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STATISTICAL ~IODELS FOR TIHE SERJES AND LIFE TESTPI G

WITH APPLICATIONS IN ENGINEERING SYSTEMS

~ OVERVIEW OF RESEARCH

Over the period of this grant 34 papers have been published ,

5 papers have been accepted for publication and 36 technical

reports have been written , one book has been written and another

revised , all of these have received support from the grant. Many

of the publications have reflected our continuing interest in the

• jppics of stochastic systems (especially with discrete control) in

model building , smoothing and curve esti mation , methods of approximation

with noisy data , inferences with censored data , and life testing and

reliability with applications to systems.~~~~~ ~~~~~~~~~~~~ it :~~

Time Series Model s

Today much more efficient system control , surveillance , and

prediction are possibl e because of more effective instrumentation ,

producing increased capability for continuous or rapid intermittent

measurement. However, for the analysis of the resulting data ,

classical statistical methodology in which observations are assumed

to be statistically independent are inappropriate . It has , therefore,

been necessary to develop new techniques of stochastic model buildin g

for data analys i s, forecasting, and stochasti c control . Such methods

have wide applicability to practical problems ranging from missile

tracking to estimating the effect of a change in Mr Force recruiting

pol icy. Research in this contract period has led to deeper under-

standing and further development of appropriate model forms, to

Improved methods of model identification , mo re exact methods of

estimation of parameters In stochastic model s, and better methods~of

diagnostic checking of the fi tted models.
-
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New statistical methods for solving a number of other important

practical problems in data analysis have been developed . A series of

results in curve fittinq and smoothing using splines provided a

practical nbhparametri c method for smoothing noisy data, and provided

a practical solution to the notoriously difficul t problem of

differentiating noisy data . Surface data can also be smoothed using

these newly developed techniques. Recent work in regression has

provided a technique whereby the user can choose between subset

selection , ridge or principal components estimates for modell i ng a

regression problem. This method can be used in some situations even

where the number of variables exceeds the number of data points .

- j Remote sensing experiments typically lead to a data analysis

• problem requiri ng the approximate solution of a Fredhoim integral

• equation of the first kind ; where the data are noisy . It is

notoriously difficult to obtain a good estimate to the true solution

to these equations, and ad hoc methods are frequently employed.

Research under this grant has led to the first practi cal , completely

automatic method , with proven good properties , for obta ining an

estimate of the solution.

Several other hitherto unsolved problems were solved with the

support of this grant. Practical methods for estimating the optimum

bandwidth parameter for spectral density and density estimates were

obtained , thus allow ing for the elimination of commonly used

subjective methods for doing this. The problem of the optimum input

• for system identification of the stationary linear dynami c model , was

solved. Advances in goodness-of-fit tests and the theory of optima l •

control we re also made . -

-- —---- ——- •-•-~~~~ --- •



-3-

Life Testing and Reliability

Research supported by this grant during the past four years has

produced major advancements in several challenging areas of system

reliability modeling and statistical inferences with life testing

experiments. The primary goal of our research proqram has been

steadily directed to the needs of modern day technology where the

progressive complexity of system structures demand a more sophisticated

formulation of models. The models must adequately descri be the

chance failure mechan isms in order to reach impl ications regardi ng

the system’s successful comple tion of mission. Included in this broad

perspective is our sustained effort to strengthen statistical theory

• and techniques for careful reliability analyses that are indispensabl e

in preventing costly failures in complicated systems.

A domi nant concentration of our research activity was aimed at

improving models for system realiability so as to incorporate possible

interaction between components and the uncertainties in the external

• stresses. Substantial progress was achieved in developing statistical
r analyses for reliability structures that extended far beyond the

simplistic model s treated in contemporary literature . Research

contributions in this direction are of sign i ficant value because

improved modeling is at the very root of success in implementing

• programs of maintenance and ascertaining system availability .

Another area of major ach ievement within our research program

concerns optima l statistical procedures for dealing with studies of 

- •- --- —-.-.- - - -•-~ • -~~~~~——•~~— - —
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- 
• equipment fai l ures where practical constra i nts of cost and time

necessitate an early terminati on of the experimen ts. Stati sti cal

inferences with censored data were intensi vely investigated during

this period. Several remarkable results enriched this important

theoretical area of statistics and at the same time had direct

bearing on the anal ysi s of censored l ife testi ng data. • -

:.~~ 
Techniques for the statistical control of manufacturin g

processes are invaluable for maintaining high quality production.

In our study of the very popular technique , calle d a cusum test, we

• have alerted potential users of a serious shortcoming. When serial

correlation i s present, as is commonly the case, the technique may wel’

• fail to protect the designated level of quality . In addition , our

approximations to the test and its properties provide the necessary

al terations to surmount these difficulties.

Moreover, our fruitful method of analysis also leads to novel

techniques for the sequential detection of time series model chanqes .

These include statistical methods for continuously monitoring critical

system parameters for time dependen t models. These techniq ues and

their extensions provide quantitative tools for maintaining complex

systems to run at top performance.

Most importantly, our research acti vity was consi derabl y broader

in scope than the major goals stated above . It extended into several

• 

• 

important general areas of statistical theory. Signifi cant contributions

were made in large sample theory, nonparametri c methods , quality control ,

~~~IIIL -_---•-_---- • .-~ _ - - --- ~~~~~~~~~~~~~~~ -~ •~— -.——— • -.--~.-—---— —-— - ‘ • •—— • - • ,- • - -— •-—-—-— --‘-- ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ —•- ~•—— • — -— .  —--•-- —-- --•-•--- -•-—--. —— - — -•----~ —--- •-~--- -
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~
.

mul tivariate analysis and inferences in stochastic processes. Aside

from their role in enhancing knowledge in the domain of statistical

theory, many of these results have potential applications in

diverse areas of scientific investigation .

-4r ~
~
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DESCRIPTION OF RESEARCH ACTIVITIES

Our research efforts have resulted in several innovative

advances in modelin g and inferences, and we now describe these in

some detail.

Part I - Time Ser ies Models

Further Development of Practical Stochastic Models

In [1] the question is addressed “How are stochastic difference

equation time series models related to more traditional deterministic

models-- how may inibedded deterministic components be recognized?”

In (2) the relation of linear stochastic difference equation

models to exponential smoothing methods is elucidated. In [3] the

effect of non-Normal innovations is considered. Research on the

detection and tracking of parameter changes is discussed in [4] and

[5] considers the appropriate choice of sampling interval .

In [6] the relation between parametric t ime series methods and the

“state var iab le ” approach are considered. In [7] the problem is

addressed of how best to control a system when the allowabl e

variation in the manipulated variabl e is constrai ned . In [8) the

problem of optimum feed forward control is explored . Particularly

after “linearization”, models are liable to severe inhomogeneity of

variance which if ignored can result in inefficient estimation .

Frequently the diffi cul ty can be corrected by an appropriate

transformation. Methods for estima t ing the transforma tion are

deri ved in [9].

L~~i _ _ _ _ _ _ _ _ _ _ _ _ _ _ _
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Stochastic t1odel Bui"lding_ 

Model Building is an iterative process vJhich may be conveniently 

divided into three stages--(i) Identification (or specification) of 

the model form (autocorrelation and cross correlation analysis are of 

special importance at this stage); (ii) Esti ma tion of systef11 pa rameters 

for the tentatively identified model (for exalll;J le, by max i mum likelihood 

metl1ods); (-iii) Diagnost ic checking of adeq uacy of the fitted mode l 

(by study of residuals). During thi s grant period advances have been 

made in all three areas. At the identification stage a deeper 

understanding of the nature of partial autocorrelation was obtained 

by considering their role in a Bayesian context [10] . In earl ier 

wor~ system parameters were est ima ted using approximate ma~ i mum 

likelihood. Improved exact likelihood estimation 1'/a s develored in 

[11]. Jn practice data often contains outli e t·s or "bad" values. In 

[12] and [13] est imiltion of parameters in the pn:-sence of bad va l ues 

is explot·ed. Ope t·ating systems h equently employ fe ed back l oops . 

Speci al methods needed in the analysis of the re s ultinq data were 

studi ed in [14, 15, -16] . A portmanteau test statisti c for de t ecti ng 

lack of model fit using the autocorre 1ut i on of r es idua ls 1·1a s earli er 

develo ped. A much c loser and ~ore us e ful il~proximation t o the 

distribution of thi s stat is tic has now bee n de vised [17]. It is 

important that major deve l opments be brouqht to the attenti on of 

the uudience who can put the111 to us e . Th2refo t·e, s ummi.l l'Y accounts of 

recent developments have been prepared and f.JUI.J li shed [1 8 , 19]. 

Developments in the analysis of n~u ltipl e t ·ime seri es a nd in 

intervention an a l ys is we re desc ribed in [20]. Dur ing the grant 

period a book on Bayesian I nfe r ence [ 21] has been rubl ·is hed, r c s e.wch 

for which wa s part ly s pon sor ed by the grant. Al so a r e vi sed 

edition of a very successful book in Ti me Se ri es Fot·ecast iny ancl 



——-5— —-5,..— • — -~-5-5•-----— ________________________________________

H -8-

Curve and Surface Smoothing, Numerical Di fferentiation of Noi sy Data

The problem of nonparametric curve fitting when the model is

• y(t 1) f(t 1)+~1, t .~ c [0,1], where the sequence of {c
~

) are white

Gaussian noi se and f i s only assume d to be “smoo th” has been solved :

A smoothing spline is used to smooth the data , and the method of

general ized cross-validation , developed under this grant, is used to

estimate the optimum degree of smoothing from the data. Since the

optimum degree of smoothing is nearly obtained , numerical differentiation

can be implemented by differentiating the smoothinq spline even for

moderately noisy data. Theoretical properties, di scuss ion of

various appl i cations , and numerical demonstra tions of the amaz ingly

good effectiveness of the method appear in [27,28,29,30]. A

discussion of earlier methods appears in [31]. A new sol ution to the

problem of smoothing i rregularl y spaced data on a surface, usinq an

extension of the curve smoothing methods , appears in [32].

Regress i on

It is well known that Gauss-flarkov or minimum variance unbiased

regression estimates can be very bad from the point of view of mean

square error , and so the use of biased estimates (to reduce the mean

square error) is becoming increasingly popular. A new technique has

been developed (generalized cross-validation) for choosing the

ridge parame ter in a ridge es ti mate. Th is method can also be used to

select a subset when subset selection regression methods are used and

to choose the principal components when a principal components method

Is used . In fact, the tec hnique can be used to choose between the

—-5- - ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ —- - —-- —----—~~~--• —.—- -~~~~~ —••----—-----5~~—- • - • • ~~ -- -• -~•• .,
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“best” ridge , subset selection or princ i pal components estimate. The

technique has the good properties of the popular Mallows C~-C1
statistics but unlike C~ or CL, can be used (in certain circumstances)

when there are no degrees of freedom for estimating ~2, that is , when

the number of candidate variables is as large or larger than the

number of data points. These results appear in [33].
• I

Approximate Solution of Linear Operator Equations Arisin g in Remote

Sensing Experiments

Early work in thi s area focusse d on develo pment and evalua tion of

methods for obtaining approxima te sol utions of linear operator equations ,

including integra l and differential equations , using projection methods

in reproducing kernel Hilbert spaces [34,35,36,37,38]. The

• mathematics is formally similar to time series methods for continuous

time , time ser ies p roblems , although the applications are different.

This theoretical work laid the foundations for practical methods for

solving first kind integral equations when the data are noisy . It is

very frequently necessary to sol ve these equations numerically in

analyzing experimental data in physics , meteorology , biology ,

geophysics , etc. since this type of equation model s the typical indirect
-

• sensing experiment. The method of regularization is one of the major

techniques for solving first kind integra l equations. In this method

the user must choose the regular i za ti on parame ter , which controls the

bias—variance or stability -fidel i ty tradeoff of the sol ution. Numerous

ad hoc methods have been propose d for choos inn thi s parame ter , but for - •

many years it has been an open question how to choose this parameter

from the data wi thout prior information. Th i s ques tion has been answered 

—• -——~~~~~~ ~~~~~~~~ — ~~ _ • •~~~•_ _
~~~~
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while the solver was supported by the grant , the resul t will be

published shortly [39].

Density and Spectral Density Estimation

Density estimates are commonly used as descriptive procedures

for data . Also questions arising in a variety of applied problems

reduce to questions concerning properties of a density , and ,

ultimately, multivariate density or likelihood function estimates will

provide the answer to certain particularly difficult classification

• probl ems. Several new density estimates have been proposed and their

properties obta i ned [40, 41 , 42, 43]. A fundamental theoretical

result was obtained in this area. It is the establishment of the

fact that all the good estimates have , asymptotically, the same

mean square error convergence rates under comparable

circumstances if their control parameter , which control s the squared

bias-variance tradeoff is chosen correctly [41 , 42, 43, 44]. The

fundamental practical culmination of this work is the development of

a density estimation technique for which the value of the control

parameter wh ich minimi zes integrated mean square error , can be

estimated from the data [43]. This method can also be used to choose

the optima l (integrated mean square error) bandwith parameter in a

window-type , spectral density estimate [28], thus answer ing another

long-open question.

~ 
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Optimal Experimental Design for System Identification

The probl em of selecti ng the optima l input for estimating the

parameters of a stationary linear dynamic model was solved. [45, 46

t 47] This work is frequently referenced .

k—Spacings and Goodness of Fit Tests

The k-spacings are defined as the distances between every k-th

order statistics.

• In [48] the asymptotic distribution of certain cioodness of fit

• tests based on k-spacings is obtained. It is shown that tests wi th

k>1 are more powerful asymptotically than the usual spacings tests

a based on k=l .

In [49] a relationship is established between the empirical

distribution functions (e.d.f.) of distri butions with unknown scale

parameters and the e.d.f. of independent random variables subject to

scale perturbations. The relation is exploited to obtain significance

points for some tests based on the e.d.f. of the k-spacinas.

Reports [50] and [51] are the first two of a series of four

reports dealing with the theory of k-spacings and their applications to

• goodness of fit tests. Report [50] contains an introduction to the

series and shows the main properties and applications of the

Dirichlet distribution. Report [51] reviews several methods used to

study the distribution of the k—spacings for k=l and extends them to

the case k>l . In particular , an important theorem of LeCam (1958) is
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Stiff ~3i fferential Equations

These equations may have- highly oscillatory solutions wh ich are

exceedingly difficult to compute numerically. A completely new

approach to their numerical solution has been proposed . Instead of

trying to compute the exact solution , which may be impossible , a

- • method for computing the low-pass-fi ltered solution was developed [52].

Control Theory

it was shown that the general linear plant probl em can be

sol ved by reproducing kernel Hu bert space techniques when arbitrary

linear constraints which can be expressed as conti nuous l i near

functionals are imposed [53]. A convergent numerical method was

obtained for minimizing a quadratic functional (on a reproducing

kernel Hu bert space), when a continuous family of linear inequality

constraints are imposed [54].

~~
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• Part 2 - Life Testing arid Reliability

• 
- 

Inferences from Censore d Data

Experiments in life testing often must be terminated before all

units fail. Consequently, stati stical procedures based on censored

data play an important role in realiability studies , especially of

highly reliable components or systems . Advances we re made on severa l

aspects of this primary problem area of censored life tests.

Locall y most powerful rank tests for a general parameter i n a

two—sample single-censored situation are derived in [1] and the work

includes an investigation of asymptotic power and efficiency .

Asymptotically optimal inference procedures are developed in [2]

for inferences with censored data usinq only very weak regulari ty

conditions. Our investigations with censored data were extended to

• multiple-censored situations where blocks of order statistics are

censored. In [3], several important relationshi ps have been

established between the moments of the hazard rate, or its multiple

censoring extensions , and the terms in the expressions for the

uncensored situation. This study leads to an exact expression for

• the finite sampl e Fisher information , wereas only the asymptotic

expressions were previously available. The ideas developed in [1 ]
are extended to derive locally , most powerful tests i~ mul tiple-censored

data [ 6]. The completeness properties of both parametric and non-

parametric families of life distributions under censoring, and

implicat ions regardi ng inferences on rel iabi l ity are i nvest igated i n

• P [4]. The asymptotic sufficiency of the ranks is established in [5]

- •  for the two sample situation when the observations arc censored at the

_ 
~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~



• 
-- 

~~~~~~~~~~~~~ ~~~~~~~~~ 7 -
~~~~~

.-
~~

•‘-
~~~~~~ 

--
~~~~~~~~~~~~~~

_
~~~~~~~~~~~

_ _
~~~~~~

- -
_

• ~~~~~~~~~~~~~~~~~~~~~~~~

-14-

~L rth order statistic. Several important concl usions are drawn

concerning optimal tests.

Statistical Modeling and Inference for Complex Systems

A major thrust of our research was directed towards reliability

studies of multicomponent systems by monitoring the failures of
p 

components and modeling their thteractive behavior. Inferences with

the bivariate reliability model of Marshal l and 01km are investigated

in [7 ],  [8 ]  where existence, uniqueness and asymptotic properties of

maximum likelihood estimator are stud ied and a un iformly most

powerful test of independence is derived. Importar~t advances are

made in [9], [10] in terms of constructing realistic and tractable

models for the rel iabi l ity of a system whose components have

-variable strengths and which are subj ected to random stresses

emanating from the operating environment. In a parametric setting,

the UMVU and maximum likelihood estimators as wel l as confi dence

bounds are derived in [ 9 ]  for the reliability of an s out of k system.

Optimal nonparametri c estimates , their large sample distribution and

efficiency are studied in [11]. Important generalizations of the

stress-strength models to more complex systems and associated inference

• problems are treated in [10] which also includes a Bayesian techn ique

for certain parametric models. In addition , optimal estimation

procedures for system reliability and large sample confi dence bounds

are developed in [12] for the experi mental situation were groups of

components are tested under common stresses and , instead of individual

strength and stress measurements , only the survivor counts are recorded . 
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The study includes an evaluation of the loss of efficiency in using

the count data.

Statistical Techniques for the Control of Quality

Our investigation started by developing large sampl e approximations

to the distribution of Page ’ s cumulative sum (cusum) test. Considerabl e 
- -

effort was expended in order to study the complete run length

distribution rather than j us.t the mean time to signal ‘out—of-control ‘ .

The basic resul ts were deri ved by relating the statistic to a functional

of a Wiener process. Next , identifying the probl em wi th that of a

continuous random walk wi th one refl ecting and one absorbing barrier ,

we obtained the distributional results in [13].

Some practical conseq uences of high import then followed directly.

The same mathematical derivation also app l ies when the observations

exhib it serial correlation . Thus , in [15], [16] we were abl e to study

the change in distribution , of the time to sic ’~ia1 , under auto-regressive

and other dependent models. Our primary conclus ion was that the cusum

tests are not robust with respect to departures from independence.

The use of cusutn tests is now widespread and the presence of

serial correlation so common , that attention must be drawn to the

seriousness of this lack of robustness.

Our investigation continued in [14] where
•
, for the fi rst time , an

analytic derivation is given for the optima l choice of a reference

value based on the Wiener approximation . This value agrees with the

rule suggested by others on the basis of Monte Carl o studies. Secondly,
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we determi ned the effect of using an estimate for variance and the

manner in which the use of an estimate interacts with the choice of a

reference value.

Pursuing this line of attack , we obtained potentially the most

important breakthrough concerning the development of statistical

- •  
techni ques for mon itoring the parameters of i ntegrated autoregressi ve

moving average time series [17]. These time series models are among

the most wi dely used statistical models in both forecasting situations

and basic model ing of criti cal system performance ind icators. In either

• situation , environmental shocks can cause disruption and resul t in

model changes which must be detected quickly. Our techniques form the

first steps of an extensive search for new statistical methods

designed to meet this purpose.

Other advances in research

In [18], our goal was to study class i fication procedures from the

point of view of finding low dimensional hyperplanes which in some

sense best represent the p-variate population distributions and their

samples. Our criterion of wei ghted loss of d i stance between observations

and sample centroids shows explicitly the manner in which the prior

probabilities enter. We establ ish two new opti mal ity properties for

Fisher ’ s solution to finding a l ower dimensional representation .

Moreover , our class of choices including Fisher ’ s , can be viewed as an

orthogonal transformation of the standardized principal components from

the common covariance matrix.

• In [19] , a uniformly most powerful unbiased test Is derived for

~

‘ ‘  ~~~~~- ---~-~~~~ --‘ - - ---- - ‘ - —  -~~~~~~
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testing the equality of inter-transition time distributions for a two-

state semi-Markov process under an inverse sampling scheme. Tests with

regular sampling, their exact power and asymptotic properties are also

investigated for semi -Markov processes. These processes are useful in

studying system failure and preventive maintenance policies , consumer

brand switching patterns in marketing and also in modeling various

stochastic phenomena in other fields.

A purchase inc idence model is introduced in [20] where the

interpurchase times are described by a two-parameter inverse Gaussian

distribution and the population heterogeneity i s model ed by the natural

conjugate family. This model is more flexible than the exponential and

one-parameter gamma models which were previously used for purchase

incidence.

Significant advances were made to the understanding of the large

sample behavior of posterior distributions in [21] and [22]. These

results have importance in almost all situati ons where Bayesian

methods of infe rence are employed , including applications to life

testing. The posterior distribution is considered in the general —

multiparameter sit uati on when the popula tion belongs to some

exponential family. Fi rst an asymptotic -expansion in powers of n 1”2

is obtained , for the posterior distribution, having the limiting

normal as a leading term. The following terms can be used to correct

~~

• ;~ I the limiting normal approximation.
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Besides the basic resul t on the expansion of the posterior

distri bution we obtain a similar result for risk. For the fi rst

t ime, expansions are also given for the ma rginal distributions and

conditional distri butions for the parameters . These motivate an

interesting discussion of asymptotic independence. We conclude with

a novel study of an approximation to the reaions of highest posterior

density obta ined by modifying the normal ellipsoida l regions by
- 

-. using a correction term.

Families of discrete distributions we re characterized by

probability generating functions involving hypergeometric or confl uent

hypergeometric functions . Estimators of the parameters were obtained

and their behavior examined on the basis of asymptotic relative

efficiency [23].

The distortion of the t-distribution has been previously examined

when the parent population is a mi xture of normals. Duri ng the

present research period some equal probability contours were computed

J. - 
- showing precisely the amount of distortion from a pre-specified level

of significance [25].

A solution to the Behrens-Fisher probl em was previously developed.

During the present research period the resul ts were revised and re-

written in a form for suitable publication [24]
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