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Summary ______________________

The characte ristic ~N’ shaped pressure waves recorded at ground level below the flight path of supersonic
aircraft have compressive regions very much less steep than predicted by theory, wit h a consequent reduction
in the subjective annoya nce. Attempts have been made to exp lai n this phenomenon in terms of the effect of

• atmospheric turbulence. This Report is concerned with the particular proposal that since on passing throug h
turbulence a shock will te nd to become thicker for part of the time and to steepen for the remainder then if the
thicken ing process operates faster than the steepening a net increase in thickness will result.

The problem is simulated in one-dimension by a variation of the ‘pisto n problem ’ in which pressure waves
representing turbulence are made to pass throug h a shock wave. The governing partial differential equations
are solved using a finite di fference technique.

• The results of the calculations show that a shock wave tends to become thicker on passing through a
disturbance wave having equal positive and negative parts. This is consistent with the proposed explanation of

• shock-t hickening although the thickening calculated is small compared to the initial shock thickness , for the
disturbance waves used. Distortion of the disturbance waves with time prevented a wider stud y of the effects of
vary ing amplitude and wavelength being made so that precise quanti tative conclusions could not be drawn but

• it is suggested that the process investigated is unlikel y to be powerf ul enoug h to produce the shock thicke ning
measured experimentally in sonic boom research.
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1. Introduction
The leading and trail ing shock waves generated by an aircraft flying at supersonic speed develop with

increasing distance from the aircraft into a characteristic N ’ shaped pressure wave. An example of such a
wave, generated by Concorde and reported by 1-lolbeche , et a!. ’ , is given in Fi g. 1. This example is typ ical of
such wa~es when recorded ator  near ground level below the fli ght path of a hi gh-fl ying aircraft in that  while the
expansion part ot the wave conforms with theoretical predictions , the compressive regions are very much
thicker than expected. The factor by which the compressive regions are thickened can he as hi gh as 10~. The
phenomenon of shock thickening is of considerable practical significance in that it is found to reduce the
subjective annoyance resulting from the sonic boom.

Atmosp heric turbulence is one possible cause of the shock thicke n ing * and experiments by Bauer 5 have
demonstrated some thickening with the introduction of artificiall y produced turbulence , althoug h the scale of
thickening measured in the experiments was at least an order of magnitude less than that commonl y recorded
under the flight path of high-flying supersonic aircraft. Several investigators , for examp le , Howe4 and Plotkin
and George 5 have sought an exp lanation of the thickening in the scattering of waves on passing through
turbulence. However , in a review of theories based on wave-scattering mechanisms , Ffowcs Williams and
Howe~ have concluded that in practice a wave may be thickened in this way by a factor of 2 at the most.

An alternative exp lanation of shock thickening due to turbulence has been proposed by Broadbent 7 . He
argues that as the shock enters atmospheric turbulence the equilibrium which may have existed between the
nonlinear steepening and the thickening due to diffusion will be disrupted by large local disturbances that will
be repeated in a random fashion while the turbulence persists. Thus each part of the shock front will be too
thick for the ambient conditions during roughl y half the time , when the nonlinear effect will cause it to steepen ,
and for the remaining time be too thin , when diffusion effects will tend to thicken it. The two opposing effects ,
however , operate at different rates , the variation due to nonlinear steepening depending on time while that
due to diffusion depends on the square root of time. Thus , in small intervals of time , the diffusion process will
make more progress than the steepening effect so that the shock will become progressivel y thicker. It should be
possible to represent the essential features of this problem by considering a variation of the piston proi~!em in
which a shock wave travels down a tube and passes throug h a pressure wave or a series of waves travelling in
the opposite direction. This Report describes a numerical stud y of such a representation in which the
governing equations are solved , using a finite difference method , and the thickening of the shock wave by
pressure waves of differing waveforms , amplitudes and wavelengths is calculated. Computational considera-
tions imposed an upper limit on the amp litude and wavelength of the waves representing turbulence and
restricted the number of interactions in any one calculation to one or two. However , it is though t that the scope
of the calculations is sufficientl y wide for the results to provide some insight into the validity of the suggested
exp lanation of shock thickening.

The simulation of the problem is described in Section 2, the development and solution of the finite difference
equations is exp lained in Section 3, the calculations performed are described in Section 4 and the results of the

• calculations are given in Section 5 and discussed in Section 6.
The results of the calculations show that some shock thickening js possible but the computational restraints

prevent an estimation of the possible thickening due to this process in a real case of a shock wave moving
throug h turbulence . However , it is inferred that on passing throug h a series of similar waves representing
turbulence the shock wave would attain a time-average asymptotic thickness and that the total thickening is
unlikel y to be many times greater than that produced by the passage of a sing le wave. It is therefore concluded
that  the process considered is unlikel y to be the princi pal cause of the observed shock thickening.

2. Simu lation of the Prob lem
If the phenonemon of shock thickening on passing throug h turbulence is indeed due to the different rates at

which steepening and thickening operate then the essential features of the problem should be present in one
dimersion in the variation of the ‘piston problem ’ illustrated in Fig. 2. At one end of a long tube containing
fluid there is a piston moving with a uniform velocity and sending a shock wave down the tube while at the
other end a second piston is moving in an oscillatory manner and is sending a series of compression and
expansion waves in the opposite direction to meet and pass throug h the oncoming shock wave. If the motion of
the latter piston is such that the waves it produces have relativel y large amp litudes and small gradients ,
compared to the shock wave , then the waves will resemble turbulence in their tendency to swamp the shock 1w

* Real gas effects 2 have also been proposed.
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an imposed velocity distribution that does not contain any sharp fronts such as the shock itself. Real turbulence
will have other three-dimensional characteristics that may be important in the interaction with the shock (e.g.
vorticity), hut the simp le waves used in the present paper are thought to be sufficient to test the theory outlined
above , which depends only on disturbing the equilibrium of the shock.

Throughout this Report the shock will be regarded as having originated from the left and the waves
representing turbulence from the ri ght , as in Fig. 2.

The problem may be simp lified if the pistons are regarded as being beyond the length of tube along which the
calculation is to he carried out. The effect of the piston at the left may then be represented by a constant
particle velocity at the left-hand boundary and the effect of the oscillating piston by a particle velocity vary ing
in a suitably prescribed manner at the right-hand boundary. The boundaries referred to are the two ends of the
length of tube over which the calculation is to be carried out. In this way difficulties in the numerical solution
resulting from having a varying length of tube to consider are avoided.

Fig. 3 illustrates an example of the variation of particle velocity, denoted by t~. with distance measured along
the axis of the tube , denoted by x, before the two waves moving in opposite directions have met. The wave
representing turbulence could be repeated to the right indefinitel y although , as alread y noted , the computa-
tions reported here were limited to one or two cycles onl y.

A numerical method is required that will enable the wave representing a shock to he developed to it s
asymptotic form and allow the wave or waves representing turbulence to move to the left with little or no
distortion. If the local particle velocities can then be calculated as the shock passes throug h and beyond the
simulated turbulence it will be possible to calculate the effect of the turbulence upon the shock thickness.

3 Numerical Method
3.1. Basic Equations

Lighthi l l 8 has given the equations of plane sound waves of finite amplitude with linearized diffusion terms as

av av 2 t3a a 2 v—+ v—+—a—= 5-—-~ ( 1)at ax ~ — I  ax ax-

aa aa ~ — i  a~— +v— - + ——— a — = O , ( 2 ). 1 at ax 2 ax

where t is time , a is the local speed of sound , y is the ratio of specific heats and S is the ‘diffusivity of sound’ ,
that is the combination of different diffusivities which affect attenuation of sound waves. The left-hand sides of
equations ( I )  and (2 ) are the exact forms of the equations of sound waves of finite amp litude under
thermod ynamicall y reversible conditions and the right-hand sides are a ‘linearized’ approximation to the
effects of diffusion.

If the variables in equations (1) and (2) are made non-dimensional with respect to the speed of sound in
undisturbed fluid , denoted by a0, and to some time yet to be defined , denoted by to, so that

v = a 0 V, a=a 0 ( 1 + A) ,  t = t 0 T,
x = a0t0X and 8 = a~t0D

then equations (1) and ( 2 )  may be written , respectivel y, as

~~~+ ~-a_~’+ _—

~~

-

~~ 

( 1 +  A )  = D~J ’ ( 3 )

and

aA aA , ,—i av-.~ +V— -— + — — —( 1 + A) - — = O . ( 4 )

Now t0 may be chosen to make D = 1, that is t~ = 8/ag, so that equation (3) becomes

( 5 )
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For a numerical solution it is convenient to transform the x co-ordinate further so that the shock remains
nearl y stationary in the new co-ordinate. Writing ~ = X — i ~T and r= T equations (4) and ( 5)  become ,
respectivel y,

aA .~~A y — l
: — ( ‘ i ~~~~ 

)— + -- - - - l l + A) - - - - = () ( 6)
(
~T ~~ 2

and

~ 2 ~A a2
~-~— (i 7 — V ) —  +- ~ —(1 + A ) — =- — ~. (7)

(~T ‘~ ~
‘ —  I a~ d~~

To hold the shock nearl y stationary.  in tc rms of E. i~ must have a value of approximatel y I hut this value may be
modified with experience .

3.2. Finite Difference Equations
To establish a finite difference scheme the variables r and ~ are treated as rectangular co-ordinates and a

mesh with equal elements ~ r and .~~~~ is adopted. Suffices m and n are used to denote position , thus V.,,, ,  is the
value of Vat  r = m~~r and ~ = n~~~. A difference scheme that is ~central ’ with respect to mesh intervals in both
r and ~ is adopted.

Considering equation (6) first , we write:

(aA\ — 
A,,,,, —A ,,, _ ,

.,, +A,,,,, - , — A,,, l .~ -J  (8)
2z~i

— 
V.,,,, + V=~,,_, + Vm _- I n  + ~~~~~~V.,, 

~~~~~~~~~~ 4 
, (9)

(aA\ — 
A,,, ,, —A ,,, ,, +A ,,, , , ,  — A ,,,_ ~~~ (10

t n - - ) 
— 

2~4

A - t - t 
Am., +A.,,~. , _ 2 +A,,,_,.~ +A~~_ , , , ,  ( 1 1 )

4
and

= 
V,,,,, — Vmn~ + Vn,_ ,, ,  — V,,,_ 1,, . 1 (1” )

2~4

Substituting the above in equation (6), which is equivalent to evaluating equation (6) at r = (m — ).~r.

~ = ( n — ~ )~4,g ives:

PnAm.n +qn Am.n 1 rn (13)

• where

P,, =w ,, +y ,, +z ,,, ( 14)

q,,=w ,,— y,,+z ,, (15)

and

= (w ,, — v ,, — z,, ) A,,, . ,, + (w ,, + y , ,  — z, ,) A,,, - - ~~~~ 
— 4z ,,, ( 16)

with

( 1 7)
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= 
rj—(V ,,,,, +i~~,,, ,, I + V,,, _~, ,, + V, , , _ , , , , ) /4 118

2.~~

and

y — 
1 ) )  ,,, ,, — 

~
-‘,,, ,, ‘+ ~ “ ,, — ~~ J ‘‘ I ( 19)

1 6.~~

Now considering equation (7). the finite difference approximations used are:—

I3V\  % ,, — V.,,( — I  = 
. 
, (20)

\ a~ i,,, - - i.,,

t, ‘,, ,,, + V,,, - , ( 2 1 )

= ~~~~~~~ — 
V,,,,,,~ + V, , , 1 , ,~ 1 — V,,, I , ,, -

\ a4~1 ,,, 
~~~~

,, 4~~~ 
‘

A,,, _
~.,, = 

A,,,~,, +A ,,, _ 1,,, (2 3)

(aA\ = 
A,,,,~~, — A ,,, ,, +A ,, , _ 1 , , , 1  —A ,,,_ 1 ,, _ 1

a~ I ,,, .,, ~~~

and

= 
V,,, ,,,~ 2Vm, ,  + V,,,.n_ i + V,,, _ , ., ,+ , 2 V,,, _ 1 .,, + V,,, 1 ,,, ( 2 5 )\a ~ 1 ,,, 

~~
,, 2(~~~)2

Evaluating equation (7) at r = (m — )
~ r. ~ = n ~4 gi ves

a,, %~,,,, - + b,, V,,,,, +c ,, VmM *J  = d,,, (26 )

where

a,, =~~~~(2~ — 1/,,,,, — Vm _ J .n)
2( ~~~ ) 2~ (27 )

b,, =~~—+~~~~2, (2 8)

( 29)

and

d,, =
4
— — ~~~~~2+A~~,, ~ A,,, , , , ) ( A~~,,. — A ,,, ,, , +A ,,, 1 , , + —A~ , , , ,_ ,)

— a ,, t ,,, ,,, + (h . — t ,,, , — c, ,,, ,,., . 3 1H

It may he noted that in the two equations to he solved o I 3  and 2t~o the coefficients arc them selves
function s of the variables . This is a result of the nonlineari ty of the basic equations ~ and 7 and consequentl ~

~~~~~~ 
- .

~ 
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a step-by-step solution will involve an iteration process. The coefficients of equations (13) and (26) are first
evaluated after estimating the variables by some means and then the equations are solved in their linear form
to obtain new values of the variables . These are then used to improve the values of the coefficients and the cycle
repeated until  convergence is achieved. The linear form adopted in equations ( 13)  and ( 16) is to some extent a
matter of choice , in that with a nonlinear product of two variables either variable may he retained exp licitly
while the other is relegated to the coefficients , but experience shows that  stabili ty is improved by keeping the
derivatives exp licit.

3.3. Solution of Finite Difference Equations

In order to solve equations (13) and (26) certain boundary conditions must be specified; these are given by
the prescribed particle velocities at each end of the length of tube throug h which the equations are to be solved
and , initiall y, by an assumed particle-velocity distribution along the tube at r = 0. That is, if the equations are
to be solved from ~ = 0 to ~ = N~.4 then V.,,,,, V,,,,,. and A,,, \ must he specified for all m and V,, ., and A,, ,, for
all n. A,,~ is found from V,, .. using the equation for local acoustic speed (which holds in the absence of
diffusion)

a = a 0 + 2 ( y — 1 ) v , (31)

which may be written as

A,,,,, = ~(y —  1) v,,,, . (32 )

Given V..,,, it is assumed that V, , ,  = V,, ,, for all n. A , ,,, is then calculated from equation (13), working down
from A J \  and re-writing equation (13) as -

A,,,,, 1 = ( r ,, — p ,,A,,,,,) / q,,. (33)

Now equation (26) is solved for V,, ,  by the resolution of a tn -diagonal matrix , using the values of A ~~ just
calculated and the assumed values of V1.,  to evaluate the coefficients. The new values of V,, ,  are then used
with equation (33) to find improved values of A , ,,, and thus an iterative procedure is established. When
successive approximations to V, .,  differ by less than a prescribed tolerance the calculation is advanced to
comp ut e V2 . ,  and A., , ,  and so on to higher values of m. Af ter  the firs t step in m is completed , linear
extrapolation is used for the first estimate of V,,,,, at the end of each subsequent step. The first and last rows of
the tn -diagonal matrix are written as

(34)

and

a~, V,,, .. + b 5 , V,,,~, , d 5 —C ~ Vm.~, (35)

respectively, thus introducing the boundary conditions V.,,,,, and ~~~The above procedure has been programmed for a digital computer in FORTRAN language ; a standard ICL
subroutine was used for the solution of the tn -diagonal matrix.

4. Calculations Performed

4.1. The Asymptot ic Shock
In order to stud y the effect of the simulated turbulence upon the shock it was first necessary to establish the

asymptotic shock in the absence of disturbances and to determine its thickness. Lighthil l 5, has given the
thick ness of an asymptotic shock as

( y + I ( v , ,

7

p  - - — .
~~~~~~

., ~~~.——,— ~
;... .— - 

— 

.— , - . . - ‘5— - 
.
. ‘. 
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where h is defined as the distance in which v changes from 0 05v,, to 0 95v,, and v0 is the particle velocity on
the compressive side of the shock. The non-dimensional shock thickness is therefore given by

H =  ( 37)(y + l)V ,,

where V~, is the non-dimensional particle velocity corresponding to v .  A value of 0- 1 was assigned to t/ ,; this
is large for a sonic boom hut one of the problems of the numerical calculation was to obtain significant effects
from a computer program without making extravagant demands on working storage space. Equation (37)
shows that a shock thickness of approximatel y 50 units in ~ may be expected for a value of V0 of 0-1 . To start
the calculation a linear approximation to the shock was used , with a thickness of 40 units in ~~. Thus V,, ,, was
equal to O~1 from ~ = 0 to some higher value of ~ç then decreased linearl y with ~ to zero over 40 units in ~ and
remained at zero to ~ = N~~~. A ,,, was estimated fro~n V,,., for all n , using equation (32). The calculation was
then advanced in time as described above , keeping V.,,,,, = 0 1  and 

~~~~~ 
= 0, until  the slope and thickness of the

shock remained constant with time.
In order to check that the calculated asymptotic shock form is the same irrespective of whether the init ial

approximation was ‘too-steep ’ or ‘too-thick’ , a second computation was made similar to the above but with the
initial  linear approximation extending over 60 units in ~~. This did in fact confirm that the asymptotic shape was
independent of the starting assumptions.

Two further computations were made , starting from shock forms that were obtained by scaling the
asymptotic shock with respect to ~ ; one calculation was started from a ‘too-thick’ and the other from a
‘too-steep ’ shock. The asymptotic shock form was then developed in each case , thus allowing a comparison to
be made between the rates at which the shock thickened and steepened.

4.2. Waves Representing Turbulence

Having established the asymptotic shock form , waves representing turbulence were introduced by varying,
with increeasing r, the boundary condition at ~ N~~ , that is at the right-hand end of the region of
computation. Calculations were carried out with waves of three different forms to be referred to as types (A),
(B) and (C), the respective particle velocities at the boundary being given by

V.,,~ =s{s in [2 (1 + i 7 ) r ir /A]}, ( 3 8)

tç,, .. =s{1—cos [ 2 ( 1 +~~) r i r / AJ }/ 2  (39)

and

V.,, ,, = s{1 —cos [2( 1 + ~)rir/A]} sin [2(1 + ~ )rir/A]/ {[1 —cos (2ir/3)} sin (2ii/3)}. (40)

Here s defines the amplitude (although its sign is significant) and A the wavelength of the waves as they were
introduced at the boundary. Values of Am.N corresponding to ~~~ were computed from equation (32). The
variation of the ri ght-hand boundary condition , as given by equations (38), (39) and (40) is illustrated in Fig. 4.
The waves produced travel to the left with a velocity, in the transformed co-ordinate ~~, of approximatel y 2
units per unit advance in r.

Values of s from —1- 0  to 11) and of A from 250 to 1000 were used; details are to be found in Section 5.
Practical considerations imposed an upper limit on A such that the values used , though large compared to the
shock thickness , were small compared to the probable wavelengths of turbulence in the atmosphere.

Two additional calculations were made with wave forms of type B in which at the start of the computation
the asymptotic shock form was rep laced by one about 10 per cent thicker. The object of these two calculations
was to investigate the effect of waves representing turbulence upon a shock initially having a strong tendency
to revert to its asymptotic thickness.

4.3. Boundary Condition at ~ = 0
As the wave representing turbulence must pass through and clear of the shock before its effect on shock

thickness can be calculated , a very long region of calculation is necessary to accommodate the wave unless
some means can be found of ‘absorbing ’ it , without ‘reflections ’ occurring, at the left-hand boundary of the
calculation. Computational considerations impose a practical limit on the length of the region considered and

8
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the difficulty is aggravated by the tendency of the waves to increase in wavelength with t ime and to he followed
by tails ’ of waves of decreasing amplitude , both these effects being inherent in the numerical techni que
emp loyed. It was therefore necessary to devise a means of modif ying the boundary condition at ~ = 0 from the
initial  condition V,,,,, = V, in order to absorb the turbulent  wave. As the wave representing turbulence travels
to the left with a velocity of approximatel y 2 units in ~ for each unit  increase in 7 it is possible to est imat e a
value of ‘at a given point from a value or values to the ri ght at previous steps in r. Thus , for examp le, a rough
approximation is given for V,,, ,, by

I . ,, ~2, ( 4 1 )

assuming that the step lengths ~r and ~~ are equal. By this means it was possible to estimate values for the
left-hand boundary conditions approximating to the values of V and A that would have occurred at the same
point but with the region of calculation extending infinitel y far to the left. In order to make a correction for the
effects of wave distortion and variation in wave speed , second order approximations for the boundary
conditions were adopted , thus

V.,, 0 = 2 V.,, .,~~~ 
V,,, - ~ , ( 42 )

where again it is assumed that .~r = ..~4. Where ~~ and ~4 were not equal , equation (42 ) was modified as
appropriate. For examp le with ~~i-= 10 and z~4= 4

V,,,,0 =2V ,,,_ 1 , 5 — V, , , 2, 10 (43 )

was used.
As a check on the effectiveness of the above technique , calculations of the effect of turbulence upon shock

thickness were made with the shock at two different initial positions. The results of the two calculations were
substantiall y the same , demonstrating that the effect of any reflection from the left-hand boundary condition
was negli gible , since it would not be equal in the two calculations.

4.4. Calculations of Shock Thickness

In order to calculate the thickness of the shock , H , as defined in Section 4.1 , the values of ~ corresponding to
0-05 V,, and 0-95 V,, were found by inverse interpolation from the values of V calculated at incremental points
in ~~.

To calculate the increase in H due to the passage of the wave or waves representing turbulence , the value of
H is required at a value of r corresponding to the instant at which the last wave has just cleared the shock; any
further advance in r allows the shock to begin the process of reverting to its asymptotic thickness and the effect
on H of the passage of the wav.~ is apparentl y reduced. However, it was found that values of H computed for
successive increments in 7 just after the last wave representing turbulence had cleared the shock , fluctuated to
such an extent that it was impossible to estimate H accuratel y directl y; these fluctuations were traced to the
presence of a ‘tail’ of minor waves, arising from the numerical method , following behind the wave or waves
representing turbulence. The calculation was therefor e advanced in i- until the fluctuations were damped out
sufficientl y for H to be estimated with confidence. The resulting value of H was then corrected to allow for the
amount  the shock would have changed in thickness in the time that had elapsed since the wave or waves
representing turbulence had just cleared it , using the values of H obtained in the calculation of the asymptotic

• shock starting from ~too-steep ’ or ‘too-thick’ shapes.

4.5. Computation Parameters

After numerical experiments to establish a good compromise between computing time and accuracy the
following values for certain parameters were used in the majority of the calculations: N = 400, .~r = 10 and

= 4. A value of I ~06 for the transformation constant ~? in equations (6) and (7) was found to hold the shock
nearl y stationary with respect to ~ while r was advanced , in the absence of simulated turbulence. Waves of type
B had the effect of moving the shock to the left if s was negative and to the right if s was positive. Values of t~i
rang ing from 0-8 to 1-3 , as appropriate to a given case , were therefore used to hold the shock near the centre .
with respect to ~~, of the range of computation.
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5. Results of Calculations

5.1. The Asymptotic Shock
The calculated asymptotic shock is i l lustrated in Fig. 5. The thickness of the shock , as defined in Section 4 1 ,

is 48~fl uni ts  in ~~. •.\ similar shock shape wa’. obtained with  calculations started from both ‘too —ibm ’ and
too—thick linear approximations.

The result of calculations made start ing from ini t ia l  shock-shapes obtained h~’ scaling the asymptotic shock
with respect to ~ is shown in Fig. 6; 8H is the change in shock thickness corresponding to an increment ~r in T.
It m a y  be seen that there is a slig ht tendency for a too-thin shock to thicken at a faster rate than that  at which a
too-thick shock steepens.

5.2. Effect of Waves Representing Turbulence
5.2.1. R~u’~’.s of Type A. Calculations of the thickness , H , of the shock after one wave of type A had passed

throug h it showed that the value of H was fluctuating with successive increments in r. This effect was traced to
the presence of a succession of minor waves of progressivel y smaller amp litudes , following behind the wave
representing turbulence. These minor waves were found to he present to some extent  in the results of the
calculations for all three types of wave considered , and a method of overcoming the resul tant  diff icult y in
estimating the effect on shock thickness of the passage of the wave representing turbulence has been described
in Section 4. However , for waves of type A the fluctuations in the values of H were of such magnitude that  it
was impossible , by advancing r, to obtain an accurate value for H before the shock had reverted to its
asymptotic shape; thus no useful results could be obtained using waveforms of type A. The severity of the
fluctuations in values of H for successive values of r was probably due to the discontinuity in the variation of
the particle velocity at the abrupt termination of the initial wave.

5.2.2. Waves of Type B. The results of calculations carried out with turbulence represented by waveforms of
type B are given in Table 1; .~H is the increment in shock thickness caused by the passage of the turbulence. It
can he seen that the changes in H are small relative to the asymptotic value for H of 48 ‘6 and that , in general

i) a negative wave increases shock thickness
( i i )  a positive wave reduces shock thickness

( i ii )  the influence of a wave increases with a m p litude and wavelength and has a cumulative effect over a
number of cycles.

However , it is difficult to draw any quantitative conclusIons because of the lack of system in the variation of~~H
with the waveform parameters.

In order to find an exp lanation for the inconsistent behaviour of the computed values of .~H the propagation
of the waves representing turbulence across the region of computation has been examined. Calculations of the
development of these waves have been made in the absence of a shock; examp les of the results of these
calculations are given in Figs. 7 and 8 where the variation of particle velocity with r at several values of ~ for a
wavelength of 500 is illustrated. The results of the calculations show that the waves undergo distortion , which
becomes more severe with increasing amp litude and decreasing wavelength , and that the waves for positive
values of s assume different shapes from their counterparts for negative values. Furthermore , because of the
steepening of the region of decreasing velocity in some cases , for example s = 1-0 in Fig. 7, the ~ta iI ’ of minor
waves has developed to such an extent that some effect on shock thickness seems probable. However , in the
majority of cases the distortion has not produced substantial changes in either the amp litudes or the lengths of
the waves and it seems probable that if the anal ysis is confined to these cases then the results should have some
significance. On this basis , the following results in Table I have been bracketed and should he disregarded:

A =250 , s =0’5 (l and 2 cycles)

.1=500, s 1 ~O.

The remaining values of .~H have been plotted against s in Fig. 9; the scatter in the results is thoug ht to he due
to the presence of the minor waves , as described in Section 4.4 . the effect of which may not have been
comp letel y eliminated. Despite the scatter it is apparent that there is a marked tendency for a negative wave to
have a greater effect on shock thickness than a positive wave of the same amp litude.
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The results of the two additional calculations that  were made with the ini t ia l  shock having a thickness about
10 per cent greater than that  of the asymptot ic  shock are giv eml below:

A s

500 — 0 5  — l ’ 2
500 0 5  —4 .4
— — _ 3 . 2

The third of the ahose three cases gi~es the steepening of the init ial  shock during the same advance in r as
occurred with the other two cases hut in the absence of waves representing turbulence . It may he seen that in
the first case , although the shock has steepened it is , after the passage of the wave , 2 ’O units in ~ thicker than
the third ease at the corresponding value of r. The value of 2 0  may he compared with a similar value in the
corresponding case in Table I .  The difference between the second and third cases y ields a value for .~H of
— l ’ 2 . which may he compared to one of — 1 6  for the corresponding case in Table 1. Thus it seems that the
thickening due to the tendency ,.

~ the shock to revert to its asymptotic thickness may be added to the
thickening or steepening due to the effect of the wave or waves representing turbulence to give the net
thickening. if this is in fact the case then the calculated effects of the waves representing turbulence upon the
asymptotic shock must also include the opposing effect of either diffusion or non-linear steepening, although
this should be small in most cases since the rate of change of thickness with time is , of course , small  for
thicknesses close to the asymptotic , as shown in Fig. 6.

5.2.3. Waves of Type C’. As with waves of type B , it was found that the waves of typ e C i ded to become
distorted as they moved to the left and that in some cases the wave shape at the position of the shock was so
unlike the initial shape that the results could not he used for comparative purposes. However , in some cases
where the velocity gradients in the waves were sufficientl y small the waves retained their essential characteris-
tics. Examp les of such waves are shown in Fig. 10 which illustrates the variation of particle velocity with r for
A = 1000, s = 0 5  and A = 1000, s = — 0’S at a station corresponding approximatel y to the position of the
centre of the shock when present , although Fig. lOis  derived from calculations made in the absence of a shock.

• To assist in comparing the shapes of the two waves the initial waves , that is the waves introduced at the right
hand boundary . have been added to Fig. I t ) . It may he seen that the distortion is not severe and that ,  in
particular , the positive and negative parts of the waves have remained similar.

Results of the calculations of the effect on shock thickness of waves of type C are given in Table 2: onl y cases
where the waves representing turbulence were not severel y distorted are retained. It is apparent tha t  except
for one case , which is of small amp litude , the effects of the negative and positive parts of the waves do not

• cancel out and that the net result is an increase in shock thickness; this is consistent with the results of Table 1.
The difference between the values of H for positive and negative values of s for a wavelength of 1000 can be
exp lained by the effect deduced above from the results obtained from the interaction of waves of type B with a
shock initiall y too-thick. If the positive part of the wave passes throug h the shock first its steepening effect will
he opposed throughout by the tendency of the shock to revert to its asymptotic shape but none the less a net
steepening will be present when the negative part of the wave begins its passage through the shock. The
thickening effect of the negative part of the wave will therefore be augmented by the tendency of the shock to
revert to its asymptotic thickness unti l  such time as the asymptotic thickness is achieved. Thereafter the two
effects will be in opposition but it is evident that , no matter whether the positive part of the wave precedes or
follows the negative part , the part that passes throug h the wave last will have its effect on the shock thickness
increased. The results in Table 2 for the smaller waves conflict with this hypothesis , hut the calculated value s of
H are very small and may he dominated by errors.

6. Discussion of Results
In the preceding Section numerical results are given that show that the thickening of the shock caused by an

interaction with a negative wave is greater than the steepening produced by an interaction with a positive wave
having the same amp litude and wavelength. This effect is confirmed by the results for a single wave having
equal positive and negative parts , and it is consistent with the proposed exp lanation of shock thickening in

• which it is suggested that  the two opposing effects , diffusion and steepening, operate at different rates. Some
additional support to the suggestion is given by Fig. 6 which shows that  a shock thinner than the asymptotic 
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shock thickens at a faster rate than that at which a too-thick shock steepens. Other results are given that
demonstrate that  the influence of a wave increases with amp litude and wavelength and that there is a
cumulative effect on thickening over a number of cycles , al thoug h calculations were made for one and two
cycles only.

The results for calculations made to find the effect of waves passing throug h a shock initiall y too-thick
showed that  the steepening process goes on even during the passage through the shock of a wave that  is tending
to thicken it , the net effect being approximately equal to the sum of the two thickness changes calculated
separatel y. If a shock were to pass thr oug h a series of similar  waves representing turbulence then it seems likel y
that  a time-average asymptotic thickness would he reached when the rate of thickening due to the iurhuknce ’
would balance that  due to the tendency of the shock to revert to its undisturbed asymptotic thickness. l’or
examp le , a succession of waves with A = 500 and s — 0 -5 , which individuall y would thicken the ini t ia l  shock
by 2~() units in ~ in a time of approximatel y 25t) units in r , would produce an asymptotic thickness , deduced
from Fig. 6, of about 52 ’S units in ~~. Thus , in this case, an infinite number of waves would produce a thickening
which is less than 10 per cent of the ini t ial  shock thickness and onl y twice that  produced hy a sing le wave. An
increase in wavelength of the turbulence would increase the effect Ofl thickness of the first wave hut the effect
of subsequent waves would soon be cancelled out by the rap idl y increasing and continuous opposition of the
steepening effects , which would have longer to operate during each interaction. An increase in amp litude
would also increase the thickening due to the first wave but the second wave would have a greatl y reduced
thickening effect since the steepening tendency would be much increased at the new shock thickness , and
equilibrium would he reached after the passage of fewer waves than for waves of smaller amp litude. It seems
unlikely,  therefore , that the mechanism investigated here could be the cause of the observed shock thickening.

7. Conclusions
The effect of turbulence upon the thickness of a shock wave has been investi gated using a numerical method

in which the turbulence was represented by pressure waves which , because of computational restraints , were
not more than two in number. Distortion of the waves occurred as the calculations were advanced in time and
resulted in waves of the same famil y becoming non-similar; consequentl y some of the results had to be
discarded. Disturbance waves having initiall y small velocit~ gradients were less subject to distortion and the
results from calculations carried out with such waves indicated a Lendency for the shock to thicken after passing
through waves having equal positive and negative parts. The shock thickening, for the limited range of
amp litudes and wavelengths used in the calculations , was small compared to the initial shock thickness but the
trend of the results is in accordance with the suggestion that on passing through turbulence a shock wave will

• tend to become thicker for part of the time and to steepen for the remainder , with the thickening process
operating at the faster rate so that a net increase in thickness results , as shown by Fig. 9. Some additional
support to the suggestion is given by Fig. 6 which shows that a too-thin shock thickens at a faster rate than that
at which a too-thick shock steepens.

Further calculations of the effect of a sing le wave upon an initiall y too-thick shock showed that the tendency
for the shock to steepen could be dominant over any thickening effect due to the disturbing waves. This
suggested that on passing through a series of similar waves representing turbulence the shock would eventuall y
attain a time-average asymptotic thickness. An estimate of this asymptotic thickness was made for a particular
case and it gave a thickening onl y twice as great as that produced by a single wave. The amp litude and
wavelength were again limited by computational restraints but it is argued that the effects of increasing either
or both would be offset by the great l y increased tendency of the shock to steepen as each successive wave
passed through it. It seems unlikel y, therefore , that the process considered here could produce a thickening of

• the magnitude experienced by the shock wave associated with the sonic boom on passing throug h the
atmosp here.

12

-



LIST OF SYMBOLS

.4 Non-dimensional local speed of sound
a Local speed of sound

a Speed of sound in undisturbed fluid
a ,,, 5,,. c,,. d,, Coefficients in equation (26 )

D Non-dimensional diffusivity of sound
H Non-dimensional shock thickness
h Shock thickness

rn , n Suffices to denote position
N The maximum value of n

p .,, q,,, r , Coefficients in equation (13 )
s Amp litude of waves representing turbulence
T Non-dimensional time

Time
A period of time used to make time non-dimensional , that is T= t/t ,,

1’ Non-dimensional particle velocity
0 Non-dimensional particle velocity on the compressive side of the shock in the absence

of turbulence
Particle velocity

- ‘ v,, Particle velocity on the compressive side of the shock in the absence of turbulence
w ,,, v,,, z,, Coefficients in equations (14), (15) and (16)

X Non-dimensional distance along the axis of the tube
x Distance along the axis of the tube
y Ratio of the specific heat at constant pressure to the specific heat at constant volume
S Diffusivity of sound

Coefficient used in the transformation .~= X— ~~T
A Wavelength of waves representing turbulence
1’ Transformed variables , treated as rectangular co-ordinates

Increment in H, due to passage of turbulence
- ! ~~~~ . ~~r Mesh-lengths in ~ and r

_ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _  
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TAB I.E I

The Increment in Shock Thickness due to Tur bulent Wa ves of Type B
(for significance of brackets , see text)

I wave -cy cle 2 wave-c vcle.s

-s A = 250 A = 500 A = 1000 A = 250 A = 500

—l’O — +6-0 — — —

—0- 5 + 1-7 +2’0 +3-7 +2-3 +3-8
— 0 -2 +0-4 +0-9 +1-3 — +1 -4
+0-2 — 0 -2 — 0-7 — 1 - 1  — —

+0-5 (— 1-4)  — 1- 6  — 1- 9 (—1 - 4)  —

+ 1-0 — ( — 7 ’ l )  — — —

TABLE 2
The Increment in Shock Thicknes s due to Turbulent Waves of Type C;

1 W*ve Cycle

s A = 500 A = 1000

— 0 5  — +0’4
—0 -2 +0-2 —

+0-2 +0’() —

+0-5 — +1-0

(
IS



‘•~ “ ••~ • ‘•~ 
~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ 

FIG. Ia . A recording of the pressure wave under the fli ght path of Concorde. Each division of the vertical
scale corresponds to 100 N/rn 2 ; the time marks nearest the foot of the figure are at 10 ms intervals.

FIG. lb. Expanded viewofthe earl ypart of the wave of Fig. Ia .
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Piston moving with Piston movu~g in on
uniform velocity oscillotor~ monner

Fi .. 2. A variation of the ‘piston problem ’.

:
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Shock moving Disturbance wove
• to right moving to left

x

Fi r . 3. An examp le of the variation of particle velocit y along the tube .
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Fig4
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— 0-50
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a Wa ve fo rm of type A , f r o m  equat ion (38)

H 

_ _

0 50 100 150 200 250
b Waveform of type B , from equation (39)

0’50

• 0-25 - -
• Vm,N

0

• —0 .25 -

— 0-50 1 I I I

0 50 100 ~ 150 200 250
C Waveform of type C , from equation (40)

FIG. 4a—c. Variati on of the right-hand boundarycondition with i-; s = 0-5 , A = 500, ,~ = 1-0.

18

~~~~~~~ 
~~~~~~~~~~~~~~~~~~~~~~ ~~~~~~~~~~~~~ - --5 - -~~~~5-- - - - -5- - .- ----



:i: 
I 1

0 • 100 200 300 400

FIG. 5. The calculated asymptotic shock
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FIG. 6. The variat ion with shock thickness of the rate of change of shock thickness with r.
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FIG. 7. The variation of particle velocity with i for a positive wave of type B; no shock , A = 500.
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FIG. 8. The variation of particle velocity with i- for a negative wave of type B; no shock , A = 500.
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