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PREFACE

This dissertation represents an effort to relate theoretically the
diffraction efficiency of a holographic lens to measurable apriori
parameters describing the holographic construction and reconstruction
geometry, the construction exposure, and the holographic recording

material. The concept has proven to be successful.

The author wishes to thank Dr Harold Rose, of the Air Force Avionics
Laboratory (AFAL), who furnished daily guidance and advice during this
research effort. His original suggestion, "There is a fruitful area of
research here somewhere, go find it!", has proven to be correct. His
assistance and timely suggestions are greatly appyeciétéé..

T

This author's gratitude is extended to Dr Donn_G. Shankland, of

the Air Force Institute of Technology, who greatly aided this worker during

this effort. His suggestion of the JWKB approximation amd hfs reminder,
"that only gradients of phase are important (Dummy)", have proved to be

v

invaluable to the accomplishment of this task.

Thanks is also extended to Dr Tom Williamson, of AFAL, whose
suggestions and philosophical comments regarding coupled wave theory and

holographic recording material parameters were of great aid.

A special note of appreciation is due to Dr B. J. Chang of the
Environmental Research Institute of Michigan. His permission to include

in this disseration some of his data concerning the diffraction efficiency
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r of dischromated gelatin holograms was very thoughtful. Also, the several

discussions with him concerning processing effects in dichromated gelatin
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Grandjean, and Charlie Bond. Dr Flannery's suggestion that 1 read a paper
on a "Unified Theory of Ultrasonic Light Diffraction' by Klein and Cook
(Ref. 20) proved to be extremely helpful. Mr Lane's constant willingness
to aid with and make suggestions to improve my programming of the HP 9820
calculator is most appreciated. Mr Grandjean's steady support and

{ encouragement throughout this effort were greatly appreciated, especially
* on those days when nothing seemed to be going right. Finally, thanks is
extended to Charlie Bond, of Systems Research Laboratories, whose out-

{ ; standing laboratory and experimental abilities are greatly appreciated
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by this author. Much of the data appearing in Appendix F, concerning the

measurement of holographic parameters for bleached Kodak 649-F holograms
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was taken with Mr Bond's assistance.
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this effort. Dr William Eppers, Col Charles Hudson, Ed Deal, Harold
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problems and requirements of the doctoral student.
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secretary in the Air Force. Her speedy and accurate typing of this
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SUMMARY

The objective of this effort was to apply diffraction
theory to calculate the diffraction efficiency of a holographic
lens in terms of the original construction geometry, exposure
conditions, material parameters, processing effects, and
reconstruction geometry.

The analysis was based upon a pair of coupled wave
equations with variable coefficients of sufficient generality
to permit the determination of the diffraction efficiency
in cases where previous theories have been limited. These
cases include: (1) spherical object, reference, and
reconstruction waves, (2) polarized reconstruction waves,

(3) reconstruction wave vectors out of the plane of incidence
of the construction wave vectors, (4) thickness changes of
the hologram recording material due to processing, (5) gross
changes in optical index due to processing, (6) variations
with position inside the hologram of ihe hologram parameters
such as optical index and index modulation, (7) saturation of
the index and absorptance modulation with exposure, and !
{ (8) absorption during exposure of the construction waves.
The JWKB approximation was used to solve the coupled

; wave equations with variable coefficients which describe

the diffraction process. The boundary conditions for both

a transmission and reflection hologram were applied to

obtain particular solutions.
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A closed form solution was obtained for the case of
a transmission hologram by the trapezoidal approximation.
Good agreement was obtained between the experimentally
measured diffraction efficiency and the theoretically
calculated diffraction efficiency as a function of exposure
for dichromated gelatin holograms. Also, excellent
agreement was obtained between theory and the epxerimentally
measured diffraction efficiency response to reconstruction
wave polarization changes for Kodak 649-F silver halide
holograms. Strikingly different theoretical results were
predicted for dichromated gelatin holograms, but experimental
verification has not been attempted.

It was concluded that the application of the JWKB
approximation to obtain a solution of the equations which
describe the diffraction of light by a holographic lens
was successful. An equation for the diffraction efficiency
in terms of the apriori characteristics of (1) the exposure
conditions, (2) the holographic recording material parameters,
(3) the construction geometry, (4) the processing effects,
and (5) the reconstruction geometry. The theory provides a
basis for the capability to perform a holographic lens
design starting with the desired operational characteristics
of the lens and ending up with the proper construction
conditions, exposure conditions, and recording material

parameters required to make the lens.

xiv
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CHAPTER 1

INTRODUCTION TO THE THEORY OF THE HOLOGRAPHIC LENS

A Setting the Perspective - The Holographic Lens

A holographic lens is a diffraction grating created by
the holographic process expressly for use as a lens in an

optical system. The holographic lens is formed by the exposure

of a photo-sensitive recording material to the interference
B intensity pattern or a spherical wave (the object wave) and
another plane of spherical wave (the reference wave). The
photo-sensitive material is developed and processed after
exposure to become a holographic lens.

The recorded fringe structure present in the hologram

acts as a three dimensional diffraction grating. The
diffraction efficiency of a holographic lens is the

ratio of power diffracted into the object wave measured at

‘ the output surface of the hologram to the power in the recon-
struction wave incident upon the input surface of the hologram
(Reft. 37}).

Modern holographic lenses have diffraction efficiencies
as high as 95% and offer several unique features in optical
designs over conventional opticni elements (i.e., refractive
or reflective optics composed of planar or spherical surfaces).
For example, a conventional convex refractive lens causes
an incident plane wave propagating parallel to the optical
axis of the lens to be brought to a focus at a focal

point on the optical axis. The holographic lens has the
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advantage that the focal

point need not lie on the optical

axis as shown in Figure 1.

lens focal

> r‘ point

3 \ optical axis
incident > s
plane wave focal

> point

— = = = = = e = = ==0ptical axis
> .
Holographic Lens

Figure 1. Comparison of

Conventional Lens to Holographic Lens

In order to accomplish the same off-axis focal point design

with conventional optics,

an additional reflective surface

or refractive prism would be required. Therefore, the

capability to design optical systems using off-axis holographic

lenses is a significant advantage if small, compact, short

focal length optical systems are of concern.

The holographic lens possesses a greater chromatic

dispersion than a conventional refractive lens because of

its diffractive nature.

Consequen®1y, the holographic lens

acts as a chromatic filter br.nging to focus only light

in a very narrow spectral

region. This is an important

consideration if the reduction of undesired background

radiation is a design goal or if a simple spectral analysis

of the collected light is of importance.

e

.y
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B. The Problem

In order to design a conventional optical system,a
knowledge of the reflection, refraction, and transmission
laws of geometrical optics is required. Based on these laws,
the direction of the light rays may be traced throughout the
optical system and the optical efficiency of each ray may

be determined from the transmission and absorption properties

of the optical elements of the system. From this knowledge
an optical system design is determined. The situation is
not as simple in the case of holographic optics. 1In this

case the propagation of rays through the optical system
is based upon the laws of diffraction which are more
i difficult to apply.

“ | It is often a matter of trial and error to design the
appropriate holographic lens for a specific application
because of deficiencies in our present capability to
theoretically determine the hologram diffraction efficiency.
Two parameters are required in order to ray-trace design
and determine the optical efficiency of a holographic lens
system: (1) the direction of the ray, and (2) the transmission
of that ray through each lens of the system. The direction of
the ray is determined by Snell's Law and the local Bragg
conditions of the ray. The transmission of the ray is
determined by the diffraction efficiency of the ray at its
coordinates on cach holographic lens. What is lacking is

an accurezte theory for determining the diffraction efficiency
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exposure,
parameters,
purpose of this work to determine the diffrac-
tion efficiency of a holographic lens in terms of the original
exposure, construction geometry, recording material para-
processing effects, and reconstruction geometry.
not only an increased capability to design a
holographic but the exposure level, the material para-
the construction geometry necessary to produce
that lens can be determined. A knowledge of these constraints

allow an assessment to be made of the practicability

the lens.

Background

Previous theories relating to the determination of the
diffraction efficiency of a hologram abound, but they are
sufficiently general and limited in their applicability that
practical assessments of hologram diffraction efficiency
based upon these theories are not possible. A detailed review
of previous diffraction theories for the hologram is
contained in Chapter II. This section contains a discussion
imitations and oversights of these theories. These
deficiencies are: (1) the spherical nature of the construction
and reconstruction waves, (2) the relationship of the

diffraction efficiency to the exposure level and construction

(3) the change in emulsion thickness, optical index,

geometry,

a given position on the hologram in terms of the

construction geometry, recording material

reconstruction conditions.
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and absorption coefficient due to development processes,
(4) the polarization of the construction and reconstruction
waves, (5) the reconstruction wave vector being out of the

plane of incidence of the construction wave vectors, (6)

the absorption of the construction waves, and (7) the
saturation of the photo-sensitive response of the recording
material to exposure.

1. Spherical Wave Effects. The holographic lens is

formed by at least one spherical wave (the object beam)

and one plane or spherical wave incident upon the recording
material during the construction process. Often the
spherical object wave is formed by diffraction through a

pin hole located very close to the recording material

plate. Therefore, the interference pattern which illuminates

the plate during construction possesses a curvature of

field and varies in intensity across the surface of the plate
and with depth. A holographic lens is not composed of
linear, periodic, planar, uniform, fringes as a consequence.
For this reason, previous theories which assume planar-
sinusoidal gratings for the hologram are only applicable on
a localized basis.

In a holographic lens one cannot assume plane waves.
Spherical object, reference, and reconstruction waves must
be considered which, of course, should reduce to the plane
wave case if the radius of curvature is large or if one is

sufficiently '"localized".

e ’ RO o Tt
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These effects must be included in any practical theory.
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2. Relation to exposure level and construction geometry. ‘

No previous theories have related the final hologram
diffraction efficiency to the original exposure level and
construction geometry. Most theories relate back to the ab-
sorption modulation and index modulation in the hologram,
but contain no information as to how this modulation was
created. Therefore, the calculation of the diffraction ef-
ficiency based upon these theories cannot be related to the
exposure and construction conditions. Consequently, the
practicability of the construction of a hologram design
cannot be assessed.

3. Changes in the emulsion due to development.

Effects upon the holographic recording material due to processing
have not been addressed in previous published theories.

If the recording material is a photographic emulsion, for
example, expansion or shrinkage of the emulsion during

processing changes the thickness and orientation of the

holographic diffraction grating fringe structure upon

reconstruction. In addition, the bulk refractive index

and absorptance of the photographic emulsion usually

changes during processing due to fixing, hardening, and the
removal of photochemical compounds. It may be inferred from
these effects that the reconstruction of the object from the

original reference beam coordinates cannot be optimum.

6
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4. Polarization of the reconstruction and construction

waves. The polarization of the construction beams must

be considered, since only parallel components will interfere
during the construction process. The optical index modulation
depth will be dependent upon the polarization of the object
and reference beams. Also, the polarization of the
reconstruction wave must be considered in order to accurately
predict the diffraction efficiency of the holographic process.

5. Reconstruction out of the original plane of incidence.

The fact that the reconstruction wave vector is not
necessarily in the plane of incidence of the original
construction wave vectors needs to be considered theoretically.
This has been a limitation in all previous published

theories. Certainly, this is a severe limitation in terms

of holographic lens design and it needs to be corrected.

6. The absorption of the construction waves. According

to the photochemical law, known as the Grathus-Draper Law,
radiation must be absorbed by any system to produce a
photochemical reaction in that system (Ref. 33). In all
photochemical processes used in holography, that absorption
is quite strong (e.g., 50% absorption in films of 15y
thickness). Therefore, the absorption of the construction
beams during the original construction process is very
important. The absorption leads to a decrease in both the
bulk optical index and the optical index modulation with

depth in the processed hologram. Therefore, the characteristics
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of the surrounding optical index and the coupling efficiency
of the hologram are variable and decrease with depth into
the emulsion. Indeed, the processed hologram is inhomogeneous.
The same effects occur for the absorption and absorption
moduation of the hologram.

The absorption of the construction waves must be
accounted for by any accurate theory of hologram diffraction
efficiency. It will be seen that this effect leads to a
set of coupled differential equations which have variable
coefficients.

7. Saturation of emulsion response. Saturation effects

are of importance also. In any photochemical process
there is a photo sensitive substance in limited quantity
(usually <10% by volume), which is typically homogeneously
suspended in an emulsion. If the incident light is of
sufficient stregnth, the substance is exhausted by the
continuous photon absorption and any further exposure is of
little consequence. Also, the index modulation may saturate
due to physical process, as in dichromated gelatin. The
saturation effect must be considered in any event.

In short, the effects listed above have not in
totality been considered by any single previously published
theory of holographic diffraction. Bits and pieces of wany
of these effects have been addressed by various workers using

a variety of unrelated approaches as is discussed in the next




chapter. lThe totality of these effects must be addressed
in a unified theory.

No theory exists such that in practice one can predict
the absolute diffraction efficiency at a given point on the

surface of a holographic lens from the known characteristics

of the: (1) exposure condirjons, (2) the emulsion parameters,
and (3) the reconstruction conditions. The purpose of

this work is to provide a simple analytical solution which
can accurately predict the efficiency of a holographic lens
based on measurable exposure, emulsion, and reconstruction

parameters. The approach is discussed in the next section.

D. Possible Approaches

Any approach, of necessity, would start from Maxwell's
equations since these are the equations which descirbe
the diffraction of 1ight. From them, one may proceed in
two directions in order to calculate the electric field
amplitude of the diffracted light, (1) to an integral
equation, or (2) to a differential equation. Both represent
solutions to the same problem.

The differential equation approach yields the well
known wave equation and ultimately the set of two coupled-
wave equations as derived by Kogelnik (Ref. 21). The
equations in that form allow for full depletion of the
incident light and have previously been successful when

applied to the ideal sinusoidally modulated, dielectric

grating (Ref, ZLJ.




The wave equation may be changed to an integral equation
using Green's functions or Fourier Transforms. These integral
¢quations usually are solved by an approximation technique,
such as the first Born approximation, which requires
weak depletion of the incident light as a limiting
assumption. This limitation clearly does not apply to
modern holographic dements for which as much as 95% of the
incident light is depleted.

The scattering theory developed by Williamson overcame
this limitation of the integral equation approach by
considering the ~mulsion as a volume of small, similar, single
particle scatterers which have a probability density
function related to the original exposure intensity. The
integral equation for the total scattered field became the
threedimensional integral sum of the contributions to
the total field of each individual dipole scatterer.

Since the contribution of each scatterer was identical
except for phase, and since the phase was dependent upon
a coordinate-separable, periodic, position probability
density function, the three-d*mensional integral was
separated into the product of three ordinary integrals
which were evaluated using the Array Theorem. The result

was shown to be equivalent to that of the Kogelnik coupled

wave solution for a specific range of particle sizes (Ref. 44).

10
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lherefore, both the integral equation approach and the
differential equation approach to the solution of the wave
equation have been successful when applied to the ideal,
sinusoidally modulated, dielectric grating. This being the ‘
case, the choice between the two approaches rests upon

matters related to familiarity of mathematical techniques.

E. Choice of Approach

The differential equation approach was chosen as a
basis for analyzing holographic diffraction in this
dissertation. A set of two coupled wave equations with
variable coefficients was derived and shown to be applicable
to the diffraction of light by a holographic lens. The
choice of the differential equation approach was made because
of the applicability of the JWKB approximation to the

solution of the equations indifferential form.

F. An Overview

The main body of this report is devoted to a
derivation and evaluation of the results of the JWKB

approximation solution to the set of two coupled wave

equations which describe holographic diffraction. An
E integral equation technique using Green's functions is
presented for comparison in Appendix G.

The analysis is sufficiently general and unified to

permit the determination of the diffraction efficiency of a




holographic lens for the totality of the

cases in which the

limitations of previous theories have precluded the calculation.

A detailed review of previous hologr

1

am diffraction theories

and their assumptions and limiations is presented in

Chapter II. Chapter III contains a derivation of a set

of two coupled wave equations for the holographic lens.

In Chapter IV, these equations are reduced to a single ’

second order differential equation to whi

ch the JWKB

approximation is applied. This results in a general

solution to the holographic lens diffract

Specific boundary conditions for a transmission and a

reflection hologram are applied and a comparison is made to

previous theories. An evaluation of the

mission hologram and a comparison to experimental results

is contained in Chapter V. It is shown that the theory

dcecurately predicts experamental results

previous theories have not been sufficiently general to

explain. Conclusions and recommendations

ion problem.

theory for a trans-

for which

are in Ghapter VI.




CHAPTER II
REVIEW OF THE STATE OF THE ART IN HOLOGRAM DIFFRACTION

THEORY

A good review of the state of the art of the diffraction
theory of holograms is given by Kogelnik (Ref. 21). This
chapter summarizes Kogelnik's review, with additions to
include more recent work.

Leith (Ref. 30) and others analyzed the effect of emulsion
thickness on the optical characteristics of the reconstructed
image. The sensitivity of the image to changes in the recon-
Struction wave vector angle of incidence and in the recon-
struction beam wavelength was determined from the scalar
Kirchhoff diffraction integral. A first-order perturbational
approach was used in which the diffraction integral was
reduced to a line integral. This integral was integrated
along a straight line of continuous scattering centers. It
was shown that the integral solution was equivalent to a
first-order solution of the wave equation by a discrete
expansion in plane waves at thé Bragg frequency. Experimental
verification of these predictions was also published, but
no information about the diffraction efficiency was obtained.

Gabor and Stroke (Ref. 15) solved the wave equation in
a periodic emulsion possibly formed by the interference of
plane waves, (i.e., a holographic grating) by using Green's

functions to yield an integral equation. They obtained a
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first-order solution by using the first Born approximation.

This yielded interfering, secondary, scattered, spherical

wavelets from which the angular and wavelength sensitivity
of the hologram was investigated.

The theory of Gabor and Stroke, as well as Leith's,
yielded no diffraction efficiency information because of
the basic assumption that the incident light was weakly
] A depleted by the diffraction process. For high diffraction
efficiencies (>95%) observed in modern holograms, the
incident wave is strongly depleted and theoretical approaches
which allow for incident wave depletion are required.

One such approach is to use the electronic computer to
solve the relevant electromagnetic equations accurately.
Burckhardt (Ref. 3 and 4) has done this for the diffraction
of a plane wave from a sinusoidally stratified dielectric
material by an expansion in plane waves after a separation
of variables. The expansion was substituted into the wave
equation which yielded an infinite set of coupled wave equations.
By truncating this set, a matrix eigenvalue problem was
obtained. The solution was presented for both types of
electric field polarizations. It was shown that the
; amplitude of the diffracted wave has a maximum if the

reconstruction beam is at the Bragg angle, The amplitude of

the first-order diffracted wave was computed as a function of

1L
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hologram thickness and dielectric modulation depth. It

was shown that diffraction efficiencies of 100% are possible
for the correct thickness and dielectric modulation depth.
This was possible because the theory ignored losses.

The basis of the Burckhardt approach is similar to the
generalized theory of Raman and Nath on the ultrasonic diffraction
of light (Ref. 38 and 39). An excellent modern review of
ultrasonic diffraction if given by Klein and Cook (Ref. 20).
Many authors (Ref. 21, 3, 4, 8, 9, 10) have solved the problem
of the hclographic grating by using the Raman-Nath approach.
In these cases, the wave equation is solved by expanding the
electric field in the medium in an infinite sum of plane
waves which have phase terms which are spatial frequency
harmonics of the Bragg frequency. Each harmonic corresponds
to a Fraunhoffer diffracted order and the approach leads to
a truncated set of coupled linear differential equations.

In all cases the equations apply to a dielectric holographic
grating (possibly lossy) consisting of fringes which might
have been formed originally from plane waves and illuminated
¥ | by plane waves upon reconstruction.

If two of the wave equations considered in the Raman -
Nath approach are kept, it is called coupled wave theory and
analytical soultions are possible. Kogelnik (Ref. 21) used
coupled wave theory to predict the first-order diffraction

efficiency of an ideal, lossy, sinusoidal dielectric grating.

TN




Fhis is the classic paper on the theory of dielectric gratings
and explains the sensitivity of hologram diffraction efficiency
to changes in the angle of incidence of the reconstruction wave
vector and in the wavelength of the reconstruction wave.

The diffraction efficiency is related to the refractive index
modulation and absorption modulation of the hologram.

In the Kogelnik theory, only two significant light waves
are assumed to exist in a sinusoidally modulated medium, an
Incoming wave and an outgoing wave. The assumption that these
waves approximately obey the Bragg condition limits the
validity of the theory to thick holograms. The electric
field at any point in the emulsion is taken to be the linear
sum of the electric field of the two waves. This sum, when
substituted into the wave equation, yields two coupled second-
crder differential equations which are linearized and
solved in closed form for the diffracted field amplitude.

The resulting general expression is valid for all types

X of thick, ideal, holographic gratings including cases of off-
Bragg incidence, of lossy gratings, and of slanted fringes.
This classic theory is a simple technique to predict the
intensity and direction of the diffracted wave provided
certain conditions and assumptions hold. These are:

(1) near-Bragg angle incidence of monochromatic plane waves
polarized perpendicular to the plane of incidence of the
original object and reference beams, (2) the hologram fringes

lie in a plane perpendicular to the plane of incidence
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and are represented by a constant fringe-wave-vector lying

in the plane of incidence, and (3) the medium in which the
waves propagate has a sinusoidally modulated wave propagation
constant. No mention was made as to how these assumptions
are met in practice.

Carrying the coupled wave approach one step further, Chang
and George (Ref. 8, 9, 10) solved four second-order coupled
wave equations (via a computer) in order to consider holograms
which were too thin to mecet the Bragg condition, so that two
coupled waves were no longer accurate. They solved for the
zero, first, and second-order diffracted field amplitude
via the Raman-Nath formalism modified for lossy dielectric
periodic gratings. Graphs were prepared showing the diffraction
efficiency into the first-order versus the index modulation
tor a range of thicknesses and losses. Experimental results
verified the theory.

Recently, Su and Gaylord (Ref. 41) have extended the
coupled wave approach to a method for determining the
arbitrary-order diffraction efficiency of thick, lossless
transmission gratings with arbitrary periodic grating shapes.
That 1s, their work covers idealistic analytical grating such

as saw-tooth gratings (non-sinusoidal but still periodic).

The fringe planes were assumed to be perpendicular to the

plane of incidence.
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Also, Uchida (Ref. 43) has analyzed a sinusoidal grating
with an index modulation that exponentially decrecases along
the direction perpendicular to the grating vector using
Kogelnik's coupled wave theory. The general solutions of
the coupled waves were given for transmissive and reflective
holograms. The solutions were compared to the Kogelnik case
in which the index modulation was a constant. Kermish
has also derived the expression for the diffraction efficiency
of a grating with a decreasing exponential index of refraction
(Ref. 19). These derivations were only valid at Bragg
angle reconstruction.

Latta (Ref. 26, 27, 28) has used Kogelnik's results to

formulate a computer based analysis of thick, periodic

holograms using ray tracing. This program allows for the
direction and relative phase of any ray to be calculated.

Further, the program analyzed up to S5th-order aberration

effects of holographic optical elements. The program uses

the Kogelnik theory to compute the diffraction efficiency,

hence, it is limited to the same constraints as that theory.
Williamson (Ref. 44), and to some extent Matthews (Ref. 32)

and Chang and George (Ref. 8, 9), have considered the

emulsion as a volume of small, similar, single particle

scatterers (i.e., radiating dipoles) with a phase relationship

dependent upon their spatial relation to the reconstruction

beam. Williamson assumed the position of each particle was a

random variable with a three-dimensional probability density
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function of the same form as the intensity pattern that was

recorded during the exposure. His work holds rigorously

only for planar fringes for which the probability density

for the position of a scatterer after processing is coordinate
separable. In such a case, the total scattered field is the
product of the three coordinate integrals from a linear

array of scatterers along each coordinate. Provided the
effects of particle size are not important, the solution is
equivalent to the Kogelnik results. The technique is more
powerful in that multiple-exposures are more easily considered.
Also, the scattering theory approach allows for the first

time the direct inclusion of film parameters into the theory.

Case (Ref. 5) has extended the coupled wave diffraction
theory to include double exposure holographic gratings for
the geometry in which the two gratings have a common central
Bragg angle. This theory involves the solution of three-
coupled wave equations. Saturation of the index modulation
response to exposure is included in this theory and experimental
measurements of this response for dichromated gelatin holograms
were obtained.

The method of thin-grating decomposition, based upon
concepts used in coherent optics to treat propagation in
discrete systems, was used by Alferness as an approach to the
wave propagation in periodic modulated media (Ref. 1). In
this method, thin gratings were used as building blocks in

order to determine the response of thicker gratings.
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Ihe approach was similar to that of Williamson. In the Williamson
theory, the building block was the diffracted field amplitude
tfrom a single particle, in the Alferness theory the building

block was the diffraced field amplitude of a thin grating.

As a consequence, the Alferness theory of thin-grating
decomposition was limited to planar fringes. The concept
of propagation in a medium with non-uniform modulation
was treated as a sequence of thin gratings each having a
constant, but slightly different, index modulation.

Recently, Kogelnik has analyzed the wavelength selectivity
of reflection gratings that have a slowly varying modulation
or fringe spacing (Ref. 22). His intent was to determine
modulation profiles that cause suppression of the high

sidelobes characteristics of reflection gratings. Such

suppression is significant in applications in which wavelength
rejection is a consideration, He showed that the coupled wave
equations reduce to a single non-linear Riccati equation which
must be evaluated numerically.

In conclusion, it can be said that all published
theories of holographic diffraction to date have been limited
in their applicability to describe the total holographic
process.

Some theories have addressed non-uniform modulation
(Ref. 43, 19, 22), but these theories have not related this
non-uniform index modulation to the construction geometry

or to the absorption in real photographic materials.
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Other theories have addressed the polarization of the
construction and reconstruction wave (Ref, 22,28), but
these theories have been limited to plane of incidence
reconstruction. Also, the relationship of the polarization
of the diffracted light to the incident wave polarization
and wave vector has not been addressed by these theories.

Chang and Case have addressed the saturation effects in
dichromated gelatin, but have not included the effects of
non-uniform index modulation (Ref. 6, 5). No theory has
addressed the inhomogeneity of the bulk refraction index
in holograms made from materials like bleached silver
halide emulsions.

Williamson has been the only author that has attempted
to relate the diffraction efficiency to the photographic
properties of the emulsion, the construction geometry,
and exposure level. However, his theory was limited to

planar fringes because of his use of the array theorem

(Ref. 44).
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CHAPTER III

GENERAL THEORY OF THE HOLOGRAPHIC LENS

The derivation of a set of two coupled wave equations

which describe the propagation of the diffracted light within

e

a holographic lens is presented in this chapter.
The derivation starts with the vector wave equation
for an inhomogeneous, isotropic medium. The electric field
% amplitude within the medium is taken to bhe the linear sum
of the individual electric field amplitudes of the Fraun-

hoffer diffracted orders. This sum is substituted into the

vector wave equation and results in an infinite set of
coupled wave equations. A justification for the truncation
of this infinite set of coupled wave equations to a set

of only two coupled wave equations is given. These two
simultaneous, linear, first-order partial differential
equations with variable coefficients are solved in Chapter IV

using the JWKB approximation.

} A. Derivation of the Coupled Wave Equations

'[ The processed holographic lens medium is considered to
| be locally isotropic, inhomogeneous, and non-magnetic. It
; is isotropic because any stresses or strains present in the
holographic recording medium are relieved by the processing.
Although it is recognized the photochemically induced
stresses and strains are in large part responsible for the

formation of cracking along fringes in dichromated gelatin,
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it is assumed that this process does not induce any bulk
antisotropy (Ref. 11). The medium is inhomoegneous since
the bulk optical index and the index modulation decrease
with depth through the emulsion,

The time independent wave equation for monochromatic

light in such a medium is given by

VZE(T)+k? (£)E(E)+V (Vin (T) - B (£)=0 (1)

and the wave propagation coefficient, k(;), is defined by

the equation

) o(;)
e (2)

2 7 _E(?)w2
ke (r)= o”

and E(;) is the electric field amplitude in the medium.
c(;) and 0(;) are respectively the dielectric constant and
the conductivity of the medium. The coordinate system,
geometrical conventions, physical units, and the derivation
of Eqs (1) and (2) from Maxwell's equations are presented
in Appendix A.

The first two terms in Eq (1) represent a description of
wave propagation according to the laws of geometrical optics
and scalar diffraction theory. The third term describes the
effects upon wave propagation of polarization and is
significant if $Rns(?) is of the order of k(;). This occurs

in regions of high optical index gradients or near edges.

23
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In the next few paragraphs,@kn d?) is shown to be of little
significance in a holographic medium.

The polarization term is small compared to the other
terms and will be ignored. The justification of that

statement is based upon the fact that the maximum variation

in the dielectric constant occurs from fringe to fringe.

If the slower gross variations in dielectric constant

with position are ignored temporarily, the dielectric
constant for an ideal sinusoidal hologram as derived

by Kogelnik is valid (Ref. 21). It is given by
> >
e(r)=so+£1COS©(r) (3

is the

where € is the average bulk dielectric constant,e]

amplitude of the dielectric modulation and $(¥) is the phase
difference between the object and reference waves in

construction. It is assumed that By SSE, Taking the

natural logarithm of Eq (3) one obtains

> & -
ins(r)=2nso+in(1+ g cos h(r)) (4)
0

since €1°%€y> the approximation &n(l+x)=>x for x<<1 is valid

and Eq (4) becomes

€] e
an(;)fnnc 4+ — cosd(r)

0 € (5)

v,




Therefore, the gradient of ine(r) appearing in Eq (1)

is given by

Tine (r) = — sin($(r))Ve(r) 6

The polarization term in Eq (1) can safely be ignored, if

Jene (r) ~
S Lo ] ( )
k(r)

The conductivity, o, representing the losses in the

processed hologram, appearing in Eq (2), is small for
typical holographic materials and can be ignored in this

analysis. Therefore, the wave propagation coefficient

~; determined from Eqs (2) and (3) is
k({) = %{ Ve [l =+ % — cos 3(1)] (8)
)
’ which can be approximated for use in Eq (7) since £,<<e as ;
" O i
! !
{ ok e
i k(r)= %7gn fo (9
i A
3 'f Substitution of Eqs (6) and (9) into Eq (7) yields
i
:
L > > ’t >
iVene (r)l . A ej|sin¢(xr) V 3(r)l e
DT S - (W M e SE8 (16)
k(1) 2n(c ) /2
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using the fact that

fsinp(;){ <1 (11)
and
[ e e | 27 (12)
1 = [l — A
H(r) | k (r)| o (;)
9 Where kis the fringe wave vector normal to the fringes of
3 the hologram, and AO is the spacing between fringes, the

inequality (10) becomes

Yg (13)
<< 1
A 3/2
i 0 0
't fhe minimum value of AO is %Xo, therefore, Eq (13) in the
worst case 1is
2 €,
-—~———m << (14)
‘ o L
’ 3
;‘ Eq (14) is always true for holographic materials since
L] By a due to limitations in the physical processes used to
i
1 modulate the dielectric constant. For example, the most highly
F modulatable holographic material known to date is dichromated

gelatin, for which (Ref. 6, 7)

(15)
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and
= 2.25 (16)

Based upon the above analysis, the third term in Eq (1)

will be ignored and the vector wave equation becomes
V2 E(E)+K? (F)E(F) = 0 (73

The electric field inside the emulsion, as a result
of the superposition principle, is take to be the linear
sum of the individual complex electric field amplitudes
of the Fraunhoffer diffracted orders

- i¢ (r)-

E@) = ¢ vm(?)e e (18)
m= =%

¢ 1is a unit polarization vector of the mth diffracted

order and is derived in Appendix H. V (;) is the amplitude
m

of the mth diffracted wave and $m is the associated phase.

qn is given by the equation

b (E)=9,, ()4mo (F) (19)

{ $(;) is the phase difference between the object and reference

. = .
waves during construction, and ¢C2(r) is the phase of the

incident reconstruction wave.

In Appendix B it is shown that the wave propagation

coefficient, k(;), for a holographic lens is described

X
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by the equation
K2 (r) = ki(f)+ki(;)cos$(;) (20)
for which
¢(r)=ar2—to (21)

2

kz(;) is related to the bulk optical index of refraction

and absorption of the processed emulsion, k](;) is related

to the depth of index and absorption modulation in the
processed emulsion. If there is no hologram, then k1=0.
The specific equations for kl’ kZ and ¢(?) are in
Appendix B. Substitution of Eqs (18) and (20) into
Eq (17) yields

Vg vael'n &) 4

[k§(¥)+ki(¥)cos¢(?ﬂ-[gvm eiﬁmém] o

The terms in Eq (22) can be evaluated individually

as follows. Expanding the first term yields,

7] g (Dre tney] -

gvz(vm(F)ei*m)é%+§vm(?)e1°m(v?ém)
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The last term in Eq (23) is negligible since variations

in ém with respect to position are small because the

medium is isotropic. Continuing the expansion of Eq (23)
yields 2
LV2 (Ve "™yén =
m
k ~ L tals By .3 ) y 2
! w v me 'm[' i ’\"m"s' !)m+i\/m(‘.”‘ Dm‘*'l.((/ "Jn)i)] Um (24)
where second-order gradients of amplitude have been neglected.
This is allowable since the gradients of phase are large
compared to gradients of amplitude.
The second term in Eq (22) is expanded as follows:
is . i -ip i
2% ~ M~ ek m 2
k?%Vme em+ 5 [% (e +e )Vme em]
‘ i or i) i (=4)
| =N :
! Kive "e + K| nce 'y & +e 'y 6y
: 2 e s Fis (25)
]
The dummy variables may be redefined in the last part of
EF Eq (25) by use of the equations
y
;. bppl =0n +9 (26)
!
b = -9
m-1 ¢m (27)
i
By using Eqs (26) and (27) in the equation for the second
term in Eq (22), one obtains,
i¢m, 1 b
{k;+ kicosb][%vme em]= ki%vme Men +
D & i$m A
UA[;{,(E MY a1 St Vm'lem—l)] (28)
3
\
[
|
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Inserting Eqs (28) and (24) into Eq (22) and collecting

coefficients of equal phase terms, it is found that

iy . ‘ o
Le e [Zi\i'vm-vpm+vm(i.f- ;rm—(-':mHk")] e +
(29)
kl "
= [Vnﬁlem+l+vm—lem-1] ¥
which implies,
V(1) l
—>— +v_(T)C_(D)| & =Q (F)[V_ ., (Fle . (F) & ]
dz m m '] m "m m+1 mt+1 m-1 (30)
N i [ 2@y - o Y2447 4
¢ (5} = =t k® (1) (me) +iV-Vpn
m 2 ; (31)
- g‘bm. <
5 i k?(r)
Q (r) = Z@T»J_ , m=0,+1,+2, . . . +
m Z (32)

The derivatives of Vm with respect to x and y have
been deleted, since they are small compared to the
derivative of Vm with respect to z. This is justified
physically by the fact that holographic diffraction
efficiency is particularly sensitive to hologram thickness,
but varies slowly in the x, y directions across the
surface of the hologram.

The physical significance of the coefficient Cm(?)
is more clearly understood by assuming that Qm(;) equals
zero for the moment. Under such conditions, the solution
to Eq (30) becomes

19 Cnix,y,2)dz
V_(d) = Vv (o)e ° (33)
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If Ch is written as the sum of real part (R[Cm]) and

an imaginary part (I[Cm]), Eq (33) is written as

d > 3
[oRlEn (D) 1dz i7911c_(Fy1a,  (3%)

vm(d) = Vm(o) e e

It is concluded from Eq (34) that R[Cm]represents the
amplitude loss coefficient of the mth diffracted wave
and that I[Cm] represents the associated phase. If
Cm(;) is a constant, then the integrals in Eq (34) are
easily performed and R[Cm] and I[Cm] reduce to the con-
ventional definitions of amplitude loss coefficient and
of phase, respectively.

The physical significance onm is interpreted directly
from Eq (30). If Qm is not zero, then there is a coupling
of energy between the complex amplitudes of the mth diffracted
wave and the adjacent m-1 th and m+1 th waves. Therefore,
Qm is interpreted as a coupling coefficient representing
in some sense the magnitude of the coupling between the
waves as they propagate through the hologram.

In the next section, a more detailed discussion of

the physical significance of Cm(ri and Qm(;) is presented.

B. Physical Interpretation of the Coefficients of Coupled Waves

The coupled waves represented by Eq (30) have been
derived by an expansion in spherical waves representing

the order of Fraunhoffer diffraction by a holographic lens.
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'his expansion is similar to an expansion in plane

waves described by Klein and Cook (Ref. 20) for ultrasonic
diffraction of light. In the case of the holographic

lens, an expansion in spherical waves is more physically
appealing since the diffracted waves propagate as spherical
waves. The interpretation of the coefficients Cm and Qm

can be adapted from the work of Klein and Cook with
modifications in syntax for the hologram.

By observation of the right hand side of Eq (30), it
1s clear that only adjacent modes (diffraction orders)
couple electromagnetic energy directly between each
other. This 1s shown schematically in Figure 2. An arrow
sloping upward represents a coupling or transition of
energy from a lower-order mode to a higher-order mode.

An arrow sloping downward indicates a transiti&n of

energy from a higher-order mode to a lower-order mode. A
horizontal arrow represents no coupling of energy.

Figure 2 indicates that according to Eq (30) energy cannot
transition to a higher-order mode without first having
been through its adjacent lower-order mode. The zero
order mode represents the incident light.

The amount of energy transfer between adjacent
modes depends upon the magnitude of the two coefficients
in Eq (30), C and Q . Q, depends on k?, which is related
to the amount of index modulation and absorption modulation

present in the processed holographic lens. The amount
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Figure 2. Schematic of Coupling Order
The arrows represent merely the transition of energy to an
adjacent order as indicated by Eq (30). The ordinate
represents the order of Fraunhoffer diffraction into which
energy is coupled. The abscissa is the increment of
thickness into the hologram.
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of modulation determines the strength of adjacent mode
coupling and must be non-zero if a hologram is to exist.

As a consequence, Qm is called the '"coupling coefficient".

135 3 Qm is totally imaginary, the hologram is an index

modulation or xphusc hologram". If Qm is totally real,

then the hologram is an "absorption hologram'. I Qm has
real and imaginary parts, it is called a "mixed hologram"
(see Appendix B).

Cm may also be broken into its complex parts as
previously described. I[Cm], the imaginary part of Cm,
represents the phase synchronization parameter between the
diffracted orders. Since the various modes propagate in
different directions, two adjacent modes can remain in
phase synchronization only over very short distances
unless special geometrical constraints are obeyed. These
constraints will be derived out of the phase synchronization
concept and it is shown in Appendix B that this is equivlaent
to the Bragg condition. Diffraction modes with the same
values of I[Cm]are in phase synchronization in space and
time as they propagate. Under the conditions of phase
synchronization energy is constructively transferred directly
between two adjacent modes.

The R[Cm], the real part of Cm’ represents an amplitude
loss coefficient which accounts for all losses and gains
occurring to the mth mode. It contains terms representing

the absorption of the wave by the medium and the divergence
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of the spherical wave which may contribute to an increase
in intensity in the case of a converging wave or a decrease
in intensity for a diverging wave.

Therefore, the coefficients in Eq (30) have real physical

significance when described in the context of a holographic

lens. But, Eq (30) is an infinite set of coupled waves and
cannot be solved in closed form. It is not soluble even
on a computer without truncation. In the next section, a

physical and mathematical argument for reducing the number
of coupled equations to be solved to two is presented based
upon the interpretation of the coefficients just discussed.
This will allow a closed form approximate solution to be

obtained.

C. Justification for Truncation to Two-Coupled Waves

Kogelnik used a theory including only two-coupled waves
to describe the diffraction from a thick, uniformly,
sinusoidally modulated medium, but he did not justify his
mathematical choice rigorously (Ref. 21). This section
contains a justification for the use of only two-couled waves.

To digress briefly, for Bragg type holograms, the diffrac-
tion efficiency between the zero order and m=-1 diffracted
order is experimentally found to be large (>95%). This in
itself suggests the use of only two coupled waves to describe
the diffraction process since little energy is coupled to

other orders. However, a further analysis of I[leleads
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to a more accurate physical understanding of why only two
equations need to be retained in thick holograms.

The transfer of energy from the existing zero-order |
mode (the incident reconstruction wave) can only occur
initially into the m=+1 orders as has previously been argued
by observation of the form of Eq (30) (see Figure 2). In
order that this occur efficiently, phase synchronization
between the modes must occur. If the energy is to remain
confined between the zero-order mode and one or the other
of the m=+1 modes, then another physical conditions has to
occur. The higher-order modes must be significantly out
of phase synchronization with the m=0, and m=-1 mode or
the m=+1 mode, so that energy is not transferred to them.

The conditions for efficient trapping of energy between the

m=0 and m=-1 modes is shown in Table 1.

TABLE I
CONDITIONS FOR TRAPPING OF ENERGY BETWEEN THE m=0 and m=-1
MODES
(D = hologram thickness)

L Qod, Q_ld#o (The trivial condition, some
material medium modulation
exists)

2 (&) (Phase synchronization between

i{c_]-1[C 1]id( : two orders - thick grating)
or (b)) (No dephasing exists over the
{3fCc_J-T1C_] [[d<<=s thickness of the hologram and
0 m 4 ;
all modes are in phase - thin
grating)

3. Jiic_ r-1fc_J|dszm (A1l higher orders rapidly

(o) m ; . i
desynchronize - thick grating)
36




If conditions 1, 2a, and 3 exist, then all orders except
m=0,-1 decouple rapidly because of phase desynchronization.
Energy is transferred from the zero order mode to the

m=-1 order and back and forth throughout the thickness

of thc material as shown schematically in Figure 3. The

chergy is in effect trapped between the first two adjacent

modes".
Am= +1
Key: Am= 0
= am= -1
o
—
£
o T N e e Ll e e i b R e =
B R o e e e e e
: 4 P — S, —| | S— e — — m— e cemas amer G e e
o 3 P — — .— 7—- -~ — — — — — —
&= 2 b . _Emergy in Higher Orders
EE Rapidly Damps Out
B 1 —:;>' _ = o
% 0
= -1
£ .32
49
. -3
o -4
& -5
S -6
g 0 1Az 20z 3Nz 47z S5Az 60z
INCREMENT OF THICKNESS INTO HOLOGRAM

Figure 3. Schematic of Energy Trapping between m=0,m=-1 Modes
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The conditions for efficient energy transfer between the
first two modes hold for a holographic lens when the recon-
struction wave vector is along or near the original reference
wave vector. (It also occurs near the object wave vector.)
This may be seen by analysis of the I[Cm]for reconstruction
near the original reference wave vector.

Recall Eq (19), rewritten as

9m il 1)c2 +m(er —b02) £&5)

where is the phase of the zero-order reconstruction beam.

c2
The subscript 2 refers to the phases inside the hologram
emulsion according to the convention in Appendix A. By
taking the gradient of Eq (35), the following equations

are obtained
bcz i m(:;brz "\7-1’02) (36)

or

->

kp(E) = kep + m (k) (F)-k , (1)) (37)

Eq (37).i§ obtained, because the gradient of the phase

h )
is the wave propagation vector. ﬁm is the wave: propagation
vector of the mth diffracted mode. One can write the

reconstruction wave vector as the vector sum

38
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(38)

where Krepresents any changes of the reconstruction wave
vector from that of the original reference wave vector.
These changes may arise from (1) angular position chan&?s
of the reconstruction wave vector; (2) wavelength chang%f,
(3) optical index changes of the emulsion due to processfﬁg,
and (4) radius of curvature changes of the reconstruction %

(]
wave from that of the reference wave. Substitution of

Eqs (37) and (38) into Eq (31) yields

Vs m+l‘k4 e .k X
a2 B g

9] =
+

=3 -> £
[(m+l)kr2_mknz +467 .2
7
"‘ > P ;)_ 7 ',‘_>. » ’-> 1—; e '4- G > —>?
i ky (r) (1-[m+1]4-m° )+24- ( mk02+[m+1]mr2) 2(m+1)1\1_2 kr2+£‘}

5 N T J (39)
{(m+1)kr2-mk02+x]~z _

h it has b d k_,ok =k -k =k _*k_,=k2 (T
where 1 as been assume 2 koozk otk o=k 50k 5=k e
The imaginary part of Cm reduces to the following when 2~0

(i.e. when reconstruction is nearly identical to the

construction conditions).

2 (1= (122 Y = T i
kz(l (m+1)4-m?) 2m(m+l)kr2 ko2

il

2 [ (m+1) ﬁrz -m ﬁoz]-z

Ifc,] =- (40)

39
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From Eq (40) is it possible to show the conditions for
trapping of energy between the m=0 and m=-1 orders as
enumerated in Table I hold for a thick hologram for recon-
struction along or near the reterence wave vector.

The first condition in Table I is the trivial condition
that some form of modulation must exist in the emulsion.

The second condition in Table I is the phase synchronization
condition between the m=0 and m=-1 orders. That condition

is
11[001 —I[C_llid << (41)

I[Co]and I[C-l] are evaluated using Eq (40) for m=0 and m=-1,
these results, when substituted into Eq (41), yield the

condition

0 2% (42)

which is true. Therefore, condition 2a of Table I holds.
By use of Eq (40), condition 3 is written as

>
. k

2
ky (1= (m+1)2-m? )= 2m (m+1) K
r2 02 d>>7fﬁ§*m#0,—l (43)

N

> > i
[k y-mk_,]-2

Lo




The left side of the inequality (43) is of the order mk_d

where Kk

hologram. Since k

the conditions of

m=0 and m=-1 diffracted

~

d

Table I for

modes

. is the wave propagation

> 7, inequality (43)

holds.

coefficient of the

Consequently,

trapping of energy between

holds

case of a thick, holographic medium for

vectors similar to the

Because the energy diffracted by

trapped between the first two orders

original reference wave vector

two of the infinite set of coupled wave

to describe the wave propagation in the

the justification for the truncation of

of two coupled wave equations,

Such a truncation holds rigorously for &

question remains as to how large

>
is invalid. As A

[f¢ l= =
1'(m]

becomes large, I[Cm] approaches

o=

the m=0,

>
’

(m=0

Eq

and

rigorously

and

near

2 5 . 5
Kot = 1 1c A«
{-m &02+(m+l)ar2) + A

>
1)k
[Gr1)E

2

>,

—mkoq A

Eq (44) is valid only for m=0,-1;

it may

into the phase synchronization condition

to yield

Pof —
¥

be substituted

(2a)

d <<

m=-1)

equations

medium.

(30)
m=-]

Z2ero .

of Table

is

a

(44)

for the

reconstruction

a thick hologram

wave

LS

only

This

The

i

required
is

equations.

5
A may be before this truncation

I ’
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which may be rewritten as

|2-T(K)| d<<n (46)
where
E,+ 4 S 7
iy = 22 - e (47)
(kr>+‘) z (koZ.A) .z
> > - - = & . § == >
7(X) is a weak function of A since |k_,| and |k _,| are
T2 02
much larger than lKi. Therefore inequality (46) can be

5
used to estimate the range of |4

{4] over which phase synchronization

holds if written as

m

e (48)
,Z, S ﬂzfd cos(z,f)
A
o @
¢/ is of the order Ao where Ao is the interfringe
0

spacing, Ao is the free space wavelength of the construction
. & > >
(object or reference)light, and cos(%,4)

hence, inequality Eq (48) becomes approximately

8l << wa (49)
Inequality (49) implies that thick holograms are much
more sensitive to reconstruction wave vector changes than
thin holograms. It also implies that holograms constructed
at short wavelengths are much more sensitive to reconstruction

wave vector changes than holograms constructed at long
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wavelengths. Also, holograms with large fringe spacing are

less sensitive to changes in the reconstruction wave vector

than holograms with small fringe spacings. These conclusions

agree with the commonly expected facts about hologram
reconstruction sensitivity.

Once 1nequality (49) is no longer true, then phase

synchronization between the m=¢ and m=-1 orders is disrupted.

Energy is not transferred between the m=0 and m=-1 orders.
This desynchrnoization also means that energy cannot be
transferred to any of the more negative-order modes since
energy must first be transferred to the m=-1 mode in
order to reach the more negative-order modes. Therefore,
the use of two coupled wave equations remains valid as IK[
gets arbitrarily larger, unless a reconstruction wave
vector position is reached for which phase synchronization
occurs for the chain of positive diffraction orders. This
occurs when ECZ approaches a position for which reconstruc-
tion occurs along or near the original object wave vector
(creating the reference wave). This can be described by
an analogous set of two coupled wave equations in which
the names of the object and reference waves are switched.
Therefore, it is concluded that a set of two coupled
wave equations reliably describes the diffraction process
in thick holograms for reconstruction wave vectors along

or near the original reference wave vector.
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The coupled wave equations to be used throughout the
remainder of this dissertaion are those between the zero-

order and -1 order diffracted waves, given by Eq (30) as

The terms involving V+] are neglected since 1[C+,] is very
i
large and rapid dephasing damps out any m=1 or higher +

orders. CO and € . are described by Eq (31} and Q” and

Q__l are given by Eq (32). ©One reduces Eqs (59) and (51)
to a set of scalar equations by taking the dot product of

éO along e 1 since this is the component of the individual

polarizations which will couple. . This yields,
)Vo
9 = /)
§5— BV B =MV e o 9 (52)
av 1 ’ (s3
oD y = 5.3}
32, © Te3bel S e 1"
[t is shown in Appendix H that & , co=§sinw_lfwhcre % g 18

the angle between the incident polarization and the

diffraction direction. Therefore, the coupled wave equations

reduce to

e

an@i




e . " SRS (54)
e QOV_1[31nw_l[

Q_l\’olsin“r‘_

N
!
b
I
b=

ll

1!

CO and C_l are given by Eq (31) for m=0, -1, respectively;
and Qo’ Q-l are given by Eq (32) for m=0, -1, respectively.
In the case of constant coefficients, the solution to
Eqs (54) and (55) is straight forward, identical to the
Kogelnik result for an ideal, uniformly, sinusoidally
modulated, planar fringe grating. However, the coefficients
CO(;), C_l(?), QO(?), and Q_l(;) are not constants for a
more realistic material. The exact functional dependency
upon position of these coefficients for the case of the
holographic lens is derived in Appendix B. The solution
to the variable coefficient, coupled wave equations
(Eqs (54) and (55)) is the subject of the next chapter.

A closed form solution is derived using the JWKB approximation.

T
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CHAPTER

THE JWKB SOLUTION

The soclution to the coupled wave equations with
constant coefficients has been obtained using standard
differential equation techniques for the ideal sinusoidal
plane wave grating by Kogelnik (Ref. 21). The assumption
of constant coefficients limits his theory to media in
which the grating parameters are not dependent upon position
inside the holographic material.

In practical materials, absorption of the object and

reference beams during construction of the hologram causes
the optical index and the amplitude of index modulation to
% vary with position inside the hologram. In this case, the
coefficients of the coupled wave equations (Eqs (54) and
(55)) describing the diffraction process are variable and
a new solution must be obtained.
In this chapter, the pair of variable-coefficient,
' coupled-wave equations derived in Chapter III is transformed
i' into a single second-order differential equation with variable
coefficients to which the JWKB approximation is applied
yielding a general, closed form solution. By imposing the

appropriate boundary conditions, the particular solutions

for a transmission and reflection hologram are obtained.
A comparison is made to the Kogelnik results. It is shown
that the JWKB solution reduces to that of Kogelnik for plane

waves and constant coefficients. Finally, the significance

L6
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of the JWKB terms is emphasized by an example. Section A
contains the JWKB solution and an evaluation of the validity
of this solution. In Section B, the particular solution for
the transmission hologram is derived. In an analogous |
manner, the result for the reflection hologram is obtained
in Section C. A comparison of the JWKB solution to

previous theories is presented in Section D.

A. The JWKB Solution

In this section the general solution to the coupled
wave equations with variable coefficients (Eqs (54) and (55))
derived in Chapter III is obtained by applying the JWKB

approximation. An inequality is derived which bounds the

applicability of the JWKB technique. Finally, these

bounds are determined for typical holographic materials and

it is shown that the approximations involved in the use

of the JWKPR techniques are valid.

e«

Recall that the variable coefficient, coupled wave

equations derived in Chapter III were

oV
- | o g ]
! 3z Covo b Qov—l ISInW—l| i
Vv
i (57)

5z T CoiVig = Q Vg letay 4|

b7
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V)(f) is the amplitude of the incident wave, V _(r) is the

C .

amplitude of the diffracted light, and Co(f), C_l(f), QU(E)
and Q_l(;) are the variable coefficients defined by Eqs (31)

and (32). Taking the derivative of Eq (57) (where '

u!"

32 ¢
and 't = 327 ), one obtains
Al Rl ) 7 N1 = t |t W | 1 1 " | (20
v 1V _1(._1+\_1(, -1 Q_lV olsin¥_;iV Q' _ ,511 -1 (58)

which may be solved for Vé to yleld

1

Y - v +v' c' -V _|sinv _|Q'
o] Q-I;Sln'?_ll ‘l _1 -1 (¢] -1'" -1 (59)

into which Volsinw_llmay be substituted from Eq (57) to

yield

_un [ ' e _;l_ '
0"q_, sin _; [ = A b G T —1+C-1"—1)} (60)

Eqs (60) and (57) may be substituted for Vo and V'O in

Eq (56), resnliting in

(]
1 " ' ' Q =1
O Tstar T g [ PV Yt - T o)+

(, 1 (61)

which can be rearranged to form a second-order differential

equation, determined to be

' L]
Vi 4+V__[C +C ~-—]+v 1[C,C_1=0,Q_ 8in” ¥_ +C! —cﬂ?-—'—l]m 62)
-1""=1'"%0 -1 Q_1 o’-1 “o*-1" -1 -1 Q~1
48




.

Eq (62), which 1s the equation for the complex amplitude of
the 1ight diffracted os the output of the hologram, is of

the form (where y =V )

il e ey e () = (63)

where,

Q ~
file =N e - e (68
0 = 0
— 1
and
c 0
e(z)=C C —~0 € 51 y _+¢° e e (65)
! g(z)=C C_, Q,Q_ysin” ¥_;#C"_, 3 ;
{

Eq (63) can be transformed to yield

N " : \
v'+ (B_ +f} V' E_""_f,% igﬂ, V=20

D (66)
| which was obtained by substitution of
|
!
yi(z) = N(z) p (z) (67)

into Eq (63).
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p is a function which is forced to obey the equation

E_ + f = 0 (()8)

such that

1 b4
p(z)= exp [-5 [ f(£)dE] .
% (69)
As a result of Eq (68), Eq (66) becomes
¥Wee) + Fla)vez) = o (70)
where
F(z) = RL(z)+E(z)p' (z)+a(z)p(z) (71)

p(z)

Eq (70) can be solved by the JWKB Approximation (Ref. 14,

Page 10) by writing Eq (70) as

" F(Z)
Vi(z) + 5= Vv(z) = 0 (72)

where X is a '"smallness parameter'" which later can be set

equal to unity. Assume, V(z) is of the form

Z ©
V(z)=exp {%JO s xv(i)lvdi}
V=0

50




Substitution of Eq (73) into Eq (72) and collection of
; - 1 . -
terms in successive powers of ¢ yields the following set

A

of equations

v=0 ; Xo(z) = + i VF(z) (74)
< X X
v=1,2,3,...2;"(z)= = I *u *v-u (75)
Li=0
from which the series XXn(z)l” can be determined (Ref. 14).
n=0

From Eqs (75) and (75)

| ;
f o ;210 gz\) e % % il
i |
L= e s e, (77)
X2 =3 [z 1" G5 T

Substitution of Eqs (74), (76), and (77) into Eq (73)

; and neglecting higher order terms yields the approximate
. solution
|
| -3/2
- By mrr L BB, ARLE) 5 BACE) | o at] (78)
| Vj:(z)—EXP[fo[j'_l»F(L)—A F ()T s G Ty (£))de
which can be written as
z z mdse v
i g : Ny
ilfo F(&)d,’ _+_JO F.(_*;_)__[S, _P__”_(é) o F”(F,)]d?:
Vi(z)= —— e e 8 F(%) (79)
VE(2)
51




Eq (79) represents the two particular solutions to the coupled

wave equation; the constants of integration will be accounted

for by the ~oefficients in the general solution of the

form:

V(z) = EiViglz) 4+ €.V (z) (80)
' A further simplification to Eq (79) is expected to be valid
provided the contributions from the higher order integrals
in Eq (79) are small (Ref. 14, Page 11). This simplification

1s

Vile) = —L1 _ o (81)

Eq (81) is the well known first-order JWKB approximation

and is valid provided (Ref. 14, Page 11),
lf /F(g)ds' # =B g I

E(E)
. AT . b
! 1 3 B0 o) e (82)
! e 2548 ) lde
!
] which may be rewritten using the Triangle Inequality
L
| (Ref. 56, Page 178).
i N " 5 2 S
A p—— _1— fd F'\/{) i 2 ’..:L 3 ‘ ,3 s ,.v" e
| £)ag|>> g/ 03 agl>> 7 {f il 'S4g| + e dag|} 2
P&
\
{

s 7:“.\;.‘_“ i




The inequalities given in Eq (83) may be evaluated to
determine the validity of applying the first-order JWKB
approximation to the problem of the holographic lens. To
accomplish the evaluation, the magnitude of F must be

determined. From Eq (69)

1 iy 4
. 1 ~3 g 1
p'(2)= - 5 £(2) e =-5 £(2)p(2) (84)
and
1 z 1 z
== FdE = =f Ed&
p'e)=-3t'e “° “li@)-dee T ) (85)
i 1" 1 1 1 9 l l 24
! p'(z) = - 5f'pHf%p = [ = = £'4£2]
i e 2o q
| (86)

Substitution of Eqs (84) and (86) into Eq (71) results in

F(z) = g(2) - 7£2(2) - 3£'(z2) (87)

Substitution of Eqs (64) and (65) into Eq (87) yields

- & s 2 ' - C_ Q'_ =
F(z) Coc-—l QOQ_151n ‘V_1+C -1 1l 1

93 (88)
1 q Lo i Q'
i 2(C 4C , = =1 )= 2(C' ¢’ .~ 3§ 2 -1
4 "0 -1 .6:1 IE= G =] Ei'(ajz—))

Collecting terms yields,

F(z)= - %(CO—C_IYLQOQ_lsinzw_l &

Q"‘l Q'--]_

Uy

1 Q,-l 2 (89)
R T e ‘

N

1
=(c _-C,) 3
20 ) T
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F(z), ¢iven by Eq (89), is a complicated complex
function of z. In order to evaluate the inequality, Eq
(83), which determines the validity of the JWKB approximation,
certain integrals of F(z), F'(z), and F"(z) must be
determined. In the following paragraph, the function
F(z) is estimated from the magnitude of the largest term
in Eq (89). Then the inequality given by Eq (83) is
determined in an approximate manner.

F(z) is composed of the following individual functions

derived in Appendix B

Koy @ T, G :
¢ (¥) = et T oy ol [A%63) ~0k?n2 €)
' 2k cosd ' 2k cos 8 2y 2k_cos 8 |4n, (¥) b (90)
c c c c m#r) c cl'b
a% & Ak2n, 2 (£)+K' K'-2k, K’ . (T)k +Ve(k -iE'ﬂ
e . Cyek R ~ kg Rty (B (YR V- (ge
== = 1
¥ 2 kcnb(r)coseC Ky J (91)
. k2 =+
> 1 r
Q (@) = k)
(o] ékcnb(?)\_osﬁc (92)
B
> i ky(r
Q L(B) = T
i 4(kcnb(1‘)cos5C K ) (93)
ko = %l , where Ao is the construction wavelength,
o
kC = i“ , where AC is the reconstruction wavelength;
c

%
ab(r) is the absorption coefficient of the processed hologram,
> >

kzc(r) is the reconstruction wave vector, né;) is the optical

§ 2 > > 1
index of the hologram, ec is the angle between kzc(r) and z,
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Ak? is the difference between ké and ki, K' is the fringe
)
wave vector derived in Appendix C, k’z is the z-component

>

of Ky ¥_, is the angle between the incident polarization
and the diffraction direction, derived in Appendix H, and

kﬁ(;), for a phase hologram, is given by the equation
> o > >
k-’i(r) = 2k2n, (£)4n(r) (94)

derived in Appendix B. Lﬂ(;) is the amount of index
modulation present in the hologram.
The dominant terms in Eq (89) are the first two.
This may be determined from the knowledge of the fact
ko>>ab(;) for holographic materials in the optical frequencies.
The first term is small for reconstruction wave vectors near

the original reference wave vector, because the quantity
K'-K'- 2k, *K'y 0 (95)

as mentioned in Chapter III. Therefore, the differecnce
(CO-C_l), appearing in Eq (89), is approximately zero for

Al

practical reconstruction geometries. The quantity -1
Q

-1

is of the order of @, whereais the absorption during

construction. Again, k°i>a for holographic emulsions.

3o
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Therefore, since QoQ—l is of the order of Anzkg, it is the
dominant term in Eq (89) for the values of index modulation,
An, in holographic materials.

Therefore, at least to first-order, F(z) may be represented

as

F(z) .:- QOQ_lSin?‘P_l (96)

For the case of unslanted fringes, K'z=0, with reconstruction
at the construction wavelength, Ak2= 0,<ns1:XMLFault xmlns:ns1="http://cxf.apache.org/bindings/xformat"><ns1:faultstring xmlns:ns1="http://cxf.apache.org/bindings/xformat">java.lang.OutOfMemoryError: Java heap space</ns1:faultstring></ns1:XMLFault>