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ABSTRACT

in  or d er  to est i ”oit - sea ice clrj~ c. deforma tion usinq LANDSAT
-~~i r - r v  tar ri m shore , i t  i s  c - s  s -: I t r a n s f e r  t h e  local I ’ : ,

- o r d i c u t e s  of a cor ip i o r ~ -c - t  of t i - i t  u r i s  from one i r u i q e  to an other
The i - - u r i c v  of I h e  d r i  I i t -  m l  t I r e  vo rt icity determination is
P ~~~d r r t  upon the i c c u r I c v  ot the coordinate transfer. The strain
r a t e , on t u e  t l r - r  hand , i s , wi th c er t ai n  important e x c i ot i , n s , de—
t i u li n i t  only u n i o n  the accuracy with which common i ce  f e a t u r e s  on a

1 i r r u i n -  s can he hi cu hr  i n t o  c o i n c i d e n c e .  The key  e x c i - ut  ion
h e re  i s  t h i t  er r o r s  in the  r o t a t i o r r  of the c o o r d i n a t e  s y s ti r  t h a t  a r e

rc r r , - I  j u t  in c  t he  t r a n sf e r  process  w i l l  i n d u c e  s p u r i o u s  s t r a i n  r a t e s
i f  v e l o c i ti e s  are e s t i m i t e d  Lv merely subtracting loca t ion coord inates
in a r ct - an lular coordinate system. This important effect will also
s - c u r i f  r qiven rotatino floe is used to establish a common coordinate

Sy st em .  S u c h  s p u r i o u s  e f f e c t s  can be avoided by u s i n g  an a p p r o p r i a t e
l i s t — s j u i r e s  strait t r o c r i r -  in polar coordinates.

A semi-au tomatic procedure for rap id ly  and a c c u r a t e l y  tr a n s f e r r ing
ice coordinates  f rom one LANOSAT image to a n o t h e r  and f o r  s i m u l t a n —
o o u s l v  s t i m a t m n y  a l l  l i near  mea s u r e s  of the ice d e f o r m a t i o n  is desc r ibed .
The p r oc ed u r e  l ik e s  into account the non—parallel nature of the longitude
l i n e s  and th~ f i n i t e  c u r v a t u r e  of the l a t i t u d e  l ines , f a c t o r s  w h i c h
ir e  i rt icul arl y critical in the polar reg ions. Necessary inpu ts are
t h e  l oca t i on  c o o r d i n a tes ( l a ti tude and long itude) of the center of
ouch i n u r e  and the location of two arbitrary points on a line of

• l o n g i t u d e  on the image . This input information is then utilized in a
set of e q u a t i o n s  w h i c h  g ive  the  e f f e c t i v e  r o t a t i o n  and t r a n s l a t i o n
ri -i d i d  t o  t r a n s f e r  t h e  n o r t h — s o u t h , e a s t — w e s t  axes centered  on one
image onto sim ilar axes on another image. These equations , which  are
valid over dis tances of several hundred kilometers , bypass the complex
and t i m e — c o n s u m i n g  p r o c e d u r e  of p r o j e c t i n g  p o i n t s  on the  sp he ro id .
Af ter t h e  transfer of common ice feature locations (on successive

~ir-sl is completed , a least—squares program yields the average strain
ra te u n d  v o r t i c i t y  with the strain rate being independent of errors in
the t r a n s f e r  of the c o o r d i n a t e  s y s t em .

The u c c u r u c i es  of the v a r i o u s  e l e m e n t s  et  t h e  p r o c e d u re are
examined  usi ng imagery over land and are found to In- dominated by
deviations (as large as 8 km) of the actual p o s i t io n  o f t h e  cen t - i  I
the i mu te from its stated pos i t ion . The average erro’s p r o d uce d  Lv
t In i c  d v  i t  ions  a re  f o u n d  to he less t h a n  t y p i c a l  i n n -  d i v  i c i -  dr
c lj s t m ci-s o b s e r’ i d  i t t  t h e  t l i - i u f r o  t Sea . S i m i l a r l y  e r r o r s  i n  i t -
r o t  i t  ion of t h e  c o o r d i n a t e  sys tem due t o  i nac c u r a c ie s  i n  len t i t c h -
l i n e s  i i i  i n  t h e  c e n t e r  l o c a t i o n s  were  l e r i n d  t o  u n d u e,-  \ i r t  c i t y
e r r o r s  of t h e  or  er  of 0 . 5 % .  A l t h o ugh  t h e s e  e r r o r s  s i - r i -  i l  -u s i o n i f i  —

c u t , they  were  less than  t y p ica l  sea ice v o r t  i c  i t  j e s  l o o t  t i -  I n  t
same a r e i .  W i t h  r ega rd  to s t r a i n , d i s t o r t i o n s  and nn u n r — l i t n e u r i t i i -s i n
i m u - p - s  w e r e  f o u n d  to c au s e  s p u r i o u s  s t ra i n s  of t he  o rder  i t  0 .  l~ i i
day. This i s  somewhat  s m a l l e r  t h a n  t y p i c - i l  s p i t  i i i  v a r i a t i o n s  i n
st  r u i n  t h a t  i r e  produced by the  n o n — l i n e a r  n a t u r e  ot  t h e  i ce  v e l o c i t y

e ld  when i t  i s  observed on t h e  s c u l e  of  - $  LANDSAT m u t e .
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1. INTR C’IJUCTION

One use of satellite imagery of considerable importance in sea ice modeling
is the estimation of sea ice drift and deformation in order to provide observa-
tional checks on model results. This can be done by determining the absolute (on
the earth’s surface ) and the relative positions of the ice by examining satellite
images that are sequential in time . Although long time series are rare because ‘i f
the i n a b i l ity of mos t sensors to pene t ra t e  clouds cur ren t image ry i s , nevertheless,
well sui ted for examining Spatial variations in ice deformation and drift. In
particular , the use of LANDSAT imagery for estimating ice d r i f t r a t e s  nea r l and
has been examined by Uibler et al. (l974a) and by Shapiro and Burns (1975 ).

In these papers the basic procedure has been to identify common features on
sequential images so that relative distance changes can then be measured . If some
points on the image of interest are on land then drift rates in addition to defor-
mation rates may be estimated since the land points do not move. It appears that
for greatest accuracy the identification of common ice points is best accomp l i shed
by overlay ing two transparencies and shifting these until a common ice floe or
land feature comes into coincidence ; a technique first used by Crowder et al.
(1974) and Nye and Thomas (1974).

However , when LANDSAT images far from shore are used for analysis , the problem
of obtaining both drift and strain rates becomes considerably more difficult. The
principal difficulty with drift rate estimation is that no immovable land points
are a v a i l a b l e  fo r  “ca l ib r ation ” and consequently one has to use the coordinates of
the centers of the images as well as available longitude marks to fix the imaqe
locations. In princi pal the problem of drift then becomes one of first projecting
common ice features (on sequential images) on to the spheroi d an d then back on to  a
common tangent plane. A somewhat more useful procedure , which we will discuss in
th i s  paper , is to transfer the coordinates of both images (considered to be tangent
planes) onto a common intermediately located , tangen t p lane. In practice , such a
procedure simply consists of appropriately translating and rotatinq the polar
coordinates of a l l  points in sequential images to the coordinate system of the
first image.

The estimation of the strain rate , on the o the r  hand , is dependen t in a more
subtle way on the transfer of coordinates from one image to another . The key
problem here is caused by spurious rotations of the coordinate system that can be
induced by errors in longitude lines. Such spurious rotations can also be induced
by using a common rotating floe to establish a common coordinate system. The
basic problem is that if velocities are estimated by merely subtracting location
coordina tes in a rectangular coordinate system then such spurious rotations will
induce concomi tant errors in the diagonal components of the strain rate tu’nsor .
Such undesirable effects can be avoided by using an appropria te least-squares
Strain program in polar coordinates, an example of which will be discussed later.

The final deformation parameter , vorticity , is dependent on the transferral
accuracy in much the same manner as the drift rates. This is because the vortic ity F
is closely related to the rotation [see for examp le Nye (1974)] of the pack ice
(for a solid body rotation the vorticity is proportional to the rotation) which in
turn is a func tion of the drift rate as well as the azimuth orientation .

In the following section of this paper the various elements of the coordi-
na te t r a n s fe rr a l  tech n i q u e  and the least squares  st r a i n  est i m a t i o n  procedure
men tioned above are discussed in more detail. In addi tion the accuracies and
limi tations of the various components of the technique are examined using imagery
over land. Finally several sequences of sea ice LANDSAT images are examined in
order to ill ustrate typical drift rates , deformation rates and st - it -ial variations
i t  the strain rates.

2.  COORDINATE TRANSFER AND STRAIN ESTII’4ATION TECHNII)UE

2 . 1  COORDINATE TRANSFER PROCEDURE
In order to estimate drift rates from LANDSAT imagery far from shore it is

necessary to  transfer the location of a common set of ice features from one ima u-
to a n o t h e r .  For t h i s  purpose i t  is conven ien t  to view each LANDSAT i m m u re  as a —
plane tan ;u’nt to the Earth’s surface at the center of the image. The ii oorut inate s

i f  the cen ter of th i s  p l a n e , as es t ima ted f r o m  the sa te l l ite orb it , are  g i v e n  on
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th e image. For orienting an x—y axis on this plane we consider a right handed
coordinate system with the x axis pointing North in alignment with the long itude
line passing through the center of the image.

Let us now consider two images whose centers are tangent to the earth ’s
surface at latitudes (8) and longitudes (4- ) of (a , •) and (0 ’ , ~~

‘)  respectively.
One way of transferring the coordinates from the plane of image 2 to the plane of
image 1 would be to project the coordinates on the spheroid from plane 2 and then
from the spheroid onto plane 1. Such a procedure is relatively complex , espec-
i a l l y  if a nonsphe r i ca l  s u r f a c e , such as the International Spheroid is used for
projection. A somewhat simpler procedure would be to project both images onto a
common plane tangent at some intermediate location . Moreover , as a first approxi-
cation we can assume that all three surfaces are essentially co—planar , i.e., all
distances between two ice features projected on any of the three planes are taken
to be the same. The errors induced by such an assumption are of the order of

where d is the separation between photo centers and R is the earth’s radius .
Once such an assumption is made then the transfer of coordinates becomes one of
simple translation and rotation .

In order to set up a geometry for this transfer we assume that both images
are in the plane whose perpendicular is given by the cross product of the two
north vectors tangent to the earth at latitude 8 , and parallel to the longitude
l ines i and ~~ ‘ . The ang le between these two vectors defines the angle between the
x—axes of the two image coordinate systems for image centers on the same latitude
line. For simplicity we also take this angle to be the same if the second image
is on both a different longitude line and a different latitude than the first,
aga in  an assumption inducing errors  of order d3/R 2. By taking an inner product,
the angle between these two vectors -y,  is

-
~ 

= cos~~ {cos
2 

~ + sin2 o cos

For small values of ( -
~~
‘— ,‘ )  this expression reduces to

Y ~~~~ 
~~~~~ — E i ’ -f l 2 

~~~~

c~i cos~~ from ~~~~~~~~~ 
sin = 

~~~~~~~~~~~ 
sin 8

With the above assumptions the geometry for the coordinate transfer is given
in Figure 1, where points 1 and 2 are the centers of images 1 and 2 respectively.
The angle of rotation between the coordinate systems is given by y and the trans-
lation dirtance is defined by the chord distances D1 and D2 along the la ti tude and
longitude lines. The values of D1 and P2 can be calculated from the expressions :

2 sin
D
l 

= —t-~
-
~~

-T-—— - DLAT

- Io ’ — o
2 ~~~~~~~~~

D2 
= [ o ’ -0T~~~ ~ LONG

where 0LAT is the distance on the International Spheroid between longitude • ‘ and
measured along latitude line 0 and 0LONG is the International Spheroid distance

between latitudes 0 ’ and 8 measured along longitude line ~~ ‘ . Approximate expres-
sions for these distances are given on page 1187 of Bowditch (1958) . Another
alternate approximation for these distances may be obtained by using a sphere with
a rad ius  equa l to the average r ad iu s  of the In t e rna t i onal  Spheroid as a model fo r
the earth’s surface. If this is done , however , it is fairly important to convert
the geographical coordinates of the image centers to parametric values.

In order to give an idea of the errors induced by the approximations in the
coordinate transfer procedure, we have compared the distance and angles between a
number of points obtained using our LANDSAT projection procedure f or both a
sphere (referred to as the LANDSAT SPHERE) and the International Spheroid (referred

597
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to as the LANDSAT S P H E R O I D )  w i t h  t h e  r e s u l t s  i t t i  n i l  by u s i n t  a r i l , i n . u r  0 i O  C t  i o n
onto a fixed pla ne tangent to point I. l o t  t t i i - : i n h u - r i c a l c u r i o s , ~~i -  ‘ i n t  di r t -il
point 1 to be at lat 80°, long  0° in  h i ’ , -  a l so  i t i n i - r i t h - r i - i l  9 n t h m - r  r o i n t  5 , 3
loca ted a l o n g la t 80° at i n i i - r i - i s i  ny l i s t C i i i -s l w _ i r i  n h’ w i - u t  , 3 l i i i  t i - i l  -i 1 i c r
long 0° at increasing dist urn - i - s ti -s - arc t b -  n i n t h  i n t  3 l i i i - i t , - l  at i n n c r u - a s n - r
dis tances toward the northwest. The r i - s t i l l s  - i n ’ -  sunima n j ,u- l in ‘H i l l , I suth posi—
t ive ang les being measured i n  a e l  i - k w  i se di r i - i ion f t i n - i  t h i -  x m i t t  h i  :o-: i
Point 1 is taken to be the or  g i n .  In  t h e  to l u - r u - a 1 i i  I c u l u t  i o n s  a r a d i u s  i - - n c r  1
to the avera ge r a d i us i t  the I t t e r n - i t  i o n al  : c - i u i - r  - i l  w u s - : ; i l . The i n n - i t  c i r i - ~~e
dis tance was -om~~t i t i - I  u s i n n i n  t b -  s t - h i - n  i c i l  S u n  I

Tab le  I shows t h i t  t h e r e  i s  ‘‘ u - i c  l i t  I he l i t  t o r i - t i e , -  I a - I S - I l u ’  c c i  ious pro ec—
t i c - s  with the maxii nnum d i l l  i - r i - r i - , -  t i - i n - i l - - i t 1 kr  i t  00 kr- . in act - ti _ i l n i ci  ic i-
the maximum transfer distances ar m -  i u r i - i y  - n i i - - i t e  r ’ h i n  250  km so t h a t  d i f f e r e nce s
in the va r i o u s  1 1 - il  ed i o n s  a t -  h a r d l y  S n  i n  t i - i t t .  ~ t i  n i - t a r i _ n -  r u t i -s worth
noting are that t h i  LANDSAT s m - m t t - : H t  1 r u - i ~ t i n - n u : i - s  s i t  l i t  I’; ci i - i t ’  r d i s t m c i - n ;
than the planar pr l u - c t  i on and a ri- conseq u ’ - t n t I ~‘ d o u r - n t  - - t ci rc h i - di t u t  i r e’ - S .
In the case - -f p o i n t  2 l u - i t - F  in a t r u i r ’  F - ~- ,- - s ’ i n -i - i  ion i i i :  n m  i n -it 1 , th u I.ANDSA1
S P H E R E  t r a n s f e r  t i - c t ; n i i que  - n  i c - c  s li ~~‘ ly cr~~~’ - r - t i- ’ ,l n i e m - s  t i n  h-  g r  i - u t  c i r u -li-
dis tances. This is a consequence - n assuminq , is - tn -n - i n  I - i n u r e  1 , t h a t  tb -
longitude lines ire straight. For - i  n - i - T m - r n  i i  t i c  i i  I us’ r a t  ion of t he  t i  - :  i . i t  ion
h ’-t w e e n  the P l an a r  ~u n I  t h e  L A N U S A T  5 i W l u t  - n  - o c t  u n i n 1 s  s i -  h i : - - i n  I - i - e u r o  2 n I ’ - ’ n e - I
t he  d i f f e r e n c e  in i n n  Ic and d is t  i r o n  - 1 , - I s  I l i i  se ’wi - p r o 7  u - c t  i ons  f ’ n
n o r t h w e s t  p o i n t s  l i s t e d  i n  T a b le  I .

TABLE I . n i  i t I I A l u  I SON OF mu [ ,NAI ’  A’; !)
L_-’i N l ) S A T  PRO .J I t ,

I i c . u t  ion of i n n i t  i i i ~~~ I . 80°~., 0 ) - . .
R a d i u s  of t i i - f e r i - n n c e  Sn  h i r e  W .iS  - 3 7 1 . 2 9 9  km

Or e a t  1,A N f l . ~AT S P H E R O I D
L o c a t i o n  of C i r c l e  LANDSAT S P H E RE  P l a n a r  P r - P - c t  i n n :  P r o j e c t i o n  r u s i n a

F in a l  P t  D i s t - i :n c e  P r o j e c t i o n  u s n n i - i  i d - h i - r i -  I t  - r n ; , i t i s u l
SI t n e r i~~ °

Lot  D i s t a n c e  D i s t a n c , - A n n i e  D i st a nc e  A n i l e  D i s t a n c - e

0°W 81.2°N 133 .439 km 0° 133. -I I i  km 0° 1 3 3 . 4 2 9  km 11° 1 3 3 .5 7 2 . -
0°W 82 .6°N 289 .117 0~ 289.092 0° 289.018 0° 289. 41 4
0°W 85 °N 555.995 0° 555.819 0° 555 . 2 9 0  0° 5 5 u  . 4 1 5
6°W 80 °N 115.806 —87 .046 11 5.804 —87.045 115. 7i)9 —87.044 115. 1’:
14°W 80 °N 269. 681 — 8 3 .  106 2 6 9 .  ( l i t —83.305 26). Ii i4 O — 83.10 5 2 c m
25°W 80 °N 479.030 —77 .690 478.917 —77.684 4 7 8 . 5 7 m t  — 7 7 . 555  4 7 9 4- t i

6 ° W  8 1 .2 ° N  172. 110 — 3 ( n . 30 8  1 7 2 . 1 1 1  — 3 6 . 3 0 2  17 2 . 0 8 i )  — u 5  1 1 0  1 7 2 . 2 1 4
14 °W 8 2 . 6 ° N  3 7 0 . 8 7 4  — 3 2 . 1 1 3  3 7 0 . 9 1 5  — 1 2 .  390 370 . 1 1 3  — P3 . 4 1 1  3 7 1 .  P~~
2 5 ° W  85 °N 6 5 1 . 4 7 7  — 2 1 . 2 6 2  ~~~~ 7 5 )  — 2 1  . 12  551) . -H — 2 1  - m l 52.  4 5 i 1

*The p i r a m e t r i c  l a t i t u d e  v du e s  of t i n , -  u n i t s  u n t o  I f o r  t h e  s n l ~~- i  i ’ u
c a l c u l a t i o n s  were  con ’’ i ’r q  i - i l to i n , - , i i r . u 1 i t u i c , r l  l j i !  i t  I i  ‘ , u l i i -s n • - n  i n-t m - w i t h
t h e  Sp h e r o i d  p r i )  r in’ .

2 . 2  LEAST—SQUARE S S T R A I N  RATE AN I )  V O R T I C I T Y  ES T INIm r I
I n  pr i c - t i c e  t he  e s t i m a t io n  i f  n i t  r u i n  r a t - i  i n  Insist I , i I i l i y s i c i l  n u i i i a , t o r i - t i  m u

ice shee t s  or  rock masses , is n n i , i dc  t y : t u i - a s u r i nu ;  t b ,  r , ’ l a t i : -  n - m u  I e m s  1 - i  n i
of p o i n t s  ve r s u s  t I inne . Such i n f o n n n i i t  i on  is t h e n  used t i  i -s t ‘ l i t  - - i d  — s q u z i  r
s t r a i n  r a t e s  in  one of two w a y s .  The f i r s t  of  t h i - n u e  , w h i c h  h i s  i - n c - n i l  l v  l i i i -  urn - u t
i n  n tu d i es  of - m t - i c i e r  i l i - t o r a n i t  i on , n u n  l i - i - r i  t o - . i l i ’u l n u t i - I n - u i  S t  i n n s  . r I n c r  a
v a r i e t y  of s t r a i n  l i n e s  as .u f u n c t i i t i  of t u t u ’ - , md t h u - n t  i - t i -  t i n _ i t  such i n n
si  ona 1 S t r a i n  r a t e s  a lony  g i v e n  l i n e s , 5 5 ’  1) 11 ’ , wtu i ch wi - s t i . u  1 1 i i i  ‘ - I - v  ( 10’ ’ I
i n n  r e l a t e d  to t h e  s t r a i n — r a t e  I - n i s o i  by

~ (pp ’ ) = 
~~~~~ ~~~~ + 22 S i t n ’ ’ 2 12 510 i t S
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where 8 is the angle between the line pp ’ and the x axis of a chosen coordinate
system. This result is easily obtained by transforming Cjj into a coordinate
system with the x axis parallel to pp ’ . In this equation the strain rate tensor
is denoted by c13 and is defined by

rlu. Su , ’_ l i  1
1,3 J 1

This procedure was used for sea ice measurements by Hibler et al. (1973a ) and a
derivation of a least—squares application of such an approach is given in Hibler
et al. (l973b) . One drawback of this technique is that all lines are equally
weighted regardless of their length , whereas in fact it is physically reasonable
that longer lines should be weighted more heavily since they will presumably be
more representative of the broad scale continuum motion that is of principle
interest. They also will be less affected by measurement errors. A second draw-
back is that such an approach does not yield a vorticity, w , defined by

- i [mt U
2 

3u 1w 
~~

‘ L~’~ 
-

The second way of estimating least—squares strain has been to note that the x
and y ice velocities at position i, (us . ,  uy.) are related to the strain ra te and

vorticity by (assuming a linear velocity field)

u = x~ ~~~~~ 
+ 

~~~~ 
[~ 12—w ] + A 11 (1)

U X .  I t  + w ] + y .  t
1 12 1, 22 2

A complete discussion of the application of least—squares equations of this type
to sea ice deformation is given in Hibler et al. (1974b) . This reference also
discusses the estimation through least squares of the experimental measurement
error for the strain rates and the inhomogeneity error due to nonlinearities in
the ice velocity field . In standard analysis these two types of errors , which
come from very different origins , are not usually separated . This second approach
also has the advantage that the velocity points further apart automatically affect
the strain—rate estimates more than do velocities of points close together. Also
the vorticity is computed in a normal least—squares way .

A drawback to this approach is that if velocities are estimated by merely
subtracting location coordinates in a rectangular coordinate system errors will be
induced in the strain rate by spurious rotations of the coordinate system. The
basic problem can be easily visualized by examining Figure 3. In it we consider
three points , which are stationary relative to one another and consequently undergo
zero strain. Using the three relative distances between I ’ ~se poin ts we would in
fact find a Strain rate of zero for all components of the strain rate tensor.
However , using rectangular coordinates and equations (1) we would obtain for a
clockwise rotation of 0 radians per unit time the strain rates and vorticity:

c 12 = 0

c 11 = = cosO — 1

w = sinS

or for a 30 rotation 
~11

=
~ 22

= -1.37.lO~~ per unit time . A consistent way around
this problem is to calculate the coordinates an~ velocities of the points in polar
coordinates using as the direction of the unit r and vectors the initial polar
coordinates of the points. In particular if the initial and final positions of a
point  are given by the polar coordinates (r,8) and (r ’,i ’) with 0 measured clock—
wise from the y axis, then the x and y velocities are given by

- 30
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(r ’ — r )  s i n - -  + n h ’ — ’ )  cos-

u~ = (r ’ — r )  cos t — r h - — i )  s in’,

U s i n m )  these v e l o c i t y  e s t i m a t e s  in equa t ion  1, we would ob ta in  ( u s i n g  F i g u r e  3)  fo r
a c l o c k w i s e  r o t a t i o n  of S per u n i t  t ime :

11 = ‘ 22 = 12 = 0

w = t o ’ - - )

I n i r  the  general  case of many po in t s  u t i l i z i n g  l e a s t - squa re s  equa t i ons  based on
l-~~m n e r t i O n S  1, i t  can be shown (H ib le r  et a l .,  1974b)  t ha t  a d d i n g  a cons t an t  ro ta—
t i o r t  to a l l  ang le s  o n l y  changes the v o r t i c ity .

Resides the special example considered here , t h i s  ro ta t ion e f f e c t can be
illus trated by actual data. Such an illustration is given in Figure 4, where
i- an Gus rotational errors in the coordinate transfer of five common ice features
between two LANDSAT images was purposely added . As can be seen , in agreement with
the s i m p le example of Fig u r e  3 , rotations of 3° can cause significan t undesirable
of f e c t s .

In u s i n g  t h i s  “ po la r ” t echn ique  i t  should be noted t h a t  as long as one chooses
one of the  po in t s  as the ori g i n , where the center  of ro t a t ion  is located has no
e f f e c t  on the r e s u l t s .  This  is because a l l  l i nes  connec t i ng  p o i n t s  w i l l  r o t a t e  by
the same amount regardless of where the center of rotation is located . This will
not , however , be true if one chooses f o r  the orig in some arbi tra ry  poin t  which  may F
no t ac tu a l l y  represen t a poin t on the ice .

3. EXAMINATION OF ERRORS IN THE TRANSFERRAL AND
STRAIN T E C H N I Q U E S

In order  to tes t  the proposed technique  in a c t u a l  p rac t i ce  we have u t i l i z e d  a
number of over lapping LANDSAT images of A l a s k a .  From pairs  of such images common
land features were identified and their coordinates were transferred from the
second image to the coordinate system of the first image. Because the points were
“ immovable” , apparent motions could be identified as errors.

3.1 TRANSFERRA L ERRORS
Af ter examination of a number of such image pairs it became apparent that the

dominan t source of error in the coordinate transfer was the result of inadequacies
in either the information given about the images or in the images themselves. In
fac t, the greatest problem was caused by deviations between the actual location of
the center of the image and its stated location On the average these positional
inadequacies induced errors of the order of one kilometer . Such errors , a l t hough
much greater than the errors inherent in the transferral equations , are still
gener a l l y acceptable for purposes of estimating ice drift rates.

The actual errors obtained from a series of 6 photo pairs are given in Table
II and Table III . Table II gives the average distance error , with a standard
devia t ion , of several common points on pairs of overlapp ing images. Note that the
standard deviation is quite small (~~~.l km) indicating that the translation error
varies li ttle with the location of a given poin t on the image. In Table III rms
e r r o rs be fo re  and af ter correct ing the loca t ion  of the center  posi t ion are g iven.
The center positions were corrected by overlaying the images on accurate survey
maps with a zoom transfer scope. As can be seen from Table III , u s i n g  the act u a l
center position improves the translation errors by about half a kilometer on the
overage. The actual errors , however , between the true and stated center location
can be as large as 8 km. This is illustrated in Table IV , which summarizes the
center position errors of 17 photographs. The maximum deviation observed was 8.12
km (in the east—west direction). These numbers are in general agreement With the
s tud y by Colvocoresses (1974) who has found 1 to 8 km errors in the l a t i t u d e  and
l o ng i t u d e  cen te r  i n d i ca t or s  on LANDSAT photos.
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TAbLE I I .  MI -;A ~ -rRAN SLATI ON ERRORS F ’POM
S E Q U E N I I A L  IMA G ER Y OVER ALASKA .

(Ac tua l - Translated Distances] in km

Photo Pair X(North) Y(East)

1 —1.66 ÷ .055 1.14 i- .152

2 — 2 . 1 3  + . 231 — . 41 + .329

3 — 1 . 6 3  + .171 — .475 ± .126

4 —2.4 3 + .208 — .190 + .182

5 — .53 -s- .163 .10 -~ .051

6 + .17 -F .058 .21 -4- . 162

TABLE II I .  RMS TRANSLATION ERRORS .

Photo Pair Before Center Position Correction After Center Position Correction
:.X (North) Y (East) ..X (North) ~~~ (East)

1 1.66 km 1.14 km .37  km .11 km

2 2.14 .49 1.22 .49

3 1 .63  . 49 . 7 2  .15

4 2.43 .24 .53  .13
5 - 5 5  .11 . 55 .58

6 .17 . 25  .20  . 2 4

Average  1 .43  ± .89  . 45 ± .37 .60  + .35 .28  + .20

TABLE IV. SUMMARY OF CENTER POSITION ERRORS FOR
17 IMAGES OVER ALASKA.

X(North) Y(East)
Max. Deviation 1.73 km 8.12 km

M m .  Deviation 0.20 0.19

RM S Deviation 0.84 3.50

The reason that such center errors do not induce greater errors in the trans-
fer appears to be due to the consis tency of the offset errors; that is , pairs of
photos w i l l  have s imi l a r  errors  in both the m a g n i t u d e  and the di rect ion of t he i r
center  pos i t ions .  This  appears to be espec ia l ly  t rue  fo r  the longi tude  errors
which although large (see Table IV) do not seem to p a r t i c u l a r l y  e f f e c t  east-west
transferral accuracy (see Table III) . Latitude errors on the other hand seem to
be smaller but perhaps more random (see Table III and IV). However , there is no
assurance that the updating of orbital parameters will not be made in the middle
of a sequence. Consequently, for this and other reasons related to strain ,
discussed la ter , it would seem advisable to examine at least three photos in a
sequence when estimating drift and deformation.

3.2 STRAIN AND VORTICITY ERRORS
As discussed earlier , if appropriate least—squares programs are used , strain

estimates will be independent of coordinate transferral errors. These estimates
will , however , depend upon the registration error of common features and upon
nonlineari ties in the photographs. Besides being dependent on such factors ,
vorticity estimates additionally depend on errors in the orientation estimates of
the coordina te systems on the two images. To make a direct estimate of these
errors we calculated least—squares strain and vorticity for the photo pairs used
in the above transferral study. The results are shown in Table V where we list

i - i )  — 
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the average strain rates and vorticities (which should be zero sinc’ there has
been no motion) together with the inhomogeneity errors. As can be seen , on the
average the strains are of the order of 0.1 to 0.2% per day which would represi-r t
a 0.2 km variation over 100 km , the approximate size of the arrays we were using .

TABLE V. APPARENT STRAINS ON LAND MASSES.

Units: Peçcent per day
Photo Pair c ‘yy Shear vorticity

1 —0.069 ± 0.106 —0.276 ± 0.087 0.044 ± 0.069 0.063 + 0 . 0 - Y

2 —0.178 ± 0.041 —0.033 ± 0.108 0.247 ± 0.058 —0 .386 + 0.058

0.024 ± 0.049 0.098 
~ 

0.053 —0.246 
~ 

0.036 0.143 + 0.036

4 —0.241 ± 0.104 0.118 ± 0.098 0.108 ± 0.072 —0.051 + 0 .072

5 —0.142 ± 0.046 0.159 + 0.053 0.109 + 0.035 0.294 + 0.035

6 —0.020 ± 0.157 0.402 ± 0.089 —0.078 + 0.090 0.125 
~ 
0.090

RMS 0.139 0.219 0.159 0.215

However, not all the error can be attributed to random errors such as the
registration errors. If this were the case then the average strain rates in Table
V would cluster around zero with the error being somewhat larger than the average
strain. A more Consistent way to interpret the results in Table V would be to say
that in addition to registration errors there are certain distortions in the
photos. Assuming such distortions are approximately linear , the  es t ima ted  st r a i n
would be equal to the average distortion with the residual error indicative of the
registration error. For the six photos analyzed the average residual error is
86 m which is almost exactly the stated resolution (80 in) of the LANDSAT multi—
spectral scanning system. The rest of the strain can be accounted for by saying
that distortions induce about 100 m errors per 100 km. Consequently as a practical
manner for estimating experimental errors in strain we can assign equal errors of
about 100 m to the registration of points (which is in agreement with Colvocoresses
(1974) estimates of geometric fidelity) and to image nonlinearities over distances
of 100 km.

The m s  vorticity was only a little larger than the m s  strain rate indicating
that rotation effects were relatively minor. However , comparisons of the angles
of the line of longitude passing through the center of a LANDSAT image , as obtained
from different lines of longitude marked on the image , indicate that the estimated
angles often differ by 0.01 radian. This effect is somewhat ameliorated by takinq
the average estimated angle from two longitude lines located as near to the image
center as the image tic marks allow . Still , because of such errors , it would seem
safer to assume the experimental vorticity error to be of the order of 0.5% per
day.

4. EXAMPLES OF DRIFT AND DEFORMATION
RATES FAR FRO M LAND

To illustrate the application of these techniques to actual sea ice drift and
deformation measurements , we examined three sequences of images from March 1973 in
the region 78°N’, 170°W. The starting position and day for each sequence is shown
in Figure 5. Seq . 11 consisted of 7 images; Seq . 12 , 6 images; and Seq . 13 , 4
images. Four to six common ice fea tures were dig i t i zed  on each sequential image
pair and the average drift and deformation calculated . The drift rati-s art’ shown
in Figure 6. The westward drift rates generally decrease as one moves to the
nor th , a fact which is in general agreement with the clockwise motion of t h e
Pacific Gyre. Also the drift rates are on the average severa l kilometers a day
which is larger than the observed transferral error of about 1 km per day. In
general these drift rates also agree with average drift raton of ice islands which
are found to ty p i c a l ly drift about 3.6 km/day in this region (Dunbar and Wittr rann ,
1962).

In presenting the deforma tion rate results , it is convenient to consi I”r two
day running means , which are illustrated in Fi gure 7. In this figure Ci ’ show the
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two invariants of the strain rate tensor (in the form of the divergence rate and
the maximum shear) and the vorticity. One reason for using two day running means
is that the inhomogeneity errors (and the experimental errors as measured in the
last section) are rather large. A summary of the divergence rate inhomogeneity
errors , for these three sequences is given in Table VI . By averaging the strain
rates over two days these errors will generally be smaller than the divergence
rates. Moreover , the deformation rates from the various sequences seem to be much
closer to one another when averaged, a fact which seems reasonable since the
sequences are only several hundred kilometers apart.

TABLE VI. AVERAGE LEAST SQUARES DIVERGENCE RATE ERROR

Sequence Error (l0 3days~~ )

11 3.29 + 1.43

12 1.68 + 0.69

13 2.26 ± 0.39

It is also informative to compare the strain rates , as a function of time ,
both one with another and with the vorticity . Detailed deformation time series
over a 30 day interval in March—April 1972 were analyzed by Hibler et al. (l974b)
who found that the vorticity and divergence rate generally showed a significant
negative correlation , a fact which could be predicted by the large viscosity limit
of an infinite boundary drift theory (Hibler , 1974) . This indeed seems to be the
case in Figure 7. Moreover , the maximum shear rate seems to correlate well with
the divergence rate. This was also observed by Hibler et al. (l974b) albeit with
a sign change for negative divergence rates. The fact that such behaviour is
observed in Figure 7 reinforces our confidence in the deformation and drift results
obtained from these LANDSAT Images.

5. CONCLUSIONS

We believe that this study has shown that, when analyzed with appropriate
techniques, LANDSAT imagery is adequate for estimating sea ice drift rates at
locations far from land. The t rans fe r ral  geometry developed in this paper gives a
simple and rapid way to transfer Coordinates from one image to another with the
errors in the transferral equations being negligible over the transferral dis-
tances used. In general , the errors in the transferral process are dominated by
the deviation of the actual image centers from their stated centers. The effect
of such uncertainties , however , is not enough to mask effects caused by typical
sea ice drift.

As regards deformation rates , typical results show that it is important to
use a least squares procedure that is independent of rotation effects. Also , the
typical magnitude of errors in strain rates , due to experimental errors and non—
linearities in the ice velocity field , suggest that two day averages of strain
rates should be used when estimating deformation rates from LANDSAT images.
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APPENDIX: Dig itization Process
In order to implement the above transferral and strain estimation procedures

it is first necessary to digitize the coordinates of a number of common ice
features as well as of points defining the location of the image. We have found
the following procedures useful in accomp lishing this. First identifi ca tion of
common ice features is accomplished by overlaying the two adjacent positive trans-
parencies and adjusting until a given feature comes into coincidence . A fine
needle is then used to make a small hole through both images , th us markin g the
common feature , which is subsequently circled and labeled. Approximatel y six
common points are identified between any two overlapp ing images. These I~~t nts , i n
addition to the corner tick marks and the tick marks defining two lines 01 li -n - it -
tude on each image are then given relative x—y coordinates on a manu,il d i c j i t t ? t i t - 1



~1pir— 
- 

~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ 
‘
~~~~

table capable of measuring to twenty—five ten thousandths of a millimeter. A
computer program then checks for certain errors such as the orientation of the
calculated center line of long itude and the location of the center position . Once
past the error routines , the point locations are transferred to the coordinate
system of the first image in the sequence and stored as such for subsequent drift
and deformation calculations.
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