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SUPERCONDUCTING MAGNETIC CALIBRATION SOURCE FOR
MAGNETIC ANOMAL’~ DETECTION (MAD) OPERATIONS

I. INTRODUCTION

Object ive

In order to demonstrate the feasibi lity of new concepts

in Magnetic Anomaly Detection (MAD), there is a need for a

calibrated target to simulate a typical MAD target. In this

repor t, we describe the design, construction and performance

of a supercon du c t i ng solenoid which can be used for  t h i s

purpose .

Superconduc ti ng technology is nearly ideal for th is

application. The magnetic moment of a superconduct.ing solenoid

can be calculated with good prec ision and the axis of the moment

is known to lie along the geometric axis of the solenoid. By

varying the curren t through the solenoid , the magnitude of the

magnetic moment can be varied from (near) zero to some maximum

value. The superconducting solenoid and the dewar system , wh ich

is necessary to provide the required cryogenic environment for

the soleno i d , can be small enough so that the calibrat ion source

can be made relatively mobile.

II. DESIGN

1. Preliminary Considerations

The mag netic dipole moment of a uniformly wound solenoid

of length 2b, inner rad ius a1, outer radius a2, is given by

the following relation (see Appendix A—3) ,

,
~7 = 

a~ a32 
— a1

3

lu 3 a2 — a 1

Note : Manuscript submitted May 25, 197; .
1
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where ‘ti~ = magnetic dipole moment

• N = total numbe r of turns in solenoid

I = current in wind i.ngs

a1 
= inner radius

a2 = outer radius

= wind ing filling factor

= cross—sectional area of wind i ngs that carry current

total cross—sectional area of solenoid winding

In a real situation , th e s i z e  of the solenoi d cannot be

made arbitrarily large as the solenoid would become too unwieldly

and , in addition , the construction of a cryogenic containe r would

be very difficult and rather expens i ve . Therefore , in pract ice,

tne diameter of a superconducting solenoid to be used as a magnetic

di pole source should be made as large as possible consistent with

size restrictions imposed ~y pr ice and by the intended application .

During preliminary design considerations performed

at NRL , the design goal for tne magnetic moment of the sole-

noi d was set at 3 x lO~ ampere—turns—meter 2. To minimize

cost during this initial feasibility exercise , it was further

decided that commercially available niobium—titanium wire would be

used . Although other types of superconQucting wire , such as

niobium—tin (Nb
3Sn) and vanad i um—ga llium (V3Ga), have h igher

reported values for critical current dens i ty than does WbT i , these

ma ter i als ar e just com ing out of the labor atory and th us are much

more expens i ve than NbT i w i re .  In add iti on these ma te r i a l s  are

much less ductile and greater care would have to be taken in

fabr i cating the coil.

2
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Initial designs were hased on the use of 25 mil (0.65 mm .)

t4bTi wire containing 132 filaments and having a copper to super-

conductor ratio of 2.6:1. According to the literature of several

wi re manufactu rers, the critical current vs. magnetic field charac-

teri stics of th is type of wire is as follows:

Magnetic Fi eld Cr itical Current

80 i(G 70 Amperes
60 110
40 165

This wire weighs approximately 1.7 pounds per 1000 feet and

the calculat i ons were based on a wire length Lof 46,000 feet

(l.40x10 4 km. ) which weighs about 80 pounds.

In Fig. 1 the results of these calculations are summariz-

ed. The magnet ic moment is shown as a funct ion of the length

to diameter r a t i o  (~ ) of the solenoi.d for four different dewar

sizes. In Fig. 2 the values of ’)~~for a value of ~ =0.5, correspond-

ing to the maxima in the curves in Fig. 1, are plot ted as a

function of the square of the diameter of the dewar.

These results were obtained using the rated value of the

cr itical cu r rent for the calculated magnet ic field at the

windings . Howeve r , in prac t ice as a safe ty  fac tor , magnets are

usually operated at about 2/3 of their rated current. Using

this  fac tor , a solenoid with a magnetic moment of 3 x 10~
ampere— turns—meter 2 would requ ire a 30 inch (76.2 cm) inner

diameter dewar . It was felt that a 20 (50.8 cm) nch ID dewar

was probably as large as one would want to handle and thus the

maximum value of moment for this system was set at about 1.5 x

j - l0~ ampere —t urns — mete r 2 .
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INNER DIAMET ER OF DEWAR (meters)
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SQUARE OF DEWAR INNER DIAMET ER (meter 2)
Fig. 1 - Calculated value s of magnetic moment as function of
ratio of solenoid length to inner diameter plotted for several
values of inner diameter of the dewar. See text for assumed
value s for other parameters.

4 

~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ . 



..~~~~~ ~~~~~~~~~~~~~~~~~~ ~~T~
p
~~ T - - ,  _ _ _ _ _ _ _ _ _

~~~~~~~~~~~~~~~~~~~~~ DDE~~ R

E

E
• 8 -

0

I-

~ 6 -
O.64m ID DEWAR- I 0 -

O. 5O m I D DEWAR

:~ 
‘.1 ~ :~~~

1 1 1 1 1 1 1 1 1 1  I
0 0.2 0.4 0.6 0.8 1.0 1.2

= SOLENOID L E N G T H
~~
‘ INNER D I A M E T E R

Fig. 2 - Calculated values of magnetic moment as function of
dimensions of dewar for a fixed value of the ratio of solenoid
length to inner diameter. See text for value s assumed for
other parameters.
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The parameters of the solenoid and dewar accord ing to

these calculat ions are summarized in Table I.

The calculations reported above were carried out without

taking into account the stresses on the superconducting wire

due to the Lorentz forces. In these calculations it was

assumed that the only factor which limited the current that

could be passed through the magnet was set by the critical

cur rent characteristics of the wire. In practice , the limit

to the current is set e i t he r  by t h e  c r i t i c a l  c u r r e n t  charac-

t e r i s t i c s  of the wire or whenever  the stresses on the wire

exceed the yield strengths of the wire. For the 20 incri system

( U . d  cm .)  system , stress ca lcu la t ions  for  the selected opera t—

ing current yield a maximum value of 2.4x103 kg/cm2 wh ich

is smaller than but close to the quoted value of 2.3xl0 3

kg/c m 2 g iven in the m a n u f a c t u r e r ’ s l i t e r a t u r e .
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TABLE I

NRL Vendor
Design Design
Considerations Parameters

Length (2b) 20 cm 17.2 cm

Outer diameter (2a2) 46.7 cm 47.8 en

Inner diameter (2a1) 42.2 cm 37.6 cm
U. 2a2/2a1 1.10 1.27

3 2b/2a1 0.47 0.46

Length of wire 46,000 ft. 48,400 ft.

Weight of Wire 80 lbs. 82 lbs.

33,200 gauss 28,600 gauss

TMwjfldiflg 54,300 gauss 47,800 gauss 
—

‘critical 121.5 amps 142 amps

1operate (= 2/3 1critical~ 
81 amps 96 amps

l.5x105 amp— turns—meter 2

Weight of Solenoid 150 pounds (est) 147 pounds
Including Thimble

Weight of Support Structure 100 pounds (est) 152 pounds

i’leight of Dewar 250 pounds (est) 450 pounds

Total Weight of System 500 pounds(est) 749 pounds

Overall Dewar Height - 185 cm.

Outer Diameter of Dewar - 80 cm.

7
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III. ACQUISITION OF MAGNETIC CALIBRATION SOURCE

Request for Proposal (RFP) was issued for the construe—

tion and del ivery to NRL of a system cons is ting of :

(1) a superconducting solenoid , approximately 20 inches

(5u.8 cm) in outer diameter , wh i ch had a magne ti c

d ipole momen t of l . 5x l 0~ ampere— turns—meter

squared ,

(2 )  a pe r s i s t en t  s w i t c h  for  the solenoid ,

(3) an electronic power supply to energize the solenoid ,

(4) a superinsulated dewar to provide the required

cryogenic  env ir onme nt for  the solenoid , which

woul d have a hel i um bo i l  o f f  ra te of less th an 3

liter/h r when the solenoid was positioned in the

dewar ,

(5) a liquid helium leve l gauge indicator and control

unit , and

(6) a header and support assembly to support the

soleno]id in the dewar with provisions to orient

the solenoid either vertically or horizontally.

The RFP went out for bids and a contract was awarded to

the Magnetic Corporat i on of America , vJaltham, Mass. 02154.

The specifications of the system as finally designed by MCA

a re  included i n Table I for  compa ri son w ith the re s u l t s  of

the preliminary calculations and design study performed at

NRL . In their design calculat ions t~CA concluded that there

were serious st ress problems in the magne t and therefore

could not use a simple solenoid design but had to reinforce

the solenoid by the use of strengtn members wound alternat ively

with the current carrying superconduct i ng wire.

8
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IV TEST AND EVALUATION OF MAGNETIC CALIBRATION SOURCE

1. Introduction

The Magnetic  Cal ibra t ion Source bui l t  by The Magnetic

Corporation of America is shown assembled in Fig . 3 and the

superconducting solenoid and solenoid support s t ruc ture  are

shown in Fig. 4.

In evaluating the performance of this system , the fol lowing

charac te r i s t i cs  were examined :

( 1) the procedure for  cooling the solenoid and the

hel ium boi l—off  ra te  of the system with the

solenoid energized ,

(2 )  procedures for  cha rg ing  and d ischarging the solenoid,

(3) the magnetic moment of the solenoid as determined

from the magnetic field vs distance characteristics ,

(4) the possi ble degra dation of the soleno id per for mance

a f t e r  quenching , and

(5) the possibility of energizing the solenoid using

standard automobile ba t te r ies .

2. Dewar Performance

The dewar and solenoid were precooled by f il l ing the

dewar with l iqui d n itrogen un til the co il was completely

immersed . This requi red  about 320 liters of liquid nitrogen.

The dewar system probably reached thermal  e q u i l i b r i u m  a f t e r

24 hours , but  u s u a l l y ,  two or th ree  days were allowed for

the precooling p rocedure .

9
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Fig. 3 - Photograph of Magnetic Calibration Source.
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Fig. 4 - Photograph of Magnetic Calibrat ion Source with dewar
removed. The superconducting solenoid, current leads, support
member, neck plug (to reduce convection and radiation losses
through throat of dewar), and header plate are seen.
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A f ter the precoo ling was completed , the remaining l iquid

n i t rogen  was trans fe r red  out of the dewar wi th  great care

taken to insure that all of the liquid had been removed.

Liquid helium was then transferred. About 70 liters of helium

was required to cool the system from 77 K to 4 K and an

addi tional 150 liters to raise the helium level to about

6 inches above the top of the solenoid.

After adequate time was allowed for the system to reach

thermal equil i br ium , approxima tely 6 hours, the helium

boil off rate was about 1.3 liters of liquid per hour.

The boil—off rate was essentially the same whether the

r solenoid was de—energized or driven at rated current.

(This boil—off rate corresponds to a gas flow rate of

930 liters of gas at NTP per hour.)

3. Procedures for Charging the Solenoid

During charging and discharging the solenoid , the

voltage across the solenoid must not exceed 14 volts.

Vol tages in excess of this  value coul d result  in ei ther

electric field breakdown between adjacent windings of the

soleno id , or d u r i n g  discharge , excessive voltages could

damage the power supply.

The persistent switch across the solenoid is opened ,

that is, driven into the non—superconducting state, by

passing a current in excess of 100 milliamperes through

the heater surrounding the switch .

The magnet can be charged by operating the power

supply in the constant voltage mode , that is, by setting

the voltage and allowing the current to build up at a rate
12
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determined by the L/R time constant of the solenoid and leads.

With the power supply set to 10 volts, the initial charging

rate is 9.3 amps per minute and the rated current of 86.8

amps is reached in 9.4 minutes. (As the current approaches

the rated value of 86.8 amps, care must be taken that the

curren t does not exceed the rated value as damage to the

solenoid might result.)

Af ter the des ired cur rent has been ach ieved , the persis-

tent switch across the solenoid can be closed . The voltage

across the soleno id , and thus also across the persistent

switch , is monitored until it drops below about 0.3 volts.

The heater cu r rent is then re duced tc zero and the swi tch

will close in about 2 minutes. Once the switch has closed,

the power supply can be turned off ; the solenoid w ill be in

the pers istent mode and the magnetic moment of the solenoid

will remain constant.

Under normal condi t ions, for safety sa ke, it is prudent

to employ a less drastic charging procedure. The current

is ramped w ith the supply set to 10 volts until the current

reaches about ~U amps, the voltage is then reduced to o volts

until the current reached 7u Amps and , f inally reduced to about

4 volts until the rated current of 86.0 amperes is reached. H
This char g ing procedure min imizes the poss ibili ty of acc idental

quench ing of the solenoid.

4. Determination of the Magnetic Moment of the Solenoid

The magnet ic moment of the solenoid was determined by

measuring the magnetic field as a function of distance along

the geometric axis of the solenoid. A rotating coil magnetometer

13 
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was used to measure tne m a g n e t i c  f i e l d .  A plot of magnetic

field along the axis of the solenoid as a function of distance

while the solenoid was operating at the rated current of

8o.8 amperes is shown in Fig. 5. The solid line is the

calc ulated variation of the field as a function of distance

for an ideal, uniforml y wound solenoid with the same dimensions

— l eng th , inne r radius and outer radius — as the real solenoid.

The only adjustable parame ter, wh ich could not be measured

directly for this particular orientation of the solenoid

in the dewar , was the magnetic field at the geometric center of

the solenoid . The same data plotted logr ithmically aga inst

distance is shown in Fig. 6. The solid line in Fig. 6 which

has a slope of minus 3 is a fairly good fi.t to the data.

The slight deviat i ons from the expected dependence at large

d i s tances is proba b ly d ue to s t r ay  f ields from magne ti zed i ron

reinforcement rods in the concrete floor below the experiment ,

or to uncerta int i es in f i eld measuremen ts as the measured

fields were comparable to instrument noise.

The magne ti c momen t of the soleno id at rated c u r r e n t

deduced from the data plotted in Figs 5 and 6 had a value

r ~

. of 1.44 x li)5 ampere— turns—meter 2. This value is about

4 percent low compared to the design value.

However, since our magnetometer had not been calibrated prior

to these measuremen ts , this discrepancy will be assumed to be

within exper i mental uncertainties until more precise measure—

ments can be perfor med.

In order to i nvestigate the magn itude of any hysteresis
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MAGNETIC FIELD PROFILE VS
OhSTANCE FROM CO1L CENTER
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j

- 8 (Z )
MAGNET1C F1ELD AT POW4 T (Z )

B~O, NORMALIZED TO THE VALUE AT
THE SOLENOID CENTER

I O~ 
I

0 0.5 1.0 1.4
DISTANCE FROM COIL CENTER IN METERS

Fig. 5 - Magnetic field at a point along the axis normalized to
the magnetic field at the center of the solenoid as a function of
distance along axis, The solid line is the calculated variation
for an ideal uniformly wound solenoid with the same parameters
(dimension s, number of turns , etc. ) as the actual solenoid.
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MEASURED FIELD VS DISTANCE MARCH 26, 1976
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- \ . NRL
- \ x MCA
- \.,~ COIL CURRENT’86.8 amps
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(•~ 
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I I

I 10 00 1,000
DISTANCE (INCHES )

Fig. 6 - Magnetic field as a function of distance along axis
for solenoid operating at rated current , Both NRL data and
MCA data are shown, The solid line on log-log plot has slope
of minus 3.

16

a • ,-~~_ _~, _~•, ~__~_ -



— - ““ ~~~~~~~~~~~~~~~~ 
_

~
_

~~~~ ~~•=~ ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~

exhibited by the solenoid , the magnet i c f i eld at a f i x e d  point

was measured as tne  solenoid c u r r e n t  was f i r s t  increased f r o m

ze ro  to 60 amperes and then  reduced to zero .  The data  plotted

in F i g .  7 c l e a r l y  shows that  the  f i e l d  at a g iven  value  of

cur rent was detec t ably l ower fo r increas ing c u r r e n t  than for

d e c r e a s i n g  c u r r e n t .  The i n t e r cep t s  on the f i e l d  a x i s  for  zero

cu rrent is about plus or minus 10 gauss wnich impl ies  tha t  the

sol eno id ca n have a cu rr ent independen t momen t of the order of

plus/minus ~~~ x l0~ ampere—turns—meter 3. This current inde-

pendent magnetic moment unaoubtedl y ar ises f r o m  ma gnet i c  f l u x

trapped in the wind ings of the solenoid. As is true in all

c~~ es of hysteresis , the exact magnitude and sign of the ‘remnant ”

moment depends ve ry critically ~n the magnetic history of the

solenoid after it nad been cooled into the superconducting state.

(rhe magnetic hi-story of tne solenoid prior to the taking of the

data was not documented.) This remnant magnetic moment means

that the error in know i ng tne magnetic moment using solenoid

cu rrent alone is probably of the order of one percent at

rated current , with the uncertainty becoming progressively

la rge r as the solenoid current decreases . If the magnetic moment

of the  so lenoid  needs to be know n to a precision of better than

one percent for current less than about one—half rated current ,

actu a l l y  f i el d measu r ements close to the dewa r woul d have to be

made after the solenolid current has been established .

5. Discharging the Solenoid

Before  the soleno id can be di scharge d, the persistent

sw itch must be opened . This is accomplished by connecting the

electronic power supply to the terminals of the solenoid ,

17
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Fig. 7 - Magnetic field at a point along the axis of the solenoid
as a function of increasing and decreasing solenoid current illus—
trating hysteresis in solenoid performance. The “remnant field”
at this distance is plus /minu s 10 gauss.
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tu rn i n g the supp ly on an d ra is ing the out pu t cur ren t  up to the

L value equal to the current flowing in the solenoid. The

compliance voltage is set at about 2 volts. A current of

greater than 100 milliamps is applied to the heater in the

persistent switch. About 1 minute is required for the switch —

to open.

Once the persistent switcn is opened , the c u r r e n t l im it

of the power supply is reduced until the back voltage across the

solenoid is of the order of 10 volts. This mode of de—energizing

the solenoid requires about 44 minutes . Since the inductance

of the solenoid is 4.7 henries , this decay time implies that

- I the sum of the lead resistance and tne ir.~ ”r na1 resistance of the
- I power supply is about 0.U66 ohms. The resistance of the current

leads and the internal resistance of the power supply can be

calculated from the equation

~— 1
R ~n f i n a l”~ initia]~

where  R is the to t a l  r e s i s t ance, L is the induc tance  of the

so l eno id , ‘i n i t i a l  and ‘f i n a l  a re  the i n i t i a l  and f i n a l  va lues

of the decay ing  c u r r e n t  in amperes and r is the t ime  in  seconds

required for the current to decay from ‘i n i t ial to 1f inar

These long discharge times are not very convenient.

Inspection of the equation given above indicates that to decrease

the decay time T the resistance in the circuit should be made

lar ger. Tnerefore, two o’e—ohm 1 ,000 watt rheostats in

parallel were placed in series with the magnet. With the

19
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rheostats set to zero resistance , the solenoid cur ren t  was

allowed to decay from maximum rated current down to about 60

amperes. At this point about 0.18 ohms was added to the

c ir cu it and the cur ren t  decay rate was ra i sed to about 9.6 amp s

per minute. When the current had decreased below 30 amps, addi—

t ional res istance was added to the circuit inéreasing the decay

rate to about 15 amps per minute. This procedure was repeated

until the current had been reduced to zero, always ma intain ing

tne back vol tage across the soleno id at val ues below abou t 10

volts. When this procedure was optimized , it was possible to

discharge the soleno i d in abou t 17 m i nutes, compared to the

“natural” discharge time of 44 minutes.

6. Battery Power Supply

Since the :~agnetic Calibration Source will be used at

relatively remote sites where electrical power may not be

available to operate the electronic power supply, tests were

nade to see if tne solenoid could oe energized using 6 volt

automobile batteries. Two batteries in parallel were connected

to the solenoid anã tne current in the solenoid initially

began to increase at a rate of 6.3 amps/mi nute , cons istent

wi th the rat e observed with the electronic power supply at

the same voltage setting . After 850 seconds , the cur ren t

th rough the magnet was 72 amps with a slightly decreased

cha rg ing rate as the term i nal vol tage of the ba tte r i e s  had

fallen to 4.9 volts. The solenoid was put into the persistent

mode , the batteries disconnected and a 0.1 ohm dump resistor

connected across the solenoid. The persistent sw itch was then

opened and the solenoid current was allowed to decay. After

950 secon ds, the c u r r e n t  was below 5 amps.
20 
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Although the test cited above was terminated before the

soleno id was f ul l y  charged , it would appear f rom the ar guments

given below , tha t an automo bi le ba t t ery ought to be adequate

• to fully energize the solenoid. The stored energy in the

solenoid is given by

W = L i2

where  L is the inductance of the solenoid in h e n r i e s  and I is

the current in amperes. For the solenoid , the stored energy at

rated current is

-

~ 4 = (54.7) (86.8)2 = 216 kilojoules.

Fully charged 6 volt lead batteries are rated at 70 amp—hours

which c~. r respon ds to a stored ener gy of

= E I t = (6) (70) (3600) = 1,512 kilojoules
Thus if the experiment cited above had been allowed to reach

completion the stored energy in the batteries would have been

adequate to energize the solenoid to its rated current of 86.8

amps. Since the charging rate in the experiment was falling as

the char gi ng pr oceeded , the time required for reaching a desired

cur rent can be decreased by plac ing add it ional ba tter ies i n

para llel.

7. Quench Test

In one possible mode of operation , the f u l l y  energ i zed

solenoid may be mounted on a mobile platform. Mechanical

mo t ion tends to encou rage the pro babi l i ty of mag net qu ench i ng.

Therefore it was written into the contract that , if the sole—

21
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no id when f u l l y  ener g ized should acciden tal ly quench i t must

be capable of achieving rated current on the first energizing

subsequent to the quench ; tha t is , the solenoi d shoul d be

capabl e of wi ths tan di ng a quench w i thou t requ ir ing any

“training ” to achieve rated current after the quench.

The usual procedu re to quench a supe rconduc t in g magnet

is to exceed its rated current . The manufacturer strongly

recommended against this practice as damage mi gh t be done

- 
to the solenoid. Tnerefore , a di f f e r e n t  procedu re had to

oe devised.

The solenoid was energized to rated current of 86.8

amps an d p laced in the pe r sis tent mode. A tube was then

inserted through one of the openings in the top plate of the

dewar and penetrated until it touched the bottom of the dewar.

Helium gas at room temperature was passed through the tube

resulting in the evaporation of liquid helium. This procedure

was followed for a per iod of time until the temperature of the

solenoid began to r i se  caus ing the sole noi d to quench . As soon

as the “blow—off” Stopped , about 30 liters of additional li qui d

helium was transferred into the dewar. The solenoid current

was raised in a cautious manner to 86.8 amps. The magnetic

f ield at a distance was the same as before the quench . The

• test was repeated successfully a number of times during several

different coolings of the system.

22 
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V. SUMMARY AND RECOMMENDATIONS

A superconducting solenoid system has been built which

can be employed as a Magnetic Cal ibra t ion Source for evaluat ing

the performance of various types of Magnetic Anomaly Detection

(MAD) systems . Tests have shown that:

(1) a Magnetic Calibration Source with a maximum

magnetic moment of 1.5 x lO~ ampere—turns—me ter2

can be cons tructed w ith a reasona ble system

weight and size ,

(2) the magnetic moment at rated current can be known

to a precison of better than one percent ,

(3)  t he re  is a remnant  magnetic moment presumably

due to trapped flux in the niobium—titanium wire

used in win d ing the soleno id which  can be of the

orde r of l0~ ampere— turns—meter 2.

(4) fo r  opera ti on in remote locat ions , the superconduct ing

sole no id ca n be energized to rated cur ren t using

two (or possibly three ) standard six volt automobile

lead storage batte r ies ,

( 5) the draw backs of the Magne t ic Cal ibra t ion Source

built during this program are the overall system

weight (about 700 poun ds), the quantity of liqui.d

ni t ro gen needed to precool the system (300 l iters,

23
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approx imate ly  one half  of which  can be recovered)

and the quani ty  of l iquid helium requ ired to fill

the dewar (approx imate ly  200 l i t e r s) .

In designing and building subsequent Magnet ic  Ca l ib ra t i on

Sources , the design should be optimi2ed to reduce the size and

weigh t of the system and the quantities of cryogens required .

These goals might be impleme nted by :

(1) the use of either Nb3Sn or V3Ga mult ifilamentary
-

• wire , wh ich have reported values for overall wire

current densities about an order of magnitude greater

than niobium—titanium wire would reduce the amount of

w i re requ i re d ,

and

(2)  the use of a pancake shaped or toroidal—shaped dewar

which  c]osely f o l l o w s  the contours  of the solenoid

would reduce the we igh t  of the dewar and the amounts

of cryogens required .

W it h these improvements , the total system weight could probably

be reduced to about 300 pounds , the amount of cryogens

• required halved, and thus a system more suitable for mobile

applications than the present System could be obtained.

24
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APPENDIX A— i

The problem of u n i t s  is one of the most d i s t u rb ing  and

i n f u r i a t n i g  par ts  of c ar r y i n g  out ca lcula t ions  in e l ec t r i c i ty

and magnet ism. Not only are the sets of units based on MKS

un i t s  as well  as on C.G.S. units but there are add i t i ona l

v a r i a t i o n s  where the  q u a n t i t y  4 w e i t he r  appears or does

not appear in “ f a m i l i a r ” equat ions.

- 
• • In the r epor t ,  the CGS g a u s s i a n  equat ions and un i t s

• are employed as most of the references and books in the

physics literature are written in these units .

MAGNETIC INDUCTI ON B — In the MKS system, B is expressed in

tesla while in the gaussian system B is expressed in gauss.

The conversion factor is

I Tesla = 1U~ gauss

MAGNETIC MOMENT — The un i t s  of a I ~ are current.turns. area

and thus in MKS -‘?‘(i.s expressed in ampere.turns.meter 2

while in gaussian units ’,.~~is expressed in abamp.turns.cm2.

The conversion factor is

I Amp m 2 ~~~ Abampere .cm 2

In gauss ian  u n it s  abamp/cm is equivalent  to a gauss so we

can also express in u n i t s  of gauss cm 3

1 Ampere meter 2 IO~ Abampere cm 2

— gauss cm 3

— 3 .53x 10 2 ga uss f t 3

— 3.53x 10 3 gam ma f t . 3 - j

~
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The la t ter  two equivalences on the righ t side are badly
- “mixed”  un i t s  which are not acceptable to “pur i s t s” but are
- inciude i as the last one , gamma ft ~, is commonly used

by the MAD community.

~ 
-
~

S
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APPENDIX A—2

-
• 

The magnetic moment of a cur ren t  loop of N identical  tu rns  of w i r e

is , by d e f i n i t i o n

1.1.1. Area . A— i

If the loop is circular in cross—s~~’tion, then Eq. A—I can be written

‘ as

‘/~7 i~I i f r 2 A— 2

where r is the radius of the loop. If the windings have finite dimension ,

r then Eq. A—2 can be written as

/7j =  I w N ( r ) r 2 
—_____

According to the Mean Value Theorem, the quantity N(r)r 2 can be

ca lcu la ted  as fo l l ows ,
______ 

a,
2 ~~~ 2 A—3N ( r ) r  = N ( r ) r  dr

a2 — a1 J
a

1

where a2 is the outer radius of the solenoid and a1 is the inner radius.

If the winding density W (r) is uniform , that is, independent of radius r,

than the above equation becomes

______ a,
2 N 2

N(r)r = a2 
— a

1 J r  
dr

a1

= N (
a 2 - a

l \  
A-4

r\a2 
- a

l l  
.

,
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Using  t he def i n it i on a- = a2 /a1 Equat ion ( A — 4 )  becomes

- - 

N (r)r2 = N a~ a~ —1 A—S
a — l

and the equation for the magnetic moment ?~~of a thick loop with

u n i f o r m  w i n d i n g  dens ity  is g iven as

• 
= 

-
~~~

-
~~~~ 

4 :~ =1 
A-6

• 29 
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API~EN D IX A— 3

In this appendix the expression for the magnetic moment of a

circular current loop of fini te thickness will be derived from another

viewpoint  in order to see in what regime a solenoid of f i n i t e

dimens i ons resembles an “ i d e a l ”  magnet ic  d ipole  loop .

The ax ia l  component of the magnet i .c  f i e ld  produced by a soleno id

at i ts geome tr ic cen ter poin t is given by (see Montgomery)

2 2 1/2

H(~l ,U) j \  4 w Ø In  ~+( , ÷~ A—i

2 1/2
a1 10 I+ (l+8 )

where H (U ,0) ma gne t ic f i el d at center of soleno id in gauss
2

j = c u r r e nt dens i ty in w i nd i ngs in amperes/cm

= 
N I  -

. - j
— a1Y

a1 
= inner radius of solenoid (in cins)

a = outer adius of solenoid (in cms)2

2b = l ength of solenoid (in cms)

= a2/a1
2b/2&1

cross sec ti onal area of w indings that
- • A = a c t u a lly  c a r r y  c u r r e n t

total cross sectional area of windings

An alternate version of Equation (A—7) can be w r i t t e n  as

= j•~ a~~
1
~~)[sinh

_1 
(~
)_sinic

1(1)] 
A—S

-
I
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The axial magnetic field at some point P at a distance Z away

f r o m  the cen ter of the solenoid but inside the solenoid (0 Z b)

:a n be wr i tten as

H (z,0) = j~~a1 
2,r 

(13+z/a1
) ( sinh~~ _____ 

—si nh~~ 
1 )

10 13+z/a1

+ (0_z/a
1)( sinh 1 . -sinh 1 

____

-• 

~3—z/~
w hen the field point P is outside the solenoid (z>b) the expression

f o r  tne ax i al componen t H(z ,U) is g iven by 
—

H(z ,0) = j a’~~~ ~ (Ø+z/a 1 
) ~~~~ ______ 

—s i nh 1 I
• 10 

~+z/a 1 ~+z7a1

— (0—2/a 1 ) (sinh~~ a 
— 
—s i nh~~ 

i

/ I A— l0
Note that Equations A— 9 and A—JO are nearly ident i cal except
for the sign of the second group of terms in the bracicets on
the right hand side of these equations .

To simpl i fy  thi s exp ress ion to see wha t the ax i a l  f iel d is at a

di stance z (z> b) along the ax is, the series expansion for sinh~~ can be• used - 7
s i nh l x = x _ l X + l 3 X _ 1 3 5

~~~~~
2 3 2 4 5  2 4 6  7

Witn this expansion Equation A—lu reduces to

H (z,U) = 2 N I i r a 1
2 a

3
~~ A—I l

10 ~ a 1

This express ion is good to better than 1% when z > lob. Since the axial

component of the magnetic field of a magnetic dipole loop at a point

along the axis is given by

H(z,O) = 2 :L7 
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r- -
~
TT

~~~
TT ~~~ T~~~~~~7~~:L~~ ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ ~~~~~~~~ ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ ~~~TT ____

the t h i ck  solenoid w i l l  resemble a ideal magnet ic  dipole loop

to better than 1% when the field point is at a distance z

such that z > lOb (where 2b is the length of the solenoid)

• and the solenoid will appear to have a magnetic dipole moment

such tna t

= 
W I ira1

2 I a —l
10 3 a -l

consistent with the result obtained previously (see Equat i on A— 6).
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APPENDIX A—4 •

In th is appendix , the procedure for calculating the magnetic moment

of a solenoid that was employed for the preliminary design considerations

performed at NRL will be outlined. These calculations were done assuming
2

a fixed length of w ire~~~ of e f f ective cross—sectional area [si such that

2 2
1$ ]  — (radius of wire) A—l2

A

where .~ is the “filling factor ” of the coil wind ings.
2• Using the effective cross—section of the windings [4 J  , the number of

turns of wire in the windings can be determined as follows:

N = cross—sectional area of winding
2

[.1

= 2b (a 2 — a1) A— 13

[~~J
2

and the total length of the wire in the solenolid winding is given by

= N. (average c i rcumference of wind i ng )

= N . 2 w
1 

a 2 + a
l\  

= N (a2 + a 1) A— 14 
- •

\ 2  1
combining Equations A—13 and A—14, one obtains ,

____ 
(a 2 — a 2 ) A—l5

[~~J 2

— 
2’r b a1 (a 2 —1)

i.j 2

The expression for the axial component of the magnetic field at

the geometric center of the solenoid 8(0,0) given by Eq. A—S can be

rewrit ten using the definition for the effective current density in the

33
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w i n d i n g s

NI
- —— A—là2b (a 2— a 1) -

Jsing the  r e l a t i o n  netween the total  numbe r of t u r n s  t~ in the

windings and the 1ength~~. of wire in the windings given by

~q. 74—14 , the effective current density, jA , can be

written as

- I . ~.
2 A—17

2ir o a 1 ( a  — I )

and the expression for 8(0,0) becomes

H(U ,u) = 
~~~~~ 

{s
inh~~(~) 

— sinh~~ (a) ] A—l b

2ir~~ a1 ~ — ) 10

In a si nilar manne r , the expression for the magnetic

m omen t of the soleno id can oe w r i tten i n terms of the wir e -
•

l e n g t h  u s i n g  C q u a t i o n  A — 14 y i e l d i n g

A— 19
- 

= 
I - a 1 a

3 
~

‘40w tnat the expreasions for 11(0,0) and ~7’ have been

expressed i.n terms of the wire length .X., the procedure used . 1

:n the WRL design calculations can be outlined. 
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GIVEN : 0 = diameter of dewar

= length of w i r e

[4~] 2 
= e f f e c t i v e  cross sectional area of w i r e

ASSUME : 2a 2 = outer  d iameter  of solenoid (2a 2 < D ) .

CALCULATE : 2b = length of solenoid.

2 2 1/2
• 2b = ~D — (2a 2 ) 

J

CALCULATE: a1 = inner radius of coil using Eq. A—15

2 1/2
a1 ~~a2

2 
— 

[$1
2ir b

CALCULATE: 8(0,0)/I the center f i e ld  of the soleno id pe r un it curren t

through wind ings of solenoid using Eq. A—l8.

H(0,0) 
= 

____________  

4 ’0 1sinh~~ 
° —sinh 11

2I 2 w b a 1 (a —1)

CALCULATE: ‘97( the magnetic moment per unit current using Eq. A—19

= ~~~~, 
a1 ~ 

- 1

• I 30 •2 
—

FROM TABLES: Use tables preapred by Garrett (plotted in

Fig. A—I) to obtain values of G ~~~~ wh ich
• is ratio of magnetic field at the innermost

wind ings of the solenoid to the center field of the

solenoid 8(0,0) for the given set of parameters

• a2/a1 and i3 2b/2a1 
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1.0 1.1 1.2 1.3 L4 1.5 1.6 1.7

a — OUTER DIAMETER OF SOLENOID
— INNER DIAMETER OF SOLENOID

Fig. A-l (a) Ratio of magnetic field at windings of a solenoid
relative to magnetic field at center as function of ratio of outer
to inner diameter of solenoid plotted for various value s of the
ratio of overall length of solenoid to inner diameter (~3).

I
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a — Q~JTER DIAMETER OF SOLENOID
— INNER DIAMETER OF SOLENOID

- - - Fig. A-i (b) Ratio of magnetic field at windings of solenoid
relative to magnetic field at center as function of ratio of
outer to inner diameter of solenoid plotted for variou s value s

• of the ratio of overall length to inner diameter (t3).
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CALCU LATE: The quant i ty
e

8w i n d i ng = 8(0,0) - 8w i ndi ng

I I 8( 0 ,0)

dETERMINE: ‘cr it ical from plot of ‘cr i t i c a l  vs

8
a~ plE for particular wire used by drawing

a l ine through origi.n with slope 8winding”

and de termine  value of I where  this l ine  crosses

VS 8appl curve .

- 

CALCULATE : ~~ f rom ‘~.‘/I using a value for ‘ope rate
w h i c h  is 2/3 value of ‘critical dete rmi ned

in previous step.

- i
Th is determines ,f’~ for a given ~ va lue .  A ssume a

d i f f e r e n t  va lue  for  the  outer d i a m e t e r  of solenoid , 2a 2 ,

and repeat the above sequence of operations. In this manne r ,

the variat i on of ‘~~~as function of ~ can be i nves t iga ted  and

• a max i mum moment can be de termined  for  a g iven dewar s ize , 0 ,

and of wire of effective cross—sectional area as shown in

Fig. 1 in the main body of this report.

In the design considerations carried out at I-4RL , stresses

in the current carrying wire were not routinely determined .

Howeve r , the stesses could be determined from the equation

- A— l9 Ti
H I a1 10°
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where — stress in kilograms/cm2

- -  H = magnetic field acting on wire , in gauss

I = cur ren t in amperes
• = cross sect.ranal area of wi r e  in cm 2

This expression for the stress can be rewritten in terms of

- • quantities determined in the calculation procedure as follows:

- 

= ~ 
~2 I i t/3) a1 iob A—20

- I Ac 
- 9.8

If the calcula ted value of a exceeds the c r i t i ca l  stress of

- t he wi re , then , the operat i ng cur rent ~~~ = 2 ‘c r i t’3
must be reduced so a is safely below the yield strength of

the wire.
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