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DIRECT DETERMINATION OF FLEXURA L
STRAINS IN PLATES USING PROJECTED GRATINGS

by

C. Y. Liang, Y. Y. Hung , A. J. Durelli , J. D. Hovanesian

Abstrac t

It is proposed in this paper to use projected gratings to determine

principal strains in plates subjected to bending . The method requires the

rotation of one photograph of the deformed grating over a copy of itself ,

the rotation taking place about the point at which the bending strains

are desired . The idea previously suggested by Stetson to double differen-

tiate holograms of bent plates has been extended and verified with an

application to a plate subjected to twisting . The proposed method is easy

to use and permits the determination of principal strains in plates sub—

jected to much larger deflections than the ones that can be studied using

holograms. Suggestions to improve the precision of the determination are

also made.
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Nomenclature

a minimum diameter of ellipse or hyperbola associated with
fringe order n

b maximum diameter of ellipse or hyperbola associated with
n fring e order n

E modulus of elasticity

h distance of plate surface from neutral axis

I(x,y) light intensity distribution of undeformed plate

I’(x,y) light intensity distribution of deformed plate

n fringe order

p pitch of grating

t thickness of test plate

T(x ,y) intensity transmittance of photographic plate recording

T’(x,y) intensity transmittance of contact copy

v(x ,y) deformation func t lon corrected

x ,y,z co—ord inates

c i, £2 maximum and minimum princi pal strain , respectively .

o angle between normal to the test plate and viewing direction
of camera.

V Poisson ’s ratio

01,02 maximum and minimum princi pal stress , respectively

angle denoting the orientation of principal direction .
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DIRECT DETERMINATION OF FLEXU RAL
STRAINS IN PLATES USING PROJECTED GRATINGS

Introduction

Plates are frequently used in engineering to resist bending loads.

Depending on geometry and loading conditions , plates may be difficult to

analyze mathematically. Experimental techniques are then useful. Mechani~a1

and elec trical strain gages give strains at the two faces of the plate, and

from these strains moments can be computed directl y. However , this infor-

mation is ob tained only point—b y—point. Optica l methods are more interesting

because they g ive whole f ield information, and because no contact with the

plates is required~~~ . Of par ticular importance for this app licat ion are

• . . (2 ,3) (4) . (5)
the projected grating , Lig tenberg s and Salet—Ikeda techniques ,

holographic~
6’7~ and speckle—shearing interferometry~

8
~. All these optical

methods measure either deflections or slope of deflections ; thus it is

• necessary to differentiate the information once, or twice, to obtain the

bending strains. These operations besides being very laborious are a source

of err or. The results obtained using these methods are also subjected to

the limitations of the theory of plates. One of the authors used gratings

direc tly prin ted on the surface of the plate and a superposed master grating

to produce moird . ~
9) Whole—field in—plane displacements are obtained this

way and only one di f ferentia t ion is requ ired to ob tain strains , but the

me thod has not been applied ye t to vibra t ions and is lim ited to r elat iv e ly

small deflec tions.

An innova tive idea was introduced by S te tson UO) wher eb y bendi ng momen t s

can be de termined directl y using holograp hic in terferometry. The method

consis ts in superposing and aligning two identical transparenc ies of the

fring e pattern of deflections obtained b y holograp hic interferomet ry.

- •-• —~~-‘ •~~ -~~~~~~~



By rotating one transparency through an angle of 180° (in the plane of the

film) with respect to the other about a point of interest , a moire in the

form of ei ther an ellipse or a hyperbola is produced . Stetson showed that

the directions and the length of the principal axes of these figures indicate

the directions and the magnitude of the principal strians , respectively.

Also , the relative sign of the two principal strains can be ob tained from

the form of the moir~ pa ttern. An ellipse indica tes tha t the princi pal

strains are of the same sign. Opposi te signs correspond to the hyberb ola.

The method permits only point—by—point analysis, but it is the only one so

far developed for double differentiation.

The present paper extends the Stetson ’s idea to the projected grating

method . While the hologram interferometry is mainly suitable for measuring

very small deflec tions , the projec ted grating me thod can bu used to determine

rela t ively large ones. The paper includes considera tions on the error in-

heren t in the double differentiation operation and suggests how the results

can be improved. A verifica tion is also given.

Descrip tion of the Method

A gra t ing is projec ted onto the pla te (Fig . 1), in a direction making

an angle 0 with the normal to the plate. The projection may be achieved by

using ei ther a pr oje etor~
2
~ or by interference of two coherent beams~

3
~.

When the p late is deformed , th e shadow of the grating on the surface of the

p late is perturbated because of the deflection. The perturbated gr at ing is

photograp hed by a camera viewing normall y and is record ed on a pho to-

graphic plate. A con tac t copy of the recorded gra t ing is made on a second

p late. The two plates are superposed and carefully aligned so that no moir e

is seen. One of the p la tes is then ro ta ted 180° abou t a point of interest.

A moire will appear in the shape of an ellipse or a hyberbola.

L 
~~~~~~~~~~~~~~~~~~~~~~~~~~



Ana lysis

The ligh t intensity distribution of a sinusoidal grating projected onto a

f l a t  p late can be represented by :

2irI(x ,y) = 1 + cos — x (1)

where I(x ,y) is the intensity distribution; p is the grating p itch observed

on the plate. The grating is running parallel to the y—axis . When the plate

is deformed , the grating will be distorted accordingly and its intensity

dis tribution becomes:

I ’(x ,y) = ~ + cos [x — w (x ,y).tan0 ] (2)

where I ’(x ,y) is the distorted grating intensity ; 0 is the angle between the

direc t ion of proj ec tion and the normal to the plate , and w(x ,y) is the

deflec tion of the plate.

Assuming nega tive and linear recording , the in tensi ty t ransmi tt ance

f(x ,y) of the pho tographic pla te recording the intensint of Eq. (2) is:

T(x ,y) = 1 — cos [x — w(x ,y).tanO J (3)

and the intensity transmittance T’(s,y) of the contact copy is:

T ’(x ,y)  = ~ + cos [x — w(x ,y) •tan0 j (4)

The intensity transmittance of the two transparencies superposed and aligned is

represen ted by the produc t of the ind ividual transmittances. With one plate

being rot ated 180° , and choosing the poin t of ro ta t ion as the origin , the

resu lt ing in tensi ty t ransm i tt ance TR (x ,y )  is g iven by :

T
R

(x ,y) = T(x ,y) T ’(—x ,—y) (5)

—3—
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The abov e equation can be expanded to yield:

T
R

(x ,y) 1 + 4 cos{~~- tan0 [w(x,y) + w(—x ,—y)] }

2ir 2ir- cos - [x — w(x ,y) tano ] + cos — [—x -w(—x ,—y) tan0 ]

— 4 cos [2x —w(x ,y)tano + w(—x ,—y )tanO ] 
(~ )

Excep t for the first two terms , all the terms in the above equation are of high

spa tial frequency.

If the pair of pla tes is illum inat ed by a unif orm in tensi ty quasi p la ne

wave of uni ty magni tude , and if one considers the aver age illuminence over a

resolu t ion cell ~A , the resulting transmitted intensity field I may be

represented by:

I0
(x ,y )  = 1 + 4 cos [-

~~~~
- tanO[w (x,y) + w(—x ,—y fl (7)

In Eq. (7), the linear dimensi ons of t~.A are considered to be large

compared to the gra t ing pi tch p. Dark frin ges form when

tanO[w(x ,y) + w(-x ,—y) ] = fl~ (8)

whe re n = 1, 3, 5 , 7 , 9 , is the fringe order.

By Taylor ’s series expansion ab ou t the origin and term in at ing a t the

four th term , w ( x , y )  can be expressed as

w(x ,y) w(0 ,0) + ~~ 
w(O~0)

+ 4j- [x2 ~2w(O~0) + 2xy + y 2 3 2w(O ,O)

1 3 ~3w(0 ,0) + - 2 ~
3w(0 ,0) 

+ ~ 
2 D 3w(O ,0)

+ [‘ 
~~~ 

ix y 
~x~~ y ~Y

+ ~ 
)~ w(O~0) (9)

and
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w(—x ,—y) w(0 ,0) + [—x Bw(O ,O) 
— 

~
, 

Bw( O ,0)

÷ 1 2 B 2w(O ,0) + 2 Bw(0,O) + 2 B 2w(0 Q)
2.! Bx~ 

‘
~~

‘ BxBy By~ ~

+ 1 3 B 3w(0 ,O) 
~ 

2 B 3w(0 ,0~) ~ 
2 33w(0 0)

3! [—x 
~~~ 

— x y Bx~~~ 
xy

— y 3 B 3w~O,O) (10)

Define the orig in such tha t w(O,0) = 0. If the orientation of the coordinate

axes is chosen suc h that one of the partial derivatives of v (0,O) vanishes ,

then the crossed partia l derivative B 2w(O,0) / B x B y would vanish ~s well. Under

these condi tions ,

w(x ,y) — w(—x ,—y) = x
2 B2w(9,O) + y

2 B2w(O ,O) (11)

and Eq. (8) can be written as

~2 w(0~0~ + 2 B2w(0~0) (12)
By 2 tan0

The above equa tion represents an ellipse or a hyperbola depending on the

rela tive signs of B
2
w (O O)/Bx

2 and 32w(0 ,O)/By 2. Since the cross derivative

Bw (0 ,0)/BxBy is zero , 3
2w (O ,0)/Bx

2 
and B

2w(0 ,O ) / B y 2 measure the princi pal

bending strains a t the origin , the point abou t which the photographic plates is

rota ted. They are related to the principal d iame ters of the ellipse or

hyperbola by:

B 2w(0 O) 
= ~P 

• 
1 13

2tan8 
(

~
2w(O 0) ~p 1

2tan 0 2 (14)

where 2 a and 2 b~ are the principa l diameters associated with f inge order i t.

By measuring the principa l d iameters , the principa l bending strain can be

calcula ted by the following equations
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c — h 32w(O,0) _~~~~~ • (15)
l 2tan0 2an

and

— 
B 2w(0 ,O) np 1e — h  2 — h2 2tan0 2By b~

where h is the distance from the neutral axis to the plate surface , and

• and are the maximum and mi n imum p r inc ipa l  st rai ns , respectively . The

direc t ions of the principal strains are indicated b y the orien tat ion of the

principal diame ters . To use Eqs. (15) and (16), it is necessary to obtain

values of —
~~

-
~~

- and —
~~~~~

- as near to the point of interest as possible. Pre—

cisely at tRe origin~ b oth n and a (or h )  approach zero , the refore the

ra t ios become ma thema t ically inde terminate.

To increase the precision of the proced ure it is advisable to determ ine

the limit of the above ratios . As one moves along a major diameter , away

• from the origin , values of -i--- , ~~
— . . . . can be computed. A graphical

1 2 it

extrapolation of these ratios to the origin is herein proposed as a means to

• estimate —
~~

-
~~

- as n approaches zero . This procedure was used in the next

sec t ion fo~ the experimen tal verification .

The above analysis is based on a sinusoidal grating. Should a square

wave grating be used , the same result with better fringe visibi lity will he

ob tainecI .~~~
0
~
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Experimental  Ver i f i ca t ion

A thin flat titanium alloy plate clamped along one side was chosen for

demonstration. The p la te measures 12.7 cm x 12.7 cm x 0.394 mm . Two point

loads, ac t ing in parallel bu t opposi te direc t ion , were app lied to the test

pla te at locations (1) and (2) shown in Fig . 2. A grating of 16.5 lines/cm

was projec ted on to the plate with 0 = 45°. Kodak contras t process films

were used for recording and copy ing. Figure 2 shows the test p la te under

loading with the grating projected on it.

In order to compare the results ob tained by the proposed moire method

with the well—establish ed electrical resistance strain gage techniques ,

three rec tangular strain rose tt es were moun ted a t three selec ted poin ts on

the plate. The exact locations of these points are shown on Fig. 2.

The pitch of the grating was first determined from a pho tograph of the

projec ted gra ting on the undeforme d test p la te. The loading was then

app lied , and the grating on the deformed plate was pho tographed. Strain

meas uremen ts were made before and af ter the pho tographic recording .

The experimen tal data obtained by the moir~ me thod were processed in

the manner as described earlier in the text. Equations (15) and (16) were

employed to calculate the maximum princ ipal strains , and h was taken to

be half the thickness of the test plate.

—7—
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Res ults and Discussion

A summary of the experimental results is presen ted in Table 1.

Figure 3(a) shows the elliptical moir~ fringe pa ttern at point A on the

test plate while Fig . 3(b ) reveals the case of hyperbolic bending at poin t

B. As can be observed in Tab le 1, the maximum principal strain and orient-

at ion of the principal direc t ion ob tained by the moire method check well

wi th those ob tained by strain gage measurements , but the discrepancy in the

case of the minimum principal strain measurements is larger. The value of

the minimum strain is small and larger difference with strain gage results

could be expected . The sources of error will be discussed below .

One of the major sources of error comes from the fact that the governing

H 
Eqs. (13) and (14) are based on a four term Tay lor expansion of the de f orm —

ation func t ion w(x ,y) and w(—x,—y) in Eqs. (9) and (10). The curvature at

the center of the ellipse (or hyperbola ) is de termined from measurements

a t the ex tremities of the ellipse (or hyperbola) . Therefore , it can be

expec ted tha t the errors will grow w it h increase in the principal diameters.

This kind of error can be reduced by increasing the density of the projected

gra t ing . Another way to improve the accuracy of the measurement is to

es timate the principal strains at the center of rotation by means of the

ex trapola t ion exp lained earlier. Fig ure 4 presents a grap h of p r in c ipal

strains for point B determined from fringe orders taken at different diameters.

By means of ex trapo la t ion it is es t ima t ed tha t 6 17 x 10 6 
and

I £2 1 230 x l0
_ 6
. These resul ts check quite well with those obtained from

strain gages (see table 1).

It is assumed in the analysis of the proposed moirc~ method th a t the

pla te is ini t ially flat. In fac t , Eqs. (1 3) and (14) predict the princi pal

—8—
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curvatures of the plate at the point of interest due to bending only. Any

initial curvatures in the test plate would cause errors in the final

determination.

When this proposed moire method is used, care should be exercised in

the initial alignment and subsequent rotation of the photographs. In the

present experiment, this important step of data reduction was carried out

on a piece of ground glass sitting on a uniform light source. The two

photographic plates were aligned such that the recorded grating patterns

coincided with each other. This condition was ensured by the absence of

moire fringes. When one of the photographic plates was rotated , the angle

of rotation would be 180° when the light intensity at and near the point of

rotation reached a maximum value. This condition can be ensured, for

example, by employing a light meter to continuously monitor the light

intensity at the point of rotation.

One major advantage of this method over the conventional strain gage

technique is that the strain at any point of the plate can be determined from

a single photographic record. The experimental technique is easy to apply ,

and unlike some other optical methods which require expensive optical equip—

ment, this experiment can be performed with just a projector, a master

grating and a camera. Although only the absolute values and the relative

signs of the principal strains can be determined using this method , the

actual signs of the strains at any point of the plate can be determined if

the data reduction is started at a point at which the strain sign is inde-

pendently known.

While holographic interferomety~~
0
~ can be used to study bending strains

due to very small deformation , the proposed moire method using a projected

grating is suitable for the determination of bending strains of relatively

—9—
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large magnitude. Since the quality of the photographic recording of the

projected grating is inherently superior to that of the holographic fringes,

the moire pattern obtained by the projected grating method is of much

better visibility , as evidenced by the results presented in Fig. 3.

Conclusion

A technique has been developed to determine bending strains directly

using projected gratings. The method is particularly useful to study strains

associated with relatively large deflections. The sensitivity of the method

is proportional to the density of the projected grating and depends on the

resolving capability of the imaging system.
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Table 1 Summary of Experimental Results

t 0.394 mm tanO = 1.02

h 0.197 nun E = 1.01 x 1011N/ m 2

p = 0.605 nun = 0.3

*
LOCATION MEASUREMEN T OPTICAL STRAIN

** GAGE
N = O  N = l  N = 2  N = 3

***A a , cm — 0.737 1.25 1.66 —n

b , cm — 2.03 3.58 4.70 —

r 1xlO6 1,090 1,100 1,120 1,080 1,020

c 2x106 
150 144 139 135 100

•, deg 25.3 25.3 25.3 25.3 23 .6

o1xlO 6,N/ ni2 126 127 131 124 117

a2x10 ,N/m 52.9 52.6 53.4 50.9 45.1

** *B ~~~ cm — 0.996 1.75 2.39 —

~~~ cm — 1.53 2.50 3.18 —

c1xlO 6 617 600 582 529 636

c 2x106 230 255 286 295 —216

4 ,  deg. 45 45 45 45 42.6

o 1x l0 6 , N/m 2 60.8 58.1 55.1 48.9 63.4

a2 x l0 ,N/m 5~ 98 8.30 12.4 15.1 —2 .80

* The proposed optical method only determines the absolute values of

** 

principal strain

Va lues of p r in cipal st rains at n = 0 are estimated by ex t rapol at ion

The princi pa l strains and stresses at location A are of the same sign , and
t hose at location B are of the opposite sign .
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