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PREFACE
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material . The concept has proven to be successful .
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research effort. His original suggestion , “There is a fruitful area of
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assistance and timely suggestions are greatly appreciated . 
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This author ’s gratitude is extended to Dr Donn G. Shankland , of

the Air Force Institute of Technology , who greatly aided this worker during

this effort . His suggestion of the JWKB approximation ~~d his reminder ,

“that only gradients of phase are important (Dummy)” , have proved to be

invaluable to the  accomplishment of th is  task.

Thanks is also extended to Dr Tom Williamson, of AFAL , whose

suggestions and philosophical comments regarding coupled wave theory and

holographic recording material parameters were of great aid .

A special note of appreciation is due to Dr B. J. Chang of the

Environmental Research Institute of Michigan . His permission to include

in this disseration some of his data concerning the diffraction efficiency

iii

.
‘ ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ ~~~~~~~~ 

- •,• ,.•



AJ’AL— CR— o— ‘ I C

Of ’ di 1~ FiflD’IO I IJ ff’l~tt 
j fl h,1I 

~ 
¶0JrIO WOLO VE0~~ t fD )U~eftt . ful A~ so , the oevera

( 1 L ~~~~~ I o S L ~~l r I 0  with him -oncurIIill C proo (osirIC el t o  in dichrulrrtt toI fel ~t 111

W t I C  very enlightening.

Thanks is also extended to my fellow workers at AFAL , who were always

found to be willing -to listen to ideas presented to them . A partial list

71 those helpful people includes: Dr Dave Flannery , Dick Lane, Andy

Grandjean , and Charlie Bond . Dr Flannery ’s suggestion that I read a paper

on a “Unified Theory of Ultrasonic Light Diffraction ’t by Klein and Cook

(Ref. 20) proved to be extremely helpful. Mr Lane ’s constant willingness

to aid with and make suggestions to improve my programming of the HP 9820

calculator is most appreciated . Mr Grandjean ’s steady support and

encouragement throughout this effort were greatly appreciated , espec ially

° t on those days when nothing seemed to be goirlg right . Finally, thanks is

extended to Charlie Bond , of Systems Research Laboratories , whose out—

standing laboratory and experimental abilities are greatly appreciated

by this author. Much of the data appear in~ in Appendix F, concerning the

measurement of holographic parameters for bleached Kodak 6149—F holograms

was taken with Mr Bond ’o arsistarice.

Gratitude is also given to the management of AFAL who has supported

this effort . Dr William Eppers , Col Charles Hudson , Ed Deal , Harold

-~eitmacher , and Ronald Hubbard have been most understanding of the unique

nroblems and requirements r the Ir ~~ ~~r-i 1 student .

The author wishes to t D I I I k  h loan  M u  or who must be th e most competent

o7t ’Iry in the Air furor . Her speedy and accura te  typ ing  of this

— - l ~~5 ’- r ’ C i u t i  ii; 0 l (~I~~~
1 , a p p r e c i l t I C .

iv

.1 
~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ — ‘ : ~~~~~~~~~~

‘ 
— • -  -•- 

• ~~~~~ ~~~~~~~



AFAI _.TH._ (b_ : ‘70

This  aut hoc w i o t n i; I x p r l _ o ; I i i  0 Cral i l o d e  1 - i  0 s W i  1’ , ~ i 1  i j  0’

Young . Her patience , wit , 000 ill,ling , and rio l 1 I 0 f - T h 1 - l ! i l u r i ri~ ¶ 0

months required to complete th~ d ! O O I r t a t i o l i  f I r  it OIO itu t .h,,r ’if f i i ,~ (i(-0 ’

express ion of a p p r e c i a t i o n . F i n a l l y ,  thanks is I X  t E - i l Ic i to my so! ,

Matthew , who arrived in the m iddle el t h i s  l I e r t  foIl I Who 005 , 0 f ~fI O W ,

managed to be pat ient  in h i s  demands lor  my ftt tenti IrI .

.. .5. - ~~~~~~~~~~~~~~~~~~~~~~~~~ ~~~~~~~~ . - • ,~~ - 
- — •• — • 

~ 
- • A

— — -°- -~~~~--~~~~~~~~~ — - — - - - V  — -
~~~~~~~~



: 

~~~~~~~~~~~~~~~~~~~~~

I~~~~
f V f C ~~~~L t  TV _i TI lE THEO RY Cl 1111 _ V i i u L CitA! iu IC L1 ::lo 1

V 1 j f i V ~ t l io  P 1 0 1 0 0 1 1 0 )  — :0 uu~ V C t f 0 1 f i i c•  Lens 1

Ti~ Probl fff V

- - t o ’ k -o c oi 1

f r o i t H  i l) 1)r L o t o 0

0 oiee of A ppi o1fl h 1

Ar t V V 0 f l  l ow  1 1

I i  PC V I JTW OF THE I3TA-l’i- : OF Ti lE A P I  1J ij OLDOITi M
PU :-‘IiACTIOO T1iE~ EY l~

ITT IFO E RAI  THEORY OF THE I:Ji C 7A }li i LIII: 22

0 1 I V a t V  ion of the  Coup  e l  W o V e  Pp ~~t t 1:15 22

l h y ~~i~~u I  I nt e t u:~~’ : o t i u n  o1 t I e  ( o ! : : i: ients
of the  Coup led ~:SVC- Equat fOIlS 

- ;

T u o t  ificat 1-orl iu~ Triricot ior to Two C O u l i s o  W ave :  5

V 
IV TilE FfPUI KOI U7

The JEE P V ’ :u~~~1on 
) 7

The lrfof)01f L3Siu!1 - pr-ophio Len s

0 0  Re ~~~~I t  i v  Eel 0 1 0 1 1 1 1  c Pert: ;  C

ri ) f  t he  ~~~~~ Solut  ion  to Other T h o o s i o :  
-

jf)~ 1 f ) r r r r e 1_ o t i ;~nI c: the T!4~ Oo ~~~ 
1

V I- : :Al J :ATT fl~ 
1)~~ TH JV j Wu :Tt THE °RY FOB A TPA PIM V V V - _ _ f : f

l f 1 H V f 7  APP C O l E A P I  ;30T TO EEl E E T V J E TAI REPULT O ‘1

!erivotlun 01 th~’ JWEP 1u1; t i o n  f o r  the E f f i c i e c c y
0 . r r t : i o n i c s L ; :: 1 ; r 1 r w f t

i o n  u :  I L  1Th~(B in t e g r a l  by the  T r a p e z o l i l  
V

Pu~I ‘ -  
- V

1•

;-O r- r i W t a l : c  of  T r p ~~zoi lot  A :nr  : X i I f l a t tj U  7

~r~~H - - j t  LI u:  t he  E001 OY

C mrD000 i: P : i l s 

V .1  

lH~



— 
~~~~~~~~~~~~~~~~~ 

-
~ 

— 
~~~~~~~ 

—
~~~~ ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ V V

VV

V V

- ~7O

~~~~~~~~~~~~~~ ( i ’~~n t  ‘ 1 )

CI o l n O l l H : l u : : : :  A l- I t uul: :MMVIIOATIOIO ; 11°

I V f l O l U f ’ l o f l :  11°

Eec ()rIl l tCr ld  ‘ 0- 1 1) 1 0  - 
V

12A

~1~~1 f l l  Y A :  THE 000HD1P A TJ 10 , I f 1 J 111 1 , AIID WAVE r p ) I J A T I ( _) : l 1 10)

0 0 0r d in o r Ve i y O t t ) ! !)  1

V 
Un its 1011 I - t i C  Wo~ e - -4u ;- ol ion for the IC 11 0 j on  1 ~.

l ’ 1OV~~ l 0 ) f V  B:  DEB T ‘/AT T ~I1 01 lIfE l-Ll’E l iV 101AC A TT~~:i On1) - TJ1J~”
C ’  A H OL O- ’iitl 1

The Ex~o ,i1 ~ ’~ l3~
Eel  1 j u n  between Holocrarn  }‘ l ra r f In t  ef ‘S lOOP

I X  00)00 ) )

2 -
~~ -

E e l  rtt ion teoween k - (r) and 1)01 er i at  I- u r ;uu et  or :

Rela t ion  Ion worn  the  Hologram ?~rameters tri l l  I lie —

V Coefficients of the Coupled Wave aquations 1147

(I . THE TRANSFORMATION TO AC COu NT FOR CHANGES Ill
THICKNESS OF THE EMULSION DURING PROCESSIN C, 1514

AT 1V IV PDTX D: CHARACTERISTICS OF KODAK ~~~~~~ BLEACHED SILVER
HALIDE HOLOGRA!°IS 158

Kodak C i Q F  Fou l :  i o n  158
Exposure 1 1 ) 1 1  Image Formation 159

Development 160

Development in D—l9

F i x i n g  166
W a s h i n g

Bleaching 168
C o n c l u s ion s

Au ~ cp o y y  E:  CHARACTERISTICS OF DICEROIdATE 1) uEl A~~IP HOLOGRANO 170

vi i i  

V

~~ ~~~~~~~~~~~ —--~~--- 
-



-
. 

V-

I
Ii A l  _ i h t i _ r _ ( 1

I u u I T I : l I : :  ( t : u m i t  ‘d )

i- A lE

JI I FEDI X F ; E y i E I I I I 1 I : t J T A L  R I I I I M U I G  FOR THE LOSS C O E F F I C I E N T ,
OPTICAL StiFlE , AND THICKNESS OF BLEACHED KODAK
01 0)~~ F INC LII t i l l  1°14

M o n : u r e m i t ,  of the L o s  of Bleached 6149—F ~~ul sion 
1714

The Thickness Measurement 178

°ro ical Index of’ Bleached 614 9— F 181

‘~i u - : u - : ! x C ; ALTERlT A llI SOLUTION TO THE COUPLED WAVE EQUATIONS ~83

Al I ICID IX H:  0110 VAT t l N  OF THE PTI AII T :’ATION OF THE WAVE
D I F F R A C T E D  DY A Ii ) f 0 ) C R A M  188

:1010101:: 1:  I , l ; P F P I : A l I C N  OF THE POLARIZATION OF A SPHERICAL
192

ii

ix

-

~

i

~ 

: IT ~~ ~~~~ ~2~~~~:~ p T1~~1V~~~1 
:~~ ~~V V . ~~~~.



V V~~~~~ ~~~~~~~~~~~~~~~~~~~~~~~~~~~ 
~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ 

— 1 
~~~~~~~~

01111 ( }  }l{ I l l : ’;:, :

1 C o m p a r i s o n  of  [Inven t io n al Lens to
ik i o g r a p h i c  [ e l m s  2

2 S c h e m a t i c  o t ~ C o u p ]  i n g  Order . . .  33

3 Sche m atic of Energy Trapp ing bet ice en
a = 1  m = —  I ~1odes

4 Co n e of Pos si b l e “angles-off-Brag s 55

-
‘ 5 45 0 4 5 0 Construction Geometry . 88

u Record ing Geometry for [RIM h o l o g r a m  90

7 N o r m a l i z e d  D i f f ra c t i o n  E f f i c i e n c y  vs
sin ’i

1 
for ‘-15 ° x p~~~~0 hl o l o s r am ” V 93

S Case for w h i c h  p = O  s h oi c i n g  Rotation
of TI . from S = _ 1 0 0 to it = + lO ° in a
Pl ano C Perpe ndi cu l ar to 

~
‘o ’~~r~

9 t ) i f f ra c t i o n  E f f i c i e n cy  v o ;n g l c - o t f -
B r a g g  for a Reconstr u ction Wave
Vector out of the Plane of
Inciden c e 97

1 0 Diffraction Efficienc y vs angle-off-
Bragg for the ERIM [hologram . . . 100

11 Diffract ion Efficiency vs an g le - o 7 f-
B r a g g  for the [RIM Hologram . ..  102

12 Diffr action Efficiency vs angle-off-
B r a g g  f o r  the  E R I M  H o l o g r a m . . 10 5

1 3  D i f f r a c t i o n  E fficiency vs angle-off-
B r a g g  f o r  t h e  E R I M  h o l og ram . . . 10 7

14 Diffract ion Effi ciency vs Total
E x p o s u r e  f o r  t h e  [ R I M  H o l o g r a m  . . 110

15 D i f f r a c t i on  E f f i c i e n c y  vs To t a l
E x p o su r e  f or t he E R J M  H o l og r am . . i l l

(

~ 

~~~~~~~~~~~~~~~~~~ ~: _~~~~~~ 
~~~~~~



-~ ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ ~~~~~~ -~~~~~~~

10A I : I V _ 0)

I
P l u l l  OF [ICURE S ( 5 1 1  ‘ 1

F i g u re P age

l b  [ ) i f f r a c t i o n  E f f i c i e n c y  vs T o t a l
E x p o s u r e  for  the  [R I M  H o l o g r a m  . 113

17 D iffraction Efficiency vs angle-
off-Bragg for the ERIM Hologra m . . 11-i

1 8 Diffraction Efficiency vs Total
Expos ure for the [RIM holo gr am  117

A- i Coordinate System 131

B- i Relation between ~~, ~~
‘, and t0 .  139

C- i Fringe Change for Expansion  .  155

F- i Exposure of 649-F Plates 175

F-2 Los s Coefficient of Bleached 649-F
E mu l s i o n  vs E x p o s u r e  177

F- 3 Bleached 649-F Emulsion Magnification
2750x 172

F- -I Op t ical Index of Bleached 649-F
Emu lsion vs Exposure 182

V h 
I l-i Relationshi p o f Vec t or s  in  the

Sca ttering Process 182

1-1 Polar ization of Spherical Wave . . 192

• 1-2 The Coordinates of the Polarization
- - of the Plane Wave Incident at the

jth Pin-hole 193

1- 3 Definition of q .  and II) 195
3 3

i

- c

~~~~~~~~~~~~~~~~~~~~~~~~~ 
- 

- - 4 ‘ - — . ~~. 
V..



________ ~ -II~~~~~ ’~~~

AFAL—TR-7~ — i ~

LIST OF’ 11010110

Table P a g e

I C o n d i t ion fo r Trapp ing  of E n e r g y
be tween the m =O and m - l  Modes .  3U

F - I  T h i c k n e s s  of 6 4 9 - F  E m u l s i o n   . 180

F - T I  Average Thickness of 649-F
E m u l s i o n  180

~ 

.~~~~~~~~~ T V S~~~~~~~ 4 -~~~ 

~~~~~~V±V 

- - ‘
~~~~.



V _~ V V V V V VV~ V V  

~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~

AFA L.-TB— ’76-: 7fl

SUMMARY

The o b j e c t i v e  of t h i s  e f f o r t w a s  t o a p p l y  d i f f r a ct i o n

t h e o r y  t o c a l c u l a t e t he d i f f r a c t ion  e f f i c i e n c y  of a h o l o g r a p h i c

len s in terms of the ori g i n a l  c o n s tr uc t i o n  geo m e tr y , e x p o su re

conditions , m a t e r i a l  p a r a m e t ers , p r o c e s s i n g  e f f e c t s , a n d

r e c o n s t r u c t i on  geo m e t ry .

The a n a l y s i s  was  b a s e d  upon a p a i r  of c o u p l e d  w a v e

eq uations with v a r i a b l e  coefficients of sufficient g e n e r a l i t y

t o p e r m i t t he de t e r m i n a t ion of t he d i f f r a c t ion e f f i c i e n c y

in cases where previous theories have been limited. These

c a s es i n c l u d e :  (1 )  sp h e r i c a l  o b j e c t , r e f e r e n c e , and

recons truction waves , (2) polarized recons truction waves ,

(3) reconstruction wave vectors out of the plane of incidence

of the construction wave vectors , (4 )  th i c k n e s s  c h a n g e s  of

the hologram recording material due to processing, (5) gross

changes in op tical index due to process ing, (6) variations

wi t h posi tion inside the hologram of the hologram parameters

s u c h  as op t i c a l  i n d e x  and  i n d e x  m o d u l a t ion , (7) saturation of

t he i n d e x  and a b s o r p t ance  m o d u l a t ion wi t h e x p o s u r e , and

(8) absorption during exposure of the construction waves.

The JWKB approxima tion was used to solve the coupled

wave equa tions with variable coefficients which describe

the d i f f r a c t ion p r o c e s s . The b o u n d a r y  condi t i ons  for  bo t h

a transmission and reflection h ologram were a p p l i e d  to

obtain par t i c u l a r  solutions.
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A closed form solution was obtained for th e case of

a t r an sm i s s i o n  h o l o g r a m  b y the trape :oidal approximation.

Good agreement was ob tained between the experimentally

me a su red  d i f f r a c ti on e f f i c i e n c y  and  t he t h e o re t i c a l l y

c a l cu la t ed d i f f r a c t ion  e f f i c i e n c y  as  a f u n c t i on  of e x p o s u r e

f o r d i c h r o m a t ed g e l a t i n  h o l o g r a m s . A l so , excellen t

a g r e e m e n t w a s  ob ta i n e d  be tw e e n  t heo ry a n d  t he e p x e r i m e n t a l l y

m e a s u r e d  d i f f rac t ion e f f i c i e n c y  r e s p o n s e  t o re c o n s t r ucti on

wave polariza tion changes for Kodak 649-F silver halide

h o l o g r a m s. St r i k in g l y  d i f f e r e n t th e o r e ti ca l re su l t s w e r e

p r e d i c ted f o r  d i c h r o m a ted g e l a t i n  h o l o g r a m s , bu t e x p e r im e n ta l

v e r i f i c a t i o n  ha s  no t b e e n  a tt emp ted .

I t was conclude d that the app l i ca t ion  of  the J W K B

• approx imation to obtain a solution of the equations which

d e s c r i b e  the  d i f f r a c t i on  of l i gh t by a h o l og r a p h i c  l e n s

was successful. An equation for the diffraction efficiency

in terms of the apr iori characteristics of (1) the exposure

c o n d i t i o n s , (2) the holograp h i c  r e c o r d i n g  ma t e r i a l  p a r a m e te r s ,

(3) the construction geometry, (4) the processing effects ,

and (5) the reconstruction geometry. The theory  p rov ider  a

b asis for the capability to perform a hologr aphic lens

H design starting with the desired operational characteristics

of the l e n s  and e n d i n g  up wi th the p r o p e r  cons t r u c ti on

c o n d i t i o n s , e x p o s u re cond it i o n s , and r e c o r d i n g  ma t er ia l

pa rameters required to make the lens.

c
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A .  S e t t i n g  t h c  h e r s p e c t  I y e -  T h e  f h o l o g r ~ j2h i c  h e n s

\ holographic len s is a diffraction g r a t i n g  created h~

the h u i o g r a ~~h i c p r o c e s s  e x p r e s s l y for use as lens in a n

o p t i c a l  sy stee . The hologr a p h i c  lens i1, formed by the exposure

o f  a p h o t o - s e n s i t i v e  recordin g m a t e r i a l  t o  the interf e rence

i r. t e u s  i t y p a t t c m’n o r a s p h c r i ca I wa -,- c- he oh j  cc t wave ari d

a not hi ~ r p 1 a mi e I s p h c m’ I c- i 1 w a v c (the :- e fe ccm cc a cc ) . 1 he

p h o t o — s e n s i  i v - o m t e r i a l  is develo ped and processed after

e~\~’osure to hecooc a hologra phic lens.

T h e  m ’ e c orded fringe structure p r e s e n t  i n  the hoiogra m

a cts as  a three dimensional diffract i on g r a t i n g .  Ih e

d i f f r a c t i o n  efficiency of a holo grap hic lens is the

r a t i o o f  p oi-.- er diffract ed into the 01 e c t  w a v e  measured at

the o u t p a ~ surfac e of the holo gram t o  t h e  O om% er in the r e e o n —

s t r u c t  1 )11 save i n c i d e n t  upon t he input surfa ce of the hologram

(Ref. 3~~).

~0)dcl’!l h a lograp hi c lenses h i ve d i f f r a c t i o n  efficiencies

as h i g h as 95” and offe r sev e ral u n i qu e f e a t u r e s  i n  optical

designs o~~er c o n v e n t i o n a l  o p t i c a l  d eme r its (i.e ., refractive

or ’ i ’e flecti v e optics composed of planar or sp h e r i c a l su r f a c e s ) .

F or e x a m p l e , a con v ent i ona 1 con vex I.e f r a c  t i ye lens c-~~ses

a i m  I n L j d e : l t p h a n c w ave p r o p a g a t i n g  pIt r Ii I l C l  to t t ie o p t i c a l

a x i s 0 1 t h e  1 en s t I) I ) e h r o u g h  t t o a I t )  c us a t a foe a

~~0 i fl i n  t he Op I a 1 a x i s . l i e  ho 1 o ~ r a p h i c I e ii s has t hi 

e1
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ad  v a l it  a g e  t hi a t  t h e fo  c a 1 ~~~~ l i t  11CC ii n o t  I i e on  t h e  opt i c a

a x i s  as  shown in Figure 1.

lens focal
> 

~~~ 
point

o p t i c a l  a x i s

i n c i d e n t
pl a ne wave 

~~~~ _—~~~~~ focal

~~~~~~~~~~~~~~~~~~~~~~~ P° ~ l1 t 
optical a x i s

H o l o g r a p h i c  l e n s  
—

Fi g ure 1. Comparison of Con v e n t i o n a l  Lens to Holograp hic Lens

In order to accom plis h the sane off-axis focal po i n t d e s i gn

w ith conventional opt ics , an ad d i t i o n a l  reflective surface

or refractive prism would be required. Therefore , the

capability to desi gn op tica l systems using off-axis holographic

l e n s e s i s a si gnifican t advantage if small , compact , short

fo c al  l e n g th op t i c a l  sys tem s a r e  of con ce rn .

The  h o l o g r a p hic lens possesses greate r chromatic

dispersion than a conventional refractive lens because of

i ts diffractive nature. Consequen~~iy, t he h o l o g r a p h i c  l e n s

ac ts as a chromatic filter br ing i n g  to f o c u s o n l y  l i g h t

in a very narrow spec tral region. This is an important

considera tion if the reduction of undesired back g ro u n d

radiation is a desi gn g o a l  or  i f  a s imp le spec tr a l  an a l y s i s

of the collected lig h t is of importance.

2
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B. T h e  P r o b l e m

I n  order to design a conventional opt i c a l  syst ein , a

k n o w l e d g e of t he r e f l e ct i o n , refraction , and transmission

laws of geometri cal opti cs is requ ired. Based on these laws .

the direction of the li ght rays may be traced throughout the

optical sy stem and the optical efficiency of each ray m a y

be de termined from the transmission and absorption properties

of the optical elements of the system. From this knowled ge

an op tical system desi gn is deter mined. The situation is

not as simp le in  the case  of ho l og rap hic optics. In this

case the propagation of rays through the opt ical system

is based upon the laws of diffraction which are more

d i f f i c u l t to a p p l y .

I t is often a matter of trial and error to design the

appropriate holog r ar hic lens for a specific app l i ca t i o n

be cause of deficiencies in our present capability to

• theoretically de termine the hologram diffraction efficiency.

Two pa rameters are required in order to ray-trace desi gn

and determine the optical efficiency of a holograp h i c l e n s

sys tem: (1) the direction of the ray, a nd  ( 2 )  t he t r a n s m i ss i on

of tha t ray through each lens of the sy stem. The direction of

t h e  r a y  is de termined by Smell ’ s Law a n d  t he l o c a l  B r a g g

c o n d i t i o n s  o f the r a y . The  t r a n s m i s s i on of t he r ay  is
-t 

de t e r m i n e d  by the d i f f r ac ti on e f f i c i e n cy of  t h e r a y  a t  i t s

coo rd i na t es on ea c h  h o l o g r a p hic l ens. What is lacking is

an a c c ur r te th e o r y  f o r  de t erm i n in g t h e d i f f r a c ti on e f f i c i e n cy

3
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of a raY it a g i v e n  position on the h o l o g r a m  i n  te r m s  of t he

or i g i n a l  exposure , con s t r u c t i o n  geometry , recording m a t e r i a l

parameters , and the re construction conditions.

It i s the purpose of this work to determine the diffrac-

tio n e f f i ci en cy of  a h o l o g r a p h i c  l e n s i n t e r m s of t he  or i g inal

exposure. construction geometr Y , recording material para-

met ers , p rocessing effects , and reconstruction geometry.

This allows not only’ an increased capab ility to design a

ho l o g r a p hic ions , bu t the e x p o s u r e  l e v e l , the material para-

meters , and the construction geometry necessary to produce

that lens can be de termined. A knowledge of these constraints

w i l l  a l l o w  an a s s e s s m e n t  to  he m a d e  of  t h e  p r a c t i c a b i l i t y

• 
o f  the lens.

C. Back g r o u n d

Previous theories relating to the determination of the

d i f f r a c t i o n  efficiency of a hologram abound , bu t t h e y  a r e

s u f f i c i e n t l y  g e n e r a l  and  l i m i t e d  in  t h e i r  a p p l i c a b i l i t y  t h a t

H rractical assessments of hologram diffraction e f f i c i e n c y

ba sed u n o n  these theories are not possible. A d e t a i l e d  r e v i e w

of previous di f f r a c t i o n  theories for the h o l o g r a m  is

c o n t a i n e d  in Chapter II . This section contains a discussion

of the l i m i t a t i o n s  and oversi ghts of these theories. These

deficiencies are : (1) the sp h e r i c a l  na ture  of the c o n s t ruc t i o n

and recons truction waves , (2) the relationship of the

diffrac tion efficiency to the exposure level and construction

g e ome tr y ,  ( 3) the  c h a n g e  i n  e m u l si on th i c k n e s s , op t i c a l  i n d e x ,

~
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and absor p tio n coefficient due to develo pment processes ,

(4) the p o l a r i z a t i o n  of the construction and reconstruction

w a v e s , (5) the reconstruction wave vector being out of the

pl ane of inc idence of the construction wave vectors , (6)

the absorption of the construction waves , and  ( 7 )  the

saturation of the pho to-sensitive response of the recording

m aterial to exposure .

1. Sp herical Wave Effec ts. The holographic lens is

formed by at least one spherical wave (the object beam)

and one plane or spherical wave incident upon the recording

ma terial during the construction process. Often the

sp he rical object wave is formed by d i f f r a c t i on  th r o u g h  a

p in hole located very close to the recording material

. 1 p late. Therefore , the interference pattern w h i c h  i l l u m i n a t e s

t he  p l a t e d u r i n g  cons t r u c t i on  p o s s e s s e s  a c u r v a tu re of

f ie ld  and v a r i e s i n  in t ensi ty a c r o s s  t he s u r f a c e  of the p l a te

and wi th depth. A holograp h i c  l e n s  is no t c o m p o s e d  of

linear , periodic , p l a n a r , un i f o r m , f r i n g e s  as a c o n s e q u e n c e .

For  th i s r e a s o n , p revious theories which assume planar-

• s i n u s o i d a l  g ra t i n g s  fo r the h o l o g r a m a r e  o n l y  a p p l i c a b l e  on

a l o c a l i z e d  b a s i s .

I n  a ho l o g r a p hic lens one canno t assume plane waves.

Sp her ical object , r e f e r e n c e , and r e c o n s t ruc ti on w a v e s  mus t

he c o n s i d e r e d  wh i ch , of co u r s e , s h o u l d  r e d u c e  to the p l a n e

w a v e  c a s e  i f t he r a d i u s  of c u r v a tu r e  i s  l a r g e  or  i f  one i s

s u f f i c i e n t l y  “loca lized” .

5
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2 .  Relation to exposure level and construction geometr y .

No prev ious theories have related the final hologram

diffraction efficienc y to the ori g i n a l  e x p o s u r e  l ev e l  a nd

construction geometr y. Most theories relate back to the ab-

sorption modulation and index modulation in the hologram ,

bu t con t a i n  no i n f o r m a ti on as t o how t h i s m o d u l a t i o n  w a s

c rea t ed . T h e r e f o r e , the calculation of the diffraction ef-

ficiency based upon these theories cannot be related to the

exposu re and construction conditions. Consequently, the

prac ticability of the construction of a hologram desi gn

canno t be assessed.

3. Changes in the emulsion due to development.

Effec ts upon the holographic recording material due to processing

have no t been addressed in previous publishe d theories.

I f  t he r e c o r d i n g  ma te r i a l  i s a ph ot o g r a p h i c  em u l s i o n , for

example , expansion or shr inkage of the emulsion during

p r o c e s s i n g  c h a n g e s  t he t h i c k n e s s a n d o r i e nt a ti on of the

hologra phic d iffraction grating fringe structure upon

r e c o n s t r u c ti on . I n  a d d i t i o n , t he b u l k  r e f r a c ti ve in d e x

and absorp tance of the photographic emulsion usually

c h a n g e s d u r i n g  p r o c e s s i n g  d u e  to fixing, 1m ard e ni t~g, and the

r e m o v a l  of pho to c h e m i c a l  c o m p o u n d s . I t m ay be i n f e r r e d  f r o m

these effects that the reconstruction of the object from the

ori ginal refer ence beam coordinates cannot be optimum.

Ihese effec ts mu st be included in any p r a c t i c a l  theory .

6
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4 .  P o l a r i : a t i o n of  t h e  r e c o n s t r u c t i o n  a n d  c o n s t r u c t i o n

w aves. The polarization of the construction beams must

be c o n s i d e red , since only para llel components will interfere

du ring the construction process. The optical index modulation

depth wi l l  he dependent upon the polarization of the object

and reference beams . A lso , the polarization of the

re c o n s t r u c t i o n  w ave m u s t be c o n s id e r e d  in  o r d e r  to a c c u ra t e l y

p r e d i c t t he d i f f r a c ti on e f f i c i e n c y  of t he h o l o g r a p h i c  p r o c e s s .

5. Reco nstruction out of the original pl ane of incidence.

The fact tha t the reconstruction wave vector is not

n e c e s s a r i l y  in  t he p l ane  of i n c i d e n c e  of the o r i ginal

cons truction wave vectors needs to be considered theoretically.

T h i s  ha s  been  a l im it a ti on in a l l  p r e v ious p u b l i s h e d

th e o r i e s . C e r ta in l y , th i s  is a s e v e r e  l i m i ta ti on in  t e rm s

of h o l o g r a p h i c  l ens  des i gn and  it n e e d s  t o be c o r r e c ted .

6. The absorption of the construction waves. According

to the pho to c h e m i c a l  l aw , known as the Grathus-Dra per Law ,

r a d i a t ion mus t be a b s o r b e d  b y any  sys t em to p r o d u c e  a

pho to c h e m i c a l  r eac t ion  in  t ha t sys t em ( R e f . 33 ) . In  a l l

p ho to c h e m i c a l  p r o c e s s e s  u s e d  in h o l o g r a p hy, t ha t a b s o r p t ion

H is qui te strong (e.g., 50% absorption in films of l5~i

th i c k n e s s ) . T h e r e f o r e , the absorption of the construction

b e a m s  d u r i n g  the o r i g i n a l  cons t r u c ti on p r o c e s s  is v e r y

impor tant. The absorption leads to a decrease in both the

bulk op tical index and the optica l index modulation with

dep t h i n  the p r o c e s s e d  h o l o g r a m . T h e r e f o r e , the characteristics
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of t he su r r o u n d i n g  op t i ca l i n d e x  and t he co upl i ng  e f f i c i e n cy

of the hologr am are variable and decrease with depth into

the emulsion. Indeed , the processed hologram is inhomogen eous.

The same eff ects occur for the absor ption and absorption

modua ti on of t h e h o l o g r a m.

The absorption of the construction waves mus t be

accou nted for by any accurate theory of holo gram dif f r a c t i o n

efficiency . It will be seen that this effect leads to a

se t of coupled differential equations which have variable

c o e f f i c i en t s .

7. Sa turation of emulsion response. Saturation effects

are of impor tance also. In any photochemical p r o c e s s

there is a photo sensitive substance in limited q u a n t i t y

(usually <10% by vol ume), w h i c h  i s t yp i c a l l y  h o m o g e n e o u s l y

suspended in an em ulsion. If the incident li gh t i s  of

sufficient stregnth , the substance is exhausted by the

con t i n u o u s  pho ton a b s o r p t ion a n d  any  f urt h e r  e x p o s u re i s  o f

li ttle consequence. Also , the index modulation may saturate

due  t o p hys i ca l  p r o c e s s , as i n  dichromated g e l a ti n . The

sa tu r a t i on  e f f e c t mus t be c o n s i d e r e d  in a n y  e v e n t.

In  s h o r t , the effec ts listed above have not in

t o ta l i t y b e e n  c o n s i d e r e d  by any  s in g l e  p r e v i o u s l y  p u b l i shed

theory of holographic diffraction. Bits and pieces of iiany

of these effects have been addressed by various workers usin g

a var iety of unrelated approaches as is discussed in the next

8
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c h a p t e r .  l E e  t o t a l i t y  o f  t h e ~~ .- e f f e c t s  imi u ~~t h e  a d d m ~~- s s ej

in a u n i f i e d  t h e o m ’ v .

.\ 0 t he- 0 m d x  l s t s s ue  h t Ii a t  i n  p m a c  t i cc- c m i  -
~~~~ 

- .i mi p m’ od i c

t h e  a b s o l u t e  d i f f i ’ a c t i o n  e f f i c i e m m c v  a t  a L m i ~~- mi  p oi n t  o~ i t h ~

sil l- tHee of  a ho log r a  p h i c I e n s  f r o n  t l ie  k i m  m w  11 c l i i I’ m c t e r m e

of  t h e :  1)  e x p o s u r e  c o n d i  t i o n s , i 2 j  t i m e  c a l m  I s  l o u  m r ~m e t - m - s ,

and (3) the reconstruction c o n d i t i o n s . l E e  purp o se o i

t h i s  i c o r k  i s  t o  p r o v i d e  a s i m p l e  a n a l y t i c a l  s o l u t i o n  w h i c h

c a n  a c c u r a t e l y  p r e d i c t  t h e  e f f i c i e n c y  o f  a h o l o 5 r a p h i c  l e n s

b a s ’d on m e a s u r a b l e  e x p o s u r e , e m u l s i o n , a n d  r e c o u c  t r u c t i o n

par ameters. The appro ach is discussed in t he next sect i o n .

D . P o ssible Approaches

•- \ n y  a p p r o a c h , o f  n e c e s s i t y , s o u l d  s t a r t  f r o m  1 ; x . ~c i ~~~ i;

c ’ q u a t i o n s  s i n c e  t h e s e  a r e  t h e  e q u a t i o n s  w h i c h  d e s c i i K e

the diff raction of li ght. From t h e m , o n e  m a y  p r o c e e d  i n

t w o  d i r e c t i o n s  in order to ca l c u l a t e  the electric field

a m p l i t u d e  o f  t h e  d i f f r a c t e d  l i g h t . ( 1)  t o  an i n t e g r a l

equ ation , or (2) to a differential equation. Both represent

solutions to the same problem.

The differential equation approach yields the well

known wave equation and u l t i m a t e l y  the set of two c o u p H - d -

wave equations as derived b y Kog e l n i k  ( R e f . .~l) . r~m e

equations in that form allow for f u l l  d e p l e t i o n  of th e

incident li g ht and have previously been successf u l - 10men

a p p l i e d  to the ideal s i n u s o i d a l l y  modul a ted , d i e l e c t ’ i ~

g r a t i n g  (Ref. 21).
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T h e  w a v e  e q u a t i o n  may be changed t o  an  i n t e g r a l  e q u a t i o n

u s i n g  O r c e n ’ s f u n c t i o n s  o r  F o u r i e r  I r a n s t o r m s .  I h e s e  i n t e g r a l

~q u a t  i o n s  u s u a l l y  a r e  s o l v e d  b y a n  a p p r o x i m a t i o n  t e c h n i q u e ,

s u c h  as  t h e  f i r s t  B o r n  a p p r o x i m a t i o n , w h i c h  r e q u i  r e s

w e a k  d e p l e t  i o n  of the inci d e n t  li ght as a l i m i t i n g

a s s u m p t i o n .  Ihis l i m i t a t i o n  c l e a r l y  does not app l y to

mo dern holograp hic ~~eme ui ts for w h i c h  a s  m u c h  as 95% of the

i n c i d e n t  l i g h t  is de plet ed .

T h e  scattering theoi’ v developed by W i l l i a m s o n  overcame

t h i s  l i n i t a t i o n o f t h e  i n t e g r a l  equation approach by

c o n s i d e r i n g  the mu l sio n as a volume of small , similar , sing l e

t m r t l c l e  scatterers which have a prob a b i l i t y  d ensity

n n : t i o n  r e l a t e d  to the orig inal exposure intensity. The

i n t e g r a l  equation for the total scattered fiel d became the

t i m n t e ” d i m e n s i o n a l  integral sum of the contributions to

th e total field of each individual dipole scatterer.

S ince the contribution of each scatterer was identical

e x ce p t f o r  p h a s e , and since the phase was dependent upon - •

-ì c oordinate-se parable , periodic , po sition probability

densi ty function , the three _ d i m e n s i o n a l  i n t e g r a l  w a s

sep arated into the prod uct of three ordinary i n t e g r a l s

wh ich wLre evaluated using the Array Theorem. The result

w as shown to be equivalent to that of the Kogelnik coupled

.sa et ’ solution for a specific range of p article sizes (Ref. 44).
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F h e l e t I r e , b o t h  t h e  i n t e g r a l  e q u a t i o n  a p p r o a c h  a n d  t h e

d i f f e r e n t i a l  e q u a t i o n  a p p r o a c h  t o  t h e  s o l u t i o n  of t h e  w a v e

e q u a t i o n  have b e e n  s u c c e s s f u l  w h e n  a p p l i e d  t o  t h e  i d e a l ,

s i n u s o i d a l l v  m o d u l a t e d , d i e l e c t r i c  grating. Ibis being the

ci s c , the choic e between the two approaches rests upon

matters related to f a m i l i a r i t y  of mat h e m a t i c a l  techni ques.

11.  C h oi ce o f App ro a c h

lE e differential equation approach was chosen as a

basis for analyzin g holograp hic diffraction i n  this

d i s s e r t a t i o n .  A s e t  of  two coupled wave equat ions with

v a r i a b l e  coefficients was derived and shown to be applicable

t o the diffraction of lig ht by a holographic lens. The

choice of  the  differential equation a p p r o a c h  was  made because

of the app licability of the JWKB approximation to the

solution of the equations in differential form.

F . An Ove rview

The main body of this report is devoted to a

de rivation and evaluation of the results of the JWK B

H approximation solution to the set of two coupled wave

equations which describe holograp h ic diffraction. An

integral equation techni q u e us i ng  G r e e n ’ s functions is

presented fo r comparison in Appendix C.

T h e  a n a l y s is i s  s u f f i c i en t l y  g ene ra l an d  u n i f i e d  t o

p ermit the determination of the diffraction efficiency of a

11



‘~ 
~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ ~~~~~~~~~~ ___~~~~~~~~ ~~~~~~~~~~~~~~~~~

-

hologr aphic lens f r  t h e  to n i l i t v  o f  n h . cas t s i n w h i c h  t O e

l i m i t a t i o n s  of p r e c i o u s  t h e o i ’ i e s  have p r e c l u d e d  the c a l c ’ i l a t  ion .

•\ d e t a i led re~ iew of p r - - v u o u s  holo g ra ni di t f  ract ion h ee ri v s

a n d  their assumpti ons and 1 1 1 1 1 1 a t  i onu s is p m c c c  l i t  c - I  i i i

(.li~l p r I I Cii a p t e r I I I co t 1 fli s a di ’ r’ i v a t 1 011 0 f - s o  t

o f
V 

~ ~co c 011 p I c  LI wa  cc eq Un t i o n  .; fo  r t he ho I c  r :i  p i i  c I c- n s

I n  C h a p t e r  I V , t h e s e  e q u a t i o n s  are r e d u c e d  t o  a s i n g l e

s e c o n d  o r d e r  d i f f e r e n t i a l  e q m l : m t on t o  w h i c h  the •J IVKB

ap p r o x i m a t i o n  is app l i e d .  I b i s  r e s u l t s  in a general

so lution to t h e  holograp hi c ’ lens d f f r ac  r I on p r o b  l e n

Specific boundary conditions for a tr~m nisr ~ i s si oui and a

reflection holo g ram tire appi ied am id a comparison is mo de to

previous theories. •\n e v a l u a t i o n  of the theory for a tra mis -

m i s s i o n  hologram and a comparison t o  e x p e r i m e n t a l  r e s u l t s

is contained in Chapter V. it is shown that the theory

a c c u r a t e l y  p r e d i c t s  e x p e r i m e n t a l  r e s u l t s  f o r  w h i c h

previous theories have not been s u f f i c i e n t l y  genera l to

e x p l a i n .  C o n c l u s i o n s  a n d  r e c o m m e n d i t i o n s  a r e  i n  C h a p t e r  \ I

hl!. ~
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RE\ I l W  OF T i l l  STATE 01: THE A R T  IN HOLOGRAM I) I FFRA CTION

TI I E OR Y

-\ g o o d  re vie w of the state of t h e  art of the diffraction

th e or y of holograms is g i v e n  by Kogeln i k (Ref. 2 1 ) .  ‘Ib i s

c ha pter s u m m a r i : e s  K o g e l n i k ’ s r e v i e w , with a d d i t i o n s  to

i n c l u d e  more recent work.

I e i t h  (Ref. 30) and others analyzed the effect of emulsion

thi ckness on the optical characteristics of the reconstructed

image. ‘rhe se nsitivity of the ima ge to changes in the recon-

st ru ction wav e vector angle of incidence and in the recon-

struction beam wave length was determined from the scalar

K i r c h h o f f  diffraction int egral. A first-order perturbational

approach was u s e d  in which the diffraction integral was

reduc ed to a line integral. This inte gral was integrated

along a strai gh t line of continuous scattering centers. It

wa s sh o w n  t h a t  the integral solution was equivalent to a

first-order solution of the wave equation by a discrete

expa nsion in plane waves at the Bragg f r e q u e n c y . E x p e r i m e n t a l

ver ification of these pred ictions was also publ ished , but

no information about the diffraction efficiency was obtain ed.

Gabo r and Stroke (Ref. 15) solved the wave equation in

a pe r i od i c em u l s i o n  p ossi b l y  f o r m e d  by t h e  in t e r f e r e n c e  of

p l an e w aves , (i.e., a h o l o g r a p h i c g r a t i n g )  by us i n g  G re en ’s

fu nct i o n s  to y i e l d  an i n t e g r a l  equation. They obtained a

13
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fi rst-order solution by using the first Born approximation .

T h i s  y i e l d e d  i n t e r f e r i n g ,  s e c o n d a r y ,  s c a t t e r e d , s p h e r i c a l

wavelets from whi ch the angular and wavelength sensitivity

of t he h o l o g r am w a s  i n v e s t i ga ted.

‘rhe theo ry of Gabor and Stroke , as well as Lei th’ s ,

y i e l d e d  no d i f f r a c t i o n  e f f i c i e n c y  i n f o r m a t i o n  b e c a u s e  of

t he bas i c a s s ump t ion  t ha t t h e  i nc iden t l i gh t was  w e a k l y

d e p l e t ed by t he d i f f r a c t ion  p r o c e s s. For  h i gh d i f f r a c t i o n

eff iciencies (>95%) observed in modern holograms , the

i n c i d e n t w a v e  is  st r o n g l y  d e p l e t ed and th e o r e t i c al  a p p r o a c h e s

w h i c h  a l l o w  fo r  i n c i d e n t w a v e  d e p l e t ion  a re r e q u i r e d .

One such approach is to use the electronic computer to

solve the relevant electromagnetic equations accurately.

• Burckhard t (Ref. 3 and 4) has done this for the diffraction

of a plane wave from a sin usoidally stratified dielectric

ma teria l by an expansion in plane waves after a separation

of variables. The expansion was subs tituted into the wave

equa tion which yielded an infinite set of coupled wave equations.

By t r u n c a t i n g  th i s  se t , a ma t r i x. ei genvalue proble m was

ob tained . The solution was presented for both types of

elec tric field polarizations. It was shown that the

ampli tude of the diffracted wave has a maximum if the

recons truction beam is at the Bragg angle . The ampli tude of

the first-order diffracted wave was computed as a function of

-
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hologram thickness and dielectric modulation depth. It

was sh own that diffraction effi ciencies of 100% are possible

for the correct thickness and dielectric modulation depth.

Th is was possible because the theory i g n o r e d  l o s ses .

The basis of the Burckhardt approach is similar to the

general ized theory of Raman and Nath on the ultrasonic diffraction

of l ight (Ref. 38 and 39). An excellent modern review of

ul trasonic diffraction if given by Kle in and Cook (Ref. 20).

Many au thors (Ref. 21 , 3, 4, 8, 9, 10) have solved the problem

of the holographic grating by using the Raman-Nath approach .

In these cases , the wave equation is solved by expanding the

e l e c t r i c  f i e l d  in  t he m e d i um in  an i n f i n i t e sum of p l a n e

waves wh ich have phase terms which are spatial frequency

ha rm o n i c s  of t he B r a g g  frequency . Each harmonic corresponds

to a Fraunhoffer diffracted order and the approach leads to

a truncated set of coupled linear differential equations.

In all cases the equations apply to a dielectric holographic

g r a ti ng ( p o s s i b l y  l o s s y )  cons i sti ng of f r i n g e s  wh ic h m i g h t

have been formed ori ginall y from plane waves and illuminated

b y plane waves upon reconstruction.

If two of the wave equations considered in the Rannan-

N at h a p p r o a c h  are  kep t , i t is called coupled wave theory and

analy tical soultions are possible. Kogelnik (Ref. 21) used

coupled wave theory to predict the first-order diffraction

e f f i c i e n cy of an i d e a l , l o s s y , sinusoid al dielectric grating.

15
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h i s  i s  t h e  c l a s s i c  p a p e r  on the t h e o r y  of d i e l e c t r i c  gratings

~iud e x p l a i n s  the s e n s i t i v i t y  of hologram diffraction efficiency

to chan ge s i n  the angle of incidence of the reconstruction wa ce

vector and in the wavelength of the reconstruction wave.

The dif f r a c t i o n  efficienc y is related to the refractive ind ex

mod ulation and absorption modulation of the hologram.

I n the K oge lnik theory, o n l y two s i g n i f i c a n t  li ght waves

t i r e  assumed to exist in a sinusoidally modulated medium , an

in comin g wave and an outgoing wave. The assumption that these

sav es approximately obey the Bragg condition l i m i t s  the

v a l i d i t y  of the theory to thick holograms. The electric

f~~e1d at any point in the emulsion is taken to he the linear

Sli m of th e electric field of the two waves. This sum , when

substituted in to the wave equat ion , y ields two coupled second-

or der d i f f e r e n t i a l  equations which are linearized and

olve d  in clos ed form for the diffracted field am p l i t u d e .

The r esu lting general express ion is va1id for all types

of thi ck , i d e a l , holographic gra tings including cases of off-

Bragg incid ence , of l o s s y  g r a ti n g s , and of slanted fringes.

Th i s  classic theory is a simple technique to predict the

intensity and direction of the diffracted wave provided

ce r t a i n  c o n d i t i o n s  a n d  a s s u m p t i o n s  h o l d . Th es e a r e :

(1) n ear-Bragg angle incidence of monochromatic plane waves

p o l a r i z e d  perpendicular to the plane of incidence of the

ori g i n a l  o b j e ct and  r e f e r e n c e  be ams , (2) the hologram fringes

l i e  i n a p l a n e p e r p e n d i c u l a r  t o t he  p l a n e  of i n c i d e n c e

-l
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a n d  :~ r~ r e p m c 5 c -~~tc~ I b y a c o n s t a n t  f m - i n  &- -w 1t ~- c - ce c t or l~~in g

l i i  t I t  1 a tic ii f i n e I I & ’  r i c e  • t i m i d  ( 3)  t i c  mmmcd i nm i ii ;~ h i c h t h e

a c- c s  op a g i t e }t~ i s a s i n t i s  I d :1 I 1 y m ed u 1 c i t  c d  5 ci cc  i’o p a g o  t i on

c o n s t a n t  - N o  n c - n t  i o n  w a s  i n : i d e  as to h o .~ t l n c s c  : s s u n t p t  i o n s

i r e  m e t  i n  p r a c t j c c .

t a r r y i n g  t h e  c o u p l e d  w a v e  appr o’i c li one si  0 f’ urt h er , Ch a ng

a nod f e e  r g e  k e f .  5 , 9 , 1 0 )  S c  I c e d  f o u r  secend V o r d e r  c o u p  l e d

~‘S Ii vi 0h oat i o n u s  v I a ci c o m p u i  t o r )  i n ri e r  o C o n s  I d e e  ho log ra hI S

5:tiC h wc- m’ e t o o  t h i n  t o  m e e t  h b m . - b c a g g  c o t i i i t i o n .  so th a t t w o

c o a i ! c - i w O v e s  w e r e  n o  i o n s e r  : i c c t i r ; : t e .  T h e y  s o l v e d  f o r  t h e

f i  I - s t  , a i d  s e cond —o rd e r di ft r a t t e d  field a m p l i t u d e

. I t t  t h e  k i n m ; i n - 1 , - t t i i  f o r m u a l i s u n i  m o d i f  I ’ d  f o r  I t ’ s s v  d i e l e c t r i c

p . i ’ i o d i c  g r a t i n g s .  G r a p h s  w e r e  j - r c p a r e d  s h o w i n g  the d i f f r a c t i o n

e f f i c i e n c y  i n t o  rh r f i r s t - o r de r  v e r s u s  the index mod ulation

- 

I 
f o r  a r a n g e  o f  h i c k n e s s e s l i n d  l o s s e s  - E x p e r i m e n t a l  rc: so lts

en  i i  cd t ‘te t h e o r y .

h e  c e n t  l v  , Sc i  a n d  C a y  1 o r d  I R e  I - 4 1 )  h a~ - C \t ended t h e

c o u p l e d  w t m c’ e u p f l ! o t i c h  t o  cc m e t hod for d e t e r m i n i n g  t h e

i r h i t r c r v - o i ’d e r  d i f f r a c t i o n  e f f i c i en c y  of  t h i c k , l o s s l e s s

tran~~nt issi on g ratin g s wit h  arbitrar y periodic grating shapes.

Ih c i t i s , t h e i r  w o n ,  c o v e r s  i d e a l i s t i c  a n a l y t i c a l  g r a t i a g  s u c h

as sas - t o o t h  g r a t m n g s  (non—sinusoidal but s t i l l  i~e n V iodi c)

1 he fri l i f e p lanes were assa il ed t o  he p e r p e n d i c u l a r  to the

p l a n e  o f  in cidence.
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A l s o , iJ chida (Ref. 43) has analyzed a sinusoidal grating

w i t h  a n  i n d e x  mod ulation that expone mi ti all y decreases along

t he d i rec t i o n  pe rp e n d i c u l a r  t o t h e g r a ti ng v ec t or u s i ng

K og eli ik ’ s co upled wave theory. The general solutions of

t h e  c o u p l e d  w ave s w e r e  g iven for tnansmissiv e and reflective

holograms. The solutions were compared to the Kogeln i k case

i n wh i ch t he i n d e x  mod u la t i o n  was  a c o n s t a nt. K e r m i s h

has also d erived the expression for the diffraction efficiency

of a g r at i ng  wi t h a d e c r e as i ng e x p o n e n t i a l  i n d e x  of r e f r ac t i o n

(Ref . 19). These derivations were only valid at Bragg

angle reconstr uction.

Latta (Ref. 26 , 27 , 28) has used Kogelnik ’ s results to

form ulate a computer based analysis of thick , pe riodic

• holograms using ray tracing. This program allows for the

direc tion and relative phase of any ray to be calculated.

F u r t her , the program analyzed up to 5th-order aberration

e f f e c t s of h o l o g r a p h i c  op t i ca l e l e m e n t s . The p rogr am u s e s

• the K o g e l n i k  th e o r y  t o c omp ut e t h e  d i f f r a c t io n e f f i c i e n c y ,

h e n c e , it is limited to the same constraints as that theory.

Will iamson (Ref. 44), and to some extent Matthews (Ref. 32)

and  C h a n g  and G e o r g e  ( R e f . 8, 9), have considered the

e m u l s i on as a v o l u m e  of sm a l l , s i m i l a r , s i n g l e  p a r t i c l e

sca tterers (i.e., radiating d ipoles ) with a phase relationshi p

d e p e n d e n t u p o n  t h e i r  spa ti a l  r e l a ti on t o t he r e c o n s t r u c ti on

b e a m . W i l l i a m s o n  a s s u m e d  t he p o s i t i o n  of  e a ch  p a r t i c l e  w a s  a

random var iable with a three-dim ensional p r o b a b i l i t y  density

- 

- 
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f u n c t  i o n  of t h e  s a m e  f o r m  as  t h e  i n t e n s i t y  p i t t e r n  that wa s

recorded d u r i n g  the exposure . Il is work holds ri gorousl y

on 1) for pl anar f r i n g e s  f o r  w h  I c l i  t h e  p r o h a b  i i  I ty d e n s  i t  v

for- the position of a sc atterer a f t e r  processing is c o o r d i n a r c

s e p a r a b l e .  In such a c a s e , t h e  t o t a l  s c a t t e r e d  f i e l d  i s  t h e

p r o d u c t  of  t h e  t h r e e -  c o o r d i n a t e  i n t e g r a l s  f r o n m  cm l i n e a r

a r r a y  of  s c a t  t e r e r s  a l o n g  each c o o r d i n a t e .  P r o v i d e d  t h e

e f f e c t s  of p a r t i c l e  s i : e  a r c  n o t  i m p o r t a n t , t h e  s o l u t i o n  i s

equ ivalent to t h e  Kogelnik results . The te c h n i q u e  is more

p owerful iii that m u l t i p l e— e x p o s u r e s  ci m .c more easi l y  c o n s i d e r e d

A lso , the scattering theory ~ipp r o i c l~ a l l o w s  for the first

t i m e  the dim - e c t  inclusion of film paramete rs into the t h e o r y .

C a s e  ( R e f .  5) h a s  e x t e n d e d  I h e  c o u p l e d  w a v e  d i f f r a c t i o n

t h e o r y  t o  i n c l u d e  d o u b l e  e x p o s u r e  h o l o g r a p h i c  g r a t i n g s  f o r

the geometry in which the two g r a t i n g s  h a v e  a c o m m o n  c e n t r a l

Bragg angle. This theory i n v o l v e s  the solution of three-

coupled wave equ ations. Satura tion of the index m o d u l a t i o n

response to exposure is i n c l u d e d  in t h i s  t h e o r y  a n d  e x p e r i m e n t a l

measurements of this respon se for dichrom mca ted g e l a t i n  holo g ra r - s

were obtained.

The me thod of t h i n - g r a t i n g  decomposition , based upon

concepts used in coherent optics to tr eat pro p agation in

d i sc re t e sys t ems , was u s e d  b e  A l f e r n e s s  a s  an approach to the

w ave propagation in per iodic modulat ed media (Ref. 1). I n

t h i s  me t hod , thin gratings were used as  b u i l d i n g  b l ocks in

order to determine the response of th icker g r a t i n g s .
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l i i i ’ a p p r o a c h  w a s  s i m i l a r  t o  t h a i t o f  l i l l i a m s o n .  In the l~ i l l i c m r c o o n

hee ry , t h e  b u i l d  i m m g  b b c  k w a s  t h e  ii l I f n a c  t cii f i c l i i  i m p  l i t  t i d e

I ron a s I n~ 1 e p a r t  i c 1 e , I n t lie -\ I f e r n e  s s t h c o  ry  t h e  bu i I di ng

b l i t  c i~ as t he ~l i  I I r a e  ~ cl I i  e 1 d amp  1 i t u do of a t h i  n g ra t i n g -

-\s a c o n s e q u e n c e , t h e  A l  f e r n e s s  t h e o r y  of  t h i n — g r i t  i m i g

d e c o m p o s i t i o n  w a s  l i m i t e d  t o  p l a n a r  f r i n g e s .  T h e  c o n e d - I t t

0 1  p r o p a g a t i  on in a medium s w i t h  n o n _ u n i f o l V m m o d u l c i t i o n

w as t n- c i t e d  i s  a s e q u e n c e  of t h i n  g m - ci t i m i g c ~ e a c h h a v i n g  ci

c o n s t a n t , h u t  s l i g h t l y  d i f f e r e n t , i n d e x  m o d u m l i t i o n .

R e c c n t l , K n g e l n i k  h a s  c t n a l y : u d  t h e  w a v e l e n g t h  s e l e c t i v i t y

o f  r c • f l c -e ~ i o n - g r a t i n g s  t h a t  h a v e  a s l o w l y  v a r y i n g  m o d u l a t i o n

o r  f r i n g e  s p a c i n g  ( R e f .  2 2 ) .  I l l s  i n t e n t  w a s  t o  d e t e r m i n e

m o d u l a t i o n  P r o f i l e s  t h a t  c a u s e  su p ~~ressinn of t h e  h i g h

s i d e l o b e s  c h a r a c t e r i s t i c s  of  r e f l e c t i o n  g r i t  i n g s .  S u c h

s u p p r e s s i o n  i s  si gnificant in a p p l i c a t i o n s  i n  w h i c h  w a v e l e n g t h

r e j e c t i o n  i s  cm c o n s i d e r a t i o n . l I e  sh o w c - c l  t h a t  t h e  c o u p l e d  w a v e

eq ui  t i o n u s  r e d u c e  t o  ci s i n g I e ii on  -- Ii n o  ci r R i  c c a t  i eq na t i on is Ii 1 c h

m u s t  h e  - c i l i m a t e d  n u m e r i c a l l y .

I n  c o n c l u s i o n , i t  e o n  be s a i d  t h a t  • m l l  p u b l i s h e d

t h e o r i e s  o f  h o l o g r a p h i c  d i f f r a c t i o n  t o  d a t e  h a v e  b e e n  l i m i t e d

i n  t h e i r  a p p l i c a b i l i t y  t o  d e s c r i be  t h e  t o t a l  h o l o g r a p h i c

l r n c e - s s .

S o m e  t h e o r i e s  h a v e  a d d r e s s e d  n o n - u n i f o r m  m o d u l a t i o n

( R  1. 13 , 19 , 2 2 ) , h u t  t h e s e  t h e o r i e s  h a v e  m i n t  cc i c i t e d  t h i s

n o n — u n i l o n m n  i n d e x m o d u l ;m t i o n  to t h e  c o n s t r u c t i o n  g e o m e t r y

o r  t o  t h e  i h s o r p t  i o r m  i n  c e c i l p h o t o g r a p h i c  m a t e r i c i  I s .

21)
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O t h e r  t h e o r i e s  h a v e  a d d r e s s e d  the  p o l a r i z a t i o n  of the

c o n s t r u c t i o n  and  r e c o n s t r u c t i o n  w a v e  ( R e f . 22 , 2 8 ) ,  but

t h e s e  t h e o r i e s  h a v e  been  l i m i t ed to p l a n e  of i n c i d e n c e

r e c o n s t r u c t i o n .  A l s o , t h e  r e l a t i o n s h i p  of the  p o l a r i z a t i o n

of the  d i f f r a c t ed l i ght to the incident wave polarization

and w a v e  v e c t o r  has not  been  a d d r e s s e d  by t h e s e  t h e o r i e s .

C h a n g  and C a s e  h a v e  a d d r e s s e d  the s a t u r a t i o n  e f f e c t s  in

d i c h r o m a t e d  g e l a t i n , but  have  not  i n c l u d e d  the  e f f e c t s  of

n o n - u n i f o r m  i n d e x  m o d u l a t i o n  ( R e f .  6 , 5 ) .  No t h e o r y  has

a d d r e s s e d  the  i n h o m o g e n e i t y  of the  b u l k  r e f r a c t i o n  i n d e x

in  h o l o g r a m s  made f rom m a t e r i a l s  l i k e  b l e a c h e d  s i l v e r

h a l i d e  e m u l s i o n s .

W i l l i a m s o n  has  been  the o n l y  au thor  t h a t  has a t t e m p t e d

to r e l a t e  the  d i f f r a c t i o n  e f f i c i e n c y  to  t he  p h o t o g r a p h i c

p r o p e r t i e s  of the  e m u l s i o n , the c o n s t r u c t i o n  g e o m e t r y ,

and  e x p o s u r e  l e v e l .  H o w e v e r , h i s  t h e o r y  was  l i m i t e d  to

plan ar fringes because of his use of the array theorem

(Ref. 44).

( 21
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G E N E RA ! .  Vl I I L O R Y  01 T I l E  H O L O G R A P H I C  l E N S

The derivation of a set of two coupled w a v e  e q u a t i o n s

w h i c h  d e s c r i b e  t h e  p r o p a g a t i o n  of  t h e  diffracted li ght w i t h i n

a hologra p hic len s is p resented in this chapte r .

The derivation starts w i t h  the v e c t o r  w a v e  e q u a t i o n

for an inhomogeneous , isotrop i c medium. The electric field

a m p l i t u d e  w i t h i n  the medium is taken to he the linear sum

of the in d i v i d u a l  e l e c t r i c  field ampl itudes of the Fraun-

hoffer diffracted orders . Thi s sum is substituted into the

vector wave equation and results in an i n f i n i t e  se t  of

coupled wave equat ions. A justification for the truncation

of th is i n f i n i t e  set of coupled wave equations to a set

of only two coupled wave equations is g iven. These two

simulta neous , linear , first-order pa rtial differential

equa ti o n s w it h va ri a b l e  c o e f f i c i e n t s a r e  s o l v e d  i n Ch ap t er I V

using the JWKB approx imation.

A . Deriva tion of the Coupl ed Wave Equations

The proce ssed holographic lens medium is considered to

he  l o c a l l y  i so t r o p i c , i n b o m o g e n eous , and non-magne tic. It

i s  i s o tr op ic  b e c a u s e  any  st r e s s e s  or st r a i n s  p r e sen t i n  t he

h o l o g r a p h i c  r e c o r d i n g  m e d i u m  a r e  r e l i e v e d  b y t h e p r o c es s i n g .

Al though it is recognized the photochemically i n d u c e d

s t r e s ses  a n d  s t r a i n s  a r e  i n l a r g e  p a r t r e s p o n s i b l e  f or th e

forma tion of crackin g along fringes in ~l i c h r o m a t ed g e l a ti n ,

-
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it is assumed that this pro d-ess does not i n d u c e  any hulk

antisotro py (Ref. 1 1 ). The m e d i u m  is inhom noegneous since

the bulk op t i c a l  index a n d  the index m o d u l a t i o n  decrease

w i t h  depth throug h the emulsion ,

The time independent wave equation for monochromatic

li ght in such a medium is g i v e n  by

~~ ) + k ~ ( r ) F ( r ) ~~~
1 ( ~~ (

~~) •
~~

(
~~)=~ ( I )

and the wave propagation coefficient , k(r), i s  d e f i n e d  b y

the equation

k2 r ( ~~)w 2 
. w o ( r )

(r)— c2 
— 1  ( 2 )

and l~(~~) is the electric field amplitude in the medium.

and o(i~) are respectiv ely the dielectric constant and

the conductivity of the medium. The coordinate system ,

g eome t r i c a l  co nv e n t io n s , p hysical units , and the derivation

of Eqs (1) and (2) from Maxwel l’ s eq u a ti on s a r e  p r e s e n t ed

in App endix A.

The first two terms in Eq (1) represent a descri pt ion of

wave prop agation according to the laws of geometrical optics

and scalar diffrac tion theory. The third term describes the

effec ts upon wave propagat ion of p o l ar i z at i on  and  i s

s i g n i f i c a n t i f  ~~ n c(i~) is of the order of k(r). This occ tmrs

i n  reg i ons  of h i gh op tical index gradients or near edges.
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In the n ext few par agrap hs ,V~~n c(r) is shown to be of  l i t t l e

s i gn ificance in a holographic medium.

Th e polarization term is small compared to the other

terms and w i l l  he i gno red. The justif ication of that

statement is based upon the fact that the maximum variation

in the dielectric constant occurs from fringe to fringe.

If the s lower gross variations in dielectric constant

• with position are ignored temporarily, the dielectric

co nstant for an ideal sinusoidal holog ram as derived

by Koge lnik is valid (Ref. 21). It is g i v e n  by

(~~) = c + ~ cos~ (~~) ( 3 )

w h e r e i s the  a v e r a g e  b u l k  d i e l e c t r i c con s tan t ,~~1 
is the

amp l it ude  of the d i e l e c tr ic  m o d u l a t i o n  and ~(~~) i s the  p h a s e

d i f f e r e n c e  be tw e e n  the  o b j e c t a n d  re f e r e n c e  w a v es i n

construction. It is assumed that r
1

c 0. T ak i n g  the

natural logarithm of Eq (3) one obta ins

1nmc (~~) tnE +fn (1+ - cos~~( r ) )  ( 4 )

s i n c e c
1
<< a , the approximation tn (l+x )~~x for x<< 1 is valid

a n d  Eq ( 4 )  b e c o m e s

C l
~n t  (~~) ~- f l C  + C O S  ~(r) ( )

-‘ ~~~~~~~~ ~~~~~~ ~~~~~~~~~~~ ~~~~~~ 
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I em’ e n o r’ e - t h e  m~a di e m i t  o f ~ in ( m  ) cl f) e a u I n g 1 n I q ( 1

i s  g i c mi y

V V

- - n ( r )  — s i n  ( ~( r)) - ~ (r) ( t-

l’hi e g o i t r i : c i t i o m i  te rn i Lu I - q  ( 1 )  can safel y he i g n o r e d , i f

- 
, ( f l i  (~~

)
< < 1  ( 7 )

k ( r )

the conductivity . , r e p r e s e n t i n g  t h e  l o s s e s  i n  t h e

p rocessed hologram s , appearing in Eq ( 2 ) ,  i s  s m a l l  f o r

typ i c a l  h o l o g r a p h i c  n a t e r i a l s  a n d  c a n  be  i g n o r e d  in t h i s

a n a l y s i s . t h e r e f o r e , t h e  w a v e  p r o p a g a t i o n  c o e f f i  c i  c o t

d e t e r m i n e d  f r o m  E q s  ( 2 )  a n d  ( 3 )  i s

k ( r ) = 
~~ [ 1  + -

~~ 
co s :- (~~)] 5)

w h i c h  c a n  h e  a p p r o s i m n a t e d  f o r  u s e  i n  Eq ( 7 )  s i n c e  c 1
< < a a s

- V k (~~~ ~~~~~~~~~~~~~~~~~ 
( 9 )

S u b s t i t u t i o n  of E qs  ( 6 )  a n d  ( 9 )  i n t o  Eq ( 7 )  y i e l d s

A o L !  i t O  ~ ; - (

- --- -- -- -—~~~~— - - — 
- 

-

k ( i~) 2 ~~ 
) A ’~

2 5
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u s i n g  t h e  f a c t  t h a t

sin ~~( r )~ - 1  ( 1 1 )

ci nd

= I~ ( r )  — 
2 5 ( 1 2 )

Shere h i s  the f r i n g e  w a v e  v e c t o r  normal to t h e  f r i n g e s  of

t h e  h o l o g r a m , a n d  ‘ i s  t h e  s p a c i n g  between fringes , the

inequality (10) becomes

C l  (1 3 )
______ 

<< 1
A~~~ 372
Ii a

I h e  mn i n i m n u m n  v a l u e  o f  A i s i~A o , th e r e f o r e , Eq ( 13 ) in  the

w o r s t  c a s e  i s

2 c~ ( 1 4 )
- - 

- 

_
~~~

_ ___

~7~ 
< < 1

a

Eq ( 1 4 )  i s  a l w a y s  t r u e  f o r  h o l o g r ap h i c  ma te r i a l s  s i n c e

due  to  l i m i t a t i o n s  i n  t h e  p h y s i c a l  p r o c e s s e s  u s e d  t o

-

~~~~~~~ 

m o d u l a t e  t h e  d i e l e c t r i c  c o n s t a n t .  F o r  e x a m p l e , t h -~ m o s t  h i g h l y

m o d u l a t a b l e  h o l o g r a p h i c  m a t e r i a l  k n o w n  to  d a t e  is  d i c h r o m a t e d

ge l a t i n , f o r  w h i c h  ( R e f . 6, 7 )

( 1 5 )
I = . 2
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hi mid

= 2 . 2 5  ( 1 6 )

Based upon the above analysis , the third term in Eq (1)

w i l l  be ig nored and the vector wave equation becomes

g 2~~~~~~
(

~~~~~) ÷~~~ 2 (j l)~~~~~
(

~~~~~
) = 

( 1 7 )

The e l e c tr ic  f i e l d  in s i d e  t he e m u l s i o n , as a r e s u l t

of the sup erposition princi p l e , is take to be the linear

sum of the individual complex electric field amplitudes

of t he F r a un h o f f e r  d i f f r a c t ed o r d e r s

- I 14n ( r ) .
~ mE( r) = Z V ( r )e  e (18 )

m

is a uni t pol arization vector of the mth diffracted

order and is derived in Appendix H. V ( ~~) i s  the am p l i tude

of the m th d i f f r a c ted w a v e  and  
~ m 

is the associated phase.

— 4m 
is g i v e m  by the equa ti on

2 

~m ~~~~~~~~~~~~~~~ 
( 1 9 )

is  t he  p h a s e  d i f f e r e n c e  b e t w e e n  the  o b j e c t  and r e f e r e n c e

w a v e s  d u r i n g  c o n s t r u c t i o n , and 
~c2 (~~ 

is  the p hase of t h e

incident reconstruction wave.

In Appendix B it is shown that the wave propagation

c o e f f i c i en t , k ( ~~), f o r  a h o l o g r a p h i c  l e n s  is d e s c r i b e d

- 

- 
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h~ t he  e q u a t i o n

k (~~) = k2 (r)+k2 (~~) c o s  ~(~~) (20)

f o r  w h i c h

p ( r)
~~~r

_
~ o ( 2 1 )

k 2 (i) 
is rel~c ted to the bulk optical index of refraction

and  a b s o r p ti on o i th e  p r o c e s s e d  e m u l s i o n , k
1 (~~) 

is rela ted

to the depth of index and absorption modulation in the

proce ssed em ulsion. If there is mo hologram , then  k
1

0.

The spec ifi c equations for k 1, k-
2 

and  ~~(~~~) a r e  in

Appen dix B . Substitution of Eqs (18) and (20) into

Eq ( 1 7 )  y i e l d s

V 2[~ Vm e
l
~~
m 

~vn J +

{k
2 (~~) + k 2 (~~)cos~~~~)][EV m e~~~

m êm] = 
( 2 2 )

The terms in Eq (22) can be evaluated individually

H as follows. Expanding the first term y i e l d s ,

V 2[ Z V ( ~~) e~~~m é 1~~ (23)

E V 2 (V m (~~) e 1 
~
‘m )e +rv m (;)e

1
~~m (v 2 em )

22
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T h e  l a s t  t e r m  i n  Eq ( 2 3 )  i s  n e g l i g i b i t -  s i n c e  v a r i a t i o n s

i n c  w i t h  r e s p e c t  t o  p o s i t i o n  a r e  s m a l l  b e c a u s e  t h e

m e d i u m  i s  i s o t r o p i c .  Continuing the expansion of Eq ( 2 3 )

y i e l d s . -
- : - - 2

v ‘ ‘ m~~ =- ~ m e ‘1- m
In

e m [2 i~~V m . m + t V m ( 1 2 
~m +j ( ~ ;~~ )} cnn ( 2 4 )

where se cond-order gradients of amplitude have been neg lected-

T h i s  is al l o w a b l e  s i n c e  t h e  g r a d i en t s of ph a se a re l a r g e

c o m p a r e d  t o g rad i en t s of a m p l i t ude .

T h e  s e c o n d  te r m i n Eq (2 2 )  i s e x p a n d e d  as  f o l l o w s :

i-i k2 r i~t —i) ~ i~e m~ + —---i- I ~ (e +e )V  e me =

: m m  m 2 ~ m m m

~~in k 2 r  i (~+~ ) -i (~ -~
k~~ V e  e +  ‘ I ~~~(e 

m
~~~~~ + m V~~~~)s u m  m - -

f lm  m m  m m  ( 2 5 )

T h e  d u m m y  v a r i a b l e s  m a y  be r e d e f i n e d  i n  t h e  l a s t  p a r t  of

Eq (25) by use of the equations

~m+1 ~m ~~ 
(2 6)

- 
-
~~ 

~m-1 ~m ~~ (27)

By us i ng Eqs (26) and (27) in the equation for the second

term in Eq (22), one ob tains ,

[ k
2 + k2 coS~~~[~~

Vm e
1$m

êm] k2 lV m e
1
~~
mém ~

k~~~~~(e
1 

~~V m÷ i êm+l +e~~~
m V m ... 1êm _ l )] ( 2 8 )

2 
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I n s e r t i n g  Eqs  ( 2 8 )  and ( 2 4 )  i n t o  E q ( 2 2 )  and c o l l e c t i n g

c o e f f i c i e n t s  of  e q u a l  p h a s e  t e r m s , i t  i s  f o u n d  t h a t

e +

( 2 9 )
k

V L  [V f m4V lem+l+Vm l ém...l I = 0

w h i c h  i m p l i es ,

r -+
I ~V ( r )

L ~~ + V ( ~ ) C ( ~ ) e Q ( ~ ) [V~~ 1(uc)e~~ 1(~) em i l (30)

C (~~) = 
-i  [ k~~~~) m ) 2 +1~~~~m 1m 2 L ~~ m ~ j ( 3 1)

I k-~(~)Q (r)  = , m 0 ,+1,+2 , . . . +
— 

( 32)

The d e r i v a t i v e s  of V m w i t h  r e s p e c t  to  x an d y h a v e

been  d e l e t e d , s i n c e  t h e y  are s m a l l  c o m p a r e d  to  th e

d e r i v a t i v e  of V~ w i t h  r e s p e c t  to z .  T h i s  i s  j u s t i f i e d

p h y s i c a l l y  by the f a c t  tha t  h o l o g r a p h i c  d i f f r a c t i o n

e f f i c i e n c y  is p a r t i c u l a r l y  s e n s i t i v e  to h o l o g r a m  t h i c k n e s s ,

but v a r i e s  s l o w l y  in  the x , y d i r e c ti ons  a c r o s s  t he

s u r f a c e  of the  h o l o g r a m .

The  ph y s i c a l  s i g n i f i c a n c e  of t he  c o e f f i c i e n t  C m (
~~)

- V 

i s  more c l e a r l y u n d e r s t o o d  by a s s u m i n g  t h a t  
~~~~~~ 

e q u a l s

z e r o  for  the  m o m e n t .  U n d e r  such  c o n d i t i o n s , the  s o l u t i o n

to Eq ( 3 0 )  b e c o m e s

f d C m ( x , y , z ) d z
V ( d )  = V ( o ) e  ° ( 3 3 )

30
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I f  C m i s  w r i t t e n  a s t he  s u m  of r e a l  p a r t  ( R [ C ~~l )  a n d

an i m a g i n a r y  p a r t ( I [ C ~~]), Eq ( 3 3 )  i s  w r i t t e n  as

V ( d )  = V ( o )  e 
C m ( l  

~~~~~~~~~ 
( 3 4 )

I t  i s  c o n c l u d e d  f r o m  Eq ( 3 4 )  t h a t  R [ C m ] r e p r e s e n t s  t h e

a m p l i t u d e  l o s s  c o e f f i c i e n t  of the  m t h  d i f f r a c t e d  w a v e

and that I[C
~~

I represents t h e  a s s o c i a t e d  p h a s e .  I f

C ( i~) is a cons tant , t hen  the i mt e g r a l s  i n Eq ( 34 )  a r e

eas ily performed and R E C m I and I[C m ] reduce to the con-

ven tional definitions of ampl itude loss coefficient and

of p h a se , respec tively.

The  p h y s i c a l  si g n i f i c a n c e  of i s  in t e r p r e t ed d i rec tl y

from Eq (30). If Q is not zero , then there is a coupling

of energy be tween the c omplex ampl itudes of the mth diffracted

wave and the adjacent rn-i th and mi- i th waves. Therefore ,

is in terpreted as a coupl ing coefficient representin g

in some sense the magnitude of the coupl ing between the

w a v e s  as they  p r o p a g a t e th r o u g h the h o l o g r a m .

In the next section , a more de tailed discussion of

the p hysi ciL i si gnificance of C
~~
(ri and 

~~~~~ 
is p r e s e n t ed .

B. Phys ical Interpretation of the Coefficients of Coupled Waves

The coupled waves represen ted by Eq (30) have been

derived by an expans ion in spherical waves representing

the order of Fraunhoffer diffraction by a holograp hic le ns.
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I b i s  e \ p ~m n s i ~ tn i s s i m i l a r  to an expansion in plane

~~I~~es  d e scribed b y Klei n and Cook (Ref. 20) for ultrasonic

d i f f r a c t i o n  o1 l i g h t .  In the case of the holographic

ten s , an exp a n sion i n  s p h e r i c a l  waves is more physically

a p p e a l i n g  since the diffracted waves propag ate as spheric al

w a v e s . i h e  interpret — ition of the coefficients C
m and

c a n  be adapted from the work of Klein and Cook with

m o d i f i c a t i o n s  i n  s y n t ax  f o r  t h e h o l o g r a m .

B y  o b s e r v a t io n of t he r i ght hand side of Eq (30), it

is clear t h a t  o n l y a d j a c e n t  m o d e s  ( d i f f r a c t i o n  o r d e r s )

c o u p l e  e l e c t r o m a g n e t i c  e n e r g y  d i r e c t l y  b e t w e e n  e a c h

o t h - -~~. This is shown schematically in Fi gure 2. An arrow

sl oping upward repre sents a coup ling or transition of

en e r g y  f r o m a l o w e r - o r d e r  mode  to  a h i g h e r - o r d e r  m o d e .

An a r r o w  s l o p ing downward indicates a transition of

e n e r g y  f rom a h i g h e r - o r d e r  mode  to  a lower-order mode. A

hor i zontal arrow repre sents no coupling of energy.

Fi gure 2 indicates that according to Eq (30) energy cannot

t r a n s i t i o n  t o a h i gher-order mode wi thout first havin g

bee n through its adjacent lower -order mode. The zero

orde r mode represents the incid ent light.

T h e  a m o u n t of e n e r g y  t r a n s f e r be tw e e n  a d j a c en t

m o d e s  d e p e n d s  u p o n  the m a g n it u de  of the two c o e f f i c i e n t s

in Eq (30), Cm and  Q .  
~m 

depends on k~~, w h i c h  i s  r e l a t ed

to the amount of index modulation and absorption modulation

p r e s en t i n  t he p r o c e s s e d  h o l o g r a p h i c l e n s . The  a m o u n t
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K e y :  - m =  0

~~, -6 
1 h z  2 - ~ z 3h z  4 h z  5h z

I N ( : R E M E N I  OF T I - l J C ~~N E S S  I N T O  H O L O G R A M

J F i g u r e  2. Schematic of Co upling Order
The arrows represent merely the t r a n s i t i o n  of energy to a n
adj acent order as indicated by Eq (30) . The ordinate
repres ents the order of Eraunhoffer diffraction into w h i c h
en e r g y  is coupled. The a b s c i s s a  is the incre nment of
thickness into the hologram .
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o~ mm i o d u l a t i o n  d e t e r m i n e s  the stre ngth of adjacent mode

c o u p l i n g  an d  nm u st he non—zero if a ho l o gr cmnm i s  t o  e x i s t .

As a cons equence , Q is c a l l e d  the ‘ c o u p l i n g  coefficient ” .

l t
V Q i_ s t o t a l l y  im n ag im a rv , the hologra n . is an  i n d e x

m o d u l a t i o n  or “ p h a s e  h o l o g r a m ” . I f  
~m 

is t o t a l l y  real ,

then the ho lo g ram is an “absorption hologram . If Q has

r e a l  a n d  i m a g i n a r y  p a r t s , i t  i s  c a l l e d  a “ m i x e d  h o l o g r a m ”

( se e A p p e n d i x B)  -

C m m a y  a l s o  be b r o k e n  i n t o  it s c o m p l e x  p a r t s a s

previously described . I [C ], the imag inary part of C
m~

r e p r e s e n t s  t h e  p h a s e  s y n c h r o n i z a t i o n  p a r a m e t e r  b e t w e e n  t h e

diff racted orders. Since the various modes propagate in

d i f f e r e n t d i re ct i o n s , two adjacent modes can remain in

phase synchroniza tion only over very short distances

u n l e s s  s p e c i a l  g e o m e t r i c a l  c o n s t r a i n t s a r e  o b e y e d . Th es e

con straints wi l l  be  d e r i v e d  out of the p h a s e  s y n c h r o n i z at i on

co ncept and it is shown in Appe ndix B that this is e q uivl ae nt

• t o  t h e  B r a g g  c o n d i t i o n .  D i f f r a c t i o n  m o d e s  w i t h  t h e  s a m e

v a l u e s  of I [ C ] a r e  in  p h a s e  s y n c hr o n i z a t i o n  in  s p a c e  a n d

t i m e  as t h e y  p r o p a g a t e .  U n d e r  the conditions of phase

s y n c h r o n i z a t i o n  e n e r g y  i s  c o n s t r u c t i v e l y  t r a n s f e r r e d  d i r e c t l y

b e t w e e n  t w o  a d j a c e n t  m o d e s .

The R [ C ] ,  t he r e a l  p a r t of C
m~ 

r ep r e s e n t s a n  am p l i t ud e

l o s s  c o e f f i c i e n t  w h i c h  a c c o u n t s  f o r  a l l  l o s s e s  a n d  g a i n s

occurring to the mth mode. It contains terms representing

the absorption of the wave by the medium a n d  the divergenc e

3) 4
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of the sp h e r i c a l  wave which m n i a y  c o n t r i b u t e  to an incr c- a se

i i i  i n t e n s i t y  in the case of a converg ing wave or a decr eas e -

in intensity for a diverg i n g  w a v e.

Th er e f o r e , t h e  coefficients in Eq (30) have real physical

si gnificance when described in the context of a holograp hic

lens. But , Eq (30) is an in f i n i t e  set of coupled w aves a n d

cannot be solved in closed form. It is not soluble even

on a computer without truncation. In the next section , a

p h y s i c a l  an d m at he m a t i c a l  a r g u m e n t f o r r e d u c in g th e  nu m b e r

of coupled equations to be solved to two is presented based

upon the interpretation of the coefficients just discussed.

Th is wi l l  allow a closed form approximate solution to be

obtained.

C. Justification for Truncation to Two-Coup led Waves

Kogelnik used a theory including only two-coupled waves

to describe the diffraction from a thick , un iformly,

si n u s o i d a l l y  m o d u l at ed m ed i um , but he did not justif y his

mathemat ical choice ri g o r o u s l y  ( R e f . 2 1 ) . Th i s s ec ti on

-~~~ cont ains a justification for the use of only two-couled waves.

To di gr ess briefly, f o r  B ra g g  t ype  h o l og r a m s , the diffrac-

. 1  tion efficiency be tween the zero order and m=- l diffracted

o r d e r  i s  e x p e r i m e n t a l l y  f o u n d  t o  be l a r g e  ( > 9 5 % ) .  T h i s  i n

i tself suggests the use of only two coupled waves to describe

the diffrac tion process since l i t t l e  energ y is coupled to

other orders. However , a f u r th e r  an a l y s i s  of l [ C m ]lead s
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Ci hi flh) m e  a ec u  i-a t e p l iy  s i c a 1 u ode r s t an LI j u n g ~) t w ii V 00 1 y t sr

e~4u;i t ions m ieed to he- re-ta m e d  in t h i c k  holograms.

Flie t m j m i s f e r  of enem - g~ froi mi the e x i s t i n g  zero—order

mode (the inc i d e n t  reconstruction w-i~~e)  c a n  on ly  o c c ur

i n i t i : l l  i n t o  t h e  m=+ l orders as has previously been argued

by o n ~ s e r v a t i on  of  t h e  form of  E q ( 3 0 )  ( s e e  F i g u r e  2 )  . I n

o r d e r  t h a t  t h i s  o c c u r e f f i c i e n t l y , p h a s e  s y n c h r o n i z a t i o n

b - t h - ~~V en the modes must occu r. If the energy is to remain

conf in e d between the zero-ord er mod e- and one or the other

of the nl = -1- l modes , then another physical c o n d i t i o n s  has to

oecu i- . Ihe h i g he r-order modes must be s i g n i f i c a n t l y  out

o f  p h a s e  s y n c hr o n i z a t i o n  w i t h  t h e  m = O , a n d  m = - l  m o d e  or

the :n~~+l nod e , so that energy is not transferred to them.

T h e  c o n d i t i o n s  f o r  e f f i c i e n t  t r a p p i n g  o f  e n e r g y  b e t w e e n  t h e

m = 0  a n d  m~~-l modes is shown i n  T a b l e  I

T A B L E  I
V CONI IF IONS FOR TRAPPIN G OF ENERGY BETWEEN THE m n= 0 and m~ -1 -

M O D E S
• (0 = hologram thickness)

1.  Q d , Q 1 d~~0 ( T h e  t r i v i a l  c o n d i t i o n , s o m e
m a t e r i a l  m edium modulatio n
e x i s t s )

- - 2 .  ( a )  ( P h a s e  s v n c h r o n i : a t  i o n  h e t w e e m i

I [C I - [C d<< two o r d e r s  - t h i c k  g r a t i n g )
0 - l

or (h)  (No dephasing e x i s t s  o v e r  the
l E G  ] - l [ C  ] I d < < i -  t h i c k n e s s of the  h o l o g r a m  a n d

a l l  m o d e s  a r e  in p h a s e  - t h i n
g r a ti n g )

3. I [ C o J _ I I C m f l d > >  ii ( A l l  h i g h e r  ord e rs r a p idl y
desy nchronize - thick grating)

- 

(
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If conditions 1 , 2a , and  3 e x i s t , t h e n  a l l  o r d e r s  e x c e p t

r n = 0 , - l  d e c o u p l e rap i d l y  b e c a u s e  of p hase desynchroniza tion.

E n e r g y  i s  t r a n s f e r r e d  f r o m  the z e r o  o r d e r  m o d e  t o  t h e

m = - I  order and back and forth throughout the thickness

of the material as shown schematically in Fi g u r e  3. The

en ergy is in effect trapped between the first two adjacent

m odes .

1~m= + 1
K e y :  ~ m= 0

~m= -i
C

~ - 5
4 — — — — — — -  

2 E n e r g y  in  Hi g h e r  O r d e r s

1 Rap i d l y  D a m p s  Ou t 
-
— 

-

_  

4
-

-2  — — -
~~~

--- 
~~~~~~~

-‘-> __VVV:—4~ ~~~~~~~ -~~~ ~~~~~~~~~~

V 

~~~~~~~~~~~ 

— — —  
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— _ — __ _

~ -5 — —  — —  — — — — — —— - .

- I I I I
V 0 1hz 2 h z  3h z  4 h z  5h z  6h z

0
I N C R E M E N T  OF T H I C K N E S S  INTO H O L O G R A M

Fi gure 3. Schema tic of Energy T r a p p ing be tween m=O ,m = - l Modes

.( 
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T h e  conditions for e f f i c i e n t  energy transfer between the

f i r s t  two mm iodes h o l d  for a holograp hic l ens when the recon-

struction wave vector is along or near the original reference

save v e c t o r .  (It a,’so occurs near the object wave vector.)

Th is may be seen by analysis of the I[C m IfOF reconstruction

near the ori g inal reference wave vector.

Re call Eq (19), rewr itten as

~c2 ~~~~r2 ~~o2) ( 3 5 )

where p 2  is the phase of the zero-order reconstruction beam.

The  su b s c r i p t 2 refers to the phases inside the hologram

em ulsion according to the convention in Appendix A. By

taking the gradient of Eq (35), t he f o l l ow in g equa ti ons

a r e ob t a i n e d

~ ~m c2 + m ( \ ~~~2 ~~~o2~ 
( 3 6 )

or

k ( ~ ) = + m r 2 o2~~~~ 
( 3 7 )

Eq (37)bis obtained , becaus e the gradient of the p h a s e

i s  t h e  w a v e  p r o p a g a t i o n  v e c t o r . is the wave — prop agation

v ector of the mth diffracted mode. One can write the

reconstruction wave vector as the vector sum

38 
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k~ 2 = k 2 + (3 8 )

w h e re ~repre sents any changes of the recon struction wave

vector froni that of the ori g inal reference w ave vector.

T h e s e  ch an g e s  m a y  ar i se f rom ( 1 ) a n g ul a r pos i ti on ch an~~~s

of the reconstruction wave vector; (2) wavelength chang~~~,

(3) optical index changes of the emulsion due to processi\g ,

and (4) radi us of curvature changes of the reconstruction

wave from that of the reference wave. Substitution of

Eq s ( 3 7 )  and ( 38) i n to Eq (3 1 ) y i e l d s

Cm (~~
) i [ 

V .([m+l
~~k 2

_ rnk 9+ .) +k 2

n] +
[(m+1)k r 2 _rn kn 2 +‘~ l~~z

i I_ ——---- 

-* 
V ( 39)

L [ ( m+1)kr7_mko2+~]~ & - 
J

• w h e r e  i t  h a s  b e e n  a s s u m e d  i~ ‘i ~ =i ~ .i~ ~ 
.
~~~ ‘k ~ ( r )r 2  r 2  o 2 o2  c 2  c2  2

T h e  i m a g i n a r y  p a r t  of C m r e d u c e s  t o  t h e  f o l l o w i n g  w h e n  t~~O

( i . e .  w h e n  r e c o n s t r u c t i o n  i s  n e a r l y  i d e n t i c a l t o t h e

c o n s t r u c t i o n  co n d i t i o n s )

rk 2 (1_ (m+l) 2 _m2 ) - 2m(m+1)i~ .i~
I[C J 

2 

~~~~~~ k
2 

- m 
~~~~~ 

r2 
02] (40)

-

~~~~~~~~ 39

- 

~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ ~~~~~~~~~~~~~~~~~ V-~~~V- __
-
_ iV_ 

~~~~~~~~~~~~~ V • - - VV— —



Fro m Eq (40) is it possible to show the c o n d m t i o n s  for

trapp ing of energy b etween t h e  m = 0  b i n d  m = - l  o r d e r s  as

enunmerat ed i n  T a b l e  I hold f o r  a thick hologra m for recon-

st ruc t ion  a l o n g  or n e a r  th e ref e r en c e  w a v e  v e c t o r .

The first condition in Table i is the t r i v i a l  c o n d i t i o n

t ha t some fo rm of m o d u l a t i on  m u s t ex i s t i n t he  e m u l s i o n.

T h e  s e c o n d  c o n d i t i o n  in  T a b l e  I i s  t h e  p h a s e  s y n c h r o n i z a t i o n

c o n d i t i o n  b e t w e e n  t h e  m = O  a n d  m = - l  o r d e r s .  T h a t  c o n d i t i o n

i s  
-

1[C0] — 1[C 11~ d <<-r (41)

I [ C
0] a n d  I [ C

1 ) are evalua ted using Eq (40) for m=0 and m = - l ,

• t h e s e  r e s u l t s , w h e n  s u b s t i t u t ed  i n t o  Eq ( 4 1 ) ,  y i e l d  t h e

c o n d i t i o n

(4 1
0 < < iT

whic h is true. Therefore , cor ~~ition 2a of Table I holds.

By use of Eq (40), condition 3 is written as

1 k2( 1_ (~~ 1) 2 _m 2 )_ 2m(~~~1)~ 2 k 2r ° d > >  i’ ;Vm~ O , —1 ( 4 3 )
[(m+1)kr2

_mk
2J .~~~

~4 0
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~ l i e  I 0 eq a a ii t v (-1 3 ) i s o I t h e  o rd e r a -‘

h e r e  k i s t h e  s a v e  p m ’ o p ~~~i1t i o n coL - i f i  ci e n t  of t h e

h a 1 rug u- m u  ~ n c c- k d -
, I mi eq ua I it v ( 4  3) ho 1 d s - C ou i  s t  q u n t I

the c o m i d i t  i o n s  of  t a b l e  I f o m -  t r a p p i n g  o f  energy bet w een the

mmm=O a m i d  m ui= —I d i f f r a c t e d  mod e s holds ri g o r o u s l y for t h e

c a s e  o t  a t h i c k , h o I o g r ~u p I i i c  m e d i u m  f o m  r e c o n s t r u c t i o n  s i v e

~ c c t o r s  s i m i l a r  to the o r i g t n u l  r e f e r e n c e  w a v e  v e c t o r

( i . e . . o ) .

Because the energy d i f f r a c t e d  by a t h i c k  h o l o r r a u i ;  i s

r a p p e d  b e t w e e n  t h e  f i r s t  t w o  o m d e r s  (m=0 and m = _ l )  only

t w o  of the i n f i n i t e  s e t  of coupled wa~~e equations is r e q u i  r L - d

to d e s c r i b e  t h e  s a v e  )— ropagation in t h e  m e d i u m .  T h i s  i s

t h e  j u s t i  f i c a t i o n  f o r  t h e  t r u n c a t  i o u  o f  Eq ( 3 1)  t o  a s e t

of  t w o  c o u p l e d  w a v e  e q u a t i o n s , t h e  m = 0 , a n d  m = -  cqu a t (o~- s .

Su c h  a t r u n c a t i o n  h o l d s  r i g o r o u s l y  f o r  .~ near :eu - o . t~ b e

q u e s t  i o n  r e m a i n s  as  t o  h o w  l a r g e  n m a y  be  b e f o r e  t h i s  t mi ~nc~m t  i o n

is i n v a l i d .  As becomes large , i t c h ] ap p r o a c he s

- 
V r 2  - .(--m k +(rn+i)k ) + .~~ 1

I [ C  } =  - 4 1  o2 
-

~ 
- 

_ — -
~ 

( ( 4 )
n - L [ (m+1)k 2 —mk 1 ~~~~~ J

[q (1.1) is va l i d  only for m = i ) , - 1 ;  i t  m a y  be substituted

into the phase synchronization condit i o n  (2a) of Tah ic I ,

to yield

2 -  t.~ + .- -
~ - 1 . )

-
. ~~

---- - - - - - - - ---- -
~~~

-- - -
~~~~ d < < ( .

~~~~~~
j2 

~~~~~~~~~ ‘0 i 1 z

I

— — - - V .  ~~~~~ ~~~~
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n s h m c h  may be re w r i t t e n  as

~) I d < <  ~i 
(4 6 )

n~ he cc

k + 1 2
= - —~~~~~~~~~~ - ( 4 7 )

(k 7 + .) ‘z o2~~~

is a weak function of since I~ and 1k arer 2  o2

- acE larger than - iherefore inequality (46) can be

used to estimate the range ofH-~ l over wh ich p h a s e  s y n c h r o n i z ati on

)id s if written as

< 
(4 8)

r - o

A
- I . VVV ~~V

- i s  of t h e  o r d er  . w h e r e  A i s t he  i n t e r f r in g e
- A o

sp i c i n g , 
~~ 

is the free space wavelength of the construction

(ob j e c t o r r e f e r e n c e ) l ight , a n d  c o s(~~,~~)

hence , inequality Eq (48) becomes approximately

~- —1
i i A ~< < (4 9)

Ineq uality (49) impl ies that thick holograms are much

m o r e se n s i t i ve to r e c o n s t r uc t i on w a v e  vec tor c h a n g e s  th an

t h i n  holograms. It also im pl ies that holograms constructed

at short wavelengths are much more sensitive to recon struction

sa ce vector changes than holograms constructed at long

- ~.. -~ 
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..ave leng th s . A l  so , h o l  ru~~r a m s  w i  th large fr inge sp ac ing arc

less se n s i t i v e  to changes in t h e  reconstruction wave vect o r

than holograms with small fringe spacings . T h e s e  c o n c l u s i o n s

agree w i t h  the com monly expected facts about hologram

r e c o n s t r u c t i o n  s e n s i t i v i t y .

Once inequality (49) is no longer true , t h e n  p h a s e

sy ,ichro n i~~ation bet w e eu i the un= t ) and ui — - I  orders is disrupted.

Energy is not transferred between the a—U and m=- l orders.

Th is desynchrno i.L ati orm also means that energy cannot be

tran sferred to any of the mm m ore negative-order modes since

energy m ust first be transferred to the rn —- I mode in

order to reach the more negative-order modes. Therefore ,

the use of two coupled wave equations remains valid as I~ I
ge ts arbitrarily larger , u n l ess a r e c o n s tr uc ti on w a v e

vec tor position is reached for which p ha se synchronization

oc c u r s  f e r the c h a i n  of p o s i ti ve  d i f f rac t io n o r d e r s . Th i s

o c c u rs w h e n k 1 approaches a posit ion for which reconstruc-

t ion occ u rs  a l o n g  or ne a r the o r i g inal objec t wave vector

(crea ting the reference wave). This can  be d e s c r i b e d  by

4 an a n a l o g o u s  se t  of t w o  c o u p l e d  w a v e  e q u a t i o n s  in  w h i c h

the names of the o b j e c t  and  r e f e r e n c e  w a v e s  a r e  s w i t c h e d .
- --I

T h e r e f o r e , i t i s c o n c l u d e d  tha t a se t of two c o u p led

wave equ ations reliably describes the diffraction process

in thick holograms for reconstruction wave vectors along

or  n e a r  t h e  o r i g i n a l  r e f e r e n c e  w a v e  v e c t o r .

— 

- 
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Ih e c o - a f l e d  w a c o  e q i u t  m o m s t o  h& m s ~ - d t h r o i c h u i t  t h e

r e m a i n d e r  of  t h i s  d i s s e r - t : m i o n  a r L - t h o s e  h b - ~~~’- e n  t h e  :e u ’ u —

o rue r a mid — 1 o rd  or  d i f t  ra  c i  ed waves g i v en b e I: q ( 30 a

r 3v
-- + V ~ 

I = Q V
L ‘ ° ~~ 0 - )  — I — 1 b ’ - -

1 
- -

I - —-  -— + ~- I ~ 
= 0 -.-

L 4
~~ 

-
~~ — l j —1 0 0 

—( a l

I h e  t e r m s  i n v o l v i m u g  V~~1 i r e  n e g l e c t e d  s i n c e  I [C  } is ~ c r y

large and rap id dephasing damps o at  a r m y m =  1 o r  t i i g h c r  +

o r d e r s . C
0 

a n d  C 1 are described he E~j (31) and Q b i n d

are g iven by Eq (32) - One reduces Lq s (59) and (51)

t o a set of sc a l ;t r equatio n s by takin g the dot product of

~~ 
a l o n g  ê

1 
since t h i s  is the component of the i n d i v i d u a l

pol arizations which w i l l  coupl e T h i s  i c l d s .

Ivo - V 
-

+ V C  = Q 0V 1e 1 . e0 
( o 2 ~

- -
• V - i  • -V

+ V 1 C 1 
= Q 1V e 1.e

I t is shown in Appendix H that e
1 

c
0
=~~sin t -  

~ 
where 

~~ l ~~

the angle between the incident p o l a r i z b m t i o n  bind the

diff r a ction direction. Therefore , the coupled w a v e  e q u a t i o n s

r e d u c e  t o

tub
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- V - - -

+ C~~V~ = Q0V 1~~sin1 1 I 
( 5 4 )

+ c
1

v
1 

= 
~~_ 1  v 0 Sin~~~1 J ( 5 5 )

C ) a n d  C
1 are g i v e n  by  E q (31) for m = 0 , -1 , respe ctively;

and Q ,  Q 1 
are given by Eq (32) for rn -U , -1 , respec t i v e l y .

in t h e  case of consta nt coefficients , the solution to

Eqs (54) and (55) is strai gh t fo rw a r d , identica l to the

K~~g e l n i k  re su l t f o r an i d e a l , u n i f o r m l y , s i n u s o i d a l l y

m mu o dul ;mte d p lanar fringe grating. However , the coefficients

C 0(r), C 1 (~~
) ,  Q ( r ) ,  and Q 1 (

~ ) ar e no t c o n s ta n t s f o r  a

mo m - a r e a l i s t i c  material. The exact functional dependency

u p o n  position of these coefficients for the case of the

hol - u c rap h i c l e n s is d er i v ed in A p p e n d i x B . The  s o l u t i o n

to the v a r iab~~e c o e f f i ci en t , c o u p l e d  w a v e e q u a t i o n s

- - : (Eqs (54) and (55)) is the subject of the next chapte r.

A closed form solu tion is derived using the JWKB approximation.

-

~~~~~~~~~~~~ ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ 
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THE J W K B  S O L U T I O N

The solution to the coupled wave equations with

c o n s t a n t  c o e f f i c i e n t s  has been  o b t a i n e d  u s i n g  s t a n d a r d

d i f f e r e n t i a l  e q u a t i o n  t e c h n i ques  fo r  t he  i d e a l  s i n u s o i d a l

plane wave gra ting by Kogelnik (Ref. 21). The assumption

of c o n s t a m t  c o e f f i c i e n t s  l i m i t s  h i s  t h e o r y  to m e d i a  in

w h i c h  the g r a t i n g  p a r a m e t e r s  a re  not  d e p e n d e n t  upon p o s i t i o n

i n s i d e  the  h o l o g r a p h i c  m a t e r i a l .

I n  p r a c t i c a l  m a t e r i a l s , a b s o r p t i o n  of the o b j e c t  and

r e f e r e n c e  beams d u r i n g  c o n s t r u c t i o n  of the  h o l o g r a m  c a u s e s

the  o p t i c a l  i n d e x  and the a m p l i t u d e  of i n d e x  m o d u l a t i o n  to

• v a r y  w i t h  p o s i t i o n  i n s i d e  the h o l o g r a m . I n  t h i s  c a s e , the

c o e f f i c i e n t s  of the c o u p l e d  w a v e  e q u a t i o n s  ( E q s  ( 5 4 )  and

( 5 5 ) )  d e s c r i b i n g  the d i f f r a c t i o m  p r o c e s s  are v a r i a b l e  and

a new solu tion must be obtained.

In  t h i s  c h a p t e r , the  p a i r  of v a r i a b l e - c o e f f i c i e n t ,

• c o u p l e d - w a v e  equations derived in Chapter III is transformed

in to a single second-order differential equation with variable

c o e f f i c i e n t s  to w h i c h  the  J W K B  a p p r o x i m a t i o n  i s  a p p l i e d

y i e l d i n g  a g e n e r a l , c l o s e d  fo rm s o l u t i o n .  By i m p o s i n g  the

a p p r o p r i a t e  boundary  c o n d i t i o n s , the  p a r t i c u l a r  s o l u t i o n s

for  a t r a n s m i s s i o n  and r e f l e c t i o n  h o l o g r a m  are o b t a i n e d .

A c o m p a r i s o n  i s  made to the  K o g e l n i k  r e s u l t s ,  I t  is  s h o w n

t h a t  the  J W K B  s o l u t i o n  r e d u c e s  to t h a t  of K o g e l n i k  for  p l a n e

w a v e s  and c o n s t a n t  c o e f f i c i e n t s .  F i n a l l y ,  t he  s i g n i f i c a n c e
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of the JWKB terms is emphasized b y an example . Sec tion A

c o n t a i n s  t h e  J W K B  s o l u t i o n  a n d  an e v a l u a t i o n  of  t h e  v a l i d i t y

of t h i s  s o l u t i o n .  I n  S e c t i o n  B , t h e  p a r t i c u l a r  s o l u t i o n  f o r

t h e  t r a n s m i s s i o n  h o l o g r a m  is  d e r i v e d .  I n  an a n a l o g o u s

m a n n e r , t h e  r e s u l t  f o r  t h e  r e f l e c t i o n  h o l o g r a m  is  o b t a i n e d

i n  S e c t i o n  C .  A c o m p a r i s o n  of t h e  J W K E  s o l u t i o n  to

p r e v i o u s  t h e o r i e s  is  p r e s e n t e d  i n  S e c t i o n  D.

A .  The  J W K B  S o l u t i o n

In  th i s  sec t ion the g e n e r a l  s o l u t ion to the c o u p l e d

w a v e  e q u a t i o n s  w i t h  v a r i a b l e  c o e f f i c i e n t s  (-Eqs ( 5 4 )  and  ( 5 5 ) )

d e r i v e d  in  C h a p t e r  I I I  is o b t a i n e d  by a p p l y i n g  t h e  J W K B

a p p r o x i m a t i o n .  An i n e q u a l i t y  is  d e r i v e d  w h i c h  b o u n d s  t h e

a p p l i c a b i l i t y  of t h e  J W K B  t e c h n i que . F i n a l l y ,  t h e s e

b o u n d s  a re  d e t e r m i n e d  f o r  t y p i c a l  h o l o g r a p h i c  m a t e r i a l s  and

i t  is s h o w n  t h a t  t h e  a p p r o x i m a t i o n s  i n v o l v e d  in  t h e  u se

of the J W K P  te c h n i ques are valid.

R e c a l l  t h a t  t h e  v a r i a b l e  c o e f f i c i e n t , c o u p l e d  w a v e

e q u a t i o n s  d e r i v e d  i n  C h a p t e r  I I I  w e r e

+ C V  = Q V
1 s in v 11 ( 5 6 )

- 

- 

T;1 
+ c_ 1v _ 1 = Q _ i V 0~~sin~~~1I 

( 5 7 )
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V (m’) is the au np i itude of the i n c i d e n t  wave , \ ( r )  i s  t i m e

a m p l i t u d e  of  t h e  d i f f r a c t e d  l i g h t , an d C ( r )  C 1 ~~~~ ~

and Q~~~ (~~) are the variable coefficients defined by E q s  (31)

a n d  (32). Taking the derivat iv e of Eq (57) (where ‘

a n d  “ -
~~~

--— ) , one  ob t a i n s

V ” 1+V ’ 1C 1+V 1C ’ 1 Q 1V ’~~~s i n f 1fV () ’ j n~~ 1~ ( 5 8 )

w h i c h  m a y  be s o l v e d  f o r  \ ‘‘  to y i e l d
0

- 

~:~ fv
u’ 

i+v
I 

1+V 1C ’ - V
0~

sin- 1 • V~~lJ (59)

in to which V sin 1~~1~~
m a y  be s u b s tit u t ed f r o m  Eq ( 5 7 )  to

yield

~~o Q 1 sin i _ Ev _ i +v _ i c_ i+v _ i c _ i - ~~ (V ’ 1+c 1v 1j (60)

Eqs (60) and (57) m a y  be substituted for V 0 and \‘~~ ~~~

Eq (56), res u l t i n g  in

1
Q_ 1 I s~~~~~~~~[v _ l~~~~_ l C Vl +T_ l c ’_ l  - 

~~
—-

~~~~~ (V ’ 1+c 1V 1) ] ÷

Q V 1~~SI n ~~~1
I

- 

- 

which can be rearranged to form a second-order differential

equa t i o n , de t e r m i n e d  to be

Q ’ C
V~ 1+V 1[C +C 1 ~—~ J+V 1[ C C 1- Q Q 1s in  -r 

1+C ’ 1- ~-~-—- ‘- }=O (~~~~~2~~~

~~~~~~~~ 

— 
. 

~

— - - _.,TTV;
V_

~
_

~ = ~~~~~~~_ ~~~~~~~ ~• - — - - 
- 

4 - — . 
• V •

~~

- -~~~~~
----- - - — - -  -- —V-V V1~~VV ~~V~V ~~~~~~~~~~~~~~~~~~~~ -- -- ~~~~~ • -~~~~.
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~ ( 1  2 ) , - -  ! i c u  i S t I - - t i o i l  Co r - ~ or~ ~ I u x 0 0  1 i i i d  r

ti e I i g li t di Cf u - ac t r d  - , s h e  o u t  pat o t t h~ h o  1 0 g ia mu m , i s 0 C

t l ie  f - - -  1% h r 1 e = 
-

v ” + t~ ( z )  v ’ + g ( z )  v = (I ~6 3 )

is h e r r

f (i. ) + - 
( C 1 )

a ad

1 Q ’
g ( z ) = c C 1 - a h

1
sj ui i 1

-fC ’ 
~ 

- ~~~~~~~~
—-

~~~
- ( 6 5 )

E~ ( 6 i )  c a n  be t r a n s f o r m e d  t o  y i e l d

V +  ( ~~~
- +f)  ~~~~~~ (~

‘
~~~ ) V = 0 (6 6 )

w h i c h  i b i s  o E ’ t a i n e d  by  s u b s t i t u t i o n  of

v ( z )  = V(z) p (z) (67)

I ub t O E-~ (oS)

- 
- 

• ~~~~~~~~~~~~~~~~~~~~~~~ W~~ -~~~~~~~~ * ~~~~~~~~~~~~~~~~~~~~~~~ 
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I~ 
i~ s a C uu i  c t i on wh i cl i  i S fa iced to obey t Ii u -  ii a t ii, ii

+ f = (1 (68)

s u c h  t h a t

1
(~~~~~)~~~ 

f - x p  [ —
~~~ 

f ( r ) d ~~]
- (1 ( 6 9 )

As a resul t of Eq (68), L i (6(’) becomes

V ”(z) + F(z)V(z) = 0 ( 7 0 )

w h e r e

F ( z ) = ~~~~~~~~~~~~~~~~~~~~~~~~ (~~ l )p ( z )

Eq (70) can be solved by- the JWKB A pp roxima tio n (Ref. 1~~,

Page 10) by writing Eq (70) as

V ” ( z ) + ~~~~~~~~~~~~ V(z) = (I

w h e r e  A is a “s m a l l n e s s  p a r a m e ter ” w h i c h  la ter ca n be se t

equal to uni ty. Assume , V (z) is of the fon t

V(z)= exp ~ ~~ x ,~(~ ) X V d~~) 
( 7 3 )
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SuI’s t j  t i t i a n  of Eq (73) i nto Eq (72) a~’d en  1 ! ect ion of

t e r u u m s in s u c c e s s i v e  p o w e r s  of  -~- y i e l d s  t h e  f o l l o w i n g  set

of  Iqu at Tons

V = ’ )  ~o (z) = + I F ( z )  (7 4 )

- ;  “)(Z) ~ 
X~ ‘~~ ‘ b -  ( 7 5 )

fr~~mn w h i c h  t h e  s e r i e s  ~ X ( z ) A ° c a n  be . determined (Ref. 1 4).

n - U

}b r .ln E - j s  ( 7 3 )  and (75)

- - 1 F ’
= L  ~~—~~~- 

= — 
~~ ( 7 6 )

~~ 
E~~~ x ~~F

_3
~~ 5 F ~

2
F,,) ( 7 7 )

Substitution of Eqs (74), (76) , a n d  ( 7 7 )  i n t o  Eq ( 7 3 )

a n d  neglecting hi gher order terms y ields the approximate

so lti t ion

— 3 /2
V±(z)=EXP[~~~

[+i~ F(r )-~ f-~-~
-
~+ ~~~~~ -

~~~~~~ 
- F”(~ ) ) d~] 

(78)

wh i c h  can be written as

-3/ 2

~ 

+if ~~ F ( E
~)~~~~~ ±~ ~~~~~~~~~~~~~~~~~ ) ‘

~ k-~
) 

— F” ( t ) ]d~V + ( z) =  a~~~ - - e e S 4 F(-~) - ( 7 9 )

~F(z )

~~~~~~~~ ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ 
- - -

~~~~~~~~~~~~~~~~~
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1 q ( 7 9 )  r e p r e s e u i t 5 the two part i cmi i ar sol ut ions to the coup l i d

u~ave e q u a t  i o n ;  the constau l ts of inte u ~rbm t ion wi 11 he accounted

fo r - v  t h e  -i ’ e~~~i c r - nts in the general solution of the

Co ri’

V ( z )  = ( 
~V 1jz) + C V ( ~~) ( 8 0 )

-

~~ 
furthe r s i m p l i f i c a t i o n  to Eq ( 7 9 )  is exp ected to be valid

p r o~~ided the con tribu tions f r om the hi gher order inte 7rals

i n Eq ~79) are small (Ref. 14 , Page 11). This s i m p l i f i c a t i o n

is

±-~~~~ 
F ( 7 )  d~

V±(z) = e ( 8 1 )
k F ( Z )

Eq (81) is the well known first-order JW KB approximat on

and is val id provided (Ref. 14 , Page 11 ) ,

F ’ ( t )  
dF

~I > >

(c )  
- F ” ( ) ]d

~~I 
( 8 2 )

w h i c h  m a y  be r e w r i tt en u s i n g  the T r i a ~i~~I e  I n r - q u a ! i ~~~

(Ref. 36 , Page 178) .

I ~~~~~~~~~~~ ~ r 
~ (~~ j F  2 , 2 r + f

Z
r 

— 

fl } ( 
~
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I h i - i n e q u a l i t i e s  g i v e n  i n  Eq ( 8 3 )  m a y  be e v a l u a t e d  to

d e t e r m i n e  t h e  v a l i d i t y  of a p p l y i n g  t h e  f i r s t - o r d e r  J W K B

a p p r o x i m a t i o n  t o  t h e  p r o b l e m  of t h e  h o l o g r a p h i c  l e n s .  To

— a c c o m p l i s h  the e v a l u a t i o n , t h e  m a g n i t u d e  of F m u s t  be

de termined. From Eq (69)

i ~~~~~~~~ d~
— p ’ ( z ) =  — -

~~ f(z) e 
2 0 .V 1 f ( z ) p ( z )  ( 8 4 )

and

1
z z

p ” (z ) -~~f ’ e ~ f f d ~ 
~ f ( z ) [- ~ fe  

- fdç 
(85)

• 

I p ’ T ( z )  = - ~~~~~~~~~~~ = I f~~~ f 7 J ~ ( 8 6 )

Subs titution of Eqs (84) and (86) into Eq (71) results in

L F ( z ) = g ( z )  - ~ f
2 ( z )  - ~~f ’  ( z )  ( 8 7 )

- 
Substitution of Eqs (64) and (65) into Eq (87) y i e l d s

-
- 

F(z)  = C C
1— Q Q 1

sin2~ l~~
’ ~~ C 1Q

’
1 —

-
- I Q_ i (88)

I -~(C -fc 1 — Q.1 )— 
~~ 

V (C ’
0
+C ’ ~~

_  

~~~~~

C o l l e c t i n g  t e r m s  y i e l d s ,

F(z)  - ~ (C0
_C 1)2-.Q0Q 

1
sin2’Y 1 

+

- 

-~(c 0— c 1) ---~~~ — -
~~ ~ [C0—C 1— —~~

-~ 
) — 

1 ( 2 i ) 2 ( 8 9 )

~~~~~ 

_ _ _ _ _ _  
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F(z), E iven by Eq (89), is a complicated complex

function of z. In order to evaluate the inequality, Eq

(83), which determines the validity of the JWKB approximation ,

certain integrals of F(z), F’(z), and F”(z) must be

determined. In the following paragrap h , the function

F(z) is estimated from the magnitude of the largest term

in Eq (89). Then the inequality g iven by Eq (83) is

determined in an approximate manner.

F(z) is composed of the fol]owing individual functions

derived in Appendix B

-~ -
~~~ -~ 

-~k a (r) V ’k (r)  - rC~ 
-, -~ 1

— 
o b 2c 1 1 i_ ~~~1. A I  2 2~?~I~~ r1 — 2k cos3 2k cos S -* 2k cos O 14n (~ ) ~b ’~ ’I ( 9 0 )

C c c c n b(r) c c. b
2 (*)

- ÷ 1r~
-
~~

__

r

e (r)=— i
—

~~ kn b (r)eosU KZ J (9l)
2~~~~~

~~ =
o 4k n (~)eosOc i ,  C (92)

2~~~,, =

~—i 4
~~ c0

b
05e

c~~~ ~ (93)

k = ~~
-
~
- , where -\ is the construc tion wave length ,

k : ~~~~~~~~~

‘ 
where A is the reconstruction wavelength;

a
b (r) is the absorption coefficient of the processed hologram ,

k 2 (i’) is the reconstructi on wave vector , n~~ ) is the optical

index of the hologram , 0 i s  the angle between 
~ 2 c (

~~
) a n d  : ,
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~k
2 is the difference between k~ and k 2 , K ’ is the fringe

w a v e  v e c t o r  d e r i v e d  in  A p p e n d i x  c , K ’  i s  t h e  z - c o m p o n e n t

of s- ’ , 
~~ l is t h e  a n g l e  b e t w e e n  t h e  i n c i d e n t  p o l a r i z a t i o n

a n d  t he  d i f f r a c t i o n  d i r e c t i o n , d e r i v e d  in A p p e n d i x  H , and

k2 (r), for a phase hologram , is g iven by the equation

k2 (it) = 2k 2 nb (~ ) A n (~ ) (94)

d e r i v e d  in A p p e n d i x  B.  lb- n C r )  is the a m o u n t  of  i n d e x

m o d u l a t i o n  p r e s e n t  in t h e  h o l o g r a m .

The d o m i n a n t  t e r m s  in Eq ( 8 9 )  a re  t h e  f i r s t  t w o .

Th is may be determined from the knowledge of the fact

kO
>>a

b (~~
) for holograp hic materials in the optical frequencies.

The first term is small fov reconstruction wave vectors near

the ori ginal reference wave vector , because the quantity

K .j~
!_ 2k

2
K~~~~~ 0 (95)

as m e n t i o n e d  in Chap ter III. Therefore , the difference

(C 0 -C 1) ,  a p p e a r i n g  in Eq (89), is approximately zero for

-
- : p r a c t i c a l  r e c o n s t r u c t i o n  g e o m e t r i e s .  The q u a n t i t y

is of t h e  o rde r  of a , w h e r e  a is t h e  a b s o r p t i o n  d u r i n g

c o n s t r u c t i o n .  A g a i n , k0
b > a for holograp hic emulsions.
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T h e r e f o r e , s i n c e  Q 0 Q 1 is  of t h e  o r d e r  of  -d’~~k 2 , it is the

dominant term in Eq (89) for the values of index modulation ,

~n, in holographic material s.

T h e r e f o r e , at least to first-order , F(z) may be represented

as

F(z) ‘
~~~ Q Q 1sin

2 Y 1 (96)

- 

- 
For the case of unslanted fringes , K ’1=O , with reconstruction

at  t h e  c o n s t r u c ti o n  w a v e l e n g t h , /Xk 2 = 0 , Eq ( 9 4 )  can  be sub-

stituted into Eqs (94) and (93) to yield

.5i k An(r)

0 (97)

For the general case of slanted fringes K’~~~0, Q and Q 1

would not be equal , but would be approximately the same order

of magnitude.

Consequently, the following analysi s would not change

much . It is shown in Appendix B that tn (~~) is of the form

V 
— 

~-(L +L )z
An (~~) ~~n (E(x,y)) e 

2 0 r (98)

- ( 56
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!‘ u ( E ( x , y ) )  i s  d e r i v e d  in  A p p e n d i x  I) f o r  b l e a c h e d  Koda k

h49-F holograms and i n  A p p e n d i x  Ii for di r- hrom at cd g e l a t  i n

h o lo g u- a mbbs . E (x ,y) is the exposure , z i s t h e  absorpt i on

c o e f f i c i e n t  of  the emulsion during construction ,

I = - -- - — -~~-~~~~~- , I. w h e r e  3 a n d  9 a r e , respec t i v e l y .0 cos ” r cosO 0 r
0

the a n g l e s m-i t h respect to t h e  n o r m a l  of the ho logr uui- of

the obje ct and reference wave vectors. Substitution of

Eq ( 9 7 )  a n d  Eq (98) i n to  E q (96) implies

— x ( L  +1. ) z
F ( z )  = F

0 (x , v ) e  o r (99)

F (x y)  ~~tbfl (X ,y )  - 2 -  ( 1 0 0 )
0 ‘ Sifl

Eq (99) implies

— ci( L +L ) z
F ’  ( z )  = — a ( L 0 +L ) F e ~ r ( 1 0 1 )

and

• ,, i (L  -FL ) z
F ( z )  = + ~- ( L  -FL ) F e o r

0 r ~ (102)

Using Eqs (99) through (102), th e- ~J t~KB inequalities ,

Eq (83), which nust hold for the JWKB approximation to be

v a lid , become ,

A cose-z 2(L -FL )~0 c o  r 
~

~-, iT fl sin t 1
2cos” ~~~ +1, ) ~ (L +L )z (] 03)

b- ~~~~~~~c o r  I i  — e
32 - n~ c in  

ij iV~~~~ ° ‘
~~~~r~~~t
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Some approximations have been m a d e  t o  d e r i v e  l u m e q u a l  i t  v

(11)3) s u c h  t h a t  the inequalities are valid only’ to first-

order. The t e r m s  w h i c h  h a v e  b e e n  n e g l e c t e d  h a v e  b e e n  s h o w n

t o  bc at least an order of m agnitude smaller than t h e

t erms ret -u ined , h e n c e , E q ( 10 3) i s a r e a s o n ab l e  es t i m a t e

of the validity of the JWKB approx imation . Inequality (103)

d etermines the bound of the parameters : (1) the absorpt i n

coc -ffficient of the emulsion during construct ion ,~~, (2) the

ii ~pli tude of the index modulation , A ui (7 ), and (3) the
a

t h i c k n e s s  of the emulsi on ,z, for wh ich the JWKB appr e x im a t i o n

i s  valid.

Clearly, if the emulsion becomes too thick , the thickness

dependen t terms wil l  cause the inequality to be invalid.

S imilarly, if the absorpt ion during exposure becomes extreme ,

t ime inequality becomes invalid. One cannot arbitrarily

i - u t  b o u n d s  on t h e s e  p a r a m e t e r s , but , - ‘~~~~~‘ and z c an  be

ii- termine d for each  t y p e  of h o l o g r a p h i c ma te r i a l  to w h i c h

the theory derived in this disseration is to be applied and

the inequality (103) can be checked.

A typical holo graphic material to be examined extensively

in the next chapter is dichromated gelatin for which z = l3~~,

a~~ 2.75 x l0~ m~~~, A 0= .5)l , O o=O r
= O

c
=45 ° and t%(E) .08 For

this typ ical materi al , ine~ ua lity (103) be eomn es

1 >> .015 >> .001 (104)
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li i i- t i r s t i n e q u a l i t y  in Eq (104) represents the relative

uu mag iu it tide of the teruu m s kej~t by the first-order JWKB

— Ippr ox i uum at i o n. The second ine quality represents the relative

magnitude of t h e  last term retained compared to the first

t - rmu m n e g lcc t c d b y the first-order JI%TKB approxi mation.

i h e s e  i n e q u a l i t ies  i n d i c a t e tha t the J W K B  a p p r o x i ma t i on

I T ;  v a lid for the typ i c a l h o l o g r a p h i c  ma te r i a l , d i c h r o m a t ed

g e l a t i n .  The reader is cautioned that inequalities (lC3)

s h o u l d  b e ch eck ed f o r  e a c h  new m at e r i a l  to w h i c h  the J W K B

approximation is appl ied.

lii summary, the first-order JW KB approximation has

be en used to solve for the electric field amplitude of the

fi rst-order diffracted wave from a holographic lens. Im-

equali ties were derived to estimate the validit y of the

.~ i : I ~I3 a p p r o x i e m a t i o m  and  e v a l u a t e d  f o r  a t y p i c a l  h o l o g r a p h i c

F 
- 

mat erial. The final result for that amplitude of the

d i f f r a c t ed w a v e  is ob t a i n e d  b y subs titution of Eqs (81)

and (87) into Eq (80), whi ch become s

LI ~~~~~~ 
~~~÷~d)-1c

d~ 
[ c+e1~~~~~Z~~~~~e1~~~~~~~~Z]  ( 10 5 )

wh e re

~
+ ( z )  - ~ f ( z )  + j  

( 106 )
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d a t he t h i  c k n 0 1 ,  , 0 1 t h e  10 1 og T I  I , 1 i s ~‘. I v c i  ‘V  4 ( ii 1

and i - I : . ) by I ( 3 ~0 ) .  ~~~ a n d C are I~1 ; P 1 e x c o n s t a r u t s  t o  be

deter m ined by the boi~ n~ ! m r c  c o n d i r i o u i s  of  t h l -  s C e e l  f i e  a o l o -

gram. In the next a e c t m o n s , these -e n s tau i tS are dett -r~~i rme d

fo  r :m t r a n  s u i u 1 s s on a n d  r e f I e ; t i on  11(1 l u g  r lu ll -

B . The  Tra n s m i s s i on 1lo~~~~i~ j~h i c  L e n s

lT or -a t i-ansl ;jssio u ; ho ’ o g rap h i c  l e n s . 011th the i n c i d e n t

and di ffracted wav es h a v e  t h e  Sam e s e n se  t o  t h e i r

c o m p o n e n t s  of  p r o p a g a t i o n  t h  i -ou ~- h  h e  ‘ i o l o g r a n . i h e  b o u o d a ~

c o n d i t  i o n s  i m i  t r a n s m i s s i o n  a r e

V 1 ( O )  = (~) (10 )

a n d

V ( 0 )  — Io — 
(108)

• using Eq (107), C ÷ 
= -C such t h a t  Eq (105) he :ooes

- 

1 
f

Z f ( ~~~)d~~ ~ f : ~~( i ) d  4 j t~~~ (~~~) d~
V 1( z )~~- -~5 

C e  [ e -o 1 (109)

w h e re

= — y 2 i  ~~~~~~ ( 1 1 0 )

V (  60
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The a p p l i c a t i o n  of the second boundary con d i t i o n  involve s

usi ng one of the ori g i n a l  c o u p l e d  d i f f e r e n t i a l  e qu a ti on ,

b j  (~~0), since the second houi mdary c ondition is not a direct

c ondition upon V~~~, hu t rather appl ies to V .  From Eq (~~7)

V ( z)~~ = 
Q 1

(zysin ~ ~~ 
~~ + C

1
V~~~~ ( I l l )

Using bo th boundary conditions , Eq (111) y i e l d s

1= —- 1 (__
~~) I  ( l l~~Q_ 1(0) s 1~n 

~~~~~~ 
~z

By - taking the derivative of Eq (109), i t can  be s h o w n  t h a t

= 

~~~~~ 

— 
y(O) c~ 

1 1 3 )

F r o m  E q s  ( 1 1 2 )  and  (113)

Q (o) sin~C+ = —1 ( 1 1 1 )

~2i2 y(o)

H e n c e , ev a luation of Eq (109) using Eq (114) with ~=d ,

t he th i c k n e s s  of the h o l o g r a m , y i e l d s

- 
~~ i

(0) sinf 
~ 

f ( z ) d z  ~1
dA y(z)dz 4f~~ y(z)dz

V
1
(d)= - -----— --- e [e —e 1 (115)

~~~ 
y ( z ) / - . ~(0)
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I n s e r t in g  f ( z )  f r o m  Eq ( 6 4 ) ,  one  ~ —~es  t h a t  Eq ( 1 1 5 )  b e c o m e s

V (d)  - 
/i7 1

(d)Q
1

(ö~ -
~~~~ f~~( C ( z)+C 1(z))d z

— 1 = Is~rm ’Y - e
TRANS ~~ ~ y( d) A y(O) 1 d 1 a-

~~ f A y (z ) d z  — -~-f~~ y ( z ) d z  ( 1 1 6 )
{e —e }

is  t h e  c o m p l e x  e l e c t r ic  f i e l d  a m p l i t u d e  of t h e

TRANS
w a v e  d i f f r a c t e d  by a h o l o g r a p h i c  t r a n s m i s s i o n  l e n s .  Eq ( 1 1 6 )

is  one of t h e  p r i m a r y  r e s u l t s  of t h i s  c h a p t e r .  F rom i t ,

the  i n t e n s i t y  of the  d i f f r a ct e d  w a v e  and t h e  d i f f r a c t i o n

e f f i c ie n c y  of t h e  h o l o g r a p h i c  l e n s  a r e  d e t e r m i n e d .  An analo -

gous  e q u a t i o n  f o r  t h e  d i f f r a c t e d  f i e l d  a m p l i t u d e  f o r  t h e

case  of a r e fl e c t i o n  h o l o g r a m  is  o b t a i n e d  in t h e  n e x t  s e c t i o n .

C . The Reflective Holographic Lens

For  a r e f l e c t i o n  h o l o g r a m , t h e  i n c i d e n t  and  d i f f r a c t e d

w a v e s  h a v e  the  o p p o s i t e  s ense  to t h e i r  z - c o i n p o n e m t s  of

p r o p a g a t i o n  t h r o u g h  t h e  h o l o g r a m . T h u s , on r e c o n s t r u c t i o n

t h e  h o l o g r a m ’ s o u t p u t  w a v e  is on t h e  same  s id e  as i t s

-
• 

i n p u t  wave . The o u t p u t  wave  a p p e a r s  to  be a r e f l e c t i o n  of

t h e  i n p u t  w a v e  off  t h e  s u r f a c e  of t h e  h o l o g r a m  ( i t  is r e a l l y

a d i f f r ac t i o n  of t he  i n p u t  w a v e ) .  The b o u n d a r y  c o n d i t i o n s
V~~ in t h e  case  of r e f l e c t i o n  are

- 

, V0 ( O )  = 1 (117)

V 1( d )  0 ( 1 18 )
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The a p p l i c a t i o n  of Eq (118)  to  t h e  g e n e r a l  s o l u t i o n , Eq ( l O S ) ,

i m p l i e s

C = — C~ e ( 1 19 )

w h i c h , w h e n  s u b s t i t u t e d  i n t o  Eq ( 10 5 ) ,  y i e l d s

~~~~~~~~~~~~~~~~~ eC+ [ 
e~~~

(0
~~ 

f d
~~Y ( ~~) d~~

] 
( 1 2 0 )

In  o r d e r  to  e v a l u a t e  C~~, t h e  o r i g i n a l  d i f f e r e n t i a l

e q u a t i o n , Eq ( 5 7 ) ,  is s o l v e d  f o r  V ( z )  to  y i e l d

V (z)= 
I 

+ ~ _ 1~~_ 1] ( 1 2 1 )

A p p l i c a t i o n  of Eq ( 1 1 7 )  r e s u l t s  in

Q _ 1 ( O ) I s i n  [ 3 z ~~~~
+ c i(o)v i(O)] 

(122)

The ~~~1 1
0 

is found by differentia tion of Eq (120) and

e v a l u a t i o n  at z = 0  to  be
______

-~~~~ 

a:;1 

~~ C~
( 1 2 3 )

rQ ’ 1(o ) A (0 )
I O — i ( ° )  ~~~y ( O )  — ( C 0 ( O ) + C 1( O ) + A y ( O )

a n d  V 1 ( O )  is g i v e n  by

_ _ _  
dI A’y- (z)dz

V 1(0) JAy (O) c.~Jl — e ) ( 1 2 4 )
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C us found by substituting Eqs (123) and (12-1 ) into Fq (124)

t o be
Q 1

(0) sin lY 1I
C=-

~~~~~~~~
[
~~ (O)+ ~ (l_e 0

( 1 2 5 )

Since the output of a reflection hologram occurs at z=0 , the

co mplex ampl itude of the diffracted wave as a function of

h o l o g r am th i c k n e s s , d , is g i v e n  by s u b s t i t u t i o n  o f  E q ( 12 5 )

in to Eq (124). This yields

JWKB
V 1 ( d ) =

T R A N S
2 Q 1( O )  s i n~~~1~

1 1+EXP(Id
A y (z)dz)1 I Q ’ ( 0 )

~~~ L 1~~EXP(fd A y (z)dz)j +[C 1 (o)_C 0(o)+ - - -
~

--
~
-
~

y - ( 12 6 )

Eq (126) is another of the primary results of this

chap ter. It contains an expression for the complex amplitude

of the l i gh t d i f f r a c t ed by a r e f l e c t ion t ype  h o l o g r a p h i c l e n s

• and can be u s e d  to  c a l c u l a t e  t h e  diffraction efficiency of a

r e f l e c t i v e  h o l o g r ap h i c  l e n s .

In the next section , the JWKB solutions for the diffracted

f i e l d  a mp l i t u d e  f o r  a r e f l e c t i o n  and  t r a n s m i s s i o n  h o l o g r a m

a rc  c o m p a r ed  t o  p r e v i o u s  t h e o r i e s .

6~
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1 - C o m i ~p a r  i sor t  of  t E  ~ )~~~ ii S o l u t i o n  to O t l e r  T h e o r i e s  a n d
I a t  - rj~~-e t at ion 0 £ t tm c . I W K b Tn m i s

l i i  t h i s  s e c t i o n , i t  i s  s h o w n  that t h e  J t K B  S u l i t  i on

r e d u c e s  to th e K oge ln ik results (Ref. 21) for :i t r a n s m i s s i o n

ar id r e flection ho logra t i i i i  the Cas e of p lane saves and

co ns ta mm t c o e f f i c i e n t s .  T h i s  i s  t o  be e x p e c t e d  s i n c e  p l a n e

w a v - s  ;irc a spec ia l case of spEe ric- r~ I s~~v~~-; an~ c o n s t a n ’L

C O e l l i C i e !m t S  O r e a s t u b - - s - c t of  v ; i r i i C l e  c e e f f i c i e n t a .  A l s o ,

t h e  J~~K l ~ th eory i s sh ot— n ~o reduce to U ch ida ’ s re sults (Ref.

13 )  f o r  t h e -  s p e c i a l  c o o  i n  ~ h i c h  t h e  a o p l i t u d e  o f  t h e  i n d e x

mnu -2 itla t i o n 1~ S S i t  cx IlOne ; t ia ~ l v  d e crea sing function of thick —

a C

The J~~~l~ i i i eo I- sno u ld reduce to t ru e K o ge lnik results

in t h e  c a s e  o f  p li ;i e w a v e s  and constant coeffici ents . The

id ea l , lossle-s s , sinusoidal gratin g i-.i th u n ni anted fringes

is ci ’-nsid e red for com p r ’rL son. I t  i s  a s s u m e d  t h a t  r e con -

s t  r u c  t i o n  i s  a t  t h e  B r a g g  a n g l e  i m i  t h e  p l a n e  of i n c i d e n c e

o f  t he o r i g inal ob ject and reference beams. In this case

u s i n g  E q s  (89) a n d  (110) Eq (106) becomes ,

= 2i ~~~~~~~~~~~ = 2 1 1 =  ( 1 2 7 )

- 
l T h e  a m p l i t u d e  o f  t h e  d i f f r a c t e d  l i g h t  i s  g i v e n  b y Eq ( 1 1 6 ) ,

w h i c h  y i e l d s , upon sub stit l ution of Eq (127), t he f o l l o w i n g

re stu l t

V 1 ( d )  i -si n \ A C O S 1 /  ( 1 2 8 )

- —
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T h e  di ffraction efficiency of a h o l o g r a p h i c  le n s h a

; ) r c \ - i o u s l y  b e e n  d e f i n ed i n C h a p te r 1 n s t h e  r a t i o  o f  t h e

d i f f r a c t e d  ou tp li t power at the output surface of the hol ogi

to the inc ident power at the I. m iput surface of t he ~t ( )  I JC I an -

T h i s  e f f i ci e n c y  is  g i v e n  by

V ( d ) V  * ( d )
r 1 ( d ) ( 1_ l ) F  v ö 5 ~~~ 

( I ~~0) F V
1

( d ) V *
1
(d) ( I T ’ O )

(1-c l) is a normalization factor to correct for c b anges i n

intensity ’ caused  by the f a c t  that the diffracted ~-:a~~e t a ut

h a v e  a d i f f e r e n t  p r o j e c t e d  a r e a  u p o n  the front 1urfa ce

than does the incident li gh t. F~~~~,t~ ’) is a n o r m i l l i z t t i o n

factor to correct for intensity c li a n g s c a u s e d  by  t h e  c on  -

• vergence or divergence of the diffr a cted and inci de nt l i g ht.

- 
- In t h e  case of the ideal loss less sinusoida l tr n ’i-~-

missio n grating with uns lanted fringes F= (l-)fl=1 , and

Eq (129), y i e l d s

r t ( d ) =  sin Z L ( x  cos O~ J ( 13 0)
H T R A N S

Eq (130 ) is  t h e  f a m i l i a r  K o g e l n i k  r e s u l t  f o r  an i d e a l ,

l o s s l e s s  u n s l a n t e d  t r a n s m i s s i o n  g r a t i n g  ( R e f .  2 1 ) .
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The  e q u a t i o n s  for a m e f l e c t i o n  holo g ram may be

e v a l u a t e d  in  a s i m i l a r  m u a n n e r  . In su ch a c a s e , h o w e v e r ,

Q~~~—I) 1
,becau se the incident wave tr a v e l s  in the oppos ite

s en s e  i n  the hologr am dur in g r e c o n s t r u m c t i o n .  Using En (97),

Eq ( 1 2 7 )  for a reflection hologra m be-comes

= 2i /~~~7 LrI~ -no~ (1 31)
— 1  A cos fi

0 C

S u b s t i t u t i o n  of Eq (131) into q (126) yields the f i e l d

-amplitude diffracted from a reflective hologram ,

i — e 
fiyd

V
1 (d) 

=_ i
~~~~~~~~ A~~d] (132)

• which can he rewritten as

V 1( d )  = I t ar i h (~~A y d ) (133)

A g a i n , using Eq ()5) and the def~-n i tion of efficiency,

Eq ( 9 3 ) ,  m o d i f i e d  fo r a r e f l e c ti on h o l o g r a m , one gets

- 

-
• 

REF 
= tanh (j -

~~~s~5~ ) (13-I )

A g a i n  a f a m i l i a r  K o g e l n i k  r e s u l t  i s  o b t a i n e d  ( R e f .  2 1 ) .
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Tht- f - i c t  t h a t  t h e  - J I c K B  equa l ions red u ce to tim e

koge lni k results in these i d e a l  c a S e - c i s  c’o d bericn -

m a r k  im i  i -he  s e n s e  t h a t  t h e re w o u l d  h a v e  b e e n  an obvi us

f l a w  in  the  t h e o r > -  h a d  t h a t  no t  o e c u r r e d .  I l o w e - .e r , t h i s

f a c t  i s  n o t  ver y -  i n s t r u c t i v e  in  t e r m s  of  e x a m i n i n g  u~h at

t h e  i~~K B  t e r m s  mean  or in  t e r m s  o f  e x p l a i n i n g  t h e i r  e f f e c t

upon the d i f f r a c t i o n  e f f i c i e n c y .

I n  o r d e r  t o  g a i n  s o m e  i n s i g h t  i n to  t h .  s i g n i f i c a n c r

of the JW KB terms , consider the ideal , lo ssless . tr a n smissio n

gr at ing again. Allow the index modu la tion to decrease expo-

n ei t i u l l y  as in Eq ( 9 8 ) ,  r e p e a t e d  h e r e

—u (L +L )z
An (z) = t t n ( F) e  0 r ( 1 3 5 )

I n  t h i s  ca s e , Eq (129), f o r  t h e  d iff raction efficiency of

a transmission grating is easily seen to reduce to

-.i (L +L ) z
JWK B d o r

a (d) = sin’( — 
a 

e ~ dz)  ( 13 6 )
A cos i o ~TRANS o c

whi ch , t ftei- integration becomes

— 
- -~~(L -u-i, )dJW1KB o r

- ( c )  = ~~~~~~~~~~~~~~~~~~~~~ — e ~~~~~ ) 
(l3 )

I t S  o c o r

I
f It ,

- 

— — -
_
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Eq (137) has been derived previously by Uchida from

the ori g inal coupled wave equations without the use of the

JW KB approximation (Ref. 43). This is possible because of

the exponential denendency of the amplitude of the index

modulation upon distance into the emulsion. !Jchida ’s

result is a special limited case of the genera l JWKB theory

derived in this disseration . He obtained closed form

results only for reconstruc tion at the Bragg angle for a

sinusoida lly modulated planar fringe grating. However ,

Uchida ’s result , while limite d , exhibits a characteristic

of the effect of the JWKB terms on the solution. That

characteristic , in general , is to retard the phase of the

sin 2 function when compared to the ideal hologram with con-

stant index modulation. Furthermore , the magnitude of the

phase retardation is dependent upon the absorption
- 

- coefficient of the emulsion (a) during the construction

process. Similar characteristics will be noted again in

the next chapter , in which the JWKB theory is compared
~ 

I;
to experimental results.

JWKB
In summary, the complex field amplitude , V 1 (d), of the

diffracted wave emitted by a transmission hologra~ hic lens

and a reflection holographic lens have been derived. These

results are given by Eq (116) for the transmission case and

by Eq (l26)for the reflection case. The results are more

general than previous theories , but reduce to the same for

the identical conditions. Furthermore , the inequalities

69
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w h i c h  s p e c i f y  t h e  reg ions v a l i d i t y  of the more general

J V~KB res ults have been dete rmined.
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CHAPTER V

EVALUATION OF TIlE JW KB THEORY FOR A TRANSMISSION
HOLOGRAM AND COMP .’.II ~~ON 0 EX PERIMEN TAL RESULTS

In this chapter the JWKB solution for the diffraction

efficiency of a transmission hologram is derived and compared

to experimental data. The choice of a transmission

hologram is based upon the avai lability in the literature

of more experimental transmissi on hologram data than is

available for reflection holo grams . Furthermore , the

evaluation of the JWKB solution for a transmission hologram

should be just as valid a measure of the usefulness of

• the JWKB theory as an evaluation based upon a reflection

hologram .

In the beg inning of this chapter , the general solut ion

for the diffraction efficiency of a transmis sion hologram

is derived. The JWKB integrals contained in the general

solution are integrated using the trapezoidal rule . The

error associated with this integration is estimated. The

integration of the JWKB terms yields a closed form solution

H for the diffraction efficiency of a transmission hologram .

The remainder of the chapter contain s the results of the

evaluation of this closed form solution for several specific

hologram confi gurations.
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The h o l o g r a m s  c h o s e n  f o r  evaluation illustrate particular

e f f e c t s  w h i c h  are  p r e d i c t e d  by t h e  t h e o r y  d e v e l o p e d  in  t h i s

d i s s e r t a t i o n  w h i c h  p r e v i o u s  t h e o r i e s  do no t  e x p l a i n .  The

effec ts upom hologram diffraction efficiency of variations

in r e c o n s t r u c t i o n  w a v e  v e c t o r  a ng l e  of i n c i d e n c e , h o l o g r a m

t h i c k n e s s , and e x p o s u r e  a r e  i n c l u d e d .  In  a d d i t i o n , t h e

h o l o g r a m  d i f f r a c t i o n  e f f ic i e n c y  i s  e v a l u a t e d  f o r  c h a n g e s  i n

t h e  following parameters : (1) reconstruction polarization ,
- 

-. ( 2 )  e m u l s i o n  e xp a n s i o n  or c o n t r a c t i o n , (3) optical index ,

( 4 )  a b s o r p ti on d u r i n g  expo su re , and ( 5 )  r e c o n s t r u c t i o n  o u t

of the original construction plane of incidence. Also , the

effec t of the JWKB terms upon the hologram efficiency is

d e m o n s t r a t e d .

A.  D e r i v a t i o n  of the JWKB Solution for the Efficiency of a
Tranmission Hologram

B e f o r e  a c o m p a r s i o n  t o  e x p e r i me n t a l  r e s u l t s  is  m a d e ,

• t h e  e q u a t i o n  f o r  the  d i f f r a c t i o n  e f f i c i e n c y  is d e r i v e d .

T h i s  s e c t i o n  c o n t a i n s  t h a t  d e r i v a t i o n  s t a r t i n g  w i t h  t h e

Eqs  ( 1 2 9 )  and (116)  r e p e a t ed  f o r  c o n v e n i e n c e ,

JWKB
u~ (d) = (l— ~2)F V 1(d)V~~(d) (138)

- - IQ (O)Q (d)1 
.[c (d)+c (d)]

- 
‘ V i (d) I sin ~~ 1~j ;~O) ~~~~ 

e [ e — e ]
(~~39)
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she re-
- 

~d .A 
~( d )  = ~~ 

uy (z) d z  ( 1 4 0 )

a n d ,
d

C (d) f C ( z ) d z

- d
C 1 ( d ) = C 1 ( z ) d ~ ( 1 4 2 )

ih e  e f f i c i e n c y  is  c a l c u l a ted by s u b s tit u t i o n  of Eq ( 1 39)

into Eq (138), wh ic h y i e l ds ,

(1_ ~ )Fsin
2
~~ 1 Q 1

(O)Q
1

(d)~ _ IC
’ 
+c 1

-~ I - OR —iR a 
- - - (143)- (U)iy(d) e •

f . . -
~R 

1 
~ 

—1A~~1 
1
~ R~1e —e —e -s-e j

R and I indicate real and imag inary parts , respectiv e ly.

U s i n g  h y p e r b o l i c  a n d  tri gonometric definitions a n d i d e n t i t i e s ,

Eq (143) is rewritten as

= 
4(l-Q)F sin2P

1jQ
1

(O)Q
1
(d)J -[CoAd)+C i~

d)]
- TRANS I A - y( O ) A y ( d )1 e 

( )
(d)  (d)

)
w he re t he ope ra tor ‘I- dz  r e p r e s e n t s  a J E K B  i n t e g r a l .

Eq (144) is the JWKB -solu tion for the diffraction efficiency

of a general m ixed transmissio n hologram . It is similar to

t he K o g e l n i k  s o l u t i on  in  tha t the d i f f r a c t ion e f f i c i e n c y

is proportional to the s u m  of s i n 2 f u n c ti on a n d  s i n h 2 f m m n t i o n .

The s i n 2 c o m p o n e n t r e p r e sen t s t he con t r i b ut i on  f r o m  a

pha se hologram; the sinh2 componen t represents the co n t r i b u t i o n

f r o m  an a b s o r p t i on  h o l o g r a m . T h e r e f o r e , a s i n  t he Ko ge l n i k

~~~~~~~~~ 
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case , t h e  d iffraction eff i c i e n c y  for a mixed ho l ogr amn is the

sum of the diffraction efficiencies of the absorption

a n d  p ha se h o l o g r a m s p re sen t i n the med i um . H o w e v e r , in the

JW KB theory, the sin 2 a n d  sinh 2 argum ents are m -ep laced

by 1 11KB integrals. These integrals reduce to the Kogelnik

arg ume n ts in the case of the ideal sinusoidal grating.

H o w e v e r ,i ui the general case , the JWKB in tegrals must be

ev alu ated in order to - cm n ;)are Eq (144) to exper imental

re-su its. This integration is performed by the trapezoidal

r u l e  in the next section.

IL Integration of the JWKBJj~te g r a l s  b y the Trape :oidal
R u l e

• A s u m m a r y  of the in t egr at ion  of the JWKB in te g r a l s

appearing as arguments in uq (144) is contained in t h i s

sect ion . The assumptions and approximations are discussed

a n d an es t i m a t e of the e r r o r  a s s oc i a t e d  wi th the t r a p e z o i d a l

r u le  is  g iven . The primary result in this section is a

• 
- c l o s e d  f o r m  equa t ion f o r  the d i f f r a c t i on  e f f i c i e n c y  of a

h o l o g rap hic lens. This eq uation can easily be evaluated

on a d e s k  c a l c u l a t or . In  the res t of th i s  c h a p ter , t he

r e s u l t s  of t h e  c a l c u l a t o r  e v a l u a t i o n  a re  c o m p a r e d  to

e x p e r i m e n t a l  m e a s u r e m e n t s  of t h e  d i f f r a c t i o n  e f f i c i e n c y  of

a h o l o g r a m  a v a i l a b l e  i n  t h e  l i t e r a t u r e .

- 

-
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i i . o o f  t h e  J I V K B  i n i e g r a l s  a p p e a r i n g  in  Eq ( 14 4 )

ire g m v e i t  by

- d
ui
~R
(d) = R [t ’u ( d ) ]  = R [ f (~-y ( z) d z ] ( 1 4 5 )

L\~~ 1 (d )  = I [A 1(d)] = 1 f f  ~~ (z ) d z J (146)

1 ~ i~ :) is determined by substitution of Eq (89) i n t o Eq (110)

to y i e ld ,

~ z~~ /~[c0
(z)_c

1
(z)]2~~0

(z ) Q
1
(z)sin 2 

~~~~ ~~[C -C 1-~-i1 (147)
Q-

1 ‘~ -1+ 
~~

- (
~ j—)

The fun ctional dependence ot Ay (z) upon the coordin at e

z is  d e t e r m i n e d  by s u b s t i t u t i o n  of t h e  f o l l o w i n g

i n d i v i d u a l  f u n c t i o n s  in to Eq (147). It is  s h o w n  in

\ppend ix B that

C ( z)= k % ( z )  
+ ~2c~~~ 1

2k cosO 2k cos O n (z)
c c c c b

a 2 ( z )  (148)
÷ 2k cos f (z) 

_Ak 2 nb
2 (z)J

c c b

, ~~
C_ 1~ z)~ -~ 1 —k f l

b
(Z)C0SO K’

~
( 1 4 9 )

2
i k 1(z)

Q (z)= 4(k n
b
(z)cosO) (150)
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a hu e  r e

2
k 1 (~ )~ 2 k -~ i

i 
( z ) .  ( a )  ( I 52

0 
b ( :  ) ~ s the ’ op r i c i  I d c x  o f t h e  i t o  I o i l  ra ri a nil ( :  )

i s  t i e  o p t i c a l  i n d e x  m n d a l t t L ’m ~ ish j c 1 i a r -  clerix- ’e l i i

-t j ) p e n d i  x B t o  h e ,

. 1 ( z )
) ( 1 5 3 )

-E M ( z )
- e --

~~~
-
~~~~~ 

- -
) ( 1 5 1 1

u h e r e ,
z — ‘ L  z

R 2 e 
~~~~~~~~~~~~ 

r 
(1 5 5 1

= I +

Ir— R
• °

and ,
- - 

- — -~- (L +L ) z2~~ R R e • e  2 o  r
= 

~~~ 
o r ~ 

e 
( 15 6)

The symbols appe a ring i n  h q s  ( 14 8 )  t i m m o u g h ( l 5 ( )  ar e  d e f i n e d

i n  t h e r e s p e c t i ve  ap p e n d i ce s i n  wh i ch  th e  f u n c tio n s ar e
derived . F~1s (118) throu ci h (156) can be su b st jtItC(I i nt o

Eqs (I- I S ), (1- 18 ) and (1 -191 to (h t ain the functions

C ( z ) ,  a n d
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The m a i n  r e a son fo r l i s t i n g  Eq s (1 18 ) t h r o u g h (156) is

to e m p h a s i z e  t h e  c o m p l i ca t ed f u n c t i o n a l  d e p e n d e n c y of  ~ y (z),

C (z). a nd  C
1
(z) up on a . Consequently, the J1~KB i ntegrals

a r e  d i f f i c u l t  to perform . Indeed , no exac t solutions to

any of the .JWKB integrals could he found by t h i s  w o r k e r .

Conse quently, however , the following approximation technL~ue

is shown to be very effe ctive.

The JWKB i ntegrals were performed using the trape :oidal

appr oximation. T h e  trapezoid al rule is defined as (Ref. 18),

d d d 3
f U(z)dz = 

-~( U (o)+U ( d ) ]  — 

~~~~~~~~ 
( 15 7 )

0

W h e r e  ~ is some value ot a be tween o and d , the thickness

• of the hologram . It is  i m p o r t a n t  to  n o t e  that Eq (157)

is  an e x a c t equ a t ion in tha t i t h o l d s  wi thou t any e r r o r

fo r some p a r ti c u l a r  v a l u e  of ~ as a c o n s e q u e n c e  of th e T h e o r e m

• of t he M e a n  ( R e f . 18) . I f  the l a s t t erm in Eq ( 157 ) i s

d r o p p e d , the Eq (157) is called the trapezoidal approximation .

The  l as t t e r m  can  be u s e d  to es ti ma te of the m a x i m u m  e r r o r

involved in the use of the trapezoidal approximation . This

e r r o r  i s  g i v e n  by -

‘It < —  U—12 max
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The application of the trapez o idal approximation to the

J W K B  i n t e g r a l s  in  Eq ( 1 4 4 )  y i e l d s  t h e  f o l l o w i n g  c l o s e d

f o r m  e q u a t i o n  f o r  t h e  d i f f r a c t i o n  e f f i c i e n c y  of a t r a n s m i s s i o n

ho.lographic lens.

— 
~~[C oR

(0)+C oR (d)+C _lR ( ) _ lR~~~
I

14F( 1_Q)si,n2
~_ l I Q _ l (0)Q _ l~~) I

sin 2 ( *[A’YI (o) +A Y d n ] (1 5 9)
-

-

Eq (159) is t he  p r i m a r y  r e s u l t  of t h i s  c h a p t e r .  I t  is

t h e  t h e o r e t i c a l  r e s u l t  f r o m  w h i c h  a c o m p a r i s o n  b e t w e e n

e x p e r i m e n t a l  nu~as ur em e n t s  and t h e o r e t i c a l  p r e d i c t i o n s  f o r

I 
t h e  d i f f r a c t i o n  e f f i c i e n c y  is to  be m a d e .  B e f o r e  t h i s

c o m p a r i s o n  is d i s c u s s e d , an e r r o r  a n a l y s i s  b a s e d  upon  Eq (158)

• is presented in order to determine the error involved in

the use of the trapezoidal approximation .

C.  E r r o r  A n a l y s i s  of T r a p e : o i d al  A p p r o x i m at i o n

I 
The o b j e c t i v e  of t h i s  s e c t io n  is to  d e t e r m i n e  an e s t i m a t e

of the order of magnitude of the error associated with the

use  of t h e  t r a p e z o i d a l  a p p r o x i m a t i o n .  One a p p r o a c h  to t h i s

objective would be the evaluation of Eq (158) for the

-

~~~~ 

- - -
- ,

. -
- 
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f u n c ti ons  A y (z), C (z), and C
1 (z)• 

Such an evalu ation

w o u l d  be e x a c t , b u t  e n t i r e l y  t o o  l e n g t h y  f o r  o u r  p u r p o s e s .

I n s t e a d , a l e s s  comp l i c a t e d , bu t  r e a l i s t i c  a p p r o a c h  t o

the error evaluation , which wi ll provide the reader with

an understanding of the order of magnitude of the error

associated with the application of the trapezoidal

approximation , is taken.

The approach is to analyze the error associated with

the trapezoidal approximation applied only to the dominant

terms in the argument of the JWKB integrals. The trapezoid-

al rule is shown to be accurate for the integral of

dominant terms. From this it is concluded that contributions

to the error associated with the trapezoidal approximation

• are negli gible when less dominant terms are included in

the argument of the integral.

First , consider the error associated with the trapezoidal

• integration of JWKB integral Ay (d), Eq (147). It has been

argued in Chapter IV that the dominant term is

Q ( z ) Q 1 (z)sin
2’1’ 1 . Therefore , if only dominant terms are

considered , A- y (d) becomes

~
y(d) ~lsin~~1I 1° v’Q (z)Q 1

(z) dz (160)
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It h as previously been shown i n  C h a p t e r  I V  t h a t  for the

c as e  of  u n s l a n t ed f r i n g e s , Q 0 ( z )  a n d  Q 1 ( z )  a r e  e q u a l ,

and b e c o m e

.Si k L\n(z)
Q ( z ) = Q 1 (z)  = 0 (161)

cos 0
c

For the general case of slanted fringes , Q ( z )  and Q
1

( z )

w o u l d  no t be e q u a l , bu t their magnitudes would be of the

same order . Consequently, the limitations associated

wi th using Eq (161) in Eq (160) for the purpo ses of error

anal y sis is not significan t. Substitution of Eq (161)

into Eq (160) results in

1k d
A ’

~ 

(d)= 2 COS O 
f t ~n(z)dz (162)

The e r r o r  a s s o c i a ted wi th the u s e  of the tr a p e z o i d a l

rule is ob tained from Eq (158). The function IJ(z)

b e c o m e s ,

1k

2 c o O  t~n(z) (163)

where n(z) is given by (see Append ix B) Eq (98) from

C h a p ter I I I , repeated he re ,

- 
~~

- (L +L )z2 o r
A n ( z ) An (E) e (164)

( 8o
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and L --— — - - and L ~~~~~~~~~~~
— as pr ev iously e x p l a i n - d .o c o s (  r c o s O

ci r

- 
— £ (L +1. ) zjk utn 2 o r

U ( z )  e
C

i~~
- r i ch 11’ ( z I b e c o m e s

ik -
~~~ 

2 
~~~ )

2 
- -(L +L ) i

11 ( r ) -  e ( l ~~6)
8 cosO

C

S d - s t ~~t u t i o t t  of toe ;jta~~i t-tti , e al ue hJ~~(z) int o i n eq ualit y
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d ~k :~~
-
~ 

2 
~~~~ ~ ) —-( u (~~e ,

• I ~ t) COS~ C

1 he  i ne qua Ii ty , (1 ~ 7 1 , p r oy  I d e s  an  es t cus  t e o f  t h e  u p p e r

-ound ‘ 0 1 - t h e  e i i - o r  a s s o c i a t e d  ai~~h t h e  u s e  of  t h e  t r a p e : o i da l

- .
- a p p i - O A  m i t  i o n  - Fhie r e l a t i v e  percent error is defined as

~Idf i (7)  ~~~~~~~~~ -i (l6~~1
Ia -

~ 
(d)

For this ease , L y (dl eaui he integrated exactly to i ci d

2 o r
K Ii ( 1- c  - 

)

Lr~-~ (d)  = 

~~( i- e ’  
- -  ( 1 6 9 )
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l ie jua Ii ty (167) and 1~q (169) a re  subs t i tut c~ i ri fo Iq (1 ( : ~

t derive an inequality for the upper hound of the perci t

error associated with the use of the trap ezoid ~i 1 ~i t i r ” ~~i ia t i 1 ,

wh i ch is

d(L +L )1 3x 100%
EFFG) < 

— c~(L +J. ~~ 
(171))

96(1 -

By observation of inequality (170), it is con c lu ded

that the upper bound for the percent error associated w i t L

the trape :oidal rule grows as the cube of the absorption

coefficient of the emulsion during exposure and as the cube

of the thickness of the processed ho logram . Clearly, if

either of these parameters grows without bound , the percent

error would become unacceptable at some point.

While certain terms have been neglected in the

derivation of the upper bound in inequality (170) , the

terms neglected are relatively small as argued in Chap t’~r

Inequality (170) presents an upper Lound on the limit

of the usefulness of the trapezoidal approximation . The

magnitude of this upper bound must be checked before the

trapezoidal approximation is applied to specific h olograp hic

materials.
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I f I neq ua ii t y (170) is e v a  I uat (d f o r  the t yp I cal

holograp h i c ma ter i a l , d ichro aa te d ge ’ati n (d~~l 3p , ~~ 2 . 7Sx

1t~~m~~ L
o=L r

=•
~

l_) , the upper bound for the percent
/2

error a ssociated w i t h  the use of the tra p e zoidal approximation

i s

E F F  ( % )  < . 6~/. (171)

Th is relative percent error is indee d sma l l and it appears

re asonab le to use the trapezoidal approximation for th i s

par ticular material.

The dom inan t term approach for the analysis of the

percen t error associated with the trapezoidal approximation

has de termined the approximate order of m a gnitude of

the errors to be expected. Similar orders-of-magnitude

(<1%) in the percent errors associate~I w i t h  C
0 

and C 1,

JWKB integra ls , have bee n determined H t u i s  author , b u t

these results are not presented because it is the ob jective

of this section to merely provide the reader with the r .ler-

of-magni tude of the error to be expected. The reader is

cau tioned to check the validity of the use of the trapezoidal

approximation for each type of hologra phic material

cons ide red .

83



A.FAI — ‘ — .

P. h~~~1ua t ion of T h e o r y

T h e  e f f i c i e n c y  1~~r a transm i ssion hologr aphic lon s gi~~en

b Eq ( 1 5 9 )  w a s  p r o g r a m m e d  on  a H e w l e t t - P a c k a r d  M o d e ]  9~~21)

d e s k  c a l c u l a t o r  w i t h  p l o t t e r . The  p r o g r a m  w a s  f o r m a t t e d

so t h a t  t h e  d i f f r a c t i o n  e f f i c i e n c y  c o u l d  be p l o t t e d  i s

a f u n c t i o n  of ‘ a n g l e - o f f - B r a g g t ’ or as a f u n c t i o n  o f  t e t a l

e x p o s u r e  ( m e a s u r e d  in m i l l i j o u l e s / c m 2 ) d u r i n g  c o n s t r u c t i o n .

~~ t e r m  “ a n g l e - o f f - B r a g g ’ L )  h a s  a s p e c i f i c  m e a a i  r i g

i n  t h e  c o n t e x t  of a h o l o g r a m  t o  be d e f i n e d  i n  t h i s  p a r a -

g r a p h .  The  B r a g g  a n g l e  i s  t h e  a n g l e  b e t w e e n  the n o r m a l

t o  t h e  h o l o g r a m  s u r f a c e  a n d  t h e  ~ a v e  v e c t o r  o f  t h e

r e f e r e n c e  b e a m  d u r i n g  c c i p s t r u c t i o n  ( R e f .  2 1 ) .  I f , a f t e r

p r o c e s s i n g  of  t h e  h o 1o g r a m , t h e  t h i c k n e s s  of t h e  m e d i u m

a n d  f r i n g e  s t r u c t u r e  r e m a i n  u n c h a n g e d  f r o m  w h a t  t h e y

w e r e  d u r i n g  c o n s t r u c t i o n , t h e n  t h e  m a x i m u m  d i f f r a c t i o n

e f f i c i e n c y  o c c u r s  f o r  a r e c o n s t r u c t i o n  w a v e  v e c t o r

p a r a l l e l  to  t h e  o r i g i n a l  r e f e r e n c e  w a v e  v e c t o r .  T h i s  i s

t e r m e d  “ B r a g g - r e c o n s t r u c t i o n ” . H o w e v e r , i f  t h e  w a v e

• v e c t o r  of  t h e  r e c o n s t r u c t i o n  b e a m  i s  no t  p a r a l l e l  t o  t h e

o r i g i n a l  r e f e r e n c e  w a v e  v e c t o r  d i r e c t i o n , an a n g l e  e x i s t s

• b e t w e e n  t h e  w a v e  v e c t o r s .  The a n g l e  ( 6 )  b e t w e e n  t h e

r e f e r u c e  w a v e  v e c t o r  a n d  t h e  r e c o n s t r u c t i o n  w a v e  v e c t o r

i s  c a l l e d  the “ a n g l e - o f f - B r a g g . The  g e o m e t r i c a l  r e l a t i o n

of  6 t o  t h e  v a r i o u s  w a v e  v e c t o r s  is s h o w n  i n  Fi g u r e  4 .

•. ~~~~~~~~~~~~~~~~~~~~~ T . . ‘
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Figure 4. Cone of Possible “angle-off-Bragg ”
6 is the angle-off-Bragg, the angle between the reconstruction
wave vector , , and the reference wave vector . There
is a cone abou~

2l~ 2 of half angle 6of possible lo~~ t ions of

~e2 . 
r

If k
c2 lies in the plane of incidence (the plane formed

by the 
~o2 

and i
~r2
)
~~

the angle-off-Bragg is positive

(rS>O)when the angle measured from the reference wave vector

to the reconstruction wave vector is determined by a clock-

wise rotation about the normal to the plane of incidence ,

the angle-off-Bragg is negative (5<O)when this rotation is

counter-clockwise. For reconstruction wave vectors lying

out of the plane of incidence , the si gn of the angle-off-

• Bragg is determined by an appropriate transforr iation to

the plane of incidence.
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• The following effects w i l l  be examined in this se c t ion

and c o m p a r e d  t o  e x p e r i m e n t a l  r e s u l t s  w h e n  p o s s i b l e :

(1) variations in reconst ruction beam polarizati on ,

(2 ) r econs t ruc t ion out of the jilane of incidence , (3)

expansion of the emulsion due to pro cessing, (4) emulsion

optical index changes due to processing, (5) absorption

effects during exposure , (6) variations of the ang le-

off-Bragg dur ing reconstruction , (7) variations of the total

exposure during construction , and (8) the effect of the

JWKB terms.

In order to illustrate these effects , two hologram

construction geometries for whi ch experimental data is

available in the literature are considered. The first

is a hologram made by Rose and Willimason referred to

as the “45 ° x 45 ° hologra m ” ~Ref. 4 0 ) .  It is used to

illustrate the first two effects mentioned above : ( 1 )

v a r i a t i o n s  in  r e c o n s t r u c t i o n  b e a m  p o l a r i z a t i o n  a n d  ( 2 )  re-

construction out of the plan e of i n c i d e n c e .

• The second hologram consid~ red is a hologram made

by Chang known as the “ERIM Hologram ” (Ref. 6,7). It

is used to illustrate the rem a ining effects previously

listed.
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These holog ram s ar c  u s e d  t h r o u g h o t ~t t h e  r e s t  of t h i s

c h a p t e r  a n d  s e r v e  as a b a s i s  f o r  c o m p a r i s o n  of t h e  . J W K B

theory to experimental data , in the following paragraphs

these holograms are described in greater de tail because

of their importance to the evaluation. After this descri p-

tion , the holograms are referred to by name only in the re-

maining sections of this chapter.

1. D e s cr ~~~t i o n of _H o l o g r a m s  used f o r  E x p e r i m e n t a l

and Theoretical Comi ~~~ i s o n . The “45 ° x 45° hol ogram ”

was constructed using a he lium neon laser (A =6328A) for

an experiment by Rose and Williamson in order to deter ini a c

the reconstruction sensitivity to variations in incident

bean polarization. This construction geom etry is shown

in Figure 5. The “45° x 45° hologram ” was recorded on

Kodak 649F hi gh resolution silver halide emulsion

(described in Appendix D) using plane wave s . The object

and reference beams were incident at 45 0 with respect to

the normal to the emulsion as measured insi de the liquid

gate , such that the beans were 90° apa it. The liquid

inside the gate was used to index match the surfaces of

the emulsion and glass substrate in order to eliminate

surface reflections and surface relief which would create

noise upon reconstruction , and to allow entrance into the

emulsion at 45°. During the experimc nt , i’econstruc t iurr

occurred along the ori ginal reference beam wave vector

direction ; the polarizatio n during r con struc t ion wa s

~~~~~~~~ ~~~~~~~~~~~ ~~~~~~~~
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varied from vertical to horiz ontal in steps of 10 °

measured with respect to the plane of incidence. For

each change in polariztion , the intensity of the

reconstructed image was recorded (Ref. 40).

~~~~iquid Gate

r ___________________________________ Film P l a t e

wave propagation \ / wave propagation
vector of object I vector of reference
plane wave ‘~~,, ‘ 

plane wave

Figure 5. 45° x 45° Construction Geometry

The ~~ 45 0 x 45° hologram ” is used to illustrate the

effect of reconstruction beam polarization upon t h e  holo gram

efficiency. The predictions of the theory developed in

Appendix H are compared to the exper imental results obtained

by Rose fo r “45° x 45° hologram ” . Good agreement is found

for low exposure levels , but si gnificant differences occur
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for hi g h exposure le ve ls . Also , the eff e cts on the diffraction

e f f i c i e n c y  f o r  r e c o n s t r u c t io n  o u t  o f  t h e  o r i g i n a l  c o n s t r u c -

t i o n  p l a n e  of i n c i d e n c e  a r e  d e m o n s t r a t e d  u s i n g  t h e  ‘ i ’ ° x

15 ° h o l o g r a m ” . E x p e r i m e n t a l  a n d  t h e o r e t i c a l  c o m p a r i s o n s

a r e  n o t  m a d e  i n  t h i s  c a s e  b e c a u s e  of t h e  l a c k  o f  s u c h

i n f o r m a t i o n  in  t h e  l i t e r a t u r e .

T h e  s e c o n d  i o l o g r a m  u s e d  f o r  t h e  c o m p a r i  son  p u r p o s e s

in the evalua tion of the J W K B  h o l o g r a m  e f f i c i e n c y  i s  t h e

“ ERIM ho logram ” . The constr uction geometry for this

hologra m is shown in Fi gure 6. Several holograms were

r eco rded  on d ic hroma t ed gel atin (5% d ichromate Ly volum e )

using an Argon Laser (A
0=5 145A) for the construction in

geometry in Fi gure 6. Dich roma ted gel a t i n  as a recordin g

m a t e r i a l  of  t r a n s m i s s i on  h o i o g r a m s  i s  d e s c r i b e d  i n

\ p p e n d i x  E .  A s e r i e s  of h o l o g r a m s  w a s  m a d e , e a c h  h a e i n n

a different exposure. Chang recorded the exposure for

e a c h  h o l o g r a m  a n d  p r o c e s s e d  t h e  s e r i e s  of  h o l o g r a m s  i n

s imultaneous identical steps. The diffraction efficienc y

w a s  m e a s u r e d  as a f u n c t i o n  of a n g l e - o f f - B r a g g  f o r  e a c h

e x p o s u r e  l e v e l .

In  t h e  l a t e r  s e c t i on s  of t h i s  c h a p t e r , t h e  d i f f r a c t i o n

e f f i c i e n c y  c a l c u l a t e d  by t h e  .JWKB m e t h o d  i s  c o m p a r e d  t o  t h e

e x p e r i m e n t a l  d i f f r a c t i o n  e f f i c i e n cy  m e a su r e d  by C h a n g  f o r

the “ E R I M  H o l o g r a m ’S . E x c e l l e n t  a g r e e m e n t  i s  o b t a i n e r 1

b e t w e e n  t h e  e x p e r i m e n t a l  a n d  t h e o r e t i c a l  p r e d i c t i o n s  f o r
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emulsion

t r

v (— ~~~~ )bjtO’t. wave (in ane)

~l4 .
reference wave (plane)

Fi gure ~~~ . ‘~~ ‘r ~~i n g  i o o r e t i y  f o r  “ERIM ho 1o~~rarn ’
(~~e f .  6 , 7)

t i n e  d i f f r a c t i o n  e f f r c ~~e r c y .  V a r i a t i o n s  in  t h e  h o l o g r a r i r

diffraction e f fieic n c) as ~ func ti on of c h a n g e s  i n  ( 1 )

e m u l s i o n  expa n si on , ~2) ap ti cal  index , ( 3 ) abs o rp t ion

dur ing exposure , ( 4 )  a n g l e o f f - B r a g g ,  ( 5 )  t o t a l  e x p o s u r e ,

a n d  t h e  . J W K B  t e r m s  a~~e evalua ted by comparison to the data

a v a i l a b l e  for t h e  “ E R I M  H o l o g r a m ” .

2 .  P o l a r i z a t i o n  F f f e c t s  d u r i n g  R e c o n s t r u c t i o n .  The

r e c o n s t r u c t i o n  e f f i c i e n c y  o f  a h o l o g r a m  i s  d e p e n d e n t  u p o n

t h e  p o l a r i z a t i o a  of  t h e  r e c o n s t r u c t i o n  b e a m  as d e r i v e d

by s e v e r a l  a u t h o r s  ( R e f .  3 , 1 , 13 , 21 , 40 , 4 4 ) .  T h e s e

authors have pr e d i c t e d  that the, efficiency at Bragg

r e c o n s t r u c t i o n  s h o u k i  he  Pr ~~~o r t i O n a l ’ t o  s i n 2 t 
~~~
, w h e r e

~~~~~~~ ~~~~~~ . • . • — .~ . * — • , r ’ 
, 

• • 
• . 
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-
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is t h e  ~ n n g l c  i c t i c L a  t i n c  . u l a r~~:a t  u n  u t  the i n c i d e n t

t’, n n v c  t f l t i  t h e  d i f f r a c t  i o n  d i  rc .t i n n i  (derived in Appendix II)

I n d e e d , R o se  a n d  !‘~i I l i n t in is o i i  h a v e  c o n f i r m e d  s u c h  a r e s p o ns e

for a Kodak 649F hologram. However , i t  i s  t h e  c o n t e n t i o n

0 !  n . ! n l S  : tu t h o e  t h a t  ~ r n c I  a r e s p o n s e  i s  o n l y  a c o r i s e q u e n r e

f t h e  r e l a t i v e l y  weak c o u p l i n g  characteristics of 649F

h u og r a m s

I’ n i s m ;r v he  m o r e  e a s i l y  u n d e r s t o o d  by c o n s i d e r i n g

E q (159) i n  the loss1e~~s , Kogeln i k case , f o r w h i ch

4( l— ci ) Q  ~ s in ~~ t~ ’~ d
~~~~~ si r n ’ ( - ~~~~ j ( 1 7 2 )

F i r  B r a g g  recon structio n = ~ , w h e r e

= 2~ Q Q 1 si.n~~ 1~ ( 1 7 3 )

u~~ 1n g  t h e  r e l a t i o n  f o r  t r a n s m i s s i o n  h o l o g r a m s  t h a t

= ( 174 )

a n d  s u b s t i  tat ion of Eqs ( 1 7 3 )  a n d  ( 17 4 )  i n t o  Eq ( 1 7 2 ) .

sin 2 [ v ~~~~ Q 1
d sin- i } (1 75)
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T h e r e f a r ’~’ , t Ire n f f r c t e i e y  ~ s a r t  a r u p e r r t j a r r , l

t o  ~ cn ~ ~ 
fl o w o c ’ e r , for t t ie Oas e o f  s o a k  co i p t ~~n g ,

w h e r e  t h e  Q 1 c1 u r a u t i e t  i s  s m a l l , t h e  i ” i n i e n t  of t h e  s i n e

m J v  b e s u b s t i t u t e d  i o r  t b , . s i n e , w h i c h  y i e l d s

= (1 -  
~ 

~~~~~ 
~~~smn 

~~ 
(~ 
76)

T h e r e f o r e . t o r  ~:e a k  c o u p l i n g ,  t h e  e f f ~~c i e n c y  0 1  a h o l o ~~r ’i n

is  p r o p o r t i o n a l  s i n : Y , w h e r e  -

~~~
• 

1k 0 ~ b~~ ~~ cos  .~ 
( - 

~~

a n d  i s  t h e  s l o ~~e of t h e  ‘o p t i c a l  i n - l e s  v L r s l I s  e x h o s u r c ’
n

c u r v e  i n  t h e  l i n e a r  r e g i o n  ( s e e  A p p : r d i x  B ) ,  k =

F E i s  t h e  t o t a l  e x p o s u r e , ~l i s  t h e  c oa s t  r u c t  i o n  t r e a m
I

i n t e r f e r e n c e  m o d u l a t i o n , a n d  i s  the a n g l e  b e t w e e n  t h e

con struct i on w a v e  vector ni n i t h c  n a r o a l  t i  t h e  ~~w l S i o r r .

Eq ( l 5 ~~) w a s  e v a l u a t e d  f o r  t h e  Ko~~e l n i k , i d e a l - n o 1 o g r - r ~

c a s e  u s i n g  t h e  c o n S ~~r c i c t i o n  g e o m e t r y  of  t h e  15 ° ~ 15 °

hologram ” (sh own in Figure 5) for reconstructio n i t  t !n~

• Bragg angle for various p o l a r i z a t i o n s  o f  the i n c u d o n t

li g ht. The  d iffraction efficienc y for d’ach p o l ari:ation

a n g l e  w a s  n o r m a l i z e d  w i t h  r e s p e c t  t o  t h e  m a x i m u m  v a l u e

a n d  p l o t t e d  as a f u n c t i o n  of s i n 2
~~~ 1 . F i g u r e  7 is  a g r a p h

0 of ~he normal i zed  d i f f r a c t i o n  e f f i c i e n c y  v r r c ’~~ s i I1 2
~~~ l

. =
I t  s h o w s  t h e  t h e o r e t i c a l  p r e d i c t i o n s  Df  Eq ( I S P )  f o r

f o r  t h e  c a s e  of w e a k  c o u p  1 i n g  ( ‘y = . 0 0 0 0 o 9 )  a n d  s t r o n g

___

~

i_i

~ 

.~ r:;1—i.1 :~~J~
= _ ” ’



A~ •A =  — I 1 - : — (
~~- 10

c oup l ing ( = . 0 0 0 2 3 ) .  A l s o  p l o t t c ’ d i n  F i g u r e  5 i s

t h e  experimental data taken by Rose and W i l l i a m s o n  (Ref. 10)

1.0 —

/7
- 

o a o Expe r ime n t Rose(Ref.40) ,~,
-.“

— — — E q ( 1 5 9 ) , r  .000’069 7 /

Eq(159) , t °= .00023 ,,/

.8~~~ / /
>
Li
z

i ~.5 / Strai ght  l ine  predicted
/ by Eq (175)

/

/
ta /

,

/
• ~~~~~~

. J _  
/

,G~- 

. 2 .  /
/

i 
/

0 A  .~~~ .~~~ .~~~ ~6 •~7 !8

sin - I _i

Fi g u r e  7 .  N o r m a l i z e d  D i f f r a c t io n  E f f i c i e n c y
v e r s u s  s in 2

~~1 f o r  “45 ° x 45 ° H o l o g r a m ”
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The t h e o i ’ e t i ~~- t ~ ~‘~~~ t L  in F i g i ~ i 7 i i L ~c a t c s  t h a t  f ij i

the ease of w e a k  coupling the diffraction effi ciency is

in very close agreement w ith the exreri lnental data taken

.by Rose. For the case of strong coupling, the theoretical

diffraction effi Liency is not proportiona l to sin 2
~ in

agreement with Eq (174). Both the experimental data

points of Rose and the theoretical data points for the case

of weak coupling lie sli ghtly above the strai ght line

p r e d i c t e d  by Eq ( 1 7 5 ) .  T h i s  m a y  be an i n d i c a t i o n  t h a t

the coupling is just beg inning to become strong.

3. Reconstruc tion out of the Plane of Incidence. The

Koge lnik theory is limited to reconstruction wave vectors

• ly ing in the plane of incidence of the object and referemce

beam wave vectors . This is one of the fundamental

assumptions of the Kogelnik theory (Ref. 21) and the

equations are derived based upon this geometrical limi tation.

The theory developed in this dissertation is not

limited to reconstruction in the plane of incidence for

two reasons: (1) the reconstruction is accounted for

by a reconstruction wave vector 
~c2 

and the fringe

structure is accounted for by a fringe wave vector (see the

H K’  K ’  - 2~~2
. K ’  t e r m  in  Eq (149)), and (2) the polarization

vectors. Because these vectors are three dimensi onal , the
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d i f f r a c t i o n  e f f i c i e n c y  e q u a t i o n s  d e v e l o p e d  i n  t h i s

dissertation are not limited to wave vectors lying in the

plane of incidence.

The  e f f e c t  u p o n  t h e  d i f f r a c t i) n  e f f i c i e n c y  of recon-

s t r u c t i o n  w a v e  v ec t o r s  l y i n g  ou t  of t h e  plane of incidence

is shown in Fi gure 9 for the “45 ° x 45° hologram ” . The

plane in which the rotation of the angle-off-Bragg occurs

is specified by the angle p , where p is the angle that the

p l a n e  of r o t a t i o n  of t h e  r e c o n s t r u c t i o n  wave vector makes

w i t h  r e sp e c t  to  t h e  n o r m a l  to  p l a n e  of i n c i d e n c e (S ’~e Fi g 8) .  If

p = 0, for example , then the plane of rotation is perpen-

dicular to the plane of incidence. The reconstruction

wave vector starts out 10 ° below the ori ginal reference

wave vector and moves to +10 ° above the ori g inal wave

v e c t o r  as t h e  a n g l e - o f f - B r a g g  c h a n g e s  f r o m  -10 ° t o  + 10 ° .

In each case , when the angle-off-Bragg is zero , reconstruction

occurs for a wave vector parallel to the ori ginal reference

wave vector. The geometry f o r  t h e  p = 0 case is shown in

Fi gure 8 in which 
~~~

, and are c o n t a i n e d  in t h e  ( y ,  z )

plane.

The angular sensitivity of a hologram is determined by

• the n (s) plots. The angular bandwidth of a hologram is

the number of degrees between the primary zeros of the

ri (’S),ó being the angle-off-Bragg. The angular sensitivity

ET~ -
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F i g u r e  8 .  C a s e  f o r  w h i c h  p = O  s h o w i n g  r o t a t i o n  of ~~
f r o m  5 = - 10 ° to  ô = + l O ° in a p l a n e  p e r p e n d i c u l a r  t o  (

~~O~~~
1
~r

)

d e c r e a s e s  f r o m  a b o u t  20 ° f o r  t h e  p = O  c a s e  t o  a b o u t  3 ° f or

t h e  p = 4 5 ° c a s e .  T h i s  is  c a u s e d  by t h e  f a c t  t h a t  t h e

d i f f r a c t i o n  e f f i c i e n c y  of t h e  45 ° x 45 ° h o l o g r a m  i s  p a r t i c u l a r l y

s e n s i t i v e  t o  v a r i a t i o ns  in  t h e  y - c o m p o n e n t  of t h e

reconstruction w a v e  v e c t o r  b e c a u s e  t h e  w a v e  vector for t h e

f r i n g e s , i~, is  tota l l y  in the y-direct ion .

( 
96
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. 1. F x p a i s i o n  a n d  Sh i in ka~ e of th e I n  i~~io u . l i i  ir i~’,

!o~~e s s i n g ,  t h e  ex p o - ;e d  e m u l s i o n  p l y  e x ; a 1 i ~! O t  - - a ’ r t r  t - ~~

due  t o c h em  iC - I 11)’ i i  ~l o r - :  1 cli a u  s i n t i ’ ’  i I s i °u s t r i — i e

c r a c k i n g  a l o n g  f r i n e p l a n a s , h u m i d i t y  i n d u : e !  c h . i n ~~i s

o r  r e m o v a l  of  c o m p o u n d s  f r o m  t h e  e m u l s i o n .  ih e s~ c h a n ~’es

i n  thi c L  n e s s  h a v e  t h r e e  e t f e c - t s u p o n  t h o  r o c o r i  S t  r u c  t i o n

p r o c e s s  F i r s t l y ,  t h e  t h i c k n e s s  o f  t h e  e m u l s i o n  i 5

d~~f f e r e n t ;  t h e  a n g u l a r  b - i a d w i ( t h  for rec o n s t r u c t i o n  i s

i n v e r s e l y  p r o p o r t i o n a l  t o  t h ~ h o l o g r a m  t h i c ~. n o c s  ( F e f .  ~~~~j .

S e c o n d l v , t h e  f r i n g e  s u r f a c e s  r o t a t e  p o s i t i o n  w i t h  r e sp e c

to their orientation during exposure . This chan~ es the

p o s i t i o n  of m aximun d i f f r a c t i o n  t ’ f f i c i c ~~cy of n (S), f r o m

~~~ t o  some other value . F i n a l l y ,  the s p a c i n i ~ b e t w e e n

fringe surfaces is changed , which also affects th~ p o s i t i o n

of  t h e  m a x i m u m  d i f f r a c t i o n  e f f i c i en - v .

T h e  c h a n g e  i n  p o s i t i o n  of t h e  f r i n g e s  d u e  to  e x p . l n s v n n

or shrinkage of the emulsion is des cribed b y l t r a I s f a i O 1 i r n ,

T, derived in A ppendix C. The wave vector of the fr i iir ~°s

after processing, denoted with a prime , is g i v e n  h e

i~’= T ( 1 7 1 )

90
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a n d  t h e  t h i c k n e s s  of t h e  e m u l s i o n , denot e d b y d ’ , is g i v e n

by

d ’  = S dz ( 1 7 8 )

S is the thickness factor representing t h e  r e l a t i v e  c h a n g e

in  e m u l s i o n  t h i c k n e s s  c a u s e d  by p r o c e s s i n g .  If expans ion

occurs during processing S
~~

> l; if shrinkage o c c u r s

Fi gure 10 shows the theoretically predicted diffraction

efficiency versus 6curves for the ‘ERIM hologram ” ,

p r e v i o u s l y  d e s c r i b e d , w i t h  e xp a n s i o n  a n d  s h r i n k a g e

a c c o u n t e d  f o r  i m  t h i s  m a n n e r .  The  o r d i n at e  is  t h e  d i f f r a c t i o n

efficiency (n) g iven by Eq (159), a n d  t h e  a b s c i s s a  i s  t h e

angle -off-Bragg (is ) p r e v i o u s l y  defined.
_* -+

If a change in thickness does not occur , then K’ = K

and the maximum diffraction efficiency occurs when the

reconstruction beam wave vector is p r a l lel to the reference

beam wave vector (S =1 curve in Figure 10). This occurs

at zero “degrees off Bragg ” , since the angle between

the reconstruction wave vector and the reference beam
- 

-
. 

wave vector is zero. If S~~~l , then ~~~~~~~~~ a n d  the maximum

diffraction efficiency occurs for a reconstruction wave

vector not parallel to the ori g inal reference wave

vector , that is , at some 5~~0.

-
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( s o  r S ii I t  s c a n  h~ ~ l i t  a u i - il t i i  I I~~: u rc I U  . F i r S t

t h e  po i t i on o f t h e  d I I r i  c t l o l l  e I I c I e r i c V Ill a x  I m u m  m o v e s

f r o m  p o s i t i v e  t o  n e g a t i v e  a n g I e s - o f f - R r ~i g g  as  t h e  c h a n g e

iii  thick ness move s from e x p a n s i o n  ( “ 1 )  t o  s h r i n k a g e

(S < l ) .  T h i s  p o s i t i o n  i s  c o n s i s t e n t  ~. i t h  t h e  Rragg

c o n d i t i o n  g i v e n  by

,~~~t • j ,~~ ! — 2 i ~ K ’ 0 ( l 9 )2c

S e c o n d , t h e  d i f f r a c t i o n  e f f i c i e n c y ,  n V ) ,  i s  p r o p o r t i o n a l

5 in~t o  ( s ’ ) ’  as p r e v i o u s l y  p r e d i c t e d  by Koge lnik theory

( R e f . 2 1 ) .

The effects of thickness changes upon the diffraction

e f f i c i e n c y  and t h e  a n g u l a r  s e n s i t i v i t y  is l a t e r  s h o w n  t o

a g r e e  w e l l  w i t h  t h e  e x p e r i m e n t a l  w o r k  o b t a i n e d  by Chang

( s e e  Fi g u r e  1 2 ) .

5.  O p t i c a l  I n d e x  C h a n g e  d u e  to  P r o c e s s i n g.  The

o p t i c a l  i n d e x  of t h e  e m u l s i o n  a f t e r  p r o c e s s i n g  is  usually

n o t  t h e  same  as t h e  optical index of the emulsion during

e x p o s u r e .  The reasons for the change in o p t ic a l  i n d e x  is

d u e  to  t h e  removal or addition of substances during process-

i n g  ( R e f .  33). Upon reconstruction , the maximum diffraction

e f f i c i e n c y  does  no t  o c c u r  f o r  r e c o n s t r u c t i o n  w a v e  v e c t o r s

a l o n g  t h e  o r i g i n a l  r e f e r e n c e  w a v e  v e c t o r .
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I h e  c h a n g e  i n  o p t i c a l  i n d e x  tit ter processing i s

a c c o u n t e d  for theoretically by changing t h e  optical index

in t h e  reconstruction wave vector to the optical index

a f t e r  p r o c e s s i n g .

The  e f f e c t  u p o n  t h e  d i f f r a c t i o n  e f f i c i e n c y  of o p t i c a l

index changes during processing was evaluated using Eq (159)

f o r  t h e  K o g e l n i k  c a s e  u s i n g  t h e  E R I M  H o l o g r a m . The

r e s u l t s  a r e  p r e s e n t e d  in  Fi gure 11 . The p o s i t i o n  of

m a x i m u m  d i f f r ac t i o n  e f f ic i e n c y  s h i f t s  f r o m  p o s i t i v e  t o

n e g a t i v e  a n g l e s - o f f - B r a g g  as t h e  i n d e x  v a r i e s  f r o m  l o w e r

to hig her values than the index of the emulsion during

exposure. This shift is consisten t with the Bragg

condition g iven by Eq (179).

6. Comparison of the JWKR Theory to Experimental

M e a s u r e m e n t s .  In t h i s  s e c t i on  t h e  J W K B  t h e o r y  is  c o m p a r e d

to  t h e  experimental measurement made by Chang (Ref. 6, 7) . -f

The e f f e c t s  upon t h e  diffraction efficiency of (1) abso rp -

t i o n  d u r i n g  e x p o s u r e , ( 2 )  v a r i a t i o n s  in  a n g l e - o f f - B r a g g ,

(3)  v a r i a t i o n s  in e x p o s u r e , and ( 4 )  t h e  p h y s i c a l  si g n i f i c a n c e

of t h e  .JW KB t e r m s  is d i s c u s s ed .  In  a l l  c a s e s , t h e  c o n s t r u c t i o n

g e o m e t r y  is  t h a t  of t h e  “ E R I M  H o l o g r a m ” d e s c r i b e d  in

Fi g u r e  4 .
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The experimental results which Chang obtained are

most interesting in that the Kogelnik theory for the

d i f f r a c t i o n  e f f i c i e n c y  f a i l s  to predict the experimentally

m e a s u r e d  d i f f r ac t i o n  e f f i c i e n c y .  It  w i l l  be s h o w n  in

t h i s  s e c t i o n  t h a t  t h e  J W K B  theory developed in this

dissertation does predict the experimentally measured

diffraction efficiency.

Chang exposed a series of plane wave holograms

a c c o r d i n g  to  t h e  g e o m e t r y  in Figure 6 .  The t o t a l  e x p o s u r e

( m e a s u r e d  in  m i l l i j o u l e s/ c m 2 ) w a s  i n c r e a s e d  f o r  e a c h  s u c c e s s i v e

h o l o g r a m .  The o b j e c t  a n d  r e f e r e n c e  b e a m s  w e r e  o f  e q u a l

i n t e n s i t y .  The r a n g e  of e x p o s u r e  w a s  f r o m  24 n j / c m 2 up

to  1069 m j / c m 2 .

After processi ng the s e r i e s  of h o l o g r a m s  under identical

conditions , the diffraction efficiency of each hologram

was measured as a function of angle-off-Bragg. From this

data the angular sensitivity and angular bandwidth of

the hologram as a function of exposure was determined.

A l s o , t h e  d i f f r a c t i o n  e f f i c i e n c y  at  t h e  c e n t e r  of  t h e

a n g u l a r  b a n d w i d t h  as a f u n c t i o n  of e xp o s u r e  c o u l d  be

o b t a i n e d .

The  e x p e r i m e n t a l  d a t a  obtained by C h a n g  f o r  a t o t a l

of 24 m j / c m 2 is  shown in Fi gure 12 .  The  s o l i d  l i n e  t h r o u g h

t h e  d a t a  is t h e  t h e o r e t i c a l l y  p r e d i c t e d  e f f i c i e n c y  u s i n g

t h e  t h e o r y  of K o g e l n i k  based upon a linear response of

lob

~~~~~
. 
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1 n d e  x m o d u l a t i o n  t o  cx ~~o s t i r e  I’h ccc  pa  rome t erS w e r e

i a r i e d  i n  o r d e r  t o  fit t h e  K o g e l n i k  theory t o  t h e  d a t a .

F i r s t , 
11 

( d e f i n e d  i n  A p p e n d i x  B ) ,  t h e  s l o p e  of t h e  o p t  i c a l

index response of the emulsion to exposure , w a s  v a r i e d

i n  o r d e r  t o  o b t a i n  t h e  correct maximum diffraction

e f f i c i e n c y  ( abou t 3 0 % ) .  T h t  t h i c k n e s s  w a s  v a r i e d  in  o r d e r

to determine the corr e ct angular bandwidth. F i n a l l y ,  the

e x p a n s i o n  f a c t o r  S w~~s varied iii order to shift the

p o s i t i o n  of m a x i m u m  d i f f r a c t i o n  e f f i c i e n c y  t o  t h e  c o r r e c t

n u m b e r  of  d e g r e e s - o f f - B r a g g .  T h e  v a l u e s  w h i c h  b e s t  f i t

t h e  d a t a  a r e  = . O ~
)
~) 2 3 , d~~l 2 . 4 p , a n d  S

~~= l . 3 5 3 .

I f  t h e  K o g e l i 1 i k  t h e o r y  t o g e t h e r  w i t h  t h e  a s s u m p t i o n

of  a l i n e a r  r e sp o n s e  of  i nj e x  m o d u l a t i o n  to exposure is 
-
‘

v a l i d , t h e n  t h e s e  p a r a m e t e r s  s h o u l d  be c o n s t a n t s  of t h e

m a t e r i a l  a n d  t h e  d a t a  o b t a i n e d  a t  t h e  n e x t  h i g h e s t

e x p o s u r e  l e v e l  s h o u l d  a g r e e  w i t h  t h e  K o g e l n i k  p r e d ic t i o n .

( O f  c o u r s e , s l i g h t  v a r i a t i o n s  in  t h i c k n e s s  and  t h e  e x p a n s i o n

fac tor should be expected from hologram to hologram.) In

order to check this hypo thesis , the Koge lnik theory was

c u r v e  f i t  to  t h e  d a t a  by C h a n g  f o r  a t o t a l  e x p o s u r e

of 73 u i i j J c m 2 
•

The results of this curve fit for the data obtained

at an exposure of 73 nj/cm ’ appear in Fi gure 13.
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h u t  p on r a ~ t e e  a c a i s oh t .11 a d fo  r t h e  p or  a o c t  c’ r s  o 1

}~ j  ur~- 1 2 . I t i s ‘b y  i 00 t a t t h -~ v u  I t ie a I C re u I 7’ ~ dn
to o t t  ti n :i ee~ t e n t  of  th e l i n e n  i ~ o c~ - ! t u i k  t h e o r Y  h a s

c h a n g e d  a s i g n i f i c a n t  l r n o t ~ t .  A c o r t ’p a r ~~ - o ’ i  h C t t i C l_’!l t it i’

o p t I m u m  p t r a r o : - t c r s  f o r  t h e  2 4  n j / c m  ~ x a o s u r e  a t d  t h ~~

73 n j / c m 2 e x p o s u r e  i n d i c a t e s  t h a t  -

~ 
c h u ~ : , d  b e 1 7 . 4 ~~,

d c h a n g e d  by  2 . 8 2 % , a n d  S c h a n g e d  by’  2 .  73~ - . ( h e  ; ‘cr e t t a g e

c h a n g e  i n  4 a n d  S c a n  be a t t r i h u r e d  t o  e x ’ ’ e r i ~~’ ’ _’ n l a 1

. a r i - i t i o n s , h u t  t h o  l a r g e  p e r c e n t a g e  c h a r g e  i n  
~ 

i n d i c a t e s

t h a t  t h e r e  e x i s t s  an  i n a d e q u a c y  i n  t h e  t h e o r y .

T h e r e  a r t -  s e v e r a l  e f f e c t s  w i i  ch  e x p l a i n  w h y  t h e  K o g e l n  I

t h e o r y  e~ i t h  a 1 i l e a r  i n d e x  m o d u l a t i o n  r e s p o n s e  t e x p o s u r e

1 ;  n o t  :td ~j u a t e .  F i r s t , s a t u r a t i o n  o f  t h e  o p t i c a l  i n d e x

m~~~u l a t i o n  r e s p o n s e  o f  t h e  e m u l s i o n  t o  t h e  e x p o s u i c  i s

k n o w n  t o  o c c u r  i n  d i c h r o n a t e d  g e l a t i n  ( R e f .  5 ) .  S e c o n d l y

t h e  v a r i a t i o n s  w i t h  d e p t h  of t h e  o p t i c a l  i n d e x  m o d u l a t i o n

a n d  t h e  o p t i c a l  ( i d e x  ar e not i n c l u d e d  i n  t h e  K o p e l n i k  t h e e r .

- 
I 

The  theory d , ’v e l  o p e d  ~ t h i s  d i s s e r t  ; t i o n  ~ c c o u n t  S

f o r  b o t h  s a t u r a t i o n  a n d  ~‘ar  i it i o n s  o f  t h e  o p t  i c a l  i ’r o p e r t  i e~

of  t h e  e m u l  s i o n  w i t h  d e p t h .  T h e  d e t a  i l e d  equat io n s i c  I a i op

to  s a t u r a ti o n  w i t h  e x p > ~~u r e  a r e  d e s c ” i h e d  m o r e  f u l l y  i n

A p p e n d i c e s  B a n d  I i .  T h e  v a r i a t i o n s  o f  t h e  o p t i c a l  p r o p e r t i e s

of  t h e  h o l o g r a m  w i t h  d,e p t h  i r e  i n c l u d c ’ l i l l  t i l e • J W K B  t h e o r y

Eq ( 1 5 9 ) .

~flp
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Y

Ih e d i f f r ac tion e f f i c t e n c y  at the center 0!’ t h e  an ~, u l ; u i

ha n d i ~ i d t h  o b t a i n e d  e x p e r i t i i e n t o l l y  b y C lu ing  i s  p l o t t e d  a s

a function of to t a l  exp o sure in Fi g u r e  14 .  A l s o  p l o t t e d

i n  Fi g u r e  14 , for comp arison , a r e  t he K o g e l n i k  theo ry b a s ed

U p o n  a l i n e a r  i n d e x  m o d u l a t i o n  r e s p o n s e  t o  e x p o s u r e  m d

t h e  J W K B  t h e o r y ’  b a s e d  u p o n  a s a t u r a t i n g  r e s p o n s e  o f  i n d e x

modulat ion to e x p o s u r e . ( S e e  A p p e n d i x  B f o r  m o r e  e x p l a n a t i o n

o f  t h e  l i n e a r  a n d  s a t u r at i o n  r e s p o n s e s. ’) B o t h  t h e

K o g e l n i k  a n d  J k K B  t h e o r i e s  a r c  i n i t i a l l y  p a r a m e t e r i z e d

b y the constants ob tained b y  the curve f i t  s h o w n  i n

Fi gure 12 ( 
~n = ’0 0 0 2 3 ’ d = 1 2 . 4 p ,  S = l  . 3 5 3 ) .  T h i s  w a s  d o n e

b e c a u s e  i t  ~is  a s s u m e d  t h a t  a t  t h e  l o w  e x p o s u r e  of  2 -1 n j / c m 2

that very little saturation occurs and t h e  t w o  theories

s h o u l d  a g r e e  w e l l  i n  t h i s  r e g i o n .  T h e  r e s u l t s  i l l u s t r a t e d

in  F i g u r e  14 i n d i c a t e  t h a t  t h e  J I c K B  t h e o r y  i n c l u d i n g  s a t u r a t i o n

e f f e c t s  a g r e e s  w i t h  t h e  e x p e r i m - ~ i t t a 1  d a t a  m u c h  b e t t e r  t h a n

the linea r exposure-res ponse Kogelnik theory ’ .

I f  t h e  e f f e c t  of s a t u r a t i o n  i s  c o m b i n e d  w i t h  t h e

K o g e ln i ~ theory , one  ob t a i n s  the r e s u l t s a p p e a r i n g  in
• 

Figure 15 . The  dashed curve in Fi gure 15 is the Kogelnik

theory including saturation. The solid line is the JW KB

- . 1 t h e o r y  i n c l u d i n g  s a t u r a t i o n . It is concluded that

‘ ; a t u r a - t i o n  e f f e c t s  a r e  s t r o n g e r  f o r  t h i s  p a r t i c u l a r  h o l o g r a m

t h a n  t h e  effects caused by t h e  v a r i a t i o n  of t he  o p t i c a l

i ndex modu lation w i t h  d e p t h .  However , these effects

- 
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• i c c ~~u n t c d  f o r  b y t h e  .J IV~ ’B  t h o - i ’ y  , f u l l y  e x p l a i n  t h e

d a t a , p a r t i c u l a r l y  n e a r  t h e  r e g i o n  of t h e  f i r s t  :e : ’ t ’ it

300 n j / c m 7 . This result is also i n d i c a t e d  in Fi gure I t ’ ,

w h i c h  i s  a p l o t  o f  t h e  J W K B  t h e o r y  w i t h  an d  w i t h o u t  s a t u r a t i o n

effects included.

T h e  experime n tal data plotted in Fig u r i ’ 1 - I agrees

w i t h  t h e  h c K B  t h e o r y  i n  t h e  r e g i o n s  of  l o w  a n d  1 i i c - l i u - ~

e x p o s u r e . D i s a g r e e m e n t  s o h . e r v e d  f o r  e x i l a s u r e 5  l a r ’ ” r

t h a n  700  m j / c m 2 . F o r  t h e  l a s t  t w o  d a t a  p o i n t s  ( a t

875  n j / c m 2 a n d  1069 nj / c m ’)  d c v i  ‘it i o n  b e t w e ’ -i t h e  e x p e r n a e n t a l

dat a and the JW KB theory cannot be e xp lai ne ~ by e x p e t i m e u t a l

e r r o r.

T h i s  d e v iat i o n  a t  h i gh exposure c m  be accounted for

by three things not included in the IWKB thero~ (1 ) the

absorp tion of the emulsion during exposure is known to

i n c r e a s e  w i t h  e x p o s u r e  ( R e f .  5 , 7 ) ,  ( 2 )  t h e  e x p a n s i o n  c-f

dichroma ted gelatin decreases with exposure (Ref. 5 ,

and (3) the transmission hologram formed in the emulsion

during exposure due to reflections from the hack surface

of the emulsion substrate beg ins to e f f i c i e n t l y  couple

energy from the incident li ght at hi gh expo sure .

In order to test these explanatio ns , the angular

sensitivity data obtai ned by Chang f o r  t h e  e x p o s u r e  of

10 59  n j / c m 2 w a s  c o mp a r e d  to  the JWKB theoretical predictions

of  Eq ( 1 5 9 ) .  T h e s e  r e s u l t s  a pp e a r  i n  F i g u r e  1 7 .  The  s o l i d

curve is the JWKB result for S
~
=l.3 53 and an absorption

I 
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c o e f f i c i e n t  during expo sure of t=2 .7~~x l 0 ’ m 1 . The

d : t ” h c d  c u r v e  i s  the .JWKB re sults for an  a b s o r p t i o n  c o e f f i  c~~ e n t

of m~~ l . S x l 0
+
~~i 1 a nd an expansion coef ficient ofS =1 . 220.

f t  i s  o b s e r v e d  t h a t  t h e s e  v al u e s r i r  t h e  e a r y t c t e r s  a

and S more closely f i t  t h e  d a t a  an d  t h i s  substantiates

t he  first two reasons for the devi a tions observed i n  Fi g u re

14. These effec ts could be included in t h e  JW KB theory

L’v requ iring oand S to functions of exposure .

The lower curve plott ed in Fi gu re 17 is t h e  diffraction

efficiency of a second transmission hologram formed simultan-

eo u s l y  wi th the pr im a r y  h o l o g r a m  b y the r e f l e c t i o n s  of t h e

object and reference beams from the back surface of

t he e m u l s i o n  s u b s t ra t e . The  d i f f r a c t ion e f f i c i e n c y
2 p l o tt ed in Fi g u r e  17 is  b a s e d  u p o n  an e x p o s u r e  l e v e l of

20°,• of the to tal  ex p o s u r e  fo r  the  p ri m a r y  h o l o g r am . The

20% value is determined by the amount of reflection at the

back emulsion subs trate and is consistent with the

angles of incidence of the object and reference beams

i n s i d e  t he e m u l s i o n  and t he  f a c t t ha t t h e  r e f l e c t i o n

o c c u r s  w i t h i n  a reg i o n  of  h i gh o p t i c a l  i n d e x .  The  p o s i t i o n

of  t h e  d i f f r a c t i o n  m a x i m a  f o r  t h e  s e c o n d  h o l o g r a m  f o r m e d

f r o m  t h e  r e f l e c t e d  o b j e c t  a n d  r e f e r e n c e  b e a m s  a c c o u n t s  f o r

t h e  a s y m m e t r y  in  t h e  e x p e r i m e n t a l  d a t a .  The  o r d e r  of

ma gn itude of the diffractive losses to this hologram further

s u b s t a n t i a t e s  t he con ten t i o n  t h at so m e o f t h e d i s c r e p a n c y

( 115
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I ) e t w c e n  the JhKB theory a n d  t h e  e x p e r i m e n t a l  d a t a  m a y  b e

due to diffraction o f  t h e  r e c o n s t r u c t i o n  l i g h t  by  t h e

second hologram contained in the emulsion.

The  e f f e c t  of  t h e  JWKB terms upon the d iffraction

eff ic i e n c y  is related to the absorption during exposure.

The d iffraction efficiency as a function of to tal expo sure

i s plotted in Figure 18 for a family of curves with

diffe rent absorption coefficients. As the absorption

d u r i n g  exp osu re  i n c r e a s e s , the first diffraction efficiency

m a x i mu m occ urs a t hi gh e r  e xp o s u r e s . A lso , the b ro a d e n i n g

of t h e  s ec o nd d i f f r a c t i o n  e f f i c i e n c y  m a x i m u m  b e c o m e s  m o re

pron ounced due to the greater delaying effects of the

JWK B t erms.

F,. Summary of Results

I n th i s  c h a p ter th e  . J W K B  t h e o r y  h a s  b e e n  e v a l u a t e d

f o r  tw o specific transmission holograms for which si gn i f i c a n t

exper imental data is av a i l a b l e .  The first experiment w a s

the pol arization exerp iment b y Rose and W i l l i a m s o n .  The

JW KB theory agreed with  the diffraction efficiency response

to incident wave polarization changes obtaine d experimentally.

I t  w a - ;  f u r t h e r  p r e d i c t e d  t h a t  t h i s  r e s p o n s e  w a s  a

consequen ce of the fact that t h e  649F emulsion is a weak

c o u p l er . A different response was p redicted for stronger

co u p l i n g  materials. The second experiment was that performed

by Chiang . In this case , the .TWKB theory i m p r o v e d  t h e  a c c u r a c y

116

~. ‘24 - ‘ ~~~~~~~~~~~~~~~~~~~~~~~~~ ~S,.,_ - ‘ -‘ _ 
— - . 

4 ‘ - -. 
. ‘~ ‘3... ~~~~~~~ 

‘ 

~~~~~~— -— -—~~~~~ ~~~~~~~~~~~~ —~~~~~~ ‘— —~~~~~~~~~~ -—~~~-—~~~
‘-

~~~ - -



C)

I .I I  t
I I  • IA c o ~~~
1 %  1 U — o - z i

I t Ifl C 4 .
UII i  ‘

‘- I ~
. 

~~~ \ ~~~~~~~~~~~~
1 %  ~ Ifl

I ’  ~. UI ~~~~hi ~~~I . —

~ 1 ~~~~~I
’ ~ 

.

I • a c o
0 - —  ti

I C. 4-’ .C
II

Oi l-

— m o o

0 0I 1— 0 0. -
~~ I

H 
.
.

—
0

• C.) U ~<
4- ‘.‘~~~~~ UI

U O.C I”’....- •
0 4 04~~~ (‘,J

—
—4. 0 c•)

4—
. — —

ILl

A)N3l)IJJJ

117

~~~~~ 

- .4, 
~~~~~~~~~~~~~ ~~~~~~~~~~~~~~~~~~ ~~~~~~~~~ . . ‘  , - . 2. 24 44 4 - - - ‘~‘ 

- ..- 4



F ‘‘ 

~~~
‘- - ‘  —— ---—--- ‘- - - -

~~~
-- -

~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~
.
~~~~~ 

- -
~~
-

~~~~~~
- --_--

i n  p r e d i c t i n g  t h e  d i f f r a c t i o n  (‘ft ic ien cy as a fu n ct io ,n o f

expos ur e . it was shown that the .J’~KB term s were required

i n  order to reach better agreement with the experimental

result s.

In the next chapter some conclusions based upon these

results are described and recommendations for further

work are indicated.
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C O N C L U S I O N S  A N D  R E C O M M E N D A T I O N S

I n  t h i s  c h a p t e r  t h e  m a j o r  c o n c l u s i o n s  a n d  a c c o m p l i s h -

n i e n t s  of  t h e  p r e c e d i n g  w o r k  a r e  r e v i e w e d  a n d  c o m p a r e d  to  t h e

objectives set forth for this effort. Recommendations for

improvements are made and further research is suggested.

A .  C o n c l u s i o n s

T h e  p r e c e d i n g  w o r k  h a s  p r o v i d e d  a t h e o r e t i c a l  d e v e l o p m e n t

a n d  a c o m p a r i s o n  to  e x p e r i m e n t a l  m e a s u r e m e n t  of t h e  d i f f r a c t i o n

e f f i c i e n c y  of a h o l o g r a m .  An e q u a t i o n  f o r  t h e  d i f f r a c t i o n

e f f i c i e n c y  of a h o l o g r a m  h a s  b e e n  ob ta i n e d  w h i ch r e l a tes the

d i f f r a c t i o n  e f f i c i e n c y  to  t h e  a p r i o r i  c h a r a c t e r i s t i c s  o f :

( 1 )  t h e  e x p o s u r e  c o n d i t i o n s , ( 2 )  t h e  e m u l s i o n  p a r a m e t e r s , a n d

(3)  t h e  r e c o n s t r u c t i o n  c o n d i t i o n s .  in  s h o r t , t h e  o b j e c t i v e

of t h i s  w o r k  w a s  o b t a i n e d .

The analysis presented in this dissertation was based

u p o n  a p a i r  of c o u p l e d  w a v e  e q u a t i o n s  w i t h  v a r i a b l e  c o e f f -

cients of sufficient generality to permit the determination

of the diffraction efficiency of a hologram in cases where

previous theories were deficient. These cases include: (1)

sp herical object , reference , and construction waves , (2)

polarization of the reconstruction wave , (3) reconstruction

wave vectors out of the plane of incidence of the constru-

t i o n  w a v e  v e c t o r , ( 4 )  t h i c k n e s s  c h a n g e s  of t h e  e m u l s i o n

during processing, (5) changes in the optical index of the

emulsion during processing, (6) variations with depth of the

index of refraction and index modulation of the emulsion ,
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( 7 )  s a t u r a t i o n  of  t h e  i n d e x  m o d u l at i o n  r e s p o n s e  t o e x p o s u re ,

and (8) absorp tion of the construction waves during exposure.

The sp herical na ture of the construction and reconstruc-

tion waves was accounted for by a sp h e r i c a l  w a v e  e x p an s i o n.

T h i s  p e r m itt ed an ea sy  a n a l y s i s of h o l og r a p h i c  l en ses a n d

o ther  op t i c a l  e l e m e n ts f o r m ed by sp herical waves. Previous

th e o r i e s , b a s e d  u p o n  p l a n e  w a v e s , w er e s h o w n  to be a s p e c i a l

case of the sphe rical wave theory.

The polarization of the construction and reconstruction

wave vectors was included in the theoretical development by

the use of polarization vectors. The pola rization of the

diffracted wave vec tor was  de t e r m i n e d  b y the sca tt e r i n g

theory derived by Tatarskii (Appendix H). This polarization

was dependen t upon the reconstruction wave polarization and

the diffracted wave direction. The results indicate that

considering polarization effe cts in this manner agree with

experiment for weakly coupling holograms. Si gnificantly

d i f f e r e n t  p r e d i c t i o n s  are e x p e c ted f o r  st ro ng l y  c o u p l i n g

h o l o g r a m s , bu t an e x p e r i m e n t a l  v e r i f i c a t i on  of th i s  p r e d i c ti o n

is lacking, so far.

The diffrac ted wave vector was determined by the

gradient of the phase of the diffracted order. The relation-

shi p between the diffracted order wave vector , the fringe

wave vector , and the reconstruction wave vector was shown to

be equivalen t to the Bragg condition , when the reconstruct ion

wave vec tor was in a position of apparent coincidence w i t h

t he o r i g i n a l  r e f e r e n c e w a v e  ve ct or  p o s i t i on .
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A s i consequence of u s i n g  ~o1 a n zat I on  v e c t o r s  to

c h a r a c t e r i z e  p o l a r i z a t i o n  e f f e c t s  a n d  w a v e  v e c t o r s  t o

g e o m e t r i c a l l y  characterize the construction and recon st ruc-

tion c o n d i t i o n s , the theo ry was able to h a n d l e  reconstruction

w a v e  ~C ct orS ou t  of t h e  p l a n e  of incidence of the ori g inal

obj e ct and reference wave vectors.

Thickness c h a n g e s  of t h e  e m u l s i o n  d u r i n g  p r o c e s s i n g  w e r e

in c l u d e d  i n t he t he o ry by a t ra n s f o r m a t i o n  of bo t h t h e

origin al thickness and the orig in a l f r i n g e  w a v e  vec tor . Th i s

tra nsformation successfully predicted the experimentally

o b s e r v e d  shift in the position of the reconstruct ion wave

ve ctor associated with maximum diffrac tion efficiency. This

shift was consistent with a modif ied B r a g g  c o n d i t i o n  i n v o l v i n g

the transformed fringe wave Vector.

Optical index changes of the em ulsion during processing

were included in the theory by chang i n g t h e i n d e x  c f

• re fraction of the emulsion after processing. It was shown

that such opt ical index changes should p roduc e a shift i n  t h e

posi tion of the reconstruction wave vector for which maximum

d i ff raction efficiency occurs.

Var iations in optIcal index and index modulation with

dep th were related to the exposure and the absorption of the

construction waves. A linear index modulation response to

exno ’- ure l a s  i n i t i a l l y  used. The  variations in hologram

ch aracteristics with depth were accoun ted for by t h e  u s ”  of

va ri a b l e  co e f f ic i e n t s in  t he  p a i r  of c o u p l e d  w a v e  eq uat i o n s

descr ibing the hologram. This set was solved using the ,!WKR
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: ip ~ - e o x 1 m a t i o n  a n d  e v a l u a t e i  5~~c c i  f i  c u l l ) ’  f o r  t h e  b o u n d a r y ’

c o n d i t  i o n s  o f  t r a n s r i i i s s  i o n  a n d  t’ e f l e c  t i o n  h o l o g r a m s .  I t  w a s

S lown that these results reduce to t h o s e  of K o g e l n i k  f o r  t h e

case o ~ plane waves and coji st ant coefficients

h ’h e t ra llc :oidal rule was used to compute the .JWh ~B

i n t e gr a ls for the c a s e  of a trans m ission hologram. It was

I ‘u n d  t h a t  g o o d  a g r e e m e n t  u c t w L ’ e n  t h e  e x p e r i m e n t a l l y  measur ed

J~~f~~raeti on efficiency a n d  t h e  th eoretically calculated dif-

t l ’ - j L t k O f l  efficiency required accounting for both (1) saturat ion

of  t h e  in dex modulation response to exposure , and (2) x - a r i a -

t i ~~~iS  ~ f h o l o g r a m  parameters with depth. It was s h o w n  t h a t  ~-y

i i c  I ud~ r i g  b o t a  of  t h e s e  f a c t o r s , e x p e r i m e n t  a n d  t h e o r y  a g r e e d

cxc~, l I t  at extremely hi gh exp osure levels . This discrepancy

a t t r i b u t e d  t o :  (1) the absorption during exposure being

a f a n c t i o n  of exposure , (2) expansion of the emulsion

d e c r e a s i n g  w i t h  e x p o s u r e , and  ( 3 )  r e f l e c t i o n s  d u r i n g  e x p o s u r e

1r ’-t t h e  h o l o g r a m  - air boundary creating a second transmission

2 
h ol o g r a m  in the emu l si on w h i c h  d e p l e tes the en e r g y  of the

in comin g reconstruction wave.

It was found that the Koge lnik theory i n c o n j u n c tio n wi th

both the linear and saturating ind ex modulation response to

exposure was insufficient to explain the experimental results

o f Chang (Ref. 6,7). The .JWKB theory combined with the

saturating index mo dulation response to exposure closely

ii u t c h e d the experi mental data. From this , i t w a s  c o n c l u d e d

t hat variations in hologram parameters with depth were

res p onsible for the remaining exper imental and theoretical
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d~~~c r e p ~i i i e y ,  these et~Hcts were aeeui ’aiel y iccoun ted for

JkF~~ theory developed in t h i s  work.

The s h a p e  of t h e  c u r v e s  f o r  d i f f r a c t i o n  e f f i c i e n c y

v e r s u s  a n g l e off—B ragg was affected little by the variation

in h a l o g r a r i  pa rameters with depth . These ~ - i r i a t i o n s

strongly retarded the response of the diffraction efficienc )

t o  e x p o s u r e , h o w e v e r .

It . 11cc o m m e n d ~ir ions

One  of  t h e  significant results of this work has been

th e agreement between the t h e o r y  developed in this work m d

the expc rimental ly measured diffraction efficiency response

to rec onstru ci lOn wave pola rization chan~’,es ( 11ef.40). It

was i ndicated that the agreem ent was a consequence of the

w e ak c o u p l i n g  w h i ch typ if ies Kodak 649F holograms. Strik-

i n g l y different theoretical results are predicted for

d i c h r o m a te d g e l ati n h o l o g r a m s , w h i c h  can be s t r o n g  couplers.

In order to more fully test polarization effects predicted

in this dissertation , i t  i s  r e c o m m e n d e d  t h a t  t h e  polariza-

tion experiment be repeated for a strongly coupling

‘. 1  d ichrom ated gelatin hologram.

- 1  An e x p e r i m e n t a l  a n d  t h e o r e t i c a l  e v a l u a t i o n  of t h e

th e o r y  s h o u l d  be p e r f o r m e d  f o r  r e f l e c t i o n  h o l o g r a m s .  I t

is exp cc ted that the sensitivity of  r e f l e c t i o n  h o l o g r a m s

t o  hologram parameter variations with depth and changes

i n  t h i c k n e s s  s h o u l d  be  s t r o n g e r  t h a n  t h o s e  o b s e r v e d  in
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t i a n  S m i  5 w j on ho 1 a I- a  as hi- 2,’ a i s  C i h i ’  r i  0 - i’ i’ t ~ r i  I o r a

no I’ I cc t j ( If l  h a  J o  
, ~~ jp so  r . ’  n a r I v p a r i  1 1 ’  I t o  t h e  U r n  ~ I 0 ii

s u r f a c e .  C o n ’~e q i i o n t l v , t h e  . J W K B  terms should be (‘\‘ ,‘n r r ° r e

i m p o r t a n t .  Such in i n v e s t i g a t i o n  m a y  h e l p  r e v e a l  w h y

r e f l e c t  ion l o l O 5 r : i l1P~ m a d ’  u s i n g  dic hr ,un a t,, h g e l a t i n  a r c  l o t

as e f f i c i e n t  in p r actice as  c o r r e s p o n d i n g  t Y a n s m t s s i o n

h o l o g r a m s  m a d e  w i t h  t h e  S 0 l i ,C  m a t e r i a l .

O n e  s h o u l d  r e c a l l  t h a t t h e  v x l ’ o r i l n e n t a ]  a n d  t h e o r e t  i c a l

ces i p~~r i  s o n s  macI c i n  C h a p t e r  V w e r e  f o r  ho l o g r ’ is const m c  ted

and re e on sti-uc~~ed w i t h  p l o o c  s av e s . L ; n s e q l i o n t  l v , an

omi s s i o n  w n  i ch h a ~ o c c u r r e d  d u n i n c  t h e  p e  r f ’ r m a nc e  of t h e

work pre sented in this d i s  ;er rat ion i’~ t h a t  a t h e o r e t i c a l

a n d  e x p e r i m e n t a l  a n a l v s  i s  of  t h e  h o l o g r a p h  i I en s  h a s  n o t

been erformed. The hol e gr aphic lees was n o t  p ’,t r s u - c d

b e c a u s e  t o o  m a n y  o t h e r  i n t e r e s t i n g  a \ ’ °n i ~c ’~ of r r ~~e arch

evolved fo r which experimental d a t a was a v a i l a b l e  f o r

co m p a r i s o n .  - \ 1 1  of t h e  t o o l s  h a v e  be en d e v e l o p e d  to inves-

t i g .- i t e  t h e o r e t i c a l l y  a n d  e x p e r i m e n t a l l y  th e  e f f e ct s of  ( 1 )

r a d i u s  of c u r v a t u r e  c h a n g e s  f o r  t h e  r e c o n s t r u c t i o n  a n d

construction waves , and (2) exposure t apering across ~hc

‘. 1  surface of the emul sion. Also , the theoretical c a p a b i l i t y

n o w  e x i s t s  to  p e r f o r m  a h o l o g r a p h i c  o p t i c a l  lens d e s i g n

starting w i t h  t h e  d e s i r e d  o p e r a t i o n a l  c h a r a c t e r i s t i c s  a~,d

e n d i n g  u p  w i t h  t h e  p r o p e r  c o n s t r u c t i o n  g e o m e t r y ,  e x p o s u r e

conditions , and e m u l s i o n  p arameters required to m a ke the

l e n s .
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F i n a l l y ,  o n e  o t h e r  r e c o m m e n d a t i o n  p e r t a i n i n g  to  a r k

alternate theoretical approach is in order . With some

controversy, it is believed that cracks form in dichro m ated

gel atin emulsion along the fringe planes during processing.

These cracks , w ith their associated air emulsion interfaces ,

a r e  c o n s i d e r e d  t o  be  r e s p o n s i b l e  f o r  t h e  l a r g e  r e f r a c t i v e

ind ex modulation which occurs in dichromated g e l a t i n .

C o n s e q u e n t l y ,  one  m i gh t be able to describe theoretically

the di chromat ed g e l a t i n  ho l o g r a m  as  an interference stack

ef layers of air and emulsion. The diffraction efficienc y

wou ld be determined by a calculation of the amplitude and

p h a s e  r e l a t i o n s h i p be tw e e n  the  m u l t i p l e r e f l e c t i o n s  and

transmissions occurring for the incident and diffracted

l i g h t wi th i n  th i s s t ack .
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AP PE NI ) IX  A

T I l E  C O O R D I N A T E S , U N I T S , A N D  W t ~VE I Q U A T I O N

I n  t h i s  a p p e n d i x , t h e  c o o r d i n a t e  s y s t e m  si gn c o n v e n -

t i o n , a n d  system of units used throughout this dissertation

i s  i d e n t i f i e d .  T h e n , based up on Maxwell’ s e q u a t i o n s , t h e

wave equation appropriate to hologra phic diffraction is

pr esen t ed .

• 1 . The Coordinate System.

The c o o r d i n a t e  sys t em used throughout this disserta-

tion is assumed to have its origin at the center (point 0

i n  F i g u r e  A - i )  of t h e  f r o n t  s u r f a c e  of t h e  h o l o g r a p h i c

m e l ium. The rectangular coordinate system used is shown

in F i g u r e  A - l .

medium medi um ~2

(R , R ,R ) ~~~~~~~~ Rr~~~~~~~~~~~ 

~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~

reference  -
point y (0 ,0 , 0)

boundary between med i um ?~l and
medium #2 (the holographic
recording mater ial)

Fi gure A-I . Coordinate System
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T h e  (x ,y) p lane is defined to be the plane of the “ront

surface of the holograp hic medium. The 2 direction is

n ormal to t h i s  p l a n e  and is into the emulsion.

The position vector ~ is the 3-tuple of independent

coord inate variables (x,y, z )  w h i c h  d e f i n e s  a p o i n t i n t he

coo rdinate system. ~ i s re p r e s e n t ed b y

rxl
= y l ( - “ - 1)

LZJ
A l l  f u n c t i ons u sed thro ughou t this dissertation are fun-

cti ons  of the co o r d i n a te v a r i ab l es (x ,y, z) . The o b j e c t

a n d  re f e rence  w a v e s  u s e d  to c o n s t ruc t the h o l o g r am a re

a s s u m e d  t o  be s p h e r i c a l  w a v e s , c e n t e r e d  a t  p o s i t i o n s

d e f i n e d  by  Ro a n d  R r , r e s p e c t i v e l y .

Ro = J Royj (A-:)

LROZJ

[Rr x l  -;
R r  = R r y (  ( A - . 3 )

L~Tz J
The opt ical index change occurring at the (x,y, o)

interface between medium I and medium 2 , in Fi gure A- I is
I

a c c o u n t ed f o r  by S n e l l ’ s Law .

The wav e vector of the j-th spherical wave in medium

I p r o p a g a t i n g  f r o m  - z t o w a r d  + z  i n  m e d i u m  1 is w r i tt en as

~~~~ ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ 
-
~~~~~:-:: -
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-~~ —*
k ( r- R. )

R~~ > 0 diverging spherical wave

~r -Rj

-k (~~
-

~~.) (A-4)
R . < 0 converging spherical wave

r—R .
3

(+) imp l ies propagation of the wave from -z to ~z direc—

2~ntions. Where k1 = ; ?j  is the free space wavelength
3

of the wave , a n d  n 1 is the optical index in medium number 1.

If the direction of propaga tion is reversed , i.e.,

propagation occu rs from +z to -z in medium number 2 , then

k (~-~
,)

R . “0 diverging spherical  wave

= 

r-~~ ( A - 5 )

-k ( r - R . )
; R. < 0 converg ing spherical  wave

~r - R •~
a n d k =

— i
E q s ’ (A-4) and (A-5) define the wave vectors for

spher ical waves. j  = o ,r ,c for object , reference or recon-

stx’uction spherical wave vectors , respec tively. The values

of ~
(+) in medium number 2 are determined by Snell ’ s Law

at the boundary to be 
-

)
= 

~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ 
(A-6)

~~~ is defined in a similar manner excep t that the direc-

t i on  i s r e v e r s e d  and  n
1 

is  in te r c h a n g e d  wi th n , in a l l

p l a c e s .
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In the case of the reconstruction wave , ,
2c 2

i s  r e p l a c e d  by n h ( r ) w h i c h  i s  the op t i c a l  i n d e x  of the

em u l s i o n  a f ter p r o c e s s i n g g iven in Appendix B .

Uni ts and the Wave Equation for the Emulsion.

The wave equa tion used to describe holographic dif-

fraction is derived from Maxw ell’ s equations , which is

Gaussian units , are (Ref. 17)

0 (A—7)

= 0 ( A - 8 )
‘ * - ~ l~~~H
V X E  + — -s--- = 0 ( A - 9 )

4 n o  -*V X H  - — -
~~
--- - — E = 0 ( A -b )

D = n E  ( A — i l )

Since the emulsion is a non—mag netic material and there

are no free static charges exist ing in the material , it

has been assumed that p= 1 and p=O for the hologram emul-

sion. e is the dielectric constant of the emulsion and

0 is the conductivity of the emuls ion after processing

-
* (during reconstruction).

( 
13~

- 
~~ 

-,



AF ’AL— T R— 7 6 - , ‘70

The corresponding wave equation for monochr omatic

l i gh t in  G a u ss i a n  u n i t s i s

+ k2 (~~)~ + ‘
~ ( n c ~~~) 0 (A 1 2)

~ihere 2 i4lT (3

k 2 (~ ) = hL2’ (r+ ) (A- 13)

k(~~) is the wave propagation constant of the material .

k(~ ) is relat ed to the optical index , n(’~
), and the I

absorption coefficient , cz (’~), of the emuls ion by .1

~~~2 ( ~~) I n (~ )~ (t ~) I
k2 ( r ) = k 2 [ n 2 (r) — 

2 k2 + 
k 

( A - 14 )  I

w h e r e  k o =  ~~~ and  ) t o  i s  t h e  f r e e  s pa c e  w a v e l e n g t h  of ‘
~

the construction li ght. It is shown in Appendix B that

fl and  r~ a re  f u n c t i ons  of r , h e n c e  k 2= k2(~~) f o r  the

hologram.
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APPENI )IX B

DERIVATION OF THE WAVE PROPAGATION CONS ’!’ANT OF A HOLOGRAM

I t is the p u r p o s e  of th i s  a p p e n d i x t o r e l a t e t he w a v e

p r o p a g a ti on cons t an t , k(i~) to the  o r i g inal hologram con-

s tr uc t ion  geo me t ry and e x p o s u r e  c o n d i t i o n s . ‘I’h is requires

that the optical index, n (~) and the absorption coefficient ,

c~ ( r ) , be related to the exposure. These terms are deter-

mined from the exposure by either a linear response or a

sa t ura t i n g  r e sponse  to e x p o s u r e . F i rs t , the exposure o f  t h e

holographic recording medium to the object and reference

w a v e s  i s d e r i v e d , then  the r e l a tio n s h i p s between optical

in d e x , a b s o r p t ion c o e f f i c i e n t , and exposure are de termined.

. 1 -*

k ( r )  is  d e r i v e d  f o r  a h o l o g r a m  a n d  r e l a t e d  t o  n ( r )  a n d  ) ( r ) .

Finally, the variable coefficients 00, Q 1, C o a n d  C
1

a p p e a r i n g  in the coupled wave equations are evaluated in

terms of n ( i
~~ a n d  ~ (it ) .

I. The Exposure.

The interference intensity pattern between the object

and reference spherical waves is calculated using the super-

position principle and Beer ’ s Law for absorption in the

emulsion during the exposure. This in tensity is related

to exposure. Only the exposure within the emulsion is of

concern since that is what photochemical ly changes the

emulsion.

( 

136

~~~~~~- ~~~~~~~~ 
, 

- 
_ , “~~~. 

‘:..

4-~~~a~a~ ~~~~~~~~~~~~~~~~~



A - A ’ — :~~— 
- - —

I h e  c’ c c  t r I c i i  t’ I U o I t h * 1) I ~‘c t d re ., r en, .  e ~ a ~

i n s i d e  the emulsion (n e d i u n  nu ’nF ’r 2 )  i s  g *~~~ I1

I ( r )

C ( r )  = I-: ( r )  e (I-  I )

I :

= 1r ~~~~ ~
‘ r 

1 - 2 )

i n  w h i c h  e~~~jnd e r are the unit p o l a r i z a t i o n  vectors of the

- 

. 
sph e ric a l wav es derived in A p p e n d i x  1 . I: (r) and ~ r ( r )  are

tac r e a l  amplitudes of the sp h eric a l s a v e s .  i’hey account for

the amplitude tapering across th e emulsion surface.

The total e l e c t r i c  field a i t h i n  the emulsion is g iven by

i (;)
~~

C (r)+E (r) ( B 3 )

The i n t e n s i t y  is

( B 4 )

w h i c h  b e c o m e s

i l -p - P ~) - i ( ~ - ~ P
I ( r ) = E  E* ÷E L * +e .

~~ [
~ 

E* e o r E E* e a r ( B - S )
0 0  r r  o r o r  r o

s i n c e  t h e  a m p l i tu des  w e r e  a s s u m e d  t o be r e a l , this y ~c l d s

T(r)=l (r)+I (r)+2 /I’~~~5f(r) cos,~ 
~ 

er 
(B-n )

~ h e r e

p = :- —~ (B- -)
o r
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10(r) and T-r(r) a r e  t h e  i n t e n s i t i e s  of t h e  o b j e c t  a n d

\refe rcnce waves inside the emulsion. These functions con-
1

t~’in the 
~~~ 12 fall-off with position. Any absorption

3
s i t h i n  the emulsion is also included in these terms.

i s the modulation amplitude for which complete

c o h e r e n c e  ha s  been  a s s u m e d . I f  one  w o u l d  d e s i r e  t o I n c l u d e

- coherence effects such a term would be contained in this

- m o d u l a ti on a m p l i tu de . I ( ~~) and I r(r) are derived starting

aith the equation

1 01 
(B-8)

and

- I ( ~ ) I ( ~~’+~~ ) I ( x ,y,o)e 
ILr IZ 

(B 9)

Where r ‘ is a position vector on the surface of the emulsion

and and are the slant distances into the emulsion

to the point ~ m e a s u r e d  f r o m  ~~ a is  the a b s o r p ti on c o e f f i c i e n t

• 

‘ 

of the emulsion during exposure.

+ ‘4’ s ‘
~ . .

- 
I The relation between r , r and L is shown in Figure B-i.

- 

- 

~~~~~~~~~~~~~~~~~~~ 
‘—-
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- 
‘
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~~ 
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Fi gu re B-I . Relation between r , r’ and  L0

I i~~ a n c c t o r  along the object beam wave vector in holo grap hic

r e c -~ r l o g  ; ‘ i c l i i i r n , 1’o 2 ’ who se m a g n i t u d e  is  g i v e n  b y

. 4 L = 
Z 

( B - b )C) 0 cos O
0

and S m l  i r I v f o r

( B - l i )

L and I. represent the distan ce along the wave vector at

t h e  p o s i t i o n  (x , y , z )  o v e r  w h i c h  ab s o r p t i o n  h a s  o c c u r re d .  I t

i s e a s i l y  sh own tha t

k 02~~~
-
‘ 

C O S O  ( B - l 2 )
o2

a n d

k 2 
-

cosO = 2 r  ( B - i . ) )
r -*
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l h t  V e c t o r  r ’ i s  a ~~C5~~~t i 3 f l  v e c ! or  i n  t h e  ( s , y , e~ laIIe ~

( x ‘ , y ‘ , I j S 
~ he ’ ~) C ’  1 (It ~

) I i ( I C j U “n cc ()
~~7 t I l e I X Y ~ ) r ~‘1: 1 - 0 1

t Cc S a e v ci e r k . 1  he Ia I e ((U a Ii t in I: S I B - S

a n  7 1  ‘ N )  i ’~ t r : i~ b y  c a a:; e t h e  I a • ‘ r : i  1 V a r  1 a t  1 Oil S II t Il

i n~~r’ n: ; I t  V f l f  7 ‘ ZJ ~~~~: e r i  c ’  I w a v e  a re  S m :  I I . A ~ - 
I )~ .

v -~ r n a t  on i ii t he’ I n t e n ’ ;  t v o f  t h e  s p h ’-  ~S i c : ;  I w a v e  ;‘ i t  h

t h i c k n e s s  i n t o  t h e  e m u l ~~i o”  I s  s m a l l .  T h e r e f o r e , N ’  , y ’ )

ma h e  rep I ICON h N , v ) a c t he pa s i t on r , a n d  v i  cc  vy  r S a

T i e  i n t e n s i  t i c s  of  t h e  o l ’ i e c t  a n d  r e f e r e n c e  ~ a v e s

i n  t h e  (x ,~~~, 0 j  p l a n e  a r e ’

0
I (x  v , o)  --— - - - 

C) 
- a ’  

( B - 1 4 )

a n d

I (x , y  , o)  = - ‘ —  - - —
r 

~~~~~ 
( B - 1 N ~

A — s a i l  A — ir e ip ter ’~i t i e s t~ a c e o l a t  f o r  a n y  a r b o r
0 r

• e n u l ; i o n  ~u r ’ a-cc ’ e s p a s u r e  \ ‘SriS t i n S w h i c h  m i e ~i l t  h e

s u I e r l n l p ) s e d  e’~ ’e r t he sp h e r i c a l  v ai - i I t  i o n s .

U s i n g  F j s ( B — S )  a n d  (B - 1 f l , t i~e c x j - a - s Y r e  of  t h e  e m u l s i o n

is written as 
-

E l r) =I(
~~
).t=F

b (~~
) + M (~~) cosn (B-IN )

where E
b (~~

) i s  a h a c k g r o l n d  e x p o s u r e  a n d  ~) ( r )  is a ne~1 u I a t  i o n

t o  this exposure. t i s  t h e  e x p o s u re  t i m e .

1_ l I P

~~~~ 
- . 

~
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T h e  ha ehgro u nd expo sure is llri tt e n as

E~~(r ) L (r )  ~E ( ~~) (~~‘ 
17 )

S u b s t i t t i t  i o n  of E q s  ( B — 8 )  a n d  ( B - 9 )  a l o n g  w i t h  Lo an d  E r

i n t o  Eq (B-17) y ields

0 r
I x ,y ,o) e + I ( x ,y, o) c’

L b ( r ) z
~~l (x ,y 

~~~ L , I ( x , v o )  ( B -  18)

I (x,y , o)
Def inin g  -( Y ,y) = r 

-~~~~~~ as the  r at io  of re f e r e n ce  t o
T(x ,y,o)

object beam intensity at the point (s ,y) on the surface of

t h e  emulsion , Eq (B- 18) becomes

-‘i L z —‘ i L  z
rj e  +jx ,v) e

E ( r ) =E  (x ,y , o)I—-----—-------—-----— —--——— ( B l 9 )
b h L 1 +

w h i c h  c a n  h e  w r i t t e n  as

E
b

(
~~

)= 

~~~~~~ 

[e  

0~~~ ~ x ,j~~e r ] ( B - f l ) )

i n  w h i c h  E ( o )  i s  t h e  b a c k g r o u n d  e x p o s u r e  a t  t h e  or i g in

- 
•-
. 

(o , o , o)  a n d  ( o )  is t h e  r a t i o  of t h e  r e f e r e n c e  to  o b j e c t

beam intensities at the ori g in d u r i n g  e x p o s u r e .
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The  m o d u l a t i o n  i s  d e r i v e d  i n  a s i m i l a r  m a n n e r  t o  y i e l d

) E(O) I~ I1~ I é . ê — 
~ (L +L ) z

M ( r ) =  1+ (0) 0 r 0 r 
e (B-2l)

r—R Hr—R Io r

Eq (B-21) has been derived assuming an intensity modulation

transfer function cif’ unity for the recording material. A

modulation transfer function could be included in Eq (B-2l)

if deemed appropriate.

2. Relation between Hologram Parameters and Exposure.

There are two theories relating exposure to the hologram

parameters n () and a( ). One is a linear response of the

hologram parameters to exposure and the other is a saturating

response to exposure. These two theories are reviewed in

this section.

a. Linear theory .

In this theory, the optical index , after processing, is

assumed to respond linearly to exposure such that

n(~) ~‘n + ’y’E(~) (B-22)

where is the slope of the response of the emulsion material

and no is the unexposed index of the emulsion. Substitution

of Eq (B-l6) into Eq (B-22) yields

n()=n +y E
b(~

)+ yM(
~
)cosi

~ 
(B- 23)

which may be written as

-* # (B-24)n(r)=n.D(r)+An(r)cos~
i

1L2
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w h e r e

n. (r )=n +’y E
b

(r) ( B - 2 5 )

and

A n ( ~~) y M ( ~~) ( B - 2 6 )

nb 
(r )  is  t h e  b a c k g r o u n d  o p t i c a l  i n d e x  of t he  e m u l s i o n  a f t e r

processing. AiIr) is the index modulation which occurs in

the material.

Similar equations are assumed to hold for the absorption

coefficient of the material. These equations are

a (~~)~~-i~~(~~)+Aa (~~)cos~ (B-27)

w h e r e ,

• 
a

b
( r ) _ a

O
+ 

~ 
E~~(~~) ( B - 2 8 )

- ~
, - and ,

H 

~~( )  = 1 M ( )  ( B - 2 9 )

These equations for the index response of a holographic

emulsion have been shown to hold experimentally for bleached

649F holograms at low exposures (Ref. 24 ,25 ,44). This is

discussed in greater detail in Appendix 0, which describes

649F emulsions. The equations for the absorption coefficient

response for bleached 649F holograms have not been verified

in the literature. Appendix 0 contains a description of

an experiment and results which t~ is author performed which

1L3
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cci if y Eq s (B- 27) through (B-29) for low and m t d i u m

exposure v a lues. Dichrom ated gelatin i s  believed to respond

in. :i similar manner for low and medium exposure levels

( R e f .  6 , 7 ) .

A t  h i g h e x p o s u r e  l e v e l s  ( > 800 m j / c m 2 ) t h e  l i n e a r  a p p r o x -

imation becomes i n v a l i d .  S a t u r a t i o n  of t h e  i n d e x  a n d  a b s o r p t i o n

response occurs. The reasons are described fully in Appendix

B for s ilver halide emulsions and in A p p e n d i x  E f o r  d i c h r o m a t ed

g e l a t i n .  T h e  next section contains a discussion of the

sat u r a t i on  equa t i o n s .

b. Saturation theory .

In orde r to include the effect of saturation Eqs (B-25)

and (B-26) are modified to be

_E
b
(r)

7i
b

)f o~~~
flmax

(1 - e D~ ) (B-30)

a n d

• -M ( r)

) (B-31)

w h e r e  B i s  t h e  d a m p i n g  r a t e  of t h e  emulsion response and

‘in is the value of index modulation to which the indexma x
response of the emulsion assymtoticall y approaches. At low

exposure levels it is related to 
~~ 

by the equation

• an
= ( B - 3 2 )

iLL.- ~~~~~~~~~~~~~~~~~~ ~~~~~~~~~~~~~~~~~~~ ~~~~~~~ 
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1 - c r e  C i s t h t ’  c op  C O n  7 :‘ ; i  t i G I l  i p p e c C ’ : t I I  y a i t  P t :  o f d i c h 7 ( 1  —

i t t  I I I  t h e  d l i i  “ i o n  ( P t  I , ,

S m i 1 a r eq : it  I , PS lit I 1  I I I  I h e - :~ j I h t 1 i i ’  e m u  I S 1 11 5

t i c h  C i - ’: t h e  c o n c e n t r , I t i r t a III per c ’’ll t l’~ i I l ufl:e ui

s i v t - r h i l  d e  (kei

I I k e  eq a ’  i a :i~~ fo  i- ‘ h e  a ’ s  o cp i i a t :  c f f 1 C i t  a t  S 0 1 t I , ~’

p r a c e s  51- N i i i :  I i 011 4 I t ’ S S - e e d r a 1 - e li t t h t i c  1,: l ii: .

(r  = (r I ’  • ,  r - 15: B - 3 1

-

1 1 Ir)= ,~~~-5 ~~~~( l -c  I ( B-  35)

and -

‘C

A .7 =1 ( 1  ~~ 

N 
( B -  ~b

i h e  residual absorpt ion in dic h romated gel atin is so

~~~a 1  1 t h a t  .i ! sor pt ion can h e  i g n o r e d  ( R e f .  6 , 7 ) .  T h e  r e s i d u a l

: i h s c r p t  i o n  i n  b l e a c h e d  h ) 9F  h o l og r ams c an n o t be i gnored un d

i t s  t e a d e n c y  t o  s a t u r a t e  i s  v e r i f i e d  i n  A p p e n d i x  B .

- - _ _
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T h e  p a r a m e t e r s  N * ‘y , B , 6n , a , -y , V. ;tndil - i
0 Pt n m a x  0 ‘ m a x

can be measured for any emulsion and processing techni que.

This de termines t h e  response of the processed hologram to

the exposure conditions. It now remains to re l a t e th e  w a v e

p r o p a g a t i o n  c o n s t a n t  u s e d  in  t h e  w a v e  e q u a t i o n  to  t h o s e

p a r a m e t e r s .  T h i s  is  d o n e  in t h e  n e x t  s e - : t i o n .

3. R e l a t i o n  b e t w e e n  k 2 (r )  a n d  m a t e r i a l  p a r a m e t e r s .

In Appendix A , the wave propagation constant for a

h o l o g r a m  wa s seen  t o be
-* -~j a -~ (r )  i n ( r ) a ( r )

k 2 ( r )  = k 2 [n 2 ( r )  — 
k2 

+ —-j~
---——--] ( B - 3 7 )

0 0

S u b s t i t u t  ion  of Eqs  ( B - 2 4 )  a n d  (B--  34)  i n t o  Eq ( 1 1- 3 7 )  y i e l d s

• 
k2 (~~~ 

k2 { b + ul cos 
i l a b

:u c o s  )
+ i~~~~ 

icos: ) 1’ b~ 
i i c o ~ :

))J 
( B - 3 3 )

If the second-order terms An 2 , A m 2 , and  A n A m  a r e  s u f f i c i e n t l y

s m a l l , Eq (B- 38) becomes

k2 ( r ) =k ~~(n~ ~~~~~~~~~~~ cosi~ [2n bAn +

(11-39)

1

i~
:— 

~°b~~ 
4-%An) ’J

0

which may be written as

k 2 ( )  — k 2 (~~) + k~~( )  cos~ (B 4 0 )

where

iL6

~~~~~~~~~~~~~~~~~~ ~~~~~~~~~~~~~~~~~~~~~~~~~~ ~~
-:‘
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~ t A~

(~~ ) = k~ { -  n 1
An - + 

, ,  

(n ,~ ts~ + c~~ A n ) ]  ( B  4 1)

and

( r )  I l l I I’) t (
~)‘k 2 h I)h’ , ( r l = k (n 1 ( I )  — _ j

~~
4- + 

~~~
‘
~~

_“ ( B — 4 2 )

k 2 (~~) is  t h e  a v e r a g e  w a v e  p r o p a g a t i o n  c o e f f i c i e n t  o f

t h e  b u l k  e m u l s i o n .  k ( ~~) i s  t h e  a m p l i t u d e  of t h e  s i n u s o i d a l

modulation of the wave prop agation coefficient which gives

rise to the coupling between the waves which exist in the

hologra m. The first term in Eq (B-42) results from the

index modulation present in the holographic medium. Such

a modula tion produces a corresponding modulation of the

phase of a wave passing throug h the  ma te r i a l. T h e r e f o r e ,

holograms of this sort are called “p h a s e  h o l o g r a m s ” .

• T h e  s e c o n d  t e r m  in  Eq (11-42) results from the absorption

m o d u l a t i o n  p r e s e n t  in t h e  h o l o g r a m  w h i c h  a l s o  p r o d u c e s  a

modulation upon the phase of a wave passing through the

ma terial. These types of holograms are still called “p h a s e

holog rams ” even thoug h the  s o u r c e  of the p h a s e  m o d u l a t ion

is caused by absorp tion. The third term is totally imagin ary,

h e n c e , i t  produces a modulati on upon the amplitude of a w a v e

a4-~_ ___ 1-4 
~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ -—-4-’-- —
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p a s s  t u g  t h r o u g h t h e  m a t e r i a l  • T h e s e  t y p e s  of  h o l o g r a m s

h a v e  c o m e  t o  h e  known by the misnomer “ a b s o r p t i o n  h o l o g r a m s ,

s i n c e  t h e y  t y p i c a l l y  r e q u i r e  a r a t h e r  h i g h a b s o r p t i o n

coeffi cient in order to achieve any coupling.

4 .  R e l a t i o n  b e t w e e n  t h e  h o l o g r a m  p a r a m et e r s  a n d  t h e

Coefficients of the coupled wave e q u a t i o n s .

T h e  f o l l o w i n g  s e c t i o n  c o n t a i n s  a derivat ion of the

var iable coefficient s c0,c _ 1 , Q0 and  Q i n  te r m s  of ma t er i a l

p a r  a m e t e r s .

F r o m  E q s  (31)  a n d  ( 3 8)  of Chapte r III ,

- 

- i  k~ (~~~) 
- (V2 4 ) ~~i~ 

~~ 1
Cm 

— - j (8—43)

a n d

- i
- __

~~
_

~L__ ~ 
( 8 1 4 )

4 v~ 
- z

In

F o r  m = 0

- (~~~~)2 + ~~~~C J (B-45)

C)

w h e r e

~~ o~~
’2c (B-46)

~ 

-

- 

e~T~~~ 
- - - • -‘ - ‘ -

~~~
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is the reconstruction wave vector inside the hologram.

Sub s t i t u t i o n  of (B-46) into (B-45) y i e l d s

.rk2 (~ ) - •~~ ~~~~~~~~ 1
c = ~~Lz 2c 2c 2c~ ( B - 4 7 )

0 -
~L k n

b (r)cosO c

w h e r e

k
2

k
2 = k2n~~(~~) (B-48)

k~~(~~), g i v e n  b y Eq (B-4l) and t2c•~~2c, 
Eq (B-48) may

be sub stituted into Eq (B—47) to obtain

- i  1k~~
_
~~ ~ nb%ko k cnb+~

v k 2c1
C 0 = 

~~~ I ( B - 4 9 )
I k n c o s U  Jc b  c

wh i ch can  be wr itt en as

—4’ + —3- -4-

k ~~(r) V~ k (r) 2
— 

o b  
+ 

2c I 
+ 

1 __~_ l  A ’ 2 2
-- - o — 2k co~Th 2k coS U a (

~~~
) 2k cos 0 I ~‘ 

— tm b Ic c c c b c c L 4n b ( r )

( B - 5 0 )

- ‘1

w h e r e

• Ak 2 = k 2 - k 2 ( B - S i )
o c

- ~~~~~~~~ -~

• 

~~~~~~~~~~~ ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ ~~~~~~~~~~~~~~~~ 
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I n  a s i m i l a r  m a n n e r , t h e  e q u a t i o n  f o r  C 1 i s  o b t a i n e d  as

f o l l o w s , s t a r t i n g  w i t h  Eq 18 - 4 3 )  f o r  m = - 1 ,

- 
-

~~~ rk :’ (
~

) - (~~~~ ) ~~~~~~~~~~~~~~~~~~ ~~

-1 - 2 I —a--—____ 
1 ( 1 1 - 5 2 )

L ~~~~~~
-

~~~~~

• J

= - ~ + , (~~, - ~. ( B - 5 3 )
- l  1 2c  ‘2 c  r 2  ‘r 0 2 ’

h e n c e

~~~-l  k 2 
- ( B - 5 4 )

wh ore

K = k r 2  
- ( B - 5 5 )

K is  t h e  f r i n g e  w a v e  vector l ’s id e the emulsion , w h i c h  ma)’

be t r a n s f o r m e d  d u e  t o  p r o c e s s i n g  as  d i s c u s s e d  in  A p p e n d i x  C •

In that case , K is  r e p l a c e d  by K ’ , t h e  t r a n s f o r m ed  f r i n g e

f r i n g e  w a v e  v e c t o r .  H o w e v e r , K w i l l  be u s e d  in t h i s  A p p e n d i x .

S u b s t i t u t i o n  of ( B - 5 4 )  i n t o  E q ( B - 5 2 )  y i e l d s

= 

- i  
[ ~~~~~~~~~~~~~~~~~~~~~~ ( B - 5 6 )

- 1 [ k n h ( f )  cos  - K J

1,50

--
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w h i c h  c a n  h e  w r i t t e n  as

L = -

~~

- 1  k n c o s O  - K
c b C 2 ( B  57 )

One comment about Eq (8-57) is of interest. The term

is contained in the im aginary part of C _ 1 (r),

therefore , as explained in the text , it contributes to the

p h a s e  o f t h e d i f f r a c t e d wa v e . F u r t h e r m o r e , i t  i s  de p e n de n t

upon the reconstruction wave vector k 2c and its angular

r e l a t i o n to  t h e  f r i n g e  w a v e  v e c t o l -  K .  The  c o n d i t i o n  f o r

p h a s e  m a t c h i n g  ( s y n c h r o n i z a t i o n )  b e t w e e n  the incident wave

and t h e  d i f f r a c t e d  w a v e  is obtained by e q u a t i n g  t h e  i m a g i n a r y

p a r t s  of C 0 a n d C 1 w h i c h  y i e l d s

- ~~~~~~~ = o [ A k 2 n b
2
~~~~~~] ( B - 5 8 )

w h e r e
K

- 
- • B = —

~~
--—

k 2 ( 11-5 9)

Eq ( B - 5 8 )  i s  t h e  c o n d i t i o n  for phase synchronization between

the incident wave and the diffracted wave . By performing the

do t  p r o d u c t  i n  Eq ( 8 — 5 8 ) ,  i t  i s  s e e n  t h a t  t h e r e  is  a c o n e  of

a n g l e s  f o r  w h i c h  p h a s e  m a t c h i n g  o c c u r s , d e f i n e d  by t h e  r e l a t i o n ,

it 2

Ifl2
~~ 

ç 2 [JL -A k 2n 2]
c o s ( i ~2 4 ’i~i ) =  1’K 

b ( B - t O )

I
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where (k4’~~~,~~) defines the angle between the reconstruction

wave vector and the fringe wave vector at which phase

s y n c h r o n i z a t i o n  s h o u l d  o c c u r .  Eq ( B - 6 0 )  i s  a g e n e r a l i z e d

B r a g g  c o n d i t i o n  and  
~~~~~~~ 

i s  a g e n e r a l i z e d  B r a g g  a n g l e .

It is seen that for t h e  special case of rec onstruction

with the construction wave length (Ak 2=O) and in a lo ssless

medium (
it
b=O ), that Eq (B-60) reduces to

-4’
-4’ ‘

~~ Kco s (k 2 ,  K)  = 
~~

-

~~

- ( B - 6 1 )
c b

Eq ( B — 6 1 )  is t h e  s t a n d a r d  e q u a t i o n  f o r  t h e  B r a g g  a n g l e  sn t .

t h a t  (k 20 , K) = OBragg.

In a s i m i l a r  m a n n e r , by f o r c i n g  p h a s e  synchronization

between the incident li ght and the mth-order diffracted

• light , a general equation for t h e  in t h - o r d e r  B r a g g  a n g l e  c a n

be o b t a i n e d .  By e q u a t i n g  I ( C o )  and  I ( C m )  one  obta ins

co s (0
11~~~~~~ 

o r d e r ) ) = 
%

2 (11 -62)
• m I K I 2 ’ I - B [ A k 2 n b

2 —
~~

—-

2k c flb~~~l
For reconstruction wave vectors along the tnth-orde ’r Bragg

ar ~~le , g i v e n  in Eq ( B - 6 2 )  an a p p r o p r i a t e  se t  of t w o  c o u p l e

w a v e  e q u a t i o n s  c a n  be o b t a i n e d  as w a s  done  in  t h e  m a i n  t e x t

fo r  t h e  m = - l  o r d e r  c o n d i t i o n .

The r e l a t i o n s h i p  Q , and  Q 1and t h e  m a t e r i a l  p a r a m e t e r s

may be derived in a similar manner as that for the Cn ~s .

U s i n g  Eq ( B - 4 4 )  and  ( 1 1 - 4 2 )  i t  is seen  t h a t
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i h 2 [ 2 n b n
~~

. 
~~~~~~~~~~~ ~~~~~~

Q ( r )  = -‘—----———--—_----_-- 
0

0 
~
l k

c
I1
h
cos 3

c (B-63)

a n d

I k 2 j 2 n ~~(.n ~~~~~~~
- --

~~~ +
~~~~~~ (n

1 A i + %A n )1

4 (k  n cosO -Kc b c z ( B - 6 4 )
Q0 a n d  Q_ 1a r e  t h e  c o u p l i n g  c o e f f i c i e n t s  of t h e  coupl ed wave

e q u a t i o n s .  It i s  o b s e r v e d  f r o m  these e q u a t i o n s  t h a t  coupling

c a n  o c c u r  due to index modulation (An#O ) a n d f o r  a b s o r p t i o n

m o d u l a t i o n  ( a ~~O )  f o r  a m a t e r i a l .

The equations for C0 and C _ 1 ,  Eqs ( B - 5 0 )  a n d  ( B - S i ) ,

r e s p e c t i v e l y ,  a r e  used in various locations throuout the

t e x t .  T h e s e  equations serve to relate the coefficients of

the coup led wave equations to the material parameters

~~ n~, a nd  ‘~~b A l s o  t h e s e  e q u a t i o n s  f o r  C 0 a n d C 1
• h ave been shown to relate the reconstruction wave vector to

the coup led wave equations , thus , accounting for changes in

r e c o n s t r u c t i o n  w a v e  v e c t o r  p o s i t i o n .
- 

• I I n  A p p e n d i c e s  B , E a n d F the material parameters

0h and An are related to the exposure conditions.

This wil l  complete the loop between the formation conditions

of the hologram and its reconstruction conditions.

- -I— -‘ 
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A P P E N D I X  C

THE TRANSFORMATION TO ACCOUNT FOR CHANGES

IN  T H I C K N E S S  OF TU E E M U L S I O N  D U R I N G  P R O C E S S I N G

The i n t e n s i t y  d i s t r i b u t i o n  f o r m e d  by t h e  i n t e r f e r e n c e

of the object and reference waves is used to expose the

emulsion. Th is induces a latent fringe pattern into the

- - emulsion. This fringe pattern is represented by the fringe

wave vector derived in Appendix A.

S i n c e  the la ten t f r i n g e s  are  ac tu a l l y  a par t of t he

emu l s i o n , any motion of the emulsion with respect to the

substrate during the processing shifts the latent fringe

s t r u c t u r e .  C o n s e q u e n t l y ,  t h e  h o l o g r a m  f r i n g e  s t ruc ture  af te r

- • processing may not be identical to the latent fringe

s t r u c t u r e .

This difference is acco unted for theoretically b y a

• transformation of the latent fringe wave vector to the

hologram fringe wave vec tor K’ , by

= ( C - i )

T is the transformation matrix which accounts for changes in

-
• 

the emulsion caused by processing.

The predomina te effect upon the emulsion due to pro-

cess i ng is a change in thickness. Some development processes

cause the emulsions to swell due to absorption of li q u i d s ,

others cause shrinkage due to fixing and hardening. These

i5~
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c • f f ~-~ t s  a l - f l  d c s~ r i b c d  i t  A p j ’ L n d i  ,x I) for th s i l v e r  L a l  i d e

e m u l s i o n s  a n d  ii ; A p p e n d ix Ii f o r  h c i l I u i a t e l  g e l a t i n s .

Since the em ulsion is attached to the substrate by an

extrem ely strong adhesive , la te r a l  mo t ion of t he e m u l s i o n

v a t s  be ignore l exce p t near the edges of the plate. In most

c a se s , t h e  h o l o g r a m  i s  c o n s t r u c t e d  n e a r  t h e  c e n t e r  or  t h e

p h o t o g i - a p h i c  p l a t e - , t h e r e f o r e , t~ie changes iii the emulsion

d a c  to processing may be d e s c r i b ed s i m p l y  as a cha n ge i n

t h i~~k n e s s .

The  g e o m e t r y  of t h e  c h a n g e  in  f r i n g e  s t r u c tu r e  c a u s e d

by an expa .t sion is shown in Figure (C-l) . From this geometry

th,,~ transformation for an  e m u l s i o n  t h i c k n e s s  c h a n g e  i s  d e r i v~,, d .

latent  f r inges  ~

- Ay glass  subs t ra te

~d //~~ Z
~~~~ AIZ

hologram fringes

Figure C-i . Fringe Change for Expansions

dt= expanded thickness , d = emulsion thickness during exposure
= spa ti al  f r i n g e  f r e q u e n c y  in y d i r e c t i on , A z spa t i a l

fringe frequency in z direc tion , A ’ 2 is the spatial frequency
of the expanded fringes in the z direction.
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S~~ai- tin g w i t h  the e q u a t i o n

= ‘~ ~~~ k V + 2
x y ’

oh  e r e

K (C-s)

= 
( C - - I )

I

K 2 = ~~ ( ( ‘ — 5 )

and because the expan sion or sh r i n l a g e  is o n ly in the :‘

direction , it is seen t h a t

(C- 6)
x x

- 2 T
= ~~~~ K ” ( C -  7 )

a n d

K ’  = 
K _ = (C-8)

S AS

[- -x , -‘-y, a nd Az are the latent fringe spat ial frequenc ies

a l o n g  the  x , y, an d z c oo r d i n a t e d i rec t i o n s . Eqs (C- 6)

and (C- 7) are a consequence of no lateral expansion. Th ere-

f o r e , th e t r a n s f o r m a t i on , , is g i v e n  b y,

1 0 1)

T 0 1 0  (C-9)
0 0 1

S z
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w h e t  e S i s  t h e -  c h a n p e -  i n  t h i c k n e s s  f a c t o r  d e f i n e d  b y

d ’  - S d  (C-j o)

The effect of thickness changes is inserte d into the

t h e o r y  derived in t h e  m a i n  bod y of  t h e  dis sertation throug h

th e variable coefficient Cm~ 
Eq t, 3l), wh ich was determine d

in Chap ter in to be

Cm 
~~ ~~~~~~~~~~~~~~~~~~~~~~~~~~ ( 1 4 )

w h e r e

1 r 2 ~
‘o2~ 

(C-Il)

~m ~2c +m
~~~~ r~~~~~~o2 ) (c l2)

bu t the gradient of the phase is the wave vector , w h i c h

im p l i e s

K = k
2 

+ n (
~~~

) (C 13)

:-~ 
K = 1\ r 2  

— k
2 

(C-14)

In order to account for thickness changes , k i s  r e p l a c e d  by
- -

- -I,,

K

-* -4- -*
k = k + inK’
m c2 (C i5)

W h e r e  ‘

~~~ represen ts the wave vector of the hologram fringes

defined by Eq (C-I) .
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A P P EN D i X  U

CHARACTER IST iCS OF KODAK 649-F BLEACHED SILVER HALIDE HOLOGRAMS

The p urpose of this appendix is to summarize the effects

of exposure and process ing upon bleached silver halide hol-

ograms . It is shown that changes in the thickness , optical

index , and absorption occur due to processing.

In this appendix , the characteristics of Kodak 649-F

holograms are discussed and the processing procedures used

in this dissertation are presented. The exposure and image

formation process is reviewed. The development of silver

halide is discussed , and the specific processes of (1)

development , (2) stop bath , (3) fixing, (4) washing, and

(5) bleaching used in this work are described. It is

shown that these processes change the thickness , optical

index , and absorption coefficient of the emulsion as

compared to their values during exposure .

Experimental measurements of the optical index , the

• t absorption coefficient , and the thickness of Kodak 649-F

holograms are presented in Appendix F.

1. Kodak 649-F Emulsion.

The Kodak 649-F emulsion is composed of a gelatin in

which are colloida lly suspended silver halide crystals ,

usually silver bromide , along with a small percentage of

other silver halides and sensitizers. The gelati n has an

optical index of 1.535 for Kodak 649-F plates (Ref. 24)
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a n d  the silver bromide optical index is 2.25. A typ ical

emulsion con tains 20-40% by wei ght , 5-10% by volume of

silver halide (Ref. 8), but the specific amount is not

generally known.

The emulsion used in this work is held on an optically

flat .040 inch th i c k  g lass subs trate by a layer of adhe-

sive. Meas urements of the emulsion thickness before and

after processing are presented in the experimental section

of A p p e n d i x  F .

The following sections describe what happens to this

emulsion during exposure and development.

2 .  E x p o s u r e  and I m a g e  F o r m a t i o n .

• 
Exposure to li ght causes a c h a n g e  in the g r a i n s  of

silver halide suspended in the emulsion. This change is

regarded as the addition to the grain of a “latent image ”

in the form of an aggregate of silver atoms , perhaps as

few as two to four atoms (Ref. 33). The change is latent

i n  t h e  s e n s e  t h a t  no v i s i b l e  c h a n g e  in t h e  f i l m  is o b s e r v e d ,

but the probability that a chemical change will occur upon

development of the grain is great.

The latent image undoubtedly arises due to surface

imperfections and surface impurity sites (Ref. 33). The

absorption of the light forms electron - hole pairs in the

silver halide which somehow combine with the silver ions and

other impurity metal ions in combination with pre-exist ing
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electron traps. The electron-hole pairs drift to imp ur ity

or l a t t i c e  i m p e r f e c t i o n s  to f o r m  a g g r e g at es of s i l v e r  o r

other metallic impurities and release of halogens (Ref. 33).

The p h y s i c a l  p r o c e s s  is d e s c r i b e d  by t w o  c o m p e t i n g

theories: ~1) the Gurney -Mott theory and (2) the Mitchell

thecry . The theories are similar except for the order i n

which the processes occur.

In the Gurney-Mott theory electrons in the conduction

b a n d  a r e  t h o u g h t  t o  be f r e e  to  m o v e  a b o u t  t h e  c r y s t a l .

The se electrons are provided by a b s o r p t ion  of l i gh t on or

near the c r y s tal  surface. They are momentarily trapped

at a lattice defect or impurity site on the crystal surface.

Thus , the first process to occur , according to this theory,

4 
is trapping . The electron is temporarily localized by the

trap. The second step is migration of a mobile silver ion

to this center and it combines with the electron to form

alt a t o m  of s i l v e r .  B e c a u s e  t h e  t r a p  i s  s h a l l o w , t h e

electron may randoml y escape the trap due to thermal energy

and re turn to the free state prior to mi gration. Even tually,

on the average , the electron will remain trapped long =

enough to be joined by a silver ion. The sing le atom is

not stable , but will decompose again i n to a s i l v e r  ion and

free electron , th us , the cycle of trapp ing and silver for-

ma tion is cyclic during exposure. The silver atom acts as

an elec trode to attract electrons. With the arrival of

a s e c o n d  s i l v e r  ion , a stable two-atom nucleus of molecular

silve r is formed. Therefore , the th i r d  and f o u r t h s t e p s

I 6u
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a r e  t r a p p i n g  a n d  i o n i c  m o t i o n  r e s u l t i n g  in n u c l e a t i o t -  of

molecular s i l v e r .  Only after nucleation is the process

riot r eversible (Ref. 33).

The M itchell theory supposed that existi n~; t r a p s  m u s t

t i r s t  he deepened by the proximity of a mobile silver ion.

The electron a r r i v e s  at the trap either wi t h , or after ,

the silver ion , and togeuc ’r t h e y  Fe i-~ a s i i  \ e r  a t o m  a t

once- , without a further ionic step. T h e  simp l e silver

atom cannot a c t  as a trap for a second photo elec tro n , hut

must tirst acquire a sec cn d silver ion. If an electron

arrives before the escape of the second silver ion , a

stable - silver speck is formed (Ref. 33) -

Therefore , t he  b a s i c  d i f f e r en c es be t w e e n  t he two

theor ies involve the depth of t h e  t r a p s  a n d  t h e  sequence

i n t he a r r i v a l of p a r t i c l e s .

R e g a r d l e s s , o n c e  a s ta b l e , tw o at om s p e c k  i s f o r m e d ,

its growth occurs by repea t ed m i g r a ti on t o t h e s p e c k  of

pho to electrons and mobile silver ions. For our purpose ,

it is not important to know any more detail about the

photo chemica l processes hut only that the latent image is a

s i l v e r  s p e c k  of a f ew a toms .

The developmen t process depends upon the fact that the

la tent silver with a minimum si:e of only a few atoms acts

as the catalyst for the develo pment of the entire grain

(Ref. 1~~). For this reason , ch an ges  i n d e v e l c p e d  g r ai n
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h e r  J e n s i t ’ ’  d e t e r m i n e  t h e  eventual optical density of

-ì  i’ l ’o t o g ra p h  . I n  general , f o r  a n y  g i v e n  (leVel o p m e n t  p r o ,i~’ r-~.

the  s i z e  of  t he  de v e l oped  g r~i i n s varies only s l i ght ly.

Since only two to four photons are required to form a latent

i m a g e , the response of the developed film to exposure ex-

h i t ~its almost no threshold effects.

3. D e v e l o p m e n t .

Two kinds of developmen t processes have historically

been a c k n o w l e d ged (Ref . 33). these two kinds are: (
~~~~)

c h e m i c a l  or _ d i r e c t  developm ent and (2) ~~~~~~~~al_ d e v el~~pment.

The two processes differ only in the source of silver from

which the latent silver speck g l - o - s  during d e v e l o p m e nt.

If the source of the silver is from the solid silver halide

crystal on which the latent image resides , then this is

= called direct or chemical devel2p ,~ en t .  If the source of

silver is from a silver salt results from dissolving the

• silver halide grains in the emulsion , the p r o c e s s  i s c al l e d

phys ical development (Ref . 16) . A misnomer arises because

“che mical development ” is no more chemical than is “phys i c a l

development” (Ref. 33)

The two d e v e l o p m e n t  t e c h n i q u e s  u s u a l l y  r e s u l t  in

d ifferent developed particle sizes and shapes. When the

developer is a weak solvent for silver halide and contains

no addi tional silver salts , the m a j o r  por t ion  of d e v e l o p m e n t

occ urs in ~ reac tion at the interface between the latent

silver nucleus , the d e v e l o p e r , and the remaining silver
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h a l i d e  c r y s t a l .  I n i t i a l l y ,  the grain develops nearly

unifor m ly and spherically. As develop m ent proceeds , the

specks elongate into thickened filaments (Ref. 16).

Wh en t he s ame em u l s i o n  i s  d e v e lo p e d in a deve l ope r

that contains a soluble silver sa lt or that has a sclvent

f o r  s i l v e r  halide , t h e n  a m i x t ure  of c h e m i c a l  and p h y s i c a l

e4 eve lo p m e n t s occu rs . In g e n er a l , i f  ph ys i c a l  d e v e l o p m en t

lominat es , the deve lop i n g l at en t si l v e r  sp e c k , being uni-

formly surrounded with silver ions , g r o w s sp he r i c a l l y  or

in some regular crystalline shape (Ref. 33). Any number

of speculative proposals have been made about the mechanism

w h i c h  l e a d s  to t he spec i f i c  s h a p e  and  s i z e  of the d e v e l o p e d

si l v e r  g r a i n , hu t none has been completel y verif ied exper-

imenta ll y (Ref. 16). There are two general viewpoints ,

bo t h o f wh i ch h a v e b e e n  p a r ti a l l y  v e r i f i e d  by e x p e ri men t :

(1) Developmen t is an electro-chemica l process in

• wh i ch t h e l at en t i m a g e  a n d  d e v e l o p i n g  s i l v er ac t as  an

el ectrode- the process is auto-catalytic.

(2) The other emp hasizes the importance of a ’s o r p t io n

and assumes t he reduction is propagated as a catalytic

reac tion at the triple interface between silver , s i l v e r

halide , and develope r (Ref. 16).

Roth concepts can he interpreted as extensions of the-

G u r n e y - ~ 1ot t  or t h e  M i t c h e l l  l a t e n t i m a g e  th e o r i e s , with the

e l e c t rons  b e i n g  s u p p l i e d  b y t h e  develo pe r rather than by —

4. “ ,‘~~,
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: i h s u r p t i o n .  I n  g e n e r a l , t h e  e l e c t r o d e  m e c h a n i s m  i s  l e s s

successful than the a b s o r p t i o n  m e c h a n i s m  i n  a c c o u n t i n g  f o r

t h e  k i n e t i c s  of d e v e l o p m e n t .  I t  i s  p o s s i b l e  t h a t  t h e  t r i p l e

interfac e mechanism (ai!sorption mechanism) dom inates in t h e

early stages , when the l atent image nucleus is too small

t o  he  ~n effective electr ode and the semi-conductor proper-

t i e s  of the c rys t a l  dom i na te . The e l e ct r o d e  m e c h a n i s m  i s

m o r e  i m p o r t a n t  i n  t h e  l a t e r  s t a t e s  ( R e f .  1 6 ) .  T h e  s e a r c h

f o r  t h e c a u s e  of f i l a m en t f o r mat i o n  i n  c h e m i c al ly  d e v e l o p e d

e m u l s i o n  i s  an e l u s i v e  p r o b l e m  t o  d a t e .

4 .  Development of 649-F in D - 19 .  The K o d a k  6 4 9 - F

holo gram is most commonly developed in D-l 9. This sect ion

c o n t a i n s  a d e s c r i p t i o n  of t h e  c h a r a c t e r i s t i c s  of t h e  con-

s t i tu e n t s  i n  D - 19  i n  o r d e r  to  ge t  a b e t t e r  u r d e r s t a n d i n g

of t h e  e f f e c t s  of  d e v e l o p m e n t  u p o n  t h e  p h y s i c a l  and  o p t i c a l

c h a r a c t e r i s t i c s  of t h e  e m u l s i o n .  D - l 9  c o n si s t s  of t h e

f o l l o w i n g  c o m p o u n d ~~:

( 1 )  W a t e r  f 5 0 O ) S O O c c

( 2 )  E l o r i  2 . 0  g r a m s

H - ( 3 )  S o d i u m  S u l f i t e  9 0 . 0  g r a m s

— 
(4) Fly d r o q u i n o n e  8 . 0  g r a m s

( 5 )  P o t a s s i u m  B r o m i d e  5 . 0  g r a m s

16) S o d i u m  C a r b o n a t e  5 2 • 5  g r a m s

( 7 )  C o l d  w a t e r  to  m a k e  1 . 0  l i ter

~ 
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E l o n a n d  hydroquinone are common reducers or developers .

The sodium sulfite is a weak solvent for silver halide and

a preserver. It reacts with oxidized developer so that

t h e  d e v e l o p m e n t  p r o c e s s  does  n o t  r e v e r s e  by o x i d a t i o n  of

silver to  s i l v e r  ions. The potassium bromide decreases the

f o g  rate a n d  also decreases the rate of growth in lower-

exposure regions. These effects were first pointed out by

Hurter and Dri field (Ref. 33).

The halide ion , p o t a s s i u m  bromide ,can influenc e the

d e v e l o p m e n t  in s e v e r a l  w ays . E x c e s s  h a l i d e  is  a d s o r b e d  and ,

t h u s , i n t e r f e res w i t h  t h e  d e v e l o p e r .  F u r t h e r , th is d e c r e a s e s

t h e  t h e r m o d y n a m i c  a c t i v i t y  of t h e  s i l v e r , w h i c h  may  be

particularly important in fog reduction. The ion also

reduces the rate of solution of the silver halide in the

developer c a u s i n g  a m o r e  d i r e c t  development.

Sodium carbonate is an alkali to control the pH of

the solution (Ref. 33).

The constituents of D-19 indicate that is is very close

to a direct developer , but the presence of a weak silver

h a l i d e  s o l v e n t  ( s o d i um s u l f i t e )  i m p l i e s  t h a t  a s m a l l  d e g r e e

of ph y s i c a l  d e v e l o p m e n t  occurs. Therefore , the shape of the

developed silver grains should be nearly sp herical and

non-filamentary. Indeed , the size of the developed grains

h a s  been  m e a s u r e d  by C h a n g  to be a b o u t  soo X and t h e  s h a p e  ha s

been determined to be a sli ghtly elongated sphere (Ref. 8).
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5 . The  S top B a t h .  The  s t o p  b a t h  i s  u s u a l l y an a c i d

rinse designed to neutralize any alkaline developer remaining

in the emulsion. It rap idly lowers pH t o  a l e v e l  a t  w h i c h

development ceases (Ref. 33). It can be preceded by a

quick rinse in w a t e r  to  r e d u c e  t h e  e f f e c t  of pIt s h o c k

cha n g e s  on t he  e m u l s i o n  g e l a t i n  ( R e f .  3 3 ) .  I t  f u r t h e r

se rv es to  p r e s e r v e  t h e  a c i d i t y  of  t h e  f i x i n g  b a t h  ( R e f . 3 3 ) .

The stop bath used in this work was acetic acid.

6 . F i x a t i o n .  The p u r p o s e  of t h e  f i x  is to remove all

of t h e  u n d e v e l o p e d  s i l v e r  h a l i d e  and  s e n s i t i z e r  f r o m  the

em u l s i o n  so t h a t  fu r t h e r  ex p o s u r e  and da r k en i n g d o e s  n o t

result. The silver halides are only very sli ghtl y soluble

in w a t e r , so t h e  fix m u s t  c r e a t e  a s o l u b l e  s i l v e r  s a l t

w h i c h  can  be r e m o v e d  by w a s h i n g .

The f o l l o w i n g  f i x i n g  m i x t u r e  w a s  u s e d :

0.  - W a t e r  60 cc

1. Sodium Thiosu lfate
( H y p o )  240 g r a m s

2 . S o d i u m  S u l f i t e  15 g ra m s

3. A c e t i c  A c i d  ( 2 8 %) 48  cc

4. Boric Acid 7.5 grams

— 5. P o t a s s i u m  A l u m 15 g r a m s

6.  C o l d  w a t e r  to  m a k e 1 l i t e r

~I /
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The f i x i n g  r e a c t i o n  p r o ce eds  as  fo ll o w s ,

Na 2 (S 2 0 3 ) w a t e r
> 2 N a ~~+S 2 O

3 
-

AgBr+2S 20~~ >A g ( S 203
)2

fBr

3Na~~+ (Ag(S,03
)2~~~

3 > Na 3 ( A g ( S
2
0
3) 2~

Na 3 (A g(S203)2 ) i s  s i l v e r  th i o s u l f a t e and  i s s o l u b l e  in wa ter .

I t  i s  r e m o v e d  by w a s h i n g .

The c o n c e n t r a t i o n  of  h y p o  m u s t  be k e p t  h i g h so t h a t

A g ( S 0 3 ) e x i s t s  o n l y  in  a t r a n s i t o r y  r o l e  b e c a u s e  t h e  c o m p l e x

N a A g ( S
203
) is n o t  soluble in water. Thiosulfate attacks

m e t a l l i c  s i l v e r  c h e m i c a l l y  in  t h e  p r e s e n c e  of a n y  d i s s o l v e d

o x y g e n , oxidized developer , or o the r o x i d i z ing agen ts . The

s o d i u m  s u l f i t e  is a d d e d  to  r e d u c e  t h e s e  r e a c t i o n s .  The

ace t ic a c i d , b o r i c  a c i d , and  p o t a s s i u m  a l u m  a r e  h a r d e n e r s .

The sodium sulfi te prevents the decomposit ion of thiosul-

fate by the acids. Potassium alum (A1
2

(S0
4)3

K 2
S0
4
— chloride)

is a hardening agen t. The hardening process is presumably

due to a reaction of Al ”
~~ i o n s , f r e e  or a d s o r b e d  h y d r o u s

a l u m i n a , and  the C00 g roups  of the g e l a t in , f o r m i n g  c ross

linkage be tween chain molecules. This shrinks and hardens

the g e l a t in . The deg ree  of h a r d e n i n g  depends on the pH

of the solution determined by the concentration of the

a c i d , s u l f i te , and a l u m  (p H 4-6 required) (Ref. 35). Boric

acid increases the useful hardening life of potassium alum

baths and reduces sludge (Ref. 35).

( 
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7.  Washing . The washing removes the sol uble thio-

sulfate , the h y p o , and other substances from the emuls ion.

T h i s  w a s h  i s  c r i t i c a l  s i n c e  the u n r e m o v e d  co mp o u n d s  w i l l

d e g r a d e  the h o l o g r a m  q u a l i ty . I t is i n the w a s h i n g  s ta ge

that most of the silver halide not changed to silver is

removed . This leaves gaps in the emulsion. These gaps

are  red uced  by f u r th e r  s h r i n k a g e  of the e m u l s i o n . The two

major sources of shrinkage are hardening and removal of a

silver halide. Clearly, the fixer and associated washing

have the most pronounced effect upon the emulsion in terms

of shrinkage and changes in the optical properties of the

e m u l s i o n .

8. Bleaching . After washing, the development process

is finished . The emulsion contains an image of the inter-

ference pa ttern between the object and reference waves.

This image is composed of metallic silver embedded in the

emulsion . Because of the strong absorption of me t a l l i c

silver the hologram diffraction process is  v e r y  i n e f f i c i e n t .

In order to increase the efficiency of the hologram , bleach-

ing the silver image is required. The bleaching process

used in this dissertation is described in the literature

(Ref . 29). The bleachi ng changes the metallic silver to

- 

- 
s i l v e r  b r o m i d e , leaving non-soluble cuprous-bromid e in the

emulsion. Therefore , t h e  r e s u l t is a d i e l e c t r i c  h o l o g r a m

with transparen t silver bromide particles forming the

fringe structure in the hologram.
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9. Conclusions. The thickness and optical p r o p e i - t ic- s

o f  l e a c h e d  K o d a k  6 4 9 - F  h o l o g r a m s  a r e  s i g n i f i c a n t l y  d i f -

fe’rent from those properties prior to processi ng.

Developmen t changed the silver halide to silver.

F i x i n g  r e m o v e s  a l l  of t h e  u n d e v e l o p e d  s i l v e r  h a l i d e , l e a v i n g

t h e  s i l v e r  i m a g e .  F i x i n g  h a s  c a u s e d  a s h r i n k a g e  of t h e

emu lsion. This changes the optical index b y r e m o v i n g

p articles of optical index 2.25 in  u n e x p o s e d , u n d e v e l o p e d

r eg i o n s .  S i n c e  t h e  e x p o s u r e  i s  p e r i o d i c , e q u a l  a r e a s  o f

l i g h t  a n d  d a r k , i t  is  e x p e c t e d  t h a t  a l m o s t  50 °~ of t h e

s i l v e r  h a l i d e  i s  u n e x p o s e d .  T h e r e f o r e , t h e i n d ex i s

si g n i f i c an t ly  r e d u c e d  f r o m  the i n d e x  d u r i n g  e x p o s u r e  w h e n

a l l  of t h e  s i l v e r  h a l i d e  p a r t i c l e s  w e r e  p r e s e n t .

Th e bleaching converts the image from silver to s i lv e r

halide.

I t  i s  e x p e c t e d  t h a t  t h e  d e v e l o p m e n t  p r o c e s s  u s e d  on

K o d a k  6 4 9 - F  s h o u l d  c a u s e  a s h r i n k a g e , c h a n g e  t h e  o p t i c al

i n d e x , and change the loss coefficient of the material from

t h e  v a l u e s  p r i o r  to p r o c e s s i n g .  T h e s e  c o n c l u s i o n s  a r e

e x p e r i m e n t a l l y  v e r i f i e d  i n  A p p e n d i x  F .
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AP P L N I )  I X

C H A R A C T E R I S T I C S  OF D I C I - IROMATEE) GELATIN HOLOGRAM S

The  purpo se of this appendix is to review some e’ u r i e u t

t h o u g h t  on t h e  p r o c e s s e s  w h i c h  occur in dichrom ated gel-

a t  i n  a n d  to  p r e s e n t  some  results of the measurement of t u e

op tical index modulation response to exposure for dichro-

mated g e l a t in .

D i c h r o m a t e d  g e l a t i n  i s  a p h o t o g r a p h i c  e m u l s i o n  ( R e f .

l H , l l , l2 , 23 , 31 , 34)  i n  w h i c h  a w a t e r  s o l u t i o n  of  a d i c h r o m i t e

s a l t , s u c h  as  a m m o n i u u  d i c h r o m a t e  [ ( N h I 4 )~~Cr 2 0 7 ] is

:1l lowed to saturate a gelatin and dry. This em ul siu n i~~

t h e n  e x p o s e d  and p r o c e s se d to b e c o m e  a ho l o g r a m .

The exac t mechanism of hologram formation in di~~hru-

m a t e d  g e l a t i n  i s  p o o r l y  u n d e r s t oo d .  C u r r a r m  a n d  S h a n k o f f

( R e f .  11) h a v e  h y p o t h e s i z e d  tha t s w i f t d e h y d r a t i on  d u r i n g

~‘ ro c e s s i n g  the wa ter s w o l l e n  g e l a ti n l a y e r  by i s o p r o p a n o l

c a u s e s  l a r g e  s t r a i n s  b e t w e e n  u n h a r d e n e d  (or  u n e x p o s e d )

r e g i ons and  h a r d e n e d  (o r e x p o s e d )  reg ions . This strain

c a u ses th e  g e l a t in  t o c r a c k  a l o n g  f r in g e  p l a n e s  w h e r e

pho to-initiated cross-linking has caused hardening of the

gela tin layer. It is further postulated that the re fr ic-

tive index differential between the air in the crack i n

- 

- 
t h e  gelatin creates the large refractive index modulation

w h i c h  the material seems to exhibit (Ref. 11).
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C h i n g  h i s  ( R e f .  6 , 7 )  ~~~p e r i m e n t a l l y  d e t e r m i n e d  t h e

o p t i c a l  i n d e x  m o d u l a t i o n  r e s p o n s e  of d i c h r o m a t e d  g e l a t i n

t o  e x p o s u r e  f o r  a t r a n s m i s s i o n  h o l o g r a m  to be

= n ( I - c  ( E -  1)

u- .u ~~re A i1 i s  the ma xi mu m pos sib l e  i n d e x  m o d u l a t ion , E

~s t h e to tal exposure (millijoules/cm 2) and  0 is  the

c a j ) i d i t y  of  d e c a y  in  t h e  e x p o s u r e  s e n s i t i v i t y .  
~~~m a x  a n d

LI are greatly affected by pro cessing conditions, tinder a

given processing condition , h o w e v e r , they are only depen-

f l -u t  n t h e  c o n c e n t r a t i o n  of t h e  s e n si t i z e r  s o l u t i o n .

haiig , under a c o n t r o l l e d  processing c o n d i t i o n , d e t e r m i n e d

A n a n d  0 w h i c h  a r e  g i v e n  bym a x
-~~~~~~~ C

6 5
F) = 9 5 + 2 0 0  e ( m i l l i j o u l e s / c m 2 ) ( E - 2 )

m d

An = 0.064 ( l - e  ~~~0 ) ( E - 3 )

where C is the concentration of sensitizer solution in

percen t. Chang used Kogelnik’ s th e o r y  to de te r m i n e  0. He

-
- 

- 

h y p o t h e s i z e d  t h a t  f o r  E < - D  that a linear response of optical

index modula tion to exposure should occur such that

An ~ ~y E  (E-4)

T h e r e f o r e , 0 can be determined from (E-l) and (E-4) by

or king b a c k w a r d s  th r o u g h the Kogelnik theory fo r  s e v e r a l

.

~~~~
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v a l u e s  o f  d i ff r a c t  i Of l  cf ~ I C  A e n c y  i n  t h e  ] ot ~ e~~p~ ’ - ~n r c

re  g i on s . I e o p t  i c i  1 i n d c ic du I a t i on r C s  P O 0  S i  o C d i c h i ’ —

~n n~~e~I g e l a ~ in to d-x p u sui ’c nie~1 sur& - d b y C h a n g  I k e f .  6- 4 1 1

is used i n  t h e  t h e o r y  d i s c u s s e d  i n  t h e  ‘- c - s u I t  s e c t i u n  of

Ch apter V.

H a r d e n e d  d i c h r o m a t e d  g e l a t i n  i s  a d i e l e c t r i c  r ; i a t e r i i l

t h i t  i s  e s s e n t i a l l y  l o s s l e s s  a f t e r  d e v e l o p m e n t  a n d  as a

re-c u lt , v o lume holo grams nu de froiii this m a terial are very

efficient. Consequently, the absorption coefficient , a n d

absorpt ion modulation can be assumed to be :ero. l’he b u l k

opt ical  ind ex after processing is a l s o  i n d e i e n d e n t  o r

expos ure. An.’i’he r interest ing c h a r a c t e r i s t i c  f toe d i c h r u—

mated g e l a t i n  hologram i~ the reproc c.~s i h i l i t y ;  the o p t i c a l

i n d e x  c o d u l -a t i o n  of pro e- c c s - d  ho l ogr~~rns can be e ither

e n h a n c c d  or d i n ~~n i s h e d  by r i~de~~e l o p i n g  ~~i t h  a proper simp le

p o s t _ p r o c e s - ~ i n g  t e c h n i q u e  ( R e f .

T h t  t h i c k n e s s  of  a p r o c e s s e d  d i c h r o m a t e d  ~ e l a t i n

hol o gram strongl y depen d s on t h e  c o n c e n t r a t i o n  o f  c e n s i t i : e r

• s o l u t i o n , t h e  r e l a t i v e  humidity and temperature of p r o c e s si n g

r o o m , a n d  e x p o s u r e  l e v e l .  U n d e r  t h e  c o n t r o l l e d  e n v i r o n -

m e n t s  ( i . e . ,  r e l a t i v e  h u m i d i t y  40~ a n d  t e m p e r a t u r e  75~~F ) ,

— t h e  t h i c k n e s s  of t h e  h o l o g r a m s  i s  g e n e r a l l y  s w o l l e n .  How-

e v e r , the relative s w e l l i n g  decreases as e ither the con-

c e n t r a t i o n  o f  s e n s i t i z e r  s o l u t i o n  or t h e  e x p o s u r e  i n c r e a s e s .
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The thickne ss change of dichromat ed gelatin holograms

as  a f u n c t i n n  of  n o t  o n l y  a n u m b e r  of p r o c e s s i n g  pa r a -

meters but also hologram types i s a  rather complicate d

p roblem. But the thicknes s of dichromate d gelat in hologram

c a n  he  c o n t r o l l e d  by either baking over a hot p late or

dry ing i n  a vacuum chamber.
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A l ’ P E N L - i X  F

E X P E R I M E N T A L  R E S U L T S  FOR T I l E  LOS S C O E F F I C I E N T ,

O P T I C A L  I N D E X , A N D  T H I C K N E S S  OF B L E A C H E D  K O D A K  6 9 4 - F  E M U L S I O N

Two e x p e r i m e n t s  p e r f o r m e d  by t h i s  w o r k e r  a r e  p r e s e n t e d

in  t h i s  a p p e n d i x :  (1)  t h e  m e a s u r e m en t  of t h e  l o s s  c o e f f i c i e n t

of b l e a c h e d  6 4 9 - F  e m u l s i o n  as a function of exposure , and

(2 )  the m e a s u r e m e n t  of t h e  t h i c k n e s s  of  u n d e v e l o p e d  a n d

u n b l e a c h e d  6 4 9 - F , of d e v e l o p e d  and  u n b l e a c h e d  6 4 9 - F , a n d

of d e v e l o p e d  and b l e a c h e d  6 4 9 - F . The  r e s u l t s  of a t h i r d

expe r im e n t  p e r f o r m e d  b y W i l l i a m s o n  ( R e f . 44)  are  p r e s e n t ed

f o r  t h e  m e a s u r e m e n t  of t h e  op t i c a l  i n d e x  of r e f r a c t ion  of

bleached 649-F emulsion as a function of exposure. The

purpose of these experiments was to verify the theoretical

assumptions made in this dissertation as to the response

of bleached 649-F to exposure and to determine the amount

of change in thickness occurring in 649-F emulsion due to

• processing.

1. Measurement of the Loss of Bleached 649-F Emulsion.

Five plates of 649-F Kodak emulsion were exposed to a Helium-

Neon Laser in tensity source as shown in Fi gure F—l .
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c a l i b r a t e d
s t ep
w edge
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~~~
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lI
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~~~~~

oEEss

~~~~~~~~~~~~~

Em

Figure F-I . Exposure of 649-F Plates

The p in-hole beam expander provided a uniform source of

light to expose the step-wedge and film. A ground glass

screen was used to disrupt the spatial and temporal coher-

ence of the laser in order to obtain a more uniform exposure.

The variance of intensity in the uniform reg ion was less

than 3~i . A K o d a k  c a l i b r a t e d  t r a n s m i s s i o n  s t e p - w e d ge

(Catalog Number 152-3422) was used to vary the exposure

on the 649-F emulsion so that a range of known exposures could

be p h o t o g r a p h e d  on each  of t h e  f i v e  p l a t e s .  By varying the

choice of steps used and by varying the shutter-timer , the

exposure was changed over a range from 4 millijoules/cm 2

up to 2500 millijoules/cm 2 .

After exposure 4 the plates were processed and bleached

according to the procedures discussed in Appendix D. Plates

#1 , #2 , and #3 were processed on one day and plates #4 and #5

were processed three weeks later in the same manner.
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In order to measure the loss of each plate a~~~a - f unc-

t i o n  of e x p o s u r e , the tr a n s m i s s i o n  of e a c h  s t ep w a s  m e a s u r e d

using a 401-C Spectra Physics calibrated laser power meter

( A c c u r a t e  to  - ‘- 10% , p r e c i s e  to  -‘- 1 m i l l i j o u l e L  T h e  l a s e r

b e a m  w i d t h  w a s  l e s s  t h a n  t h e  w i d t h  of t h e  p h o t o g r a p h  s t e p s .

From the measurement of the laser power transmitted through

each  w e d g e  and  f r o m  a m e a s u remen t of the i n c i den t p o w e r ,

the loss coefficient (1-transmission) as a function of

e x p o s u r e  w a s  d e t e r m i n e d .  T h i s  l o s s  i n c l u d e s  t h e  F r e s n e l l

l o s s e s , a b s o r p t ion and sca tt e r i n g .

The loss coefficien t as a function of exposure is

presen ted in Figure F-2. It is concluded by observation

of t h e  d a t a  i n  F i g u r e  0 - 2  t h a t  t h e  l o s s  c o e f f i c i e n t  of t h e

b l e a c h e d  6 4 9 - F  e m u l s i o n  is p r o p o r t i o n a l  to  t h e  e x p o s u r e  f o r

a si g n i f i c a n t  e x p o s u r e  reg i o n , b u t  t h a t  s a t u r a t i o n  o c c u r s

at the hi gher exposures .
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The Thickness ~ nasur em ent . I n  urder tu n ”ns u rc 1

~~~ ckne ss change due to the processing of ( 1 ~~~- i -  i ’ l l l ’ I S J O I ,

t h e  t h i c k n e s s  of t h e  e - c - u ] s j o p  w a n  m e~~sui- ’-d f l s i I i c~ n ~‘ 1 ,

e l e c t r o n  m i c r o s c o p e  ( S E M )

S e v e r a l  p l a t e s  of u n d e v e l o p e d  6 4 9 - F  e m u l s i o n  w e r e

b ro k e n  b y impa ct using a n  awl :iuu d h a m m e r .  ~ r~~ l I sa~~p I e - ~

of  t h e  f r a c t u r e d  p l a t e s  w e r e  c o l l e c t e d  w h i c h  h a d  c l e a n

e d g e s . T h e  c l ea n ed ges resulted from t h e  p r op a na t i on of

f r a c t u r e  a w a y  f r o m  t h e  p o i n t  o f  i m p a c t  o f  t h e  a~~l. ~ i ni ~~1~~

s a m p l e s  w e r e  t a k e n  of dev elop ed and unble a ched , and de~~ -~~-~n-

a n d  b l e a c h e d  6 4 9 - F  e m u l s i o n .

E a c h  s a m p l e  w a s  c o a t e d  w i t h  a 1 ( O A  l a y e r  of p o l d  i n  1

s p u t t e r  c h a m b e r  a n d  m o u n t e d  using an e l e c t r i c a l l y  c: o n ductiv L

c e m e n t  i n  t h e  e l e c t r o n  m i c r o s c o p e  c h a m b e r .  T h e  s a m p l e  c e u l d

be ro tated until the emulsion could be obs erved f e c t  a n a i n t

of v i e w  n o r m a l  to  t h e  f r a c t u r e  e d g e .  Fi gu r e  0 -~ s h o w s  a

P o l a r o i d  p h o t o g r a p h of a s a m p l e  of  bleached 649-F t - inlsi nn

taken from the TV s c r e e n  of t h e  S E M .  The e m u l s i o n , I n c  I u d i ’ i’

an a d h e s i v e  l a y e r , and  the  g lass substrate are clearl~-

visible.
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. 

4- adhesive

(. glass

- j substrate

Figure F-3~ Bleached 649-F Emulsion Magnification 2750X.

By observing several samples at different positions , a

• variety of thickness measurements were taken of both devel-

oped and bleached , developed and unbleached , and unexposed ,

unprocessed 649-F emulsion. Table F—I presents the data for

these three cases.

179

~~~~~~~~~~

. 

~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~



A I M  l~— 1;— . ~(

C))
U) ~ ~U ~~ o~ In in m

~~ ,~~ N- r-. N. N. N-

~~ U ~-4 ,-I r4 ~l —~ .~~

~~ .-4 Z
z .~~ 0

~D 4-I
0

• 0
P-i 0o ~~~ ~~- ~~

I—) 
N N N

~~ 
. 4

~ .- -~ 
0 +1 + 1 -H

~~~ ~~. .-4 ~~~~~~~ .~~- in 6)

6)
00

$-i
U

U)
~~ U) ~~ ~ 

U)

o U -~~ in N OD ‘0 .

~ 

II-)

~ 
m m m

,.4 U — ‘-~ ~~~ •••~ .-4 C6

~~ .,-l 0
Z ~~ Cl)

~~ E-~ ~~~~ ~~~~~ ir~~~~~O
t-. c~ c~1

Z -
~~ 

-I ~-4 ‘—I
U U

• -‘-4

~~ 0 -
~~ 

I

~~ 
Z ~

-‘

1-4 <
o 6) 6) ~ f-i ~~
1.4 -~ 00 -4

~~~ ~~‘ 
,-I N C’l -~~ ifl £6 I

9 I-i £6 a’

~) £6 4) ~~ I -.~ I
~~ a’

£6 -
~~‘0 -

~~ ‘~~
6) 6)

-~~ c4 t -u

U) ~.J 
6) U C)

(4 £6 ~4
o o) (4 0 6) C.)

-
~~ ~ 

-
~~ 

.0 C’ ~~ N ‘-4 -4 £~

~~ •)~-~ u ~~ m m £6 .~~ ~~ 
-

~

~~ 
.,-4 ~- 4 ~~~ 

,~4 ,-4 ,-4 4.J )J

4 •~~ 0 ~ . 0 -
~~

Z 
(.2 0

-~~ 
(6 (4

0 (6 ~0 ‘u -d

~~ z C) C.) 0)

P-i 6) ~) 0. ~)

0 6) 
0 0 0

,.4 ,-4 ,.- ~ N -~~ in 4.) 0. ~

~~ 
0. .-~ o x o.~ w

~~- 8 .0 —4 6) (~
~~ (4 (4 ~ 4.1 6)

U) 1-I ~.I

1~ o

:~:~~~~~~~ i:::: ~~~~~~~~~~~~~~ - -.



— -  - -

70

I t  i s  c o n c l u d e d  t h a t  t h e  b l e a c h i n g  process has no

e f f e c t  u p o n  t h e  t h i c k n e s s  s i n c e  t h e  d e v e l o p e d  a n d  u n b i c a c h e d

e m u l s i o n  h a s  t h e  s a m e  t h i c k n e s s  w i t h i n  e x p e r i m e n t a l  e r r o r  as

t h e  d e v e l o p e d  a n d  b l e a c h e d  e m u l s i o n .  The  d e v e l o p m e n t p ro c e s s

h as t he g r e a t es t e f f e c t  c a u s i n g  a s h r i n k a g e  of  a b o u t  4 p .

This is to he e x p e c t e d  b e c a u s e  of the f i x i n g  a n d  h a r d e n i n g

proce ss used in development. Since no lat e ral motion or

t earing of the emulsion was observed at the glass substr ate ,

it i s  concluded that the processing effects only the thick-

ness of the emulsion.

3. Op tical Index of Bleached 649-F. ~ i l l i a m s o n  h a s

measu red the optical index of bleached (‘19-F emulsion , therefo!e ,

i t w a s  u n n e c e s s a r y  to p e r f o r m  th i s m e a s u re me n t i n  t h i s

disser tation. The data obtained by Ic i l l i a m s o n  is repe ated

here in order to show that the assump tions concerning the

r e s p o n s e  of  t h e  o p t i c a l  i n d e x  t o  e x p o s u r e  U Se d  i n  t h i s

d i s s e r t a t i o n  a r e  v a l i d .  Fi g u r e  F - I  s h o w s  t h i s  d a t a

o b t a i n e d  by I c i l l i a m s o n  f o r  t h e  o p t i c a l  i n d e x  of b l e a c h e d

• 
6 4 9 - F  e m u l s i o n  v e r s u s  e x p o s u re . A g a i n , a l i n e a r  r eg i o n  a n d

a satura ting reg ion are observed .
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A P P E N D I X  C

A L T E R N A T E  S O L U T I O N  TO THE C O U P L E D  WAVE E Q U A T I O N S

This appendix contains an alternate solution to

the coupled wave equations of Chapter III for a thick

hologram based upon Green ’s Functions.

Eqs (54) and (55), Chapter IV , may be written in

matrix notation as

V + - C Q  Vd o dv 0 0  0 -
~= 

~Q 1 C 1~~
V _ 1~~ ~~

(G-l)

The off diagonal terms in ~
( are the coupling terms . The

ei genvalues of ~ are

-

(G-2)

These eigenvalues are very similar to the dominate terms

in the JWKB solution in Chapter III. It is seen that

A+ (z) y -I- (z)
• (G-3)

where rf (z) is g iven by Eq (106), Chpater IV . The

equality holds provided all derivatives in ~ + (z)

are neglected. Therefore , A+ (z) would be the zero-order

JWKB solutions , that is , the solutions for the constant

coefficient case.
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By finding an appropr iate set of eiven-vector s , ~i

is transformed to a nearly diagonal matrix , starting with

the transformat ion

+ -1~r = P v (G- 4)

Eq (G-l) becomes
-
~ d~ ’ -1-

d r  -~
— = Ar - P dzdz

(G-5)

where
-1

A~~= [
~~ 

A _ ( z )j  
1’

( G - 6 )

-

and jA A
P
— 1 1 ( G - 7 )

1 
_ _ _ _  

1 - A I
A~ A ( X -A~ ) -l + A~J

(G-8)

• where
A~~~= ~ -i

C + X
- + (G-9)

and
- 

C + A  (G-l0)

Eq ( G - 5 )  is of t h e  f o r m

= 12, + !~
] ~ (G-l1)

18~ 

~~~~ ~~~~~~~~~~~~~~~~~~~~~~~~~~~ •~~~~T :- 1,~• ~~~~~~~ 
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where Q is a diagonal matrix and 11 is  an o f f - d i a g o n a l

matrix. dA~ 
Q 1________

o 

- 

‘
~~~ A~ A ( X -A ÷) 

0

- 

0 ~ +
- dz  A~ A ( A -A~~)

( G - 1 2 )

and 
-

r dA
• Q _ 1 1 ° 

-

= 
A~ A ( X  ~~~ jj-~

i-_ 0
— 1 ( G — 1 3 )

Eq ( G - l l )  is solved by Green ’s Functions to be

= I ~~(z,t) Li(t) (t)dt
-

~~~ (G-14)

where C is the Green ’s Function matrix operator determined

by the solution of the equation ,

r~— ~ - 

~ ~ (z,t)= ó(z-t) L
I. Z — — 

(G-15)

which yield s

• f1D(~ )d~ 1
G(z ,t) = e [0 (z-t)L-0 (~ t)i+il (t)ó (t)]

(G-1 6)

where 0 (t) is a step function defined by

0 (t) = f+i ; t> 0

l
0 ; t < 0

(G-17)
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Upon substitution of Eq (G-16) into Eq (G-l4), the Green ’s

Function solution is

r(z)= e [~~(Q)+f U (t) (t)dtJ

(G-18)

Eq (C-iS) may be solved by a perturbation techni que to yield

the closed form solution

~ ~1 ~2 

~~~~~~~ ~~~~~~=°

I I I I Ex 1 x2)~ (X3 x4)dx4-dx1 
+ 11111!

X X = x  =x =0-1 2 3 4 x
1=---x6

~ dx6—dx1, + . . ] (o)

(G-19)

where,
f ~~ (y ) d y  f ~P Xy ) d y

11(n) e
• (G- 20)

If 1>> 
~~ 

z
2

>>
~~ I

2
z
4
, then only the first term need be kept in

Eq (G-19). This yields the approximate solution

+
r e r(o) (G- 2l)

- ; where - Z
0(z) = 1

~ 
D( ~~~ )d~~

(G-22)
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From Eq (G-4 ) ,  the solut ion becomes

I)
= P e p~~~(o) ‘ (0)

(G-23)

using Eq (G-7) and G-8 for

+ 
D11  - 

-D 72  + - ~ 11 - +
A e -A e -A A (o)e +A A (o)e

V (z) Q_ i (°) - - -
____________ 

D11 D22 - 
D11 + 

1)22
A~ (o)—A (o) e -e -A (o)e +A (o)e

(G-24)

where

- dA~ QD ii — A , ( z )  - -a-—--- —l
A -A

+ -

- ( G - 2 5 )

- dA 
___D22— A (

~•) — a— ~~~~~~~~~~

( G - 2 6 )

In conclusion , i t  a p p e a r s  t h a t  t h e  G r e e n ’ s F u n c t i o n

- , t e c h n i q u e  is v e r y  s i m i l a r  to  t h e  J W K B  a p p r o x i m a t i o n

t e c h n i q u e .  The s o l u t i o n s  a r e  i d e n t i c a l  in 0 - o r d e r  t e r m s

and very nearly identical in first-order terms .

A comple te application of the boundary conditions for

a transmission and reflection hologram is not presented ,

but results very similar to the JWKB solution are obtained.

The techni que using Green ’ s Function has been included in

order to illustrat e the similarity between it and the

JWK B solution .

( 
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A P P L N I ) I  X II

I i I . R I V A T I O N  OF T i l i l  P O L A R I : A l I 0 1 .  OF I’II Ii WAVE DIl :FRACT}lI )

BY A H O L O G R A M

The equa tion for the scattered electric field u r n p l f l u d e

f r o m  an e l e m e n t a l  v o l u me of sca tt e re rs is g i v en hy

ik r- o~’ I
k 2 f

e 1
-~ -~ — ——- 

~ (r ’ ) [nxE (r’)xn}dr ’
E (r)= 4 -iT v -* -‘ 1 0

S r-r ( H - I )

Eq (11-1 ) is taken froii Tatarskii ’ s b ook on a tm o s p h e r i c

transmission (Ref. 42) - i~ is t he i n c i d e n t el ect r i c- 0

f i e l d  a t p o s i t ion  r ’ from a source at 
~~~

. E
1

(~~~~’) is the

dielec tric constant. This rela tion is shown in Fi g u re

H-l . 1 and M are unit vectors . M is the direction of

the i n c i d e n t wave  v e ct or a t ‘ , and ñ is the di ’ection of

• the diffracted wave vector.

sour ce  
0 ( 0 ’ )  

‘ °‘

Fi g u r e  H- I. Relationshi p of Vec tors in t he
Sc~~i- terin g P rocess

I ~~~~~~~~~~~~~ •. :~~: - --
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1 0 1 ,! I 1 ’ ) g ~~ a iIl , t h e  d i f f i a c t c j  ~~~~ v e c t o i -  i s  de t e r m i n e d

t L O f l  the incide nt wav e vector direction by the relation

-÷ -*k = k + 111 Km 2c
(H -2)

fit.~ ii ~cijen t electric f~~e1d ampl itude for the reconstruction

s av e  can he wri tten

+ -~ i~~~( ’ )
= A (r ’ ,~~ )e  (r ’)e

— c 2L C C 
(H-3)

Eqs (H-2) and (11-3) may be subs tituted into Eq (H-i)
4

to yield the electric field amplitude diffracted into

the m t h  o r d e r

k 2 e~~~~~~~~
’ 

~~~~~~~
E t ~ ) = dl 2 C ~~~

,
~ C)e 

[k~,xe xk ]d~ , 
-~4)

lf the scattering volume is taken to be a very small volume

surrounding a single hologram fringe , then as the first

approximation , the ec and k are independent of position , —

and may be removed from the integral. Therefore , Eq

(H-4) becomes

= 
m Ein~~~

(H-5)

where .

~~ = k x e xk
• m ni c )n 

(H-6)
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an d
- , i~~~~~’ I ;. ( r ’ )k e c . -

~~ , 
-

, c
F (~~) = . r , _.~~ 

I r ) A 
2c 

(r e 
,~-I ii . r- —

( 1 1- 7 )

i s t he P0 1 a r 1 a t 1 on I ccc t i on of the S c a t  t C red I i gh t

i n t o  t h e  m t h  di f fr acted order . E (~~) is the d i i  f r a c t ~~’ n

amplitude to be c a l c u l a t e d  in the m ain b o d y  of the

dis se rtatL ~n us i n g  co up l ed e a ve  t h e o r y .

- 
- 

Of pa rti c u l i r  concern is the evaluation of the dot

p r o d u ct , ê .~~~1 , between the polar izations of the :ero-

order and the first-diffracted order. This is ac compl ished

u s i n g  Eq ( H - 6 ) ,  but first , Eq (11-6 ; must he no ima l i: e d.

x e  x k ~~Ill C 111 ( 1 - 1 — 8 )

using the vector iden tity

- ~ —~ 0- • - ~ 0- 0- + 0-A x B x C ( A • C 1 B  - ( A - B )  C

(11-9)

x e x k - l e  - (k e )kin c a c in c in

(H-b )

The r i ght ha nd side of Eq (H-lO) becomes

~
‘
c~~~m 

ec)1
~m~~ 

)“ 2
~~ m~~ c~~~ ~~~~~~~~ ~~~~

05 2
~~~c~

k m )

(Il-il)

~ 

:. ~~
:‘j”

~~ 
-
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I~~~ 
H s in ’i’ Iin m 

(11-1 2)

w h e r e  
~m is  t h e  a n g l e  b e t w e e n  t h e  w a v e  v e c t o r  of t h e  m t h

d i f f r a c t e d  o r d e r  a n d  t h e  i n c i d e n t  p o l a r i z a t i o n .

Therefore , the unit polarization vector for the mth

d i f f r a c t e d  o r d e r  b e c o m e s

k x e  x k
= 

m c in

m I s i n ~ Fm

(1.1—13)

using the fact that ê = e and identity (H-9), the

do t product becomes

ê •(ê -(k -ê )k )
o o -l o -le ~ê = -

° -l !s 1n ~~ ~- 
(H-14)

t h e r e f o r e ,

o -1 -l

( H — i s )

Eq ( 11-15) i s  u s e d  in C h p a t e r  I I I  in  t h e  d e r i v a t i o n  of

the coupled wave equations which describe hologra p hic

diffraction. While Koge lnik included a polarization term

ê .ê~~ in his coupled wave equations , he did not derive

an expression relating it to known quantities. ‘y~~ is

a known , apriori angle. It is the angle between the

incident wave polarization vector and the wave vector

of the diffracted li ght. The incident polarization is

a g iven quantity and the diffracted wave vector is

determined from Eq (11-2) for m= - l.
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APPEND l •~ 1

REPRESENTAT iON OF THE POLARIZATION OF A SPh ERICAL WAVE

It has been assumed in Appen dix A that the object (0),

reference (r), and reconstruction (c) waves are spherical

waves emanating from p in-holes . In practice , the polari-

zation of these spherical waves is determined by a

polarizing element located at some point in the wave

prior to diffraction at the p in-hole. This is shown

schematically in Fi gure 1-1. It is assumed that a

wave is incident upon the pin-hole and is propagating in

the -

~~~~~ 

direction , where t is the vector to the position

of the jth-pin-ho le with respect to the coordinates

defined in Appendix A.

j t h  -p i n h o l e

I-
,

’

w a v e  p o l a r i z a t i o n
f r o m  ro t a tor
l a s e r  e . • sp herical

j lnc w a v e

Figure 1-1. Polarization of Spherical Wave
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The polarization of the spher ical wave diffracted

• by the p in-hole is determined by the polarization of the

plane wave incident upon the pin-hole. This polarization

is determined by Eq (H-13) , developed in Appendix H ,

to be

k . x ê. - x k .
e. = 

] , lflC 
- 

3

~ j s in 1 :~e .  - k.)
3 , lnc ’ j  (1-1)

where j refers to the j o , r, c spherical waves , êj inc

is the unit polarization vector of the plane wave incident

upon the jth pin-hole defined with respect to the

x , y ,  - i )  coordinate system in Fi gure 1-2.

C ’ .# l x
I -- /

~~~~~
—. coordinates of jth pin-hole

.9 -11 - -

/~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ op r ~ m
c o o r d i n a t e s

Figure 1-2. The Coordinates of the Polarization of the
Plane Wave Incident at the jth Pin-hole
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Since ê. - is normal to the jth p in-hole , it is defined
3 , inc

by two polarizat ion components e ’
~~ 

and e ’
3y 

shown in

Figure I-2 . is defined with respect to the (x ,y, z )

coordinates to be

=
.1

3
(1-2)

• In order to evaluate Eq (1-1), ~j inc needs to be

transformed from the(x : y. _R~) coordinate system to

the (x,y , z) system , this Is accomplished by a two

rotations of the basi s (x,y,z) This basis transformation

is 

co5~~ sin~~. siR~~. - sin~~ cos~~. x

= 0 cos~~ sin4~ y

- R .  s i n 4 .  - c o s 1 .  sin.~~. cos ’Y . cos 4t~ z

-
• 

(1-3)

where ‘Y , and ~~~~~~ 
are defined in Figure 1-3. ~~O for

• 
-R. >0 and ‘Y. >0 for -R .>0 .

3 x J

• 
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Fi gure 1-3. Defini t ion of 
~~~

. and 
~~~

.

Fro m Fi gure 1-3 , it is clear tha t

-R.3xs i n q ~. =
3

3
- • (1-4)

-R.
I 

5ifl~~. = __________

Jy 3z
(I—s; )

From Fi gure 1-2 , the equa t ion for is ob t ained to be
. 

— ,  — ,

- - ö. inc = e ’ . x + e ’ . yr J ,  J X  3)’
-~~~ (1-6)

-
- e

3
’
~ 

and e
j
’
y 

are given quanti ties. By substitu tion of

Eq (1-5) for V and 9’ into Eq (106) , the Eq for ê~ ~~~
in terms of the 

~~~~~~~~~~~~~~~~~~~ 
basis is ob tained ,

ê. = ~[e ’ cos~ .]+ 9[e ‘ sin~ .sinq~ +e ’ . cos~ .]+j,lnc j  y j  j x 3 j  ~
y 3

- ~[-c ’ . sin~ .cos~ . +e ’ sin’~.]- j x j  j  jy j

~~~~~ —
= 

~~~~~~~~~~
—--- ~~_

.
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~~ lcI) c a n  he t:sed in Eq (1 — 1 )  to d e t e r m i n e  t ! I !  1 ) O l a l i Z O t i o T l

o f  the spherical wave. t h i s  result is used in order to

account for the p ol ar i~~ition of the sp h e r i c a l  w a c e~

used in the main text. Eq ( 1 - 1)  in conjunction with F i

(1-7) are used to determine the polarizations as a

function of position across the surface of the h o l o g r a m

during construction and reconstruction . These equations

serve as a basis for han dling the effects of reconstructio n

• wave polarization and for reconstruction wave vectors out

of the plane of incidence of the original object and

reference wave vectors .
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