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Abstract

It is shown that by changing the weighting factors, the fast Fourier
Transform (FFT) may be modi fied to produce a frequency offset. The
technique may be used in digital modems to allow a receiver to effectively
tune-in to two or more frequencies simultaneously. It may allow improved
frequency acquisition in burst transmission systems and improve frequency
tracking in conditions where there is rapid rate of change of frequency.
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THE OFFSET FAST FOURIER TRANSFORM (OFFT )

1. INTRODUCTION

Digital processors using the Fast Fourier Transform algorithm are
increasingly being used to implement demodulators in conmiunication
systems. A typical system arrangement is shown in the block diagram
of Fig 1. The IF filter defines the signal bandwidth and the signal is
then mixed down to baseband with nominal low pass filtering prior to
analogue to digital conversion and digital processing. In many
coninunication systems the transmitted signal experiences an unknown
frequency offset due to local oscillator instabilities, oscillator drift ,
doppler effects, etc., and small corrections to the frequency tuning have
to be done at i.~e receiver. Tuning corrections may be performed by
varying the frequency of the local oscillator , but in some applications
this is not a satisfactory arrangement as the receiver can only tune to
one frequency at a time and part of a message may be lost due to prolonged
frequency mistuning.

To illustrate the problem consider a 500 bit/sec 32 level MFSK system,
which has a 50 Hz frequency offset so that the receiver is effectively
ujistuned by 50 Hz. The receiver is implemented using a 128 point FFT
analysing a total of 64 frequency slots spaced 100 Hz apart. Each time an
MFSK symbol is received a decision is made on the basis of the largest
signal in one out of 32 frequency slots. In other words, the receiver is
equivalent to a bank of 32 matched filters with centre frequencies which
are integral muLtiples of 100 Hz. Since the signal has a 50 Hz offset
the signal will appear in two slots equally thereby producing a 50%
chance of error.

As an alternative to correcting the offset by varying the local oscillator ,
the FFT can be offset itself by half a slot. This offset transform, the
OFFT, is equivalent to a bank of filters with centre frequencies which
are spaced 100 Hz apart, starting at 50 Hz. Since the frequency offset
is usually unknown it is useful if each received symbol is analysed using
two FFTs, one OFFT and the other a normal FFT. Detection is done using
the results of the FFT which gives the lower symbol error rate, and no
part of a message need be lost due to small frequency corrections.

2. THE OFFT ALGORITHM

The conventional discrete Fourier transform (DFT) is usually given by

çJ~i•l -2zr j rk
= Z.. X

ke 
N

k=o

where r = 0, 1, 2,3~, ...........N 1

The offset DFT m~~~be defined as

= ‘c’ _Z.w jk(2r41)

~r L~ k e

where r = 0, 1, 2, 3 

In effect the frequency slots are at ½, 1½, 2½ N—½
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The OFFT may be derived by decimation in time or in frequency in a manner
exactly analogous to that of the FFT.

For examp le , consider the decimation in time method , where Pr is produced
from combining the results of two N/2 point transforms. Pr is given by:-

_4wjk(~~P1) 
•
~~—l . ~,,j(2k_+1)(2,. +i)PT :  x2k e X2 k 1

k=o k=o

. . S... S • • — . . (3)
The 3econd term may be written as:

—2wj (2~ +1) —4~~k(2T +1)
e 2N , X2 k 1  e. 2N

k=o

The weighting term, the first term in equation 4, is similar to the FFT
weighting term except that it is

-2irj(2.r.pi)
instead of e 

~

Continuing the decimation process , each N/2 point transform is split into
two N/4 transforms. Expanding the even terms:

• 
•j_i -~irjk(2r +i) L~

l 
—8rjk(2~_.i)e = L x~k e 2~ +

~~~~~, 
14 k 2

k=o k=o —

— ‘~wj(2k+1)(2T .i)
e ................ ........( 5)

The odd terms, that is the sumeation part of equation 4, La spli t into
two N/4 transforms in an identical manner.

As befo re the second term of equation (5) may be expanded to give the
following:
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4Wj (2r+l ) _ 8nr ik(2T +i)
2r 2N

~k 2k=o
-
~~J (r 

4)~The weighting term this time is ~ instead of e
for the conventional FFT.

If this factorisation process is continued , a stage is reached when
4~- log2 N two point tkansforms are left to be calculated . However,

instead of the_ two points being weighted by the normal ± 1, the points
are weighted by + j. From the above it is apparent that the weighting
factors used in each stage of the OFFT are offset by a term which is
exactly half the interval of the weighting factors used in the FFT, at
that particular stage of the process. This is illustrated by the example
given in the Appendix where the 16 point FFT and OFFT angles for the
weighting factors are listed.

To i l lus t ra te  that the FFT and OFFT differ only in the veight~ng factors,
and may be implemented with the same hardware once the weighting factors
are changed , the signal flow diagrams for 8-point transforms are shown
in Fig 2 and Fig 3.

3. GENERAL METHO D FOR ANY FREQ UENCY OFFSET

The above procedure may be used to produce a frequency offset of any
amount. If the of f se t  is denoted by c expression (2)  becomes

-2lrjk(T +c)
= 2.._ Xk e •..... .............(i)

k=o

and after decimation (4) becomes

—2irjt r +c) 2 —4wj k ( r  +c)
e 

~, ~~. N

and (6) becomes

+cj — 8ir j k(r +c)
e . 6 N .........( 9)

k=o
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Wo rki ng as be f ore , it wi l l  be seen that the offset  at the last stage is c ,
the o f f se t  at the penult imate stage is 2c , etc . To illustrate this point ,
if in the previous example a frequency offset of 10 Hz were required, then
the weighting factors used in each stage of the OFFT would be the weighting
factors of the FFT offset by 107. of the interval between the weighting
factors that are used at that stage of the FFr.

4. DISCUSSION

The har dwar e necessary to implement the OFFT is iden tical with t hat f or
the FF~ except I or the weighting factor arrangements . It is a relatively
straightforward task to arrange the hardware such that the sampled input
waveform is analysed both using an OFFT and FFT on a t ime-shared basis ,
so that the receiver Is effectively tuned to two or more frequencies at
the same t ime . This feature may be used to improve frequency acquisition
in burst transmission sys tems or it may be usefu l ly  employed in sys tems
where frequency changes occur so rapidly that frequency tracking is a
severe problem.

Frequertcv division multip le access (FDMA ) systems sometimes have channels
spaced at non—integral  mult iples  of one basic frequency. Previously for
such systems a digitally implemen ted receiver using the FFT could not be
used , but using the OFFT as well as the FFT , a time shared FDM receiver
could demodulate several FDM channels simultaneously.
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APPENDIX

The angles for the weighting factors for the 16 point FFT and OFFT are
listed below. Where the angle is say ~, the weighting factor is givenby eJ~~

Arxgl es ror Wei ghting Fa rS~FFT~
S4ag o S r FFT C 1 2 3
Weighting Factor C 0 0 0
Angles

“2
31T/jf 

51118

o 0 w

iT 

~~ / I4 ~~~
o 3w’2 .*r/ 4

~~~4 ~~~

C 0 0 11.

if if~’2 ff4 
~ “8

C 7T

W/4 1111/8

o C a. 3~r/~

5w/4 13
~/8

o

~~~4
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