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1. INTRODUCTION

A general problem in optimal control can be stated as follows: Let C be the

class of arcs

x~(t) 
i(t) u1~(t) b° t

o 
< t < t1

i — 1,...,N k — l, . . . ,K a —

whose points (t,x( t) ,~ (t),u(t)) lie in a region R in t—x—x- u space with b

in a region B in b space, u( t) piecewise continuous , x(t) of class C1

and which in addition satisfy the constraints:

..i ix — f (t,x,x,u) i —

$
a
(t ,X) c 0 a — 1,...m’ ~

a (t ,X) — 0 a — m ’ + l,...,m

8’~(t,x,x,u) < 0  Ti — l,...,L ’ O~ (t,x,~ ,u) — 0  — L ’ + L,...,L

I ( o ~)— O

x~(t~) — XiS(b) ~
i(tS) — X~~(b) t9 T

5
(b) s 0,1

where:W

I~ (a~) — g (b) + f  L ( t,x,x u)dt.

It is desired to minimize the integral
ti

1 (a) — g0 (b) + f  L0(t,x,x,
u)dt

on the class C

WWith few exceptions, superscript • will denote differentiation with respect

to t • The exceptions are used for notational convenience and will be explicitly

noted. The current exception is and refers to the constraints on x~(t~)

Also , unless otherwise specified, the indices i,k,a,a,~ will have the respective

ranges

l < i < N , 1 < k < K , 1 < a < r , 1 < a < m ,  l < f l < L .

2

_ _ _ _ _  

-
-
--

- .
- ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ ~~~~~~~~~~~~~~~~~~~~~~ - 4



———- .,~~

A point (t,x, c ,u) such that ~~(t, x)—0 is called a boundary point for the

constraint P
C
~. An important feature of this paper is in relaxing the assumption

upon the rank of the matrix 
[*~
‘
if~k] 

generally used in attacking problems of this

type. This is accomplished even though we admit solution arcs which have an

infinite number of intervals on the boundary. Furthermore: i) the maximum princi-

ple is shown to apply to a larger set than previously obtained (see

ii) modif ied forms of the relation R
~
H
~ 

and of the transversality relation usually

obtained in problems of this type are shown to hold and iii) a condition on

the derivative of the multiplier function at the final point, is obtained.

The results obtained do not directly follow from results for the case when

the differential equations involve only first derivatives of the state.

With the dimensions of our terms allowed to adopt new values, the above prob lem

is expressible as one in which the constraints have the simpler form

— f~(t,x , c,u)

1 (a) < 0 1 < y < p ’ I~ (a) — 0 p ’ < y < p

x~ (t~) — Xi5(b) ~~
i
(tS

) — ~
i8(b) s 0,1 1 < i < N.

The methods of Hestenes are extended to obtain a set of first order necessary

conditions which a solution arc to the problem stated above must satisfy. The

extension of this result to the more general problem is the subject of a succeed-

ing paper.

2. STATEMENT OF THE PROBLEM

We are concerned with arcs a

a: x1 (t) , ~
i(t), uk(t), b

a t
o 

~ ~

with points (t,x(t),1(t),u(t)) in a region R in t—x—x—u space, b in a

region B in b space, u(t) piecewise continuous and x(t) of class C1

(1) Unless otherwise specified, repeated indices are su~~.d.

(2) Bracketed numbers refer to references.

3
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A general problem can be stated as follows: It is 4esired to minimize the

integral

• (1) 10
(a) — g0(b) + f  L0(t

,x, c,u)d t

t
o

on the class C of arcs which satisfy the conditions

(2—1) 
•~i — f

i
(~~,X,;,U)

(2—2) *
a(t,X) ( 0

(2—3) 1
1
(a) < 0 1 < < p’ I.r(a) — 0 ~“ 

< < p

(2—4) x~(t
S) — Xi8(b) c~(t~) — k~

8 (b) s — 0,1
t i

where
(3) 1 (a) — g~ (b) + f  L (t ,x ,x ,u)dt  y —

We assume that the functions are of class C 3 and that the functions

fi, ~~~ L ,  g~
, kim , are of class C 1 on R or B as the case may be.

Define the functions

(4—1) ~ ‘(t ,x, c) — +

(4—2) $
a
(~~,X,C,U) — + + ~i~j  + jf

i(t,x,c,u) , i,j •

di a d2*
a

For arcs which satisfy (2—1), these functions act as and 
dt2 

and are

of. .class C2 and C1 respectively .

Let R0 be the set of points (t,x,x,u) in R satisfying the conditions

(5—1)

(5—2) ~ ‘—0 and •
a>0 y~~*

a
~O or ~~

.‘0 and ,
a
~0 Va*

a_O

a 1 , . . . ,m.

Let R; and R be those subsets of whose points satisfy the first and

second parts of (5—2) respectively.

4
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We wish to test whether a given arc

a0: x0
(t), 

~0
(t) , u ( t), b

0 to ~ c

which is in the class C is a solution to the above problem.

The set R is seen to contain the collection of points (t,x0(t),~~(t),u (t)).

As an extension of this collection, we define R1 as the set of points

(t,x ( t) ,~~ (t),~ ) which are in

We will assume that the matrix~
1
~

(6) 6 B* 1  
a,8 — l,...,m

has rank m on R
1 .

3. FIRST ORDER NECESS ARY CONDITIONS FOR A MINIMUM

Def ine the functions

(7—1) H(t,x,~ ,u,p,,~j) • p~f
i 

+ — A0L~, — A~L~ 
—

and

G(b) — X
0g + ~~~ + +

Then we shall prove:

Theorem 3.1. Suppose that the arc a0 is a solution to the above problem.

Then there are multipliers

(8) A~, p~(t), i
(t) i K

T , 
~ a

(t ) b

y — 0 ,1,.. .,p+2N , i — l ,...,N ;  a — 1 ,...,m ,

such that when these are used as arguments for the functions H and G defined

above, then the following conditions are satisfied: The inequality

~~~~~~ 

~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~

(1)
6 denotes the Kronecker delta.

5
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is valid for all u with (t,x (t),x(t),u) in R0 
. The multipliers

p1
(t) ,  ;~(~) are each continuous with a piecewise continuous derivative on

[t°,t1]. Together with ~~~(t) these multipliers satisfy the relations

(10) — —H i, Pi — —H •~, ~~k 
— ~~~ x~ — H

along a0 on intervals of continuity of u
0

(t) .

The function H (t , x (t ) ,x (t) ,u0
( t ) , p ( t) ,p ( t ) di(t) ) is continuous on

[t
O,t~]. On intervals of continuity of u (t) this function has a continuous

derivative satisfying

dli • a(11) .
~~~~+ ~~$ —

The tranaversality condition

s—l
(12) aG + F p~(t~)dXis + ~i

(t 3)i~~i5] — 0
I. 3—0

is valid along cZ0 
for all db

The multipliers A , Ic
t are constants which satisfy l2)

X > O  X > 0 with A 0  if I (%)CO y —

(13)

> 0 ~~~ — Kaq~(t
o
) + K~~~~q~~(t 0) ~~~~~ —

Furthermore, together with p(t),p(t),u(t) they are not of the form:

X 0  y—0,].,...,p Kt_0 r—l,...,2m ~(~)‘.O if ~p
a(t) < 0

(14)
a — 1,...,m, ~~~~ — 0, Pi(~

) 0 i ].,...,N

for any point ~ in (t°,t1].

(1) In the proof of (ll),(14), the terms involving u will be shown to exist.

(2) The symbol q~(t) denotes Ii°~(t~x0(t)). In addition, fun ctions M( t,x,x,u)
x .

when evaluated along a0 at points (t ,x
0

(t) , x(t),u (t)) will often be

denoted as M(t).

6
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For each a , the multiplier U3
(t) is continuous on intervals of continuity

of u(t) and satisfies the following properties : i) there are constants a0

b such that p
0

(t) — (a
0
t + b0) is a nonincreasing function on (t°,t1],

ii) it is of the form a
0
t + b on intervals upon which *

0
(t) < 0

iii) ~~(t’) — 0  if ~i
0(t 1) < 0 , and iv) 

(1) 
~0(t 1) — 0  if ~,

0(t 1) < 0 .

Next, let the arc a0 be a solution to our problem which together with the

multipliers 1t~, A ,  ~~(t)~ p~
(t), ~~~(t) satisfy Theorem 3.1. Let the multipliers

~0~
:t), p~(t)~ ~ (t) and the functions H, G be modified to the respective forms

p~ (t)+(a
0
t+b0

) q~( t) ~~( t)+(a0t+b0) ~~ 
( t)

(15) G(b) + E ( a t
3 + b )(4~(t~)X~~(b) + q~(t3)Xi5(b))Js0

— i — i  a -
~~~H( t,x,x,u p,p,u) — p1

f + p
1

x — A0L0 — ~~~~ — — ~~~ , .1 —

for any constants a0
, b0 • Then by substitution, we see that the arc a to-

gether with the modified multipliers and modified H and G functions satisfy

all of the statements of Theorem 3.1 except for properties iii) and iv) of the

multipliers p (t) and the statement involving 14).

Then using the above definitions, set

H(t,x,x,u,p,p,1.L,~) — pif i + — A L 0 — A L  — a~~

(16) G(b) — A g  + A g  + A
1,~1

X~° + x~~~j~~° — A~~ 2~~~ (4~ (t 1)x i] b) +

+ A p ( q ~ (t l~)X i0(b) + q~ (t 0)X i0(b)) , y — l . . . , p  .

As a consequence of these remarks, we have the following results:

Theorem 3.2. Suppose that the arc a
0 

is a solution to our problem. Then

there are multipliers
~~ A~ , p (t), ~~~~~

, pi
(t) ,  p~(t)

— 1,...,2m p — 0, 1,...,p+2N+2m a — 1,...,m i —

(1) See previous footnote concerning w~ terms.

7
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and functions H and G as described above such that with these terms as

arguments, then the following conditions hold.

The inequality

(17) H( t,x0(t) ,c0
(t) ,u,p(t) ,p(t) ,~ (t) ,u)

<

is valid for all u with (t,x (t),~~ (t),u) in R • The multipliers

p~(t)~ ~~(t) are each continuous with a piecewise continuous derivative on

[t°,t h ] .  Together with ij (t), ~i , these multipliers satisfy the relations

(18) pi — — Ii.i ~j~~~
—H i x~~

_ H
~ H k~~~

O
x x i 11

along a0 on intervals of continuity of u0(t).

The function H(t,x (t),x (t),u (t),p(t),p (t),i~
(t) ,U ) is continuous on

(t°,tl]. On intervals of continuity of u0
(t) this function has a continuous

derivative satisfying

dli • a(19) -
~~~

- +  
~~~~ 

— li
t

The transversality condition

(20) dG + [P j (t5)d~
i5 + ~~ (t5)dX i5 

~ 

si  
— 0

s0

is valid along a for all db.

The multipli:rs X~, K
T are constants which satisfy

> 0 A > 0 with A — 0 if I~ (a0) < 0 1 < y < p 1

(21) 
K
0 
~ 0 ~~~ — Kaq

a(to) + K~~~~~(t°) ~~~~~ — K~~~q~(t
0)

8



Furthermore, together with ~i (t ) , , p ( t ) ,  ~ (t)  they are not of the form

t
A — 0 y — O ,l, . . .,p  K — 0 — l, . . . ,2m

— a if *
0(i) < 0 ~~ ( t)  — a t  + b

(22)
— a ~~~~~~~ — a t 1 + b ~~~~~~~~~ — a t 0 

+ b

— (a~~ + b ) q ~ ( t ) ,  ~~
(
~) — (a~~ + b 0)~~~(~ )

for any constants a , b0 at any point t in (t°,th]

For each a the multiplier ~~(t) is continuous on intervals of continuity

of u0(t) and satisfies the following properties: i) there are constants a ,

such that i~~ (t) — (at + b )  is a nonincreasing function on [t°,t~ ) ,  ii) it is

of the form a t  + b on intervals upon which *0
(t) < 0 and iii) satisfies

~~ (t 1) — if q,0(t 1) < 0

— 

Le~~a 3.1. Theorem 3.2 follows from Theorem 3.]..

Set
(23) A p+2N+u — a t 1 + b A

~~ 2N~~~~ 
— a t ° + b 1

~cs 
= a

where a , b are the constants of (15). By the remarks below (15), we see that

it is only necessary to prove the statement involving (22) and property iii) of this

multipliers ~~(t) . The latter statement follows by substitution. In order to

prove (22), we assume that the situation of (22) exists. Then by (23), we see

that the situation of (14) exists for the original multipliers. Thus, Theorem 3.2

- 

and also Lemma 3.1 are proven.

4. REFORMULATION OF THE PROBLEM

It is convenient to reformulate the problem stated above. In order to do this,

introduce the additional variables

9 
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N+~ .
~~~~~~ K+c* r+sx , x , u a — l,...,m , b s —

and the conditions

-•N+u N+a K+u(24) x — f  — u  x < 0  a l ,...,m .

Let R,B be the respective Cartesian product sets

R x •~~~• ~~Hm 
~ ~~~~~~~~~~~~~~~ ?~ x uK+l x 

~~
..

and

B x B 1 x ...
where for example is the space of the variable

Define the functions (without summing on a)

(25—1) ~
0(t,x) ip0(t,x) + x~~~J~

0(t)

(25—2) 30(t ,x,~ ) — ~
0(t ,x, c) + ~c~~~*

0(t) + x~~~~~(t)

(25—3) ~
0(t ,x ,c, u) — ~

0(t,x ,c,u) + uK~~j~
0(t) + 2c~~~~

’(t) + x~~~~
0(t)

where 4i0(t) , 4~
0(t) , ~~(t) refer to values along a0 .

We are now concerned with arcs in It . Such an arc will be designated by

a: ~~(t), ~ (t) ,  ~~(t), ~ O
, 

t
o 

~ .~~~ t1

j — l,...,N4m, k 1,...,K+m, — l,...,r+4m

Consider the following problem. It is desired to minimize the integral

ti

(26) 10(a) — g
0

( )  + f  L(t ,x( t) , x( t) ,u(t))dt

on the class ~ of arcs ~ which have; i) (t,~ (t) ,~ (t) , i(t)) in R, ii) b in B,

iii) ~i(t) piecewise continuous, iv) ~
(t) of class C1 and which in addition,

satisfy the conditions

10 

——-~~~-.- —--.~ 
_



(27—1) — j  — l,...,N+m
(27—2) < 0 < 0 a —

(27—3) 1 (ã) < 0  y — l, . . .,p ’ 1 (ã) — ~ — 
~~

‘ + 1,...,~

(27—4) ~~ (t~ ) — X~~(b) ~~(t
8

) — X~~ (b) s — 0,1 j — l,...,N+m

- where X~~(b) and X~~(b), i~l,...,N, s—O,1 have the meaning already

specified and

(27—5) X~~
°’0(b)—b~~~ ~~~~~~~~~~~~~~ X~~~~

O(b)_b r~~~~ XN+~
)l(b)_b~~~~~

ti

(27—6) 1 (ã) — g~,(~) + J L (t,~ (t),~(t),~(t))dt — l,...,p

Let a be an arc in ~ and let a be the projection of this arc into R, B

space and let S0 be the set S0 
— {t I*0

(t)  — 01. Then by the definition of ~~~~

the arc a is in C for the original problem and furthermore there is a positive

constant T depending on a such that

(28) 4i0(t ,x(t) ) /*
0(t) > t > 0 t c (t °,t 1] — S°

Define C as the subclass of arcs of C which satisfy the above inequality for

some r>0. Then starting with an arc a in C0 we can construct an arc a in C.

The arc a is the projection at a into B, B space and will in addition have

— ?~~~(t) 0 ~
K+u (t) 0

(29)

~r+a 
— ~rl-m-I-a 

— ~r+2in+a 
— ~r+3m+ct — — ~,. . .

where ~ is a positive constant satisfying ~ < r for t the constant of a.

In so doing, we have shown that the reformulated problem is equivalent to the

problem of minimizing I
~ 

on C
0 
. Furthermore , since the arc a0 is in

C0 c C then a0 solves the latter problem and a correspondent &
0 

constructed

11
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as outlined above will be a solution to the reformulated problem. Thus , define

the arc

a0: ~~ (t) , ~~~(t) ,  ~~~(t ) ,  to 
< ~ <

with i. ix — x i — 1 ,...,N x ! — ~~o o 0

x — x i — l , ..,N x = 0o o 0
-h hu — u h — l , ..,K u = 0o o o
—a a —r+ct — r+In+czb — b a — l,...,r b — b — —6o o 0 0

— r+2mfu —r+3m+nb0 “b0 —O a l ,...,m

where 0 is any constant satisfying 0 < 8 < 1 . By the preceding line of

reasoning, the arc a is a solution to the present problem. Furthermore, by

construction, we have’1~

(31) 0 > ~
0

(t)  > ip~~(t) and 0 — ~~~t) iff 0

From our def initions, we see that the functions are of class C3

with respect to x and of class C2 with respect to t on sets

[t 1 , t
2
] Ix—x (t) I < p  — ~0(t) J <

~~~ Ju—u (t)J < p

where (t 1 , t2
] is an interval of continuity of u0(t) and p is some positive

constant. We shaLl henceforth call such sets as C sets. Furthermore , from the

— — —adefinition of 4~ and we see that the functions $ are C2 in x, x anu

C1 in t on C sets while the functions $~ are C1 in u,x,c on sets

and C° in t on C sets. Finally •~ act respectively as 40/dt and

d2~
0/dt2 along arcs satisfying (27—1).

WFunctions with superscript “bars” and argument t will refer to evaluation

along ã~

12



Next, define the set i as those points in R such that

(32—1) x~~~~< 0

and

(32—2) 3~ — 0, > 0 — 0 or — 0, ~~ < 0, Ya;~~ — 0

and define R0,R0 respectively as those points in It0 
satisfying the former,

latter conditions of (32—2) . Lastly, define the set as the points

in with either u — ~0(t) or t interior to an interval

of continuity of u0
(t). We next prove:

Lemma 4.1. The matrix [~k1 1 ~ a < m 1 c k < K+~n has rank

m on D

Proof: By the definition of our functions, we see that if

is a point in ~ then it’s projectionW (t1 0
(t)~x0

(t)~u)~ in R is in

Then by using these definitions again, together with the properties of the matrix

of (6), the lemma is proven.

5. FIRST NECESSARY CONDITIONS FOR A MINIMUM IN THE RZFORMULAXED PROBLEM.

In order to state the main result to be proven for the present problem, we

make the following definitions. The set is the subset of consisting

of the points , (t , 0(t) , (t) ,u) in B0 • The set is that subset of

with t interior to an interval of continuity of ~ 0
(t) and the set It2 is

defined analogously with respect to R
2 

and a

We shall prove that given an arc

t
o < t <

which is a solution to our problem, then satisfies the following theorem:

WSui,script p denotes projection.

13
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Theorem 5.1. Suppose that a0 is a solution to our problem. Then there is

a set of multipliers

~~~
, p~ (t) , ~~ (t)~ 1C~ , ~~ (t) ,

p — 0,l,...,p+2N+2m, j — l,...,N4in, a — l,...,m, r —

and functions

(33—1) I(t,x ,c,u,p,p,~) — p f i + p~x~ — X L  — X~L~ —

— — — io — r+u — ~io — r+2m+cs(33—2) b) — A 0g0+A~ g~+X~~~ X +A~~~~ 0b ~~~~~~~~~~~~~~~~~~~ +

j  — l,...,N4m; y— l,...,p; i — 1,...,N; a — l,...m

such that with these multipliers as arguments, then the following conditions hold.

The inequality

• ~~~~~ (t),~ (t) ,u ,p(t ) , ( t ) ,u (t ) )  ~~.

(34) 
— —

o ~o 
— —

H(t,x(t),x(t),u(t),p(t),p(t), u(t))

is valid for all u with (t, (t),~~(t),u) in B2 • The multiplier..

~j(t)~ are each continuous with a piecewise continuous derivative on (t°,t1].

Together with u0
(t) they satisfy the relations

(35) — — ~

H

~
j  P~ — ~ H~ j  ‘ ~~k - 0, l~J<N+m, lckcK+m

on interva .s of continuity of u0(t).

The tranaversality condition
s 1

(36) d~ + [p (t ’)dX~~ + ~ (t~)dX~~ J — 0
L J s—o

is valid along a0 
for all db

The multipliers , 1(
0 are cons tants which satisfy W

_ _ _ _ _ _ _ _ _ _  I
(1) The symbols ~~~(t) , ~~(t) denote quantities for j

~ along a which are
analogous to q~(t), 4~ (t) and 

~Si
0 along

14
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X~~ O, X > 0  with X — O  if I ( &
~

)<O . l<y
~p

? , 1C~>0, 01,...,m

(37)

— 1(0q ( t °) + IC~~~~~ (t0), 
~~~~~~~~ 

— 1~~~~~~(t °), j 1,..., N+m

Furthermore together with p (t ) ,  p ( t ) ,  they are not of the form:

O < y < p  1(
T

0, t l ,...,2m
(38)

— 0, ~~ (t) — 0, j  —
for any point t in (t °,t~ ].

For each a, the multiplier p (t) is continuous on intervals of continuity

of (t) and there are con:tants a , b such that u0(t) — ( at  + b )  is a

nonincreasing function on (t ,t ] .

6. RELATIONSHIP BETWEEN THEOREM 3.1 AND THEOREM 5.1.

The statements of Theorem 3.1, except for (11) and its preceding remark

follow from Theorem 5.1. The excepted statement will be proven in a succeeding

paper. In order now to prove the remainder of Theorem 3.1, set

— X~, p—O ,l,...,p+N

(39) 
—

A — A  i—i Np+N+i p+N+ii*i

By the definition of ~~~ 
, 

~~0 and f1
~~~ we see that ii can be written as

(40) B — H + p~~~ u1(
~~ + PN~~

X
~~~ 

- ~ (uI
~~

1
~p

0(t) + 2~~~~~~ (t) + x~~~,0(t)]

where H is the function of Theorem 3.1. Thus,

H 5 H i ,  
~~ 

= H ~ , H.j = H .i, R k = H k
(41) X x i i x x U U

l < i < N  1 < k < K

15



and statement (10) together with it’s preceding remark about the multipliers

p(t) , and p(t)  follow from Theorem 5.1 together with the fact that intervals

of continuity of u0(t) and of 0(t) agree.

Since the functions g do not depend upon ~~~~ , 1 < s < 4m , then we-

may rewrite (36) as the separate statements

. s—l
+ ~~dg~ + A +idX~

° + +~+~~.idX
i0 + [P~~t

3 dxi8 + ~j it 5 dX i8] — 0
s 0

(42—1)

l < y < p ,  l < i < N .

db~~~~(~~~~~ 0 
— PN~~ C t ) ] + ~~~~ (~ 1)dbr

~~~u

(42—2)

+ db EA P+2N+m+a - ~N+a(t )] + p~~~0
(t~~)db~~~

3
~~~~ — 0 .

Thus, (12) follows from (42—1) .

Next since

(43) 1(a ) — 1(ã ) y — O,l,...,p
then (13) follows from (37) and the definition of

By (40) and (35) we get

— — ~~~~~ 
- (a not

and

(45) 
~~~~(t) — — —p~~0(t) + 2u0(t)~~~(t) (a not summed) .

Next, by differentiating (44)(1~ there results

(46) j i~~~~(t) — ~~ (t)*0(t) + 1A (t)~~~(t) (a not summed)

WT0 be more precise, in (46) the term represents the difference
— which exists on [t°,t1]. At points t where *

0
(t) < 0, this

difference equals p
~$
0. At other points this difference is zero.

16 
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Equating (45) with (46) yields after solving for

(47) ~~~~ — ~i (t)~~~(t) 
— ~~ (t)~j ,~ (t) (a not summed) .

Differentiating (47) yieldsW

(48—1) ~~~~~t) — i~ (t)$
0
(t) — ~~ (t)*0(t) (a not stmmed)

while using (35) again gives

(48—2) ~~~~ (t) — — ~j0(t)$0(t) (a not summed).

Comparing (48—1) with (48—2) yields

(49) i~L (t)*0(t) — 0 (a not summed)

proving the property ii) of the multipliers u0(t)

Next , by (42—2) we note that

(50) ~~~~~~ — p~~~ (t 1) — 0

so that by (44) evaluated at t1 , we obtain

(51—1) ~0(t 1)*
0(t 1) — 0 (a not summed)

proving property iii) of the multipliers ~~(t). Notice that by the properties

of a0 then ~~ (t) can be ~ 0 only if $0(t) < 0. Thus (51—1) could be rewritten

(51—2) u ( t 1)~~~(t 1) 0 (a not summed)

Also by evaluating (47) at t 1 and using (50) together with (51—2) , we see that

(52) 0 — —p~ 4.~ (t 1) — _
~0(t l )~~~(t 1) +~ (t 1)$0(t 1) — ~~~(t 1)$

0(t 1), (a not summed)

proving the property iv) of the multipliers i. 0(t) . Th. other properties of

follow from Theorem 5.1.

~~~R.marks , similar to thoee referring to the term in (46) apply to the

term and

17
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In order now to prove the statement involving (14), assume that the situation

of (14) exists. Then by (47) and (44) we obtain

— 
~N+a~~ 

—

so that the situation of (38) exists. Thus, the statement involving (14) is

proven.
It remains only to prove (9). In order to do this , we use (34) and (40)

to get that

~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ ~~~~ 
—

(54) .~~ —

I H(t,x0
(t) , x ( t) , u

0
(t),p(t),p(t),~i(t))

for all (t ,~ 0(t) , 0(t) ,u) in

Then by (44) we see that (54) is equivalent to (9) but for the projection of
R2 into It0 • Now by reasoning similar to that used in proving Lemma 4.1, we

see that given a point peR 2 , we can select values of u1(~~ a 1,...,ni to get

a corresponding point p in B2 with projection p in R2 . Thus (9) is

valid for points in R2 . By continuity considerations, it is then sufficient to

prove the denseness of It2 in It1 in order to completely prove (9). This

denseness property is established by considerations similar to those used in the

proof of Lemma 5.3 of (1] and will not be repeated. This thus completes the proo f

of Theorem 3.1 (except for the statement involving (11) ) from Theorem 5.1.

7 • ALTERNATE FORM OF THEOREM 5.1.

In the following pages , we will omit the superscript bar (— ) from all terms

and in addition will replace N+m, 1(+m, r+4m, by N , 1(, r respectively.

By Lemma 4.1, there are terms C
1
~
(t) such that the matrix (~~ (t)] acts as a

right inverse for the matrix [$
a
k(t)

I 
.

U

lB

L 
- 

-
~~

- -— •  

--



~ --~ —- —-- --- - —~~~~-~--— —-~~~~~~~—~--- -

Next, set

(55—1) A~ (t) — f~~(t) 
— 

k(t)

(55—2) ç(t) — f~~ (t) — 

k(t
~~ cs~

t)
~~ j (t)

(55—3) M~~ (t) — L ~(t) — L k (t
~~a (t

~~~ j (t)

(55-4) ~~~ (t) - L~~~(t) 
- 

~~~k (t) C~
(t) $~ j (t)

~ Y O ,..., p

Let S~~ (t)~ ~~~~~~~ ~ij
( t )s R~~ (t)~ Yij (t)

~ 
and Z1~ (t) be solutions on

(t°,th ] of

(56—1) + RYh
A
~ 

— ~~ -

(56—2) S,~ + + R
Yh~~ 

— M.d with S.d (t ’) — 0 — R1~(tl). . . ,p
• h(56—3) cjj + TjhAj — 0

(56—4) ~~~ + + ~~~~ - 0 with q~~ (t 1) — 0 Y~~(t
l) —

(56—5) ~ij + ZihA
~ 

— 0

(56—6) + 
~~ij 

+ Z~~A~ - 0 with ~~~ (t ’) — o~ Zij(t’) 
— 0

h,i,j—l ,...,N .

Define

(57—1) F ( t ,x ,~~,u) — L — R
1

f~ — (i.d + S~~ ) c ~ — Y—O,...,p

(57—2) F
~~i

(t ,x, x ,u) — ~~~~~ + (‘
~~~~ + q~j )~ i +

(57—3) ~~~~~~~~~~~~~ — ~~~~~ + ~~~ + + 
~if~



~~- - -~~~~— - .-~~~~~~~~~~ - -~~~~~~~~~~~~~~ —~~~~~ - -

Then by (56) and (57) we have along %

(58-1) F
i 

— F
U

k C~
,ai — 0

(58—2) F — F k~ct .i — 0 p— O, 1,...,p+2N
QX Pu

Def ine the p+4N+l functionals on an arc a as

(59-1) J~(a) - 
[R~j 

(t~~~~~ (b) + S~~ (t
S)X~

S(b) + g (b) + f  F~dt

(59-2) J~~~ (a) - _[Y j~ (t~)ki 5(b) + qjj (t S)X iS (b ) ]  +

(59-3) J
~~~~~

(a) - _ [ z~j ts JS(b) + qij (t S)X iS
(b)J + I F~~~~idt

Next, augment the above functionals by defining J~~2~~~
(a) — Xi0(b) — xi(t0

)

and J~~~~~~(a) — Xi0(b) — x
i
(t
0
). Now let a be an arc which satisfies (27—1) .

Then by (56) and (57) we have

(60—1) J~ (a) — I.~, (a) — R~~(t
0)(Xi0(b)_~i(t

0)) — S~~ (t 0) ( X i0 (b)_xi (t0)),

•y’ —0,1,... ,p

(60—2) ..11,41(a) — Y
ij(t

o)(Xio(b)4i(t
0)) + qjj (t 0) (X i0 (b)_x i (t0)) + ~

i(t 1) — X~
1(b)

(60—3) J~ ,~~~~(a) — Z~~ (t 0) ( X i0 (b)_ ~i (t0)) + ~ij (t 0) (X i0 (b )_xi (t0)) + x~ (t 1) — X
i]

~(b)

(60—4) J~~ 2~~1(a) — ~(
iO (b) - 

i(tO
)

(60—5) J~~ 3~~1(a) — x~
0(b) — x~ (tO) i , j  —
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Notice that on arcs which satisfy (27—1) and also

(61) .I1,÷2~.,.5(a) — 0, s —
then

(62) .1 (a) — 1 (a) , y —
~i(~ l ) — Xil (b), J~~~~1(a) — xi(t 1)_ X ii (b)

Next , define A as the class of arcs satisfying (27—1) and (27—2) . Then we have:

Theorem 7.1. The arc a0 minimizes on A subject to the constraints

(63) 3 (a) < 0, 1 < y < p ’ , 3 ( a ) — 0, p ’ < p < p + 4N .

Now , set

(64) U (t) —

(65) G (t , x ,x,u) — F (t,z, x ,u) + 1.i (t)$
0(t,x,x,u), p ”O,l,...,p+4n.

Then as a result of Theorem 7.1 we have:

Theorem 7.2. Let the arc a0 be a solution to our problem. Then there are

multipliers 1(r, A~ , r—l,...,2m, paO,l,...,p+4N with

1( 0 > 0 , 1 < o < m

(66) > O~ 0 11 1 p ’ with — 0 , if .1 (a ) < 0 , 1 < < p ’.

— 1(~~~~~q~~(t0), X
p+3N+i 

1(aq
cs(to) + K~~~5~~~ (t0

) .

Furthermore, if we set

21 
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~~(t) — A~ M~~ (t)

F — A F
P p

G — G

(67) 
G(b) : + +

a — 

~~~~~~~ 
— Xp . ~~Z~~

— ~~~~ — —

a — l,...,m, p — O ,3 ,. . .,p  + 4N, y — 0 ,l,...p, i,j  —

then we have

• i S l
(68) dG + p~ (tS)dX lS 

+ ~~~ t5)dX~~ j — o
S—a

for all db. The multipliers ~~ (t) are given by the formulae

(69) 1j
0
(t) — —F k (t)

~~~
(t)

and are thus continuous on intervals of continuity of u0(t) . Furthermore , for

each a there are constants a , b such that ~~~(t) — (at + b )  is a

nonincreasing function of t on to 
.~~. 

t I

The function G satisfies the inequality

(70) G(t,x0
( t),~~ (t), u) > G(t)

for all points (t,x0(t), x0(t),u)cR2 . Furthermore, along a , this function

satisfies

(71) G k — o~ k—1,...,K

The multipliers 5 , ~~~~~~ u(t ) , p( t )  are not of the form

— 0, ~~~~~~~~~~~ — 0, ~ 1,..., 2m

— 0 —

— 0 1for any t in (t , t ] .

22
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8. RELATIONSHIP BETWEEN THEOREM 7.2 AND THEOREM 5.1

Theorem 7.2 will be proven in the following sections. In the present section ,

it is shown that Therorem 5.1 follows from Theorem 7.2.

Firstly, we note that the relation (71) follows from (70) and (69) by directly

analogous reasoning to that used in Corollary 1 of (1].

We now prove:

Theorem 8.1. Theorem 5.1 follows from Theorem 7.2.

Proof: Set

- I (73-1) A~ = ~~~ 0 1 Y I P’ A1,~~ — Xp+3N4.j~ ~~~~~~ - Ap+2N+j~ 
1 1 1 N

and

(73—2) H (t ,x,x,u ,p, p,~) — p~ f i + — A0L0 — A~L
1 

— . y —

By our def initions of p, p, G and F we see that

(74) H — —G — — ~3x~ — —F — I.L $ — — ~~~~

In addition, by the definition of p together with (58), we obtain along a

(75—1) G i — F~~ — F kC’~~
a
~ — 0

- 

(75—2) G~~ — F~~ — F k(~.
a
~ — 0, i —

so that by (74) and (75) , we have

(76—1) H i
_G

i —
~~j

.-pjx x

(76—2) li i — 

~~ .i — 

~i 
—

x x

Finally (74) and (71) yield that along a0

(77) H k
a
~~
G k a O .

u u

23 

~~~~ i
—:- -

~-==-
-=

~--- —~ — - ----—-- -~~ - _ _ ~~~_--_~ ——- --- ;— ~~-—- —~~~ --~~~



— -

Thus (76) and (77) and the form of H establish (35) . The inequality (34) follows

from the first part of (74) together with (70) . Similarly (36) , (37) and (38)

follow from the definitions of G and A~ together with (68) , (66), (62) and

(72). Finally, the statements concerning the properties of p(t), (t), and

follow from (67) and corresponding statements in Theorem 7.2

9. AUXILIARY LEMMAS.

Next define the set R
3 

as that subset of R
2 with points satisfying the

following condition. Given a point (t ,x ,x ,u) in R2 , let U be the collection

of a indices such that *
0
(t) — 0, then either

•
0

( t,x , c,u) > 0, YacU , or $
0(t,x, c,u) < 0, VcscU

We prove the following lemmas which are necessary for later results.

Lemma 9.1. Let

(78) p (t) 4~
0
(t,x ( t) , c (t),u (t)).

Then the equations

a • a(79) • (t,x,x,u) — z ,
Ic .1~have solutions u — u0(t,x,x,z) on a set

(80) t
o I t  I t 1 

, I x—x (t)I < 
~~
‘ c—c (t) I < 

~~
‘ I z -4(t )I <

such that Ulc(t,x0
(t),x (t),p(t) ) u.u~(t). The functions U~ together with their

first partial derivatives with respect to x, x, a are continuous on sets

t’ It I t”, x—x (t) I < 
~~
‘
‘ 1c4 0(t) I < 

~~
‘ z—p(t) I

where t ’ I t I t” is an interval of continuity of u0(t) . Furthermore the functions

(81) M ( t,x,~ ,z) — ~~~~~~~~~~~~~~~~~~~~~ — F~ (t~x0(t)~~c0(t)~ u0(t) )

satisfy
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(82) N .~~(t x (t)~ x (t)~ P (t ) )  0

M
pza

(t
~

Xo
(t)

~~ o
(t)

~
P(t)) — —u~0(t) — F k(t)

~~~
(t)

p — O,l,...,p+2N.

Proof: A point (t ,x ( t),~~ (t),u ( t)) in R
2 

is also in D. Then by using the

result of Lemma 4.1, the continuity properties of the functions 4~ as listed

- 

- 
below (30) and reasoning directly analogous to that of Lemma 5.1 of (1] (which will

not be repeated here) the lemma is proven. The form of is

(83) Uk(t ,x,x,z) — uk(t) +C3
k(t)V 3(t, x ,x,z) . 8 —

Lemma 9.2. Let ~~~~~~~ be a point in R2 and set z — $
0

(~~ ,~~~,;~~~~~) 
The

equations
a • a(84) • (t,x,x,u) = z

have solutions — j~
k
(tX ~~~z) on sets described by

(85) It—~J < 6 ,  Jx— J < 6 , J c—xJ < 6 , ~z—~~ < 6

where 6 is a certain positive constant depending on the point ( t,x , x ,u) . The

solution satisfies U(~ ,x,~ ,z) — u and together with its first derivatives with

respect to x,x,z is continuous on the above set.

Proof: The proof of this uses a similar procedure to that of Lemma 9.1.

Lemma 9.3: The set It3 is dense in R2 .

Proof: The proof is entirely analogous to part of the proof used in Lemma 5.3 of

(i 1 and will not be repeated here.
aNext, according to the definition of • we see that the following matrix

relation holds

_  -
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~~~
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(86) E~:k1= [~ ll~:k]
so that by Lemma 4.1 at points along a the first matrix has rank m , and in

particular at t—t
0
, we have that there are indices 

~1’~~
••’

~m 
such that the matrix

(87) 141
0
i (t0)1 p, a —

t x~~ ~
- has rank m .

We next prove Lemma 9.4.
- 

- 
Lemma 9.4:

Let D
h 

— ~~~~~~~~~~~~~ and E.0 — ~~~~~~~~~~~~ , h a l,...,1 be

arbitrary N dimensional vectors . The double system of equations

(88—1) ~
0
(t
0,x) — 

[
~~
0
(t
0) + $h*

ct
~(t

0)d~lJ 
— 0

(88-2) t
0
,x,~ )_[r(t

0)+
b(~~J

(t 0)d~ + ~~ j
(t0)e~ )j a Q a

has the solution h — 1, . ..,h ; j  —

(88—3) x~ a X~ (8)

(88-4) - X~(X(B),B) - X (8)  , j-l , . .., N , 18 1 18 ’

where : i) 
~~~~~~~~~~~~~~ 

ii) B ’ is a certain positive constant and iii) (88—4) means

that the solution (88—3) is used as the x par t of the argument for the solution

(88—4). This solution satisfies

J O
(a) X(O) — x (t°), (b) XeC2, (c) 

ax ( ) .,
0

~j 0(89) (d) X(0) — x (t °),  (e) XeC2 (f)  a C ) 
—

0 as h

j—l, . . . ,N , h—l , . . . ,~~~
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Proof: Statements (a),(b), and (c) follow from the implicit function theorem

together with (87) and the continuity properties of the functions i$~~ . Statements

(d),(e) , and (f) follow In an analogous way by noting that

— *
0
1
(t °),  j—1,...,N

x x

and by using the functions of (88—3) as indicated in (88—4) .

We next introduce a number of definitions. For each a, let S0 be the

set introduced above (28). Let ~~ indicate the set of vectors

6x1(t) , 5x1(t) , 6uk(t ) ,  6b° t0 
I t  It ’

j a1, . . . , N , k—1,... ,K,

which has Sx(t) , Sx(t) continuous , du( t)  piecewise continuous. We refer to

6~ as a variation of a . For an arbitrary function M(t,x x ,u,b) which possesses

first partial derivatives with respect to x,u,b on a0 let

(90) 6M( t) — 14 (t)5x1(t) + M (t) S c ~(t)  + ~ ~~~~~ 
(t) + M a

(t)Sb a, t
o 
I t I t1.

xi xi u b

We call the right hand side of (90) the variation of M along a0 due to 6a

We define an adxnissable variation of a0 if this variation satisfies

(91) — 
~~~~~~~~~~ 

, 5x1 — 6f1, to I t I t1~ 6*
0 
1 0 on N0, 1 Ia I ~

where N0 depend upon aa and are neighborhoods of $~~ . If 6a. satisfies the

first tw~ parts of (91) then we call 6a a differentially admissible variation

(henceforth D.A.V.) of a0. 
-

Next let W be the class of all in dimensional arcs

(92) w: w0(t), to < I t 1
~ a —

which is of class C1 with piecewise continuous second derivative and in addition

satisfies

(93) w0(t) 10, on N0 a —l , . . . , m.

27



Let 6a be a D .A .V . of a0 with the induced variations 6*
0
, 6~

0
, 6+

0

in the functions * , , • as introduced above. Define the arc g with

components g0(t) — 6*
0(t) . According to the definition of an admissible

variation and of the class W , we see that if da is admissible, then g is

in W • The converse of this is true as follows.

Lemma 9.5: Let w be in W • Then one can cons truct an admissible variation

•1 19 ~6a of a with 6b , 6x ‘(t°) and 5x (t ), s—l,...,N—m, j ,‘ I (where
0 9 P

I are the indices of (87) ) arbitrary and such that

(94—1) 6*
0(t) a w0(t)

(94—2) o 0(t) —

(94—3) 6~
0(t) — ~~

0(t) t° I t I t 1

Proof: Consider the triple system of equations

(95—1) h0 
— (w0(t 0)_ $0

~ 9] — 0

x p x s

(95—2) ~~1c~ — [i’0(t °)— ~ ’
1

e8 
— ~~1

v1] — 0, p — 1,...,m, s—l ,...,N—m , I #

(95 3) + k
(t (t)

1
(t)z _$.f]~0~ t

°<tIt1, ct—l,...,m, j—1,...,lI, k—l ,...,K

where the arguments of (95—1) and (95—2) are (t °,x 0(t °)) and (t 0 ,x ( t 0), c0(t 0))

respectively and where h,e,c,e,v,d,z, ,  are vectors of dimension

in , N—rn , m, N—m, N , K, N, N respectively. Then by the non—singularity of the

matrix of (87); and the result of Lemma 4.1, the system (95) has the solution

(96) c~ — ~~(e,v) ,

dk 
— ~

k(~~Z,;) k—l,...,K, to 
I t I t1

Furthermore, h~, c~ are linear in their arguments while is linear in

for each fixed t and continuously linear in these arg~mmnts for t on an interval

of continuity of u0(t ) .
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Next, consider the system of differential equations

-r
t dzz — —dt(97—1)

— f T (t) z~ + f T
~~(t)~~

i + f T (t)~
k
(tz,z) r—1,...,N

with

i i i
a ~(t°) — i~(e) — v , ~ ~(t

°) — ~~(e,v), p 1,...,m
(97—2) 4 1Js 0 5 ‘5 • s 0 S

a (t )— e  — v  , z (t ) e

when 9 e5 are arbitrary. By the properties of fT ,~~ , this system has the

• solution z (t) yielding ~(t) —

By construction, we obtain

(98—1) *
a

1
(t
0
)Zl(t

0
) = w0(t°)

(98—2) ~~
1

(t 0)zJ (t
0) + ~~

1
(t
0
)~~

i (t
0
) —

x x

(98—3) ,
0
(t) i(t) + •~~1

(t) 4 ( t)  + 
~~k

(t
~~~

(t) — ~r0(t)  [t °,t ’]

Now define the variation

(99) 6a.: 6x(t) , Sx(t), 6u(t), 6b , to I t I t 1

with 6x(t) a z(t), 6x( t) — ~(t), 6u(t) — ~ (t) and 6b arbitrary. By our

construction together with (98) this variation is admissible and satisf ies (94)

proving the lemma.

~ 
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10. FIRST IMBEDDING THEOREM

Next, let t5a be an admissible variation

(100) 6a: 6x(t), 6~ (t) ,  óu(t), 6b, to I t ~ t1

By Lemma 9.4 there are the functions

(100—1) x — X(c), x — X(c), CIIB ’

satisfying:

(101—1) *
0(t°,X(c) ) — (p 0(t °) + c6*

0(t°)]  — 0

(101—2) ~~(t°,X(c),X(c)) — (~~
0(t°) + c6~~(t°) ]  — 0

(101—3) aX
3

(0) 
= 6x1(t°) ,  ~~~(°) — 6 c1(t0), 1 I j  IN

where 6*
0(t) , 6~~~(t) ,  6+

0(t) in (101) and (102) to follow, result from 6a

and p0(t) i~
0
(t). Set

(102) p0(t,c) — p0(t) + c6*
0
(t)

then
(103—1) p0(t,c) — p0(t) + c6~

0(t)

(103—2) ~
0(t,c) — ~

0
(t) + c6+

0(t), a 1,...,m, t
o 
I t I t 1.

Then by: i) suitably restricting c and solving the system of differential

equations
x — f ( t ,x, x,~ (t ,x, x ,p ( t ,c) ))

(104) °

x(t°,c) — X(c) , x(t °,c) — X(c)

(with U
0 from Lemma 9.1); ii) defining functions b(c) such that

(105) b(0) — b0, b0(0) — 6b

and performing analogous steps to those used in the proof of Theorem 6.1 of (1],

we obtain the f amily of arcs

x(t,c), ~(t,c), u(t,c), b(c), to I t I t’~ 0 1 C I

30
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(for some 6 > 0) in the class A introduced below (62). This family satisfies

(106) *
0(t,x,(t,c) ) — p0(t,c), 0 1 C 1 6 t

o 
I t I t1.

Proceeding as in (1], we evaluate the functionals (59) on this family, use the

continuity properties of this family together with (101—3) , (82), (106) and set

a~ (g(0))
(107) k~ — — 0,l,...,p+4N
to obtain

(108—1) k~ — [R~1 t~~6~
i
~ + S~1

(t S)6X lS] + 6g

(1:8-2) k~~
i a -[~~ 

(t5)6X 15 + q~ (t
s)6X18] + /F k 6~~~tI I 

~~~ to ~~1,u-

(108-3) ~~~~ = - [z11(t
s)6~

1s + ~jj(ts)ox1s]S 
1 

+ 
j1F

p+N+j uk~~6+0dt

(108—4) ~~~~~~ — 6;(iO 
— &

•i
(t
O
)

(108—5) ~~~~~~ — 6X~
0 

— 6x~(tO)

S _________where e.g., 5X 1 means ~ )6b° . Thus we have proven:

Theorem 10.1: Let 6a be an admissible variation and let a (c) be the one

parameter family of arcs in A and related to a0 and 6a as described above.

- 

Then the derivative k~ of J~(a(c)) with respect to c at c — 0 is given

by (108)
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11. SECOND INBEDDING THEOREM

Let the point (t,x,x,u) be in It
3
. Thus, ~ — x0(t), x — x0(t) and also

_
~~ ~~~_ . :_  ..

~~~~~
—(109) a — + (t,x ,x, u) # p (t)

Let 6 range on the interval (0,6’] and let c — 62 . Next, let S’(c)

be the interval [t,t+c], while s”(c) and s’’’(e) are respectively the intervals

(t+c, t+S] and the null set or the interval (t+c—6,t] and (t+c,~+8] accordingly

as (t,x,x,u) is or is not in . Define a function p
0(t,c) as follows

(110—1) p0(t ,c) — p0(t) exterior to S’(c)uS”(c)uS ’’’(c)

(110—2) ~
0
(t,c) — — ~~~~~~~~~~~ + ~

0
(t) on S’(e)

and if (t ,x ,~~, )  is in R

• (110—3) ~
0(t,c)—~

0(t) + c 

~ 
((26+c)(6_c)+66(t_ (t 6)))(z

U_
~
O(~)] on s”(c)

(6— c)
while otherwise

(110—4) ~
0(t,c)”~

0(t) + 
c 

~ 
[(26+c)(6—€)+66(t—t)](z

0
—~
0(~ )] on

(6—c)

(110—5) j~
0
(t,c)”~

0(t) — 
12c6 

~~~ 
— 
(c+61 ](;a_~a(~ )]  on S (c)

(6—c)

By this construction, we have that

(111) p0(t,c) — p0(t) + v0(t,c)

where v0(t ,e) is zero exterior to S ’(c )U S”( c)U S ’’ ’ (c)  and with graph determined

as follows: 
+Case: 1 (t ,x ,x,u) is in

(112—1) 0(t ,c) — — ~~0(~~ ) on S’(c)

(112—2) (6— c ) 3 ( (2 6 +c)( 6—c ) + 66(t— ~ — 6 ) ] ( ~~ —~
0(~ ) 1 on S”( c)

32



- - - - - ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ —---- -~~~~~~~~~ -- -- - 

Case: 2 ~~~~~ is nOt in R+
0

(112—3) C ((26+c)(6—c)+66(t— ~ ) ] ( 0
—~
0(~ ) ]  on S ”(c)

(6— c) 3

(112—4) 
0(t,c) — — ~~~~ on S ‘(c)

(112—5) —l2~6 [t4— 
(e~6) 

]~~~ 0~~~0
(~~)]  on S ’’’( c)

(6— c) 3

Choose 6’ so small that: i) (~—6’, ~+6’] is contained in an interval of

continuity of u0(t),  ii) p0(t,c) 10 on (t°,th], and iii) l~(t ,c )— l c ~ on

S’(c), p(t,c)—p(t)~ < ~ , otherwise (where ~ is the smaller of the constants

of Lemmas 9.1 and 9.2) and define

(113) U(t ,x ,~~,c) — .1’ (t ,x, r,~~(t,c)) on S’(t)

I. U (t,x ,x,~ (t,c)) otherwise

where U ,  U are respectively the functions of Lemmas 9.1 and 9.2. By fur ther

reduction, if necessary , in the value of 6’ and by using Theorem 1.1 in the

appendix of (1], we can solve the system

(114—1) x — f(t,xo~c,U (t , x,c ,c))

(114—2) x(t°) — x0(t
°)

(114—3) c(t0) — 
~0
(t°) .

By steps analogous to those used in the proof of Lemma 6.2 of (1], we obtain

the family of arcs

a(s): x( t,~ ),  ~(t ,c) ,  u(t,c), b(s), t
0 
It I t ’, 0 I~ I(6~~)

2

with u(e,c) — U( t,x(t,c),z(t,c),c), b( c) — b0 , containing the arc a0 for c—0

and satisfying lx (t ,c)— x o(t ) I and I~~t ,5~~ 0 (t) l are bounded fore c

to < t < ti
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Furthermore, we have that

(115) *
0
(t,x(t,c)) — p0(t ,c) 1 0, 0 

~ c ~ 
(8,) 2 

to 
I t I

so that by (115) and (114) the family a(s) is in the class A introduced below (62).

Evaluating the functionals (59) on a(s) yields

• s—l
— [It 1

(tS)x IS(b) + s
1
(t S)X 1S (bo)] + g~ (b

0
)

+ (F (t, x(t ,c) ,c ( t , s), u(t, c)) — F (t ) ]d t

s’(~)

+ f M (t,x(t,s),x(t,s),p(t,s))dt.

(116) ~~~~~
+ J M ( t,x( t,t),x( t,s),~ (t,c))dt

- 

+ f  N (t,x(t,c),~ (t,c),~ (t))dt + fF~(t)dt y —

tR
with similar expressions for the other functionals and

where i) t.~ means the right hand end point of S’ (s)US”(c)US’’’(s), ii) N~ are

the functions of Lemma 9.1 and iii) the facts that x(t ,c) — x~(t), i(t,s)

u(t ,c) a u (t) to the left o~ S’(c)US”(s)us’’’(c) have been used,

By using the continuity properties of the family a(s) (as provided by

Theorem 1.1 of the appendix of [1)) together with the remarks above (115) and pro—

ceeding in a manner analagous to that used in proving Theorem 6.2 of (1] we obtain:

Theorem 11.1 Let (t ,x ,x ,u) be an element in R
3 

and let a(s) be the family

of arcs which is in the class A and related to a , (t ,x,x ,u) and constructed

as above. The derivative k~ of J~(a(s)) with respect to c at c—O is

given by j
(117—1) k~ — ~~~~~~~~~ — G~ (~ )~ p — 0,1,... p+2N

( 1 1 7—2 )  — 0, p a p+2N+l, . . .,p+4N
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12. PROOF OF THEOREM 7.2

At this point, we provide the following definition. We call a set K of

p+4N+1 dimensional vectors Ic, a derived set for the functionals (59) at a0 on

the class A , if for each finite collection of vectors k
1
,...,k in K there

is an s parameter f amily of arcs a(E1,...,E3) in A with a(0) — a and such

that the functions fl~(E) J~(a(E)) have a differential at EaO satisfying

311 (E)
(118) k~ — p—O,1,...,p+4N, i—1,...,s .

i E—O

To apply this definition, let K be the set of all vectors of the following

types:

Type I:

(119-1) — [~ (t
S)6X15 + S ( t S) 6X JS] + 6g + I~k ~~6+ 0dt , y— O, l, . . . ,p

(119—2) ~~~~~ — —[~ ct
S)5~

1S + ~~ (t56X
1
~] 

+ ~
k

6+
adtI I 

~~~~~~~ ~~~~~~ 
a

(119—3) ~~~~~~ - _ [~ (t 5)6X ~~ + 
~~ 

(tS)6X3S] 
S-l 

+ kc 6+ dtI I 
~~~~~~~ t0 p

~~~~
,u

(119—4) ~~+2N+i 
— 6XiO — 5;i(~

o)

(119—5) k~~
3I+ê

~ — 6X~~ - 6xi(t0) , i—l,...,N

where the terms 6X~~, 6X
15, 6g, 6+

0
, 6XiO 6~~(t

0
), SX~

0
, Sxi(t0) are related

to an admissible variation 6a as described in Theorem 10.1.
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Type 2:

(119—6) — G~(t~x~x~u) 
— G ( ~ ) p— O ,l, . . . ,p+2N

(119—7) — 0 , p ’.-p+2N+1,...,p+4N

for ,~~ii in It
3 
. It will be proven in Section 13 that the set K is a

derived set for at a on A. For the moment, let us accept the truth of

this statement . By Theorem 7.1 together with the generalized multiplier rule of

Theorem 3.1 in Chapter 4 of (2], there are multipliers X~, 0 IP 5.p~4N not all

zero, which satisfy

(120-1) > 0, 0 II  I p’ and X — 0 if J ( a 0) < 0, 1 I V  I P ’

(120—2) ~~~ > 0, 0 I P 5. p~ 4N

for all vectors in K.

Next , let C — (c j , ..., cN) and D (d 1,...,dN) be vectors which satisfy

(121) +‘~1
(C)c1 

I 0, ~~
1
(t
0)ci + ~~~(t°)d1 — 0 .

Select an m dimensional arc w which satisfies

(122) w0(t°) — *~~(t
0
)cl, ~‘

0(t°) — 0, 0
(t) 0, to 

~ 
t I t1

Then w is in the class W introduced in the remarks involving (92) . By Lemma

9.5, there is an admissible variation

(123) 6a.: 6x(t) , 6 c(t), 6u(t), 6b, t
o 
5.t 5.t

1

with 6b arbitrary and with

I 1 1 0 1
(124) 6x 8(t °) — c ~, 6i 5(t ) — d ~, i~ ~ i~, s l ,..., N—m

(where i are the indices of (87)) such that

- 
__~__1~ _ _
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(125—1) ip
1
(t)6x 1(t) — 6*

0(t)  — w0(t)

( 125—2) ‘
1

(t)6x 1(t)  + ~~~1
(t)6 ,~

1(t )  = t5
0 (t)  =

(125—3) 6$0(t)  — w0(t) — 0 , l<alm , t0<tIt1

Furthermore , by (124) , (121) , (122), the definition of ~~~~, the non—singularity of
i i

the matrix of (87) and (125) evaluated at t°, then we have 6x ° (t°) = c
i i

6c  ~ (t°) d ~, l i p  < m so that

(126) 6x1 (t 0
) — cj, 6~~i (t 0

) = d1, 1 < j  < N

Then by (120—2), (125—3) , (126) and the definition of k in (119—1) through (119—5),

we see that the inequality

S— i S—l
+ R

11
(t 5) 6X 15 + s~1

(t~)tsx1~] 
— ~~~~~~~~~~~~~ + qjj (t S) oX JS]

S—l
(127) 

~~~+N+i [
zi .( t~ )t sii5 

+ ~~11 
(t s)tSX i5] + A P+2N+i6X + A p+3N+i 6X~

0

-. i — i
I Ap+2N+id + X

p+3N+i
C

holds for all 6b and for all C ,D vectors satisf ying (121). Since the left

hand side of (127) is linear in 6b and holds for all 6b we must have

(128) ~~~~~~~~~~ — AP+3N+ic > 0

for all vectors D ,C satisfying (121) . Thus the expression (128) is minimized

at D — C — 0 subject to the constraints (121). Then by the multiplier rule for

linear functions of N variables, there are multipliers K’,.. .,K2m with

K0 > 0, 1 < a 5 m such that
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~p+2N+i 
— Kin~~q~(t

0
)

(129)
A

3 
— Kaqa (t o) + K~~~

t
q~~(t 0

)

where the definition of has been used in (129). By these remarks, together

with (120—1) we see that (66) is proven.

Now let ób be an arbitrary vector. Consider the variation 6a with

6x(t) 0, &~(t) 0, 6u(t) 0 and 6b as the given vector. Then 6a is

an admissible variation. By (120—2) and the definition of K we have that the

left hand side of (127) is non negative. However, since 6b was arbitrary, then

- the left hand side of (127) must vanish. Then by the definition of p(t), p(t),

we see that (68) is proven.

Next, let (t,x0(~
),~0(~E),i~)sR3 . According to (120—2) , the definition of

K in (119—6) and (119—7) and the definition of the function C, we have

(130) G(~ ,x0(t) , c0 (~ ) , u) — G(~) ~~~ (E,x ( ~ ) ,~~(~ ) ,~ )cR
3

Thus by Lemma 9.3 , together with a continuity argument , we see that (130) holds

also for ~~~~~~~~~~~~~~~~~~~~ . Thus, (70) is proven .

Next, define the collection W~ of m dimensional arcs

(131) w: w0( t ) ,  to 
~ ~~. 

t1 , 1 < a in

which is of class C1 with piecewise continuous second derivative and in addition

satisfies -

(132) wO(tS) — 0, ,0(t S) — 0, S 0 ,l, w0(t) < 0, to 
~. 

t < t’ 1 < a 5. in.

Then W CW. Now select B with 1 B I ~ and let wcW be an arc with

w0(t) 0, 1 
~ 
a s. in , a B . According to Lemma 9.5, we can find an

admissible variation 6c1 with
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(133—1) 6b — 0, 6x 3(t°) — 0, 6x 5(t °) — 0, s l ,. . .,N—m, j ~~ i

and

(133—2) 64s
0(t) — w0(t) , 6~~’(t) — ‘r~ (t) , 6$0(t) w0(t) , 1 < a  < m , t0<t<t~

(where i arc the indices of (87)]. We have

0 — w0(t°) — 6*
0(t°) — *

0 (t 0)6x1(t 0)
(134) X

O — ~
0(t°) — 6~~(t°) — ~~1

(t 0)6x~ (t 0) + ~~j(t
0)6ci(t0) ,  l < a  I~

and

(135) 0 w0(t) — 6$0(t)  t° i t  It ’ a B

Then by (134) , and the non—singularity of the matrix of (87) together with (133—1)

we see that 6x~~(t°) — ~~~~
° (t °) — 0, p — l,...,a . Thus,

(136) 3x1(t°) — &~
1(e°) — 0, j  — l,...,N

By (120—2) , (133), (135), (136), the definition of the class K, the definition

of ~ (t) and the selection of the arc w , we have thatB

(137) f  — U
8

W dt 1 0

- 
to

where B has the value selected above. By the definition of the class W to-

gether with Lesmia 2 in the appendix (1], then I
B
(t) — (a

8
t + b

8
) is a non—

increasing function for certain constants a
B
b
B 
. This establishes the properties

of UB
(t) in Theorem 7.2.

In order to prove the statement involving (72) concerning the trivial form

of the multipliers, we see that according to the definition of these multipliers

and the selection of the initial points of the functions R~1(t)~ Y
ij
(t)

~ 
z~1

(t)~
S~1

(t)~ q~1
(t)~ ~~~

1
(t) in (56) , then

(138) p~(t’) — ~~~~ ~~~(t ’) —

39
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Next, let A — 0, 
~ 

— O,l,...,p. By the definition of p(t), ~(t), S 1
(t),

q~1
(t) , ~~1

(t)~ R 1
(t), Y~1

(t)~ Zi1
(t), we see that for the present case the

multipliers p(t) , ~ (t) satisfy

+ 
~1 [

~ 
- 

~~k 
C~+.~
] 

+ - 0

- (139)

+ pj  [f~~ — 

~~ ~~~~~~ 0 i,1 l,...,N , k’.l,...,K, cs l,...,m

where the unlisted arguments are t, t
0 

~ t .5. t 1 . Thus, if p~(t) — ~~~~ — 0
then

(140) p
i(t) ~(t) 0, t

o I t < t 1 , i—l,...,N

Now assume that the situation of (72) exists. Then by (140),(evaiuated at

(138) and (129) we see that all of the terms A , p—0,l,...,p+4N vanish, contra—

d.tcting the statement above (120) . Thus , the statement involving (72) and also

Theorem 7.2 are proven.

13. FINAL INBEDDING LEMMA

Lemma 13.1 The set K is a derived set for the functionals J of (59)

at a0 on the class A.

Proof: Let h
l~••~~

h
r 

be r
1 vectors of the form

1

hT [Ryj
( t 6 r~

iS + SyI
(t )6 rX ]  + 6 g  ~

k
6 + adt , Y 0 ,l,...,P

r • iS—i p k
~~~~ — — I Y ~4 (t56 XIS + q~4(t

S)6~xI8~ + J ~~
‘ Ic C 6 +

0dt
L ‘ Js—0 o p+i ,u U r

(141) t

hrN~~ — _ [z1 (t
8)6 ~

JS + (tS) o X IS1 
S—i 

+ JF Icj r 
~~~ ~0 p+N+i,u• hr2~ — 6rX

i0 
—

• hr3N~ — ôrXi0 
— 6 x i(t0), i—l,...,N
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where for example &
r+
U 

denotes the variation in the function $~ due to the

admissible variation

(142) 6
r~~ 

l5
r
X
~
(t)I 6x i(t) ,  6ru

k
(t), 6b ~ t

o 
~. 

t I t 1~ 1 I r I r1. 
-

Let ki~••• kr be r
2 vectors of the form

2

Ic: — ~~~~~~~~~~~~~ — G(t ) p — 0,l,...,p+2N
(143)

a 0 p — p+2N+l , . . . , p+4N

where (t ,x ,~~ ,u )  , s l ,...,r
2
, are points in R3 with t~ < t

1 
if j  < I.

Using the above r1 admissible variations, and setting pa(t) — *
U (t)  define

(144—1) pU(t,c) — U
(t) + cr6r*

a(t).

By differentiating and using the admissibility of 6
r
a
~ 
we have

(144—2) ~
U(t,c) — U

(t)  + C6 r~~
(t)

(144—3) ~~
a
(t ,C) — “U(t) + c

r6r+
U(t), a”~l,...,m, t°<tIt1, r—l,...,r1.

According to the properties of , we can select 6’ so small that

(145) pU(t,c) 10 , a l,...,m t°I ~ I t
1 0 

~~.. ~r 16’

We further reduce the value of 6’ if necessary according to the following

restrictions: i) t~ + r26’ c t
1 

— r26
’ if t~ < t

1 
; ii) It — r26

’,t + r26’]

is interior to an interval of continuity of u0(t), si ,...,r2 ; iii) if t
3 is

not in S~, then It — r26
’, t + r26

’] is disjoint from S~

Next, let 6~ , s 1 ,...,r2 , range on the interval (0, 6’] and let

c5 — 6 ~~. Set

(146) — .a(t5,xs,c
5
,u5) s—].,...,r2

and Ti — t1
, T — t + + 

~2 + + 5 > 1
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- 
and let S’(c) be the interval [T ,T + while S~~~ (c) and S’’’(t) are

respectively the interval (T
3 

+ s , T
5 

+ 6~3 and the null set or the intervals

(T + s — 6 , T ]  and (T + c ,T + 4 ]  accordingly as the point (t ,x ,~~~,u )

is or is not in R n R
3
.

Define functions v~ (t ,c) ,  s—l ,...,r2 , a 1,...,m as follows:

- 
(147—i) v~(t ,c) — 0 exterior to S~ (c) U S (e) u

(147—2) ~ (t ,c) — z — ~~t5) on S~ (s)

and if (t5,x5,~~ ,u5) ~: 
in R: then

(147—3) v~(t,~) 
a ~ ((26 +c )(6 —c ) + 65

8
(t—T5—65)1[z: 

— ~
U(t

5
)] on S (c)

(6~— s )

while otherwise

((26 +s )(6—s ) + 66
5
(t_T

3)Hz:
._ ~

U (t )]  on S (s)
(6~— c~)

• (147—4) ~
U
(t ,s) I

r (c +6)1
~ I . t—T — — I [z U — ~~~~~~~ )]  on S ’’’(c)a 2 j s a s

s s

Next, def ine the functions

(148) p U (t ,c,s) — pU(t,c) + 
~ 

v (t,s)
s l

By using (145) , (147) , (148) and reducing 6 ’ further if necessary , we can

guarantee that

(149) P
U (t ,c,c) 0, a~ L ,...,m, t° t<t 1

~ 0<c~ ,6,5.6’ c u w ~ ,

and that

(150) I p ( t ,c,c) — 

~~ 
< on S ’ (c),

(151) ~(t,c,s)—~(t)I < ~ otherwise on (t°,t h ]  a i ,...,m, 0IC
r~
4 C 6 ’ , c_ 6

~

s—l,...,r2, r—l,...,r1

where ~ La the smaller of the constants of Lemmas 9.1 and 9.2.
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Def ine
U (t,x,x,p(t,c,c)) on S’(s)

(152) U(t ,x ,i,c,c) — .
U(t,x,x,p(t,c,c)) otherwise

where U0, U5 are respectively the functions of Lemmas 9.1 and 9.2.

By further reduction if necessary in the value of 6’ and by using Lemma 9.4,

we know that there are functions X(c), X(c) such that

(153—1) $
U(t

O
,x(c)) — (P U (tO

) + cr6r$
U(tO)] —

— (153—2) ~~(t°,X(c),X(c)) — (U (tO) + cr6r~~
(t°)] — ~

U (t O ,c ,c)

c v l ,...,m, 0 < cr~
6 16 ’, c — 42 s—i , . . . ,r 2, r—1,..., r1.

Finally by further reducing the value of 6’ if necessary and by using Theorem 1.1

in the appendix of (1], we can solve the initial value system

(154—i) x — f ( t,x,c,U(t,x,~ ,c,c))

(154—2) x(t°,c,c-) — X ( c )

(154-3) ~c(t°,c,c) — X(c)

within the t,x,x,c,C set about t,x (t),c0(t),0,0 specified by

I(t,x)—(t ,x0(t))I < min(6 ’,O),  l ( t ,~)— (t ,~0(t)) I < 6’ , t° It It’
o s. c ,cU2 

16 ’ s—l ,...,r2,

where 0 is the constant introduced below (30). Using the solution to this system

and defining the functions O~
1(c), o 1 ,..., r , of class C2 which also satisfy

(155) e°(0) — b~ , 9 (O) — 6rb° ~ r — l,...,r1

we obtain the family of arcs

x(t,c,c), x( t,c,c) ,  u(t,c,c), b(c,c) ,  0 I C
r 

5 6 ’ , 0 I < (6’)2

with u(t ,c,c) — U(t,x(t,c,i),x(t,c,c),c,c) b(c, €)  — 9(c)

containing a0 for cc 0 . Furthermore, by our construction, we have that

(156—1) $
U(tO,x(t

O
,c,E)) — P

U(tO,c,c)

(156—2) ~~‘(t°,x(t °,c ,g ), c(t °,c,c) ) — U (t O,c ,c)

(156—3) +
U (t ,x(t ,c,c) ,~~(t , c,g ) , u(t ,c,c))  — Q U (t ,c,c)
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so that

(157) *
U(t,x(t,c,c)) — p°(t,c,c) < 0 , a—1,...,m, t°<t<t 1, 0<c 6’ , 0< c <(6 ’)2

r—l,...,r1 , sl ,...,r2
the last inequality following from (149).

By (157) and (154) the family a(c,c) is in the class A • With as

the functionais of (59), then by using the properties of this family, the functions

T~ (a(c~c)) , 0 
~~ ~~ ~ 

p+4N are of class C1 on the sit 0 I Cr < 6’ ,
0 < c < (6 ’)2. For an arbitrary r , 1 I r < r1, set c~ — 0, i # r and c — 0.

The family a(c,c) becomes the f amily a(cr) and by Leimna 10.1 we have

~J (a(c ,c))
(158) h~ —

where h~ are the terms of (141) . In a similar manner but by using Lemma 11.].

and with k~ as the terms of (143) we find that

a~ ( a. (c ,c) )
(159) Ic1’ — a p 0,1,...,p+4N

Since r,s were arbitrary then (158), (159) hold respectively for

and s 1,...,r2 and Lenina 13.1 is proven.
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