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INTRODUCTION

In many practical situations the experimenter is faced with the

following problem: given a set of k populations = ,M, with

TERRRTL
parameters el,...,ek, respectively, decide if (1) all ™, are same,
and if not (2) find the subset “i RS (1 < t < k) which, in

1 t
some sense, is better than the rest of the given popualtions. It is

clear that the classical tests of homogeneity are not designed for
this problem, since they fail to provide any information regarding
the second question, which may be more meaningful than the first
one. A partial answer to this question was provided by Mosteller

(1948) who proposed a test of H 6, =

0: 1 e = ek

slippage alternatives Hi: 61 = s = ei = BASEL e = ek,

Paulson (1949) proposed a multiple decision rule for testing

against the

s B Bl 4

slippage in normal means. Since then, many authors have contri-
buted to the theory of slippage tests. Karlin and Truax (1960)

have given a decision thoeretic formulation of the single slippage
problem and have derived the class of symmetric Bayes proceedures.
Hall and Kudo (1968), Hall, Kudo and Yeh (1968), and Kudo and Yeh
(1970) have considered the slippage problem as a problem in testing
of composite statistical hypotheses. Van Ryzin (1970) has discussed
the slippage problem from the Empirical Bayes approach and has
derived asymptotically optimal procedures. A discussion of some of

the availabe results is given in Doornbos (1966).

e i Y '




The theory of slippage tests, however, cannot be applied to

more general situations, and provides only partial answer. Bahadur

(1950) is among the earliest authors to consider a different

approach and investigate the so-called selection and ranking

procedures. References could be made to Bechhofer (1954), Gupta

(1956, 1965) Lehmann (1961).

Generally speaking, two formulations for selection and ranking

problems have been considered. Suppose population ﬂi has distribution
: ' function F(x,ei), i=1,...,k, and let e[i] denote the i-th ordered
Oi; the correct pairing of ei and e[j] is unknown. To fix ideas,
suppose . is better than “j (j°# 1) if ei i-ej’ and consider the
problem of selection of the best population, i.e, the population
associated with @

k)’

The first formualtion is the indifference zone approach of

= S

Bechhofer (1954), in which a procedure is defined to select one

population subject to the condition that the probability of selecting

the best one is at least P* whenever 6 -0 > 8*, where P*
[l fkal] =

T

(% < P* < 1) and &* > 0 are preassigned constants.

The second formulation is due to Gupta (1956) in which a
random number of populations is chosen so that the probability that
G[k] is included in the selected subset is at least P*, where
3 P* € (%)1) is a preassigned constant.

Selection and ranking problems have also been considered

from a Bayes approach. The problem of selecting a subset containing

the 'best' has been considered by Deely and Gupta (1968), where it
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is shown that under certain conditions the Bayes rules for a linear

loss function selects exactly one population. Guttman and Tiao (1964)
have studied some best population problems when the a priori dis-
tribution of parameters is known. Deely (1965) has investigated
emperical Bayes procedures for the problem.

Interest has recently developed in Bayesian selection rules
for nonlinear loss functions. Eaton (1967) has proved that,
under certain conditions, the natural selection rule is (i) Bayes
for any symmetric a priori distribution on (61,...,6k) (ii1) has
uniformly minimum risk among symmetric rules and (iii) is
minimax and admissible. Goel and Rubin (1975), Chernoff and Yahav
(1977), Bickel and Yahav (1977) and Hsu (1977) have considered Bayes
rules for selecting a subset containing the best population. Typically,
these Bayes rules are difficult to compute. It has been observed
by Chernoff and Yahav (1977) and Hsu (1977) that Gupta-type
procedures are reasonable approximations of the Bayes procedures.

A slighly different situation arises when, in addition to the
k populations my @ control population T is given and the goal
is to select a subset of populations which are 'better' than control.
Gupta and Sobel (1958), Huang (1975) and others have considered this
problem.

The present thesis consists of investigations of multiple
decision problems mentioned earlier, and some related topics. In
Chapter I a problem in multiple slippage testing is considered, and

the clagg of symmetric invariant Bayes rules to test if all
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parameters ei are the same against the alternative hypotheses that
some (unknown) subset of {61,...,9k} of a given size t (1 <t < k)
has slipped to the right by the same amount A > 0 have been
derived for location and scale type densities admitting sufficient
statistics. The t-slippage problem has also been considered in
nonparametric situations, and locally best rules based on ranks
have been derived.
The rest of the thesis pertains to Bayes and Gupta-type
; selection procedures. In Chapter II Bayes rules for the problem
of selecting a subset containing the t best (t known, 1 < t < k)
have been investigated. For a loss function which is linear in
{ ei, it is shown that, under certain conditions, the Bayes rule
% selects exactly t population which are associated with the t
E E largest observations. This generalizes a similar result of Deely
and Gupta (1968) for the case of t = 1. When the loss functions are
i non-linear, Bayes rules are analytically and computationally
intractable. Some special cases, namely, normal exponential,

Poisson and gamma distributions have been considered and Bayes

s rules derived for natural conjugate a priori distributions of

the parameters 8-

In Chapter III some selection problems for normal populations

G b

have been considered and Gupta-type selection rules based on

sample medians of odd number of observations have been investigated.

PRI W T

Exact and asymptotic results are obtained. In the special case of

equally spaced normal means, the proposed rule is numerically compareéd




to the selection rule of Gupta (1965), which is based on sample

means. As expected, the sample means procedure appears to be better
than the procedure based on medians. It is shown that the asymptotic
relative efficiency (ARE) of the rule based on sample median

relative to the rule based on sample means, when the normal means

are in a slippage configuration, is equal to 2/m. However, in

case the normal populations are contaminated, the rule based on sample
medians shows a significant improvement over the rule based on means
in terms of the ARE.

Chapter IV consists of investigations of Bayes and Gupta-type
rules for selecting a subset which contains all populations 'close'
to a given control. A slightly different problem, in which the t
(1 < t < k) populations 'closest' to control are to be selected,

is also studied using Bayes and empirical Bayes approaches.




CHAPTER I

TESTING MULTIPLE SLIPPAGES

1.1 Introduction

The problem of multiple slippages can roughly be described

as follows: We are given k populations w The goal is

1""’“k'
to decide, on the basis of a sample from each population, if all

™, are same, and if not, which of the t (1 < t < k-1) m, are dif-
ferent from the remaining k-t, where t is a known integer. A

similar problem in multiple slippage testing involves an additional
control population, and the goal then is to compare the k populations

™ -»m o the control population and decide if all the populations

17°"

have parameters equal to that of the control, and if not, which t of
the k populations are different from control. The latter problem

will be referred to as the controlled case. If My seeesTy are
1 t

different from {nj: j # iz’ 2 =1,...,t} we say that the subset

{ni SEETLA } has 'slipped'. In this chapter we consider a special
1 t
case, in which the amount of slippage is assumed to be the same

for all the populations which have slipped.
Karlin and Truax (1960) have derived a class of symmetric

Bayes procedures for the single slippage problem, which corresponds




tot = 1. Hall and Kudo (1968), Hall, Kudo and Yeh (1968), and
Kudo and Yeh (1970) have considered the problem of single slippage
in the framework of testing composite statistical hypotheses.

In this chapter the results of Karlin and Truax (1960) have
been extended to the case of multiple slippage (t-slippage) when
t is a known integer between 1 and k-1. A discussion of some

available rules for the t-slippage problem is given in Doornbos

(1966).

In Section 1.2 definitions and notations used in this chapter
are introduced, and a decision-theoretic formulation of the problem
is given. In Section 1.3 the general form of the symmetric Bayes
procedures for the t-slippage problem is derived. Some specific
examples are considered in Section 1.4.

In Section 1.5 (1.6) the class of symmetric invariant Bayes

procedures for the t-slippage problem has been derived for location

(scale) parameter densities having a sufficient statistic.

Section 1.7 consists of investigation of several related problems
in ranking and selection.

In Section 1.8 the problem of t-slippage, using the notions of
slippage introduced by Karlin and Truax (1960), has been discussed in
nonparametric situations. Some locally best tests based on ranks
have been derived. In Section 1.9 selection of a rule from the class

of procedures obtained in this chapter is discussed.




1.2 Decision-Theoretic Formulation of the Multiple Slippage Problem

Let x = (Xl,-..,xk) GIRk, the k-dimensional Euclidean space, be

an observed value of a random vector X = (xl,. X .,Xk) which has

probability density function (pdf) f(xl,...,xk; ] .,ek) with

17"
respect to a o-finite measure u. The form of the function f is
known and ei's are unknown, ei €O CR for i = 1,...,k where the set
©® has at least two points.

Let Sk be the symmetric group on {1,...,k} i.e., the group of
all permutations y: {1,...,k} > {1,...,k}. For 2iE IRk and ¥ °’:Sk
define Zy by (Ew)i = By where (g‘p)i represents the i-th coordinate

of the vector Z"V

The pdf f(x;6) and the measure p are assumed to be symmetric

in the following sense:

£(x,; 8,) = £(x;0) Vy €5, x erk, o €& (1.2.1)

du(J_(w) du(x) Vy ESk. (1.2.2)

We assume that f(x;8) also has the property M of Eaton (1967).

Definition 1.2.1: A family of density functions {fa()_(;g): a €A}
is said to have property M if for each a« €A, and each i,j (i # j),

1 <i,j <1 the following holds:

)

X > xJ., ei > ej =fa(§;§) > fa()_c;_ewij

where ‘pij € Sk is such that for 1 < & <k,




j oif =i

wij(z) = 5 if 2w

£ otherwise.

Let 8= {J c{1,2,...,k} : |J]| = ¢}

where |J| denotes the size of the subset J. For any J ¢ §, let

k w+d if j

= = : = }ed, , =
GJ [9 (el,...,ek) €@ : Oj W 4F 5 ‘J' j 1,...,k, welR,A>0}.

Also let Gb = {8 = (01,...,6k) €@ : ej =w; j=1,...,k, weRR}.
The problem is to test

HO: 8¢ Gb
against (:) alternative hypotheses

H:Qse, Jeg 8.

J J
The action space G = {ao.aJ: J € 8} consists of (:) + 1 elements.
The action a, corresponds to acceptance of HO’ and a; to the accep-

tance of HJ.

For J ¢ {0} U §, let LJ(Q) denote the loss incurred in taking
action a, when 6 is the true parameter value. Here L: ek xg> R

is a u-measurable function, and is assumed to satisfy the following:
(1) L,(6) =1L (6,) VJ €{0}US and y € S, where, for
J - w-lJ " k

J= (Gpaeenndgh v - fw‘ljl.....w'ljt}

(2) Ly(®) <L,(6) Vee®, I,J E{0} US, I#.J.




0 A S G e bl RTINS

10

(3) L;(8) =L,(8) Voe € , I,J # L. Otherwise L (®)=L,(8) v I.

For the problem of comparing the k populations w ,m to a given

17"

control population LY the above needs some modifications. Here we
- : + ” 5
are given an observation (xl,...,xk,y) € ]Rk ! from a population with

density function f(xl,...,x.k,y; 8 f(x,y; 9,90) with

1,...,6k,60) =
respect to a o-finite measure y; 6i e ®@cER 1 =051k,

The density function f is assumed to have the following symmetry:

. & : k+1 k+1
f(x,y;8,8,) = £(x,¥38,,00) V¥ €5,,(x,y) €R" 7,(8,6;) €@
(1.2.4)
It is also assumed that the family {f( .0 )(x 30F = f()_(;y;g,eo):
(y,eo) € R x @} has property M.
The problem is to test
; i *., .
Hy: (8,8,) € @0 = {(el,...,ek,eo) eek : eo, B i
v k ;
against (t) alternatives
. i k+1 J0l%A 3t 3 e d, a0
HJ. (9,60) GGJ = {(61,...,6k,eo) €0 i OJ. eg TERSL Ti= e

GoelR, A>0} where J e 8.

The action space G = {ao,aJ J ¢ 8} again has (’t()i-l elements. The

action a, decides in favor of HO’ and aj in favor of HJ.
The loss function L: @k” x G+ IR is a u-measurable function, with
LJ(Q,BO) representing the loss of taking action ajy, when (g,eo)

is the true value of the parameter. The assumptions on the loss

functions in this case are




il e A o BB SN o e S

8502 TR, s R AR SR A Junie st s & AR N Bl S

' = k+1
(1) L;(8,08,) Lw-lJ(QW’BOJ VJes yes and (9,0) €e

(2') Ly(8,80) < L;(8,6,) V (8,8)) €@, I,J €{0} US, I#.J.
3') LI(Q,OO) = LJ(Q,GO) v (Q,Oo) e §, I,J # L.Otherwise

L (@,8)) = L,(8,8,) VI.

1.3 Bayes Solutions

We first derive the Bayes procedures for the uncontrolled t-
slippage problem. Since the problem is invariant with respect to

the group Sk’ we can restrict attention to symmetric procedures.

Definition 1.3.1: A symmetric decision function is a u-measurable

vector function ¢ = (¢b, %r: I1e38): Blk > [0,1]m where m = (ﬁ) + 1,
such that
g k
(1) T ¢x) =1 v x € R
1e{0o}u 8§

(1) o (®) = 5 (x) V¥ES, xe R, 1¢i0}ys.
(/3 |

In our problem, for I € {0} U S, ¢1(§) represents the probability
of accepting HI’ given x is observed. In the terminology of Ferguson

(1967), ¢ is a behavioral decision function.

Definition 1.3.2: If & denotes the set of all possible behavioral

decision functions for the t-slippage problem, the risk function

p: & x Ok + IR is defined by

p(w8) = [ 1 Li(®e)f(x,8) dux)
RK 1e01U &

11




The following two results will be used in deriving the form of
the Bayes procedures; these are slight modifications of Lemma 3.1

and Theorem 3.1 of Karlin and Truax (1960) .

Lemma 1.3.1: The risk function of a symmetric decision function

is a symmetric function of 6.

Theorem 1.3.1: Any symmetric Bayes procedure for the t-slippage

problem is Bayes against a symmetric a priori distribution.

Let @ =@ _ U ( UG&).
g Ieéﬁl

The set Q can be represented as follows:

{(I!mIA): Ie {0} U s, w € IR, A > 0}

I=0,A=0iff(I,u,A) €@y, and I ¢ & &> 0 iff(I,w,8) € @.
& i

be an a priori distribution on @, and

50 = dG

SR
&

Also let Go(m) denote the conditional distribution function of w
given A = 0 and GI(m,A) denote the joint conditional distribution
given the set I has slipped.

It is easily seen that G is symmetric, i.e., G(8) = G(gﬂ)

YoeeQ, »eS , iff all EI’ I ¢ § are equal and all GI(N'A)’

k

I ¢ § are identical. Then, since we are interested in symmetric

procedures, using Theorem 1.3.1 we can take

R e -t O o TR T
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£, =& VI e & where £ ¢ [0,1],
and

GI(w,A) =Gw,A) YVIe S we R, A >0.

Let fo(§;w) and fJ(§;w,A) denote the density under H0 and H_,
respectively. Then comparing Bayes posterior risks we obtain
¢0(§) AL € RO’ where RO’ a symmetric set in Rk, is given by

Ry = (x & R ¢ f[L (w)-L; W)1£)(x;u)d6, (w)

+ Ef[LO(J,m,A)-LJ(J,w,A)]fJ(f;w,A)dC(m,A)

EHN T €8 151

and for I € §

G = 1Af gyf[L () - L (w)]£y(x;w)dG(w)

+ Ef[LJ,0,8) - Li(J,w,8)]€;(x;0,8)dC(w,8)

+ Ef[L1(1,w,8) - Ly(I,w,8)]1£; (x;w,8)dC (w,8)

<0 VJe {0} US J#TI. (1.3.2)

For J = 0, the second term in the expression (1.3.2) vanishes, and

(1.3.1) implies that X f:Ro. Using assumption (1) on LJ(g), it can

be seen that

LI(I»“’A) > LI(J:w’A) = ‘[LI(J;w’A) -y LJ(th,A)]

and hence taking J € & in (1.3.2) gives




G0 = 1if [[Ly(L0,00-L (10,0 (£, (x30,0)-£ (x;0,8) ]G (w,8) < 0

Y 1. 0155

It follows from assumption (2) on the loss functions and the property
M of the density f that the inequality in (1.3.3) holds iff the set 1

is such that

{xi: TS {x[k-t+1]""’x[k]}

where x R are the ordered observations x..
(1] =" =k} i

Hence we have, for I € §

@ (x) =1 if x £ R, and the set I is as defined by (1.3.4).

Thus we have the following theorem:

Theorem 1.3.2: If f(x,8) and u satisfy the symmetry conditions

(1.2.1) and (1.2.2), respectively, f has property M, and loss
functions satisfy assumptions (1), (2), (3) of Section 1.2, then

any symmetric Bayes procedure ¢ is of the following form:

¢b(§) =1 if x¢€ RO’ a symmetric set in ﬂlk

k

; c ' g
¢g(x) = 1 if x € Ry N ix € R {xi: i€ell= {x[k—t+l]""’x[k]} ]

Remarks :
1. The form of the set Ry depends heavily on the density function f,
as illustrated by the examples discussed in the next section.

For t = 1, Karlin and Truax (1960) assume that

Ly (®) = L ;(8)).
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It is clear from (1.4.3) that fb(g;A) is an increasing function of

hJ(g) and therefore, from (1.4.2) we have

=
"

o = {us hy(w) <c vJe gl

5%}{9 < ¢} (1.4.4)

n

{(x,y): max (x5 -

jed
I %
= jed
where Xy = e

Hence every symmetric invariant Bayes procedure has the form

@ (X.¥) = 1 if (x,y) €R,

qi(f’Y) 1 if (x,y) ¢ R0 and {xi: i€lI}=

{x[k-t+1]""'x[k]}

where the set Ro is given by (1.4.4).

(b) The normal distribution with known variance (uncontrolled case)
The additional assumption on the loss function is
LI(el+c,...,ek#c) = Ll(el""’ek)‘v ceR, Ie {0} USgand

(91,...,6k) € Ok.

The problem is again invariant with respect to the group of

translations and a maximal invariant is UI= xl-x

xk-l-xk- The jOint pdf Of Ul’...’uk-l iS

k,.'.’uk-l =

f(ul....,uk_l; Wyseoeswy 4) = C exp[- %-Q(g;g)]

where

k=1 k-1 ij
e = ) jgl A (ug-0y) (U -0) (1.4.5)

e

s

WL EE S

i
|
|
|
!
|
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Eil if i=3j
- ST s
w;, = ei Bk, A ;
=g if i # j

It is easily verified that f(u;w) has property M. We now calculate
fJ(g;A), the joint pdf of Ul""’Uk—l for 6 ¢ ;> J e g. There are

two possibilities:

(1) xedJ
Here
0 if j€J, j#k
W =
J
=4 “AF J&d
and thus
2
A% (k-t)t - k-1 - ;
Q;(u;8) = Qy(u) + "'(“2T<’)_ =thfuy == U] (1.4.6)
k-1
] u, I u;
u =.j.§J___ = _=i=1
where uy T 5 5 uk_ 0, u =
(ii) k ¢ J
O S 0
In this case w, =
J
0if j ¢ J

Substituting the values of wj in the expression (1.4.5) we find
that the form of QJ(g;A) remains the same as (1.4.6).

Then, as in case (a), the set R, is given by

0

Ry = {u: u, - —F-ﬁ <¢c.VJe 8)

emseman st
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Hence the symmetric Bayes rule in terms of the observations XpoeeesXy

are given by

n
—

9o (X) if x €R,

I
—

Pp(x) = if x¢ Ry and {x;: i € I} = {x

[k-t+1]""’x[k]}

B i ettt e LS e
.

where R0 is given by (1.4.7).

2. (a) The normal distribution with unknown variance (controlled

case)

Y and xij(i =1,...,k; j = 1,...,n) are n independent observations
from k+1 independent normal populations with means 90 and ei
(i=1,...,k) and a common unknown variance 02. The loss function

is assumed to satisfy

T T T P Y Wy~ T W T T T T

: o
(fltg fgtg Egt_ 9y =L (8 8,,8 ,0)
I 8 F N O CCY B ’ B ’ B I 1"", k’ 0’

P St

L

.Va €R, B>0and I € {0} U {S}.

The problem is invariant under groups of location and scale

§ transformations, and a maximal invariant for both groups is

_ X,-Y X, -Y

= Up = g —seees U = 5—, where

3 S % E 4

i = j=1 1) j=1 J

~ X; ® e, ¥ = and

E 1 n n

: k n n

3 ‘ 2 = 12 o2
] L . (Xg5-X;)° + ) (Y;-0
! ‘ i=1 j=1 j=1
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The joint pdf of Ul”"’Uk’ as given in Karlin and Truax (1960),

’ is
=3
f(u;n) = ¢ f exp [- 5 Z Z AIJ(u =i )(u s-n; )- —745
i=1 j=1
where 2=
F%T if i#3j

It is easily seen that the joint pdf of Ups..o5Up, given the set k
: J € 8 has slipped, is given by
k+1
; £,(u;8) = C A(a)g(u)f exp[tsh, (u)- -qs“ n-s s

i A n(k-t+1)

| ’.‘ where § = 3 A(S) = exp[ -—Z-GTIT ]

B | 1

E | () Tty s s2@-1)
f i=1 j=1

% tn(d,- k§1 1)

i and hJ(g) s T 7

E ( Z z A u u +1)§

E' i=1 j=1

We now verify that the pdf f(u;n) has property M. §{
For each fixed s > 0, the exponent of the integrand in the expression

for f(g;g) can be written as

2
Q,(uin) = - %-[(sy-g)'A(sg-D)]- =

T T T R T W g

o« 03303 o o
where A= (A7) =n Ik Ty e'e,

om0l

1xk
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i It follows from proposition (2.2) of Eaton (1967) that f(g;g)‘
has property M. Hence all the assumptions are met, and Theorem
1.3.2 gives the form of the symmetric invariant Bayes rules, except

i for the set RO" The set RO is given by the inequalities
Eg(Ly-L)E(w) + E({[LO(J,G)-LJ(J,A)]fJ(t_J;G)dG(G) e

Since fJ(g;G) is monotonically increasing in hJ(g) we have

! Gl

. Ty~ ¥=—= u)

E R = {u: fo el <c,VJe€ 8l
' k0

: £ (gui) H

A L ey g

E i=]

E |

Changing to original observations xij,y, we have

e
X
o £ : J  k+1
(po(xij’)') = 1 if (leJY) € Ro N {(xij ’Y)' 2 k 4 X, +y ) <cC
? [s +nigl(xi- —iTT)+
i XAE,
; n(y- —I-(:T) ],VJ e 8}
3 ¢ (x;500) = 1if (x;5,y) € Ry and
j {xi: i€1ll= {x[k-t+1]""’x[k]}

: j k
- _j&d s »
where Xy T s ‘X, Z X

(b) The normal distribution with unknown variance (uncontrolled

case)

Here xij X000k 1 =1,..,0) eren independent observations
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from k normal populations with means 6i and a common unknown variance

=
o”. Additional assumption on the loss function is

0.+ ek+a

1 B
LI( e g’ "B-) = LI(BI,...,ek,U)

Na R, B>0, 1 ¢40k18

Then, as in case (a), we have

{xi.: max [
Je8

where Xx

and the Bayes rules have the form

qb(xij) ot o i X4 € R0

q)I(xij) =1 if X5 ¢ R, and {x;: i € I} = {x[k-ul],”"x[k]}'

(a) The gamma distribution (controlled case)

Here Xps-eesX,,y are observations from k+1 independent gamma
populations with unknown scale parameters el,...,ek,eo, respectively
and a common known shape parameter p > 0.

Additional assumption on the loss function is

E—D = LI(el,...,ek,eo)‘v c->0,.Ji€ 40k 8.

X
The joint pdf of maximal invariants U1 = Vl
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f(ul,...

3 1
where ¢ is a constant, and w, =g -
0

It is easily verified that f(g;@) satisfies the condition (1.2.3)
and hence f has property M.

Then the set R0 is given by the inequalities

Eo(Ly-L)Ep(w) + (f)[LO(J,A) - L;(3,8)]£5(u;8)d6(8) < 0.VJ e &

where § = A—, and
®

£, 1

| ].
(1+8)Pt (I_Lﬁj_)(ku)p

B0 jeni

£(u;6) =

tu
Since fJ(g;G) is an increasing function of J_, we have
1+ku
tu
{u: max J_ < ¢}
JES 1+ku
iJ
{(x,y): max =l
Je8 y+kx

where x




(b) The gamma distribution (uncontrolled case)
Similar analysis shows that the symmetric Bayes procedures
for the uncontrolled case are given by

it}

cpo()_() i € Ry = {x: < iy e S}

and
g (x) =1 if x (:RO and {xi: i€ T} = {x[k-t+1]""’x[k]}'
4. Multinomial Population

Let x = (x .,xk) be an observation from a multinomial

10
distribution with parameters N and 0 = (el,...,ek):

p(x],...,xk; 61,..

In the notation of Section 1.2 we have

- = = = 1 l =
o = (8: 8 == 8} = (... P} = (8}, say

and for J e §

wtd if j €J
}
w ifj*J
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i

N!

Hence po(x) = X

2 N
4 KL (xg) i
and i
3
- x
pyxiw) = K p a1+ LK) fer ¥y (1.4.8)
It is easily verified that the multinomial distribution has property

M, and hence the set Ro is given by the inequalities j

1
k
£ (Ly=Lypy (x) + s(f) [Ly(,0)-L;(J,w)]p;(x;w)dG(w) < 0 VJ €&
(1.4.9)

It follows from (1.4.8) and (1.4.9) that

R, = {x: max ( Z x.) < c}
" Je8 j8 7

and the class of symmetric Bayes procedures is given by Theorem 1.3.2.

1.5 Multiple Slippage ' roblem for Location in the Presence of a

Sufficient Statistics (Controlled Case)

Here we have observations XpseeesXpsy from k+1 independent
populations which are distributed as f(x-el),...,f(x-ek), f(y—eo)

respectively, where xi,y,ei,eo are all real. Assume that

(i) f(x) is strictly positive

(ii) f(x-6) has monotone likelihood ratio (MLR) in x and 6
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(iii) f(x) is bounded, and f(0) = max f(x)
x €R
(There is no loss of generality in the latter part of

assumption (iii), since if f(xo) = max f(x), we can reparametrize
X

the family of densities by setting Bi = ei + xo)
k+1 C

(iv) _ﬂl £(x;-8) = r(x,y)q(6-0), x, ., =y
i=

where 6 = 5(§,y) is the maximum likelihood estimate (MLE) of
6 under HO: ei = GOV 1.
Loss function is assumed to satisfy (1'), (2'), (3') of Section 1.2,

and also the following:

LI(el+c,...,ek+c, eo+c) = L1(°1""'ek’eo)f Vec €R, I e {0} US.

The joint pdf of maximal invariants Uy = Xi =Yy 1=, o .klds

given by
k
P(usw) = [ T f£(u;-w,+s)f(s)ds
e R i=1 -
where w. =06, - 6., 1i=1,...,k.
i i 0

It follows from assumption (ii) on f that p(u;w) has property M,
and therefore the symmetric invariant Bayes procedures are given by
Theorem 1.3.2, with R0 defined as follows:

Ry = {u € rX. 5O(L0-LJ)pO(9)+g(f)[1.0(J,A)-LJ(J,A)]pJ(n_x;A)d(';(A) <0
vJes (1.5.1)

where

p;(u;a) = J 1 f(u,-8+s) T f(u,+s)f(s)ds

e

TR AR
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f(u.-4+s) k

= n n
{2 bErt

f(u,.+s)f(s)ds.
R jeJ ;

1

From assumption (iii) and the fact that B(x+c) = 8(x)+c

Ve €R, x EIRk (see Lemma 5.2.1 of Karlin and Truax (1960)),

we have
k+1 =
T f(u.+s) = r(u)q(8(u)+s)
o 1 - -
i=1
a k+1 T
where u = (ul""’uk’uk+l) €R s Uy E 0

and

Eu-0es) (8 ()-4s)

s [f(uj+s)

jeJ

q (8, (w)+s)

where BJ(E) is the MLE of 6 based on the subset {uj: j €J}

Substituting these values in expression (1.5.1) for R

0’ and inter-

changing the order of integration , we obtain

Ry = {u: [ W(aJ(u)+s)r(u)q(8(u)+s)ds <0,vyJeg}
- ~ = -
where

o0
- & a(z-8) _ Z G
¥(2) gfe[LO(J,A) Ly (.01 155" - & (LyLy) MG (a).
From Lemma 5.2.2 of Karlin and Truax (1960) we see that q(é-e)
has MLR, and therefore ¥(z) is an increasing function (see Lemma 2,
p. 74 of Lehmann (1959)).

Now

e A S s i et i 0 bl s i S il A ORI LSS S A L IR A
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[ ¥, @)+s)ae@)+s)ds = [ ¥(2)aCz-[6,(w)-6(u)])dz. §
R R

Since q(z-[eJ(g)-e(g)]) has MLR, and ¥(z) is increasing, the above

integral is negative if 6 (u)-6(u) < ¢ for all J ¢ S, for some
Sy s

c €R,
Hence
R, = {u: max [8 (u)-a(u)] <lc}
9 T e b 2
= {(x,y): max [5J(X)-5(x,y)] < el (1.5.2)
J€S - 3

by translation invariance of 6(9).
(b) Uncontrolled Case

In this case assumption (iii) of case (a) is to be replaced by

n ==
—

T £(x;-0) = T(x)q(6-0).
1

The loss function is assumed to satisfy (1), (2), (3) of Section 1.2

and also the following: i
LI(81+c,...,ek+c) = Ll(el""’ek)‘v c&€R Ice {0} uysS.

A maximal invariant is U= (Ul""’Uk-l) = (x1=xk,...,xk_1-xk)
which is distributed as

k-1
plusw) = f T f(u,-w.+s)f(s)ds where
: Rdsy A0

. ei-ek, 1® ;.. .,k<1,

Using the method of Example 2 (b) of Section 1.4, we can show that




f(u,+z-4)
i [f(uj+z)

k
1]
R j&J i=

f(ui+z)dz, with u, =
i=1

K C

q(6J+Z-A) A
f ——— r(u)q(6+z)dz
R q(6;+z) 4

Po) = [ r(u)q(e+z)dz.
R
Then, as in the controlled case, we have

Ry = {u: / W(BJ)r(g)q(6+s)ds <0,V J €S}
R

with ¥(-) as defined in case (a)

—.

= {u: max [aJ(g)-é(g)] < ¢}
JES

n
e
b

: max [8J(x)-a(§)] < ¢} (1.5.3)
Je s &

We now prove that the class of Bayes rules of Theorem 1.3.2, with
R0 given by (1.5.2), is minimal essentially complete if the loss

function satisfies two additional assumptions:
(i) L: 8 x&" + R is bounded

(ii) y(a) = LO(J,A) - LJ(J,A) is monotonically increasing in A

9= o

(By assumption (1) of Section 1.2, y(8) is independent of J.)

; Lemma 1.5.1: Let p™ . {AO,AI,---,Am}.Given a symmetric invariant

AN er s

rule ¢, we can find a symmetric invariant Bayes rule ¢(m) such

that
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p(@M-M¢m%A)1O va ep™,

Proof: In the terminology of Blackwell and Girshick (1954) consider
(m)

the game (D(m), G, p). Since the set of states of nature D and

the action space G are finite, the set W c;ﬂ!p (p = (t)+1) defined by

W={w@ = w(@),....,w (a)): w,(a) = L(a,4,)

i=0,1,...,ma € G}

is closed. (Here L(a,Ai) represents the loss incurred in taking
action a € G when Ai € D(m) is the state of nature.)
Moreover, since L is bounded, the set W is also bounded.

It follows from Theorem 2, Section 2.10 of Ferguson (1967) that

(my

Bayes rules for the game (D » G, p) form a complete class, and

(m)

then there exists a Bayes rule ¢ such that

p(g,8) - o(¢(m),A) s, 0 p(™

Theorem 1.5.1: Under assumptions of this section, the class of

procedures of form

9p(x) = 1 if max (6,-6) < c
X =

¢p(x) = 1 if max (éJ-e) > ¢ and
- Jes

{xi: iel}= {x[k-t+1]""’x[k]}

is a minimal essentially complete class of symmetric invariant

procedures.
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b
: Proof: We follow the proof of Theorem 5.2.2 of Karlin and Truax
(1960). Since y(D) is a monotone function of A, there exists a
/ countable dense set D = {AO’AI""’Am""} with A0 = 0 such that
3 all points of discontinuity of y(A) are contained in D. By Lemma 1
1.5.1, given a symmetric invariant rule ¢ we can find Bayes rule !
¢0n)’ which is also symmetric, such that ¢0n) dominates o at AO’ ;
3 ,é
3 : Al""’A . That is i
d m |
7
(m) 5 ol d
p(¢ ’Ai) p(q%Ai) <0 for 1= 0,1,...;M (1.5.5) ‘
:
where, for any rule ¢' :
|
| = i
| 0 (¢',8) = Ly(0) [} (X)py(x)dx + L;(0) [ ¢t (x)p,(x)dx |
A It 1€8 !
i i
: % = —Yofcpb(:_()po(:_()da_c + L;(0) (1.5.6)
1 |
; {
% where Yo ™ LJ(O) - LO(O) > 0, and for A > 0 z
] p(98) = Ly(8) @ (x)p,(x)dx + ] L (8)[e!(x) py(x;8)dx
0 Q=0 1€ 1 I1- I= -
I#J i
+ Ly (8) o) (x)py (x;8)dx i

Ly (M) [[1-¢ () Ip; (x;8)dx + Ly (8)- e} (x)p (x;8)dx

by assumption (3) of Section 1.2

= -Y(8) g} (x)p; (x;8)dx + Ly (4). (1.5.7)

o ol o i g s

By symmetry considerations the right hand sides of (1.5.6) and (1.5.7)

are independent of J.

i
il
¥
i
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Since ¢(m) is a symmetric invariant Bayes rule, there exists
a constant ¢ such that
qém)(x) =1 if x € {max [6 -8] <acali= R(m), say
- = J m 0
JES
(m) Pyl iele (m) ks %
o (=1 f x ¢ Ry~ and {x;: i ¢ 1} = {x[k-t+1]""’x[k]}‘
Let R* = {max [é —6] A - ﬂlk, where c* is a constant satisfying
0 5 J
JEs
[y (X)pg(x)dx = [ p,(x)dx (1.5.8)
0'=/'Fo e 0-
0
Define a symmetric invariant Bayes rule ¢* by
@(x) = 1 if x € R¥
(1.5.9)
* = i * . 3 =
e3(x) = 1if x ¢ Rs and {xi. iel} {x[k-t+1]""’x[k]}'
We show that the rule ¢* dominates ¢ for all A > 0. It suffices to
show that
o(¢*,8) < p(p,8) . VAED
since any A' ¢ D is a point of continuity of y(4) from which it
follows that p(¢p*,A') < o(¢,8'). Let A = Am. Then it follows from
(1.5.5), (1.5.6) and (1.5.7) that
m
Jot™ 0Py (xdx = [ py(0dx > [ gx)py(x)dx (1.5.10)
Ré“')

and ﬁ¢§m)(§)pJ(§;A1)d§ 3.I¢J(§)pJ(x;Ai)d§, 1 #nlseniinits (1.5.11)
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It is clear from (1.5.8) and (1.5.10) that

(m) *
Ry - oRS

and therefore

[ 00p; (x58,)dx > ™ (x)p, (x;,)dx

| v

fqb(§)pJ(§;Ai)d§ I e e S S 1

I Since the above holds for every m, the result follows.

The proof of minimality of the essentially complete class is the same

e e A e
e e e S

as in Theorem 5.2.2 of Karlin and Truax (1966).

Remarks:

R S i ~
—

If the direction of slippage is unknown, we have a symmetric

' two-sided t-slippage problem. The symmetric invariant procedures

E for this problem are of the following form:

; G(X) =1 if x €Ry = {x: max (]6,-6]) < c}
i $

; ( b Ry and [5,-6] = naxlo-s|

G x) =1 if x € R, and |6.-6| = max|[6.-6].

; P2 = Ky I Sig 7

“ 2. It is clear from the proof of Theorem 1.5.1 that each symmetric

h.

invariant Bayes procedure for testing t-slippage in the location

YT

parameter case is uniformly most powerful in the class of all

¢ aascy

symmetric invariant procedures, having a preassigned error

associated with HO.

3. Similar results hold for the uncontrolled case.
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Illustrations

1. Normal populations with a common known variance.

|

2 |
ik i
It is easy to see that f(x) = e e : , - ® < x < » gatisfies

V2m

all the assumptions of this section, with

%—Iz- for the controlled case

>

%5 for the uncontrolled case

3%
~ _j&] =—
and eJ e s o 3

It is easily seen that the Bayes procedures obtained by substituting

the expressions for 6 and eJ in (1.5.2) are same as the ones given

in Example 1 of Section 1.4.

2. Location parameter of the exponential density

v X6 if x>0

L 2o B0 L oo

Here f(x-6) = A
0 otherwise

For the problem involving a control we have

T T

]

min{xl,...,xk,y}

i and
k 0 min{x. } {1
E | v je 4 1

o
n

and therefore the set Ry is given by :

R

:
i
1
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R, = {(x,y): max[min x, - min{xl,...,xk,y}] < cF. (1.5.4)
Jes je J
The set RO for the uncontrolled case is obtained by replacing
(5!)’) * (Xl,u-,xk:)’) b)’ )_( = (Xl,...,xk) in (1.5.4)-
1.6 Slippage Problem for Scale Parameter Distributions

We discuss the controlled case first. Here xi, =71 ,...,k are
independent observations from populations with density functions
%T f(%f), i=1,...,k, respectively, and y is an observation from
i i
control population which has density %—-f(%—); x > 0, ei > 0,

0 0

p ) P s
As in location case, we assume that

(i) f(x) is strictly positive for all x > 0.

(i) £(3) has MLR in x and 6
(iii) MLE of 60 exists under HO: 61 2,08 ek = 60, and is sufficient

for 6.

Loss functions are assumed to satisfy (1'), (2'), (3') of Section 1.2
and the following:

LI(cel,..,cek,ceo) = LI(el""’ek’eo)‘v c>0, I¢€{0}uUsSs.
Analysis similar to that for the location parameter t-slippage
problem shows that every symmetric invariant Bayes rule has the form

; k+1 eJ(’-"y)
G (XpseenXHy) = LA (x,y) € Ry = {(x,y) € R™ ": max[= ] < &}
JES o
(5:)’)
(1.6.1)
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¢ (x,¥) = 1 if x 3 Ry and {x;: i €1} = {x[k-t+1]""’x[k]}'
An analogous result holds for the uncontrolled case.

Remark:

The class of symmetric invariant Bayes rules given by (1.6.1)

is minimal essentially complete.
1.7 Applications

Selection of t-best populations under slippage configuration.

Let Xy be an observation from population . with pdf f(x,ei)
[ e ) 9i € ® c R; we assume that f(x,6) has MLR in x and
6. It is also assumed that the parameters ei (i=1,...,k) are in

the following configuration:

6 =6 6 =06+A, 6 € R, A >0

f1] o 0 aiar = Oy e B

(1.7.1)
where 9[1] 5,..5_e[k] denote ordered 6., and t(l1 < t < k) is a known
integer. The problem is to identify the subset of populations which
are associated with {e[k-t+1]""’e[k]}'

The action space G consists of (:) elements:

G={aJ:Jes}

where § is as defined in Section 1.2. Assume that the loss function

satisfies

W) L., @) =L@ VIEs v &5




e e

(i) Ly(0) < L (0) if o,

6+A. Vj €J, T €8 (I #J)

(iii) L;(8) = Ly(6) if o;

6 for at least one i € I

and 0.
3]

6 for at least one j € J.

Then we have the following theorem :

Theorem 1.7.1: If the above assumptions are satisfied, the symmetric

Bayes rules for the problem of selecting the t best populations, when
the parameters are in the slippage configuration given by (1.7.4),

is to select the set associated with {x[k-t+1]""’x[k]}'

2. Selection of the normal populations associated with largest

probability P(a < x < b).

Here we have k normal populations N(ui,l) i=1,...,k, and the
problem is to select the subset of populations which are associated
with the largest t values of the coverage of the set A = (a,b] c R,
- w<a<b<ew wheret (1 <t < k) is a known integer and the
coverage of a set A for a population with distribution function
F(x,u) is defined as [c.f., Guttman (1961)]

¥(A,u) = [ dF(x,u).
A
The problem of selecting a subset containing the population associated
with the largest coverage for A = (-»,a] has been considered by
Guttman (1961). Guttman has investigated Gupta type procedures for
normal and exponential populations. Guttman and Tiao (1964) have

considered the case A = (-a,b] and have derived Bayes rules for two-

parameter normal and exponential populations for the problem of
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selecting the best; the a priori distributions for the two parameters
are taken to be independent and locally uniform. We consider the
problem of selecting the t best populations.
We have
b
¥(u) = ¥((a,b],u) = [ do(x-u) = ¢(b-u)-9(a-u)
a
where ¢ denotes the distribution function of a standard normal random
variable. It is easily seen that
W v&E2+w=vE2-
2 2
1 . . % a+b
3 i.e., ¥ is symmetric about Mo = 5
1 : (ii) ¥() »0 as |u] »
‘ Lo e :
(iii) ai-z_o i ns Ho
<0 if u 2 Hy-
4
Hence ¥(u) is monotonically increasing in (-w,uo) and monotonically P
f. decreasing in (uo,m). It follows from (i) - (iii) that é
3 i
Jupugl < Tupmugl = ¥u)) > ¥(uy). (1.7.2) :

Let 8, = lui-uol. It follows from (1.7.2) that the problem of

selecting the populations associated with t largest W(ui) is equiva-

lent to the problem of selecting the t populations which correspond

to {0[1]""’e[t]}°

Let Yi = Ixi-uol; it is easily shown that if Xi is normal with mean

Hy and variance 1, the density of Yi is given by

o A
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f()’:ei) = ¢(91+Y) * ¢(ei')')’ ei >0,y>0
e-x2/2
where o(x) = : |
V2w |

We now show that the function f(y,8) = ¢(6+y) + ¢(6-y), y > 0, 6 > 0

has MLR in y and 6.

é We have
.. af
3 gy~ (O-¥Je(8-y)-(B+y] glery)
and
2

S = o) ()% 4 (o-y) (6-)°

+ @(8-y) - @(6+y)

|v

0 since ¢(6-y) > @(6+y). V6 > 0, y > 0.

It follows from Ex. 6 on p. 111 of Lehmann (1959) that f(y,6)
has MLR in y and 6.
Then assuming that the loss function LJ(Q) satisfies the conditions

given in Ex. 1 discussed above, it can be easily seen that a symmetric

Bayes rule for the problem is to select the subset of populations

associated with { e 12
i f i
3. Selection in terms of entropy for binomial distributions

Let xi, i=1,...,k be k independent binomial random variables

with distributions given by

]

P(X=x,p;) = (PP; (1-p)" %, x = 0,1,...,m, i = 1,... k.

Let 0 = H(pi) “P; log pi-(l-pi) log (l-pi). The function

:a‘
il
|
:-ﬂ
§|
1
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H(pi) is the entropy function associated with the binomial population
LA [c.f., Gupta and Huang (1976)].
(1] :f"f-e[k—t+1] <...2 6

populations associated with 6

Let 6 denote the ordered ei. The

(k]
[k-t+1]7°""

problem of selecting a subset containing the population corresponding

,0 are of interest. The
(k]

to 6 has been considered by Gupta and Huang (1976). Here we find

(k]

a Bayes rule for selecting the t populations associated with

O kete1]” " O[]
Let u; = |p; - %I, i=1,...,k. It is shown in Gupta and Huang

(1976) that the function H(p) strictly decreases with u = | - %I,

and hence the problem of selecting {6 30 k]} is equivalent

L Ve |

to the selection of {"[l]""’“[t]}‘

Assume that p = (pl,....pk) € U 9,=2 where
Jes

+ W if j €J, v R, A#£0

8 =

where R, = p:p;=

+wtd if j €T |u|<|w+a]

N —

The action space @G = {aJ: J € 8} consists of (:) elements.

The loss function LJ(E) is assumed to satisfy (i)and (ii) of Ex. 1

of this section and also the following:
(iii) Ly(p) < L@, vp €y I,J €8 I #J
(iv) L;(p) = L;(1-p) . vp €®, J €S8

where 1 = (1,..,1) is a row vector in IR.

Since the problem is invariant with respect to the group

G = {e,g)l, where e is the identity element and gxi = n—xi, we can

40
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restrict attention to procedures based on maximal invariants
0y
Y= - Bl dom ok
Let Q(y,ei) denote the probability distribution of the
1 = 2— i = -l
raﬁdom variable Y, = |Xi 2" given 6, Ipi 2|. Then Q(y,8,)
has MLR in y and ei [c.f., Sobel and Starr (1975)] and hence a
Bayes rule against an exchangeable prior is to select the populations

associated with y[I],...,y[t], the t smallest values of the observed

values of Yi‘
4. Selecting the biased coin

We are given k > 2 coins, one of which may be biased. Our goal
is to decide, on the basis of n tosses of each coin, whether all the

coins are fair, and, if not, which one is biased.

Let p; = probability of getting Head for i-th coin (i = 1,...,k).

Then B = Ipi - %J is called the bias of the i-th coin [c.f., Sobel

and Starr (1975)]. The problem is to test

0 - 71 k
against k alternatives
AAE 1 e
: 1
%.%— ,J—L“”h0<Ai?
0if i #j

Let xi be the number of heads in n tosses of coin i, Invariance

reduces the problem to consideration of tests based on maximal

41
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invariants Y, = |Xl lsees 2[.

The random variables Yi’ i =1,...,k are independent, and Yi is

distributed as

n
3 +y y y 34y

" ot ; 07 (1-0,)% 1.

(v,0,) = (
Qy.6; 5

Let QO(Z,Q) and Qj(Z,g) denote the distribution of Y = (Yl""’Yk)

under H0 and Hj respectively. Then simple calculation yields

(%

k o ]

Qy) = T [——
0= i n-1

and (y:4) = Qo(x)h(yj;A)
where
n
hyie) = 2" aa-01? 1627 + EHN.

For each fixed A, we have

dh
dy

_ ,n-1 n-1 1-A.y Ay 1-A
27 T[a(1-4)] [{(—7r0 = (T:Eﬁ }Hog -jrﬂ

>0 .Vy since 0 < A <~%,

Hence the function h(y;A) increases with y. Assume that the loss
function satisfies assumptions (1'), (2'), (3') of Section 1325
with 60 =0, and t = 1. Then all the assumptions of Theorem 1.3.2

are met, and a Bayes rule against an exchangeable a priori distribu-

tion has the form
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() = 1if y € Rj, a symmetric set

qﬁ(x)

1if y §R and y. = max y,..
¥ . J 1<i<k ’

Here the set Ro is given by the following inequalities:

€9 (Ly-L;)Qy () + e(f)”[Lo(j.A)-Lj (G,0)1Q; (y;8)dBa <0 v j = 1,...,k.

Substituting for Qj(Z;A) we get

% ; ; . ; e
{) {E[LO(J’A)-LJ(J’A)]h(yj’A)-EO(LJ-LO)}QO(X) dﬁ(A) ,V JEE ln---,k

where h(y;4) is given by (1.7.3).

Since the integrand is an increasing function of yj, we have

R, = {y: max y. < ¢}
Bt 1<i<k *

1.8 Nomparametric Slippage Tests

Let Xij (j = 1,...,n) be n independent observations from

population " with continuous cdf Fi (i=1,...,k). Let g: [0,1]+[0,1]
be a continuous distribution function, g(x) # x. The subset

{wj: j € J}, where J € 8, is said to have slipped if
g(F) if j €
F if j¢J

The problem is to test

D L P S L MNNSR0S o e e B il
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against (:) alternatives
Hy: {wj: j €J} has slipped.

Karlin and Truax (1960) have considered the case t = 1 for the

following two types of slippage:

(1) g(F) = (1-1F + XF°, 0 < 1 < 1

(i) gF) = F*, 1> 0.

We will investigate the general case (1 £t <k}

(5} g(P) = (1-%3F + AF°.

Let rij be the rank of Xij in the combined sample, and R = (rij),
R S 1,...,n. Since the problem is invariant under
monotone transformations, we can restrict attention to procedures
based on R.
Let P}A)(R) denote the distribution of R = (rij) under HJ.

It follows from a result of Lehmann (1953) that

(r.,)
ELl B (a-nyeary 2 11

where U(m), 1 <m < nk is the m-th order statistic from a sample
of size nk from a uniform distribution on [0,1]. Differentiating

(1.8.1) with respect to A we get
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d (A) 2 1
dx PJ (R). = nk
nk-nt

u(rj”)} i

E[ I {(1-1)+22
) 1<2<n
j€J

(rJz)_

{%2” el

(1-2)+2AU it

d ,(A)
P (R) ( - nt
dx 'J |A=0 nk nt) ZJ nk+1

where r. = Z e
3o gmy A%

Following Karlin and Truax (1960), we find regions CO’ {CJ: J €8}

in the set of all possible ranks such that
(CO) 1-a, 0 <ac<l]l

P}A)(CJ) is maximum over 8 for small A

and the procedure is symmetric. It follows that CI has the form

mx {)] r.}= ] r

> 1.
X8 jes 1° et I 1 :

where Y, is given by

P(max ] r. <v,) = 1l-a
AT T

(1) g = P, a0,

As before, we will consider procedures based on ranks only.
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Let Wy Seee<owog be the sequence obtained by ordering the combined
sample {xij: i=1,...,k, j =1,..,n}. For each J ¢ g, we define

a new sequence ZfJ),...,Zéi) as follows:

1 if w, comes from {nJ j €J}

2 .
1

0 otherwise

Let P}A)[g) denote the probability of a rank order z under HJ.

Then from a result of Savage (1956) we have

nt
( (:{ nt)!(nt)!(l*k) (1.8.4)

2 {z(J)(l¢A)+l z(J)}]
1:

)
"3
1=l

Differentiating (1.8.4) at A = 0 we get

(nk-nt) ! (nt) ! i o5
nk-nt nt)!

= (——)1
(nk)! 121 lzl

d ()
P77 (2)
'y 2nl

Then, as in case (i), the symmetric rule ¢ which maximizes P}A)(CJ)

for A in the neighborhood of zero among the class of rules satisfying

PO(CO) = l-a
is given by
P
(z) =1 if min ( ) >y (1.8.5)
s Jeg i=1 =1 e
nk i z(J) nk i 21)
¢ (2) = 1 if min Z Z (= Z { ) <1y (1.8.6)
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1.9 Computation of the Constant c

The Bayes rule deri/ed in this chapter are of the form

“b(f) = 1if x € {x: gzg UJ(§) <ec}l = RO’ say,
G (x) = 1if x ERy, Up(x) > Uj(x) VI #1

where UJ(§) is a symmetric function of x; the constant c depends

on the a priori distribution G. Following Karlin and Truax (1960), c
may be determined so that E(qb]HO) = 1-a; this distribution of

ng UJ(§) is needed for this purpose. For normal and gamma populations,
ihe distribution of UJ are given in Doornbos (1966). For mnamparametric

slippage tests, the constant c can be computed from direct calculations.

In general case the distribution has not been worked out and approxima-

tions are needed.
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CHAPTER II

A BAYES APPROACH TO SELECTION OF t BEST POPULATIONS

2.1 Introduction

Let TyseeesMy be k independent populations, which have pro-
bability densities f(x,ek),...,f(x,ek), respectively, with respect
to a o-finite measure u. Let 6[1] L a0, 500

For a given integer t, 1 < t < k, the subset of populations associated

(k] be the ordered ei'
with e[k-t+1]""’e[k] will be referred to as the set of t-best
populations. In many practical situations the set of t-best
populations is of interest. Multiple decision (selection and ranking)

rules for the problem have been considered in the literature by

Bechhofer (1954), Carroll, Gupta and Huang (1974), and others. Gupta's
approach, which is commonly known as the subset selection formulation,
is to select a subset S of random size |S| (t < |S| < k) such that

S contains the set of t-best populations with probability at least

P*, where P* is a preassigned constant. In Bechhofer's
indifference zone formulation, a subset of size t is chosen so that
the probability of selecting the t-best populations is at least P*

“ % & . e
whenever e[k-t+l] e[k—t] > &*, where 6* > 0 is a constant specified

in advance.
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In this chapter, the problem of selecting a subset containing
the t-best populations has been considered from Bayes approach. Deely
and Gupta (1968) have considered the problem of selecting a subset
containing the best, which corresponds to t = 1. It is proved there
that under certain assumptions on f(x,8) the Bayes rule selects exactly
one population associated with the largest observation, provided the
loss is Tihear in ei, and the a priori distributions of ei are inde-
pendent. The problem for general t is formulated in 2.2 and it is
shown in Section 2.3 that if the joint distribution has property M of
Section 1.2,and the a priori distribution g(g) on on @k is exchangeable,

then for a loss function which is linear in ei, the Bayes rule will

select exactly t populations corresponding to the t largest observations.

For t = 1 Bayes rules for non-linear loss functions have recently been
considered by Goel and Rubin (1975), Chernoff and Yahav (1977), and
Bickel and Yahav (1977). 1In Section 2.4 we derive some Bayes rules for
selection of a subset containing the t best populations, when the

loss functions are non-linear in ei; normal, exponential, Poisson

and binomial populations have been discusséd.
2.2 Formulation of the Problem

Let LEEREETLM be k independent populations with densities
f(x,el),...,f(x,ek), respectively, with respect to a o-finite measure

u, 9i €E@cR (i =1,...,k). The goal is to select a subset containing

the t best populations, i.e., the populations associated with e[k-t*l]"'

%k]’ where 6[11 £ oos S e[k] are ordered 8-

49
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k
The action space G consists of J (:) elements:
m=t

a8 el ..k sl a8}

where |S| denotes the size of the selected subset S. 5
The loss function L(Q,S): ek X G-> IR gives the amount of loss
incurred in selecting a subset S € G, when Q € ®k is the true value
of the parameter,
The following loss functions will be considered:

k

()
iskoge1 L1
L1(8,8) = c|s| + [ :

where ¢ > 0 is a known constant.
k

(hes 6.
i=k§t+1_ [i] _jés J] v ol

Lt L B[ S e Top;1 51

(2.2.9)

i=k-t+1

where B and c are given non-negative constants, IA represents the

indicator function of a set A, and
S' = {ei: i €8}

t
(iii) L,16,8) =c|S| + ] [0,y . -0 ] +
i TR e G T,
(2:2.35)

where 6 % piy %0 are the t largest 6. in the subset S, c

is a known nonnegative constant and

B= (i €8S: ei # G{




We assume that

(i) f(x,8) has monotone likelihood ration in x and ©

(i1) g(8), the a priori distribution on ek, is exchangeable or

permutation symmetric. That is,

g(els LR ,ek) = g(ewl’. oe ’ewk)

for all permutations y: {1,...,k} - {1,...,k}.

(iii) the measure y is also symmetric, i.e.,
du(x) = dulx,).

Since only Bayes rules will be considered in this chapter,
attention can be restricted to the class of non-randomized rules
(see Ferguson (1967), Section 1.8).

It is easily verified that the loss functions L L2 and Ls

1)
satisfy monotonicity and invariance properties of Eaton (1967), and
hence, in each case, the Bayes rule d* for selecting a subset

containing {e[k-t+1]""’e[k]} is given by

r(d*,x) = min r(d.,§)
0 t<j<k
where r(d,§) is the Bayes posterior risk, given x, of a rule d,
and dj in the rule which selects the subset of populations associated
with {x[k-j+l]""’x[k]}; x[I] £t x[k] denote the ordered
observations.

In the next two sections we derive Bayes rules for the loss

functions given above.
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2.3 Bayes Rule for the loss Function Ll'

Assume that the loss in selecting a subset S when 8 is the

parameter is LI(Q,S), where L. is given by (2.2.1).

1
Deely and Gupta (1968) have considered the case t

1 with

loss function given by

L(S,8) = qés aq(e[k] - eq), a2 0

It is shown that under certain mild conditions on the density f and
the constants aq, the Bayes rule selects only one population. In this
section we prove a similar result for the general case.

Let X, € R be an observation from e i=1,...,k. The posterior

risk of a decision §: XF + U is given by
k

List G Yoo
i A [1] . J
r(é,)_() = C'SI i E[l k t+:: 5 JESISI I 5 ]

where rule § selects the subset S with probability one.

It follows from (2.2.4) that the search for a Bayes rule for
the problem can be restricted to the rules dj(j E Lo cvak)s

Let e(i) denote the parameter values associated with x[i],

i=1,...,ke Then
k
Lo €000, = Prica) ]

5 a=k-m+1
g 02 SRR SR [ m(m + 1) 1%

We need the following Lemma:
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Lemma 2.3.1: If a density h(x;6) has property M, as defined in Section
1.2, and g(8) is exchangeable, then
E A E 3 i B
©pl® 2 B0y l0 viz;

Proof: Let B = {p € ok 8(i) z_e(j)}. Then

f@F[eli) - 8¢5yIh(x;0)g(0)de = IB [8(5) = 9¢5)Ih(x;8)8(8)ds

*chfe(i) - 85]h(x;0)g(0)do

= e [e(i) 3 9(j)]h(§;9)8(§)d§

+ { [6,.y -6,..]h(x;6, )g(6)de
IB (J) (1) = -Wij Tty

where wij is the permutation which interchanges coordinates

i and j of a vector g = (el,...,ek), keeping other components

fixed, and QW is as in Section 1.2. Thus
ij

)1g(8)ds > 0.

Houy - Ol e L e, - Glibasaibing,

It follows from Lemma 2.3.1 that
E[e(a) i e(k-m)l’.‘] > 0 for a = k-m+l,...,k.

r(d

m+1’§) > r(dm,§) for m=t,t+1,...,k - 1.
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Theorem 2.3.1: If f(x,6) has MLR in x and 6, and the a priori dis-
tribution on €$ js exchangeable, the Bayes rule selects exactly t
populations associated with the largest t observations.

k
Proof: Let h(x;6) = ] £(x,,6;).
i=1

It is clear from definition that h(x;6) has property M, and

the result follows from Lemma 2.3.1.
2.4 Bayés Rules for the Loss Functions L2 and L3.

The Bayes posteriori risk for rule dj’ when the loss function

is LZ(Q,S) given by (2.2.2), is

k
= H(i) + B ;
r(dj,)_c) = H(J) +s i=k§t+1 E(e[i]|)_<) tix ek A28

where

k k k-j

5 . B ; Q
H = - = B8, .vlx) # A P(6 q = x)
24 5 J i:k)_:j+l ( (1) I‘ =k-t+1 qu (q) [p] l-

(2.4.2)

It is clear that the Bayes rule d(z) in this case is obtained by

minimizing B(j), t < j < k. Hence

a(? - d, if H(2) = min H(j) (2.4.3)
t<j<k

When the loss function is LS(Q,S) given by (2.2.3), the Bayes

is

j

posterior risk in using d

. . i kel S P e A im0 08 0 PR - e
5 e i i P A O e s i s o i WL M A R KB SR e s o . : o
e R AR s e ey B i SN AR o G R 5 TSI A s L
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k
Pd:.x) =ef « Bl . ] 0pq, - ) 0.1+ (3010, ]x
J i=k-ts1 1] jeg i [k]'=

F |

(2.4.4)
and therefore

A = r(dm*l,§) - r(dm,§) =c + E[6

m (k] - ®ck-m) X1

It follows from Lemma 2.3.1 that Am+1 z_Am, t <m< k, and

hence the Bayes rule d(s) is given by

dk if A= {j: Aj > 0} is null set

a® (2.4.5)

dz, where £ = min{i:i €A} if
A is non-null
2.5 Specific Examples.

In this section, we compute Bayes procedures for the loss functions

L, and L3 in several specific cases.

1. Selection of t best normal means.

Let population L be normal with mean ei € (-»,») and a known
variance 02 (i=1,...,k), and let ii be the mean of an
independent sample xil,...,x.n of size n from ™My and uj
(i, j=1,...,k, i # j) are assumed to be independent. We compute
the Bayes rule when the loss function is LZ(Q,S) given by (2.2.2) and

the a priori distribution on ek is k-variate normal with mean

vector y = (u,...,u)' and covariance matrix I = 12 Ik where Ik is

the identity matrix of order k, i.e.,




~

3 Ml o M OB S s b e S S i e 0 b SIGR  Seb  p O g

i o b LA B 5 At KT T OGO (5 B g i - R i A

k ey
8000 = ] I3 o)
i=1 T

where ¢(x) is the density of a standard normal random variable.
The posterior distribution of 9 = (el,...,ek) given the ob-

servation vector X = (xl,...,xk) is

k 1 ei -m
g*@|x) = 1 [F ¢ (2.5.1)
i=1
where
2
&. +§1’2
n i .
mi = 3 s dis Srsak
g 2
i §
;s (2.5.2)
2
1202 2
v = L
o g
n
Let i[l]""’i[k] be ordered sample means, and let 6

(1)

be the (unknown) population mean associated with i[i]’ A=) L ok

Then

E(e(i)lil,...,ik) = myy (2.5.3)

where m[ £ vuse

1]

We also have

i_m[k] are the ordered posterior means.

P(e(q) = °[p]|“1""’xk)

56
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G,
(q)
(2.5.4)

K(q) = {1,...,q9-1,q+1,...,k}

R(g) = ROy onip ) = K@@hafiy, ... i )°

Px is the joint conditional distribution of 8 given x, and G () is

the posterior cumulative distribution function (cdf) of 9(2).

From (2.5.1) we have

]

y -m
Gy me( ——Ly, 421, .k

()

where ¢(-) is the cdf of a standard normal random variable.

From (2.5.4) and (2.5.5) we obtain

P(e(q) = e[pllxl,...,xk)

-0 {il,...,
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Using (2.5.3) and (2.5.6), the function H(j) given by (2.4.2)
can be computed for each j, t < J <k and then the Bayes rule d(z)
can be obtained from (2.4.3).
2% Selgction of normal populations associated with t smallest
variances
Here TyseeesM are independent normal populations each with
mean zero and variances %i’...’%i’ respectively. We wish to select
a subset containing e[k-t+1]""’e[k] when the loss function is
given by (2.2.2) or (2.2.3).
Let xij (i=1,,...,k; j =1,...,n) be an independent sample

from "i' Then

is sufficient for ei.

Assume that el, .

conjugate gamma-2 priori density[see p. 54, Raiffa and Schlaifer (1961)].

..,qlare independent, and ei has natural

Then the joint a priori distribution of 8 = (91,...,9k) is

k

k
gle) = 0 {Ae : i
i=1 i=1 7,

£ (8,|b',a") (2.5.7)
Y 1

where A is the normalizing constant for fY (-|b',a'), the pdf of a
&
gamma-2 distribution.
From Raiffa and Schlaifer (1961) we have the posterior dis-

tribution of 9 as
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| 4
*(0 gla® oty ; £ (o, by, an 2.5.8
g 1,...,k 1,.--,k —. Y i i, ) (. .) E
i=] 2 3
where é
:
.?
a" = a'+n
a'b' + nsi (2.5.9)
b"]:= a"
. Lt ;
! Let e(k-jzl) be the parameter associated with s[j] where ﬁ
s[l] £ o f-s[k]' Then
| 2 2 a' +n
| Bl socls: .80 = (2.5.10)
! ede k a'b' + ns|.
; [i]
i
, We now have
j ' k k-j
H@) =¢j -§ 3 20,
i=1 a'b' + ns[i] p=k-t+l1 g=1

L 2 2
P(e(q) = °[p]l51"°"sk)

We can compute P(e(q) = e[p]]sf,...,si) by the method indicated
E, in example 1.

The Bayes rule d(z) for the loss function Lz(g,S) is given by
(2.4.3).

When the loss function is Ls(g,S), we need to compute

E:elkllsg,...,si). Let G[k](é) denote the cdf of e[k]. given
3 | ' Sl""’sk' Then
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where FY stands for the cdf of a gamma-2 population. The function
2
G[k](ej can be evaluated by using either of the following relations

given in Raiffa and Schlafer (1961):
Fo(zlba) = 1(b2/Fa , 42 - 1) = G (3a[4ab2)
2

where I(:,-) is the gamma function tabulated by Pearson (1934) and
Gp is the cumulative Poisson function.

Now, since e[k] is a positive random variable, we have

2 deis, ;
B pqlsyse s = [: [1 - Gy (®)]d

|s2 s2)
(k-m)'71’° """ 7k

in the expression for Am’ we can compute the Bayes rule d(s) given

Substituting the values of E(0 sz,...,sz) and E(6
) [k]'"1 k

by (2.4.5).
3. Binomial populations

Let = L be k independent binomial populations with

17
probabilities of success ei,...,ek, respectively, 0 < ei <l i
Assume that ei are independent, and have a priori distribution
fB(-la,b) where fB(-la,b) is the beta pdf given by

1 ea’l

b-1
fe(ela,b) “ h (1-6)""", a, b> 0 (2.5.11)

Let X, be the number of successes in independent trials from L
(i=1,...,k). Then the posterior distribution of e (61....,6k)

given x = (xl,...,xk) is

e e AN A A AR o 5 v U i SR AR S SR e Sl o e A i i R
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k
* w) = -
g*(e]x) .H fB(oi|xi +a,n+b-x)
i=1
Thus
X1 ta
E(e(i)l’-() "hn+a+b

The Bayes rule d‘®) (a®)) for the loss L,(0,5) (L4¢0,5)) can

be obtained as in Example 2 discussed above.

4. Poisson populations

Here Tyseee,m are independent Poisson distributions with
parameters el,...,ek, respectively, ei >0, i=1,...,k. Assume
all ej are independent, and ei has the natural conjugate a priori

distribution fY (-]a*,b'), where
1

= ' e
le(ela',b') = e 550, a",b' 50 (2.5.12)

Let X; be an observation from . Then the posterior distribution

of 6 = (al,...,ek) is given by

n=ax

g% = .

' '
: (leceilxi +a', 1+b")

1

and

'x gl

1+b'

The Bayes rule d(z) and d(s) can be computed as before.

61
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5. A selection problem in life testing.

Let LECRRRTLY be independent exponential populations with scale
parameters el,...,ek, respectively. Suppose n items from each of
the k populations are put on a life test, and the experiment is con-

1,...,k) are observed.

tinued until the first r failures from ei (i
This scheme of sampling is called Type II censored sampling.
Let Xip00 Xy denote the first r naturally ordered obser-

vations from Tos and set

o
s 21 X5 (? =B ol =000k (2.5.13)

Ti represents the total accumulated life at the termination of

 —

the test on population LPE The sample likelihood for m , conditional
1

on 6., is
i

@| =
e
I

n! .
z(xil,...,xirlei) = m e i ) eSS B
1

(2.5.14)

N

Assume that 8 = (61,...,ek) has the following a priori

distribution:

u v+l
k eei ('é’i" |
e M) S Thbad . B e
i 1

e

Then the posterior distribution of 6 = (61....,ek) given T = (Tl""’Tk)

is
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u o+ Ti
— r+v+l
B BAT,
(e.)

k
* = 1
g*(e|T = = T (x + V)

and

T

E(e(i)lT) il s

Tr+v>1]

where T[l] S f-T[k] denote the ordered accumulated life times,

6 . i i i s
and (i) 1s the parameter associated with T[1]

The Bayes rules d(z) and d(3) can now be computed as in

earlier examples.




CHAPTER III
ON SOME RULES BASED ON SAMPLE MEDIANS
FOR SELECTION OF THE LARGEST NORMAL MEAN

3.1 Introduction

Many of the classical statistical procedures which are super-

ior to their competitors under the normal model have one drawback:

their behavior is seriously affected if a few gross errors are

present in the sample. For example, consider the problem of point
estimation of the mean 6 of a normal population. It is well known
that the sample mean is a uniformly most powerful unbiased estimate
of 6, but is not a very good estimate if some wild observations are

present in the sample. Hodges and Lehmann (1963) have proposed a

class of estimates which are based on rank test statistics; these

estimates are approximately normally distributed for large samples.
Gupta and Huang (1974) have investigated selection procedures
based on one-sample Hodges-Lehmann estimates of location for the
problem of selecting a subset containing the largest t (l<t<k)

location parameters, when the sample size is large. Gupta and

Leong (1977) have discussed a selection rule based on sample

medians for double exponentials. In this chapter we consider
selection procedures based on sample medians for normal populations.

For the problem of selectiog a subset containing the largest

e e L A 1 ST B
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normal mean, when the means are equally spaced, a rule based on
medians is éompared to the rule proposed by Gupta (1965), which is
based on sample means. It appears from the numerical work done that,
as expected, Gupta's rule is superior. This may be due to the fact
that the tails of a normal distribution are not very thick, and
hence the probability of getting extreme observations is small. In
case the underlying distributions have thicker tails, e.g.,
logistic, double exponential [see Gupta and Leong (1977)], ex“reme
observations are more frequent and have a serious effect on the
sample means, but not on the sample medians. In these situatioms,
sample median should be a better estimate of location than the
sample mean, as indicated by the fact that for a double exponential
population, the sample median has smaller variance than the sample
mean, if sample size n » 7 [see Chu and Hotelling (1955)].

Apart from having a simpler form for its density function, the
sample median as an estimate of location has some other advantages
over the sample mean. Intuitively any reasonable estimate of location
should have a distribution which, in some sense, is eentered on the
true location parameter value. It is shown by Hodges and Lehmann
(1963) that the sample median has a distibution which is symmetric
about the true value if the underlying distribution is symmetric,and
in case the underlying distribution is not symmetric, the sample
median is a median unbiased estimate of location,i.e., the median of

its distribution coincides with the true location parameter.
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In Section 3.2 we introduce the notations to be used in this
chapter. In Section 3.3 we investigate procedures based on sample
medians for selection of a subset containing the largest normal mean.
In Section 3.4 the problem of selecting a subset containing all nor-
mal populations better than a control is discussed, and a rule based
on sample medians is proposed. In Section 3.3 the selection rule pro-
posed in Section 3.3 is compared to Gupta's procedure based on sample
means [c.f., Gupta (1965)], when the means are equally spaced.

In Section 3.6 gelection rules based on medians of large samples
are discussed. In Section 3.7 asymptotic relative efficiency (ARE)
of the proposed rule with respect to Gupta's rule for selecting
a subset containing the largest normal mean is computed, when the
means are in slippage configuration. It is also shown that, in case

the normal populations are contaminated, the proposed rule based on

!
i
i

sample medians improves on the rule based on sample means in terms
of ARE.

In Section 3.8 a test of homogeneity based on sample medians
is proposed, and a relation between the test and selection rule of
Section 3.3 is established. In Section 3.9 the distribution of a

statistic useful in some selection and ranking problems is derived.

3.2 Preliminaries and Notations

Let xl,..., X be independent observations from a population

2m+1
with cumulative distribution fwnction (cdf) F(x,6) and probability

density function (pdf) £(x,6), x,0 € IR, the real line and m>1.

Then the sample median X 1s given by

X

= Xlm1)
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where xll];,... < x[2m+1] are ordered xi.

The pdf of ¥ is
g(x,0) = c [F(x,0)]" [1-F(x,0)]1" £(x,6) (3.2.1)

2mt+l) .

where cm = 2

F (m!)
and its cdf is given by

6(xp) = c S 7 [F(u,0)]" [1-F(u,8)]" £(u,0) du

F(x,0) m

0<y<1
o i oty e Lo y (@, m1) 35 (3.2.2)

Ie(x,0

i where Iy (p,q) is the incomplete beta function:

B p-1 ,._,q-1
Iy (p,q) ~F?§§%%%7 ﬁ% u (1-u) du (3.2.3)

The following result from Karlin (1968) will be needed:

§

Lemma 3.2.1: If f(x,0) has monotone likelihood ratio (MLR) in x and

6, then g(x,0) given by (3.2.1) has MLR in x and 6.
3.3 A Procedure Based on Sample Medians for Selecting a Subset Con-
taining the Largest Normal Mean
Let Tyseees T be k independent normal populations with means
91,..., ek and a common known variance 02. Let %i be the sample
median of n = 2mtl (m>1l) observations from m,- The pdf g and the
cdf G of ii are obtained from (3.2.1) and (3.2.2) by substituting

) x-Oi

x-0
F(x,ei) = 0('7 c”"-)- , £(x,0) -g:’( ) » and are given by

(o]

C '
g(x,0) = =B [0 [1-052 " &2, (3.3.1)
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Glx, 6,) = I, "':?g) (wtl,m+1) (3.3.2)

where ¢(°) is cdf and ¢(#) 1s pdf of a standard normal random
variable.

Let 9[1]; ool G[k] be the ordered Gi. For the problem of select-
ing a subset containing the population assediated with e[k], consider

the following rule R1:

R: select m, 1iff X ;}[k] - djo (3.3.3)

where *[1] L el 2[1;] are ordered sample medians, and d,> 0 is a

1
* *
constant depending on a preassigned P (i]é< P < 1) such that

P(CS| Ry) > P (3.3.4)

Let ?t( 1) be the sample median associated with 01 (=1,... k).
Then

p(cs| B)) = P(':‘{(k) ;R[k] -4, 0)
= P(?((J) < %(k) +dy, §=1,..,k-1)
-p(&m - 8041 ;i(k) = 00 * Oy "~ Opyp 40 3=L,eu,keD)

m o | ksl Oray = O
-1 4"11 Ty okl 701 gy @)

c o™ () [1-¢ W] ¢ (u) du

It is clear from the above expression that the infimum of P(CS |R1)
*
occurs when all ¢ q are equal, and hence constant dl -(d1 k,n,P ) 1is

obtained by solving

g = T —
i e i ot Sl il (et it PR 0
1158 s e AN N A RN TS I AL T A b e R AN T
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Cc
= 17 (uwtd,) @H,w) 1570 ) [1-0(u) 1"

*¢(u) du = P* (3.3.5)

Expected Size of the Selected Subset

The rule R1 defined by (3.3.3) and (3.3.4) selects a random
number of populations and it is desirable that the size of the select-
ed subset be small, and also the ranks of the selected subset be
large, where the population associated with 9[1] is given rank
i, (i=1,...,k). Gupta (1965) has proposed the expected size of the
selected subset and expected sum of ranks of selected populations
as criteria of effieciency of selection rules.

Let S and SR be random variables denoting the size of the
selected subset and the sum of ranks of the selected populations,

respectively. Then following Gupta (1965) we have

k
E (s|rRp) =] P (1) (3.3.6)
6 i=1 =
and
k
Eg (SRIRl) -121 i Pg(i) (3.3.7)

where Pe (1) 1is the probability that the rule R1 selects the popu-

lation associated with e[i], i=1,...k, and 1s given by

c - k -
m 0,0
Pg“) . jr_xl Loc [1]0 Bl . ap) (m+1,m+l)
_ ¥

«0™(u) [1-0(u)]™ ${u) du (3.3.8)




AT

e i e B e

i b

SR st

Some Properties of R1

(1) Upper Bound on Ee(SIRl)

It follows from Lemma 3.2.1 that g(x,ei) given by (3.3.1)

has MIR in x and 6. Hence, from Theorem 1 of Gupta (1965), we have

Max E_(S|R,) = Max E.(S|R,) = kp"
g0 2 o Ty

1= e " ek}.

(11) Property of Monotonicity

where eb = {(91,...,6k) € 0: 6

It is clear from expression (3.3.8) that the rule Rl

is strongly monotone (see Santner (1975)], {i.e., Pe(i) is non-

decreasing (nonincreasing) in e[i] (e[j], j#1), when other compo-

nents of 0 remain fixed. The following two properties of R1 are
immediate consequences of strong monotonicity:

(a) Monotonicity: Po(1) 2 Pa(3) ¥ 1<k

(b) Unbiasedness: P;(k) 2 P;(i) ¥V 1582k

(1i1) Mimimaxity with Respect to the Expected Subset Size

A selection rule R* is said to be minimax with respect

to S 1if

%
sup Ee(sln ) = inf sup E,(S |r)
e = R 0 =

#
where inf is over all selection rules which satisfy the P -condition

[see Berger (1977].

The density function g(x,ei) given by (3.3.1) is clearly

of location type, and it has MLR in x and 01 by Lemma 3.2.1. It fol-

lows from Theorem 1.4.2 of Berger (1977) that the selection rule

70




R1 is minimax with respect to S among all rules based on sample

medians.

3.4 Selection of a Subset Containing All Normal Populations
Better Than a Control

Here we have k+l independent normal populations TQrTyrecesMps
wheré LA has mean 6i and a known variance 02 (1=1,...,k).
The population ™ is a standard or control population; 00 may or
may not be known. The population L is said to be better than control
if 6y 28,. Our interest is in the subset of all populations which are
better than control. Gupta (1965) has investigated a rule based on
sample means which selects a subset that contains all normal popula-
tions better than control with probability at least P*. We propose
a rule based on sample medians. Two cases are possible:
A. 90 known
We are given medians 21 of n =2m + 1 (m> 1) independent

observations from L (i=1,..,k). Comsider the rule R, defined as

A
follows:
R,: select m, iff %1 20, - ac (3.4.1)
*
where a is chosen so as to satisfy the basic P condition. Let kl’ k2
denote the true (unknown) number of populations with 913,30 and

61 < eo, respectively. Then kl + k2 = k. Also let primes refer to the

k, populations which are better than control. Then
= X -
M
P(CSIRR) II1 P(X{ 2 8y - ao0)

71
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S s L (w+l,mH1) ~ (3.4.2)
1=1 e RN

g

It is clear from (3.4.2) that the minimum of P(CSIRA) under the
restriction 61'.;60 occurs at 9".! 8y » :I.-l,...kl, and therefore a

lower bound on P(CS|RA) 1s obtained by setting 6'= 6 and k, =k:

i 1

P(CSIRA) > [1 ) (m+1,m+1) 1

= Yaitan
k
- [Io(a) (m+l,m+l) ]

Hence a is obtained from the equation

. 1/K
Iy(ay (@Hl,mtl) = (B) (3.4.3)

The expected subset size for the rule RA is given by

k
E(S|R,) = ] P(m, 1s selected)

i=1
k
=) [1-1 . (m+l,m+1) ] (3.4.4)
121 ¢ (% % g
[¢]
n.eo urkn own

In this case 2m+l independent observations are taken
from uo. Let xo be the median of this sample. We propose the follow-
ing rule

Ry: select n, iff *13_ *0 - bo (3.4.5)

i

*
where constant b is chosen to satisfy P condition. We have, as in
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Case A,
cn o4 kl
Peeslay) === [ T [1-1 8, 03 (w+l,mH1) ]
i=1 ¢ (ut - - b)
< (u) [2-0(u) I® ¢(u) du (3.4.6)
e k
-l [1-T4y-py (@Hl,mtl)]
«d™(u) [1- ¢ (u)]™ ¢(u) du (3.4.7)

The constant b is obtained by equating right hand side of (3.4.7) to
P*. The expected subset size for the rule RB is obtained as in €ase A.
Remarks:

(1) It 18 clear from expressions for P(select ei) for rules

RA and RB that, in either case

P(select 6,) 2 P(select if B, 29

5 1

(11) If ei > o Vi =1,...,k and 6 is finite, then E(S) + K

0

in each case.

3.5 Comparison between Rl and Gupta's Procedure Based on Sample
Means when the Normal Means Are Equally Spaced
Let MyseeesT be k independent normal populations with means
6,6 + 80,...,8 + (k-1)8c and a common known variance 02;6> 0 is a
known constant. Let Xij (3=1,...,n) be a sample of size n=2m+l(m21)

from LA (i=1,...,k), and let %1, ii be the median and the mean of

observations from wi:




ii - x[ wtl) where Xrp) Seees X (2m+1]
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For the problem of selecting a subset containing the largest mean

6+(k-1)S0, Gupta (1965) has proposed the following rule R:

R: select nm, iff X, > X, , - —d_ (3.5.1)
5 LS. 0 e

where d>0 is given by

f.“ o1 (utd) ¢(u) du = P (3.5.2)

We will compare the rule R to the rule R1 defined by (3.3.3) and
(3.3.5).

*
Let P(1,k,P ,§ ,nIR') denote the probability with which
a rule R' selects the population associated with the i-th largest

mean (i=1,...,k). Then from Gupta (1965) we have

*
P(1,k,P",6 ,n|R) = P(L,k,2",8 /a |R)

&

=[ 20 B o(xkd-(3-1)6vD) 16(x) dx] (3.5.3)
j=1
j#

*
The expression for P, (1,k,P ,6 ,nlkl) is obtained from (3.3.8)

by substituting e[i] = 0+(i-1)6@ , 1=1,...,k:




& c k
P(1,k,P ,6, -2 @
( nlkl) g f -0 [jl'll IO(“‘*‘(i‘J)G"'dl) (IIH'I,M].)]

11

0™ (u) [1-0(u) 1™ ¢(u) du (3.5.4)

For the rule R1, the probabilities P(i,k.P*.G.nIRI) given by
(3.5.4) have been computed for k=2(1)5, n=3,5, &é=0.% (0,5) 5,0
and P*- -90,.95. The numerical integration was done by the Gauss-
Hermite integration formula. Tables are given at the end of this
chapter.Tables of P(i,k,Pfs,n]R) are available in Gupta (1965).

Next, let Y(k,P*,G,nIR') and Yl(k,Ptc,an') denote the
expected sum of ranks and expected average rank of the selected

populations for a rule R', respectively. Then

k
* %
Y(,',6 ,nR") = ] 1 P(L,k,P",6,n[R") =k¥, (k,P}6,a[R")
1=1

(3.5.5) ' 3

For the rule R, tables of values of Wl and the expected
proportion of the population retained in the subset (--% E(SIR) )
are available in Gupta (1965). We have computed the values of 3
these functions for the rule Rl, for values of k,n,§ and P* men- i
tioned above. For instance if P'=. 90, k=5, n=3, &=1.5/V3  , j
then the rule R based on sample means selects the second best and
third best populations with probabilities .781 and .357, respective-
ly. The corresponding probabilities for the rule R1 are .822 and
.467, in that order. The probability of correct selection

(selecting the best) has to be greater than .90 for both the
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rules and is actually equal to .998 for the rule R, and .997
for the rule Rl'

It appears from these tables that the rule R based on sample
means is superior to the rule R1 based on sample medians, and that,
as expected , the performance of R relative to R1 improves &% sample

size is increased.
Remarks:

(1) It is shown in Gupta (1965) that the rule R has the
following desirable properties:
(1) For fixed P* and k
P(L,k,P",6,n) + & va
and

P(k.k,p*,a,n) + §/n

For fixed P*,i,s and n

P(,k,P",6,0) v k, l<i<k
(3) Por fixed k,P" and (1-§)6

1im ¥ (P ,k,5,0) = k

n-eo

It is clear from expression (3.5.4) that the rule Rl has similar

properties.

(11) It follows from (3.5.4) and (3.5.5) that

* cm k © :
(&) ¥(P',k,8,n(Ry)> 5 1§lif.. [jfzxo(xml-(J-x)c)

(ortl,m+l) ]

0" (x) [1-0(x) 1™ ¢(x) dx
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* k(k+l)cm
(B) ¥(P ,k,6,n[R))> —5
2 k-1
o [I¢(x+d1_(k_1)6) (mr+l,m+1) ]
m m
¢ (%) [1-0(x) ] ¢(x) dx
3.6 A Selection Rule Based on Medians of Large Samples 7;
Let f(x) be the pdf of a continuous random variable X and let
£ be its unique median. Let % be the sample median of n=2mt+l obser-
vations on X. The distribution of % under certain conditions on
f(x) is known [see Cramer (1946)] to be asymptotically normal with ]
mean ¢ and variance 1 5 :
2
4{£(8)]° (2mH1)
The above result will be used to investigate a rule for selecting
a subset containing the largest normal mean.
Let %i be the sample median of (2m+l) independent observa-
tions from L (i=1l,...,k), where T is normal with mean 61 and
3 a known variance 02. Then, for large n, ii is asymptotically
. normal with mean ei and variance TTO2 A
2(2mrtl)
For the problem of selecting a subset containing e[k], we propose
the following rule:
Ry: select m, iff X ?([k] rdos 0K (3.6.1)

v 2(2m+l)




{
L]
i

*
where dZ;p is to be determined from the basic P condition.

We have

o /1
P(cs|Ry) = P () 2 %) - 4, el
k-1 6@
T T s e
i=1 —o—";——
m (3-6.2)

It follows from (3.6.2) that the equation for d2 is
o k-1 i
[ @ "(utdy)) ¢(u) du =P (3.6.3)

*
Tables of values of d2 satisfying (3.6.3) for selected values of P

are available in Bechhofer (1954) for k = 1(1)10 and in Gupta (1956)
for k = 1(1)50.

Expected Size of the Selected Subset

k
E(SIRZ) = Z P(population associated with e[i] is selected)
i=1
R I 84178 i
=J [o | 1ot i o, d,) | ¢(u) du
=1 j=1 o/T
iH VZ(2mH)
(3.6.4)

3.7 Asymptotic Relative Efficiency (ARE) of the Rule R2 Relative
to Gupta's Rule R

(i) Normal Populations

Let Myseves M be normal populations with means 91,...,ek,

respectively and a common known variance 02. Assume that ei(i=1,..,k)

are in following slippage configuration:

et e e
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6+oA 1if i=i°; A>0 is unknown

) if 1#10

The population T has the largest mean and is called the 'best'
o

population; the index 10 is not known.

Our interest is in the relative performance of the following

two selection rules:

d,o /1
R2: select L iff %1 2 max s & Ll
T<i<k 3 V2o
_ = = do
: R : select LA iff X1 2 max X, -

1§k 1 /@

P

where %i is the median and i; the mean of n=2mt+l observations
from o i=i,...,k, m>1. The constants d and d2 are given by

equations (3.5.2) and (3.6.3), respectively. It is obvious that

d2=d (3.7.1)

Let S* be the number of non-best populations in the selected subset.
Then small values of S* are desirable, and therefore, consistent
with the basic P*—condition, we would like to keep the expected
value of S* as small as possible.

It is intuitively clear that the performance of any reasonable
selection rule R' should improve as the sample size is increased.
For a given O<e<l, let NR,(e) be the number of observations needed

s¢ that

*
E(S |R') = ¢

e e A ree—

A SR TP i

e YA I3
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We will use the following definition of ARE [see McDonald
(1969)]:

Definition 3.7.1: The ARE of the rule R relative to the rule R

2
is defined to be

Nz (e)
ARE(RZ,R;G ) = lim ———

e¥0 NJ (¢)
R,

(3.7.2)

E(S*|R2)

k-1 % % '
5 i=1 Fe (3 < (i)+d2 _0/__"_; j=1,...,k, j#i)

V2n

=(k-1)[_" o(u- +d,) ¢k’2(u+d2) ¢ (u)du

By definition of NR (e) we have
2

(k-l)f_: o (u- 4
b 4.8

/2NR (e)
2

+d,) ¢k_2(u+d2) $OUY e

(3.7.3)
Similarly

ESYIR) = (k-1) [ 2 ou- -

44y ¢°°% (und) 6Ca) du
717n

and therefore
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(k-1) [ o(u- H) 072 (urd) ¢(u) du = ¢

(3.7.4)

Since d2=d, (3.7.3) and (3.7.4) lead to

A S ~ B - i )]

f_: [ ¢Cu -

/w?ZNﬁ (e) 1:NR(E)
2

205 ey su) dui=D (3.7.5)

Using the fact that ¢ is strictly increasing, it can be seen from
(3.7.5) that
Ul 1

2NR2(e) x NR(E)

and hence

ARE (R,,R) = 1im N_(e)/N, (e)
- evo 2 Ry

(ii) Contaminated Normal Populations

Suppose in the course of sampling from population m
(i=1,...,k) something happens to the system and gives rise to
wild observations. In these situations the pdf of m, can be written

as

f(x,ei) = afl(x,ei) + (1-a) fz(x,ei), 0<a<l
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This means that the experimenter is sampling from a population with
pdf fl(x’ei) 100 o percent of the time, and from fz(x,ei) with
100 (1-a) percent of the time (i=1,...,k). The presence of obser-

vations from fz(x’ei) is termed as contamination. For our discussion

we will assume that
1 x-0

i
fl(x,ei) i ¢ ( = )

x-0
£,(x,0,) = = o2y (s, ... k)

o Hho
6 + Ao if i-io (1o is unknown),A> 0 unknown
] if 1A
Given n independent observations from
L let ki be the median and i; the mean from T i=l,.;.,k,
where n>3 is an odd integer. It is known [see Rohtagi (1976)]

that ki and i; both are asymptotically normal, each with mean Gi and

variances 32 and 52, respectively, where

2
¥2a e 1 (3.7.8)

2 .
3 {at+ }3}2
b

2
% [a +(1- a)b] (3.7.9)

For the problem of selecting a subset containing the (unknown)

best population Ty s consider the following two rules:
o

n
g

R%* : select 7 iff % > i - d*
A i 1 ="[k] "2

— * —

* o
R : select T iff Xi 2 X[k] =d ©
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It is easy to see that dg and d* both satisfy the equation

(3.5.2) and hence
* *
d2 =d =d, say.
Then
*, % 2
E(S [Ry) = (k-1) [0 o(u- 22 4 q) 0% (uta) 4(u) au
(o]

(3.7.10)

and

B R 2 t-1) 7 00 2 ) 05 Gadd 30D an
(o]

(3.7.11)

Equating the right hand sides of (3.7.10) and (3.7.11) to ¢ and

solving for NRg(e) and NR*(e) we get

no? 1 e o> [a+ (1-a)b]
Npx (€)

o2 2
ZNRg(e) I & 1-a ]
J

or

Neal®) 9 e Q) B o oag2
e /b
No* (€)
2

> as b > e,
This shows that for large values of b the rule R; based on medians
is much better than the rule R* based on sample means. In fact,
it can be seen from a result in Rohtagi (1976) that the ARE (R;,R)

is close to 1 when b=9 and , =.915, and as the differences b-9>0

T ———

s AT

A At
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*
or .915 -o> 0 increase the rule R2 shows a significant improvement

*
over R in terms of the ARE.

N

N
3.8 A Test of Homogeneity Based on X[k]-X[I]

Let Miseees Mo be k independent normal populations with
means 61,..., 9k, respectively, and a common known variance 02.
As before, let 21 denote the sample medians of n=2mtl (m>1)
observations from "y (i=1,...,k), and k[ll""’%[k] be their
ordered values. For the hypothesis

Ho : 61=...=ek

consider the following test:

Reject H_ 1if R=?{[k]-?{[1] 2 (3.8.1)

We find the constant Yy so that

PHO( Reyil: £ e

where o is the size of the test.

The following result gives the constant y, and also establishes a
relationship between the test given by (3.8.1) and the selection

rule Rl of Section 3.3.

Theorem 3.8.1

For O<a<l, let Y .gatisfy

PHO (*k 2 %[k] =-%) 2 1- %

Then

P R >} = o .
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Proof: The proof is similar to that of Theorem 6.1 of Gupta and

Leong (1977), and hence omitted.

3.9 On the Distribution of the Statistic Associated with R1

when the Underlying Distributions Are Normal

N
Let Xi (i=0,1,...,k) be k+l sample medians of n=2m+l (m>1)
independent observations from a standard normal population.

Define

7w . %o (i=1,...,k)

The r.v.'s Zi are correlated and the distribution of Z = max Zi is
1<i<k

; needed in some ranking and selection problems. For standard

double exponential population the distribution of Z has been

computed by Gupta and Leong (1977) for selected values of k,n, and a.

In this section we give an expression for the distribution of Z,
and also provide a short table for its upper percentage points
for P =q =.75,.85,.90,.95,.99, k=2(1)5, n=3(2)1l.
Let F(-) be the cdf of Z. Then F(z) =P(2z< 2)=P(X,<X +z,1=1,..,k)

1t is easy to see that
F2)= e [0 [Ty (pppy L) ]* 0G0 [1-00 1" 6(0) ax

(3.9.1)

Computations for upper percentage points of F were done using

Causs-Hermite quadrature based on 20 nodes for the numerical

integration.
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; TABLE IA
For the rule R, and the configuration (0, @ + g5 ,..., 8 + (k-1) §¢)
this table givel the probability of selecting the normal population

. with rank i when the population with mean 0 + (i-1)§g has rank
i, i=1,2,...,k;the common variance g2 is assumed to be known.

i *
E P = .90, n=3

SETTUY

s/a .5 1.0 1.5 2.0 2.5 3.0 3.5 4.0 4.5 5.0

k i
21 .83 .749 .643 .524 .404 .291 .196 .123 .072 .039
2 .9%4 971 .986 .994  .997 .999 1.000 1.000 1.000 1.000
b 31 .778 .585 .359 .171 .061 .016 .003 .000 .000 .000
E 2 .882 .828 .745 .640 .521 400 .288 .194 .121 .070
3 959 .983 993 .997 .999 1.000 1.000 1.000 1.000 1.000
41 .704 .381 .118 .019 .001 .000 .000 .000 .000 .000
2 .818  .648 423 217 .084 024  .O05  .001 .000 .000
3 1.907 .865 .793  .697 .583  .462 .344  .240 .156 .094
4 .969 .989 .996 .998 .999 1.000 1.000 1.000 1.000 1.000
51 .612 .193 .019 .001 .000 ,000 .000 .000 .000 .000
2 .740 425 .142 ,024 .002 .000 .000 .000 .000 .000
3 .85 .688 .467 .251 .102 .031 .007 .001 .000 .000
4 .923  .887 .822  .733 .624  .504 .384 .274 .183 .113
35 915 =992 .997 .999 1.000 1.000 1.000 1.000 1.000 1.000

TABLE IJA

For the rule _R. and the configuration ( 6,0 + seees 8 + (k-1) )
this table give; the expected average rank of the selected subset (top)
and the expected proportion of the popu}lations selected in the subset
(bottom) when the normal population with mean 0 + (i-1) has rank
i, i=1,2,...,k;the common variance is assumed to be known.

%
P = .90 . n=3

<D 1.0 1.5 2.0 2.5 3.0 3.5 4.0 4.5 5.0

N

1.361 1.345 1.307 1.256 1.199 1.145 1.098 1.061 1.036 1.019
.890 .80 .814 .759 .701 .645  .598 .562 .536 .519

3 1.806 1.730 1.610 1.481 1.367 1.272 1.193 1.129 1.081 1.047
.873  .799 .699 .603 .527 .472 .430 .398 .374 .357

4 2.234 2,057 1.831 1.634 1.479 1.358 1.261 1.180 1.117 1.071
849 721 582 AB3 AY7 372 337 310 G289 276

5 2.639 2.323 1.995 1.745 1.561 1.422 1.311 1.220 1.146 1.091
.819 .637 .489 .401 .346  .307 .278 .255 .237 .223




87

TABLE 1B

For the rule R, and the configuration ( 6, 8 + 85 ,...,0 + (k-1)80 )
this table gives the probability of selecting the normal population
with rank i when the population with mean 6 + (i-1)8c has rank

i, i=1,2,...,k;the common variance o2 is assumed to be known.

*
P = 95 . n=3

8/n AL 1.0 1.5 2.0 2.5 3.0 3.5 4.0 4.5 5.0

i

21 .910 .850 .768 .665 .548 427 .312 .213 .136 .080
2 .974 .988 .995 .998 .999 1.000 1.000 1.000 1.000 1.000

31 .871 .718 .500 .277 .118 .037 .009 .001 .000 .000
2 .938 .902 .842 .758 .653 .535 414 .301 .204 + 129
3 .982 .993 .998 .999 1.000 1.000 1.000 1.000 1.000 1.000

41 .784 477 .173 .033 .003 .000 .000 .000 .000 .000
2 .875 .732 .517 «292 .126 041 .010 .002 .000 .000
3 .90 .909 .851 .770 .668 .551 430 .315 .216 .138
4 .982 .99% .998 .999 1.000 1.000 1.000 1.000 1.000 1.000

51 .742 .306 .043 .002 .000 .000 .000 .000 .000 .000
2 .842 .565 .235 .052 .006 .000 .000 .000 .000 .000
3 .914 .798 .602 .369 .176 .063 .016 .003 .000 .000
4 .961 .938 .894 .828 .739 .631 .512 .391 .281 .188
5 .990 .997 .999 1.000 1.000 1.000 1.000 1.000 1.000 1.000

TABLE IIB
For the rule and the configuration ( 8, 8 + 8¢ ,..., 8 + (k-1)80 )

this table giveL the expected average rank of the selected subset (top)
and the expected proportion of the populations selected in the subset
(bottom) when the normal population wi%h mean O + (i-1)8c has rank
i, i=1,2,...,k;the common variance o¢“ is assumed to be known.

*
P = ,95 ., n=3

&/n T R R R T Sl s K S L SRR T B . SRR ¢

k
2 1.429 1.413 1.379 1.330 1.273 1.213 1.156 1.107 1.068 1.040.
.942 .919 .881 .831 .774 .713 .656 .607 .568  .540

3 1.898 1.834 1.725 1.597 1.474 1.369 1.279 1.201 1.136 1.086
.930 .871 .780 .678 .590 .524 .474  .434 401  .376

4 2,321 2.161 1.938 1.731 1.565 1.434 1.327 1.237 1.162 1.103
.895 ,778 .635 .523 .449  .398 .360 .329 .304 .284

S 2.792 2,514 2.178 1.904 1.699 1.543 1.419 1.315 1.225 1.150
+890 .721 .555 .,450  .384 339 ,306° . .279  ,256 238




£ ; NRY DR " i s A AR S e e el o R R " o
e s e R L e S L iy o e i O b B3 S DT S N S S AL D » : i Lo i SR S SR I S

o S i A I A RIS A Dt 5. V5 v

|

88

] TABLE IC

For the rule R_ and the configuration ( 0, 8 + 65 ,...,80 + (k-1)60 )
this table givel the probability of selecting the normal population

. with rank i when the population with_mean 6 + (i-1)§g has rank

i, i=1,2,...,k;the common variance &“ is assumed to be known.

ok ues g

%
P = .90 . n=>5

F S L, 1.0 1.5 2.0 2.5 3.0 3.5 4.0 4.5 5.0

k

2 .838 .754  .653 .539 422 «312 .216 .139 .084 .047
1 .943 .969 .985 2993 ¢ 1,997 .999 1.000 1.000 1.000 1.000
4 3 .782 .596 +379 o191 .073 .021 .005 .001 .000 .000
3 .882 .832 .753 .652 .538 422 311 .215 .139 .084
3 .958  .982 .993 .997 .999 1.000 1.000 1.000 1.000 1.000

4 .710 400 134,024 .002 .000 .000 .000 .000 .000

.822 .657 442 +239 .098 .031 .007 .001 .000 .000
.907 .868 <199 708" i u599 483 .368  .264 .177 .110
.967 .988 .995 .998 .999 1.000 1.000 1.000 1.000 1.000

.620 214 .025 .001 .000 000 .000 .000 .000 .000
746 A .161 .031 .003 .000 .000 .000 .000 .000
.848  .698  .486 .274 .119 .039 .010 .002 .000 .000
922 .890  .828 .743 .639 .525 .408 .299 .205 <231
974 .991 .996 +999 .999 1.000 1.000 1.000 1.000 1.000

(92
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TABLE IIC

For the rule R_ and the configuration ( 0, 8 + 60 ,...,0 + (k=1)6c )
this table give; the expected average rank of the selected subset (top)
and the expected proportion of the populations selected in the subset
(bottom) when the normal population with mean © + (i-1)8c has rank
i, i=1,2,...,k;the common variance 02 is assumed to be known. {

*
P = .90 ., n=35

&/n .5 1.0 1.5 2.0 2.5 3.0 3.5 4.0 4.5 5.0

N =

1.361 1.346 1.311 1.262 1.208 1.155 1.107 1.069 1.042 1.023
.890 .82 .819 .766 .710 .655 .608 .569 .542  ,523

3 1.807 1.735 1.621 1.495 1.382 1.288 1.209 1.144 1.093 1.056
.874  .803 .708 .613 .537 .481 .439 .405 .380 .361

4. 2.236 2.068 1.850 1.654 1.499 1.378 1.280 1.198 1.132 1.083
851 .728 @ .593 492 425 2 .378 344 0,316 .29 278

] 5 2.643 2.342 2.019 1.770 1.583 1.443 1.332 1.240 1.164 1.105
.822 .647 499 409 .352 .313  .2846 260 | (2641 226
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TABLE ID

For the rule R, and the configuration ( 0, 8 + 80 ,...,0 + (k=1)85 )
this table giveg the probability of selecting the normal population
with rank i when the population with mean 6 + (i-1)6g has rank

i, i=1,2,...,k;the common variance o is assumed to be known.

%
P =.,95 . n=5

o
5

2.0 2.5 3.0

k
2

1
i
2
1
2
3
1
2
3
4
1
2
3
4
5

TABLE ITB

For the rule R_ and the configuration ( 0, 8 + §5 ,...,0 + (k=1)6c )
this table giveé the expected average rank of the selected subset (top)
and the expected proportion of the populations selected in the subset
(bottom) when the normal population with mean 06 + (i-1)§5 has rank
i, i=1,2,...,k;the common variance 02 is assumed to be known.

k3

P = .9 s n=05

5/n . 1.0 1.5 2.0 2.5 3.0 3.5 4,0 4.5 5.0

k
2 1.429 1.414 1.382 1.336 1.282 1.224 1.168 1.118 1.078 1.047
943 921 .885 .838 .783 .724 .668 .618 .578 .547

1.899 1.839 1.736 1.613 1.492 1.387 1.298 1.220 1.153 1.100
.932 .876 .789 .690 .602 .535 .484 .444 410  .383

4 2,357 2.216 2.007 1.801 1.629 1.493 1.383 1.289 1.208 1.140
.916 .811 073 556 475 420 379 347 319 (297

2.799 2,536 2.208 1.935 1.728 1.569 1.445 1.340 1,250 1.172
.894 .733 .568 461 .393 . 346 «312 .285 262 240
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TABLE JTII

*
Upper 100(1 - P ) percentage points of Z = max ( Xi - XO ) where
1815k
X X ,...,X are iid sample median random variables in samples

0" 1 k
of size n=2mtl (m : 1 ) from the standard normal distribution.

n

k 3 5 7 9 11
.638 .511 445 .409 .393
.980 .784 .676 .614 .582
1 1.213 .969 .832 .751 .710
1.558 1.245 1.065 .956 .900
2.208 1.766 1,522 1.398 1.491
.959 .768 .667 .610 .579
1.276 1.019 .876 .792 744
2 1.493 1.192 1.019 .915 .855
1.816 1.452 1.239 1.105 1.030
2.429 1.943 1.676 1.533 1.606
1.125 .901 .783 .715 .675
1.432 1.142 .980 .884 .828
3 1.642 1.310 1.117 1.000 .931
1.854 1.563 1.333 1.184 1.099
2.551 2.040 1.761 1.609 1.671
1.235 .989 .859 .784 .738
1.536 1.223 1.048 .945 .883
4 1.742 1.389 1.182 1.057 .982
2.049 1.639 1.396 1.238 1.145
2.634 2.106 1.819 1.661 1.715

*
For given k, nand P = .75 (top), .85 (second), .90 (third),
.95 (fourth), .99 (bottom), the entries in this table are the
values of d which satisfy

I Gk(x+d) g(x) dx = P*

where G(.) is the cdf and g(.) the pdf of the median of a
sample of size n from a standard normal population ; n : 3
is an odd integer.

!
5
)
5
3
A
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CHAPTER IV
ON SELECTION OF POPULATIONS

CLOSE TO A CONTROL

4.1 Introduction

Let Ty M poeess Ty be (k+1) independent populations with
densities f(x,eo), f(x,el),...,f(x,ek), respectiveliy, 6; €@ C 1R

(i=0,1,...,k). The population n_ is a control population. Let

0
E= [a(eo), b(eo)] be an interval in IR, and let D={el,...,9k}

A .~

Then the set D can be partitioned as follows:

=D(E, D, = DNES

D = DlL) 02 , where D )

1

The subset of all populations with parameters in D1 is of interest

in many practical situations. The problem of selection of a

subset containing all populations better than a standard corresponds

< oA

to E=(eo,a0. Gupta and Sobel (1958) have considered this problem for
normal, gamma and binomial populations and have investigated a
procedure for selecting a subset which contains all populations
better than a standard with probability at least P*, where 0<P*<l

is a preassigned constant. W.T. Huang (1975) has derived a Bayes

rule for the problem of partitioning a set of k normal populations

with respect to a control.

A —"
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In Section 4.2 we consider the case E=[A+eo, B+e°] where A
and B(-»<A<B<») are known constants. The problem of selecting
a subset containing populations with parameters in [A+eo, B+eo]
arises in many situations. For example, in dealing with matching
parts, one is interested in populations which are close to a
control. A Bayes procedure has been derived for the
above problem when the underlying distributions are normal. The
problem has also been considered from the subset selection approach
and modified forms of rules proposed by Gupta and Sobel (1958)
for selection of normal and gamma populations have been investigated
in Section 4.3.

In the next two sections we discuss a slightly different
problem. The goal in this case is to select the subset of a given
size t (l<t<k) of populations associated with d

[1]""’d[t]’

where d, = d(el,eo) is a distance function and d[1] Seeel d[k]

represent the ordered d,. In Section 4.4 , we have derived Bayes

i
procedures for selection of t populations associated with t
smallest values of d(ei—e°)=(ei—eo)2; normal, binomial, Poisson
and exponential populations are discussed.

In Section 4.5 the problem of selecting the t populations
closest to control has been considered from the Empirical Bayes
approach; Poisson, geometric and binomial populations have been
discussed. Empirical Bayes subset selection rules for the problem

of selection of largest or smallest parameter have been investigated

by Deely (1965).
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4.2 A Bayes Rule for Selecting All Normal Populations Close to
Control

Let "O’"l""’"k be k+l independent normal populations with
means 60,60...,6k (6i € © IR) and a common known variance 02.
We say that m, is "close" to m, if Aﬁeoipii B4 ), where A and B
(-=<A<B< ) are given constants. The goal is to select a subset ;
containing all populations close to no.
The action space consists of all subsets of (o BRI s

including the null set. Assume that the loss function L:Ok+1 x QAHIR

is given by

L(8,S)= (6, +

I
1{5 [A+0,B+6 ]

c (61)

(4.2.1)

I
165 T[A+e (B4

R A T R T

where ID(o) is the indicator function of a set D.
The mean 60 of population Ty may or may not be known. We
consider the two cases separately.
(1) 60 known

Let x . be an independent sample of size n

il’...,xi
from ni(i=1,...,k). Suppose the a priori distribution g(8) of

gt

gy(el,..., ek) is given by

. k 0,-u
g@= 1 [+ 21,
1=1

where ¢ is the density of a standard normal random variable.
Then the posterior distribution of 6 is

k 6, - m

@ = 1 1L s,
1=]1

v
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where m, and v are given by (2.5.2).

1
For a = A + 00, b=B+ 90, let
1
Sl el m ¢ [a,b], W(mi) 3_54 (4.2.2)
where ¥(y) = ¢0) - 6(EY), w <y < w (4.2.3)

Let d1 be the rule which selects Sl with probability one. We show
that d1 is a Bayes rule for the problem. As we are considering

only Bayes rules, it suffices to show that

r(dl,g) < r(d,x) for any nonrandomized rule d (4.2.4)

where r(d,x), the Bayes posterior risk in using the rule d, is

given by

r(d,x) = Z Ym) + ] [1- ¥(m,)] (4.2.5)
i¢8 ies
Let a rule d choose a set S (sfsl) with probability one. We show
that r(d,x) Z.r(dlti)' The following cases need to be considered:
(1) There exist i and j (1 <4, j <k) such that

c c
ie S ﬂSl, jeSﬂSl

Let
s' = (1,3J) S
where (1,j)S denotes the subset obtained from S by replacing

j by i. Letting d' denote the rule which selects the set S' with

probability one, we have

r(d,x) - r(d',x) =2 (¥m) -V (mj))

94
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{ where Y(*) is given by (4.2.3).

We can see, as in Section 1.7, that the function ¥(y)

is symmetric about 3;—"- » and strictly decreases with !y- é;—b]

Since m, € [a,b], mj 4: [a,b], we have

atb ath
s e mr

|m,

and hence ‘{‘(mi) > \l'(mj). Thus

r(d,x) - r(d',x) =2 (¥(m) - ‘!'(mj)) >0
Since S1 can be obtained from S by the operation used in (i), the
inequality (4.2.4) follows.

(i1) s C Sl

.

It is easily seen from (4.2.5) that

r(d,x) - r(d,,x) = [2¥(m,) -1]1> O
— 1 Eescnsl i

by definition of Sl.

(1ii) s D Sl
In this case we have

r(d,x) - r(d,,x) = ] 1-2¥m)]> 0
1 iesr‘Si i

by definition of Sl' It follows that dl is a Bayes rule for the

problem.
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2) 60 unknown

Here we are given samples xil""’xin from all
k+1 normal populationms. LA (i= ,1,...,k); 02 is assumed to be
known. Suppose that the a priori distribution of o= (60,91,...,6k)
is
k ei-u

1
8(6,50.,00.5,0,) = T [
0’"1 k i=0 T

)1 (4.2.6)

*
Then g (60,91,...,6k), the posterior distribution of 6 given

the observations, is

* Eo ey
g (eo’el""nek) - i&) [; ¢(-—v_)] (4.2‘7)

where v and m, are given by (4.2.2).
We wish to find a Bayes rule for the problem of selecting
a subset containing all population for which eie[A+Go,B+90],

when the loss function is

o 1§s I[A+6°.B+eo] (Bg) + 1£s [1'1[A+e°,n+eo](°1)]

*
Let S ={i:m -mye [A,B] , ¥ (mg - my) 2 1/2y .2.8)
where ¥ is sume as ¥ given by (4.2.3),with v replaced by wv/2.

Also,let d2 be the rule which selects the subset 82 defined by
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(4.2.8) with probability ome.Then using the fact that the poster-
ior distribution of 61-00 is Nﬁmi-mo,sz) we can show, as in Case (1),
that

r(d2 »X) < r(d,x)
i.e., d, 1s the Bayes rule in this casea/‘k

4.3 Selection of All the Populations Close to Control from

Subset Selection Approach

Let LETEEETLN be k independent populations with densities
f(x,el),...,f(x,ek) (xeIR; 6150 C IR, 1i=1,...,k), respectively.
Also let LA be a control population with density f(x,eo). Let
d:o> IR be a function which measures the distance of a point 6e0 from
8p+ We will say that the population L is close to ™ if 0<d( i)_f_a.
In this section we will propose and study procedures to select a
subset which contains the set {tizd(ei)gp} with probability

*
at least P .

Location Parameter- Normal Populations with Common Known Variance

Let L be normal with mean 6i and variance 02(i=0.1,...,k),

and define
d(e,) = |6,-6,]

Case A. 60 known

A sample of size n  1is taken from m, (1=1,...,k). Let Ii

i

be the sample mean from w,. For selecting a subset containing all

i
populations L7 with |ei-eo|59, consider the following rule RA:

select n, 1ff 6.~ doa <x, <0, + doa (4.3.1)
g Sl TS T
i i




The constant d 1is chosen to satisfy

* *
P(CSIRA)lP , 0<P<1

where CS stands for correct solution, i.e. the selection of
all m, with |e,-6|<a. Let k, and k, denote the true number of
populations with |ei~60|§p and |61-60|>a, respectively, so that

E k1+k2=k. If we let primes refer to values associated with k1

T~

- populations with |61~60|§§, then

K
1
da - oda
P(CS|R,) = T P(o,- =22 <x!<o + 22 ) 4.3.2)
A 1=1 0 /ﬁ: i—0 "ﬁ—{
k
1 (8.,-6')vn' 0®.-0') v/a'
e f, T "oi 2
1=1

where §(°) represents the cdf of a standard normal random variable.

Consider the function

(6,.-u)v/n' (8,.-u)vVn'
¥) = o( 2—2 + ad) - o —2—2 - aq)

(4.3.3)

We can verify that

(1) 1lim Y(u) = 0 = 1lim ¥Y(u)

u-» u-> =-o

(11) W(eo+u) = W(eo—u), i.e., the function Y(u) is symmetric

about \1--00.d /t_;;_ (eo-u) "tq (eo-u) ﬁi—i
(111) au ¥(u) = p- [oC ¢ - ad) -¢C—-—::———-+ ad)]
>0 if u<eo
= 0 1if u-ao
| <0 1if u>6o |
E |
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Hence the function Y(u) is increasing if u < 90 » decreasing if

u > -eo and attains its maximum at u-eo. It follows that

inf ¥(u) = ‘l’(eo-a) = \!’(0043)
u-6_.|<a
0!l
Hence
kl /tq /n_ir
infP(CS[R,) = T [¢(a(—=+ d)) - o(a(—= -d))]
i=1
k %E; VEI
>R [¢(a(= +d)) - ¢(a(—7= - d)))

i=1

The constant d is obtained by equating the right hand side of the
*
above inequality to P . For unequal sample sizes, computation of

d is difficult. If n,=n ¥ 1i=1,...,k, we have
v n /o
P(esIR) 2 (0@ @) - 0P - ay)*
and hence d can be found by solving

/n _(P*)llk

2@’ + ) - o(a( == -a) (4.3.4)

Case B. 90 unknown

In this case observations from all the k+l populations are

taken. Let ;i be the sample mean of n, observations from

[

i
(1=0,1,...,k). Consider the following selection rule:

- Doa - - Doa
: select 7 1ff x -=— < x, < x. + ==
R 1 0" =< X Ei¥gto
ny By (4.3.5)
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Simple calculation gives

k Vo' /o
P(CS|R,) = nt [o(—iy+-—1(e-e')+n)
RB l: =1 JE; g (0 § 2
A ]
= ey (8- Gi) - Da)] ¢(y) dy
ay g (4.3.6)
where Bi, 11:'l (i=1,...,k) and kl are as in case (a).
Define
fni o
¥(6,y) = ¢(— [ —'y + 6, = 6] + Da) 4.3.7
e s
iy
-(— [—vy + 90-9] - Da)
o fn-a

We can easily verify that, for a fixed y € IR
(1) ¥(y,0) is continuous ¥ 6ec IR and hence attains its minimum
in the compact set {Iei - 60| < al.

(i1) 1im Y¥(y,0) = 0

0+ 4=
(o] o
(111) ¥(——y + 8, +0) = ‘l’(-—--y+0°- 8)
) %o
that is, for each fixed y, ¥(y,9) is symmetric about 6= - y + 90.
%o
Jor
s -~ /ny
2m /—r
n 2
_e'1/2 (Tj._[Ly+eo-e]+Da) ]
"o
> <
=0if 6= -y 480
< > fn; 0 ;
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L
E 3 It follows from (1) to (v) above that, for fixed y ¢ IR,
the form of ¥ is as shown in Figure 1.
b
E | . o
‘ ¥40,, 6,-a , O, , O .+a, y +90
i 7;'; 0’ 0 0 0 7;%' 0
i (y<¢o0) - (y>0)
a Figure 1. The -Function ¥(©)
It is clear from Figure 1 that
\r(eon) if ye O
inf y i) = : ]
9ie{lei-eo|_<_a} ; ¥(6,*a) if y> 0
(4.3.8)
From (4.3.6) and (4.3.8) we have
0
inf P(CS|R) = [ T ¥(6.+a,y)o(y) dy +
{[e}-6(<a} "> “4a1 O

ky

o 1 ¥Geae) &




k vn, va,
Coh gy T e s S
i=1 no o
Sy y

e a(D + -f-))l $(y) dy

LR g
+f0121[¢ (EY+8(D+T)
0
7 7]
TRy 8@ = e 0 T gl ay
o

(4.3.9)

Since the function on the right hand side of (4.3.9) increases
from 0 to 1 as d ranges from 0 to =, the equation for D-D(P*) can

*
be solved for any 0 <P <1.

Scale Parameter— Gamma Populations with Known Shape Parameters

Here L (i=0,1,...,k) has density

0 -ai/2
b § x(a1/2)- 1 P_—x/e:l

(4.3.10)
. %y

where x;rﬁi, ui'> 0, and o, are known constants. Let G(x; 61, ai)

denote the corresponding cdf. In this case we say that LA

is close to "0 if
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where B > 1 is a given constant.

Case A. eo known.

I B6
Consider the rule R': select 7. iff —X ¢ [—~9 » B6.c]
A 1 vy c P
where ni
8 ) o e 8
i j=1 j
Vo - niai A=l ok

and ¢ > 1 is chosen so as to satisfy the P*-condition.

T
Using the fact that the cdf of El is G(t) = G(t;l,vi) we obtain
i
k
1 Beocvi 890
‘ P(CSy R,’\) R (e o Vi) = Gl——rar—i1,V, ;)] (4.3.11)
; 1 e1
Here, as before, k1 is number of populations " with B = <8,
0

and the primes refer to values corresponding to the populaitons close

1 to T Define
BOcv! BO V!
H, (e') = G(———,——,l e o7 —=i L) (4.3.12)

It is easy to verify that the function Hi(ei) is increasing in e{ if

1
ei-i Beo, and hence

k
1 8
inf P(CSIR"\) = 0 H (=)
p I

90 i=1
B4 k 6
z 0t BGS)

i=1

Hence the constant c¢ is given by the following equation:
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2
k 2 B vy
n [G(B cvi;l,vi) - G( 31,v.)] = p* (4.3.13)
4 i
i=1 c
Case B. eo unknown.
In this case, consider the rule Ré
BT T BT .C
select w. iff d e L e
i VWIE — v. — v
0 i 0

where Ti (i =0,1,...,k) are as defined in case A, and C > 1 is a
constant.

Then, as in case A, we have

2 2
o k B Cv. Bivi
1 1
pcsirt ) > f | S e u;1,v.) - G(—=—— u;1,v.)]
"5 0 =l Y0 * B :
.g(u;l,vo)du (4.3.14)

The constant C can be obtained by equating the right hand side of

(4.3.14) to P*;

Application to Selecting Variances of Normal Populations

Let LA be a normal population with mean 4 and variance of

(i =0,1,...,k). We will say that L is close to L if

Q.
1 < o= ¢ B  where 6. = 20? (i=0,1,...,k) and B > 1 is a known
8 60 i i

constant.
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For the case wheﬁe the g (i =0,1,...,k) are known, we consider
i

a rule based on Sf ¥ L ui)z/ni which is sufficient for of.

ary <o

If % is known, the rule is : select “i iff

2
280
0 2 2
3 s Si = ZBdcro 1<d
2
151 . 12
Using the fact that 5 is distributed as 3Xn random-variable, we
i i
can show that the equation for d is the same as (4.3.14) with Ve n..

If the means M5 (i=0,1,...,k) are unknown and n, > 1o = 1,...5k),
then we use ii in place of H; and n{ - 1 for n.. The constant d is

given by (4.3.14) with L 1 L7
i 4.4 Bayes Rules for Selection of t Populations Closest to Control.

Let Tor MpoeeesTp be k+1 independent populations with density
function f(x,eo), f(x,el),...,f(x,ek), i=0,1,...,k. The goal here

is to select a subset S of a given size t (1 < t < k) from {1,...,k}

such that

2 2
max (8, - 8,)° < (8; - 6)

g N2 RS
h JES

The action space G consists of (2) elements:
L= {SC{l,...,k} ¢ [S]| %t}

where |S| denotes the size of a subset S.
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A reasonable loss function L: ek+1x G -+ R in this situation is

Rs = 1B, -t i e, - 0% (.4

j€Ss 1<i<k
We will derive Bayes rules in several examples.
1. Normal populations with common known variance.

Let.1ri be normal with mean ei and a known variance 02 5

i=0,1,...,k. The mean eo of the control population Ty may

or may not be known. We discuss the two cases separately.

A. eo known

Let xij (j =1,...,n) be an independent sample of size n”from

m (i=1,...,k), and ii the mean of the sample, i.e.,

Assume that the a priori distribution of 6 = (91,...,ek) is

k

g8) = T [T o
i=1

Oi -u

)]

where ¢(x) is the pdf of a standard normal random variable. Then the

posterior distribution of e given (il,...,ik) is

: 1%y oy
g ln =, 1 sty

where m, and y are given by (2.5.2)
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The Bayes posterior risk in choosing a subset S € G is given by

2 s 2, =
r(S,x) = E[{(6, - 6.)° - min (6. - 6,.)°}
i jés J s 1<i<k B Nl
ek (4.4.2)
where x = (il,...,ik).

It follows from (4.4.2) that a Bayes rule for the problem is to

select the subset S* defined by

Bh gt 6)°|X} = min J E((o; - 6) 2%}

jes* S€Eu jE€S
(4.4.3)
Simple calculation gives
2 i 2
E[(8; - 8))°x] = D; + v (4.4.4)

Whee D.- M.‘e

Let D € oo <D denote the ordered D.. It is clear from
1) =~ = [k] j
(4.4.3) that Bayes rule will select the subset of populations associated

with {D nD }.

17" )

B. 60 unknown

Let ii be the mean of n independent observations from L
(i=0,1,...,k) and assume that the a priori distribution of

(eo, 61,...,ek) is

k 6. - u
1 i
g(eoa ell---aek) rr B {; o( T )

i R
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As in Case A we have

2= = s o 2 ) 2
E[(ej 8,) ]xo, XpseenaXy] = D5 + 2v° where Dj = (mj—mo)
and therefore the Bayes rule selects the populations associated with
Dtoas e, DY .
Bhp el
2. Selection in terms of variances of normal populations
Here . is normal with mean zero and variance %— (i=0, 1,...,k).
i
A. 60 known
Here xjj,...,X; is an independent sample from L (i =10,...%).
Let
n
si = % ) xi. 1wl .k
j=1 J ’

Assuming that 6 = (el,...,ek) has a priori distribution g(8) given
by (2.5.7) we have, as in example 2 of Section 2.5,
2

0
2+a"

i

i

2
1) - 8.b"] 26
2. Pl i 0°i
E{(ej - 8) |sl,...,sk} =

where a'", bg are given by (2.5.9)
Hence the Bayes rule will select the populations associated with

3 t smallest Dj’ where
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i R eo unknown
Innthis case a sample Xo17°*Xop 1S taken from Ty and let
2 2 segie b ; )
g = jz Xpj+ Let the a priori distribution of (8gs Bysee-.8,)
be
‘ k |
{ g(e ’ 9 ,--.,9) = H f (e. b', a')
Then, as in case A, we have !
" ”
E[(o - eo)zlsg, sf,...,si] w2l o = : e 2
" " 1K " ”"” 3
] a (bj) bjb0 a (bo) ]
2 + a" 2
e S |l AR 2 + a" a"
2 [a"b'j' b" ] ¢ a = 2 + a"
2 + a" (bn)z
a" 0

Thus the Bayes rule will select the populations associated with t smallest

D!, where 3
ke 3
2
D! = 2 a" s 1

3 Binomial Populations

Here we are given Tor Tpreees ™ with probabilities of success

90, 01""’°k’ respectively. As before, we consider two cases:

A. eo known.

Let x, be the number of successes in n independent trials from 1




TR as 5 i b ; 000 e e o s S Wi 5 s s Ko R S
o 5 e G i e i e AT 0 i S LA SR R AL B s 0 TS, x S i Ui «

k. | 110
m (i=1,...,k). Assume ei are independent, and each has the natural
conjugate beta prior with parameters a and b, given by (2.5.11). Then,
conditional on X = (xl,...,xk), 6's are independent, with ei having a
beta distribution with parameter (xi +a)and (n +b - xi), and it is
easy to show that

E[(6. - 0.)%x] = sy o e i b + 02
j 0 I- (n+a+b)(n+a+b+1) n+a+b 0
" gk 2 = 3
_[;(],+a+2 (n+a+b+1)eo]+(n+a+b+1)90(1 eo)-4
(n+a+b)(n+a+b+1)
j Setting Dj = [xj +a+3-(n+a+b+ 1)9012, we see that the
4 ; Bayes rule selects the populations associated with t smallest Dj'
! B. 60 unknown
‘ In this case, n independent trials are performed on LA also;
let X be the number of success from To* Then, if eo, el,...,ek are
assumed to be independent, each with natural conjugate beta prior

4 f (-|a,b), we have, as in case A,

E 2 (xj - a)(xj +a+1) 2(xj+a)(x0+a)

:o: E[(ej = eo) IXO’ xl.....xk] = (n + a + bj(n +a+b+ 1) 5 (n % A b)2

;‘ +(xo+a)(xo+a+1)

(n+a+b)(n+a+b+1)
1 g%t 1
¥ 5 C+ farp )0 - 5555) 1

(n+a+b)(n+a+b+1)

s e Tt A
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where Dj = [x. #a+ 4%~ n+a+b+1

2
J n+a=+hb (xo + )]

Hence the Bayes rule selects populations associated with the

t smallest D}.

4. Poisson populations

Here Ty is Poisson with parameter ei (=050, 2500
A. 60 known
Assume el,...,ek are independent, and each has the natural conjugate

a priori distribution fY (-Ia',b') defined by (2.5.12). Then, if x5
1

is observed from ™, we have, as in examples 4 of Section 2.5,

1 0

2
E{(e. - o =l s - :
i B gt Agnt T

x, +a' 1 2
where Dj = —)———5-_1 g A (eo FIE )] )
and the Bayes rule is to select the populations corresponding to
- SRR, :
Playresslipy

B. ”0 unknown

Here we observe x5 from " (i=0,1,...,k). Then assuming

(60, 61""’°k) has a priori distribution

n = x

8(0gs 68150040, )= leceila'.b')

i=0

we have,
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2| 2(a' + xo) 2
E[(6, - 6 )7|x5, X;h000,%,] =D} ¢ ———— - 2
j o 0 1 k j a + b,)Z
X, = (k. - %)
S 0 2
where D; [ T+ 5 ]

The Bayes rule in this case selects the populations corresponding

to the subset {Dill,...,Dit]}.

5. A problem in life testing

Let “0’ MyseeesTy be k independent exponential populations with

parameters 6,, © ..,ek respectively, i.e., the density of the i-th

)

population is

o B
5

f(xlei) =

DI =

e e R R Gi 210,512 0N, vk

1

Here, 60 may or may not be known. As before, the two cases will be
discussed separately. We will assume, in each case, that ei are
independent, and each has the same a priori density h(:). The
following a priori distributions, used by Bhattacharya (1967), will
be considered:

(a-1) (a8) "}

(i) h(e) = 1
(Ba-l _ aa-l)ea [a,B

] (8), 0 <a<B, a>1 (4.4.5)

where I[u 8](-) is the indicator function of [a,B].

0
(ii) h(e: = %-e A.8>0, 150 (4.4.6)

N S SR 5 B e K 1 o WA K . s Sl a5 Gl 5 =50 Dol i P i o NSARD.

ey
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E vl
e 8 (@
(iii) RO) e o 8 F 0 T 2D (4.4.7)
ur(v)
The prior density (4.4.7) is the natural conjugate prior density

for 6.
A. eo known.

Here n items from LA (i =1,...,k) are put on a life test, and
the experiment continued until the first r failures are observed.
Let Ti be the accumulated life at the termination of the test on
T defined by (2.5.13). Then the probability density of Ti is
given by (2.5.14). Suppose the a priori distribution of 6 =

(61,...,6k) is

k
g(8) = 1 h(,)
i=1

where h(*) is one of the three a priori denisties given above.

The posterior density g*(8|T) of 6 = (0)50+4,8,), given
= (Tl""’Tk)’ in each case is obtained from results of Bhattacharya
(1967).

When h(6) is given by (4.4.5) we have
T
i

1 05
ol Rt i

i

g*(e|T) «

n=x

i=1

That is, 6, are conditionally independent and have truncated inverted

gamma posterior distributions (see Raiffa and Schlaifer (1961)). It

follows from Bhattacharya (1967) that
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y*(r +a - 2,T)
E(6; D) = TEra-LI) T3
* %
E@T) = - Sl e T2
i'- Y*(r + a - 1,Ti) E i
where y*(n,y) =vy(n, };) - v(n, g)
% =s n-1
and y(n,x) = [ & s 'ds is the incomplete gamma
0
function defined for x > 0.
2 v (e
Hence E[(ej - 85) IT] = Dj + 05
where
* — * o
D§1) : Y*(r + a S,Tj) T? i Y*(r + a - 2,T.) -
j G Al l,TJ-) 3 O € R R l,Tj) j
For h(6) given by (4.4.6) we have T 0
k A=)
g*(e|T) « 1 [l; et R SR o
=1 6 e
Ti o
L P e
The normalizing constant it [f 3T © de]
i=1 0
is evaluated by using an integral representation of Kv(z), the
modified Bessel funuction of the third kind of order v, given in
Erdelyi et al (1953) [see Bhattacharya (1967)].
Then
K. L{2/T,/)) K__. (2T 70
E(o,|D) = AT, 2L geElp -y =3 L
Kr_l(z/filx) Kr-l(ZJTi7X )

AT P AT PSP ORI

ST MBS ] e T I e A i

i £ g oS
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and hence

2 WIC .5 2
E[(ej - eo) I?] = DJ. + 8,

where

@ M\ Ke_3(2/T70) - 20 /AT K, (2/T /%)
: K,y (2T

In case h(8) is given by (4.4.7), we have

u o+ Ti u + Ti)r+v+1

k ; CH ( 0,
g*(_e_l'!) = R | { ei >0
i=1 (n + Ti)r(r +v )
It follows from Bhattacharya (1967) that
2
T 6
: - e e 2 g4y g 0
h[(ej 5 eO) IT] ¥ L;T:TTT"E % 60] r+v-1 i r+v-1

Hence the Bayes rule in the first two cases is to select populations

associated with the corresponding t smallest D-statistics, and
U"Ti

in the last case, is to select the t populations for which s 1

is closest to eo.

B. eo unknown

Here items from ™ also are put on the same life test.Let TO

be the total accumulated life until r failures. In this case, we

assume that the a priori distribution of 0= (eo, el,...,ek) is
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8(8ys 8y5...58,) =

n = =

h(ei)

i=0

where h(*) is one of the density functions considered above.

Then, proceeding as in case A, we can show that the Bayes rule
is to select t populations associated with t smallest values of
y*(r +a - 3,T.) , X¥(rza -2,T.)y*(r+a -2,T,.)
(i) L : 0
Y*(r + a - I,Ti) 2 Y*(r + a - 1,Ti)y*(r +a -1 ,TET
Y*(r + a - 3,T0) 2
+ T IITE— T0 when h(+) is given by (4.4.5)

K__ o (2/T.7%) K (/0K (/T 7% f
| (ii) AT g S DD Wity 2VTT e e 0 '
i Kr_l(ZM.i/A) Kr_l(ZVTi/A)Kr_l(ZVTO/A)

K__5(2/Tg/D) i
+ AT _— when h(-) is given by (4.4.6)

0
K._, (2/T 7D

It can also be seen that, for h(-) given by (4.4.7), the Bayes
rule selects the t populations for which (u + Ti) is closest to

r+vyv =2

CERE el s

el o e i

w
e e

i 4.5 Selection of the Population Closest to Control-an Emprical
Bayes Approach

T

e T T

In this Section we derive empirical Bayes rules for selecting

the population closest to control.
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We are given k+1 (k > 2) independent populations Tor TpseeesTy

with densities f(x,eo), f(x,el),...,f(x,ek), respectively, with

respect to a o-finite measure u. Our interest is in the population
2

0) 7

We now formulate the problem in the empirical

with the smallest value of d(ej;eo) = (ej -0

Bayes framework of Robbins (1964).

We are given:

(i) a parameter space Gk+1 (<! Rkﬂ, where ® is a subset of R,

the real line.
an action space U = {al,...,ak}, where a; is the action
which selects LI

a continuous loss function L: ®k+lx G > R, with

k+1

L(g,aj) denoting the loss incurred when 8 €@ - is

the state of nature and action aj is taken. For our
discussion

|

2
0

IR SN TNy R (e, - BT, 1
1<i<k i

(4.5.1)

an a priori distribution G(6, el,...,ek) =

,...,ek) on eﬁ*l, where F is an

F(6,)
j=0 J
of (60, 91

absolutely continuous (a.c.) distribution function on @.
an observable random variable Xj € grj, Jiomily b ssk
on which o-finite measure p is defined; for ej €0, x.

J
has probability density f(-[ej) with respect to u.




We wish to find a decision function
k
tG:gz='x g% + G
3=0

such that

k+1

R(t:.6) = [ éz L(tg(x),8)h(x|8)du(x)dG(8)
. |

= min R(%,G)
t

f(leej), X = @pXgseeeaXy )y €= (84,8,,...,0,)

k
h(x|e) = T

j=0

du(§) = du(xo) X du(xl)x...xdu(xk)

Since we are interested in rules which are Bayes with respect
to a priori distribution G € (;, attention can be restricted to
nonrandomized rules .

We assume that a Bayes rule tG for each G € (4, exists. Then,

R(tg,6) = [ min Hg(a.,x) du(x) < R(t,G), V't (4.5.3)
a 1<j<k J

Ho(a,x) = [ L(a, ) £(x]8)dG(8) (4.5.4)

k+1

Knowing G, we can select according to the rule tG’ and incur

the minimum Bayes risk R(tG,G) defined by (4.6.3). In many
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situations G is unknown and t; cannot be computed.
Suppose now that the above probelm occurs repeatedly and

independently, with the same unknown G throughout. Thus we

have

(ejl’le)’ (ejzisz)""

a sequence of pairs of random variables from "j 6]
each pair being independent of all the other paris, where X
given ﬁjn = ej follows the distribution f(-lej). A decision about

g (GOn, eln""’ekn) is to be made after observing

{§i = (in, xli""’xki)’ i=1,...,n}. Following Robbins (1964)
we will use some function tn(gl,...,gn;-) of 51""’§n so that
tn(-) will be close to tG(-) in the sense of Bayes risk. To make

this more precise, we state a definition from Robbins (1964):

§
%
¥
?
!
£
%
f
!
i

Definition 4.6.1: An empirical decision function T = {tn} is

said to be asymptotically optimal (a.o) relative to G if

R,(T,6) QI BHg(t, (x),x)du(x) » R(t,0)
where HG is given by (4.6.4).

We wish to find a sequence T = {tn} of decision rules such

that T is a.o. relative to every G € G. To this end, set

b(a5,%) = l[L(aj,g) - L(a;,0)h(x|0)dG(e)

4.5.5)
2 2
[(o5 - 26005) - (8] - 2606,)In(x]®)

dG(9)

e
/
9k+l

from (4.6.1)
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Let Ain(§) = Ain(§1,...,§n;§) (i=1,....,k;n>1) be a

sequence such that
p
8;,(X) ~> 8s(a;,%)
Define

tn(§) =a, where £ (1 < 2 < k) is such that

By = Mn{0,4, (X),...,8, (X))}

’Aln =0
It follows from Corollary 1 of Robbins (1964) that the sequence
T = {tn} is a.o. relative to G.
We will find the sequence Ain for some discrete distributions.

Following Robbins (1955), let

fo(x;) = [ f(x.|e8) dF(8), j =0, 1,...,k (4.5.7)
j ® j

k
s eg T [£(x, [6,)dF(6,)]

i=0

P 4
E[ejlxo, xl,...,xk]

/
)
/
e

K
[ f(xilei)dp(ei)
i=0

P
é 6 f(leej) dF (8,)

fG(xj)

consider several examples.
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(i) Poisson populations

éeex

Here f(x|6) = ~ g

Xo® 01,5005 @ >0

Let le,...,x.n be a sample of size n from ”j’ 3D deiicke

J
Also let & be the family of all a.c. distributions on the positive

real line, and define a family of distributions G on nkk+1 by

=

g = {G: G(eo, 91,...,ek) = .H

F(8.), F € 3} (4.5.9)
j j

0
From (4.6.8) we have, for p=1, 2,

' 3
el B
1 k xj- G(xj)

p
E(ejlxo, x

Let
number of X..,...,X. = x
% jl jn
pjn(x) = - (4.5.10)
Set
(x.+p)! . (x.+p)
J jn-Jj (4.5.11)

Since the empirical frequence function pjn(x) converges in probability

to the (unknown) marginal density fG(-), we have

h§§)(§)-ﬂ» E@P|x) VG E (4.5.12)

e
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It follows that the sequence Ajn defined by

B30 x50 = D - 2D om0
(4.5.13)
- P - 2hy) (on{d (0]

coverges in probability to AG(aj,g) given by (4.6.5).

(ii) Geometric Distribution
Let le""’xjn be a sample size n from "j which has a

geometric distribution given by

f(xlej) = - °j)°§- BN e M IORE RO 3 F I RR R PRGN N

.

Here & is the family of a.c. distributions on (0,1) and ( is
defined by (4.6.9).

From (4.6.7) and (4.6.8) we have

In this case we define

ke
1 ber of X..,...,X. which equal x_+
h(p)(x) . number o 51 »Xin ich eq %J P §
jn - number of le""’xjn which equal xj |
and Ajn(fl""’fn;f) by (4.6.13).

(iii) Binomial populations
Here f(x|0) = (;) ex(l-e)r'x e, i e R e ¢ LR e

The family Gis same as in example (ii) discussed above.
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In this case, no asymptotically optimal solution seems to
exist. Following Robbins (1964) we propose a rule which will do
about as well as the (unknown) Bayes rule ts for large samples.

It is easily seen that

proy O fg rup (554P) T S SN
E(e IX) T+p j
(. +p)fG r (%) p=1, 2

¢épl (xj) ,say

where
£, O = f () 07 (1-0)"" dc(e)

(=]

Let ng),...,x(p),... denote the sequence of number of successes

in 1st r-p out of the r trials (which provided le""’xjn"")’

. (0) _
with in = X.

ji’
Define
(i P ) h(r)(x +p)
(p)m -
T, h(r-p)
ey
(p) P s
where h(r-p)(x) ¥ number of X51% " ,xJn which equal X3
jn = n
Since h§:'P)(§) B fG e p(x .) as n » =, we have

Gyt B ot )
(p) A e rtaeiil (P
H: ' (x) e L)
W g ey o e Y

Xj+p G,r-p*7j




It follows that the sequence Ajn defined below converges in probability

to AG(aj,g):

L Binleps - ox®) = MWD () - 20, 00 (0]

) (4.5.14)
- H 7 (x) - H)(0H) ()]

For large r, throwing away two observations does not sacrifice

much information, but it is not at all clear that the sequence

Ajn defined by (4.6.14) is the best sequence.

S e
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