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REVISED AND ENLARGED COLLECTION OF PLASMA
PHYSICS FORMULAS AND DATA

P R E F A C E

The f i r s t  ed i t ion  of the NRL Plasma Forinulary was compiled and pub-

lished in 1YT ~— . By 19T~ the origina l pr in t ing  of ~OOC copies had been

exhausted. The time seemed ripe to prepare a revised edition incorpor-

ating corrections of errors reported by users . Extensive new material

was also added (some of it already con tained in the companion manual to

the f i r s t  ed i t ion , NRL Memorandum Report  Number 259-5~~, arid a number of

changes made in the interests of greater clarity and ease of use. It is

hoped that  the resu l t  represents a net improvement over its predecessor ,

and that  the i terations wil l  soon converge to a de f in i t i ve  version.

Two forms of the revised Formulary were prepared , a fo ld ing  card

like the lc7) l. edition , and a small booklet. With minor exceptions ,

they contain the same mater ia l .  Their  content is reproduced in the

presen t memorandum repor t, which therefore  serves as a less compact

‘ but possib ly more easily read) third version of the revised Forinulary .

It  includes a l i s t  of errata for the fo ld ing  card and booklet , comp le te

as of the date of publication of the report. Where a formula in the

pocke t versions was incorrect , the corrected formula appears in this

report marked with an asterisk. (Since the report itself was typed

independently ,  however , it may contain errors not present  in the pocket

versions.’~

In a d d i ti o n , the present  report  is in tended to serve as a kind of

users ’ manua l  for the ~‘ortnularv , supp ly ing  exp lana t ions , worked examp les,

and references , for  which  space in the pocket ve r s ions  was i n s u f f i c i e n t .

~lanuscr pt~~ul) mIt tVcl  .~ pril !7 , I 
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A certain amount of supplementary material has been included , par ticu larly

in the \‘ector Calculus section. The elaborate reworking of the Atomic

and Molecular  Physics  sect ion included in the previous edi t ion of th is

report has been abridged , however . Interested readers seeking back ground

mater ia l  on the formulas of th is  sect ion are referred to the version

originally prepared b y A. W. Au for  Memorandum Report  No. 2~ 9e or to a

for thcoming report , “Sui~nary of Plasma Spectrograph ic  Data , ” b y J. Davis

et. al., as well as to the numerous ponderous monographs on the subject.

Once again , many of my colleagues in XRL’s Plasma Phy sics Division

helped with the Forinulary by suggesting changes and corrections and by

proof reading . In add i t ion  to those persons previously acknowledged ,

pa r t i cu la r  thanks for  specif ic  contr ibut ions  are due to Dr.  Verne Jacobs

of Science App lications , Inc . (Atomic Physics and Radiation ’, and Drs .

Niels Wirisor and Stephen Bodner of NRL (Collisions and Transport and

Lasers, respec tively” . My special thanks go to Ms. Jean Nonnette for

managing to compose and lay out the Forinulary while I was making con-

t i~tua l  changes in i t .

I
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ERRATA

March 1, 1977

(Foldou t~ (Bookle t ”

Panel Er ra tum and Correct ion

2 Eq.  (1 1):  rep lace Bx’7xA by Bx( TxA ’

2 5 Eq . ( l7- l9~~, (27) : See p.

7 Under “Components of (A . 
:

‘ 3
11 :

rep lace —~~ by —i

z

10 Under “Ration lized inks”
replace “atho ” by “siemens ”

5 Il Under “Ra t iona l i zed  mks ”

rep lace “weber/m2” b y “tes la ”

5 12 Under “Rat ionalized inks”

replac e “newton/rn2” by “pascal”

Ion gyrofrequency , F region:

rep lace 250 by ~3C

D e f .  of L: “horixontal”  should be “hor izon ta l”

In Weakl y Ionized Plasmas,  Eq.  for  co l l i s ion

freq uency ‘ ,~: T~ should be multip lied by k.

i- Eq .  ( J c ’ : i n t e r c h a n g e  1l. T and 2 .-~ L as t  E c . :

rep lace A~~ E by A / - ~ E

i’. ~~ E q .  (i~~’: shou ld  read = x 1’ T

cm 

—-~~~~~--~~- -~~~~~~~~~ - - ,- . .~~~- --‘-- ._- ..- ‘~~~
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NUMER I CAL AND ALGEBRAIC

Euler -Ma scheroni constant~~
] 

‘.-

Gamma Function r (x + 1) = x r (x )

r(~) =

F(~ ) = ~i- .59O 6

r(~~) = 3.5256

r(~~) = 2.67E9

r(~~) = 2.2l~2

r(~~) = 1.772 5 rr~

r(~) = 1.~.E92

r(~~) = l .3 5) +l

= 1.225k

r(~~) = l.l~ L2

= l .l2~5c

= 1.0

Binomial Theorem ( good for ~ ~ I or ~ posi t ive  in teger ’:

(u ÷~~f ~ (C~)k  ~~~~~~~~~~~~~~~~~ x2 +~~~~~~~~~~~~~~~~~~ x~’ + . . .
k=0 2 !

Fle r~

________  — _____________

~ k ,
1 

k ! ( ~ + l-k ”  
- ______________

_____ — -— .———_ - -



is the binomial  c o e f f i c i e n t .

A very general relation involving the binomial coefficients is the

Rothe-Hagen identity ~(good for all complex x,y,z except when singular):

x ( x+kz \ _______  
(y +( n-k) z \  = 

x+~,
. ( x+y+nz

k=O x+kz \ k / y+(n-k)z ~ n-k / x-I~’+nz ~ n

Many formulas involving binomial coefficients are special cases of the

Rothe-Hagen identit’- . For examp le , with z C,

2 (x\ 7 v 
— (x +y

k=O ~k) ~~n-kj 
— 

~~ n

wi t h x y n , z 1 ,

(n +k- l ’i! (2n-k- l) 
= 
2 n!(3n)!

k 0  k ! (n -k ~~!

1 1
w t t h x - y — , z —  , n odd ,

2 n

rt n ± .2~ \ (~_-
— ~ n n

k 0  n+~k n-Tk k 
~ ~ n -

etc.

I

~



Gain in decibels of P relative to P,

C = IC log (P /p~~

To within two percent

(2 ~~)~~~
2 

2 .5 ; e~ 20; 10; 210 l~~ .

-- . , - — . ~~~~~~~~~~~~~~ ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ ~~~~~~~~~~~ -
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VECTOR CALCULUS

N o t a t i o n :  f , ~
, e t c . ,  are scalars; A , B , etc. are vectors; T is a tensor

(1) A . B x C = A x B.C = 3.C x A = B x C.A = C .A x B = C x A .B

(2) A x ~ x ~) = (~~ ) 3 - (~~ B) C

(5) A x ( B x C ) ± B x  (C~~~A) + C x ( A x B )  0

(~) ( A x  3) . ( C ’~~) = (A’C) (B.D) - (A.D) (3.C)

(5) (A x B) x (C x C) = (A x BaD) C - (A x ~~~~ D

(6) ~~( f g) = 7 (gf) = g 2 ~
(7) ~ .(f ~) = f ~~~ A .— £

(S) vx (fA )= f~~~x A + ~7 fx A

(9) V .(AXB ) B .V XA A .7XB

(10) ~ x ( A x  B) A (v .B) - B (v .A) ÷ (B.v)A - (A.~~) B
‘ (11) V ( A . B ) = A x ( 7 x B ’  + B x ( 7 x A ) + ( B . v ) A + ( A . ~~) B

(12) —2 f— !--
~ f

(15) ~~~A = ~~~( 7 A ) - ç - x - - x A

(lL~) c 7 X ~~~f = 0

(15) ‘— . V X A O

If e , e , e are orthonorinal unit vectors , a second-order tensor T
]. -2 =

can be written in the dyadic form

(la) T = ~ T. .e.e .
i ,j 1J — L — J

In cartesian coordinates the divergence of a tensor is a vector with

components given by

(17~ ( v  . T) . = E
In general

(is” :‘(~~ “ = (~~.A)B ÷ ~

( ici) 7.(fT) = ~f •T + f~ 1

~~~~~~ 
. ~~~~~~~~~ 

- 

*



‘
~lnst ead  of ( l f l ,  an a l t e rna t ive d e f i n i t i o n  H was employed in the

pocke t vers ions  of the Formular :

( IC ” (
~ 1” . = ~~ (2T . . / ~ x . )

— — t j J_ J J

Since we ~rr i t e  the operator T to the lef t , this choice , involving

cont rac t ion  with respect to the second index instead of the f i r s t ,

appea r s less “na tural . ’ When it is adopted , (l5~ and (19)

become

(1:’) 
~~~~~~~~~~~~~~~

(1’i~
’) :~~

(
~~“ T .9f + f7~~T

But Gauss ’ theorem for tensors , fo rmula (27~ , become s

(2 7 ’)  :.~~~d v = . d~
V S

which to the unsuspicious eye is equall y “natural” looking . For

svtnnetric tensors , the  primed and unprimed formulas  are iden t ica l .

In p lasma physics , fortunately , most of the tensors we dea l with  are

svtrunetric .  Nevertheless , the choice (17 ’) is a potential source of

confus ion  and i t s  use in the o the r  ed i t ions  is r e g r e t t a b l e . Here  I

have abandoned it. For uniformity , all of the integral formulas

( 12- ) have been wr i t t en  with  d i f f e r e n t i a l s  at  the l e f t , a l thoug h

this results in a significant change only in (27~ . The tensor

divergence . T in cylindrical and spherical coordinates (p. 1.11 and

p. l~E , respectively) now appears with indices transposed .

_______ 
.
~~
.. 

~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~



Let r = ix + j v  + kz be the radius vector of magnitude r , from the

or igin  to the point  x ,y , z .  Then

(20’ 
~~~~= 3

(21) ~~x r = O

(22) r = r /r

(23~ : ( l / r )  = ~~~~~~~~~~~

( 2 — )  ~ .(r/r~)

I f V is a volume enclosed by a s’~rface S and dS = n dS where ri is :i~e

unit normal outward from V ,

(2 5 ) 
~~ 

dv7 f = ~fd s f
V S

(2-5 ) $d v 7 . A = S  dS .A

V S

(27) C dv P .T = C dS . T— = — =
V S

(25’ r d v ~~~ x A = r d s x A

V S

(29) 
~ 

dV (f 72g - g~~ f)  J’dS ( f~~ g - g~~ f”

(30) 
~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ dS (B x~~~ x A - A x ~~’ x B ”
V S

If S is an open surface bounded by the contcur C of which the line

element is di 

~~~~~~
- 

~
--—

~~~~~~~~~~~~~~~~~~~~~~~~~~~
— -  •

-- IL
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(31) dS x = ~~d i f

S C

‘~Z2)
’dS .7 X A .cd1 .A

S C

(33) ‘ (dS x~~7) x A - ~
’- d 1 x A

S C

(3k ) ~~d s . ( V f x T g 1 = .~’ fdg = - gdf

S C C

--. _ --
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Cylindrical  Coordinates

Divergence
I S  I S A  SA

Gradient

~~~~~ ~ ~ ~
‘
~ “ e ~~~ ~~~~~~~

Curl

l~~A ~A(v x 
~~~ 

= -

r~~e ~

~A ~Ar z
=- - 

~z ~r

I S A
(v x = — — (rA~ ” - —

rar r S~

Lap lacian

7-f ~~~L.2.. (r J1fl + .! ÷ L~r S r  \ Sr /  r~~~5~
2 

~z

Lap lacian of a vector
2 2A A

(v 2A ’ = 7’A - — -- r  r -

r Sr r

= P2A~ ±
~ 

±E -

=
- z  z

i i



-~~--.-~~--

Components of (A”7)B

SB A SB SB A B ~
-

‘ ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~

SB~ A0 SB~ 5B,. A~ B
(A.VB )0 = A  ~~~~~~~~~~~~~~ —~- + — ~-—
- - - - . r , z ,

~r r ~z r

SB A S B  SB
‘
~(A.~7B) = A + —~~ —~~ 

+ A~ 
Z

Divergence of a tensor

IS  IS  ST
= — — (r T ~~~ + — — ( T0 ’ + _~!! - —

r ~r r Sz r

i S  ~~~~~~~ 5T 1
(
~~~~

‘a — —  (rT ,,’ ~~
_— _

~‘_1. ~~~~~~ 
+ _  T.

rSr r 5~ Sz r

1 5  1 ST~ ST
(7.T) (rT ~ 

+ — — — —
~ - +~~~~

_
~!rz

r ?r r

I
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Spher ical Coord ina tes

Divergence

1 
~ 1 5 17 A—  — (r2A )+  — — (

~ . sin 9~~ +- - r2 Sr r 
r sin 9  58 r sine 

~~

Gradient

; ; ~
‘

_
‘7~~~~~~~ = ~

Sr r r sin 9 ~‘6
Curl

1 5 1(‘7 ~c = ______ — (A o sin 8~ - ______
- 

r s in8 58 r sin 9 5~

I SA 1 5
(v x A) 9 

__! - — — (rA
6
)- - 

r s in8 So r Sr

1 5  1 SA(~ x A)
0 

= — — (rA
9
) - — —

~~- - 

r5r r S8

Lap lac ian

~ i~~ 1 ~~~~~~
. Sf\‘7~~f  — — r —  j + — ( sin 9— +

r2 Sr \ Sr / rT sin 9 59 \~ se I r sin~~8 S0~

lv



—a,

Laplacian of a vector

2A 2 SA 2A cot 8 2

(~~A) 72A - —-~~~~~
- — --—-~~~~~ - 

C 
-~~~~~~~~~

- r r r2 r~ 59 r~ r~ sin C SO

2 SA A 2 cos 9 SA
(~2 A) = V2A + — 

r 
- 

C 
- 

________  
4

- 8 ~ r2 SC r2 sin2 C r2 sin2 8 56

A 2 SA 2 cos 9 5A0
(v 2A” = 72A - 

0 — + _______ 
r +

- 6 6 r2 sin2 S r2 sin 9 56 r~ sin 9 SO

Components of (~~
.
~~)g

SB A SB A SB A B  + A B
_ _ _ _  

9 9  6 6

Sr r S9 r stn 9 5$ r

SB A SB A SB0 A B A B cot S
(A . ~B ) = A + —

~~ 
—

~~ + 
6 + B r  

- 
6 6

- - - r Sr r SB r sin C sO r r

SB A SB A SB A B A B~ cot 9
(A. VB) = A —

~~ + —2 —~~ + 
6 ~~~ + + 0

- - 0 r 5r r r sin 9 56 r r

1~- 

._-.~~~~~~~~~~~~~---_-- ~~~~~~~ -~~~~~- .-., ----~~~~~~~~~ - -~~~~-
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r 

- 

-

Divergence of a tensor

— I ~
~~~~ = — (rT ‘i + — -~~~ - (T0 sin 9)

- — r r~ Sr rr r Sin 8 55 
r

+ 
I 

~~~r - 

~~~

r sin S 5~ r

— I _

(7~T)0 
= — (rT~~

) + _______ 
- (T59 

sin e)

r Sr r slfl C 59

1 ST68 T~ cot 8

+ — 
_

~~~_— - _— -—T 60
r sin B 56 r

I S 1 5 1 ST66 T
Or

(V ~T) = — — (r2T + —~~ 
— (T56 

sin 9~ + — + —
- = ~ r2 Sr rO r sin S 59 r sin S 5~ r

cot 8 T÷ 
r

Note tha t  the  expressions g iven for ~
‘ T ore consistent with the

d e f i n i ti o n  ( 17) .
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4
General Curvilinear Coordinates’~~~

In any orthogonal curvilinear coord inate system, all of the opera-

tions involving 7 can be defined in terms of the scale factors h
~~
.

These are related to the d i f f e ren t i a l arc length dL by

dL2 dx2 + dy 2 + dz 2

( 3 5)
= h2d~

2 + had? + h2dE 2

1 1  2 2  3 3

where ~~r , ~ , 
~ 

} designate the curvilinear coordinates. For examp le ,

the scale factors associated with the spherical coordinates r, 9,

are 1, r and r sin 9 , respectively .

In orthogonal curvilinear coordinate systems a vector A can be

wri t t en  as

(57)  A e A  + e A  + e A
— J~~~~J. 2 2

where the e. form a r ight-handed set of unit vectors normal to the

surfaces of constant 
~~~~~

. Then the divergence of A is

I
• (si) 7 .

~~ 
= — —
H j S~ . - - h.

~1 ‘ 1 -

where H h h h .  The gradient of a scalar f is given by

(7f). =_
i:_ ~~~

- ~ h . S~~.1

1.

-
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From Eqs. (i:’, ( 5 7~ and (5~ ) , it follows that the Lap lac ian of f is

(
~~ ~2 f

l~~~~~~~~~ -~~~ ! —~~~-~~~
H .  ‘

~~h: ,)1. - 
‘

The cur l  of A is

(4o ) (
~ ‘C = 

~~~~~~ 

tijk __!_ .A~ (h
kA k

’\
j , k h j h

k 5 -J

where equals + 1 if {i j k }  is even (i .e . ,  an even p e r m u t a t i on  of

~l23~~),  equals — 1 if ~ijk~ is odd , and vanishes if i,j and k are not

a l l  d i s t i n c t .

To obtain expressions for the remaining operations , it is useful

to introduce the Christoffel symbols defined by

1 Sh . . Sh
(41) r .k — - —~~ 8~ ,

h .h ~-k -j  ,

where 5~ equals 1 if i = j  and vanishes otherwise. •k vanishes if j

and k both  d i ff e r  f rom i or if j  = k. In addi t ion ,

(4: ) 
~~k 

+ C

(43 ) ÷ r3 . + ~~~~~~ 0j k ki tj

and

_ i .! _~~_. ii . “.,
~-s ik - -H -k ~

1
k

_ _ _  --~~~~- -~~~~~-
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There are at most six independent non-zero components F
~k~ 

and less in

most coordinate  sy stems of phys ica l  i n t e r e s t .  The cu r v a t u r e  tensor ,

1 1
R .. — - —  — +

131(2 h ~~~ hj _
~~

j i — -i
(4 5)

~ ~~~ - F k
F
n ÷

a lways vanishes in a fla t space , i . e . ,  one which can be described by

Cartesian coordinates. (This is the only kind of space we u s u a l ly  deal

with in p lasma ph y s i c s .)

In terms of the F’s, the gradient  of a vector A is a tensor T

given by

SA .
(1~ ) T .. = (VA) .. = 

1 
+ A

31 — — ~~~ h .S!. 
L.~ 2

3 - .3 2

C o n t r a c t i n g  th is  expression ( i . e. ,  m u l t i p lying by 5~ and sunzning over

i and ~) recov er~ Eq. (37) . The d i rect ional der ivat ive  is

[A . 7~B l .  ~~L -  — — J 1  3 — — i t

( 
~~ 

—

A . SB. A .B . Sb . A .B. Sb .
=

~~~~~ 

__.1 ~_j : + ~~~~~ —i - —i - .

- h . . h .li . . H . h .3 3 .J ]~~3 ~- 3

The g r a d i e n t  of a (second-order ~ tensor is a third-order tensor o~~ven

by

_ _ _ _  . _ _



- .: ~~~~~~
-

~~
-----~~~~~~~

-=-— . _

(:
~~~k j i  

= 

hkS
~k 

~~~~ ~ F~ 2T~ 2 +

The divergence of the tensor T is obtained by con t ract ing  Eq .  (~
-
~~

“ with

respect to the first two indices:

(~~~
)
~ =

~~: ~~~~~~~~~~~~ 
[rhT .2 +F~~,T2.~~~

-± ‘ ~~~ +~~~ ~~~~~~~

If T is def ined  according to Eq. (~- 5’ = . T is the Lap lacian of the

vector  A:

(‘72A ) 
~~~~~ ~?~~~~~ij i  

a~~~~~ 

~~~ I

h .A .  S H Sh . 2 Sh . S

(~~o + L I  — — L + — ___ — (il .A . )

H S~~. h~ h~ S~~. h~ h~ 5~~. S~~. ~ -~

— 
1 3 3 ~ 

1 .3

2 Sb . S h .A . S 1 5 H ’ ,

- .—~~~~
— (h .A .) ~~~~~~~~ — — — ..

h .h~ 5~~. S~~. ~ h . 5~~. H S~~. h2
1 3  1 ‘ 3 1 1 — 3 ‘ 3

E v i d en t l y the  f i r s t  te rm on the RHS is 7 A ~~, the scalar  Lap lact an  app l ied

to A . [E q . ~~~~~ F o r tu n a t e ly , Eq .  ( 5 2 )  s imp l i f i e s  co n s i d e r a b ly  fo r

most coord inate  sy s tems of in t e r e s t .

~~~~~- 
-—

~~~~~~~~~~~
-

~~~
-----, .
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In the following section , the results of Eqs. (35’ - (2 ~ ar e appl ied

to a coordinate system occasionally encou ntered in p lasma phy s i c s

problems .

Toroidal Coordinates

An arbitrary point in 5-space can be uniquely identified by the

coordinates ~~, 0 , ‘
~ 

, where o is the distance between the given point

and a fixed toroidal axis of radius R (the major radius’, 6 is the

azimuthal or toroidal ang le (i.e., the one sweeping around the major

circumference~ , and 1 is the poloidal angle. (Note that this system

d i f f e r s  from the “toroidal” coordinates  in R e f .  3, p .  -~-5’7 , and fr om

the flux surface coord inates conunonly used in connection with toroidal

devices.’ The values assumed by these coordinates are restricted

according to C ~, C 6 < 2~~ , and C � 1 2 .  If ~ r , 6 , z are

the cyl indrical coordinates of the point in question , where z is normal

to the plane of the torus , then 6 is the same in both systems and

R + cos - =

~ s in  •
~j 

= z

Hence the square of the differential are length is

d2.’ = dr” + r ’d62 + dz2

= do + (R + o cos ~
)
~ d0

2 + o d - ~’ .

Consequently the scale factors are I, B + ~ cos ,and :. respectively .
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From Eq. ~~~~~~ the d ive rgence of A is

~7 A  = 

~ 
+ cos ~)A ] +

- -  R + o c o s ’1 Sc

-I [ ( R + c c o s ’~
’
A ] ~~ .

56 o 5 2

From Eq. (~~:\ , the gradient  of f has components

( vf )  =

(‘7f’ 
I

R + c  cos ~ 56

(~~f~~~=-1~~~

From Eq. (39), the  Lap laci an of f is

.7;f = 
I 

—
~~
- c(R + ~ cos -

~~~~

R + C cos 1’ o Sc So

+ I 2_~ + —s- (R + o c os ~
“ ‘

~~~~ 1 ~R + c cos ~ 562 o~ ~~~~ 
I. ~~ j
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From Eq. (2.0), the curl of A is given by

I SA , I S
( x A) = __________ .

~ 
—a - — — [(~ + cos ‘~

‘-A ]
- - o  ~~~~~. 

.~~~, 6R + cos - ‘6 o o :

1 ~ 5A S
(7 x A )

6 
= — ° - — (cA ’ -

0 52 So

(7 x ~~~~~ , = 

1 
,
~ 

~~ [(R + c cos 2)A 6 -

- R + a cos 2 Sc 56 -

The only nonvanishing Ch r i s t o f f e l  symbols are

— — cos 2
21 R + o cos -

~

= - 
- s in  •

~i

29 32 R + o cos -
~

= - —-

91

Then from Eq. (2.—),

SB A SB

[~\ . 7 ~1 = A — ~~+ 
0

- J o Sc R~~~ c cos 2 S~

A , SB , A 23 cos -2 A B ,

5-. R + :  cc’s .
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~
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. - - . . ~~~~~~ ~~~~~~~~~~ -

r 1 SBA A
6 SB 6

I ( A . 7 ’B l  A - — +  — +
L 

- - -Jo ° So R + cos - !-

A , SB
~ 

A
6
3, cos -2 A

6
B , s i n  -:

— +
a 52 R + o cos -. R + a cos -

~

r 1 SB 1 A
0 

SB .
l (A .~~B I  = A  ~~~~~+L - - 

J1 Sc R + a cos ‘2 96

A SB , A B A 1B 1 sin -2
~~~~~~~~~~~~~ ~~~~~~~~ + P 0  

•

o 52 a B. + a cos ‘~

From Eq. (2_9),

T’ = ___________ .~ ~ [ o ( ~ + a cos 1)T
]— = C  R + o c o s 2 ~~o S a  -

-

± 2_T 6c + ~ 
•
~~~~ [R + a cos

I
- cos ‘2T 66 - - — T , ,

a

k
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.
= •

~~
‘
6 

= 

I ~ 

-

~ 

+ a cos 2’T
0]

— [(R+c cos
56 a S-:

+ cos 2T
0 

- sin IT
0 I

• T), = 
1 1 [ a ( ~ + 0 CO S

= - 
B. + a cOs I Sa

ST I a0 r
+ _±L + — — (R + a cos C’T , , ]

56 0 52 - -

+ s in  IT + —  T ,
&

U

Finally , from Eq. ~~~~~

= 
~~A 

- A [i + cos2 I
- a a a L a 2 (R + a cos

2 cos 5A
6 

2 SC., • 
-

— +
(B. + a cos .~~~: SO a~ 52

Sin I A r co s 1
- _ _ _ _ _

B + C cos I L a B ± a cos



(72A ’~ = 7 A ~ -
- 

CR + a cos ~ ) 2 -

r SA SA .
+ 

- 
c os -

~ 
—

~~ 
- sin I

(B. + a cos I’ L

(72A~~, = ~~ A , - A , + 1- 

L° (R + a  cos

2 SC. . •

+ —  ~~~~~~~~~~~~ 
sin - :

5.’ ~R + a cos ‘~ \ 2  L ~ a
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PHYSICA L CONSTANTS L~ — . 1

Ph ys ical Quantity Symbol Value  J Units

Boltzmann constant k l.3~ 07 x l0~~ 
- 

e rg /d eg (~<)

Elementary charge e ~ .~ C32 x ~~~~ statcoulomb

Electron mass m
e 

9.1095 x IC~~~ g

Proton mass m l.~ 726 x 10
24 g

Gravitational constant C -~.I720x 1-J~~ dyne_ cnr!g2

Planck constant h 
~.-~~- 2  x lCl 2’ erg-sec

= h/2~ i.O5~ b x lC~~~ erg-sec

Speed of light in vacuum c 2.99T9 x 1010 cm/sec 

—-~~~~~ . - ----.-~~~~~-. -- ~~~—--- --- -- .~~~~~~~~~ - -- 
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METRIC PREFIXES

Multip le Prefix Symbol Multiple Prefix Symbol

1O~~ dcci d 10 deca da

10~ cen ti c 102 hec to h

10 ” milli m 102 kilo k

IC’ micro — 10 tnega M

nano n giga G

p ico p 1012 tera T

10~~~ femto f l0~~ peta P

atto a 101a exa E

L - - _ _ _ _  _ _ _
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ELECTRICITY A~D ~\ C S ~-~

In t~ie following, I = c o n d u c t i v i t % , f a 
~~~~~~~~ radiation frequenc\- ,

-- = L I / I ,  and ~ 
= 

~/ a  - Where subscripts are used , 1 denotes a con-
rn a e o

ducting medium and a propagating ~1ossless dielectric
’
~ medium . All units

are mks unless otherwise specified.

Permittivity of free space a = :.:5-2 x lO_12 farad/ rn .

Perm e a b i l i ty  of f ree space ‘
~~ 

= — x 1~~~’ = 1.256-i x 1T’~ henry/rn.- 0

Resistance of free space R = ~~~~~~ ohm

Relaxation tine in a lOSsy

medium — sec

Skin depth in a loss:: medium (~ 
/ ‘ i i : ~~~~ ’ = (—f~~~ 

1,’2 
m

Wave impedance in lossy medium z = ~~/(e+ idw
’h i l~

2

- 4 1/ 2
Reflect ion coefficient at R = 1 - -~- .22 x 10 (f~ t

r n 1 e~
conducting surface (good

only for  R a- l~ 
‘~~

Field at distance r from

straight wire carry ing B :I/T—r tesla

c u r r e n t  I In ‘ .2 h r  gauss ~r in cci~

Electromagnetic energy in

vol ume V W In d V ( U - . B  + E~ D~

Poynt ing ’s theorem ~~~~~ 

~~~N-dS /~
C ’ J . E

w i I e r e  S is the  closed sI r f a c e  oa -Ln d in~ V ~rnd th e ~c’:nt in-: vector (eyt,’r~ ’

~1ox across S
’ is = E ~ I
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MAXWELL ’ S EQUATIONS

Name Rationalized mks Gaussian

Faraday ’s law 7 x E ~~~~
_ 7 x E = _ — -_a-- — — - 

C ~~t

T-D l~~ D -—

Ampere ’s law V x H  — ± j  7 x H = — _ ~~+_ J- - - - - c~~~t c -

Po isson’s equation V’D = 0 V’D =

[Ab sence of V’B = 0 C 7 . B  = 0
magnetic monopole’:]

Lorentz force on q L~ 
+ v x B q ~ E + V X 

~

charge q

Constitutive relations D = a E D = a E

B L I  B u H

In a p lasma , 
~~ 

(Gauss ian  u n i ts :  1). The permittivity satisfies

~~ 
(Gaussian: a- 1~ prov ided all charge is regarded as f ree .  Using

the drift approximation v = E x B/B2 to calculate polarization charge

density given rise to a dielectric constant K = = I + 3 -~ x lc~ a/B°

(mks) = 1. ÷ ~- - o c 2/B 2 (Gaussian), where o is the mass density.

- “-a __— ~~~~~~~~ ___~~~~~~~~~~~~~~ — — ——_- —__~~~~~ -_-— ‘ ‘ ~~~~~~~~~~— —~~~ -~~ -- -~~~~ -~~~ —_—-~~~ — ——~~~~~~ — —~~~
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ELECTROMAGNETIC FREQUENCY /WAVELENGTH BAND S

Nomenclature
0~’

E Extreme Med i t -n

F = Freq uency Super

- - Frequency Range Wavelength Range
Designation - - 

I
Lower Upper Lower Upper

L1F* 10 Hz

ELF* 13 Hz 3 kHz 13-2 l~n 5 Mm

VLF 3 kHz 30 kliz IC’ Ico 133’ I~n -

LF 30 kHz 300 kllz 1 Icu 10 lcn -

300 kFiz 3 ~~iz 13-2 m I Icu -

HF 3 i-fl-lz 50 MHz IC m 132 in 
I

VHF 33 MHz 300 MHz 1 m U’ m

UHF 332 ~-U-i z 3 GB z 13’ cm I m I

SIIF 3 GHz 50 GHz 1 cm 12 cm

EUF 50 G~iz 300 I’j~ , 1 rn 1 cm 
- -

(Subrr.illimeter~ ~C’C’ TIIz j ,~~
’ 

~~ 1 ( I C C ’  
-

( t n f r a r e d ’ S THz 12-2

S

-- ~~~~~~~~Jj4 ~~~~~~~~~
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*The boundary between ULF and ELF is variously defined .

~ The SHF (m icrowave~ band is further subdivided approximately

as foIlows :~
’1

Band Frequency Range (GHz) Wavelength Range (cm”

Desi gnation Lower Upper Lower Upper

S 2.C 3.95  7.6 11.5

G 3.9 5  5.~~5 5.1 7.6

.3 5.3 ~ .2 3.7 5.7

H 7.05 10.0 3.0

X 5 .2 12.~ i- 2 . i~ 3.7

M 10.0 15.0 2.0 3.0

P 12.LI. 15.0 1.67 2.~

K ls.O 2 -5. 5 1.1 1.57

R 2-5.5 ~-~o.o .75 1.1
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AC CIRCUITS

For a resistance R, ir.ductance L, and capacitance C in series a

voltage source V = V
0 

exp (jwt)(where j ~~~- 1” , the current  I satisfies

I = dq/dt , where

L + R -
~ -~~ + q/C V

dt2 dt

Solutions are q ( t )  = q + q ,  where the steady s t a t e  is I = j a-q = vIZ

in terms of the impedance Z = R ± j(~~L — 1/cL’C” . For initia l condi t ions

q(0)  = q0 ~~ 
+ q5(0~ , 

t(o) In 1
~~
, the transients can be of three types ,

depending on ~ R2 -

(a” Overdamped , ~ ~> 0

= 

L 
(t  - ~~~0

)e~~ - (r - 
~+~~

)e
~~ ~~ 

/(‘(+ 
-

where

= 
( 

- R 
~~ ) /2L

(b) Critically damped , ~ = 0

= + ± (~~~~Q
) t  ] e~~~ t

where

= R!2L

- -~~~~-~~- - -~~~ — ~~~~~~~~~~~ , _ ~~~~~~~~~ , _  _
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( c )  Underdaatped , ~ < 0

~ 
— ‘ft

= 

L 
w~~ + I )  s:ri cos ‘ut J e ,

wher e

W

i 

= W
o 

( I - R2CmL )
i/9 

‘ 
(Lc~~

’/2 .

The quality of the circuit is Q In w L/R; u~ is the resonant frequency .

At j j  = w ,  z R. Instability results when L, R, C are not all of the

same sign. 

---~~~~~ -—- -- ‘- ‘ -- - -~~~~~~-~~~~~~~~ - - -~~~- ---
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DIMENSIONLESS ~~~~~~~ OF FLUID MECHANICS

Hundreds of dimensionless group s have been def ined , particularly in

chemical eng ineering and f lu id  dynamicsi~~~ The present collection

includes only a small  subset of the l a t t e r  category .

Nota t ion  is as follows :

c speed of sound

c spec ific heat at constant pressure
(units cmn2/sec2 - deg)

g gravi ta t ional accelera t ion

H vertical length scale

k = ~~c thermal conductivity (units g-cm/sec~ -deg)

L horizontaf length scale

n frequency of solid-body osc illation

r radi us of curva ture of a p ipe or cha nnel

R rad ius of pipe

-
~~ 

Newton ’ s law c o e f f i c i e n t  of heat  t rans fe ’—
(un i t s  g/ sec~~-deg)

vo lumetric expansion coefficient , dy / V  CC /dT

~T app lied temperature difference

thermal diffusivitv (units cm /sec~

coll is ional  mean free path

- ‘ 
= o’~ bulk  v i scos i ty

k inemat ic  v i s c o sity

rotational velocity

mass d e n s i ty

C-
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same Symbol Definition Signifi cance

Burgers B (~ g~T) /2hB~ ef fec ;t of s t r a t i f i c a t i o n / e f f e c t  of
rotation

Dean D (UR/ ’A (R/r) transverse circulation due to
cu rvature/ longi tudinal flow speed

Eckert 132/c ~T adiabatic temperature increase/app liedp temperature difference

Ekinan Ek \IhH ’ viscous forces/coriolis forces

Froude Fr ~~
‘L/ g  cen t r i fuga l  fo rces /g rav i ta t iona l

forces

Grashof C g~~ TL u / u 2 e f fec t s  of bouyancy/viscou s e f f e c t s

Knud sen Kn \ / L  hy drodynamic time scale/collisional
time scale

Mach U/c directed motionftherma l motion

Nusselt N —~L/k total therma l transfer/ therma l
conduction

P~clet Pe CL/ Ct therma l d i f f u s ion time scale/free
streaming tine scale

Prandtl Pr v/ ~. momentum diffusion rate/heat
d i f fus ion  rate

Rayle igh Ra - g ~Th f’?t bouyancy forces/diffusive forces

Reynolds Re UL/~ inertial forces/viscous forces

Richardson Ri ~g~TH/U
2 effects of bouyancy/effects of

vertical shear

Rossbv Ro U/ 2L inertial forces/coriolis forces

Stanton S ‘I / ~~c U  therma l convection/compt-essiona l heating

Strouhal S nt/U oscillatory mot ion ’directed motion
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SHOCKS

Ideal gas jump conditions for density ~ , velocit u , pressure  p ,

temperature T:

U (y + l~ M
1 p 2 ~~~ - v + I

p v + 1

~~~~~[:~~~ 1~~
_
~~~ ÷ l ]  [

~~~
_ 1”M° +2~

T
1 

(v +

where 1, 2 denote quantities in front of and behind the shock respectively

in the shock frame ; M = u ‘c Mach number in reg ion 1, a2
1 Si S

v = ratio of specific heats (‘ f + T” /f , where f is the number of degrees

of freedom . En tropy change acros s the shock is

S — S In c f— I — I —~-~~I
i v 

L~
, “ :/ ]

where c is the specific heat at constant volume . For weak shocks ,

~~~~~~~~ ~~
‘I -

—. c - ‘ I — 
(M

1 
— l’H

v 5 ( ÷ 1) o

Ev idently in the limit >! 
~
, p /

~ 
— (- :  + l~ / ( ’.- — 1) ( = -. for -

- = 5 /’~~ ,

wh ile the temperature and press llre ~t i tnp s  becom e i n f i n i t e .

- - - -- ‘~~~~~~~~~~~— - - - ~~-__~----~~~~~ 
_ _



PLASMA DISPERSION FUNCT ION riij

Definition

z(~~ ~~~fdt exp(- t2”/(t - 

~ 
) 

~~~~ >

= 2 i exp (_c2\fdt exp(- t2~

Physically -~ 
= x + iv is the ratio of phase to thermal velocity .

Differential equation

= - 2 [1 + cz] , z (o ” i-rr

dZ—— + 2 —  + 2 z = Q .
d~~

2

Real argument (
~ 

=

~~~ exp(-x ’ - 2 x Y(x)

y (x) In f exp (-x2~fdt exp(t
2” 

-

Imaginary argument

z~ i v~ e~~ - v
’
~ [i - e r f ( Y ) ]  — i—

p 
e~~~

’v’
~~er fc ’ v ’

L 1~z

‘
- -

--

~

-- -- - “ --- - -  -- -“~~~~~-“-~~~~~-~~~~~~~~~~~~~~ -~~~~~~~~ - - -  _ _  _ _



Power series (small argument ”

i~~~ exp (- C 2 ” - 2  - 2  ~~/3 +~~ ~~/l5

— 
5 

~~ IlO~~ + 1

2 !
Asymp tot ic  series ( large argument , x > 0)

z(C) In c: exp(- ~~~ - ~~ + 1/2 ~ + 3’/~- ~ + l5/~ ~ +

0 y >  l ’x

= i y
~ 

< 1/x

2 y < - l /x

Syuune try proper t ies ( ~~ = x - iy~

z(~°” 
= — ~z ( — ~

For y > 0, Z(x - iy )  = IZ(x + iv~ + 2 i~~ exp~- (x -

Two- pole approximations

For ~ in upper ha l f  p lane (good except when 
~~ 

< ~ x2 e~~
2 , x ‘-> 1”

Z(C) 
0.50 + 0.51 i 0.50 - 0.:l i.

a* _ S

z ( : \ 3.’ 0 + - 3. :- - i  ~~~- 3 . 5 0_ I 3 . C i  ;

- 

(b - b* -

a 0.5l - ~~. i i

b ~~~ - . 1  i

_ _ _ _ _ _ _  - - -~~~~— ‘ - - - - -~~~~~~~~~~~ -~~~- ‘~~~- -- -- 



F UNDPNENTAL PLASMA PARAMETERS

All  quantities are in Gaussian units except temperature (T
ee Ti~ 

T’

expressed in eV and ion mass (in .’) expressed in units of proton mass,

— = m ./m ; Z is charge state; k is Boltztuann ’s constant ; K is wavenumber.

Freq uencies

electron gyrofrequencv f In w /2 In 2.50 x 10 B Hz
- ce ce

w = eB/m c 1.75 x 10 B rad /secce e

ion gvrofrequencv f w ./2~ = 1.52 x IC ~~~~ B Hz
- - ci. c2~

w In eB/m .c = 9 .55 x lC” Z’.f B rad/sec
ci 1

hybrid gyrofrequency f~~ In eLH /2
~ 

= ‘:.53 X ~~ Z’
~ B Hz

/ *
W \ WLII ce ci.

* -4
= 14 .13 x lC~ Z — B rad/sec

electron plasma frequency f u / 5 . 5 x I-~ n Hz
- pe pe e

(-o’rn e / m  ‘ ‘

pe e e

5 . - x F’ n rad / s ec
e

ion plasma freq uency f - = i / — In 2 . 1 2  x l0~ Z~~~~ n . Hz
- p 1_ ~~1 I

- (~~~~, Z~ e In .
Pt L

= 1. ’. x 1-’ ~~~~ n. rad/sec
I- 

I

- -  -- — —~~~—~~~~~~~ ----— - —~~~~ -—----—-~~~~~~~~~~~~~~~~ - - - ‘~~~ - - - ---— -~~~~~~ _ _ _ _ _
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electron trapping rate V
T 

In (
~~ 

\~ = 7.2-5 x l0& K~~E~ sec~~

ion trapping rate ‘
~Ti 

~~ )
~ 

In 1 .69 x l0~~K~~E ~ sec~~

Veloc i t ies

electron thermal velocity VTe = (kT
e

/tfl
e )~ 

= 14.19 x l0~ Te
’ cm/sec

ion thermal velocity 
I 

VTi 
In (kT~ /m . ’)~~ In 9• 79 x ~~~ u~~ T~~ cm/sec

1

ion sound velocity c = (kT /m.) In 9•79 x l0~ u T cm/se c
- 

S e 1 e

A lfv~n velocity VA 
= 

~ t~~~~~i
ni~~

1 1
In 2.15 x 1011 ‘~~ 

- ‘ n. ~ B cm/sec
1

with this definition of thermal velocity , the Debye leng th and p lasma

frequency for a species j  are connected by

w X  Vp j Dj Tj ’

where XDj is ob ta ined by subs titu t ing T~ for T in the definition below . 
‘

Some ind ividuals , however , prefer the definition

I
vT j  

In (2 kT./rn~)

according to which the electron and ion therma l velocities and ion sound

veloc i ty become

_ 
_ _ _



~~~~~~~~~~~~~~~~~~

v ’ In (2 kT In ) 2  = 
~.93 x IC~ T cm/ sec ;Te e e e

v ’. In (2 kT /m .’)
2 

= l.~~ x 10” ~~~~~~ cm / sec ;
Ti. 1 1. 1.

c ’ In (2 kT In .) - 2 1.3 x 12” (T ~~~~ cm/sec .
S e 1

The Debye length and gyroradii may or may not be redef ined accordingly.

Leng ths

elec tron deBroglie length In ~/(mkT )~ = 2.76 x l0~~ T
7 cm

classical dis tance of e2/kt In 1.11-14 x ici~~ T ’ cm

minimum approach

electron gyroradius r = v /w In 2 .35 T B 1 cme Te ce e

ion gyroradiu s r V 1w
- i Ti ci

x io~ ~~~~ Z~~~~~ T .~~~ B
1 cm

plasma skin dep th C/W pe 5.31 x l0~ n~~ cm

Debye leng th x (l~~/14rrne2’)~ In 7.143 x 102 T~ n~~ cm

Dimensionless

electron/proton mass ratio’)~ ~~~~~~ 
In 

~33 ~ 
In 1/142.9

number of particles in Debye ~~
— nX = 1.72 x l-c~ T

/2 
n~~

sphere
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Alfven velocity/speed of light V
A

/c In 3.05 u~~ n.~~~ B

magnetic/ ion rest energy ratio B2/— n .m .c~ = 26 .5 u~
1 B2

electron p lasm a/gyrofrequency Wpe /
~
1) In 3.21 x ~~~~ n~~ 3 i

ratio

ion plasma/gyrofreque ncy ratio i~~~~~. / IL . In 0.17-7 u~ n~ B 1

thermal/magnetic energy ra tio ~ In &rflT/B
2 L.03 x lJ 11 aT BIn2

Miscellaneo us

ckT - - -
‘

Bohm diffusion coefficient D
B 

In _____ In -5.25 “ F ~~ 2 sec 1

F eB

Spitzer resistivity In 1.15 x l0~~~ Z 2 / .  T~~’ sec
( transverse)

In 1.03 x 1O
_ 2 

Z 2’~2, T~~’2 ohm- cm

The anomalous collision rate due to low frequency ion sound turbulence

is

~ Wp~W/kT In 5.64 x ~~ 
~~~- W/kT sec~~~,

where W is the tota l  energy of waves with w / K <  VTi~
Magnetic pressure is given by

p In 3.95 x 1O~~ 8
2 dyne/cm2,

when P and B are expressed in cgs units. Thus the pressure equiva lent

of 12 kG is

p~ i—~ kG ” = 3. - -- ’ x 10 dyne/cm = 3 .  ~7 atm .

1:0

- - - -- _‘-- - --_-~~~~~~~~~~~ - - ----- - -- ----- --- --- -
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COLLISIONS AND TRANSPORT

Temperatures are in eV; the corresponding value of Boltzmann ’s

constant is k = 1.60 x iO~~~ erg /ev ; masses ~, ‘ are in units of the

proton mass; e~ = Z~ e is the charge of species a. All  other units are

cgs except where noted.

Relaxation rat es~~ I

Rates are associated with four relaxation processes arising from the

interaction of test particles (labeled c~’) streaming through a back ground

of f ield part icles (labeled ~~ :

- 

dv~ a/S
slowing down ~~~~~~~~~~~~~~~ _ V V

dt 
S a

- d 2
transverse diff usion — (v - v ) ‘~, v

dt 
a a 1 i a

d ,  2 a/3 2parallel diffusion — - v•, In 
~~

dt - 1 ‘

d —

energy loss — In - V V ’T
dt a --

where the averages are performed over an ensemb le of test particles and

a M a xwellian field par ticle distribution. 

- -- -~~~~~ -- ~~~~- ‘~~~~~~~~~~~~~~~~~~~~
_ . _ - -~~~~~~~~~~ -- ‘ - -- - ‘ -  ~~_-- -“ -- - -‘- -~~~~~~~~~~

---- - -~~~~~~~~~~~~~~~~~~~~~-~~~~~~~~~~~
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The exact formulas may be writ ten

= (i + ~~~~~~~~~~~~~~~ V0
1
~ sec

= 2 ~~$(X
a/

~ ) (l  - l/2xa
~’~ ) + ~~I(X

a/
~~)

-1 
V

0

1
~~ see 1

= :~~(Xa/
~~) IXa/

~~: 
a/~ sec t

In 2 ( ma/tlt~ )~1(xa/
~~) - ~I (X a/S )2 C~/~ sec~~ ,

where

2 2  2~~ -i.r
~
eaeSX~~

n
S

/m
a~~ 

sec

~a/S 
= ~~ m v ~ /kT~~;

I~
c

-
~~(x ~~ 

-~~-- / dt’F~ e
_ t

~r r J
0

In d- .-/dx

and = 2’-, , -~ is the Coulomb logarithm (see below~ . The l im L L i n~ forms

of ‘ , ‘ and ~) are given in the following table. The two expressions

shown for each rate hold for very slow (x~~
’
~ << 1) and very fast

>> 1) test particles , respec tively. Test particle energy € and

field par ticle temperature T are both in eV ; ~ In in./m , where in is the
i - p  p

proton mass; for electron-elec tr on arid ion-ion encounters , field part icle

quantities are distinguished by a prime . 

--—-—-- --- -- -‘-- ~~~~~~~~~--_ ‘- —-- -—  _ _ _
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Electr on-electron

5 . -S x l0~~ T
3/2 

— 
~~~ x 10-e ~~~~~~~~

5.c x l0~~ T
l/2 

c~~ — 7 . ~ x 10 ’
~ €

3/2

~~2.9 x lO ’
~ T

_1/2 c~
1 — 3 . 9  x 10~~ T€

5/2

Electron- ion

o.~ s , 7 - / 2T 3/2 —3.9 x l3 ’
~ 

- 2 / 2

I. - 1/ -1/ - - -‘1
V / n .Z2~~. ~~2.5 x 10~~~u 

2T 2
€

1 
~~~~~ x 10 -

1 1 i.e

e/i — -4 ~/ 1/ ~~ — , —o — ‘  -“/2
v /n . Z’ \ .  1.2 x 12 u ~T ~~€ —2.1 x 10 - u Te

n - i ie

Ion-electron

1. -S x l0~~ ~
_i
T
_3/2 

— 1.7 X l0~~ 
1/  - 2/ ~~

l/e —
~~ 

— —1 /--- — - _7 / — -, / --‘
V / fl~~~~. ~~3.2 x lO ~ T ~~ — 1.c x l O  ~~~ 2~~~’
1. e i e

i/e, ~ 
- 1. -S y 10 u T € ~~ — 1. ~ 1e i e  

-- - -- - —-------‘- I - -
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Ion- ion

%,L/i / n Z 2Z
,_
~ .~~ ~ io~~ 

u”1~ 
(i +~~~ ) T~~

1
~

— 9 0  ‘x l0~~ ~~ 1/2 (i ~~~~~~~~~~~~~ 
~~~~~~~~~~~

\ u ’ /

\J
L/i / n Z 2

Z
I2

7’ l.~ x ~~~~ u
u u/2u

1T
_h/2

~~~

— 1.9 x io~~ u
h/2

~~~~
/2

6 .5  x 10~~ u t~~~2u
_ 1

T
_ h / 2

e~~

— 9.3  ~ lC~~

In the same l imi t s , the energy t rans fer  r a te  follows from th e  i d e n t i t ” -

‘ 2 \  V - V
S I

except for the case of fas t  e lect ron s  or fas t  ions scattered by ions ,

where the leading terms cancel . Here the appropriate forms are

e/i —s — r — -~i-~ — 1V Y 10 n .Z- - 
- ~~t ei~~

— < 13_ (~~/T
\ ”2~~

1 
exp — I 

- 

~~~~~ I
”1’

~~~

J 

sec~~

~



- :~~o-—-----~ 
‘— - -—- --—-- - - -. — ,~ ...—-——‘-_=_-_—~~~

‘-— -—‘-— - - — ‘ - — ‘ -—‘-— ‘

and

— 1.7 x l3~~ n Z 2Z ’~~X . . ,  
[

~~~
“ .F2 i~~~’

- 1.1 (u t / T ~~~
’

€
_ 1 

exp(-  ~~~ /T \J sec~~

In genera l , the energy transfer rate “
“~ is pos itive for € > ~~~~ and

negative for < €~~~, where ~~* In (rn5/m
’t €a

4Vi
~ 

is the solution - f

m~lm~. = ~~~~~~~~~~~~ -

The rat io o */T
3 

is given for a number of specific J~, ~ in the following

tab le:

- ‘- /~~ i/e e/e i/i elp elD e/T, e/He e/He4

_
~~~~ 1.5 .? .5: ~_ . S x l C ~~ . x l 0 3 l.~~~x l c ~~ l. -~ x 1 0~~

The collision rates for various types of encounter are represented

graphically in Fig. 2•

1:”

~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ - - — ‘— — ‘ —~- •  — -- - — __,~~ I~~~~~~ ,— —..- -——--  ~~~~~~~~~~~~~~ — - ‘ ‘ ‘ -~~~~~~~ — ‘ —  - - — kI~~~~ —
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Fig. 2 - Test particle showing-down rates v~°’~ , scaled by the ion-eli’ctro n

rate in the tim it of zero relative vi-locity 
~~~

. as a func t ion
of V t divided by the electron thermal velocity .
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Thermal equilibration

If the components of a p lasma have different temperatures , but no

relative drift , equilibration is described by

CIT 
In , - a/a (T6 

-

where

- - 
(m:~~~~

1l2 z~z~~ x~~- In l. : yl O  ~ 
‘ sec~~€ (m ~T~ + ~~~i~~~

2/ 2

For electrons and ions with Te 
-~~ T~ = T, this implies

— e/i — i/e
V —

___  — ___  — —s Z ’ X_____ — _____ — 3.2 x 10 
~ 

cm /sec .
n n uTi e

Temperature anisotropy

Isotropization is described by

dT /l \ d T
I 

= _ (_  ) ___
~
_ In 0 CT - T ~

dt \:/ dt T I

where, if A = T IT - I > -3,I

.1 — i  :/ -

a 0 e 
, 
n , ’ , 

- , - - 

- .-~n
A - r ~~~t + , sec

T - ki’ 
-

7-I -

1111 — ‘
~~~~~

‘ - JIL~~ ’~~~w~~ ~~~~~~~~~~~~~~~ !~ - 

- C
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if A < ‘2, tan A~~
2/Ah/2 is replaced by tanh~~ (-  A~~ /2/ (_  A~~

/2

For T ~~T T

= 8.2 x lT7 fl~~~_ 2/2  sec 1

In 1.9 x i~~~ nXZ
2/_T~~ sec

i
-

Coulomb logarithm

For tes t  pa r t ic les  of mass tn~ , cha rge e In Z~e, scattering off

field particles of mass m~ , charge e.. Z5e, the Coulo mb logar i thm is

defined as )~ 
E ~~~ In £r,(r /r - 

‘I . Here r - is the larger of
max mm ’ mi-n

e3e3/(m~~u
2
~ and ~/(2 m~~u

’I , averaged over both particle velocity

distributions , where m~~ = nhn~
/(m + nt~~ and u In v -

r (—‘-En e2 /kT ) , where the summation extends over all species
max ‘i ’~’ ~

v for which t12 < v~~ , with VT 
~~ /m~~~

’I’2
. If this  inequal i ty  cannot

be sa t i s f i ed  or if e i ther  < r~~ or < r , the theory

breaks down. Typically ‘~ 10 - 8 3•  Co r rec t ions  to the t ranspor t

coef f icien ts ar e 0(~
_ 1

~~, hence the  theory is good only to lJ~- and fails

when~~ —. 1.

The following cases are of par t icu la r  in t e re st  .

(a~ Thermal electron-electron collisions

~ - Q~~ (n 
1I2 

T
/2

~ T ~ i~ eV
ee e e e

2~~_ ( f l lI2 T
_ :

~ T - - IJ eV
e e  e 

- - - ‘



(b~ Electron-ion collisions

- 
In 7’ In -=  

- 
~~ 

(
~ 
‘l~~ ZT C/2~~, 13 eV > T > T.m ,~m .em i.e - e e e i . e

In - ~~~ (n “a ~ 
‘

~~~, T > 1-3 eV > T.ru In . ;e e e i . e  i.

In~~~~~ 3 - ~~ (
fl~~~ /2 T~

_ J2  
Z 2o ’~~, T . > T m ./m

(c~ Mixed ion- ion collisions

/2

fzz ’(u + u’~ / n.12 n~~’Z
’2

ii- i. i 
LuT~~

’ + u’T. \ T. T. ’

(d~ Counterstreaming ions (relative velocity V
0 

3Dc~ 
in the

presence of warm electrons , k i / m > v~ > kT ./ m .,  kT ,/rn ,,

I I n
In In 35 - I zz Cu + U 

~ 
( 
~ -I-i. L ~~~~~~~~~ 

\T

CI 

~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ “IC7-’  ~~~~~~~~~~
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Examp les

I. Find the slowing-down and energy-transfer rates for a 130 key

deuteron beam in a p lasma consisting of I key electrons and 130 eV

tritons , each having number density i0~~ cm~~ .

Answer: The Coulomb logarithms are

~De 
In 2~ - £n [(10

14
)
1/2 

(l02~~~]

In 15

from formula (b’ , and

X In 35 - 
~~~ 

(5I6~ ( .
~~~~~~~~

i/8]

DT 1(2.2 1~~E,3 x l0~~)2 \ 102 /

= 1 2

from formula (d”I . The beam velocity V
D 

In 2.2 x lO~ cm/sec satisfies

v << v << v , wher e v and v are the respective thermal velocities .

I t  is therefo:e appropriate to

e

use the first form for v~~
e and the

D/Tsecond for ‘ - Hence
S

D/e 
= (l.~ x l0

9
~~(2\ (1d7~~~ /2(l0

14
~ (1~~

37 sec

arid

V
D/  (0  ~ 1~ )(2~~

’
~~(1 +

= 
~~.9 sec~~ 

~~~~~~~~~~ -‘ ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ - ~~~~~~~~~



The net rate of transfer of energy to the electrons is

D/e ,. D/e D/e D/e — D/e -i
V ~~~ V - V  - V  V I n 3 l sec ,€ 5 1

while the corresponding rate for tritons follows from the second formula

for fas t ions :

V~
’T In (1.8 x ~~~~~~~~~~~~ [(lo

s)3/2 
(2~

h’2(3~~
_1

- (l.l~~(3/lO 2~
h’2

(10
5
~~~

1 e~~ (-  3 x l05/I0~~J

-1
3.l sec

Evidently, for the parameters given , electron collisions are about an

order of magnitude more effect tve in both processes.

2. A hydrogen plasma has 
~e 

In 7133 eV , T. In 100 eV and n In i02° cm~~
’ .

‘If i t  contains an admixture of 1~ Li’(Z = 3~ 
ions with TLi 

In 25 eV , is

the net effect of collisions to heat or to cool the H
+ ions? Wha t

happens if Te 
= 5 key is used?

Answer: The Coulomb logarithms are

H
+
e 

In 2~ - ~~~~, ~(I02 ’/2 (5oo~~h’2]

In

and

___________ 
r 1310

In — - 
I 
—

~s + ( ( io~~ L 100

I’ 
~~~~ 

\ ( ~ 1 ~+ - 
• ‘

:‘~

- 7

— : - “ - 

. ~~~~~~ 
~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ -~~~~ 

--



from (b~ and (c~ , respectively. The thermal equilibration rates are

thus

H+/e In 3.2 x lO~~ nX + 
T
3/2

In ~ x 10 sec i- ,

and

2 - —

1~~ x 10 (7~ ~(3 ‘(13 
H+Li~~~

V 
(i~~ x 13

24
)
1/2 

[25 +

In .12 sec .

Hence

dT + 
- H+/Li~~~ - H

4
/e

— = V~ [25 - 1oc~ + ~, [sofl - 100]
db €

_ 9 + I ~~~~9 eV/sec > 3.

dT +
Evidently as T — the electron contribution to —u— v a n i s h e s  —

e dt e

dT~~
and for sufficiently large T , —fl--- -7 0. Thus with  T = 5 key ,

e dt e

+H / e
= l.~ x 1,2 - sec

and

~~~~~I~~ IL — 

~~~~~~~~~~~~~~ ~~~~~~~~~~~~~~~~~~~~ 
-~~ 

,
~
c ~~~~~~~~~~~~~~~~~~~~ 4~~
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dT +H In ( , i o ~ [25 - 100] + ( i .~ x ioTh [soco -

dt -~

In - 2 eV/sec-

He nce h eat ing the electrons cools the H
+ 

ions!

Fokker- Planck equation

Dt ~ t 
- - - \~~~~~t ‘coIl

where F is an external force field. The general form of the collision

integral is(~.C) 
In _~~~7 3a/$ with

coil

In 

~~~~~~~~~~ ~~~~~~~~~~ 

fd
3vI u2~ - ~~~~~ )u~~

~
; 

f
O (v ) v

v
,f S (v I)  - 

1 f~( ’)v f
a( ) ~

(Landau form~ whe re U In v and I is the unit dyad , or alternative ly

In 

~~~~ 

e 
-~ ~~

:C ( \  
~ I V ’ - ~~ 

‘~~‘$4~~~~,~~~ _ _ ; _ ,‘-~In..4=~ 
— -— - ~“~$-M’•W~~’ 

‘ - 
~~~~~~~~~~~~~~~~~~~~



where the Rosenb luth potentials are whe

- 
wh~0(v) =f f  (v’)ud~v

’

H(v) = (i + ~~~~ )J’~~(v 1
~ u

_1
d~v

1 
-

fl~3

If species -L is a weak beam (number and energy density small compared sir

k
with background) streaming through a Maxwellian plasma , then dii

s t a

In - 
~~ vf~ - -

~~ v ~
‘
~v~v f

:t 
I ~- - 2~~ - -

re~

Transport coefficients~~~~ 

2 ~ 1 

-

- -

Transport equations for a multispecies p la sma:
anc

D
L 

~~~

+n  7~ v I n3

Dt

a -
D v  - 

1
m n  —s In - 

~
‘ p - 7P + Z en E + v x B 

- 
-
~
- 

~~

Dt 
- - 

- 

- 
c 

- ‘ - 
I 

- 

I

- - mon

— n , k ~~~~~~~~~~ + p  ~~~~~~ - 2~~, . .P ~~~~~v + Q  
-t r

c~,r 

~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~
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‘
~~~~

where D ’/Dt 8/st + v~ - 7 and p.. In(3/2~ n~kT , - R and Q,
~ Q

where and Q
~~ 

are respect ively the momentum and energy gained by the

7th species through collisions with the ~
th P , is the stress tensor , and

q~ is the heat f low.

The transport coefficients in a simple two-component (electrons and —

sing ly charged ions~ p lasma are tabulated below. Here -- and refer to the

direction of the magnetic field B = bB; u In 

~e 
v~ is the relative

streaming velocity ; n In n; j = - neu is the current; 5ce 
In l. ’S x

10’ B and cc = (m /rn .’w are the electron and ion gvrofrequencies ,
ci. e i ce -

respectively; and the basic collisiona l times are taken to be

3 J m ( k T  ) ‘J 2 T “2

~ e e - - eT
e

= — I n 3 .4..~~x l 3

~ N~~’r~ n~e

and

r ,  “/ 2- ‘ m .I% kT. T.
* I I .. ,— -~~ 1

— 
-~~~.G~~x l ~ - u

1 
~ ,J n e ’

~ nX

In the limit of large fields ~
‘-“ I’~ the transport processes may be

summarized as follows :

moment’~m transfer R - = - R R = R + R , -

-el -ie - -u - f

fricriona l force R In ne (j i~- +

-
~ 1’ -

c~~r, d l ; c t i v i t i e s  V 

— -  —- - - --‘- ----- - - - 



thermal force R In - 0.7lnk’7 T - -
~ - —~~~~ ---— b x 7 T-T - l i e 2~~ 

T - - l ec e e

in nk
ion heating Q

~ 
In 3 .—

~~ 
— (T

e 
- T.’)

electron heat ing  Q = - -

ion heat f lux  q .  = - kT.- ~~~~~ kT. + x 7 kT .
— i  1 ,L 1. 1 ~~~—

- rtkT . T .
ion thermal = 3.9 

1 1

coriductivities 
- L

nkT .
L I

~ = 2

L C 1 1

- 5 nkT .
1

~~ ~~~~~~~~~~~~~

2 m .w .
1 ci

electron heat flux 
e 

= q
e +

3 nkT
frictiona l heat q

e 
In 0.~~1n ~~ ~~ + —  —~~

. b x u
U e— ’l ~, 

— — I
- I 

~~~i2 Tflux ce e

therma l gradient  q~ 
In - 

~
t
~~
7

1 i
kTe

_ 
-~I~~e ~c

eb x ‘7 kT

heat  f l u x

--- - --- -
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electron thermal 
e In 3.0 

e e

conductivities 
II

nkT
e I e 

-

~-t
m i  Te c e e

~ nkTe~~~~ e
vt m u2 e ce

stress tensor p = - ~~~(w + w )  - ~~~~~ (w
(both species) 

—

p = - -—2 (w + w  ) + — ~- (;; - w  ~~~~+ ‘ ~~~~
VV xx yv xx vv

- —
~ ~~ + —~~ 

(w ~- w
XV yX ~~~~~~ 2 

XX yl

p ~ ~~~~~T W  -~~~ Wxz zx xz ~

p I np  = _
~~‘ w  + — w

yz zy Y Z  4 XZ

p = _

zz 0 Z Z

(h ere the z axis is defined parallel to ~~ 

~~~~~~~~--~~~~-~~ - ‘ - - -- - — - ~~ - -
~~~~-~~~~‘- --  —~~-- - - -‘—-----
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~ ion V i S C O 5j t ~~ In 0.95 nI~~ T1 1

. 3  
~~~~~~~.1

1 210 cc .T .ci_ i,

- - nkT .
1

2
5 2 ’

Ci~ 1

- 1 nkT .
i

- nkT .i _ I 
-

electron Viscosity 0.~~

nkTe - eI n 0 .31 __
~~~

1

c e e

nkre ea2.0
2

c e e

1 nkTe e= — -
~~~~~~~~ ;

2 ~ce

nkT
ea - —

ce
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For both species the ra te-of-s t ra in  tensor is def ined as

~v . ~v 2
W In —a- + —~~ - — 5 . V-v -

—
~
X
k ~~~ 3

When B = 0 the following simp lif ica tions occur :

R nej /a
-

~~~ 

- ii

R In - 0.~ l n 7kT
-T - e

q. - ;~ 7kT.
— 1  

~~
-

q
e = 0.71ti~~~U

qe _~~
e VkT

—T

p . = -
jk o j k

when ~ 
-
~ ~~~~~ 1 >> i - -r , the h igh-f ield expressions are obe~-ed h~ thec e e  c i . i  -

- 

- 
electrons and the zero-f ie ld  expressions by the  ions .

Coll isional transport theory is app l ic ab le  wh en (‘ i ’ macroscopic

t ime rates of change satisfy f -o- —~ , where - is the longest c~ ll i-

sional time scale , and (in the absence of a magnetic field~ (~~
macroscopic length scales L sat isi” L ‘- - 

, where = v’ is t~ e mean



- ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ fl ’ - _ W _ _
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~
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free path . In a strong f ield , W ~~ 1, condition (2’ is replaced by

4 L >> £ and L >~-~~,fr (L >~ - r in a uniform f ield~ , where L is a
ii e ~ e

macroscopic scale parallel to the field B and L is the smaller of

(71B/B~~~ and the transverse plasma dimension. In addition , the standard

transport coefficients are valid only when (5~ the  Coulomb logar i thm

satisfies X >> 1; (~~ the electron gyroradius satisfies r >> X0, or

B2 << c-’-nm c2; (5~ relative drifts u In - V
S 
between two species are

small compared wi th  the thermal velocities , u ~~~~~~~~~~~~~~~~~~~~~~

and (- 5 ’ anomalous transport processes owing to microinstabilities are

neg l ig ib le .

Weakl y Ionized Piasma s

Coll ision freq uency for scattering of charged particles by neutrals

* 1/2
= n

~~a~
kT
L
/m ’l sec~

where n is the neutra l density and is the cross-section , typ ica l ly

S x ~~~~ cm2 and weakly dependen t on temperature.

When the system size L << the charged particle diffusion

coeff icie nt s are

D
L 

=Vr a/ma va cm2/ sec

In the opposite limit , both spec ies diffuse at the ambipolar rate

u D -u 0. (T -s-T ‘D’Dl e  e i. 1, e i . e
D
A 

= ________ In cm /sec
u- -u T .D +T 0.i. e i . e  e L  

--- - ----~~~ ‘_ - - -- - -- ~~~~~ -- ‘--— - ‘---
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where u = ejm, -j is the mobility . The conduc tivi t- satisfiesL ,~ ~~~~ -

n e 7uL -

In the presence of a magne t ic  f i e ld  B , u and become t enso r s

‘7- 0 7 7-
J I n c ’. E c ~E +~~~E +‘-“E x b  ,
- = - -

~~ 
1-I ,~

- -

where b In B/B and

-,
- n e 7/ m V ,,

a a 1- 7 -  ~~2 2 V / \ v + L ,
I ~~~~~ -~( C--

In 
~
“ V

L
W

L
/ ( V

~~ 
+ jl~~~~~~ -

Her e and 0 are the Hall and Pedersen conductivities , respectivel y.
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r~_ I
IONOSPHERIC PARAMETERS 1

These are typical nighttime values. Where two numbers are entered , the

first refers to the lower and the second to the upper portion of the layer.

Quantity E Region F Region

Number density (m ~~) L5 x 1010 - 3.0 x 10’° 5 x 10~° - 2 x 10 ’

Height-integrated number 3 x 10~ ~.5 x
densi ty (m_ 2 )

ton-neu tral collision 2 x l~~ - 1~~ 0.5 - .05
frequency ( sec~~~)

ton gyro-/collision .~~~~ - 2.0 ~~-3 x 102 - 5.3  x

f requency ra t io  
~

ton Pedersen cond uc tance 0.09 - 0.5 7.7 x 1C~ - 7 x
-,,/~ 1 + ,,2 )
1 C,

ton Hall conductance x 10 ” - 0.~ 1.0

1-:-/~ 1 + CT 1
1 1

Electron—neutral collision 1.5 x lC~ — 3.0 x l0~ 30 - 13

frequency

Electron gyro-/collision ~ .l x 13 - 
~.3 x l0~ 7.3 x l3~ - ~~ .T x

frequency ratio iC
e

Electron Pedersen 2.7 x 1-~~ - 1.5 x 1-~~ 1~~ - 1.5 x

conductance /~ I +e e

Electron FlaIl 1.3 1.3

conductance 0 ( 1  + -C
’
~e e

Mean molecular  weigh t  2 -  - - 1-

ton gy ro f r equencv  sec~~ 
- 1 - 1 -

Neutral difflgion ‘-3 - x 13 1 -

L 
c o e f f i c i e n t  m /sec~ j 

________________________

Th~ t e r r e s t r i a l  m a g n e t i c  f i e l d  in  t h e  l- -we r i CnC ’sp i te re  I t  C- qtlat ’rlal tat i-

t u d e s  is ipp rox Lm ~-it e1v ~ • ~“ “ l ’  t e~~l.. ~~~ , - a r t h ’ c r a d i u s  is
— - - . -

~ 1 ”’  Ion 1 Ion .
- F
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120)
CTR

Natural abundance of deuterium rL
D
/n.d = 1 .5  x i0~~

Mass ratios

r n / mD 2.72 x In 1/3570

(m/
mD

)’
~ 

In 1.65 x lO
_2 

In 1/60.6

r n / mT 
In 1.52 x In l15!i.9-S

(m /rnT)~ 
In 1.35 x l0 2 In l/7~ .l

Fusion reactions (branching ratios are correct for energies near the

cross-section peaks; a negative yield means the reaction is endothermic)~
2
~

(Ia) D + D —+ T( l . O l  MeV ” + p(3.02 MeV~
50~

(Ib) —i He3(.52 Me~~ + n(2.t
~-5 MeV)50~

(2) D + T —9 He4(3.5 MeV) + n(l14.l MeV’~

(3) D + He3 —9 He4(3.5 MeV) + p(11+.7 MeV~

(~ ) T + T —4 He4 + 2 n + 11.5 MeV

(5a) He3 + T —4 He4 + p + n + 12 .1 MeV
5 l5~

(5b) —.4 He 4 ( l ~i~.E MeV~ + D(9.5 MeV)

—4 He~( 2.- MeV~ + p (l1.7 NeV~

(6I p + Li —
~~ He 4( L7 MeV I + He3(2.3 MeV 1

(7a) p + Li — 2 He4 + 17.3 MeV
20~

(7b~ —3 Be ’ + n - 1.6 MeV

(5) D + Li —4 2 He ” +22.~ MeV

(~~ p + B11 —3 ~ 11e ’ + -~ . MeV
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a —
- CI

- C C C
CT,

—
a -° _____________________

U ~
-~~ a

_ -a ‘ c- 0’ - — —
r~7- i_ _

I ,a -~~ K -a —_-- TX,  -rc o .. f—
a a

.0U U In
c — ______________________

— - 0 —
-J

— 3 a,
a -‘ C C

a N- — — N— N-
a — — 

,~ C -  -ro a ,-. ~ ~~ - K K C,
— a a I — -~~ -

> - -~~ .0 -- C’ -,a 3 a 0 0’
-~~ “I I 0 - -

— C Z Co -~ 
- . *— 0 -. — -

~
~ + I aa a ~_— -~CU ~~- 0 I

a —‘ 0 — C
a a~ —~~ 0 0

a n - - _ 0 — C— K C-—
- .~~ -~ — 1.1 _— K 0 ,ra -~~ a u I c- —7-

.0 I -_- 0 a — C’~C II. a 0 - -
1’ 0. 7- ‘-C

- E ~~ K — -~~ -a a, —In _ J _ ~~ 0.II. C * _____________________________________3 0 + ~O U
0

I-.
In 0. C

S 0 , ., CT, — N-
u --

‘ a -- N-
O I - - .0 I — —U’ K - Ca —. C.~C- ~~~ N’ —I— I.. C
a - 0 0 -

I.-.
a
a CO -- 

—
C I.
0 0 a -~

a 0 CU a 0 ,, N- C. — Ca — — a ‘- CT,a a U I — 
— K C. C

a C- —a .-. C- -~~o a a
I-. — 0 -~~U 1.1

a 
__________________________________________— .0 a

a — 0
o c a C
— 0  0 !- -
a C a u — a
.0 0 -_ I

— — Q- C - -  I r
C— 3 > > > >

— a a - .,- a a a a
a I.. 3 .~~ -~~ .~~ -~~

j  <
°

~~~~~~~~~~
- _ ~~~~~~~~~~
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For lo~.z energies (T ~ 25 k aV ) the  data may be represented by

In 2 .33 x l0’
4
T 
2/3 

exp ( — 18.76 T 
1/ 3 ) cm°/sec

~~~~~~~~ 
3.68 ~ 1~~~12 T 2/a exp( - 19.9k T ”~~) crn3/sec

The power density released in the for-n of charged particles is

~DD 
In 3.3 x 1T13 

‘
~D~~~~DD watt/cm

3 (including subsequent D-T reaction)

~DT 
= 

~~~ x l0 ’~ D~r~~~~DT 
w a t t / c m

~DHe~
U 2~9 ~ IC 

~~~~~~~~~~Di-le
7- watr/cn7

The curie (abbreviated Ci) is a measure of radioactivity: I curie

3.7 x l0~~ counts/sec. Absorbed radiation dose is measured in rads:

I rad 102 erg/g.
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RELATIVISTIC ELECTRON BEANS

Here y In (1 — ~~~~~~~~~~~~ is the relativistic scaling factor ; in analy tic

formulas uni ts are mks or egs , as indicated; in numerical formulas , I

is in amps, B in gauss , electron density N in cm i, and temperature,

vol tage and energy in MeV ; 
~ 

In v / c

mc2
Relativistic electron gyroradius 

~e 
(~ ‘2 - l)~ (cgs)

eB

In 1.70 x i03 (y~ - l)~ B cm

Relativistic electron energy W In rnc2y (cgs) = 0.511 v MeV

Alfv~ n-Lawson l imit  ‘A 
In 

~~~~~~ 
(cgs)

Il-TI mc
— —

~~~~~y 
(mks )

e

In 1.70 x ~~~ S
~

-y amp

The ratio of net current to is

I/ t A ~‘‘C’

where ~~‘ 
In Nr , with re 

In e2/mc2 = 2.52 < ~~~~~ cm. Beam e lec t ron  number

0 density is

n 2.,3c x 1CI J/~ cm

where J is current densit” in amp /cm - For a uniform beam of radius a

( i n  cni~ 
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-1

fl In 

~~~~ x 1O7 t/~a
2 cm 2

,

2 n a  In 
~‘/y

turated parapotential current (magnetically self-l imited flow along , 
-

f2~~!
uipotentials in pinched diodes and transmission lines” -

1 In 5.~ x 103 Gv £~ + (‘~ 
- l-

~~~2] amp,

Lere C is a geometrical factor depending on the diode structure:

for parallel  p lane cathode and anode of wid th v,
2-rd - -

separat ion d;

r R 1
I 2— —~ I for cy linders of radii R (inner ’ and R (o uter ’;

L R J  1
1

R
for conical cathode of radius R ,maximum separation

d 
c

d ~at r 
In R from plane anode , etc.

0 C

‘I’

P -. - I and t vanish .A p

-
~~ . --- In Nk( T + T .)c (cgs ’

~~ 
C~~~~ ’ 3 x l C ’  N(T 4- T ‘ imp

C 

~~~ 

‘

~~~~~~~~~~~ ~A
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Ch i ld ’s law (space-charge limited current density be tween parallel

p lates with voltage drop V in MeV and sepatation d in cm’)

Nonrelativistic: J = 2.3!. x d
cor

R e l a t i v i s t i c  ( v ~~ 2’): J In 2.71 x 1~~ (\ ,
h / 2 

- C ’L.~~l)
2 

d~~ ~~~ -

Vo l t ’~~e registered by Rogowski coil of minor cross-sectional area A , n

turns , major radiu” a, inductance L , external resistance Ii and capacitance

C 5 alI in inks~~:

R nAl.L I
self- integrating V In — volts

L 2rIa

1 mAU I C

externally integrated V = — volts
RC :-rra

X-ray production for target with average ‘ilomic nu:~!.er Z( V ~ MeV ’)

X-ray power 
= < ~~~~

beam power

X- ray dose a t 1 meter generated by an e-beam depositing total charge Q

coulornbs while V � • V in material with charge state Zmax

• / — ,
D 1 ~~~~\- O~~ radsmax

__________ _ _  ~~~~~~~~--—
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ELECTROSTATIC STREANINC IN STABILITIES [24)

In this table, subscr ip ts e ,i,d,b stand for Il electron ,II “ion ,” “drift ,”

and “beam ,” respec tively. Thermal velocities are denoted by a bar . In

addit ion , the fo l lowing are used :

m electron mass

M ion mass

V velocity

T temperature

n , n . number densi tye t -

n harmonic number

C T i’M ion sound speed
S

W
e~ 

t . p lasma frequency

Debye length

r , r~ gyroradius

8 plasma/magnetic energy densit\- ratio

V
A 

Alfven speed

gyro frequency
e i. 

-

hybr id gyro frequency , In 

~e~ i

U relative drift velocit-~- of two ion species
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LASERS

Parameters of important Laser Systems

E f f i c ienc ies and power levels are approxima tely state-of-the-art (i~~ -~)

Power levels avail ab le(W ”
Wavelength  ___________ 

-

Type (microns) Efficiency Pulsed CW

CO lO.- .01 - • O ~ pulsed > 10~~ > 107-
2

CO 5 ~.L > ic~ ~~
. ioo

Iodine 1.~~l5 3 x 10~~ > l0~~ —

~d—g 1ass , YAG l.C~ 1 0 ’  > 1012 I — 300

Ruby . ‘-‘-?~3 -~~ 1C- 
- 

1010 1

He - Ne .a32c 10 ” — 1 -  50 x l0~~

Argon ion - .Jo I0~~ 5 x 12” 1 - 10

N .~~7l 1-0 — .0~ 1 — 10 —2

Xenon .175 •~~~~ ~~ 1C~ —

_ _ _ _ _ _ _ _ _  _ _ _ _ _ _ _ _  _ _ _ _ _ _ _ _ _ _ _  _ _ _ _ _ _ _  ________I
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5. Ponderomotive force

f I n  N7 (E~C > / 7 - N

where

N In 1.1 x l~~’/X
2 cm~~C 0

For uniform illumination of a lens with f-number F, the diameter d at

focus (~5~~ of the energy ” and the depth of focus ~ (first zero in in-

tensity) are given by

d 2.Il-Il- F\ e/8
DL u and £ 2 F2X e /e

DL

Here 8 is the beam divergence containing 
~~ of energy and ‘

~DL is the

diffraction limited divergence:

2.Il-Il- ).
8 DL 

° (aperture b in ~~
b

These formulas are modified -for nonuniform illumination of the lens (such

as gauss ian ’) or for patholog ical laser profiles . 

~~—-~ - - _ -  - --_ - - - ~~~~~~~~~~~~ - -- - -‘~~~--  - -  --‘- ‘~~~~- - -_- - - _ _



Formulas

‘1 1. An e-m wave wi th  k u B has an index of r e f r ac t i on  given by

1/2

~ 
pe

=

ce

where ± refers to the velocity . The rate of change of polarization

angle 8 as a function of displacement s (Faraday rotation’) is given by

-
~~ k(n - In 2.36 NBf~~ cm

ds 2 
-

where N is the electron number density , B is the field strength , and f

is the wave frequency . For N = 1C~° cm , B In IC) kG and f In 3 v ~~~ H~

(I (corresponding to a wavelength \ = I -
.~~~~~, 

— In 2 .-: y 1-0 m d/rn .
- ds

2. The quiver velocity of an electron in an e-m field of angular

frequency ~i; is

eE —max ,- - - Iv = In - -°N I ). cm/se c
0 0

mw

cE2
in terms of the laser f lux  I = 

max with I in watts/cm” , laser

wavelength \ in microns. The ratio of quiver energy to ~h erma1 energy

1-s
m y : ‘“1
1_.2 = 1. - I -‘ l~~

’’ —
~~

--

:kT 1’

T in eV . E.g., if 1 l0’~
’ watts cm In 

~~~~~~~~, = 2 key , then

— 1
~qu i’~er 

‘therma l 



ATOMIC AND RADIATION PROCESSES

The subject ot atomic physics is central and indispens ible for

unstanding the behavior of real plasmas . It is i l l -sui ted for dis-

t i l l a t i on  into a few general formu las , however. Those comp iled here

should not be applied blind ly. The inexperienced user would do well to

first consult the references cited , par ticu larly _ SlT and _35~~, wh ich

are more accessible to p lasma physicists.

Energies and temperatures are in eV ; all other units are cgs

except where noted . z is the charge stat- (Z = ‘0 refers to a neutral

atom ’) ; the subscript e labels electrons . N refers to number density .

n to principal quantum number. Asterisk superscri pt s on leve l popu-

lat ion densities denote local thermod ynamic eauilibri uxn ‘ LTE ” values.

Thus is the LTE number density of atoms or ions ’) in level n.

Characteristic atomic collision cross section

(I) rra2 = 3.80xl0~~~
7 cm2

Binding energy for outer electron in level labelled by quantum numbers

n , L
z2EH

2) E~ (n ,2 )  In - 

~~ 
~~~~~-~~~

- eV ,

- ‘ where E~ 
In i~ .5 eV is the hydrogen ionization energy and 0~ .752~~ ,

~ 5, is the quantum de fec t .

In ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~
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Excitation and Decay

Cross section - Bethe approximation ’) for electron excitation by
125 2 - ’]

dipole allowed transition in ~ n - -

f g ” n,m )
(3)  In 2.36 x i0~~~ E~E 

C~~
2

~

where f is the oscillator strength, g(n,m) is the Gaunt factor,

E is the incident electron energY, and ~E In E - Emm n m

Electron excitation rate averaged over Maxwellian velocity dis tribu tion ~~~~~

(~~
) = N <  c v >  = 

1.6 ‘
__~~~e~~~ (_ 

~~ 
sec~~~,

where < g( n ,in )> denotes the thermal averaged Gaunt factor whose ‘ ehavi or

. as a function of energy is shown in Fig. 3 (generally — I for atoms,

—~ 0.2 for ions’)

Rate for electron collisional de-excitation

( 5 )  In (N*/N~ )x sec . -

mm m n ma

Here N*/ N* In 
~g /g ‘)exp (~ E IT is the Boltzmann relation for levelm a  in ii am e

population densities, where g is the statistical weight of level a. ‘ 
-

Rate for spontaneous radi ative decay n ~ in Einstein A coefficient ’)

g
-~ 

= — .~~~ x 1) -
~~~~ f OE 2sec~~am - nra run 

. ,_ _ . 



2 —  -

.0— -

0_9 — -

_:: ~~~~~~~~ 

‘ . — :

0-6 — / 1(o) j FOR NEUTRAL —

I ATOMS
0 . 5  - / 

1(b) ~~ FOR POSITIVE IONS —
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Fig. 3 — The effective Gaunt factor ~ fo r neutra l atoms and
positive ions. For neutrals the curve is deduced from
the experimental results for is —
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2p in H,
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Intensity emitted per unit volume from the transition n -4 m in ~~

optically thin p lasma

1.6 x l0 lSAmmNnE
~
IE amW/Cin3 .

Condition for steady state in a corona model

(8) N N  < c~~~ > In N A

where the ground state is labelled by a subscript zero .

Hence for a transition n —. rn in ions , where < g (n ,m’) > 0.2,

(9’) lam 
= 5.1 x I0~~~ f 

~~~~~~~~~~~~~~~~~~~~~~~~~~~~ exp (_
~
Eno/T

e
’) W/crn ’ .

Ionization and Recombination

In a general time-dependent s i tuat ion  the number density of the

cha rge state Z sa t isf ies

(10) 
dN(Z) 

= N [ - s ’Z)N ’z) - ~ (Z -N~z’) + S(Z - l : N ( Z  - 1’)

+ ~ -z + i)N(z + l ) ~~~~.

Here S z) is the ionization rate. The reconibination rate az) has the

form ~‘ ( Z )  In a iZ) + N a 3 - Z ) ,  where C~r and a-~ are the radiative and

three-body recom bination rates , respectively .

Classical ionization cross-section for any atomic shell k
1

b
/ — — k11 0 . — X 10 X era

k
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~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ 
,
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Here b k is the number of shell elec trons , Uk 
is the binding energy

of the ejected electron, x In E / U
k 

where e is the incident electron

energy , and g is a universal function with a maximum value 0.2 at

x

Ionization from ion ground state, averaged over Maxwellian electron

di.strtbutLon

1O~~~(T /EZ)h/2
(12) s(z) = 

e 
— exp (- E~ /T ) cm3 /sec ,

(E~~)3l’2 (~ + T / E Z ) 
e

where E~ is the ionization energy.

E lectron-ion radiative recombination rate (e + N ( Z )  ‘ N(Z-l ’
~ + h\’) - ‘ “ -

~

In 5.2 x 10 14 Z ~JE
h

/T ~O.L~3 +

(13 )

Ln ( E Z / T )  + 0.~69 (E~/T)’/°~ cm3/sec.

For 10 keV <Te
/Z2 < 150 keV , this become s approximately

2
( l ~~ - )  a- (z) In 2.7 x l0 13 

‘-~~
— cm3 /sec .

Collisional ( three-bod y ’- recombination rate for singly ionized p lasma t ‘i

* 15) 23 = 
~.75 x ~~~~ T~~~’~ cm /sec

limited to low temperatures , kT
e 

-
~~ E~~’). 

Photoionization er~ ss



_ _ _ _ _ _ _ _ _ _ _ _ _ _ _

section for ions in level n, £ (short wavelength limit’)

(l-~) c
Ph (n

~ 
2) In l.6~+ x l0 ’ ZE/(n3K7+22’),

where K is wavenumber in Ry dberg units (1, Rydbe rg In l.097l~ x i0
5 cm~~ ) .

Charge Exchange

Two kinds of charge exchange take place in a plasma, depending on

~E in

(17) A + B
+ _ A + + B + ~~E -

When ~E In 0 (the internal energy difference vanishes’) the process is

called resonant. When A = B the resonance is symmetric ; otherwise it

i~ asytmuetric. When AE ~ 0 the process (17) is just a charge transfer

reaction. In this case the adiabatic princip le of Massey suggests that

the peak of the cross section ~~
- ar ises when

v~~~2— -

h

Here £ is the interaction range and V is a critical relative velocity.

For larger val ues of V ,

(1:) k exp (- ~! ~E~
)\. ~ hV

with k being a cons tant for each reaction . However , for symmetr ic

charge exchange the cross-section as given by Fursov can be expressed

2
as

- 

[a 
- b log E] cm

_ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _  _ _ _
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Values of a and b are given below for some selected reactions 
32 

for

the energy range Emin < E ( Etnax

a b E Etnin max

Process (i.0~~ cm) (lo~~ cin
’
~ (cv) (eV )

FL
4
— H ~.5 l.O~5 20 10,000

He
4
—He ~.7 1.1 20 6 ,000

Ne
4
— Ne 6.1 I. 20 6,000

H
4
— 0 4.2 3.3.~ 25 E ,ooo

Equilibrium Models

[331
Saha equilibrium

N N*(Z) g~T 
3/2 / gZ(~ ,fl\

(20) 
e ~ 6.o ~ 1021 e 

~~ Jcut 3,
N( Z-l) g

~ ‘
~ 

/

where g
Z is the statistical weight for level n of charge state Z and

E~
’n,L) is the ionization energy of the neutral atom initially in

level (n,L), given by Eq. (2).

En a steady state at high electron density

N N*(Z) S(Z—L)
C cm
N*(Z_ 1)

a function only of T.



Conditions for LTE

(a) Collisional and radiative excitation rates for a level n must

satisfy

22)  ‘t I~ 
> 10.

(3~1(b) Electron density must satisfy

(23) Ne 
� 7 x l018Z7n 1712(T/E~~h12 cm 3.

Steady state condition in corona model

(21~) 
N(Z-l) 

- ____

NEZ) 
- 
S(Z-l)

Corona model is applicable ~f f34~

(25) 1012 t 1 < N < 1018T 7/2 ~~~~~
I e e

where t~~ is the inverse ionization time.



Average radiative decay rate of state with principal quantum number n is

~2b) A = ~~ A = 1.6 x 1010 Z4n~~’2 sec~~n m <n  nm

Natural line width (AE in eV)

(~ 7) AE At = h  = l~.l1i. x 10 ’5 eV-sec .

where At is the lifetime of the line.

Doppler width

= 7.7 x l0~~ ~~~ ,

where u. is the emitting atom or ion mass in units of the proton mass.

[33)
Optical depth for a Doppler broadened line

(29) = 1.76 x j~~~13 ~ (~
) ‘NL 5.~ ~ ~~~

where X is wavelength and L the physical depth of the plasma; M, N and

T are atomic mass, number density and temperature of the absorber; ii.

is M divided by the proton mass. Optically thin means < 1.

Note that the units employed here are those suimn~rized on p. c~.
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Resonance absorption cross section at center of line

(~~0) 
= 5.6 x 10 13 

~~ cm2

C

Wien displacement law: wavelength of maximum black body emission is

given by

(~~l
’ 2.50 x 1O~~ T

1 cm.
max

Radiation from surface of black body of temperature T

(~ 2) W = l,Q~ x iö~ T
4 watts/cm2 . 

-

Brernsstrahlung from hydrogen-like piasma~
’
~ 

•
*
‘..

.. 

.
..

~
‘Br = 1.69 x 10 32 N

e
T
e
l/2  

~ [z
2N(Z)J watts/cm3,

where the sum is over all ionization states Z.

Bremsstrahlung optical depth~~~

~1~) T = 5.0 x i0
3E NeNiZ 2 g2T

S S’2 ,

where g 1.2 is an average Gaunt factor and £ is the physical path

length . 



Recombination (free-bound ) radiation

( 35 )  
~r 1.69 x 1O_32NeTe

l/2 ~ ~Z2N Z  ~

(19J
Cyclotron radiation in magnetic field B

(36) 
~c 

= 6.21 x 10 21B2NT watt/cm3

For MekTe = = B2/16rr (B = 1, isothermal pLasma)P~
’

5.00 x 1O 31N 2T2 watt/cm3.

Cyclotron radiation e-folding time for a single electron~~~

~~~~~~~ 

~~~ 

t: 
~~~~~~~~~~~ 

~0~~~~2 
sec~~~

where y is the energ~~d1~r by me2 .

Number of cyclotron harmonics tr a medium of finite depth LL351

(39 ) m* (57 S_ 32)1/8
1~~ 

- -

where B = NkT /8rrB2 .

Line radiation is given by swmning Eq. 9 over all species in the plasma .

OH
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