal furac ’trsnn (see F’- . : ’, :~~’a 5) were a’u-:’: - - t o-i for wake calculations

startarr o at a ia-yi n,t well dnwns I-r : rin - - ‘ ‘- ‘- - t : i : l in q  ‘: 1-re . The : -r e n en t ,  so lu t ion

aloori’ i-n- has I e-”t . ~ -‘°‘-i t” r e -nm- - ‘a- ‘ -  c-r n 1 ‘s nt-s-a l I - - - -is a check and - To- i - -I agree-

ment was o h fa i n e c ’i ;  b u t  ‘-‘n- r,l ‘ s f u n c t a r — a n s  a’ ne t  ‘.- a u :  d in th~ nea r  w - i~ reqion .

It  can be a’~ r ’ re t  that  the  evo in i t  1:”: ‘-f tv-- a ’ - - ’ -, 1 -- - -: n-i  houn-iri rv layers in~-

a tie--a r wake is i n i t i a l l y  confined ‘ae- a re--t ie-ti h o-r in di-d  by t i n -  two ;‘ - l ; - m r ’ r i ct e r ist i cs

ev i , an a t i  nq f ro  I -h ’,’ ‘- r e u l in o  edge . - a : — - - “  ;‘t r - n - ’ x i m r m t i o n , t i - i -  h - - r j n c l a r v  la ’,” ’r

b ooth scale L is e-xr -t ’cted to be va l id  excnr ’t  near  ~~~ wake c e n t e r — l i n e  wher e  i t

has i - c e - n  .i : : s’lme--I  ~ i’ he constant  and r nr rr ’o ” i en a l  t~~’ I r e  w i d t h  of I -h ’ -  “ i nne r  r n ’
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(see ‘n- cure 6). tin have  t en t at : v e l y  used Mo n i a l ’ s f u n c t i o n  G and t i e  t - o i n t  where

G = 0 is correlated with the shear stress maxim-ut-. T-hi t }; t h i s  nc rr’-alizatjon , I -hi ’

function CT closely a:,r:’-roxirnates its boundary layer counterpart in the outer wake

edges but assur’es negative value-n- near the  wake c e n t e r — l i n e . This allows the

shear stresses I-c- be d i f f u s e d  away “ ron- t h e i r  maxima . Thr- value for a
1 

is again

t ,ri~~cn to be 0 .15 .  The c- rn - i  n c-i l func t ions  used in our present c a l c u l a t i o n- a  are

tI er ’ -- f o r e  t r e c -en s ’- r i  ly crud ’: pencl i ra- :  “ a i r - -  thorouch ~‘x r - e r : , r a -n t c~l i nve s t i q a t i o n s .

I t -’ c-a”t a a i ~~ a, , i- ir ~-~ e ”f ’:cts  of t h e  ass-~amni- l “ i n t e r a c t i o n” lie-I-wren the two si-ear

l r i c ’ e r a ’  mu s t  hi’ cI  a n  I- - ‘-a] rinai in co r r ’--a r , ’~I-c’d as a t : u e - t n e nt :~- ” n the er-i-i rical func—

a ’ ~i ev e rt i  - - l e o , t i-r~ r , : - a u l ’ - r  -- ~~~~ - i a : ’ - - ’ ] for  t I e  ::vru”i-t . n i c  case are  e-nc( sura e ino

a r - d ‘ ‘ - a  r i r i ’ : n - - - a ’ - r a t ’ ; - ’l i n  1-’ a - r a:r ’~ 7 — 1.’ a] ‘ : - :  w i t I , r co at , ]  t a -  ob ta ined  by Burqgraf

bas’.’d - ‘-a  ‘a ’ - ‘ - “I-- - -ci - - ~~: ‘a t  an -I  -alusi-ko “-c- - d e l s .  The : “a- -o : t r t method t .-r o cr : r cer ;  good

ri -n - ’ e -’- n- , - tr -: wi~ , ‘Ca- ex t  ‘ - c - n - i - n - I - a l  v e l oc i t a ’,’ r ’ n-’ f i le :  -it x/’ 0 = b . ( , 34.4 and Sih.2

— - o - - ! ’ n - - ’ : - o , i rr -,l - y, / a ’ = 0 . 02 O ~~, 0 .f l ° ,~ r in d  3 .2 :-’ r - ‘ - a ’ t :r - ’el v .  The pred ic ted

s in-ai r s ’a r e -r,s a x -n - ’; r i s e  ‘how i r : ’ rn- .’,- ’-r ’ :- ov e-r  ‘ -  ‘si ,- n - f  ‘i-b e c 1— ~~r:: tia and Glushko .

-“ -1~ ’ 1 lair -:mlso he- ’ - : -  u rr e- ’ t c- ’m~r t ’-  ‘ri - n - -  , , a r-’mrr,a ’a n c  wake i-rn--

f i l e -s  b e - b c n a i  a cril- ~c ’ ,’m Ii’ of :I a r’ ” : l : , i r  mn , ,a n - i l - ’ a ’ i t c ’  ‘ - r  -a’: i = —~~ - ° , and cnm—

rr’~~--o r , -’ .~, , t r  “-e - ‘ y :- e -  ~~‘m e - ’ I-- a ’ ‘e - a’ ’:re- - I - -’ o’ Ra~ i t  - ‘  ‘ m~~-’h’- i n r i r avan ,a  a t  x/c =

0.?— , 0..’4 an-i O.4~ an” u i ’r ’ r ‘ :-  ~ a - ar - -s 1~ — lb . h - a ’ - “n -r-:ri c ,ail functions are

,x lot :
,
, those u sed  i n  ‘ - -  - “, ‘~~n - - - 4- t ic-a l r a i s e .  Ti - ’-  :::in:r t ’, ~~-arm ’r t r y  is accounted

‘‘-n t hn o u o h  I-ir e- r ’ t - ’- ’.’’ o at- i ’:’ d in - r u” sea i  -- - u i - t o  -n i - a r e .  T }r e- - r o e -r a i l  ac t -cem e n t : :

] ‘etween I-he r :r e r i : -:tC- ’l ve loc i ty :- r r - f :  ] i-  - and • ;i i - it ; ’  ~ c: -roan ,] and the p resen t  ri’ —

t a r  -‘how ccn~~’i de-raibi e- t “r”r c ’v ’-mi”- t. s - - ‘ ,-er -Se ~n-t 4~~,r ,  h’, e: tab ’-” the global or

the loca l s i v i l, ], - a n i t ’ ,’ m-ethods
14 ’ — - t  , i r ~~~ . an iv  at ‘Ca ” near wake stations. It

should be po in t ed  ‘-ut , however , I - I -a’, ‘he r e-~~j ], I- s F, ’~ r in - ,  ar ’.’ m ne tr ic  case , thouqh

sa ’ a s  fa c t o r y , do rot agree as clos’:l’.’ wit h t l i ~ ext c’rim entril results as those for

4-h” symmetric -- -ae-e. TI-ii’s is -it  i o n - t a  I i ’ T ’-~airt lr ~i- ti t he f a c t  t ha t  I- b i n - oh-nerved

- 4, -‘ - -. — ‘
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turbulent shear stress leve l for the asymmetric cascade wake is much hi gher than

that for the symmet r ic  case and the accuracy of the empirical functions is more

critical. It is also of interest to note that the accuracy of the present model

seems to deteriorate as one progresses downstream o f the airfoil  tra iling edge

(cf. Figures 16 through 18). The simple adjustments made in the length scale

function L in our attempt to account for the evolution of two coalescing boundary

layers into a fully developed far wake are perhaps too crude to adequately model

this extremely complex and intricate process.

In this connection , it is highly desirable that some detailed experimental

measurements with sufficient spatial resolution be carried out in the near future

in  order to obtain a good data base from which the boundary layer/wake mixing can

be quantified and the physical basis for the interaction hypothesis be ascertained.

These experiments should also result in a concomittant generation of accurate

empirical functions which are correlated to the basic properties of the shear flows .

In summary , our investigation so far has validated the basic philosophy of

the interactive approach for near wake calculations , but it also clearly suggests

that further refinements in the empirical functions based on reliable experimental

data are needed before the present method can be used with confidence as a design

tool for an arbitrary , complex , turbulent i-hcar layer.

I 
-

~~~ 
S ’

-- ,_

• ~~~~~~~~~~~~~~~~~ ~~~~~~~~~~~~~

, 
~~~~~~~~~~~~~~~~~~~~~~~~~ - _ _ _ _ _ _ _ _



1. Kline , S. J ., et. al., (ed.) Proceedings, Computation of Turbulent Boundary
Layers — 1968 J~FOSR — IFP — Stanford Conference , Vol. 1 , Stanford Univ ’~r~a i t’i ,
Thermosciences Division , 1969.

2. ?radshaw , P., et. al. “Calculation of Interactinq Turbulent Che,’~r Layers

~uct Flow ” , Journal of Fluids Engineering, Trans. ASME , Cer ,c ’aa I , Vol . 9’ ,
No. 2, 1972 , pr- . 214—220.

3. Bradshaw , P .,  et. al. “Calculation of Boundary L~ver eveloTar-or,~ “inn ~h ’-
Turbu len t  Ener ov Equation ” , Journal of Fluid M e c h a n ’,c u, Vol. : ‘a~ , ~~ ~, I “v ,
ur ,- . ~93 —6 l6.

4. Bradshaw , P. and Ferriss , D. H .  “ App l icat ions of a r en eral  ~~~~‘~~~“ ‘ -  a o ’~ T dl c ula-
tin T u r b u l e n t  Shear Layers” , Journal of Basic En-~ineerinq, T r a n s .  !~~

‘ -
~~~~~~~, ‘u

‘, Vo l .  94, No. 2, 1972 , op. 34~~— 7~~?.

5. Bradshaw , P . “Calculation of Bouc-Thrv—L avi’r ¶ J , V V , . 1~~~~ V 
~~~~~ O’~ u- ~~~~~‘ ‘  ‘ u r ~~~ a . - ’ ..

~‘ r”r c~ Euuation IX Symmary ” , NFL ~‘c - t ’-orf  1297 , Jan . , 1~~

Frads’naw , P. and Ferriss , P. Fl. “Calculation of Floundary L,iv~’r I’~’v~’in~ ~~- , , - ~~ -

‘;r ing  the Turbulent Enem y Eauation~ Compressible Flow on A~~:,ih 3tac ~ ‘~ I 1 ’  “ ,

Journa l  of Fluid Mechanics,  Vol .  4~- , 1967 , o~~. 8~~-~~I -
.

Ferriss , D. H. “An Implicit Numerical Method f’m tho Calculation o~ Fln u n- ! , i r ’.’
:~~‘,‘er Development Using the Turbulent  Lneru ’i Equat :”n ” , ~JC Aer- - F - ’-’ rt 1,2 5 ,

~~. Cc’beci , T. and $r’ith , ~~~~~~ An a ly s i s  of Turbu1en ~ Boun dary L~~~ers ,  i~~~~~~~~ i ”
Press , New York , I -~74 .

?~ Rradshaw , P. “Prediction of thr - Turb’.i lent  Nr ’ir  Wake of a P ’irr’*’trical A i r f o i l ” ,
7’LA~_Journal , Vol . 9 , 1970 , 

~
p. l ’L7-1508.

l”~. Rurocraf , 0. F. “Comparative Study of Turbulence Models for Boundary Layer1
-air , Wakes ” , rc-a’n-:ico Research Laib”ratories, T p - 7 4 — P 9  U ,  March , 1974.

I I . V . V ,V r ,-c,V
, F V — m d  Y o v a uz n a ’,’ , L . F V O . ‘ Turbulen t Neiuairements in the Wake of -~

~‘1,m ’ Fl i t ’ ” , A17j, ,’ournal, 1. 7 , No . 9 , l~ 9d , oo. l’~4 l— i 1 ’4 3 .

12. Pal , F .  o-.~ La~ -ahr ,narayana , B. “Characteristics of the Wake Behind a Cas-
ca-Jo of rf -L1a ’~” , J. Fluid Mechanics, Vol. 61 , 1973 , or-. 7 °7 — 7 3 0 .

13. Nor~-1 , T. “Calculation of the Free Turbulent Mixing : Interaction Approach” ,
~~~~~~~~~~ 

“t
~es Laa , Ill. Inst. of Tech., Chicago , 1972 .

14. “u ’’—-c- ,, ;. : .  , et. al. “A Proposal for Research on Aerodynamically Induced
V : ,~~~~~~~~* L r , n 5  in  Turbomachines ” , Indianapolis Center for Advanced Research , 197’ .

1~~. Thstafson, W . A ., et. al. “Cascade Wake Structure ” , Indianapolis Center for
7, d ’V’ ‘t nced Per~ arch , 1975.

- .~ 
~~~~~~~~~~ ~~~~~~~~

‘‘V - ‘
‘ .

— - - -~~~ ----- 
V V 

- - 5,~~ 5, -5-- ’ ~~~~~~~~~~~~~~~~~~~~~~~~ ‘
V -



-- - -

r U pLlC AT I O~~ia OEP~ ’LT TNr ,  FROM CONTRACT

I .  Fleeter , S .,  Novick , A. S . ,  and P ,i f f e l, R.  F,., “The Unsteady Aerodynamic
Response of an Airfoil Cascade to a Time-Variant Supersonic Inlet Plow
F i c - id” , AFa~SR Technical Pepo~~t , Detroit Diesel Allison EDR 8524, June
l° 75’.

2 .  Fleetem , S., Novick , A. S. and Riffel , R. F., “The Unsteady Aerodynamic
Fes’ ona ~e of an A i r fo i l  Cascade to a T im e—Var i an t  Supersonic Inlet Flow
F i e l d ” , Ac ’7’Pfl-TPP-177 , ACAPr , Confo~~ence on Un ’a t~’rm dy Phenomena in Turbo—
oa-ad’iinerv , Vont e rev , Cal i fo rn i a , September 197N .

3. Nc , B. S., and Huffoan , c~ p ~~~~~~~ A na l y t i c a l  Model of an Asymmetric
Tu~ bu leo f  Pour Wake Behind an Airfoil” , Invited major presentation for
P r o ”:t P q u i d  Uorkshoo on Turbulence in Ir .t emnal  F lowr ’ , Washington , D. C.

-_‘ur,~- l97f- .

4. -‘~‘~rtif~ar ra , W. A., rI-effenhauqh , F. P. and Davis , U. W ., Jr . ,  “ Analysis  of
59’, - “u r b ub o n t  Vake of a Cascading A i r f o i l ” , submitted for publication in
,]o umn al  of ,‘u r c r a f t .

I- . Nq, B. S. and Huffman , G. D., “Aerodynamically Induced Vibrations in
Turbomachines - A Semi—Annual Per-art” , ICFAR—FDL—75-002 , September 30,
1275.

6. Fleeter , S., Jay , R. L., and Bennett, W. A., “Compressor Stator Time-
Variant Aerodynamic Response to Upstream Rotor Wakes” , Detroit Diesel
Allison EDR 9005 , November 1976.

7. Huf’iran , C. D., “The Modelling of a Turbulent Near Wake Using the Inter-
active Hypothesis , AFOSR Final Report , 1976, to be submitted to the
Journal of Fluid Mechanics.

• ‘~, :: .~ , ,~ . ~~~~~~~~~~~~~~~ -~

— V - V  — .  ~‘ ,, -~~ :

V -- ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~


