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ABSTRACT

This report consists of three parts. The first is the analysis for
minimization of the temperature distortion due to the thermocouple cavity.
The error is minimized or reduced to zero by optimizing the combination
of cavity diameter and depth and the thermocouple transport properties and
size. The second is the refinement of the presently available computer
program for prediction of the surface temperature and heat flux at the
inner surface of the pipe by inverting the temperature response measured
by an interior probe close to the heated surface. The refinement is
achieved by using the double precision format in the program and adapting
the dimensionless formulation. The third is to study the inversion solution
for a large time duration of a time dependent surface heat flux. The

solution is obtained by the method of Laplace transformation with the

convolution integral.
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FOREWORD

This is the final report of the project entitled "Heat Transfer
Analysis for Unsteady High Velocity Pipe Flow.'" The project was funded
by Army Research Office Grant DAA-G29-76-G-0123 for a six month period
from January 1976 to June 1976.

The work done for project is reported here in three parts. The first
is the analysis for minimization of the temperature distortion due to the
thermocouple cavity. The error is minimized or reduced to zero by opti-
mizing a combination of cavity diameter and depth and the thermocouple
material and size. The second is the refinement of the presently available
computer programs for prediction of the surface temperature and heat flux
at the inner surface of the pipe by inverting the temperature measured by
an interior probe close the the heated surface. The refinement is achieved
by using the double precision format in the program and adapting the dimen-
sionless formulation. The third is to study the inversion solution for a
large time duration of a time dependent surface heat flux. The solution is
obtained by the method of Laplace transform and the convolution integral.
Each of the above three subjects is reported as a part of the present report.

The investigator would like to thank Mr. D. M. Thomsen of General
Rodman Laboratory, Rock Island Arsenal, Rock Island, Illinois for his con-

stant participation in the course of the research.
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NOMENCLATURE
€ specific heat
dt diameter of thermocouple j
d diameter of cavity
D thickness of the disk
Q constant heat flux
T temperature
t real time :
x X/D |
Xy ¥ coordinate along and normal to the heated surface
y Y/D

Error % [6 (at cavity base) - 6 (at edge of disk)] x 100, or distorted

temperature divided by QD/Kl

Greek letters

€ distance between the base of cavity to the heated surface
E ] dimensionless temperature TKl/QD
% T dimensionless time
j a thermal diffusivity
! K thermal conductivity
o) density




subscripts

1 the disk material
2 insulation material
3 thermocouple material

€ thermocouple




PART T

ON MINIMIZATION OF TEMPFRATURE DISTORTTON
IN THE THERMOCQUPLE CAVITY




SUMMARY - PART I

When a thermocouple is embedded in a solid to measure temperature
a distortion of temperature is created because of the thermocouple cavity.
For a given solid under measurement the temperature distortion at the base
of the thermocouple cavity can be minimized by a proper choice of the
thermocouple size and its material, the cavity diameter and the depth of
the cavity. This optimum combination is solved in this study by a finite
element analysis for the case that the thermocouple cavity is drilled into
the center of a disk. The disk, initially at a uniform temperature, is
then heated with a constant heat flux on one suface and is insulated on
the other surface. The calculated result covers a range of thermal con-
ductivity and diffusivity for most commonly used thermocouples. For ease
in practical applications a simple formula for determining the optimum
ratio of the thermocouple diameter to that of the cavity 1is given as a
function of density - specific heat product and thermal conductivity of

solid material, thermocouple, and insulating material.
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INTRODUCTION

A direct measurement of transient surface temperature and heat flux
is often difficult. For example, a surface involves two modes of heat
transfer, say, radiative and convective heat transfer. In this case 1if
the measuring probe has a different radiative property than that of the
surface, erroneous measurements will result. A piston or projectile
sliding over the cylindrical surface is another case where the direct
measurement at the surface is difficult. A surface involving melting or
ablation is also difficult to make direct measurement. Therefore, in-
direct estimation by inverting the temperature history inside the heat
conducting solid as measured by a thermocouple is often used for pre-
diction of the surface temperature and heat flux. Beck [1], Hernning
and Parker [2], Frank [3], Imber and Khan [4], Stolz [5], Chen and
Thomsen ([6] have developed different inversion solutions for this pur-
pose. All of these solutions assumed that the cavity drilled into the
solid does not distort the true temperature distribution. Thus, it is
important that the temperature measurement by an interior probe is
accurate and involves least distortion or error. Theoretically Beck [7],
Masters and Stein [8], Burnett [9], and Chen and Li [10] studied the distor-
tion of the temperature field in the presence of a thermocouple and its
cavity. Experimentally Chen and Danh [11] showed that appreciable dis-
tortion, say 10%, of temperature field may exist for a normal implant
of the thermocouple into a solid body. From studies of Chen and Li [10]
and Beck [7] they found that with a proper combination of the thermocouple

cavity diameter, its depth, and the thermocouple material and its diameter,




the distortion of temperature field with respect to space or time can
be minimized if not eliminated. 1In this report we study the optimum
combination of these parameters such that at a given situation one
knows what is the best combination to use and what is the magnitude of

the temperature distortion.
FORMULATION OF PROBLEM

In the present study we consider a disk depicted in Figure 1 which
has a thickness D and is drilled a cavity of a diameter to a depth
of € distance from the heating surface. The heat flux Q is assumed to
be constant and the upper surface of the disk is assumed to be insulated.
A thermocouple of a diameter dt is then welded on the cavity base.
Furthermore, the disk may be thought to approximate a cut out from a
hollow cylinder if the radius of the disk is small compared with the radius
of the cylinder. The diameter of the disk is choosen to be D where the
temperature distortion due to the thermocouple cavity becomes negligible.
For this to be true one needs to restrict the ratio of cavity diameter
to the disk diameter d/2D be small. The unfilled cavity can be air or
insulating material.

The basic idea to minimize or to eliminate the temperature distortion
is based on a proper choice of the thermocouple size and the material
which has a higher thermal conductivity than that of the disk so as to
conduct more heat away at the cavity base balancing the insulation effect
of the insulator in the cavity.

Let X and Y be respectively the coordinate along and normal to the

heated disk surface and the Y axis coincide with the axis of the cavity.




The thermal conductivity is assumed to be constant and the temperature
distribution is axisymmetrical. The governing equations for the tran-
sient heat conduction in dimensionless form are:

for the disk (subscript "1", see Figure 2)

_26 .1 20 280
%_.50,1 2,30 1)

for the insulating material in the cavity (subscript "2")

+

a 2 2
26 _ 2 (3% , 1230, 3% @)
9T ay sz X 93X 3y2

for the thermocouple (subscript "3")

1 1 2 X 9% 2

a 2 2
%.23 <—~"”’+lﬁ+——ae (3)
9X ay
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where T = ult/D2 is the dimensionless time, x = X/D the dimensionless

radial coordinate, y = Y/D, the dimensionless distance normal to the

heated surface. a_, az, and a_ are respectively the thermal diffusivity

= 1 3
4
< of the disk, insulating material, and the thermocouple. The dimension-

F less temperature 6 is defined as TKl/QD where T is the temperature above

3 the initial, uniform temperature.

The intial temperature of the disk is then

e (x, y, 0) =0 (4)

The boundary conditions, see I'igure 2, are:




a constant heat flux at the lower surface,

=1 (5)

y=0 ——I =0 (6)

=0 (7

and the axisymmetric condition at the cavity axis

x=0 A.e_

9x i 5}

x=0

The condition (7) of the zero temperature distortion was verified by

Chen and Li [10] in their early calculation when the cavity diameter is

one tenth of the disk diameter. 1In addition to the above boundary
condition the temperature and heat flux at the interface of the disk,

thermocouple, and insulating material are taken to be continuous.
ANALYSIS

There are five parameters that can be varied for the present anal-
ysis. They are (a) the dimensionless distance from the base of the

cavity to the heated surface ¢/D, (b) the size of the cavity d/D,

(c) the ratio of the thermocouple diameter to that of the cavity, dt/d.




(d) the thermal conductivity ratio Kz/xl, and r3/»<1 which comes from the

continuity of heat flux at interfaces. (e) the rstio of the product of
density and specific heat 03c3/plcl (or equivalently to the ratio of

of thermal diffisivity a3/a2 or uz/al). The subscripts 1, 2 and 3 denote
the disk, insulation and thermocouple materials.

Because of the complexity of the geometry and the multiplicity of

material the method of finite element technique as discussed by Wilson

and Nikel [12] is adapted with the aid of a computer program developed
by Wilson [13]. The present problem is subdivided into finite element
as required by the method, see Figure 2. The dimensionless pie section
is subdivided into 121 finite elements with 12 dividing lines on both
coordinates. Each element is defined by four nodal points where nodal
points are denoted by intersections of the dividing lines and numbered
] as shown in Figure 2. The material property corresponding to each
element is then assigned to the program developed by Wilson [13].

The solution at each nodal with respect to time is then obtained.

; ’ For numerical calculation three typical values of the distance
from heated surface to the base of the cavity ¢/D are chosen to be 0.04,
0.1 and 0.2. The cavity diameter is fixed at one tenth of the disk !
diameter. The thermocouple to cavity diameter ratio dt/d is made to
. vary 0, 0.2, 0.4, 0.6, 0.8 and 1.0. Regarding the range of the ratio
of the thermal conductivity and the ratio of the product of density and
specific heat we surveyed these ratios for the commonly used thermocouples

in Table 1 [14] and plotted in Figure 3. Figure 3b shows the ratio of
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thermocouple conductivity to that of the disk K3/K1 versus the ratio of

density - specific heat product p3c3/plcl where the value of the conduc-

tivity is taken to be the average value between 200 and 800°K. One sces
that for most practical situations the ratio of density - specific heat

product p303/plc1 is approximately constant at 0.7 except when the con-

ductivity ratio K3/K1 is small. Thus the value of p4C and K3/V i

37011 i
for calculation are chosen, as shown in triangular symbols of Figure 3b,

to cover the practical range. The corresponding value for 0,C and

2/P1%
KZ/Kl for the insulation material are chosen to be fixed at 0.5 and 0.005

which is a typical value for Teflon insulating material and is also ap-

proximately the order of magnitude for air.

RESULTS AND DISCUSSIONS

Numerical results of the calculations are presented in Tables 2 to
4 and Figures 4 to 9. The percentage error of temperature is defined
as the distorted temperature divided by a reference temperature defined
by QD/Kl. Tables 2 to 4 give the percentage error of temperature dis-
it tortion) as a function of time for different values of the parameters
dt/d (0 to 1.9),

(0.5 to 10), o (0.5 to 1.8) and &/D

kyliey 3¢3/P1¢1

(0.02 to 0.1).

-t S

Figurcs 4, 5 and 6 show the three typical tempcrature distributions
in the stecl disk near the thermocouple junction for the case €¢/D = 0.06
d/2D = 0.1 at the time 7 = 0.08. TFigurc 4 is the temperature distribu-
tion when the cavity is filled entirely with the insulation material

(Teflon "2V L?/Ll = 0.005, pzcz(nlcl = (0.5). The dimensionless isotherns

10
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Tx1/QD shows the distortion of temperature distribution. One sees that
the insulation effect on the heat transfer near the cavity base not only
creates a much higher junction temperature of TKllQD = 0.342 than the
undistorted one of 0.255 at the edge of the disk giving an error of 8.7%
but also causes a hot spot at the heating surface with a higher tempera-
ture of Txl/QD = 0,374 over the undistorted one of 0.311. On the other
hand the temperature distribution in the insulation material is much
lower than the true temperature creating a large temperature gradient

at the base of the cavity. Figure 5, contrary to Figure 4, is the tem-
perature distribution when the cavity is completely filled with thermo-
couple material whose thermal conductivity is ten times larger than the
disk material e.g., copper versus steel. Now over-conduction of heat
by the thermocouple has created a cold spot at the base of the cavity
giving, TzllQD of 0.17 versus the undistorted one of 0.255 with an
error of 8.5% as well as at the heating surface with TKl/QD of 0.236
versus 0.311. The temperature distribution in the thermocouple now
becomes higher than the undistorted one in the disk. By properly
choosing the ratio of thermocouple diameter to that of the cavity one
may minimize these distortions of the temperature response at the base
of the cavity. This 1s shown in Figure 6 where the thermocouple
diameter dt is chosen to be 0.4 of the cavity diameter d with K3/K1

e.g. copper-steel combination. Figure 6 shows that distortions at the

base of the cavity and at the heating surface are almost eliminated giving

the temperature TKI/QD of 0.245 and 0.320 with respectively the error of

1% and 0.9%.

11
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In order to examine the details of the distorted temperature response
at the base of the cavity we tabulated the results in Tables 2, 3 and 4
and plotted the error percentage as function of the ratio of the thermo-
couple diameter to that of the cavity for different cavity depth, time,
and thermal conductivity in Figures 7, 8 and 9. In these Figures the pc
ratio ranges from 0.7 to 1.3 which covers most of the practical applica-
tions.

In the case when the pc ratio is equal to or less than one the errors
in temperature response at the base of the cavity in these figures are
all positive or overheat for x3/|<l < 1. This is because the thermal
conductivity of the thermocouple is less than that of the disk and the
heat capacity pc of the thermocouple is also small. Therefore, no extra
conduction of heat can be achieved by the thermocouple to compensate for

the blocking of the heat transfer by the insulation material in the

cavity. On the other hand, if KS/KI > 1 the error of temperature varies
from positive value for dt/d = 0 to some negative value as dt/d approaches
1. Thus for r3/x1 > 1 a properly chosen combination of thermocouple

and insulation material can minimize the error. For example, in Figure 7

a combination of K3/K1 = 10, p 0.75, €/D = 0.1 and dt/d = 0.5

363701 =
produces almost negligible error. This combination shown to be optimum
at T = 1.0 in Figure 7 is also optimum for other time periods (see Table
2). Therefore once an optimum combination of parameters is chosen it is
valid throughout the entire transient period of an experiment. From

Figures 7, 8 and 9 one can also see that the optimum ratio of dt/d which

glves zero temperature error decreases as the K3/K1 ratio increases.

12




This implies that for the thermocouple with a larger thermal conductivity
a smaller diameter is sufficient to eliminate the temperature distortion.
The result shown in Figures 7, 8§ and 9 can in general be adapted for use
in practical application to choose the size of thermocouple and cavity,
the thermocouple material and the depth of the cavity to be drilled.

As mentioned earlier that when K3/K1 <1andp /plc1 < 1 the errors

33
of the temperature response at the base of the cavity are all positive.

However we found (see Tables 2.2, 3.2 and 4.2) that 1if p ratio

1¢3/°1
is made large enough during the transient period the error of temperature
response at the base of the cavity may indeed become negative even when
K3/K1 < 1. Physically although the thermal conductivity of the thermo-

couple x, is smaller than that of the disk material, but with a larger

3

heat capicitance p > 1 the thermocouple is still capable of

3%3/°1%)
absorbing extra heat flux and hence eliminates the temperature distor-
tion at the cavity base during the transient period. To illustrate this
fact we examine Figure 7 (or see Table 4.2) for the data of K3/K1 =1
and o3c3/plc1 = 1.3. One sees that when dt/d = 1 the temperature dis-
tortion can indeed be negative. Therefore, 1if dt/d are choosen between
0.8 and 1 the error can be minimized. However one must keep in mind
that the elimination of error by heat capacitance can work during the
transient period only, for once a steady state conduction is established
the heat capacity pc will no longer have any effect and overheating

at the cavity base eventually will develop. This can be seen best from
the governing equation (1) that at steady state the unsteady term which

contains pc product is zero and is not a parameter affecting the dis-

tortion.

13




Another important fact that should be mentioned is that in general
the optimum choice of dt/d ratio for given K3/K1 and pc ratio does not
vary very much with the variation of €/D ratio. The insensitivity of
the optimum dt/d ratio to the €/D ratio ranging from 0.02 to 0.1 means
that the distortion of the temperature is insensitive to the cavity depth
or the thickness of the disk. This fact was already pointed out by Chen
and Danh [11] in their experiment that the temperature distortion at the
base of the cavity is more sensitive to the variation of the cavity
diameter than the depth of the cavity drilled.

As an example of a practical application, let us consider a measure-
ment of the trans:ent temperature response of an engine block made of
aluminum. From Figure 3b we know that aluminum has high thermal conduc-
tivity. Therefore copper-constantan thermocouple which has a higher
thermal conductivity than aluminum should be chosen. For this material

combination we have K3/K1 =1.69 p.c./p,c, =1.3. Now if the thermocouple

3%/ P15
cavity 1s drilled such that €/D = 0.1 then from Figure 7 interpolating

between K3/K1 = 2 and 1 for p3c3/plcl

dt/d for K3/K1 = 1.69 is approximately 0.7

= 1.3 we find that the optimum

One disadvantage of invoking finite element analysis is that the
result does not give a clear functional relation among the parameters
involved. In an attempt to obtain a simple and useful relation to
relate the various parameters we note the following fact and result:
(a) the optimum dt/d ratio for zero temperature distortion is a strong
function of x3/x1 and pc ratio but is relatively insensitive to the ¢/D

ratio, (b) from the theoretical reasoning the dt/d ratio is independent

14
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of pc ratio if the problem is steady state. A simple steady one dimen-
sional analysis in which the thermocouple and th. insulation materiual in
the cavity is made to conduct the same amount of heat that would be

transferred without the cavity gives the relation

dt/d = /(Kl - KZ)/(K3 - K2) 9)

Using the above equation as a base we find that for the tramnsient heat
conduction as calculated by the finite element method the following

equation (10) correlates very well with the optimum dt/d ratio.

0.3
d /d = (p3c3/plcl) /(K1 - Kz)/(K3 - k,) (10)

t s

Equation (10) gives an error or distortion of no more than two per-
centage points. In practice equation (10) may be used as a rule of

thumb.

CONCLUSION

An analysis of the temperature distortion caused by the cavity

drilled into a disk to accommodate the thermocouple has been studied.

| The calculation is carried out for the case of constant heat flux. It
: 4 is shown that the temperature at the base of the cavity distorted from
that without a cavity can be eliminated by a properly chosen combina-
tion of the ratio of the thermocouple diameter to the cavity diameter,
dt/d and the thermocouple material K3/K1. The optimum ratio of dt/d

can be found from Figures 7, 8 and 9 or Tables 2, 3 and 4, or approxi-

mately from equation (10). As a rule the thermocouple must be chosen

e




™

to have a higher thermal conductivity than that of the heat conducting

solid. The cavity diameter should be as small as practically possible.

For the case of time dependent surface heat flux the present result may

be also used as a general guide.
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PART I Table la

Commonly Used Thermocouples

Types of Thermocouples

Copper/Constantan

Iron/Constantan

Chromel/Alumel

Chromel/Constantan

Platinum 10% Rhodium/Platinum

Platinum 13% Rhodium/Platinum 6% Rh
Platinel 1813 Platinel 1503
Iridium/Iridium 60% Rhodium

Tungzten 3% Rhenium/Tungsten 25% Rhenium
Tungsten/Tungsten 26% Rhenium

Tungsten 5% Rhenium/Tungsten 26% Rhenium

29

Temperature Ranges

°F

-300/750
-300/1600
-300/2300
32/1800
32/2800
100/3270
32/2372
2552/3326
50/4000
60/5072

32/5000

°C
~148/398
~148/871
~148/1260
0/982
0/1537
37/1798
0/1300
1400/1830
10/2204
15/2800

0/2760




Thermal Properties of Thermocouple Materials

Metal, Insulator K3 sec. cmk ksteel kaluminum p3c3 cm>

(subscript 3)

cal

PART 1

K

3

Table 1b

K

3

Aluminum 0.554
Copper 0.935
Chromium 0.201
Nickel 0.160
Platinum 0.174
Steel 0.119
Tungsten 0.373
Iridium 0.345
Rhodium 0.360
Rhenium 0.111
Nickel-Chromium 0.040
Copper-Nickel 0.059
Teflon 6 x 10_4
Air 1.26 x 107

4.66
7.87
1.70
1.35
1.46
1.0
3.14
2.91
3.03
0.94
0.34
0.50
0.005

0.001

1.00

1.69

0.36

0.29

0.31

0.21

0.67

0.62

0.65

0.20

0.07

0.11

0.001

0.0002

cal Pata 43
pc steel pc aluminum

0.65 0.60 1.0
0.84 0.78 1.30
0.84 0.78 1.30
1.20 1.12 1.86
0.74 0.69 1.14
1.08 1.00 1.66
0.59 0.55 0.92
0.66 0.61 1.01
0.72 0.67 1.12
0.73 0.68 1.14
1.01 0.94 1.56
0.99 0.92 1.52
0.54 0.5 0.83
0.53 0.49 0.82

Note: The value quoted is the averaged value over 200 tc 800 °k whenever data

are available.
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PART 1

Percentage Error of Temperature at Cavity Base ( /D = 0.1)
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e/D = 0.1

K3/Kl = 1.0
0.0
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Error 7%
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e/D = 0.1
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PART I Table 3

Percentage Error of Temperature at Cavity ( /D = 0.04)
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PART I Table 4

Percentage Error of Temperature at Cavity Base (e¢/D = 0.02)
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Table 4.3 K3/K1 = 10 e/D = 0.02
03c3/plc1 dt/d 0 0.2 0.4 0.6 0.8 1.0
S 102 Error ¥
0.75 0.05 0.7 0.0 -0.26 -0.33 -0.37 -0.41
0.10 1.7 0.0 -0.48 -0.66 -0.76 -0.86
0.20 4.9 0.2 -0.72 -0.93 -1.40 ~-1.61
0.40 9.0 1.2 -0.85 -1.78 -2.28 -2.71
0.60 11.6 2.0 -0.86 -2.20 -2.89 -2.50
1.00 13.2 3.2 -0.84 -2.78 -3.76 -4.66
2.00 15.8 4.5 -0.88 -3.66 -5.06 -6.44
3.00 16.7 4.9 -0.99 -4.20 -5.84 -7.56
4,00 17.1 5.1 -1.10 -4.57 -6.38 -8.42
5.00 17.4 5.1 -1.20 -4.80 -6.75 -9.12
Table 4.4 K3/Kl = 5.0 e/D = 0.02
, 0.6 0.05 0.7 0.05 -0.00 -0.17 -0.20 -0.25
i 0.10 1.7 0.24 -0.15 -0.32 -0.43 -0.55
« | 0.20 4.9 0.87 -0.06 -0.53 -0.80 -1.09
0.40 9.0 1.33 0.3 -0.70 -1.29 -1.89
0.60 11.6 3.53 0.71 -0.78 -1.61 -2.48
1.00 13.2 5.12 1.25 -0.88 -2.04 -3.33
2.00 15.8 6.87 1.92 -1.00 -2.62 -4.59
3.00 16.7 7.48 2.15 -1.12 -2.97 -5.33
4,00 17.1 7.72 2,21 -1.25 -3.26 -5.88
5.00 17.4 7.80 2.20 -1.36 -3.49 -6.32
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INTRODUCTION

In the study of transient heat transfer, many experimental difficulties
may arise i1f heat flux sensors or thermocouples are installed direct at the
surface of a body. For example, a probe may be damaged by a piston or a
projectile sliding over a cylinder or barrel. A probe on a melting and

ablative surface of heat shield can be easily destroyed because of high

temperature. Furthermore a surface probe exposed to both radiative and
convective environment may measure an erroneous surface heat flux and
temperature if the probe has a different radiative property from that of
the measured surface. In these circumstances, calculation of the transient
surface heat flux and the surface temperature can be achieved by inverting
a temperature history measured at some location inside the body.

! In general, the prediction of a surface heat flux and temperature by

the measured data at some location interior to a body is known as the

L TR

"inverse problem". Many configurations, such as spheres, cylinders, and

slabs, had been studied by many workers and many methods such as numerical,

graphical, series, convolution integral, and Laplace transforms were used.
! Stolz [1], Beck [2] and Williams and Curry [3], considered the numerical

inversion of the integral solution for semi-infinite and other bodies.

In this method, care is required in selecting a time interval in order

R e el

to achieve a stable solution. Carslaw and Jaeger [4], Burggraf [5],
Koveryanov [6], and Shumakov [7], respectively considered different series
approaches in which generally the local heat flux at an interior location

and their higher derivaties are required. However, it is difficult to

measure experimentally or to process the measured data for the derivative
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of the temperature. Sparrow, Haji-Sheikh, and Lundgren [8], Imber and

Kahn [9], Imber [10], Sabherwal [11], Masket and Vastano [12], Deverall and
Channapragada [13] and Chen and Thomsen [14] applied the transform method.
In these works, the solution is represented in either an integral form
after some manipulation of the contour integral from the inverse trans-
form, or in a series form after an expansion of the solution for small and
large times. Using Laplace transformation Chen and Thomsen [14] introduced
| a polynomial in terms of an error function to represent the response of

thermocouple measurement and the inversion is accomplished for any transient

surface heat flux at the inner surface of a cylindrical tube. In their
study, the cylindrical thickness was assumed to be relatively thick such
that the temperature at a large distance from the heating surface remains
constant. Therefore, only one interior temperature response near the sur-
face was needed in the experimental measurement. Their inversion solution
however was validonly for a short duration due to the asymptotic expansion
of the modified Bessel function in the inverse Laplace transform. Chen and
Chiou [15] studied the inversion problem for the case of a semi-infinite
slab or a thick slab using a Laplace transformation. The exact solution
was obtained from the inverse Laplace transform for any time interval. It
was then shown that their analysis may be approximately applied to the case
of the hollow cylinder if the interior temperature response is measured at
a location close to the inner wall.

This report presents (a) the improved numerical solution of the in-

version solution reported by Chen and Chiou [15] and (b) a further demon-

stration of the capability of the solution.
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The theoretical analysis of Chen and Chiou [15] is recapitulated in
Appendix A in which the surface heat flux and temperature is predicted by
inverting a temperature history measured at some location inside the solid
body. The inversion solution is obtained by invoking Laplace transformation.
Both the surface heat flux and temperature are given by Egqs. (19) and (20)
in Appendix A.

It was thought that the accuracy of the computer program generated

for the solution in the previous report by Chen and Chiou [15]) can be im-

proved further for the following reasons. First, the coefficients bn

(see Appendix A Eq.(11)) in the previous formulation has a dimension of

temperature. Therefore the determination of the coefficients depends on

the temperature range of each particular experiment. It was found that the

s absolute value of the coefficients bn in some cases can become as large as
an order of 1044. Therefore during the subsequently numerical manipulation
in the computer program error due to round off and the standard fixed up
when an underflow occurred may become appreciable. To remedy this diffi-

é ;' culty the dimensionless formulation is introduced in the analysis (Appendix

: 3 A) in which the coefficient bn is also made dimensionless. As a result

E | the magnitude of the coefficient bn can be greatly reduced. Secoundly,

the double precision format was not used throughout the previous computer

i program. It is felt that further accurate results may be obtained if the

double precision format is adopted in the program.

In the following section the new computer solution is shown to be
indeed more accurate. Later the solution is shown to be capable of pre-
dicting a case involving a peiriodic surface heat flux or periodic tempera-

: ture variation.
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RESULTS OF THE IMPROVED COMPUTER PROGRAM

The previous computer program of Chen and Chiou [15] was recast in
dimensionless form and written in the double precision format. The new
computer program is listed in Appendix B. The results predicted by the
new and previous computer program are given in Appendix C and shown in
Figure 1 for the case of the constant surface heat flux. This is the case
in which a steel slab initially at a uniform temperature is suddenly sub-
jected to a constant heat flux Q at one of the surfaces and kept at the
initial temperature on the other surface. Figure 1 shows the solution
predicted by inverting the temperature response at an interior of the slab
from the new and previous computer program. This solution predicted by
the new and previous programs used the ten term representation for the
thermocouple response. The comparison clearly shows the improvement of
the new solution over the previous one. Except for the short time duration
the solution with the new program reduces the error to only one half of
the error of the previous program i.e., an error of less than one percent.
In the short time period the solution exhibits a Gibbs phenomenon* because
of the discontinuity of the surface temperature gradient occurred at initial
condition. The solution shows a 17% of initial overshot of heat flux and
then a 7.87% of undershot before the solution approaches the constant heat

flux. It should be remarked that Gibbs phenomenon is artificially

*
Gibbs phenomena [3]: for a sequence of transformation Tn(t), n =1, 2,...

lim inf
of a function q(t) (here q(t) = constant) if the interval t’to n_’oo'ln(t:).
lim 11
t+to :320 Tn(t)] contains points outside the interval [C+To inf q(t),
lim

t*to sup q(t)] then the sequence is said to exhibit a Gibbs phenomena.
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introduced due to the idealization of the initial condition. In most
practical slituatlions the surface heat flux will be continuous. Therefore,
Gibbs phenomenon will not appear.

Figure 2 (see Table 1 also) shows the comparison between the solutions
for the constant heat flux case with 10 and 20 term representation for the
thermocouple response. One sees that the solution with 20 term representa-
tion after the initial Gibbs phenomenon quickly approaches the expected
constant heat flux solution with a negligible error of less than 0.14 per-
cent. This shows the accuracy of the new computer program. From Figure 2
one also observes that both overshoot and undershoot of Gibbs phenomenon
are smaller for the 20 term representation. Additionally the points of the
overshoot and the undershoot have moved to near the zero time which agrees
with the characteristic of Gibbs phenomenon. According to Gibbs phenomenon
the point of overshoot should approach the initial zero if the number
of terms of the series which represent the thermocouple response is increased

to infinite.

VERIFICATION OF OSCILLATORY SOLUTION

As a measure of applicability of the present inversion solution, a
test problem was solved for the case of a slab subjected to a periodic
surface temperature variation on one surface and held to the initial
temperature on the other. The analytic solution for the problem is given
in Appendix IV where a more suitable form of the solution than the one
given by Carslaw and Jaeger [4] is derived and tabulated for the thermo-

couple response at one tenth of the slab thickness from the surface. The
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PART I1 TAPRLE 1

Comparision of Inversion Prediction and Exact Solution

- NT e [ £ Jec,t) 8(0,t) ERROR*[[ 30 (0,t) | 26 (0,t) | ERROR
0(1,t) || EXACT | PREDICTED 1 aEXACT ggunrcrsu' %
& 0.1]0.0624 (| 0.3758 | 0.3773 +0.399 1.0000 0.9873 | -1.27
] 0.2 | 0.1628 | 0.5315 | 0.5314 +0.019 || 1.0000 1.0014 | +0.14
0.4 ]0.3395] 0.7516 | 0.7516 0.00 || 1.0000 1.0001 | +0.01
- e 0.6 | 0.4882 | 0.9205 | 0.9205 0.00 || 1.0000 1.0000 0.00
0.8 [0.6183 [ 1.0629 | 1.0628 -0.009 || 1.0000 0.9996 | -0.04
i 1.0 0.7353 | 1.1884 | 1.1878 -0.05 || 1.0000 1.9986 | -0.14
. - s Sk
N B 0.10.0624 | 0.3758 | 0.4048 +7.71 | 1.0000 1.0796 | +7.96
0.210.1628 { 0.5315 | 0.5284 -0.58 | 1.0000 0.9391 | -6.09
" 0.40.3395) 0.7516 | 0.7516 0.00 || 1.0000 1.0179 | +1.79
1 w0 0.6 ] 0.4882 | 0.9205 | 0.9205 0.00 | 1.0000 0.9923 | -0.77
4 *, 0.8]0.6183 | 1.0629 | 1.0626 -0.028 1.0000 1.0043 | +0.43
‘ | 1.0 0.7353] 1.1884 | 1.1887 +0.025| 1.0000 0.9963 | ~0.37
f *ERROK % = ((PREDICTED)-(EXACT))/(EXACT)
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surface Is subjected to a perlodic temperature variation with a period of
8 milliseceonds. Fifteen data polnts of the temperaturce response at the
thermocouple location are then input to the inversion program for prediction
of the surface temperature and heat flux. The result is shown in Figure 3
and Appendix C where the data symbol "2'" denotes the thermocouple re-
sponse and '"1" the surface temperature. The accuracy of the inversion pro-
gram is shown in Table 2. Except for the extremely short time period of
0.4 milliseconds the prediction by the inversion program with 15 term repre-
sentation is within 2 percent of error.

The accuracy can be improved more if more data points are used.
Figure 4 shows the predicted surface heat flux which we were unable to
compute from the series solution (Eq. (7) of Appendix D). This demonstrates

the versatility of the inversion solution.

APPLICATION OF THE INVERSION PROGRAM

Three sets of data (see Appendix C) provided by Rock Island
Arsenal for the temnerature response of a thermocouple embedded in a M60
gun barrel were utilized to evaluate the inversion solution. The inversion
prediction for the surface heat flux from all three sets of data were ex-
tremely high when compared with other known data calculated by Chen and
Chiou [15]. Since the program correctly predicted the surface heat flux
for other sets of experimental data it was judged that the three sets of
data may contain inaccurate initial time. For most experimentations the
recording instrument is likely to experience some delay in responding to
the extremely fast transient heat flux typical in gun bores. Therecfore

an advanced shift of time of ! milliseconds in the data was tested. The

51

PU—




3MiBI3dWS] 30BIANS PI3131pdad € sanztd IT 1¥vd

HINI/SLING 20 3%1998°0 = SIXV-A ND 3VDS 20 319928°0 = A *NIw €C-300C01°0 = X °NIN
MINI/SLIING €£0-370C6€°0 = SIXV-X v 3I¥IS €0 39SL3L°C = A XV 20-30009%°0 = X °XVw
20-30%°0 20-39€°0 20-326°0 20-382°0C 20-3%2°C 29-302°C Z0-3L1°C ZO-ICI°C €I-38°C €0-356°C €0-37T°C
1- e B B B B B e St b
1 ? 2-20
!
z I
1 2 11
1
2 -£2
1
T z 1
1
4 1
-£9
1 4 1 1
1
z 1
L4 1
1 L4 1 -£0
4 1
z 1
1 I 1
4 2 1 1
-£2
L4 z I
1 1 I
. ssuodsaa atdnooowtsyy ndil 2 :
2 4 -£¢
2 1 1
z !
2 z i
. z 1 1
4 -€3
z 1
te o2 z 2 1 1
L4 2 1
22 7 22 !
1 1 -€2
1
1 1
1 1
(2anjeasdus] 30BJINS PajOTPILL T
1
1 1 1
1
1 1 1
-£9
1 1 1
1 1 1
1 1 1
{0 (R | i
€0

1
(23S *SSV)I3IWIL SA (°34°93] “0¥0)*dw3l 37dN0ICA¥3IHL INV 327 4¥NS C3I1IICINe

3%23°)

IEST°D

3%62°)

359€°D

36€%°)

3335°)

39¢8°?

LIt

3w

a9eL*d

22




PART II Table 2

Comparison of Inversion Prediction and Exact Solution

Time Surface Surface Error*
(sec.) Temperature Temperature 7
== (theoretical) (predicted)
— 0.0002 189.5041 193.4060 +3.563
0.0004 296. 3119 301.4311 +2.367
0.0006 397.7934 403.8998 +1.921
0.0008 491.4497 498.3988 +1.689
i 0.0010 574.9747 582.5683 +1.534 3
0.0012 646.3119 654.3358 +1.417 4
0.0014 703.7046 711.9396 +1.321 :
: == 0.0016 745.7396 753.9650 +1.236 1
i 0.0018 771.3818 779.3802 +1.157 :
¢ 0.0020 780.0000 787.5615 +1.08
= 0.0022 771.3818 778.3093 +1.00
0.0024 745.7396 751.8527 +0.918
0.0026 703.7046 408.8443 +0.874 i
0.0028 646.3119 650. 3441 +0.712 §4
b 0.0030 574.9747 577.7933 +0.569 %
0.0032 491.6697 492.9790 +0.372 i
. 0.0034 397.7934 397.9893 +0.0616 ;3
8 - 0.0036 296. 3119 295.2761 -0.679 :
: | 0.0038 189.5041 188.8522 -0.595

’: - *Error = ((Predicted - (Exact))/(Exact))x 100
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e BRI

result is shown in Appendix C-3. Figures 5, 6 and 7 respectively show

the predicted maximum heat flux of 1650, 1235 and 2695 Btu/ft2 sec. approx-
imately at 2 milliseconds after the firing, while Figures 8, 9 and 10 show
that the surface temperatures are 273, 234 and 396 degree F. approximately

at 6 milliseconds after the firing. ]
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CONCLUSIONS AND SUGGESTIONS

e The new inversion computer program was thoroughly tested for its
applicability and accuracy. The program can invert an intrinsic tem-
perature response to predict the case of a constant surface heat flux
or the case of a periodic surface temperature within 2% of deviation
except at the extremely short time period. This was achieved with the

St maximum number of 20 input data points.

It is expected that the accuracy of the prediction will increase
if the number of data input is increased.
Based on the experience gained in working with the program the

following suggestions are thought relevant.

(1) In conducting an experiment it is vital that both the tempera-
ture and the time in the intrinsic measurement of surface
heat flux and temperature must be much more accurate than
e the direct measurement. This is because the inversion
g problem always involves predicting a large heat flux or
»% temperature variation from the data with small variation.

Therefore, for a slight error in the time or temperature

measurement a large error will result in the prediction

; o of the surface heat flux or temperature. For example, in
the prediction of gun barrel heat flux considered in

an error of two milliseconds in time will lead to 100 per-

cent error in prediction of the surface heat flux.
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(2) 1In selecting the data points for input to the computer program
care must be exercised not to create a locally abrupt jump in the data.
An abrupt change in data points will often introduce an abnormal fitting
of a curve in its neighborhood and hence resulting in an incorrect pre-
diction of the surface heat flux and temperature. If indeed the abrupt
jump of the data must be used, then more data points in its neighborhood

must also be chosen.
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APPENDIX A ANALYSIS OF THE INVERSION PROBLEM

Consider a slab, having a sufficient wall thickness, L, such that the
-— outer surface temperature has a negligible response when the inner surface
is exposed to a transient heat flux. A probe, for example a thermocouple,
is located at X = X1 and it is normally desirable, as reported by Chen and
Li [16], to be close to the heating surface since a better transient
response and more accurate experimental measurements can be obtained
& to reduce error amplification in the mathematical inversion program.
Under these circumstances we thus assume in the analysis L/X1 >> 1. The

governing equation for the transient heat conduction may be written in a

dimensionless form as

2
| ¥.28 @
T ¢ 9x’

e with the initial and boundary conditions

8(x, 0) = 0 : (2)
;j 8(e, t) =0 (3)
- o(l, t) = £(t) )

Where x = X/x1 is a dimensionless distance from the heating surface and
t = uT/Xi is a dimensionless time or Fourier number with o being the
thermal diffusivity and Tt the real time. 6 = (T - To)/To is the dimen-

sionless temperature above the initially uniform temperature To .

f(t) = (F(r) - T )/To is the dimensionless measured temperature response
o

at x = 1 with F(r) being the measured absolute temperature. The
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inversion problem is then given the interior temperature f(t) to predict
the surface temperature 60(0,t) and the surface heat flux per unit area

)
q(0,t) or 3% = -q(O,t)XI/TOK ; Here « is the thermal conductivity
o

of the solid.
The above problem may be solved by Laplace Transformation. Let the

transformation be:

0

T(x,8) = § 00x,t)e™™ dt (5)

where 6 is continuous otherwise satisfied the Dirichlet's condition. The
temperature function 8 is recovered by inversion of the Laplace Trans-

formation as:

.

c+iw
(x,t) = — S EeSt ds (6)

c=iw

where c¢ 1is a suitable positive value. Equation (1) and the initial

o condition (2) under transformation (5) become:

(=%
@|
|
EPEERS

(7

Nl
]
(2]
@

i which has a solution, with integration constants A and B,

8(x,8) = A e'};’x + Be -Vsx (8) :

The transformation of boundary conditions (3) and (4) into the Laplace
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plane give E(w,s) = 0, 5(1,5) = ?fs). Substitution of the boundary

conditions into equation (8), we get 6 and its derivative as:

8(x,8) = £(s) e s(1 - x) 9)
- g—x =/ B(s) &5 - (10)

According to Chen and Thomsen [14], we choose the temperature response as
measured by a probe to be represented by a polynomial

N

£E) = ), b Ge)® reety 17 arre -1y (11)
n=1 " 2/t

or in Laplace plane

N

s i b
f(s) = e # :E; rm +1) ;I%; (12)
n= ;

The bn's are coefficients of the expansion to be determined such that the
N term polynomial describes :he temperature response f(t) measured at

x = 1. With equation (12), equations (9) and (10) can be simplified to

N
2 - b
8(x,8) = e x/s_ ngl '(n + 1) sliﬂ (13)

N
- 29 = e—x/; :E: F(n s 1)

n
—_— (14)
9x n=1 sl/2+n

The inversion of equations (13) and (14) at x = 0 give:
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N
0(0,t) = Z Bk (15)
n=1 ©
N
- - 38(x,t) P n-1/2 _T'(n+l)
- n;l By t T(at1/2) (26)

where 6(0,t) gives the surface temperature and - 36—(3—;;1 gives the surface
qX
s heat flux K—Tl- as a function of time.
o
The integral of the error function in (11) is defined as:

oo

i2n erfc(—l-) = iZn-l erfc (y) dy (17)
2/t L

2k

L g
with n =0, erfc (y) = /—E S e " a% I'(n) in equations (11) and (16)
m y

a is the gamma function or Euler's integral function of the second kind.

% T'(n) = S e—wwn_l dw (18)
0

It should be remarked that the choice of the particular form (11) is to
ensure the convergence of the solution on the Laplace plane and an analytic
inversion back to the physical plane. With bn coefficients determined

4 from equation (11) and the experimental measurement of the temperature
response f(t) at x = 1, the surface temperature, Tw(t), is obtained

from equation (15) as

N
- n
Tw (t) = To (1 + rz;l bn t ) (19)
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and the heat flux, q(t) = from equation (16) as:

Xl x| x=0

N
a(t) = }E: p ¢P"1/2 _I(n+l)

K
0
X, g1 ° I'(n+l/2)

The above solution is the exact solution for predicting the transient
surface heat flux and temperature valid for both short and long time dura-

tions as long as the slab is thick enough such that the outer surface

maintains its initial temperature. The feature of the present solution is
the polynomial (11) which on the Laplace plane gives a term in equation
(12) exp (-/s) to cancel the term exp (/s) in equations (9) and (10).
This polynomial (11) as suggested by Chen and Thomsen [15] makes the pres-
ent solution simpler than many inversion solutions derived in the past and
valid in any time.

If the fluid temperature, Tg(t), away from the surface of the slab
is known, then the instantaneous heat transfer coefficients, h(t), can

be determined from Newton's cooling law as:

" q(t)
h(t) T =T (O (21)
g w
where heat flux, q(t), and wall temperature T (t) are given by
w
equations (19) and (20), and the average heat transfer coefficient up
to time ¢t E(t), can be defined as:

9
F q(t') dt'

R(e) =2 (22)
[T (t') - T (¢')] de’
0 g w
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APPENDIX B

IMPROVED COMPUTER PROGRAM

Cartesian Inversion Problem
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Appendix C
Appendix C

Appendix C

APPENDIX C

NUMERICAL RESULTS

30 Constant Heat Flux Case
2 Periodic Surface Temperature Case
3 Gun Barrel (M60) Heating
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