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I - INTR ODUC T InN

Opt i m iza t ion  problems have been inves t ig a ~ ’ l  the past  several years
by miny researchers. Jzk ov {lJ fir st found the solution to the directive
gain mi~ ini zati on by employing 1 inr’a~ transfor m atieri’- . Bloch , et al .[2)
Morqan [3] and Uzsoky and Sol ,ymar[4] gave some applications for arrays
w ith arbitrary sp1i c inqs . Tai [5] consider ed the problem of achieving
maximum gain in uniform lin ear arrays of di poles and qave some qraph s on
~he subject. The optimization of SNR with constraint s on the Q-factor
has been obtained by Lo. et al.[6].

Cheng[7] studied the max -imun i directive gain by the cigenvalue
method . Sunzgiri and Butler [8] have used the elgenvalue method to find
the solution for the maximum directive gain with constraints on the re-
sulting sidelobes. Matrix methods were appli ed by Strait and Kuo[9] for
constrained optimization of various performance indices of arrays of
straight , parallel thin -wire antennas.

Sahalos [lO] gave a solution for maximization of the directive gain
of arrays with arbitrarily oriented short dipoles. Sarkar and Strait [l4]
gave some usefu l formulas for optimizing certain performance indices of
arbitrarily oriented arrays of wire antennas. All these formulas were
found assuming known pol arization in the specific direction for which the
maximum of index is desired , and their study is for optimization problems
with only one kind of constrain t (i.e., nulls or sidelobes or other
in dices but not more than one simultaneously).

This paper presents some uni fied formulations for oi tirn i zinq any
• perlormance index subject to constraints on other indices , side lobe

levels and pattern nulls of arrays with nonparallel thin wire antennas.
The formulations presented here are not restricted to opt imizations with
only one constraint at a time nor do they assume the pola ri zation is
known.

- .  II. MOMENT METHOD FORMULATION

The moment method in electromagnetics is very usefu l because it
transform s proble m s which are formulated in terms of integral equations
into systems of simu l taneous lin ear equations. Let a wire structure be
composed of a number of stra i ght segments . If we define a right handed
orthogona l coordinate system (n,:,~

’) at each point of the wire ’s cylindri-
cal surface , we can find [11] that :

- I ( , )  ( E tTL ZSH~ )d. = Vrn

~~~~~

~ i ~~ ECEDIZ PA~~ (~LkNX, NOT ~‘t Ut•:D
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Equat ion ( 1 )  is the react ion integra l equation developed by Richmond and
is true for electrically thin wires .

I(. ) is the total current , . is a metric coordinate meas uring position
along the wire axis , Z5 is the surface impedance for exterior excitation
and L is the wire leng th. The only unknown in Eq. (1) is the current
I(~ ). The other quantities are given as follows :

Vm fj
~
f 

(J1
.
~~

_t
~~

.H
~)dV 

(2)

.2. -
rm~~~L c~Th

- 2-- ~~ u- (
0

~ 
-2

= - ~-I~ d~- (4)
~~~

(J 1,M 1 ) are the impressed currents by which the wire structure is excited .

~~~~ i s the fi el d of an elec tri c test sou rce locate d i n the i nte r io r
of the wire surface and radiat ing in free space.

The next step is to expand the current on the wire in a finite
se ri es of the form :

I ( )  = 
~~ 

m n Fn(~
) . (5)

n

By Eqs. (1), (5) we can write a system of simultaneous linear algebraic
equations

[Z] ( I)  = (v) (6 )

where the elements Zmn of the matrix [Z] are of the form

Zifin = - 

1n 
F ( ~ ) (E m-Z5H

m )d. . (7)

2
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Solvin q Eq. (6) for the current we have

(I) [Z]~~(V) = [Y](V) . (R)

In an antenna array with N elements, we assume that each element
is fed at only one port. rrom N 1 elements of the column vector (V),
(N 1 N~N2, where N2 is the number of the expansi on modes), only N are
non-zero . Thus , we can find a matrix equati on which relates the currents
on the m a i n  ports with the corresponding voltages of the form:

(I’) = rv ” ] ( v ’ )  . (9)

The matrix [yr] contains the first N rows and column s of the matrix [v ]
which are associated with the non-zero entries in (V).

III . FORMULATION OF THE PERFORMANCE INDICES

A. Antenna Far Field

In finding the solution of an EM optimiza tion prob l em , it is first
necessary to define the total field that is involved .

In the present situation we are interested in the total electric
field radiated by an antenna.

= E(r ,:,)o + E , (r ,-~, i) t- • (10)

The components E 1-~(r,:- , i) and E
~

(r ,:,o) can be expressed as

Ni N Ni
E~ (r,~ ,o) = i 

~ 

I~E~~(~~O) r i~ l n~l 
Yni V i En (~~

O) (11)

N l N Nl
- . 

- 
- E (r,-~,O) = 

~ 
I~ E ( - ~, ’) = ~ Y ~ 

yni V i En j:,hi ) (12)
n=l i= i n=l

whe re 
~n i are the elements of the matrix [YJ, which is given in Eq. (8).

We define two row vectors (B 1) and (82), such that the th component of
each is given by

3
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8
1 - i 

= Y . L (:- ,o) (1 3 )

and

N i
B2 = V ni En :(~~

H)  . ( 14)
n =1

By the above Eqs. (lO)-(14) we can write the fdr zone field as:

or 

~(r,~~~) = 
~ 

B~~V 1 ~ + 

~ 
B2~V~ (15)

= 
~
- [[B1][V’]~ + [B2][v ’]f l  . (16)

B. Power Ga in

The power gain of an antenna is defined by

G = ~~~~~~a~Io~ intensity for the specified direction ) 
. ( 1 7)

Power input to the array

In relation to the electric field (17) can be written

= L~kr,4-,~,1 2 r21’30 ( H)

The power i n put  can be exp ressed as:

N r[yr]+[~r]*1
= Re( V j I

i) 
= [V’]* 2 j

[V] (19)

where ~ signifies the transpose and the * signifies the complex conjugate .
Equation (18) becomes

4

~
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[V1 ]* [[ l~1]*[B 1 ]+[B 2]* [B 2 J ] [ v u J
G(-: , ) = - - 

. (20)
15 [V’ ]*[[Yr]+[Yr]*][V]

C. Ph rec t i ve  Gain and Dire ct jv j~~

The directive gain is defined by:

O ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ (2 1 )— radiation power

Equation (21) may be expressed as

O ( , o) = 
- 

~(r , : , ) ~~~ r 2 /3O (22)

and 
~r 

= - 

~D’ 
where P0 is the total power dissipated.

It can be shown that[l2]

= Re[[IV ’]*[[Yr] [Y]][Vl]] . (23)

Comple te details for the elements of [Vi are available in Reference [12].
The maximum value of the D(t, ) is the directivity .

0. Other Indices and Factors

- 
Effi ciency indices and the sensitivity factors are very important

parameters describing the performance of an array. Efficiency i nd i ces
can be defined in severa l ways . Two of these a re:

radiation intensit y in the direction of max. radiation (24)
sum of the excitat ion voltage magnitudes squared

= 
radiation intensity ~~ the direction of max. radiat ion 251 sum of the feed port current magnftudes squared

I-

Equations (24) and (25) can be written :

= 

[~~N[~ 1]*[B ]+[t~2 ]*[B2 ] ] [V 1J  
( 26)

12O~[V ’  ]* [v’]

1

I
___________
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[V ’ ]*[[~ ]*[B ]÷[~~
2

]* [B
2
][~~

1]

S1 = 
. (27)

l2O~[~ ’ ]*[~r]*[yr][Vs]

Correspondhngly, sensi t iv i ty  factors can be defined as:

k = ~~ and k1 =~~—

Another index is the Q-factor that relates gain to efficiency i ndex or
sensi t iv i ty  factor. These are defined as:

Q = G/S = G K  (28)

and

Q1 = G/5 1 = G K 1 . (29)

IV. ARRAY OPTIMIZATION

A . Gain-Direct ive Gain and Eff ic iency
Index Maximization

As we have seen the power gain is

[V ]*[[‘~*][B ]+[~~][B2]][v’]= 
-~ (30 )

[V~]*[M2] [V l ]

where

[M2] = 15 [[yr]+[’~’r]*] . ( 3 1)

T a k i n g  the f i r s t  v a r i a b l e  of G ,oG , equal to zero we can find the [ V ’ ]
which max imize G. Thus,

6
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f , [81 }[V’] I’ [H2][V’]
= [ - v ’ ] ~ [B 1 ]* 

- + [B 2]* -

[~~ s ] * [ M
2

] [ V 1 ]  {V ’ ] * [ M ] [v ’ ]

1 
~~~~~~~~~~

- -- -— - - [M2 ] [V ]  +
[v ]* [M2 ] [ v h]~

2 J
*

+ -~ {w ’ ]  = 0 . (32)

The quant i t y  * is the conjugate transpose vector of the f i rst  { i .

By Eq. (32) we have

Re 
~ 

} = 0 (33)

and so because we are interested only in relative values of voltages ,
we have :

[V’] = [~12]
1 [[~ 1]* + \ [~2]*] (34)

where

[B 2][V ’ I
= = a value dependent on the po lar i zatio n i n the

&. ]JL -~ direction of radiation.

With the same procedure we can find the feed voltages for maximization
of the directive gain or any efficiency index . The difference will be
in the matrix [M2], which for the above indices we can find in Eqs. (23),
(26), and (27).

B. ~~timization Su~jçct to Constraints
on Radiation Pattern Nulls

Any i ndex such as for ga i n, directive gain , or eff i c i ency can be
wr itt en i n the genera l form:

- ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ ~~~~~~~~~~~~~ 
-
~~~~~~~

-
~ 

- - —
~~
—-

~~~~~
—---—-—-— 

~~
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-— 
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= 

[J l]*[[~~ ]*[[~1 ]+[g2]*[B2]][vs] 
. (35.

[ v ’  J* [M 2 ] [ V ’  ]

Suppose th i t it is desired to determine feed vo l tm ’i e’. that will
proui de pattern ‘~u 1l~ in (P-i ) directions and maximum , subjec t to t h i s
(:00- trahnt i n  the p

t!? given direction . If Eq. (16) is written for each
of the P di re t ions we will hi v e :

(f1 +f~ 1 ) . . 

~~~1N~~ 
V 1: .

. . v 2

I :  (36)

(f1 +f2 ) . .

Equation (36) may be modified to:

O 
~~1 

. . f 1 V i

O 
~~~~~~ 

. • 

~iN ~2

= . . . ( 37)

O f2 . f2

or

I V ’
[0] = [821 B22j [

~
] (38)

where

[Vi] colum n vector with N-2 (P-1) elements

[Vi] colu mn vector with ?(P-l) elements

8
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[821 ] mat ri x with [N—2(P-1)] x 2(P— 1) elements

[822] ma trix with 2(P-l) x 2 (p-l) elements

and
• b I ~

[1311 812] V 
( 39)

2

From Eq. (38) we have:

[V~] = - [B 22]~~[B21][Vj] [D][vj] (40)

then

= 811 ]4[B 12)[0]] [vi] . (41 )

We easily can see that is of the same form as Eq. (16).

= [[~1]-+ [: 2]~ ] [V~] (42)

where :

[: ] = [[
~ ]+[~ ][D]]~~11 1 1 12 

— 
(4 3 )

[: 2] =

From Eqs. (40) and (42) the index becomes

- 

[V i ] *[ [  ]*[r ]+[ ]*[. ]][V%]
_ _ _ _ _ _ _ _ _ _  

______— (44)

• 
[V~]*[QJ[v~]

whe re

- •  , 
r u

[Q] = [u : b*][M2] i --- (45)
I 

[0

([U] is a un itary matrix).

-
— 9
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Now the max imizati on of index under constrain ts of radiation
nulls is achieved by mt ximi zation o~ • , i.e., Eq. (44).

With the s imr pr icedure as before we can find:

[Vj] = [Q]~~[[:~1 ]*+ [:2]*] (46)

and

‘m ax = [: 1 ][Q]~~[[:’ 
l ]*~~[2]*] . (47)

C. Optimization Subj~ct to Constraintson Side-lobe Level

Next , consider the problem of t~nding [V’] that will maximize the
index of Eq. (35) in a given directio n subject to a constraint on the
sidelobe level. Suppose that we have p known sidelob es in p directions.
That means :

k 1 A 1

E2 ~2

= : E0
-m- : E01~ = [K ]E0~~÷[~ ]E0~~ (48)

E~ j k~

whe re E0,, and E0 are the components of the electri c field E ,-~ in the
direction that m~ximizes the index y.

From Eq. (48) we can take

[~:~::~] 
= [B2l B22] [:~] 

(49)

and

- , 

[K]E 1
[V~] = [B22]~~ 

°~ - [B21 ][V~]] . (5~~

10
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Froi’i Eq. (39) we have

[E 0] ~~i i  I 
1 (51)

So Fqs. (50) and (51) (Jive:

. . . [ViE
~~O
] = $ [i ;~ 1 J - [B 12

] [ f : ,j ~~[B
21 I] [V~ ]~ {B 12 ][B

22]~~ [- JE 
(5?)

or

[K]E
E0 = [D ][v’]+[ 12 22~

- (5 3 )

- , -

= [D ][Vj]+[-~j2 ~22~ ,

L~ 
]E 0,

wh e c

[D~~,] = [[~ 11 ]-[~12 ][B22]~~[B 21 ]] .

c . (54)

[~~~~~~~~] = [~l2][B22i
l 

/ J
The system Eq. (53) gives

= [[:;1 ].+[:.2]-:][V’] (55)

and

11
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~2? ~~~ ~]~— ~ 21 [F)
I ~~~~~ -a;,1 a 12

—

2 a 2.a 11 -a 21 a 12
- (56 )

— 1 — [ii 12 ] [K ]

a l2 
= —

821 - [ -~ 2][K]

a22 = 1 — [
~~
2][

~
] 

—

With the help of Eqs. (50) and (53), [V~] takes the form :

—l[V~ ] = [B2.] — 

~~~~ 
[vi] = [D][v~] . (5 7 )

L[ -][‘2~

The performance index with the help of Eqs. (55) and (57) becomes

= 

[ V j J * [ [ : ~1] * [: i]+[ 2]*[ 2]][Vh] 
(58)

[~ ]*[Q][v’ I

and from the procedure as before , the maximum is obta ined when

[V i ]  = [Q] [[:1 ]*+~[~2]*] (59)

where [Q] i s  g i v e n  by Eq. (45).

The above ~-rocedure gives only the maximum index when we know p
values of the electric field. For the sidelobe levels to be the desired
val ues we must use an iterative procedure . So , we start from a know n
rad iation pattern which has the desired side lobe s and use the valu es of
this pattern in the above procedure . With this we can find feed voltages
[Vi] and the level and directions of sidelohes. These sidelobes are corn-
pared with desired results. The new directions of sidelobes are used to

12
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1 ii I new feed VI I  te~es L v ~ J ,  e t s .  The itera ti ve tr ( ( pdun (’ is I~~~~~~t i n o 4 1unt i l all sidelohes w il l be ot the des ired v alues.

0. [xaI ;~p I *  i f  ~ P~d ii t  T O r i  l’ t t t m r r i
l l se t u I a_s the ~ t~1 r t  ri ~ Po i n
for the I t i - r a t  i ye Proc (‘dur(~

Suppo se that we want to i rid an antenna wh i h has

i ) E L~ ‘“~± - k
F (-/ 2, /2)

(ii) ~~~ lobe ratio

We les i gn a l inea r uniform array with inf i n i te s j niail ~ small di pol~ s

‘N ‘K I j • • •  ~~I ( • • •  I~~The electr ic ~re1d on the p l a n e  - ‘~~/2 is :

= 2 
i~ l 

I
~COS 1 cos(

2
~~~ dcos~) 

.

+ 2 s in -i- 
~ I i sin , 1 cos(~~J- dcos:): . (60)

Th is el ectric fiel d is that of a Dol ph-Chehyshev array . So if
we ut
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• 
i l  

~ cos 1 T ?i 1 (x) ?N- 1 (~ x )

( 1 1 )

i~ l 
1
~ 

Sin 1 T2 1 (
~

) = T
2 N l  (bx)

x = (~co s (~ cos: ) )

we obt ain

R T ( a )a — 2N - l  -

b ,2N-l

For the maximum value of sidelobe to be 2,

R2 + R ~~= R 2 
. (63)

From Eqs. (62) and (63) we have:

R8 = R 
, Rb = 

k p 
. (64)

Front R8 and Rb we can defin e a and b as:

a = ~ [(
~ 
f
~~~~~ )l/2N~ l 

+ 
(R 

- J~T1 
)l/2N~l] ~

b = 

~ [(Rb +jR~~-i )’ + (Rh - / )

i/2N-l j
~ 

. (65)

We ‘an find , front ~he Do i ph procedure , the I~~CO5 1 and I 1 sin 1 and
natur ally the I 1 ,~

4 1

More analyti call y, if we ~.ant to have an array with 8-dipoles of
equa l distance -/2 and k = 3, R=40 , from Eq. (60)
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Ra = 36.64 Rb = 20

and by Eq. (65)

a = 1.2 , b = 1.15

The resul ts are shown in Table I.

TABLE I

I 1 s ir - ’ = 3 .1 I1 cos~~ = 9.85

I2 s in - 2 = 2.6 I2coso
2 = 3.84

I3 sin - 3 = 1.7 I3cos 3 = 0.595

I4 s in - - 4 = 1.0 I4cos 4 = 0.28

TABLE II

I = 30.6 (1 1 = 5°.8

12 
= 4.64 4 2 = 34°.l

1 3 = 1.80 3 
= 70°.7

14 = 1.04 = 740~~4

An appropriate design now would be to use an array of wires with the side-
lobes in  the same d i re c t ions  as thos e of the arra y of i nf i n i tes im al dip ol es .

E . 9ptimization of One Performance
In dex Subject to a Constraint
on Another

Suppose that we want to maximize the index y~ subject to a constraint

- ., 
on another index ‘y2 .  The two i ndi ces are of the general form
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= 
[~ I]*[[~~]*[Bl]+[~~]*[B 2 ] ] [ V u ]  (66)

i
i [~/ $ ] * [ M ] [ v I]

[V1 ]*[M3][v I]

‘2 = 

~~~~~~~~ 
. (67)

By the Lagrange method for m aximizing y1 when has a given value , we
must find voltage [V’] which maximizes

[~~~~

I ]*[[~ ]*[B1 ]÷[82]*[B2]] [V I]
L =  - +

[Vh]*{M2][VI]

[VI] * [ M ] [v 1]  1
+ ~~~- 

- 

~2 ’ • (68)
[VI]*[M4][VI] j

With the same procedur e , as in IV-A , we can find that:

[V’] = [K]~~ [[81]*+~ [B2]*] (69)

where

[K] = [[M
2]-s-P[~2[M2]-[M3]]] . (70)

The unknown value p we can f i nd w i th the hel p of the cons train t
Eq. (67). By a method similar to that of Winkler and Schwartz[13] the
substitution of [V’] into Eq. (67) can give P from the real eigenva lues
a of

[G] [X] = a[X] (71)

where
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One of the real ei g e n v a l u e s  g i v e s  the optimum 
~l 

Sub ect t i  the
correct onstra int ‘?‘

F . Qptim ization of one Perforiiiance
Index Subject to Constraint
on Other Indices

N e x t , we consider the more genera l problem of maximizat ion of the
index 

~ 
subject to constraints on other indices 

~~~~~~~~~~~~ 
Index

is of the same form as before , and the other indices are given as fo l lows :

[~~~I] * [ M ] [ V I ]

r i = 

~~~~~~~~~~~~ 
. (7 2)

By the method of Lagrange we can find again that [Appendix I]

[v’] = [K]~~ [[B
1 ]*+ [B2]*] (73)

where :

[K] = [M2]~P1 [r2 [M4]~ [M3]] +

+ PN[y N [MNf1 ]~
[MN]] . (74)

The values P cart be found b~ substituting Eq. (73) into Eq. (72), the
constraint equation.

G. 2~~~
in1 izatlo n of One Performance

I nd é~ ~ubj ec t  to Cons tra i n t on
~[h~r Indices ,_ Pattern Nul l s

• 
~~TdeT~be Level s

As we have seen in previous sections , pattern nulls or sidelo he
levels give a linear relation between the voltages

[V~I [D][V j I . ( 7 5)

So , the index y
1 

becomes as fo l lows :
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[~~I]*[[ ]*[~ ]+[~ 
]~[: ] ] [v 1]

= - - —-- —
~~~~

-- -— (76)
[V~ ]*[Q ][v i ]

where

[Q 2 ] 6*] [M2] [-
~

- ]  
. (77)

Equation (75) transforms all indices 
~2 1 3~” rN as

~~~ ]*[Q. ] [v~]
-

~~~ 

= 

[~~ s ] * [ Q ] [v s ]  
(78)

whe re

= [u 
~* 1[M] [H . ( 79)

Our prob let i of opt imizat ion of one index subject to constraints on
other indices , pottern nulls and side lobe levels is achieved wi th the
help of Eqs. (75 , (76) and (78) .  We can find the vector [vi] by the
help of Eqs . (73~ and (74)  which w i l l  be wr i t ten as:

[Vi]  = [K]~~ [[r 1 ]*+~[: 2 ]*] (80)

and

[K ] = [Q2]~P1 [y 2
[Q4]-[Q3]] + . . .

P
n[~

r n [QN+l ]~
[QN

]] (~-1 )

Equ itions (80) arid (81) give a solution to the more general optimiza tion
problems .
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V. POLARI ZATI ON

One of the main problems in our study is the polarization in the
spec i f i c  dirN t io n  for whi ch the maximum of one index is desired . Sa rkar
and Strait[14] assume that this is known . The truth is that onl y arrays
w i t h  parallel wi t e antennas g ive us -i k nown v a l u e  of po Liri zati on. An
array with nonparallel wires has a sp ecific value of polarization which
we must find. Equation (80) gives a genera l formula for the voltages
[Vi]. The number A Jependent on the polar izat ion is given by:

[; ][V
-

Fro r’ - Eqs. (80) and (82) we can find that is the solution of the
equation:

+ [~ 1 ][ K]~~L1 ]* - [t 2][ K ] 
l
[~~]*t +

+ [~2][K] [~~ ]* = 0 . (83)

When we have only linear relations between the voltages , i .e . ,  constra ints
on nulls and sidelobes , Eq. (83) gives directly the value of . Co n-
straints of other indices give nonlinear relat ions between the volta ges
and in this case an iterative method can give us the ‘ . At f i r s t we
suppose that is known and g iven  by Eq. (83) where the mat r i ~ [K] is
equal to [Q2] from Eq. (77). Using this vd lue of we can find matr ix
[K] by w h i c F~ Eq. (83) gives a new The new ~ is used to find a new [K],
etc . The iterative procedure is continued until the new • is the same as
the previously found one. Numerical results obtained by computer snowed
that there are two e q u i v a l e n t  v a l u e s  of w h i c h  g i v e  the same max imu m
index . Each one of these is the negative inverse of the other.

VI . EXAMPLES

1 . Consider the design of 6 and 10-element l inear arrays of paral le l ,
half -wavelengt h , centerfed wires to provide optimum indices in the broad-
side direction (:0=~/2,cr =~/2). The wires are assumed all of radius 0.0Ol~ .
Figure 1 shows the normalized E (  , - /2 )  and £ (~ ,n/2) fields of ~ lineararray wi th 6 ele ,~rents in equal distance /2 a nd d i r ec t i on ~1=O , 4~~r /4.
The maximum qain is G=1O.97 subject to the constraint that nulls are
required in both the direction (~~6(’,O 9O) and the direction (~ = 4 R
0=900). A 10-element linear array with the sante geometry as above has
maxim um gain 16.00 subject to the constraints that: (i) nulls are required
in the directions (-t = 58.6°, =9O0), (. 34 ,~~qQ ), (ii) the E (~ /2,:-) side-
lobe level s are 1/5 the level of the m ai n  beam and (i ii) the efficiercy
index S is 48.0. Figure 2 shows the normali zed E0(j, i~/2) and E~ (I~, /2)
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f ie lds . A 6-element l inear arr ay w i t h  the elements in directions ~‘ -O ,1 (i—l) n /lO and equal distance /2, h a s  optimum broadsid e polariz ation
P=l. 720 or P=- .579 s u b j e c t  to the constraint that a null is requir ed in
the direction ~=5O ,I= 9O . The maximum gain is 10.24 and in Fig. 3 we
can see the normalized E°( ,~ / 2 ) and Et( ,r/2) fields.

The same 6 element array i s  considered subject to constraints that:
(i) a null is in the direction :=55 ,0z90 , (ii) the E

(1 (~ ,~/2) side lobe
levels are less than 1/10 and , (iii) the efficiency index is S=65 with
optimum polarization P1.47 or -0.68, and maximum gain 8.89. Figure 4
shows the E( ;,~/2) and E~ (~~, I 2 )  normalized fields.

If nulls were required in the directions :60 ,~~ 9O for the E and
:~- 4G ,f =90~ for the E~ field, then the maximum gain goes to 11.2. In
Fig. 5 we can see the fields in = fl/2 plane for a 10-element linear trr ay
with the elen -ent : in directions :‘ O  an d ‘ = (i-l )-/l8 and equal distance
/2 subject to constraints that: (i) there are nulls in directions :~75°,=90 for the E 1

~ and ~=60°,--=9 0 for the E~ field , (ii) the sidelobe
levels of E ( ~ ,i/2) field are less than (1/10) and , (iii) the efficiency
index is S=71.0 with optimum polarization P=1.542, or -.648, an d m ax i mum
gain G=20.64.

The same array is considered with (i) nulls in directions ~= 7iY ,•=90°
for E’ and ;=35~ ,o=90 for E~ field, (ii) gain G=2O and , (iii) E” (:,’~/2),
sidelobe levels less than 1/12.5 , has optimum polarization P1 .796 , or
- .557, an d maximum efficiency index S 94.38. Figures 6 and 7 show the
E (-t ,r /2) and E (~ ,n /2) normalized fields for the above two cases .

2. Direct ivit~ versus the interelement distance d/~ for a 10-elem”nt
ljnear array is shown in Figs . 8a and b. Elements have the directions

~i=O , r i=( i-l )-!1 /lF . In Fig. 8a we can see the maximum direct ivity under
constraints on nulls in direc tions (:75 ,t= 90), ( . 4 00 ,

14 g0 0)  for E~
and (:=60~, =9O’ ) for the E~ field. Figure 8b shows the maximum direc-
ti vi ty under cons tra i nts on s id e lo be levels as fo llows :

(1) side lobe = for the [~ field.
main 10

(ii ) side lobe = ~~~ for the E t field.
main 12. 5

The corresponding optimum polarization for both cases is represented in
Figs. 9a and b. The maximum directivity subject to constraints on nulls
for two different 10-element arrays we have on Fig. 10. Nulls are assumed
in directions (~ 

75’,I = 9O ),(1zl05° ,1 9 0 ~) for the E° field and (t60° ,I rg O ) for the F - field.

The element directio ns for the firs t array are
while for the sec ond are ~~=0,~~~n/6. The corresponding optimum polari-
zation is represented in Fig. 11.
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Fig. 1. Norma liz~d E 0 (-t- ,n/2) and L(-~, /2) field s of a linear
array wi tt’ 6 elem ents in equal dist ance \/2 and
d irert ion t 1

~ O , -t~~,~ /4 . (Maxi rium qain subject
to the constraint on nul ls ).
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fi g . 2. Normal ized E ( 1 , r’/2) and E (: ,‘r/2) fields of i linear
array with 19 elements in equal distanc e /2 and
directions u 1=Q , :~~

= /4. (Maximum gain subject
to the constraints on nul ls , s ide lobe levels
and eff ic iency index .)
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h g. 3. Normalized E (:, ’/2) and E~ (:, ’/2) fields of a linea r
array with 6 elements in equal distanc e /2 and
directions :1=0 , 4~~ (i- l) /10. (Maximum gain
subject to the constraint on one nu l l . )
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Fig. 4. Normalized E (-~,ii/2)  and E ( ~ ,’ r,2) f ields of a linear array
6 e lement in equal distance \ / 2  and directions t ’=O ,
1t~~(i-l )u /l0. (Maximum gain subject to the constraints
on nulls , side lobe levels and eff iciency Index.)
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Fig. 8. Maximum directivity versus the interelement
- , distance d/ -~ for a 10-element linear array

(a) Constraint on nulls
(b) Constraint on sidelobe levels.
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VI !. CONCLUS IONS

Optimization method s have been presented for arrays with no nparallel
wire antennas. It has been shown how a performance index can be optimized
subject to constraints on the nulls , on the sidelobe level s and on other
indices. It has also been shown how we can find the polarization in the
direction which an index is ma ximized. Severa l examples were included
to show som e possible uses.
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APPENDIX

OPTIMIZAT ION 01 ONE PERF ORMANCE INDEX SUBJE CT
TO CONSTRAINT ON OTHER INDICES

Suppose that we have the index 1 which must be maximized subjec t
to const ra in ts  on other indices 

~~~~~~~~~~~~~~~~~~~~~~~~ 
Index is of the form

- 

[v~]*[[B1]*[B1]+[~2]*[B2]J[v ] 
(84)I

l 
-

and the other indices are given as fo l l ows:

[~ ‘] * [M J [v ’]
= -~ 

- = a given value . (85)
[Vh]*[M i+l ][vI]

The conditions Eq. (85) can be written in the form

[v’][MM
~
][v’] = 0 (86)

where

[MM
~] 

= 
~~

[M
~÷1]—[M~] . (87)

For m aximizing 
~l 

we will use the L a g r a n g e  method . That means we wi ll
find the im iaximum of the function L.

[v1]*[[g J*[B ]÷[(~~]*[8 ]][v1] 
+L = ---~~~~

• 
[Vh ] *1M2][v ]

N
+ 

0 

. (88)
i= 2

Taking the first variation of L , L , equal to zero we have:
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[[[B i ]* [R ] ]+[ g2]* [~2]] [~ t ]
= [ -

[~~]*[[~ ]*[B ]+[I~~]*{ p ] ] [v]
(M 2 ] [ v ’ ]  +

N 1
+ 

-~- 
.[MM.][V’] ~ + ~

‘ r~ [~ V’] 0 (89)
i~ 2 

1 j

whe re 1~~~: * signifies the conjuqate transpose of the first vector I.
1r ur~ Eq. (89) we have:

IV ’ J*[M2]{V’]

- 
[~~~~1] * [ [B  ]*[B ~~[1~ ]*[B ] ] [v’]  

[M2][v’] -
-

N
— 

~~ 
n
i [~

Fl
~]{~~’ ]  . (90)

1=2

I f  we put

[82][v]= 
I

and we need the relative values of the voltages of Eq. (90) we find :

or 

~~~~~ = [[M2] + 
1 12 

Pi [MM i ]j1 {r~1]*+ u[ ’
~2]*] (9 1 )

[vu = + P2[12 [M4]-[M3]] + . .. .]-l {[~l ]*~(~2]*] . (92)
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