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SECTION 1
INTRODUCTION

In the validation of finite difference techniques it is often
useful to have a test problem with an analytic solution so that a detailed
comparison can be made. In this note we will derive the analytic expression
for the fields outside a conducting sphere which is driven by a radial

current in space between the surface of the sphere and an infinitesimal

distance away from the surface. This current has a cosine distribution
in the polar angle and a double exponential time history. We will also
present graphs of the analytic results and a comparison with the results
of MODE, a 3-D finite difference electromagnetics code with an outer
boundary scheme based on a multipole expansion of outgoing waves.

é i (In MODE, the current was driven in the first radial cell outside the
‘ ! sphere.)
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SECTION 2
ANALYSIS

In solving for the fields outside a conducting sphere of radius

SRR g v

a, excited by a radial current density,

J(r) = r I(t) cosb 8(r-b) , (1)

i it

we will use a Green's function technique and contour integration to deter-

mine the field time histories. We will first Fourier transform the driver

o
I(w) = El“—fedwtl(t) : (2)
It
where
I(t) = i o Bt t>0,82>a
=0 t<o (3)
SO

I(w) = E%T_fe(iw-a)tdt

[
- %ﬁfe(iw-e)tdt 4)
0
oy 1 1
-Zﬂ}-iw-a+iw-3;’ (5)

(I(t) is in amps/m.)
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From the symmetry of the excitation we must only consider TM10

fields. This portion of the free space transverse Green's function can be

written
> e ! >3
GTMlO = 11<N10(r<)N10(r>) = (6)
where
i
: 2z (kr) ;
e | A _l__ L i 1>
i s BN 80 e )] K 00d) - ()
with
1 o
zl(kr) = j, (kr)
23(kr) = b kr)
(8)
Sl
Y10(6,¢) = e cosb

oY
% LG s
K10(6,¢) v 6 55 0 3T sinb .

The vanishing of the tangential electric field on the boundary

can be ensured by adding to the free space Green's function a term

[kaj, (ka)]' .

> g >3
Gl % =ik LN AT (9)
T™M10 [kah{l)(ka)] 10 >710 <
This part has
Tx @x%)-k%=0, (10)

outside the sphere and a theta component which is the negative of that
for the free space Green's function at the surface of the sphere r = a.

Since
'V'x'v’x'ﬁ-kzé'=iwu3, (11)

we have

E(r) = iwnfdv' G(r,r") - I (12)
5



Inserting Equation 5 into this, we will first look at fields beyond the

source, so the electric field will be

(1) (1) !
= e h>"7 (kr) . Perhy - i(kx) ]
E = _[rV 2 —}————,,-é— cosf - 6 1 ‘/8% sine]

kr 4T kr
x (-kwu)fr'zdr'd(cose')dcbV'Z—k—ll,—,- % cosf’
[kaj , (ka)]' ,
< b5 e - 1 _hM ey U1 cosors@-b) . (13)
(ot (kahD k)1’ Jon

On performing the integral

(1) (1)
s h (kr) . [krh (kv) ]!
E = [rVZ 1—1&——,/% cosf - 6 - T \,g%- sine](—wu) (2m)

x (3 ﬁ\/AZﬂIwb:jl(kb) - [::E})UZ:] h{”(kb)’ : (14)
E = -2 E%P-Iwhfl)(kr): ;cose 3 (15)
Eg = * E¥9-1w[krh§1)(kr)]' }sine : (16)
Hy =+ ikblwhfl)(kr): }sine : a7

T

Note that CHy =\j-é-g— =1y the impedance of free space.
Please note that this formulation is inadequate to treat the

fields in the first cell anyway since we are measuring the electric field

in the same mesh zone where we are driving the currents. (We will return

to this point later.) We wish to do the integral

R SN st WAL 3 M G SN N BN 55
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[ee] (e}

E(t) = fdwE(w)e'i“’" - cfdkE(k)éith ) (18)

-00 -00

so it is necessary for us to examine the singularity structure of the integrand.

The term in brackets will have poles at the roots of
xeh) ka)]* = 0, (19)
which are

(20)

k=+v-—3-
T 2a

oy
2ar
We also have singularities at the poles of Ik
k = - ia/c
(21)
ki= —1B/c

To examine the behavior at the origin we expand for small k

: kr
Jl(kr) iz ?

hl(l)(kr) > in (kr) > - kzlz
= (22)

[krj, (kr)] > 55

i
Tt

(xrh (D (kr)]1 > +
k"r

and find that the term in braces in (14) behaves as

3
{ }+kb{%—+—§-:—3: . (23)

Since Iw is nonzero (but not singular) at the origin, we find that there ;

are first order poles at the origin for Er and Ee but not for H¢.




the time response by contour integration.

This is physically reasonable as it corresponds to the static fields which 3

exist at late times in the problem.

We now turn to the behavior for large k and the evaluation of 1

For large k

. 1 ikr -ikr \
hEL S s T (e + e )

[krj, (kr)]'—- % (e1kT _ -ikT)

(1) Sk keE
h1 (kr)—— - s

ikr

trh (D (k) ] '— - e

/

we have the static fields at late times and no fields for t < O.

Im k

Pole in Er’ E9
(static terms)

—p- - Re k

X

Poles in Iw

(1)
Poles Where [kahj
(resonances of sphere)

(24)

We choose the contour of integration from casuality considerations so that

(ka)}' =0




We must break time into three steps to distort our contours.
ct<r-b
r-b<ct<r+b-2a

¥ +b .~ 2a <"eth.

For ct <r - b we close the contour with a semicircle in the
upper half-plane. The integrand on this contour behaves as
1 giklr=boety ooy B
4 T 0
k
_L_elk(r~b-ct) Por .
K3 ¢

and so +0 as we let the radius become infinite. Therefore

Er 3 Ee 5 H¢ =0 ct<r -=b .

For r -b <ct <r + b - 2a we must break the integrand into
two pieces. We see this most easily by writing the braces out in terms of
A () and 2% k)

t

(2) .
} '= 1. el i [kah;*7 (ka)] h(l)(kb) (25)
& 2 [kah}l)(ka)]' 1

These two portions of the integrand have exponential behavior like

ik (r-ct-b) ik (r-ct+b-2a)
e e 3

and

so that, for r - b <ct <r + b - 2a, we close the contour on the first
portion with a semicircle in the lower half plane, but close the second
portion of the integrand in the upper half plane. This is physically

reasonable, for at this time the observer at r sees the current but there

is not yet sufficient time for reflections of the radiated field from the




current off of the sphere to reach the observer. Note that the portions of

the integrand contributing are the same as they would be for the current

without the conducting sphere. Note also that this division of terms in the
integrand produce a pole at k = 0 in the expression for B. This will not
exist in the late time expression, ct > r - 2a + b. We encircle the poles

at the origin and the poles of Iw'

For the E's we have a fourth order pole at the origin from the

first term and for H, a third order pole at the origin.

¢
5 8 i
E=i'_lcu_l_d '1 _.1 ;-1ckt ShEB
T Sy 3! K3 llck—B ick-o a0
gt
C
5 9-;9 hl(l)(kr)hl(z)(kb)e'i"kt cos8
io
Fa. o
C
a9 3 .
PR | ‘ ¢ R | -ickt
L s 5 sind iz 33 | T8~ Tk
k=0
i °2“b sing [krh{!) (kr)]'n{® (kp)e~ K¢ ' (27)
k S - —E—
+ L2 sing krh (D (k)] h(?) (kb)e i Gt
k=- 12
2 Lo
g 1 d ‘ 1 1 -ickt
H, = sinf® — - - = e
D 27 4,2 |Tek-B ~ Tck=a ) it
- 3 5ine (D (kr)n(? (kb)e okt (28)
iB
k=22
(o
ikb _. . (1) 2) -ickt
+ =5 sinb h1 (kr)h1 (kb)e |k=- ia
1

10




Finally we have for ct > r + b - 2a, where we only have a first order pole

at the origin for Er’ Ee and none at all for H,, the following expressions.

[0}
kah (ka)]t = - —Ls e 1k e s +‘§ + 3 (ka -‘%;»f é—) (29)
(ka)
2 k1 3
LEME . e g
Er = i .-[3 iz - ] cose, B :
s - h(l)(kr)h(l)(kb)[kah(z)(ka)]'
cosB

|ick-B ~ ick-al Ka _‘%; v i/2

-ickt-ika
e

X B
k=-2—a—‘2; i
e s o zhfl)(kr)h{l)(kb)[kahfz)(ka)]'
T cosG, ck-B ~ ick-af e
a + 7?.+ i/2
5 e-ickt-ikal
k=+-v_—3_--~1_
2a 2
(2)
[kah{® (xa)1"
» SHB 5ip h(l)(kr)}h(z)(kb) ——-—lT————-—-h{I)(kb);
& [kmq ) (ka)]"
ekt
 gohe L(=- i
(2
(2)
[kah(®) (ka)]"
- SHb e h{l)(kr)‘hfz)(kb) < tl) hfl)(kb4
‘ % | [kah; "’ (ka)]"
X e-icktl (30)
S
C

1




922 3
coetybtiy Nl 2 8N
b 51(3 2 bs) sind
2 (1) s 1) (2)
o S S k“[krh; ™7 (kr)] 'hy (kb [kahy (ka)]"
2r lick-B  ick-af Ak V3, 1/2
2
= -ickt-ika v
T
ks s
1 2
gl K2 ken{ (kr) 10 o) fran? ()
25 B et ks + 2y i/2 ]
2 ;
-ickt-ika 3
g VI i
S ey

[kah () (ka)]"

cub _. (1) 2) 1)
_ &b e [krh (kr)]'%h (kb) - h (kb):
2T 1 1 e (k) 1

-ickt
X e k 2 _ﬁ

C
(2)
(kah(?) (ka)]"

+ EBP-sine[krh(l)(kr)]"h(z)(kb) e h(l)(kb);

2r 1 l 1 [kahil) (ka)]" .
x e—ith : ; (31)

12




ibca b1 N kghfl)(kr)hfl)(kb)[kah{z)(ka)]'

My ™ - =5 sisdiers - Tk T
y o-ickt-ika %
k =..!Ci L é
2a 2a 1
|
b 10D e gy
- =3 sinOi R - Tokal o +V77;+ i/2 i
% -ickt-ika .
x k=+ ‘—3— O e
2a 2a
(2)
o [kah () (ka)]"
i %;-sinekhfl)(kr){hgz)(kb) 5 tl) h§1)(kb);
[kah{") (ka)]®
-ickt
(o
(2)
; [kah!?) (ka)]"
p %;-sinekhfl)(kr)ghfz)(kb) L tl) h{!) (kb) ‘
[kah, ") (ka)]" 1
-ickt
X e At (32)

P
n
i
of

ol ik

As a check of algebra, we will calculate the late-time static
behavior of E, and Ee for b = a. (H¢ will decay to zero at late times.)

The late time fields are given in terms of the dipole moment as

2D E
cosb 3

(33)

13
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where
D, = Javoz = fat favJ - 2
= fat fav J coso , (34) »
as we have no Je. We now use a quasistatic calculation to relate the dipole

moment induced on the sphere to that of the charge distribution in space.
We move a charge +q an infinitesimal distance from the surface, leaving

a -q at the point on the surface from which the +q was emitted. The dipole
moment from the motion of charge in space is qS. However the sphere will
polarize and change this dipole moment. We can treat this polarization by
using image charges; a charge at the center of the sphere must be added to

preserve total charge neutrality.

-alges)

The dipole moment for this set of charges is

2
L R R
Dsph L SR (R + G) T (R + 6)

§ - 0 396 ,

(35)

so that the effect of the polarization of the sphere is to triple the total
dipole moment when compared with that of just the charge motion in space.
Calcuiating the latter dipole moment from (1) and (34)

b2, (36)

_ (1 1)4m
oty s

3

Q=
™|

so that the late time fields should be
14




which is what we obtained as czuo = l/eo.

When we utilize these results for the comparison with the code, we

must do two things:

11 Specify the driver in terms of the code dipole strength. By
consideration of Stokes' theorem we see that the driver in
the code is not a delta function in r but a finite length
Ar. This means that our far fields should be multiplied by
Ar. The dispersive effects in finite difference calculations
prevent an accurate calculation of effects when X is much
smaller than the mesh cell dimensions in the direction of

propagation.

Specify how to calculate the radial electric field in the
innermost mesh. To compare with the finite differencing
scheme, we must consider the finite length of the driver and
the mesh. The prescription that we choose to handle this

is to examine our fields in the limit a > b and take H¢ from
the outside 1limit. We find the first mesh cell Er from the out-

side field with a correction term arising from the charge density

Er = Er(r +b) - £f(t) cosb , (38)

t
£(t) El—fdt'l(t')
°%

1 -ot|

an

;1 - e
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Finally we write the equations in the units used in MODE. The excitation

factor must be converted by

1 Abamp/cn® = 10° Amps/m’ , (40)

and the fields by

1 statvolt/cm = 3 X 104 volts/m
(41)
1 gauss = 79.58 Amps/m ,
so we define
3

T
n

7.41 x 10

Eor = 105

2 (42)
3.33 X 10

2

(]
n

1.26 x 10~

(o]
n

For fields outside the source region

esu _esu, _
(Er 'Ee s Flcl(Er’Ee)

(43)

b = F1G2H¢ s

and for fields in the first cell.

esu
E

n

F.G.E_ - F.G f(t)cos6
) e (= 251 (44)

H = F.G,H

¢ 1727 °




SECTION 3
RESULTS AND COMPARISON WITH MODE

In this section we present graphs of the electric and magnetic

fields previously calculated. The surface radial and magnetic fields need

no explanation; the theta electric field is shown at 1.074 meters as that
is the first mesh point at which this field is non-vanishing in MODE. The
fields are also shown at 2 meters which is the outer boundary in MODE.

In Table 1 we present a comparison between the analytic calculation and the
finite difference of the values and times of various features seen in
Figures 1 through 6. The peaks and dips are broad so that the times given
are not too relevant.
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Figure 1. Radial electric field at r =1 m, 6 = 0°.
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Table 1. Comparison between MODE and analytic calculation.

MODE Time (ns) Analytic Time (ns)*

Final value of E.

-at the surface** -109. - -107. =

-at 2 meters 2.33 = 2.32 -
Ist peak at E, at 2 meters 3.48 13.4 3.49 13.5
Ist dip in E. at 2 meters 2.18 25.5 2.14 26
Final value of Eg

-at 7.4 cm above the surface 7.49 - 7.50 -

-at 2 meters*** 1.23 - 1.16 -
Ist peak of E, at 2 meters 2,22 8.0 2.15 8
1st dip in Ee at 2 meters 0.671 16.5 0.626 17
2nd peak at Eq at 2 meters 1.31 28.4 1.25 29
H¢ at the surface**

1st peak 5.06 5.2 5.37 5

2nd peak -1.07 16.0 -1.04 16.5
H¢ at 2 meters

1st peak 1.98 7.6 2.00 i

2nd peak - .625 17.5 - .617 17.5
* The analytic value was tabulated in 1 ns steps.

ok The MODE Er and H¢ are 3.8 cm out from the surface.
*kk The MODE E9 is 3.8 cm in from the outer boundary at 2 m.
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