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1. INTRODUCTION

A general problem in optimal control can be stated as follows: Let C be the
class of arcs
a: () xt(e) u*(t) v’ 2 <t<tl
1= 1,...yN k=1,...,K O = lyecea,sr
whose points (t,x(t),:':(t).u(t)) lie in a region R 1in t-x-x~u space with b
in a region B in b space, u(t) piecewise continuous, x(t) of class C!

and which in addition satisfy the constraints:

;i = fi(t,x.;:,u) 1i=1,...,N
wu(t.x) <0 a=1...,m' \bu(t.x) =0 a=m" 4+ 1,...,m
8" (t,x,x,u) < 0 n o= I,eeesL! 8" (t,x,x,u) = 0 n=L'+1,...,L
cha)io Yy=1,.0.,p' : IY(a) =0 Yy=p"+ 1,...,p
x (%) = x5) %) = X5 e = 1°(b) s =0,1
where:(l)

1
: 4
1@ =g ® + [ Ltk 0.
t

It is desired to minimize the integral
el
Io(a) = so(b) + [ Lo(t,x,;:,u)dt
t

on the class C .

& With few exceptions, superscript -+ will denote differentiation with respect

to t . The exceptions are used for notational convenience and will be explicitly
noted. The current exception is )(j's and refers to the constraints on ;:1(:3) .
Also, unless otherwise specified, the indices 1,k,0,a,n will have the respective

ranges

l<1iz<N, l1<k<K, l<ozxr, l<as<m l<n<L.




A point (t.x,i,u) such that w“(c,x)-o is called a boundary point for the

constraint w“. An important feature of this paper is in relaxing the assumption
upon the rank of the matrix [waifik] generally used in attacking problems of this
type.(l) This is accomplished :ve: though we admit solution arcs which have an
infinite number of intervals on the boundary. Furthermore: 1) the maximum princi-
ple is shown to apply to a larger set than previously obtained (see [l](z));
ii) modified forms of the relation ﬁ-ut and of the transversality relation usually
obtained in problems of this type are shown to hold and iii) a condition on ﬁa(tl),
the derivative of the multiplier function at the final point, is obtained.

The results obtained do not directly follow from results for the case when
the differential equations involve only first derivatives of the state.

With the dimensions of our terms allowed to adopt new values, the above problem
is expressible as one in which the constraints have the simpler form

§i = fi(t.x.i,u)

¥ (tsx) <0 l1<as<m
IY(a)iO L2y <p' IY(a)'.o p' <y <p
xi(ts) - xis(b) ;Ci(ts) = iis(b) 8 = O'l 1 i i iN'

The methods of Hestenes are extended to obtain a set of first order necessary
conditions which a solution arc to the problem stated above must satisfy. The
extension of this result to the more general problem is the subject of a succeed-

ing paper.

2. STATEMENT OF THE PROBLEM

We are concerned with arcs a
a: Sy, =, Ko, v cegel
with points (t.x(t),;(t),u(t)) in a region R in t-x=-x-u space, b in a

region B in b space, u(t) piecewise continuous and x(t) of class C! .

(1) Unless otherwise specified, repeated indices are summed.
(2) Bracketed numbers refer to references.

P " o T, T — — . " : - ‘J




A general problem can be stated as follows: It is desired to minimize the i

integral el

(1) Io(a) = go(b) + J/. Lo(t,x.i.u)dt

o
t

on the class C of arcs which satisfy the conditions

(2-1) X = e,xx,0)

(2-2) ¥ (t,x) € 0

(2-3) IL(a <0 Fsy sy I(a) =0 P' <yvy=<p
(2-4) 2y «xe HHBm  se=01

where el

(3) 1@ =g (b) + ﬁ£. L (tax,%,u)dt VRTIE Te

We assume that the functions wa are of class C3 and that the functions
A Lys 8 %1%, are of class C! on R or B as the case may be.

Define the functions

. .1
(4-1) $(t,x,x) = 9 + ¥
x
(4-2) 62 (tyx,x,u) = ¢+ 29° iii + w“i xxd + w“ifi(:,x,i,u) B RS PP S
t2 tx xtxd x
& a2y?
For arcs which satisfy (2-1), these functions act as at and e and are

of class C2 and C! respectively.

Let R° be the set of points (t.x.i,u) in R satisfying the conditions
(5-1) <o

(5-2) 3%=0 and ¢%>0 Vasy®=0 or $°=0 and ¢°<0 Vasy’=0

a=l,...,m.
Let R; and R: be those subsets of Rb whose points satisfy the first and

second parts of (5-2) respectively.




[ ——

We wish to test whether a given arc

. 5 ° 1
a: x (t), x (t), u (t), b, L S

which is in the class C 1is a solution to the above problem.

The set Ro is seen to contain the collection of points (t,xo(t).io(t).uo(t)).
As an extension of this collection, we define R1 as the set of points
(t,x,(£),x (t),u) which are in R_ .

We will assume that the matrix<1)
(6) [¢“k auswe] L e
u

has rank m on Rl o

3. FIRST ORDER NECESSARY CONDITIONS FOR A MINIMUM

Define the functions

. ~ i ~ .i a
(7-1) H(t,X,X,u,PspPsu) = p " +px" - AL - AYLY = Myt
and

io vio
G(b) = Aogo + AYgY + APHX + A ”mx
Y — lgooo,p .
Then we shall prove:
Theorem 3.1. Suppose that the arc ab is a solution to the above problem.
Then there are multipliers ’
~ T
(8) AY’ pi(t)o Pi(t)’ K, uu(t).
Y'O,l....,p‘!‘ZN, i’l,oo.’N; G.l’oo-’m, T'l,o..,Zﬂl

such that when these are used as arguments for the functions H and G defined
above, then the following conditions are satisfied: The inequality |

(9) H(t,x (£),x (£),u,p(8),B(E),u(t)) <H(t,x_(£) 2% (£),u (£),p(E),B(E), W(E))

(1)

GaB denotes the Kronecker delta.




is valid for all u with (t.xo(t),io(t).u) in Ro « The multipliers

pi(t), ;1(t) are each continuous with a piecewise continuous derivative on
[t°,t1]. Together with ua(t) these multipliers satisfy the relations

2 3 o
(10) pi = -nx1’ pi = -H'i’ H k = 0’ x =H

x u pi
along a, on intervals of continuity of uo(t).
The function H(t.xo(t).io(t),ub(t),p(t).;(t),u(t)) is continuous on

[to,cll. On intervals of continuity of ub(t) this function has a continuous

derivative satisfying(l)
dH e a
(11? dt + ua¢ = Ht R
The transversality condition
. s=1
(12) G + [ pi(ts)dxis + pi(ts)dxis] o3 0
s-

is valid along ao for all db .

T

The multipliers kp » k are constants which satisfy(z)

= = \J
Aogp Aygp with AY 0 1if IY(ao)<o Y= 1l,.e03p

(13)
mtaea mta a, O

- x°q:(c°) + K qi(to) A = kKM %% (% .

A L 1

- p+i

Furthermore, together with p(:).;(t),u(t) they are not of the form:(l)

A =0  y=0,1,...,p K'=0 1=l,...,2m ﬁocZ)-o 1f X (t) <0
(14)
ua(t)-o Q- l,.--,m, pi(t) . °| pi(t) - 0 i-l’-oo'N

for any point t in [t%,tl].

(1) 1In the proof of (11),(14), the terms involving ﬁu will be shown to exist.

(2) The symbol q;(t) denotes w“i(t.xo(t)). In addition, functions M(t,x.i,u)
: X
when evaluated along a, at points (t.xo(c).xo(t),uo(t)) will often be

denoted as M(t).




st ———

For each a , the multiplier ua(t) is continuous on intervals of continuity
of uo(:) and satisfies the following properties: 1) there are constants a
ba such that uu(t) - (aut + bu) is a nonincreasing function on [to.tll,
1i) it is of the form ;ut + Sa on intervals upon which wa(t) <0

iii) ua(tl) =0 if y*(el) <0, and 1iv) S ﬁq(cl) =0 1f y*(e)) <o.

Next, let the arc a, be a solution to our problem which together with the
multipliers Kt, XD. uu(t). pi(t). si(t) satisfy Theorem 3.1l. Let the multipliers

ua(t), pi(t), ;i(:) and the functions H, G be modified to the respective forms

u (£)+(a t4b ) pi(t)+(aut+ba)q:(t) ;i(c)+(a“c+b°)i:(t)
% s=1
(15) 6b) + |-(a % + b )@ e5HX%®) + CeHX =)
o o i i s=0

Blt,xkumpaBon) = pE + B X = AL, = AL = ud® =2 d, ya1p
for any constants a ba . Then by substitution, we see that the arc a, to-
gether with the modified multipliers and modified H and G functions satisfy
all of the statements of Theorem 3.1 except for properties iii) and iv) of the
multipliers ua(t) and the statement involving 14).

Then using the above definitions, set
o

. ~ ~ i ~ oi ~
H(t,X,X,u,p5Psusu) = pf7 + px" = AL = AL =ué =u

~a
SRS . A 4

& io yio _ SO 18 i Q. typid
16) G =gy + A g+ A 0w 0 - (et e) + gehxtie)

. 1 -i
A oprba ( 91 EDXO0) + aF ()X Pt} . dyeansd -

As a consequence of these remarks, we have the following results:
Theorem 3.2. Suppose that the arc a, is a solution to our problem. Then

there are multipliers " oy e
K, Xpo ua(t). ua. Pi(t)’ Pi(t)

'l‘."l.....Zm p'O,l,....p+2N+2m 0.1,000'13 i‘l,--c.N

(1) See previous footnote concerning ﬁu terms.

7
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1

and functions H and G as described above such that with these terms as
arguments, then the following conditions hold.

The inequality
7 B(E,x, (), (£),u,p(£),p(E) u(t) 1)
< H(E,x (£),% (£),u (£),p(£),P(E),u(t) )

is valid for all u with (:,xo(:),io(c),u) in R . The multipliers

pi(t). ;i(t) are each continuous with a piecewise continuous derivative on

[to,tll. Together with ua(t), ;; » these multipliers satisfy the relations

(18) Py = -H,,
X

along a_  on intervals of continuity of uo(t).

The function H(t,xo(t),io(t),uo(t),p(t),;(t),u(t).;) is continuous on
[to,tll. On intervals of continuity of uo(t) this function has a continuous
derivative satisfying

(19) ==+ 1 ¢

The transversality condition
s=1

(20) G + [pi(ts)d).(is + ;i(:s)dxis] w: @
s=0

is valid along a, for all db.

The multipliers Ap, K' are constants which satisfy

= if I < < X
A >0 AYl 0 with AY 0 y(a'o) 0 lsy=syp
ma o

(t%) + K73 i <% agtey

o
Kﬂ

(21)

v

0 Ap+i K ay




ek

Furthermore, together with u(t), ;, p(t), ;(t) they are not of the form

T

Xy-o Y-O.l,u'o.p K =0 ‘l"l,.--,Zm
. e a - - -
Ho(t) = a if y7(t) <0 u, (8 at+b
(22) 2 : -
Ha T & Ap+2N+u % aat * ba Ap+2N+m+u i aut i ba

- - <, - ~ - - Q1=
py(8) = (a t + b )q,(t), py(t) = (a t + b )q(t)
for any constants a, » bu at any point t in [to,tll .

For each a the multiplier “a(t) is continuous on intervals of continuity
of uo(t) and satisfies the following properties: i) there are constants a ba
such that ua(t) - (aat + ba) is a nonincreasing function on [to,tI], ii) it is

of the form ;at + Ea on intervals upon which wu(t) < 0 and iii) satisfies

B (eFy & U 9Nty <0,

Lemma 3.1. Theorem 3.2 follows from Theorem 3.1.
Set
(23) Ap+2N+u aat * ba Ap+2N+m+a aat s ba ua aa

where aa 3 ba are the constants of (15). By the remarks below (15), we see that
it is only necessary to prove the statement involving (22) and property iii) of this
multipliers ua(t). The latter statement follows by substitution. In order to
prove (22), we assume that the situation of (22) exists. Then by (23), we see

that the situation of (14) exists for the original multipliers. Thus, Theorem 3.2

and also Lemma 3.1 are proven.

4. REFORMULATION OF THE PROBLEM

It is convenient to reformulate the problem stated above. In order to do this,

introduce the additional variables




i

EE————

r+s

xN.m, ;‘N‘.'G ’ uK+a G-lgcao’m’ b 8‘1,-...4111

and the conditions

(24) Shta  ctto _ i 2% n TRt

Let R,B be the respective Cartesian product sets

RXXN-‘.lx"'xNﬂxiN"’lXuaokN-‘mqu-'-lxOuo uK+m

and

B x le ces Bl“n

where for example X * is the space of the variable xN+°l .

Define the functions (without summing on a)

(25-1) 70, %) = ¥ (t,x) + 2% (e)
(25-2) (%) = e xd) + 2@ + L)

(25-3) 3ty xsmen) = 62 (Esx,5u) + uFTORE(E) + 2TORR(E) + X O%()

where wq(t), ¢a(t), ;a(t) refer to values along a.

We are now concerned with arcs in R . Such an arc will be designated by

o

=g t sece

a' ;Cj(t)y ’:‘j(t)v ;k(t)s b,

j’l,o.-’N"'m’ k‘l,...,K‘Hﬂ, O-l....,r+4m.

Consider the following problem. It is desired to minimize the integral
tl
26) 1@ =8, ® + [ 1,650,550

tO

on the class C of arcs a which have; 1) (t,x(t),x(t),u(t)) in R, ii) b in B,

14i) u(t) piecewise continuous, iv) x(t) of class C! and which in additionm,

satisfy the conditions

10




(27-1) s S § = 1,000

(27-2) !TJQ<O J-KM<0 a.lgo-o’m

(27-3) Iy(a)_<_0 ¥ ® tvauip' 17(3.) =0 y=p'+1,...yp

(27-4) B = 1w 2w = 0m) . e=0,1. 1=1,..00n

where Xis(b) and Xis(b), i=1,...,N, s=0,1 have the meaning already

specified and

(27-5) XN+a,0(b)_br+a XN+u.1(b)-br+m+a iN+u,0(b)_br+2m+a iN+a,l(b).br+3m+u
tl
(27-6) IY(E) = gY(l;) + [ Ly(t:.i(t),:—:(t),ﬁ(t))dt R B

t

Let a be an arc in C and let a4 be the projection of this arc into R, B
space and let s* be the set s® = {t|wa(t) = 0}. Then by the definition of ¢°,
the arc a 1is in 'C for the original problem and furthermore there is a positive

constant T depending on @ such that
(28) V(e x(0)) W2 (E) > T > 0 rw (ehett] » 8 .

Define C° as the subclass of arcs of C which satisfy the above inequality for

some t>0., Then starting with an arc a4 in co we can construct an arc a4 in C.

The arc a is the projection of a into R, B space and will in addition have

DHa - ¥ z 0 ey = 0

»
~
(&
N

m

(29)

b -Em--; Sﬁzm-sﬁ3m-o a-l’ooo.m

where T is a positive comstant satisfying T <t for Tt the constant of g,
In so doing, we have shown that the reformulated problem is equivalent to the
problem of minimizing I° on C° + Furthermore, since the arc a, is in

Co c C then a, solves the latter problem and a correspondent ao constructed

11
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as outlined above will be a solution to the reformulated problem. Thus, define

the arc
= =3 - -k e ° 1
a.: xo(t). xg(t), uo(t), b, e T -
with
* e 0 PO gl T
o o <)
& o 2 |
xi = 1 1=1,...,N xN+° = 0
o (-] o
@ = hoe Lyeeok it
o (-] o
Ec - bc g = 1,...,1? Sm - E = -6
o o o o
S;* ‘5:+3m+a_0 a=l;..0,m

where O 1is any constant satisfying 0 < 8 < 1 . By the preceding line of
reasoning, the arc Eb is a solution to the present problem. Furthermore, by ?

(€))

construction, we have
(31) 0 > 3%(t) > v¥(¢) and 0=%t) 41ff 0 = p%(t). 1

From our definitions, we see that the functions Eu are of class C3

with respect to x and of class C2 with respect to t on sets
[ty » &) lx-fo(t)l <p |x = x (e)] <o lumu _(£)] <o
where [tl ’ tzl is an interval of continuity of uo(t) and p 1is some positive

constant. We shall henceforth call such sets as C sets. Furthermore, from the

definition of 3“ and 3“ we see that the functions 3“ are €2 in x, X and

¢l in t on C sets while the functions > are C! in u,x,x on C sets
and ¢ in t on C sets. Finally Ea s ;c act respectively as diuldt and

d23%/dt2 along arcs satisfying (27-1). :

(1

Functions with superscript "bars' and argument t will refer to evaluation

along a,

12 :




Next, define the set io as those points in R such that

(32-1) w<o 219 .0
and
(32-2) =0, >0 Vas9® =0 or ¢°=0, ¢°<0, Vasp =0

and define i;:ﬁ: respectively as those points in io satisfying the former,
latter conditions of (32-2). Lastly, define the set D as the points
(t,;o(t),io(t),u) in io with either u = Go(t) or t interior to an interval
of continuity of uo(t). We next prove:

Lemma 4.1. The matrix [¢°k] l<ac<m 1<k <Km has rank
u

m on D.

Proof: By the definition of our functions, we see that if (t.;o(t),io(t),u)
is a point in D then it's projection(l) (t,§o(t),;°(t),u)P in R is in Ro .
Then by using these definitions again, together with the properties of the matrix

of (6), the lemma is proven.

5. FIRST NECESSARY CONDITIONS FOR A MINIMUM IN THE REFORMULATED PROBLEM.

il B LA RIS s S e S

In order to state the main result to be proven for the present problem, we
make the following definitions. The set §1 is the subset of ib consisting
of the points, (t,io(t). io(t),u) in io . The set iz is that subset of il
with t interior to an interval of continuity of Go(t) and the set Rz is
defined analogously with respect to R2 and ao .

We shall prove that given an arc

a: =0 Rl At W secel

which is a solution to our problem, then Zo satisfies the following theorem:

(I)Subscript p denotes projection.

13
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Theorem 5.1. Suppose that ao is a solution to our problem. Then there is

a set of multipliers

= -~ T
Apa Pj(t)s Pj(t)’ K, Na(t)a

p'O,l,...,p+2N+2m, j-l,-..,N‘hn, u'l,.-.,m. ‘r'l....,Zm

and functions

(33-1) (s X, X, usPsDon) = pjfi + "‘j{é‘ - Tl - AL - u
5 - - io - r+a, - olo , = +2mta
(33-2) G(v) Xo8otA B, A p+ix A aa® Ao il B P b

j-lgooo’m; Y- lgt-o’p; 1-1,....N; G'l,-..m

such that with these multipliers as arguments, then the following conditions hold.

The inequality

H(t,x (£)sX (t),u,p(t),p(t),u(t)) <
(34) - -o :o % i
H(t’xo(t)axo(t):uo(t)op(t)np(t)$U(t))

is valid for all u with (t,§°(t),;°(t),u) in R, . The multiplierxc pj(t),

2
;j(t). are each continuous with a piecewise continuous derivative on [to,tll.

Together with ua(t) they satisfy the relations

(35) e, , p,=l,, p,o-l,, H,20, lcj<im, 1<k<ktnm .
e el T b i L el e
on intervals of continuity of uy(t).

The transversality condition
. = s=1
(t%axd® + 3 (:‘)dx”] =0
] s=0

(36) 46 + [p‘1
is valid along ao for all db .

The multipliers Xp , K* are constants which satisfy(l)

(1) The symbols a:(t), E:(t) denote quantities for $a along ao which are
analogous to q:(t). &:(t) and w“ along ao .

14
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X >0, iy_>,o with iy-o if IY(&°)<0,, 1.<y<p', k%0, a=l,...,m

| z"i“j'(:°) +1<""'°E:(t°), ip+N+m+j = K“*"E;‘(f). j=1,...,Nm .

Furthermore together with p(t), ;(t), they are not of the form:

A =0, 0O<y<p K'

‘Y - - -o’ T'l..-..Zm

(38) ' AL
pj(t) =0, py(t) = 0, i=1,.0.,Nm
for any point t in [t°,tl].
For each a, the multiplier ua(t) is continuous on intervals of continuity
of uo(t) and there are constants a, s ba such that uu(t) - (aat + ba) is a

nonincreasing function on [t%, 17,

6. RELATIONSHIP BETWEEN THEOREM 3.1 AND THEOREM 5.1.

The statements of Theorem 3.1, except for (ll) and its preceding remark
follow from Theorem 5.1. The excepted statement will be proven in a succeeding
paper. In order now to prove the remainder of Theorem 3.1, set

Ap -~ Xp p-O,l,...,p+N

(39)

A 1-1.00',N )

P T AphvmH

By the definition of $> , ¢° and £ ™ we ses that @ can be written as

Kta . ~ N+

(40) B=H+pgu o +p Ka.8ce) « 27

g = [ 3oCE) + %))

where H is the function of Theorem 3.1. Thus,

(41) % X

15




and statement (10) together with it's preceding remark about the multipliers
p(t), and ;(t) follow from Theorem 5.1 together with the fact that intervals
of continuity of uo(t) and of ;o(t) agree.

Since the functions gY do not depend upon br+s s 1<s < 4m, then we

may rewrite (36) as the separate statements

L ] () -1
= - - io = yvio s is ., ~ . s is]®
Aodgo + Ayde + Ap_H_dX + xwwtdx + [pi(t )ax— + pi(t )dX L-o =0
(42-1)
l<yz<p» l<isN.
r+a . o o - 1 r+mtq
db ["p+u+a Pyaelt )] + 2 (eD)db

(42-2)

r+2ma = s o 1y g 3wk _

+ db D‘p+211 pm_u(t: )] + pm_u(t )db 0.
Thus, (12) follows from (42-1).
Next since
(43) I(a) = xy(io) ¥ S0 veuP 5
then (13) follows from (37) and the definition of Ea "
By (40) and (35) we get
= a

(44) 0= Huk+u Pytg - ua(t)w (t) (¢ not summed)
and

. — ~ ~a
(45) PN+u(t) = -HiN+a = -pN+a(t) + ZuQ(t)¢ (t) (¢ not summed).
Next, by differentiating (44)(1) there results
(46) Pree (E) = 1 (£)93(E) + u_(£)3°(e) (a not summed) .

N+a [\ o
(I)To be more precise, in (46) the term ﬁawa represents the difference

%;[uaw“] - uG;G which exists on [t°,t1]. At points t where wa(t) < 0, this
difference equals ﬁcw“. At other points this difference is zero.
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Equating (45) with (46) yields after solving for ;ﬁ+u(t)

(47) P (8) = u (0)8%(e) = 1 (£)97(E) (¢ not summed).
Differentiating (47) yields‘y

(48-1) én+q(t) - ua(t)¢°(t) - ﬁu(t)¢u(t) (a not summed)
while using (35) again gives

(48-2) CNCRE JERROTLO (a not sumed).
Comparing (48-1) with (48-2) yields

(49) u (€)y%(e) = 0 (a not summed)

proving the property ii) of the multipliers ua(t) .

Next, by (42-2) we note that
2 1y = 1Y =

(50) P (tD) Pﬂ+u(t ) =0
so that by (44) evaluated at t!, we obtain
(51~1) ng (£ (el = 0 (a not summed)
proving property iii) of the multipliers “u(t)' Notice that by the properties
of a then ¢°(t) can be # 0 only if y*(t) < 0. Thus (51-1) could be rewritten
(51-2) ua(:1>$°(:1) =0 (e not summed) .
Also by evaluating (47) at t! and using (50) together with (51-2), we see that

(52) (t1) = =u (e1HF*(eD) 4 (e1)y7(e) = u (e1)¥7(e)), (o not summed)

0= “Pore
proving the property iv) of the multipliers ua(t). The other properties of

ua(t) follow from Theorem 5.1.

(I)R'marks. similar to those referring to the term ﬁuwa in (46) apply to the

-~ a . &u
term uaw and “q’ .

17




In order now to prove the statement involving (14), assume that the situation
of (14) exists. Then by (47) and (44) we obtain

(53) Pgralt) = Pgyq(®) = 0

so that the situation of (38) exists. Thus, the statement involving (14) is
proven.

It remains only to prove (9). In order to do this, we use (34) and (40)
to get that

K'HI._;K‘PG

a(:.io(w.§°<t).u.p(t).3(c>.u<u>>+[u ” (c)] (Pyq = Ha(B)V7(E)]

(54) 2 3 » ~
s H(t.xo(t) ’xo(t) ’uo(t) »P(t),p(t),u(t))

for all (t.;o(t),;o(t),u) in ﬁz .

Then by (44) we see that (54) is equivalent to (9) but for the projection of
ﬁz into Ro . Now by reasoning similar to that used in proving Lemma 4.1, we

K+a

see that given a point pekz » We can select values of u a=l,...,m to get

a corresponding point 5 in ﬁz with projection p in R2 . Thus (9) is

valid for points in R By continuity consideratioms, it is then sufficient to

2 .
prove the denseness of Rz in R1 in order to completely prove (9). This
denseness property is established by considerations similar to those used in the
proof of Lemma 5.3 of [1] and will not be repeated. This thus completes the proof

of Theorem 3.1 (except for the statement involving (11)) from Theorem 5.1.

7. ALTERNATE FORM OF THEOREM 5.1.

In the following pages, we will omit the superscript bar (-) from all terms
and in addition will replace N+m, K4m, r+4m, by N, K, r respectively.
By Lemma 4.1, there are terms cz(t) such that the matrix [;:(t)] acts as a

right inverse for the matrix [¢ak(t)] .
u
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Next, set

(55-1)

(55-2)

(55-3)

(55-4)

(t%,¢1] of
(56-1)

(56-2)

(56-3)
(56-4)
(56-5)

(56-6)

pefine

(57-1)
(57-2)

(57-3)

i i i k a
Ay(e) = ij(c) - fuk(t) ‘a(‘)"xj"‘)
~i 1 B T
Aj(e) = f?(t) fuk(t)ca(t)d»;j(t)

k a
M (t) =L (t) -L ()5 (t)¢ ,(t)
Y3 yx3 I R
~ k a
M (t) =L .(t) =L (6)g ()¢ ,(t), y=0,...,p .
* yx) ke z "

and zij(t) be solutions on

g +n. A" =N
Y Y

Y3 h™j h|
S +R.+R.A'aM, with S ,(t!)=0=rR  (t])
Y3 v yh'™'j v ¥3 Y]
Y=03¢00esP
&“ + YihA;' =0
gt it yihx'; =0 with  qu(h) =0 Y (e =6
?{“ + ZihAg =0
Eij + iij * zihA'j‘ =0 with  Fyeh =gz (D) =0
h,i’j-lgco-’N .
P (tyxkou) = L = R 83 = (R, +8 )% - § Y=0y...sp
i Y Y3 v v3 Y3

Fp_H.(t,x,;:.u) - Yijfj + (iij + qij)Qj + ‘.lijxj

me’.(t'x’i,u) - Zijfj 5 (iij + Eij);!j + Eijxj




Then by (56) and (57) we have along a,

(58-1) F o, -F gt ¢ i
pPxX pu
(58-2) P - F 0% =0 00,1, 4. ., p+2N
pxX X

Define the p+4N+1 functionals on an arc & as

¢l
S=1
o 3 S, yis S,y3is J[
(59-1) JY(a) [Ryj(t XS () + SYj(t IX?(b) ]s-o + gY(b) + 4 Fydt
t
Y'O.l....,p
1
(59-2) e @ = e $y)35 ) + q,, (£5)x35 ) e ‘F.F dt
13 3 S pHL
S=1 t}
i vis 3js J[
(59-3) Jp+N+i(a) [z j(c S)x (b) + qij(t )X (b)]s-o OFP+N+idt .
t
Next, augment the above functionals by defining Jp+2N+i(a) X (b) i °)

and J (a) = Xio(b) - xi(to). Now let a be an arc which satisfies (27-1).

pHINHL
Then by (56) and (57) we have

¥ o L, L P O ol §.0
(60-1) Jv(a) Iy(a) RYJ(t Y(XTT(b)-x"(t7)) syj(: Y(XTT(b)=x"(t7)),

Y -0’1’o.o’p

(60-2) 3 (@ = ¥ (B (€) + (D) @) (2% + el - KEw)
" 0, ,9d0 v 003, 0 ~ P, | DR, P 3 _ yil

(60-3) Jp+N+i(a) zij(t Y(XTT(B)=x"(t7)) + qij(t YXTT(B)=x" (7)) + x (tl) - X" (b)

(60-8) T yen @ = X100 - &e”)

(60-5) 3, eg (@ = XO00) - x'(e” 1,1 = 1,00\,
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Notice that on arcs which satisfy (27-1) and also

(61) Jp+2N+s(a') = 0, 8= 1,000, 2N
then
(62) JY(a) = Iy(a), Y = 0,1,.0.,p
3 gty X el o), LR Lely-xte) . 1
Next, define A as the class of arcs satisfying (27-1) and (27-2). Then we have:

Theorem 7.1. The arc R minimizes Jo on A subject to the constraints

(63) Jy(a) <0, 12y 2<p's Jp(a) = 0, p' <p<p+4N.
Now, set
(64) Hoa(®) = "Fpuk“":“’
(65) Gp(t,x.;:,u) - Fp(:,x,;:,u) + upu(t)e#u(c,x.;:,u), 0=0,1,...,p+4n.

Then as a result of Theorem 7.1 we have:

Theorem 7.2. Let the arc ao be a solution to our problem. Then there are

multipliers K., R’p, t=1y..0,2m, p=0,1,...,p+4N with

k" >0, l<as<m
(66) A, 20, Gy <sp’ with X =0, 42 J &)<V, 1lz2vyzp's
~ o o ~ a a (o] ‘o (o]
Aot = R qy (), Aoraneg = K a () + K0q, (87)
Furthermore, if we set
21




(67) +i0

G(b) = Xng + A X+

x xio
pH2N+1 pH3N+HL

=2 -2 - z
pj(t) AYRyj xp+iYij L
B0 =%s  -% q,-% .3
Py(8) = A8 5 = Aoty T Apnweayy
a= l,...,m, Q. = 0,1’!-0’P + 4N’ ¥ = 0,1,cn-p’ i,j = 1,-..,N

then we have

’ s=1
(68) G + %“%ﬂm+pﬁéﬁﬂﬂ - 0
=0

for all db. The multipliers ua(t) are given by the formulae

(69 uy(8) = =F L(6)55(e)
u

and are thus continuous on intervals of continuity of uo(t). Furthermore, for
each a there are constants a , b such that p (t) - (at+b ) is a
a a a a a
nonincreasing function of t om t° <t < tl .
The function G satisfies the inequality

(70) G(e,x (£),x (t),u) > G(t)

for all points (t,xo(t).;co(t),u)eR2 . Furthermore, along ao , this function

satisfies

(71) G k - 0’ k-l,-.-,K .
Q

The multipliers Xp, KT. u(t), p(t) are not of the form

RY =0, y=0,1,...,p £ Wy v e Ly esyds
for any t in [t°,tl].
22




8. RELATIONSHIP BETWEEN THEOREM 7.2 AND THEOREM 5.1

Theorem 7.2 will be proven in the following sections. In the present section, |

it is shown that Therorem 5.1 follows from Theorem 7.2.

Firstly, we note that the relation (71) follows from (70) and (69) by directly
analogous reasoning to that used in Corollary 1 of [1].

We now prove:
Theorem 8.1. Theorem 5.1 follows from Theorem 7.2.

Proof: Set

~

(73-1) A, = A, 0y <P Aoy = Apraney? Aoty = Apaweyr L3 2N

and

(73-2) H(t, X, Tl e e R D ey Ly 4B & |
t9x’x’u’PaP9U) Pi Pix oo Yy ua¢ . Y OseeesP |

By our definitions of p, ;, G and F we see that
74 Hecofpiatel wapayd® -3 5 .
(74) Py Py By Py Py
In addition, by the definition of My together with (58), we obtain along a,
(75-1) TR S L
i k’a’_ 1
u X

k.
X X

k,a
(75-2) G-i = F-i - F kca¢'i =0, £ Ll o BN
X X u b'e

so that by (74) and (75), we have

(76-1) H, =<6, - Py = <Py
x X

(76‘2) H’i-—G‘i-pi.-i‘
X X

Finally (74) and (71) yield that along ao

(77) H
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Thus (76) and (77) and the form of H establish (35). The inequality (34) follows
from the first part of (74) together with (70). Similarly (36), (37) and (38)
follow from the definitions of G and Ap together with (68), (66), (62) and
(72). Finally, the statements concerning the properties of p(t), ;(t), and ua(t)

follow from (67) and corresponding statements in Theorem 7.2

9. AUXILIARY LEMMAS.

Next define the set R3 as that subset of R2

following condition. Given a point (t,x,i,u) in R2 » let U be the collection

with points satisfying the

of a indices such that w“(t) = 0, then either
0% (tyx,x5u) > 0, Vaell, or 6%(t,x,%,u) < 0, Yael .

We prove the following lemmas which are necessary for later results.

Lemma 9.1. Let

78) b (B = % (E,x (E),x, (E),u (£)).

Then the equations

(79) ¢a(t'x’;‘,u) - za, u-lgcno’m

have solutions uk = Ug(t,x,i,z) on a set

(80) theesel, sty <o |x-x (t) ] < 6 PRICIREN
Kk 3 . k k
such that Uo(t,xo(t),xo(t),p(t))-uo(t). The functions U° together with their
first partial derivatives with respect to x, i, z are continuous on sets
t' <t<t" lx=x (&)] < &', |x=x (&)] < &',  |z=p(&)]| < &'
where t' <t < t" 1is an interval of continuity of uo(t). Furthermore the functions

(81) M (t,%,%,2) = F (£,%,%,U (6,%,%,2)) = F_(£,x (£),% (£),u (t))

satisfy

24
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M (Ex (£),% (£),0(8)) = O
pX

(82) Mp;i(t’xo(t)’xo(t)’s(t)) =0

. . k
sza(c’xb(t)’xo(t)’p(t)) = (t) = Fpuk(“)‘a(‘)

D = 0.1,000’p+2No

Proof: A point (t,xo(t),io(t),uo(t)) in Rz is also in D. Then by using the

result of Lemma 4.1, the continuity properties of the functions ¢° as listed

below (30) and reasoning directly analogous to that of Lemma 5.1 of [1] (which will

not be repeated here) the lemma is proven. The form of U§ is

(83) uﬁcc.x.i.z) = u§<c) +c8k<:)v8<c,x.§.z) X 8w i
Lemma 9.2. Let (t,x,X,u) be a point in R, and set ;a = ¢%(E,X,%,0). Ine
equations

(84) 0% (t,x,%5u) = 2°

have solutions uk = ﬁk(t,x,i.z) on sets described by

(85) |t-t] < &, |x-x| < &, |x-x| < &, |z-z| < &
where § 1is a certain positive constant depending on the point (E,§.i,ﬁ). The
solution satisfies U(t,X,x,z) = u and together with its first derivatives Vith
respect to x,i,z is continuous on the above set.
Proof: The proof of this uses a similar procedure to that of Lemma 9.1.
Lemma 9.3: The set R3 is dense in Rz.
Proof: The proof is entirely analogous to part of the proof used in Lemma 5.3 of
{1] and will not be repeated here.

Next, according to the definition of ¢“ we see that the following matrix

relation holds
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" [] - [l

so that by Lemma 4.1 at points along ao the first matrix has rank m , and in

particular at t-to, we have that there are indices il,...,im such that the matrix
(87) [wai (to)] Psa = 1lyeee,m
xD

has rank m .
We next prove Lemma 9.4.

Lemma 9.4:

1 .2 N =

Let Dh-(dh,d.h,...,d.h> and Eh-(el_];,...,e:), Biw Lisansh bn B

arbitrary N dimensional vectors. The double system of equations
(88-1) 20 - [0Re + 8 (e | =0
h xj

~%, 0 _ ¢ ~, 0 e R (R IR T % ™ )
(88-2) ¢ (t7,x,x)- [¢ (t )+eh(¢xj(t )dy + 4’;3 (t )eh)] 0 a=1,.00,m;

has the solution h = 1,...,ﬁ; J = 1,.0.,N
(88-3) < = )
(88~4) D@ e =X@® ., d=L...N 8] <8

where: 1) 8-(81,...,85), ii) B' is a certain positive constant and iii) (88-4) means
that the solution (88-3) is'used as the x part of the argument for the solution

(88-4). This solution satisfies

b
(a) X(0) = x (£, (b Xec?, (o) ———3;;0). d
X : 3 .
(89) @ X0 =% (¢, (&) Xecz (p XL .J
: 28"

j-l'.o-,N' h-l,-c-)}-l
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Proof: Statements (a),(b), and (c) follow from the implicit function theorem
together with (87) and the continuity properties of the functions wa . Statements

(d),(e), and (f) follow in an analogous way by noting that

6% =% %), 3=,y
X X
and by using the functions of (88-3) as indicated in (88-4).

We next introduce a number of definitions. For each a, let s* be the

set introduced above (28). Let &a 1indicate the set of vectors

2 1
sxdee),  sxde),  sut(r),  &v° <<l
sa:

j’l,noo,N’ k-l’..l’K, O'l.-..,!‘

which has 6x(t), 6x(t) continuous, &u(t) piecewise continuous. We refer to
da as a variation of a, For an arbitrary function M(t,x,i.u,b) which possesses

first partial derivatives with respect to x,u,b on a, let

(£)6x3 (£) + M, (£)633(t) + M L ()6u(e) + M _(e)sb%, ° < t < tl.
xj uk b° A

x3

We call the right hand side of (90) the variation of M along a, due to 6a .

(90) &sM(t) = M

We define an admissable variation of ao if this variation satisfies

k 3 5
(91) sx) = dg’: R sxd = £, t° <t <tl, *<0on N l<a<m

where N* depend upon &4 and are neighborhoods of s®. If sa satisfies the

first two parts of (91) then we call &8a a differentially admissible variation
(henceforth D.A.V.) of a,. : %

Next let W be the class of all m dimensional arcs
(92) we wa(t)’ to < € i t1’ Q= 1,---,1!1

which is of class Cl! with piecewise continuous second derivative and in addition
satisfies

(93) w(t) <0, on N a=l,...,m.
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Let d8a be a D.A.V. of a, with the induced variationms Gwa. qu, 6¢a
in the functions wa. ;u' ¢a as introduced above. Define the arc g with
components ga(t) = Gwa(t). According to the definition of an admissible
variation and of the class W, we see that if da 1s admissible, then g is
in W . The converse of this is true as follows.

Lemma 9.5: Let w be in W . Then one can construct an admissible variation %
sa of a, with &b, Gij'(to) and Gst(to), s=1l,...,N-m, js # 10 (where

ip are the indices of (87)) arbitrary and such that

(94-1) §¥%(t) = w(t) 3
(94-2) 560(t) = wi(t) ;
(94-3) §6%(t) = wo(v) t®<t<tl

Proof: Consider the triple system of equations !

(95-1) "’01 w - [w°‘(c°)-‘4a"‘j 1 =0

X e X -
(95-2) . P - (D)3, ® -] =0, pel,..cm, $ol,... .00, 1 £ 3
A .3 ) B o s
x P x° o
(95-3) ¢°k(t)dk-[§°(t)-¢° (£)23-¢%,291=0, t%<t<tl, a=l,...om, J=1,...,N, k=1,...,K
u <3 X

where the arguments of (95-1) and (95-2) are (to,xo(to)) and (:°.x°(:°).i°(t°))
respectively and where h,L,c,e,v.d,z.i, are vectors of dimension
m, N-m, m, N~-m, N, K, N, N respectively. Then by the non-singularity of the

matrix of (87); and the result of Lemma 4.1, the system (95) has the solution

n’ = 8P () |
(96) P = Ple,v), p=l,c..,m
dk - ak(t'z.;) k‘l,oc-.K' to i t _<_ tl .

Furthermore, ﬁp. ¢® are linear in their arguments while ak is linear in z.é
for each fixed t and continuously linear in these arguments for t on an interval

of continuity of uo(t).
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Next, consider the system of differential equations

T dz'r
§ 578
(97-1) :
.r . - . ]
L2 . ot 4 it + 0T voliasell |
X X u
with
i i i
z °(t%) =P @) =v P, z P(t% = Plesv)s  p=l,...,m
(97-2) 3
z s(to) =f8ay8, z 5(t°) = e® s=1,...,N-m

when £° &° are arbitrary. By the properties of f’,&k » this system has the

solution z'(t) yielding d(t) = a(t,z(t),;(t)).

By construction, we obtain : Q
(98-1) TGP L GO O
X
4
(98-2) G B G R G A GO IR ) :
x 3
(98-3) o'yl + oo + P oo = F@ el
X X u

Now define the variation

(99) saz sx(t),  6x(t),  &su(t), &b, t®<t<tl

with 6x(t) = z(t), 6x(t) = z(t), OSu(t) = d(t) and &b arbitrary. By our
construction together with (98) this variation is admissible and satisfies (94)

proving the lemma.
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10. FIRST IMBEDDING THEOREM

Next, let &a be an admissible variation

(100) sa: sx(t),  &x(t),  Su(t), &b, t®<t<tl,

By Lemma 9.4 there are the functions

(100-1) x = X(c), X =X(c), |c|<p’

satisfying:

(101-1) v, X(e))- [p%(e%) + csy®(t?)] = 0

(101-2) %, X2 X(e)) - [9%(t%) + c832(t®)] = 0

(101-3) %c@ = §x3(t°), %—Q - 833 (e%, 1<3<N

where qu(t), Gau(t). 6¢a(t) in (101) and (102) to follow, result from &a

and o%(t) = y®(t). Set

(102) 0%(t,e) = p%(t) + cop®(t)
then - . ~
(103-1) 0% (tye) = p%(t) + c83%(t)
(103-2) p%(tye) = p%(t) + c8o%(t), ol el € Xkl

Then by: 1) suitably restricting c¢ and solving the system of differential

equations b g N
x = £(t,x,x,U_(t,x,%,0(t,c)))
(104) : g SOEV .
x(t ,c) = X(c), x(t ,c) = X(c)

(with U° from Lemma 9.1); 1ii) defining functions b(c) such that
(105) b(0) = bo. bc(O) = §b

and performing analogous steps to those used in the proof of Theorem 6.1 of [1],

we obtain the family of arcs

ale): x(t,c), x(t,c), u(t,c), b(c), t'stxel, Og5exs




(for some 3§ > 0) in the class A introduced below (62). This family satisfies

(106) PA(E,x, (t,e)) = p%(tye), 0<c<3d £« & = gl.

Proceeding as in (1], we evaluate the functionals (59) on this family, use the

continuity properties of this family together with (101-3), (82), (106) and set

3J (a(0))
(107) kp = "—% p = O’I’COQ’whn
to obtain ¢l
: S=1
k. a
(108-1) K - [R (¢5)6x38 + 5 (cs)sxis] + g +fp z5s¢%d¢e
i i S=0 ¥ L ya© 3
and 1
4
: S=1
(los-2) w1t .. l:‘lij(ts)é‘xjs + qij(cs)sxjs] + [ F | cfeetar
S=0 t:O p""'gﬂ-
tl
(108-3) kP ] (65)ex3S 4 5, (¢5)exdS AT (Erseat
1j ij > pHN+i U

S$=0 t°
(108-4)  xPPAHL _ i | 2l
(108-5)  kPYIHL | 10 _ 19

38
where e.g., sxIs means AA_((0)) §b° . Thus we have proven:
an’

Theorem 10.1: Let &§a be an admissible variation and let a(c) be the one

parameter family of arcs in A and related to a, and da as described above.
Then the derivative k° of Jp(a(c)) with respect to ¢ at c =0 is given

by (108)
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11. SECOND IMBEDDING THEOREM

Let the point (t,x,x,u) be in R Thus, x = xo(E). X = io(E) and also

3.
(109) 2 = 4%, %, x,0) # p%(E) a=l,...,m .

Let & range on the interval [0,6'] and let € = 62, Next, let §'(e)
be the interval [t,t+e], while §"(c) and §'''(e) are respectively the intervals

[t+e,t+5] and the null set or the interval [t+e-§,t] and [t+e,t+8] accordingly

as (E,E,i,;) is or is not in R: . Define a function p“(t.e) as follows

(110-1) 02(t,e) = p%(t) exterior to S'(c)us"(e)us'''(e)

(110-2) 5%t,e) = 2% - p%(T) +5°(E)  on  8'(e)

and if (%,%,X,u) is in R:

(110-3)  5%(t,e)=p%(t) + —S— [(26+e) (6=€)+68 (t=(t+6))1[z"-57(©)] on  §'(e)
(8-€)

while otherwise

(110-4)  p%(t,e)=p%(t) + —= - [(25+€) (5-€)+66 (t-) ] [27-P2(E)] on §"(e)
(8-¢)

(110-5) 5% (e,e)=p0(e) - 28 reg - L) RG] 5T )
(6-¢)

By this comstruction, we have that
(111) o*(tye) = p%(e) + vi(t,e)

where v®(t,e) 1s zero exterior to S'(e)US"(e)US'''(e) and with graph determined

as follows: R g &
Case: 1 (tyxyx,u) 1s in Ro

(112-1) v (t,e) = z* - 5%(t) on 8'(e)

(112-2) ?352;3 [(26+€) (§-¢) + 68(t-t=6)]1[z"-p%(E)] on S"(e)




'm_ ST T — e e IV ™
Case: 2 (t,%,x,u) 1is pot in R:
(112-3) £ - [(26+€) (6-€)+68 (t-E) 1 [2™~p (E)] om §"(e)
(6-¢)

(112-4) v*(tye) =422 -~ o2(E) on S'(e)

(112-5) ilzsf; [c-E-~$5§§l HZ%-5%(E)] om S'''(e) .
§-¢

-

Choose &' so small that: 1) [t-8', t+8'] 1is contained in an interval of
continuity of u (t), 11) 0%(tye) <0 om (¢%,¢1], and 11i) |o(t,e)-z] < g on
S'(e), |;(t.s)-;(t)|< ¢z , otherwise (where 7 1is the smaller of the comstants
of Lemmas 9.1 and 9.2) and define

- - LTy '
Uo(t,x.i,a(t,e)) otherwise
where Uo’ U are respectively the functions of Lemmas 9.1 and 9.2. By further

reduction, if necessary, in the value of &' and by using Theorem 1.1 in the

appendix of [1], we can solve the system

(114-1) JE e f(t.x,;:,U(t,x,;t.e))
(114-2) 2(e%) = = (&%)
(114-3) x(t°%) = io(c°) .

By steps analogous to those used in the proof of Lemma 6.2 of [l], we obtain

the family of arcs

a(e): x(tse), !.((t.E), u(t9€)t b(e), to L£tx tla 0 S8 2(6.)2

with u(t,e) = U(t.x(t.e).i(t,e).s), b(e) = b° s containing the arc ao for e=0

[x(tse)=xo(t) | [x(t,e)=x, (t) |
€ €

and satisfying and are bounded for 05;5(6’)2

el
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Furthermore, we have that

(115) e, x(t,€)) = 0%(t,e) <0, 0<e< (8 <<t

so that by (115) and (114) the family a(e) is in the class A introduced below (62).

Evaluating the functionals (59) on a(e) yields

=1
= 8.5 38 8. "
JY(d(t)) [RYj(t )X (bo) + Syj(t )X (bo)]s-0 + gy(bo)
+ [rY<u.x<:,e).i<=,e),u(t,e)> - F (0)]dt

s'(e)
4-.4: MQ(:,xct.e).i(c.e).S(:,s))dt.
ll(e)

(116)
+ J(' MY(t.x(t.e).i(t.s),5(:.e))dt
S“'(E)
£l ¢!
+ f MY(t,x(t.e),x(t,s).p(t))dt + -/O.FY(t)dt Y = 0,1,-..,p
tR t

with similar expressions for the other functionals and
where! 1) t. means the right hand end point of S'(e)us"(e)us'"'"(e), ii) MY are

the functions of Lemma 9.1 and iii) the facts that x(t,e) = :s(t), x(ty,e) = :':o(t).
u(t,e) = u (t) to the left of §'(e)us"(e)us'''(e) have been used.

By using the continuity properties of the family a(e) (as provided by
Theorem 1.1 of the appendix of [1]) together with the remarks above (115) and pro-

ceeding in a manner analagous to that used in proving Theorem 6.2 of [1] we obtain:

Theorem 11.1 Let (E,E.E,;) be an element in R3 and let a(e) be the family

- - b -
of arcs which is in the class A and related to ab, (t,x,x,u) and constructed

as above. The derivative k° of Jp(a(e)) with respect to ¢ at =0 is

given by
(117-1) k¥ = Gp(E,i,E,E) - cp(E), p = 0,1,...,p+2N
(117-2) k° = 0, o = pF2NHL, ..., pHAN .
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12. PROOF OF THEOREM 7.2

At this point, we provide the following definition. We call a set K of
p+4N+1 dimensional vectors k, a derived set for the functionals (59) at ao on
the class A , if for each finite collection of vectors kl,...,ks in K there
is an s parameter family of arcs a(El,...,Es) in A with a(0) = a, and such

that the functions Hp(E) = Jp(a(E)) have a differential at E=0 satisfying

3N _(E)
(118) ki - —a%— E o D'O, l’ Y .P+4N, i‘l, eee3S o
i =

To apply this definition, let K be the set of all vectors of the following

types:
Type I:
1
y S\ .48 8 Ladll] T ; k. o
(119-1) k' = |R (tT)EX"" + 8 (t7)éX + 8g +f1=' k;6¢ dt, y=0,1,...,p
73 L s=0 L o Yu B

1

t
. S=1
-2 K- -[“1 (t%)sx3% + qij(:s)sxjs] + f P gasetar
o u

3 -
s=0 7o pH,
t

Sl s=1

(119-3) g -[zij(:s)sxjs + qij(:s)sxis] + f" kc’;u“d:
S=0 t° ptN+i,u

(119-4) WP | ox10 _ 63l
(119-5) WP | oxd0 | exle®) 101,00 N

vio

where the terms GXjS, Gst, GgY, 6¢°, s§X Gii(to). GXio, Gxi(to) are related

to an admissible variation d&a as described in Theorem 10.1.
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Type 2:

(119-6) K = G (t,%,x%,0) - G, (%) p=0,1,...,p+2N

(119-7) ¥ =0, p=p+2N+1, . . . ,p+4N

for E,i,i,ﬁ in R3 . It will be proven in Section 13 that the set K is a
derived set for Jp at ao on A. For the moment, let us accept the truth of
this statement. By Theorem 7.1 together with the generalized multiplier rule of
Theorem 3.1 in Chapter 4 of [2], there are multipliers i;. 0 <p < pH4N not all

zero, which satisfy

(120-1) i‘Ylo, 0<y<p' and TY-o 1f J(a) <0, lz<ycp'
(120-2) ka" = 0 0 < p < pHuN

for all vectors in K.

Next, let C = (cl,...,cN) and D = (dl....,dN) be vectors which satisfy

(121) &jj(t°)cj £ Oy 3‘:‘1(1:"%::l +6%.(t%a = 0.

% x

Select an m dimensional arc w which satisfies

(122) w*(t%) = ¢:j<:°>cj. Wity =0, ¥W()=0, tP<ctscrel,

Then w 1is in the class W introduced in the remarks involving (92). By Lemma

9.5, there is an admissible variation

(123) sa: §x(t), §x(t) s su(t), §b, t2<t<t!
with &b arbitrary and with

] ] 3 |
(124) 6x %t =c 8, 6% (% =478, 1,44 s=1,...,N-m

(where ip are the indices of (87)) such that
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(125-1) w“jct)ij(c) = 5p%(t) = wi(t)

X
(125-2) 3, ()exd () + 3. (£)6x3 (£) = 83%(t) = v2(¢)
x 33
(125-3) 56%(t) = w*(t) = 0, l<a<m, t%<t<t! .

Furthermore, by (124), (121), (122), the definition of zu’ the non-singularity of

i i
the matrix of (87) and (125) evaluated at to, then we have §x p(to) =c? .
1
8% p(to) =d p, l<p<m so that
(126) sxd (%) = oI, sx3(¢%) = o, 1<j<N .

Then by (120-2), (125-3), (126) and the definition of k in (119-1) through (119-5),

we see that the inequality

: S=1 S=1
~ S, .03S T R S\ .oiS S\ cyiS
AY[SgY + R, (D)X 45 e%yox ]5-0 APH[Yij(: oS + g (e%)ox ]S=0
(127) % z, . (£5)6x3% + 3, . (+5)exIS i i sx10 4 % "
pHN+HL | %45 95 geg  DYINEL p+3N+i
~ £ = i
Z Aoemnd ¥ Aoeae®

holds for all &b and for all C,D vectors satisfying (121), Since the left

hand side of (127) is linear in &b and holds for all &b we must have

~ > S i

Aizmrd® ~ touspig© 20

(128)

for all vectors D,C satisfying (121). Thus the expression (128) is minimized
at D=C =0 subject to the constraints (121). Then by the multiplier rule for
linear functions of N variables, there are multipliers Kl,...,sz with

K*>0, 1<a<m such that
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= K™%} (%)

p+2n+1

(129)
= K} (t%) + KM% (%)

Ap+3N+1
where the definition of zu has been used in (129). By these remarks, together
with (120-1) we see that (66) is proven.

Now let &b be an arbitrary vector. Consider the variation é&a with
§x(t) = 0, Gi(t) =0, Su(t) =0 and &b as the given vector. Then da is
an admissible variation. By (120-2) and the definition of K we have that the
left hand side of (127) is non negative. However, since &b was arbitrary, then
the left hand side of (127) must vanish. Then by the definition of p(t), ;(t),
we see that (68) is proven.

Next, let (t,xo(E),iO(E),ﬁ)eR3 . According to (120-2), the definition of

K in (119-6) and (119~7) and the definition of the function G, we have
(130) G(E,x (B),x (£),0) - 6() 20,  (E,x (E),x (E),u)eRy .

Thus by Lemma 9.3, together with a continuity argument, we see that (130) holds
also for (E,xo(E),iO(E),G)st . Thus, (70) is proven.
Next, define the collection W of m dimensional arcs

(131) ws wi(t), t®<t<el, l<as<m

which is of class C! with piecewise continuous second derivative and in addition
satisfies
(132) Cied) =0, @S =0, 50,1, (@) <0, t°<t<tl, l<ac<m.

Then W cW. Now select B with 1 <B<m and let weW be an arc with

wg(t) £ 0, l<a<m, o#B8 . According to Lemma 9.5, we can find an

admissible variation d&a with

38

-




h| 2
(133-1) &b = 0, ox 3(t% = o, §x 5(t°) = 0, s=1,...,N-m, 3, ¢ i

and
(133-2) sut(e) = wr(t), §3%(t) = w¥(e), 86%(t) = w*(t), 1<a <m, to<t<tl
[where ip arc the indices of (87)]. We have

0 = w(t°) = &°%(t%) = w°j(c°>6xj(t°)
(134) -

0 = w(t% = 5§%(t°) = rj(:°)cx5(:°) + z‘fj(t°)<s:'c3(:°), l<ac<m

X X

and
(135) 0 = w¥(t) = 86%(t) t®<e<el, asp .

Then by (134), and the non-singularity of the matrix of (87) together with (133-1)
i

i
we see that 6x p(t°) = 8x o(t°) =0, p=1,...,m . Thus,
(136) §x3(¢%) = 6x3(e%) =0, § = 1,...,N

By (120-2), (133), (135), (136), the definition of the class K, the definition

of us(t) and the selection of the arc w , we have that

1

t ..B
(137) “"WeRze :

(-]
t

where B has the value selected above. By the definition of the class W to-
gether with Lemma 2 in the appendix [1], then us(:) - (ast + bB) is a non-

increasing function for certain constants aB.bB « This establishes the properties

of uB(t) in Theorem 7.2.
In order to prove the statement involving (72) concerning the trivial form
of the multipliers, we see that according to the definition of these multipliers

and the selection of the initial points of the functions Ryj(t>’ Yi (t), zij(t). ]

]
Syj(t), qij(t). qij(t) in (56), then

(138) Py (e = Ky By(eD) = Ky
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Next, let ;Y =0, y=0,1,...,p. By the definition of p(t), ;(t), SY (t),

]
qij(t), ;ij(t), Ryj(t)’ Yij(t), zij(t)’ we see that for the present case the

multipliers p(t), ;(t) satisfy

. ) i ) S o
Pyt Ry [fd. fx ‘«‘-1] * e
b 4 u X
* (139)

D, * 3 [fji - £, ‘:"“1]' 0 1,31, e0 03N, kmlyeessKy a=lye.e,m
x u x
where the unlisted arguments are t, to_g t 5_:1 . Thus, 1if pi(z) = ;i(E) =0
then
(140) py(t) = p,(t) =0, ®<t<el, 1=1,...,N .

Now assume that the situation of (72) exists. Then by (140), (evaluated at t=tl),
(138) and (129) we see that all of the terms ip > p=0,1,...,p+4N vanish, contra-
dicting the statement above (120). Thus, the statement involving (72) and also

Theorem 7.2 are proven.

13. FINAL IMBEDDING LEMMA

Lemma 13.1 The set K 1is a derived set for the functionals Jp of (59)
at ao on the class A.

Proof: Let hl""’h be r., vectors of the form
—— T, 1
el
n el (ts)6 5(-18 + S (:S)G )(:'s e + 68 + fF ;kc ¢%de =0,1
r Y3 r Y3 r @ rgY k *ar » Y=UplseeeyPp
S$=0 t° Yu
1
1 S.. v3s 8. . 438]%d {
h‘:* -- [YU(: )srxi‘ + qy, ()8 X ] 1 A
S=0 o p+i,u
(141) 1

t
. S=1
pHNHL _ S Js -~ S 3S k., .a
h [zij(: )srx + qij(t )crx :l + ‘/c:F T 6_¢ dt

k., ,a
casr¢ dt

()

§=0
pramt _ , ylo 2.0
h § X § x°(t7),

hg+3N+i i srxio i eri(to)’ i-l..,..N t-l’o-o’rl
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where for example 6r¢a denotes the variation in the function ¢° due to the

admissible variation

i .
(142) bar. 3 Rten, aaGH. 88° . Presel 1irs

et k.jyeaerk be r, vectors of the form

p = - - -
ks Gp(ts,xs,xs,us) Gp(ts) p = 0,1,...,p+2N
(143) 0
K =0 p = PH2NHL,...,p+eN

where (ts,xs,xs,us) s s-l,...,rz, are points in R, with t, < ti if 1 < 3.

Using the above r, admissible variations, and setting 0%(t) = ¢%(t) define

(144-1) p*(tsc) = 0%(e) + c 6 ¥ (8.
By differentiating and using the admissibility of 6ra. we have

(144-2) p¥(tsc) = p7(E) + c 6,4°(t)

(144-3) 6% (tye) = p%(t) + cr6r¢°(t), a=ly..q,m, toitf_tl, r=l,..05x;.

According to the properties of Sra , we can select &' so small that

(145) 0%(tyc) 20, o=l,...,m toi t < :1 0 < ey = §' .

We further reduce the value of §' if necessary according to the following
° L] . 1] ™ ol

restrictions: 1) ty + r28 < tj r26 if ti < tj s ii) [t‘ r,

is interior to an interval of continuity of uo(t), s-l,...,r2 3 111) if tg is

6'.ts + rzs']

not in Sa, then (ts - r26', ts + r26'] is disjoint from Gl

Next, let Gs s 8=l,..4,1 range on the interval [0,8'] and let ;

2 ’

e, =82 . Set ]

(146) 2= ¢°(t.,x

s Di.'us) s-1...-,r2 a-l.....m

€, % 50009 *+ ¢ s>1

and '1'1-1:1. 'r.--ts-v-e1

& s-1
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and let S;(e) be the interval [Ts.'rs + esl while S:(e) and S;"(e) are
respectively the interval ['r8 + ss.l‘s +* 63] and the null set or the intervals

[Ts + €. - GS, Ts] and ['rs + es,Ts + 63] accordingly as the point (t'.x‘.Q..u‘)
is or is not in R: n R3 .

Define functions v:(t,e). 8%l .., a=l,...,m as follows:

2’
(147-1) V:(tae) =0 exterior to S1(e) v Sh(e) u Sl (e)
(147-2) ;:(t,e) = z: - Su(ts) on S;(s)

. -+
and if (ts,xs,xs.us) %; in Ro then

e s a -Q (1]
(147-3)  v_(t,e) = s )3[(263+es)(6,-es) + 6t'>‘s(t-'1-"-68)][zs -9 (ta)] on S_(e)
8 s
while otherwise
-
s a  -a o
E;_:-;_;; [(258+es)(63-es) + 663(t-Ts)][zs.- P (ts)] on Ss(e)
s s
(147-4) sg(t.e)-
T -126865 . (es+68) a a (RN
;;—::—;3 . t-'l‘s e [z' -p (ts)] on Ss (e) =
; s s
Next, define the functions
T
(148) p¥(tscse) = p¥(tse) + [ vilt,e) .
s=1

By using (145), (147), (148) and reducing &' further if necessary, we can

guarantee that

2
(1[‘9) pa(t,c,e) iO, c'l,-.-,m, tof_tf_tl’ 0_<_cr.68_<_5' es.“s ’ r-l,...,t‘l,sil....,tz

and that

(150) |;(t,c,e) - zsl <E on S;(e). s-l....,r2

(151)  |p(t,c,e)-p(t)| < E otherwise on [t°,t!] a=1,...,m, Ose ,8.<8" » e’-Gi .
l-l....,r2. r-l.o-..tl

where E is the smaller of the constants of Lemmas 9.1 and 9.2.
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Define
Us(t,x,i.o(t.c.e)) on S;(e)

(152) U(tyX,X,Cy€E) = e
i‘ Uo(:txlx’p(t’CQE)) otherwise

where Uo’ Us are respectively the functions of Lemmas 9.1 and 9.2.
By further reduction if necessary in the value of &' and by using Lemma 9.4,

we know that there are functions X(c), X(c) such that

(153-1) VX)) = [0%(e%) + c 8 (7] = 0%(t°,es0)

(153-2) TPUECX(@,X(0) = B + ¢ 8 3N = 4% e00)
u'l.ooo’m’ 0 i cr,Gs i 6" es - Gg E] S'l,...,rzp

Finally by further reducing the value of §' if necessary and by using Theorem 1.1

r-l,...,rl.

in the appendix of [1], we can solve the initial value system

(154-1) X = E(EXs X U(tsXsXsCoe))
(154-2) x(t°,c,e) = X(c)
(154-3) 20e%. 6,¢) = X(o)

within the t,x,X,c,€¢ set about c,xo(t).io(t).o.o specified by

I(tsx)-(t»xo(t))l < min(G',e), I(t';‘)-(t’io(t))l < 6'n cO SN tl
0 g_cr,eilz <8’ 8=l ce0sTys r-l,...,r1

where 0 1is the constant introduced below (30). Using the solution to this system

and defining the functions ea(c), o=1,...,¢, of class C2 which also satisfy

(155) e°(0) = bg . ez (0) = srb° % L= 1yeee,r

. 1

we obtain the family of arcs
a(cse): x(tscse), X(tscse), U(tsCye)s b(e,e)y, 0 < c. £8' 0x S (8")2
with u(tycse) = U(t,x(tsc,e)sX(EsCoe),cse) b(c,e) = 6(e)

containing ab for c=e=0. Furthermore, by our construction, we have that

(156~1) 2%, x(t%,c,e)) = 0%(t°% che)
(156-2) %e%,x(t%, cye),x(t%,c0e)) = 0%(t%, cye)
(156-3) ¢°‘(:.x(:.c,e).:':(:.c.e).u(t.C.c)) = ;“(:.c.e)
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so that
(157)  9%(tx(t,c,e)) = o%tyee) <0, a=l,...,m, t°5_t:1t1. Oze <8’ 03:;_(5')2
r-l,....rl - s-l,...,r2

the last inequality following from (149).

By (157) and (154) the family a(c,e) is in the class A . With Jp as
the functionals of (59), then by using the properties of this family, the functions
Jy(alese)) » 0 <p < p+eN are of class C! on the set 0 < c <8,
0<e, < (8')2, For an arbitrary r, lsr<r, set c, =0,1¢r and e =0.
The family a(c,c) becomes the family a(cr) and by Lemma 10.1 we have

3J (a(c,e))

p =
(158) he T

o.c-e p-o. 1’ ese 'p"'aN

where h:_ are the terms of (141). In a similar manner but by using Lemma 11.1

and with kg as the terms of (143) we find that

I (a(c,¢e))
o
(159) k. = —#3?:——

o.c-e p'O.l.-..,[H‘lON .

Since r,s were arbitrary then (158), (159) hold respectively for r-l.....tl

and s-l,....rz and Lemma 13.1 1is proven.
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