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Abstract

The properties of metal-metal interfaces are of interest in many netallurgical

applications . These include grain boundaries , crack growth, friction and bime-

tallic adhesion. The present work is a study of the electronic properties of

a simple bimetallic junction. The method employed to investigate the inter-

face are the Green ’s function technique and the phase shifts method . We cal-

culate the Green ’s function of a simple junction within the tight-binding

approximation. The conditions for the occurance of bound states is deduced

from the poles of the Green ’s function. It is shown that there are three types

of wave functions associated with the interface. The first extends throughout

the entire crystal , the second extends on one side of the interface only,

whereas the third kind is localized near the interface. Using the phase

shifts method we derive an expression for the change in density of states due

to the creation of the interface. From this expression we derive the correspond-

ing single-particle contribution to the interface energy and the interface specific

heat.

Supported in part by the Office of Naval Research and the Nationa l Science

Foundation .
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I. Introduction

The properties of metal-metal interfaces , are of interest in many metalurgi-

cal applications . These include , for example, grain boundaries , crack growth ,

friction and bimetallic adhesion. The general metal-met al interface is a much

more complicated problem than the correspond ing metal-vacuum interface. Recent ly

there has been , however , some success in applying certain methods developed

for surface phenomena , to the investigation of bimetallic interfaces.

The electronic properties of 1-dimensiona l bimetallic junctions were dis-

cussed by st’veral authors using various types of models . Aerts~~~ s tudied
the electronic structure of a 1-dimensiona l Kronig-Penney model , in the limit

of a 5-like potential. In this work he established the possibility of the

existence of bound interface states . Very recently , a relativistic treatment

of a similar model was given by Kand ilarov and Detcheva~
2
~~. A t ight-binding

approach , which was used successfully to severa l surf ace p roble ms , was also

applied to the 1-d imensional interface. Davison and Cheng
l’3) 

investigated the

electronic properties of such a system using the molecular-orbita ’ i~~thod .

The model they use associates a single s-type orbital with each atom . A

similar model was studied by Allan and Lannoo~
4
~ , using an approximate Gaussian ,

densi ty of sta tes , having the correct second moment . Green ’s function formalism

was used by Foo and Wong~
5
~ to study the interface states of a I-d imensional

sp-hybr id junction .

As far as we know, the study of three-dimensional bimetallic interfaces

was carried ou t by the density-functional formalism only . This formalism ,
(6) ,  (7)developed by Hobenbery, Kohn , and Sham , was applied recently to the

bimetallic interfaces by Benne tt and Duke~
8
~ ’~~

9
~ , Ferrante and Smith 

0’),(1U
,

Rouhani and Schuttler~
12
~~, and by Mehro tra , Pant and Das U3).

Whereas the density—functional formalism is app licable mainly to s imp le

metals , the tight-bind ing approximation is more suitable for the description

of transition metals. Since the purpose of the present work is to investiga te

—l — 
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the electronic structure of a bimetallic junction , formed from two transition

metals , we shall use the tight—bind ing approach. The model we consider is a

highl y simplified one. The two me tals , on each side of the junction , are

described by an s- type tight-bind ing Hamiltonians . The interface we consider

is forme d by bringing together two semi-infinite crystals , and crea ting bonds

between the atoms on the two surfaces . We assume that the two semi-infinite

cyrs tals have the same , two-dim ensiona l , translation symmet ry parallel to the

interface. The electronic properties of this model are investigated by using

the Green ’s function method , described in detail by Kalkstein and Soven~~
4
~~.

The details of the tight-binding model are outlined in Section (2).

Within this model we allow for a change in the self-consistent potential of

the electrons near the interface. The diagonal matrix elements of the Green ’s

func tion are calculated in Section (3) by considering the formation of the
interface as a perturbation on the two semi-infinite crystals . This is accom -

p lished by the use of Dyson ’s equation . Using the expression for the Green ’s

function we discuss the electronic structure of the interface in Section (4).

We show that tLere are three types of wave functions associated with the

interface. The first one extends throughout the entire system , the second

type extends on one side of the junction only, and the third , associa ted wi th
bound states , is localized near the interface. The behavior of the bound

states as a function of the coup ling constant between the two meta ls is also

discussed . The “phase shif ts” method is app lied in Section (5) to determine
the change in the total density of states due to the creation of the inter-

face. Applying this result we obtain an expression for the single-par ticle

energy contribution to the interface energy and the corresponding contribution

to the electronic specific heat.

—2—  

~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ -



II The Model

Consider the formation of a metal-metal interface by bringing together

two , semi-infinite , metallic crystals. As soon as a contact is formed , elec-

trons will flow from the metal having the higher Fermi energy to the one having

the lower energy . This flow of electrons stops when the potential energy

difference between the two sides of the junction , which is created by the dipole

layer produced at the interface , is equal in magnitude and opposite in sign

to the difference between the two Fermi levels . Thus, the Fermi levels of the

two metals are aligned , due to the interface dipole—layer , when the bimetallic

junction is formed . If —Av and +t~v are the electrostatic potential created

by the dipole layer on the right and the left hand sides far away from the

interface , then we have :

— a b
-eAv — 

~~ (E~ - E
f ) (2 .1)

where -e is the charge of the electron and Ef
a 

and Ef~
’ are the original

Fermi levels of metals a and b , located to the right and to the left of

the junction , respectively . The common Fermi level, after the junction is

formed , is given by:

Sf 
= E

f
a + eAv

Ef~
’ _ eAv

= ½ (E
f
a + E

f~
’) (2.2)

In order to describe the electronic properties of the two bulk metals ,

the two metal-vacuum interfaces , and the metal-metal interface , we apply the

tight-binding approximation for the various Hamiltonians . For simplicity we

associate one s—type orbital with each lattice site. It is also assumed that

each orbita l has a g-fold degeneracy in order to partially account for the 10-

fold degeneracy of the d orbitals in transition meta ls. Therefore, the Hamiltonians

— 3—



of the two bulk metals , Ha and Hh, are given respectivel y by

a ‘t . b t
H = 

~ t .  a a . H. = t . . h .h . (2.3)a .. ij i j  D . . ij i j
ii i ,J

where a~ ,a . and b~ , b~ are the creation and destruction operators of the

orbitals , associated with metals a and b localized near sites i and j.

The prime on the summation sign denotes a summation over nearest neighbors

only. The matrix elements t~~. and t~~~ are given by —

E i f i j

t~~. 
= :iIH 

~
j > = E or E* if i and j are nearest neighbors (2.4a)a la Ia

0 otherwise

E i fi j
b . 

ob 
*

t . .  < 1 1 H~ ’J> = E
lb or Elb if i and j  are nearest neighbors (2.4b)

0 otherwise

To cleave the crystal along a given low-order crystalographic plane , we have

to break the bonds between two adjacent planes , parallel to the corresponding

direction. We neglect any geometrical reconstruction of the crystal due to the

formation of the surface and assume that the transfer integrals t~~. and t~~.ii ii
with i 

~ 
j, have the same value as in the bulk systems , provided that both

sites i and j are occupied . In addition , we assume tha t the effect of the

surface on the redistribution of the electronic charge near the surface can be

described as a change in the self-consistent potential of the electrons near

the first surface layer only . Therefore , the diagonal matrix elements of sites

located on the surface plane will be different from the corresponding bulk value .

Thus , for the metal-vacuum systems we have

= S +Ü ô~ (2.5a)a oa a i,O

<iIH~ Ii> = Eob +lJb ~i,-i 
(2.5b)

where U and Ub denote the change in the self-consistent potentia l of the

electrons near the surface. In the above expressions we assumed that i = 0 and

i = — l denote surface sites of metal a and b , respective ly.

-4-
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In order to form the metal-metal interface we start from two semi-infinite metal
vacuum interfaces , having the same translationa l symmetry para llel to the sur-
face, and introduce a coupling between the two surface layers

= . R I V t R
l

~~
* 

(2. 6)

where R and R denote two nearest—neighbors sites located on the two sides—l -o
of the interface . We also note that the dipole layer created at the interf ace
will change the self-consistent potentials on the two sides of the junction.
If we assume that charge redistribut ion is confined to the near vicinity of the
interface we can write

~R .IH IR .-~ = E — eiW + U 
~~

. (2 7a)~~i. a—i oa a i,o

Eob + e~ V + U
b 

5
j,-l (2.7b)

where i = 0 and j = —l denote interface sites of metals a and b , respec-
tively. In the above expressions U and denote the change in the self-con-
sistent potentia l of electrons near the interface relative to the bulk.

L ~~~~~~~~~~~ ~~
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III. The Bimetallic Interface Green ’s Function

As we already noted before , we assume that the two crystals forming the inter-

face have the same translationa l symmetry parallel to the interface. As a

result the wave vector parallel to the interface is a good quantum number

in such a system. In the following we assume that the interface is in the

zy plane , and tha t metals a and b are to right and to the left respectively.

The integers m , n, ... will be used to denote the various planes parallel to
the interface. Metal a is assumed to occupy the planes m 0 whereas in ~ -l

planes are occupied by b atoms . Following Kalkstein and Soven~
14
~ , we denote

by ~ the translation vector parallel to the interface which brings the atoms

in the n-th plane to coincide with those on the plane n = 0. The general

coordinate of an atom on the n-th plane is given by:

R R £ +R + T  (3.1)
n n “ n

where R ~. is the distance between the planes o and n , and R is a general
n

translation vector parallel to the interface. Using the localized orbitals

R ~~ 
-fR + T > we define the mixed Bloch-Wanrtier representation by the follow-

U (15)ing two-dimensional Bloch sum

= (N,,)~~ ~ k~~i- + R ,, + T >  eq” ~~~~ (3 . 2)
R ,,

where N,, is the number of atoms in the planes parallel to the interface. ‘ihese

fun ctions ~re localized near the n-th plane . Since the translational symmetry

parallel to the interface is preserved, the eigenfunctions of the interface

Hamiltonian can be expanded in terms of the Bloch-Wannier functions (3.2) as

follows

F E .. k,,> E C
~k ~~~~~~~~ n> (3.3)

3 n

where j stands for any quantum number needed to specify the eigenstates

in addit ion to k ,,.

.1

—6—
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Using the express i . r l  (3.3) we can define various densities of states for the

system with the interface. The local density of states , near the n-tb plane ,

with a definite value of k,, is given in terms of the coefficients C
~k 

by

C n 
(E ,k,,) = 

~ ~~~~ S ( E _ E
jk ) (3.4)

The local density of states (per atom) near the n-th plane is

~~ (E) = 
~ 

p (E,k,,) = ~~~ ~~~~~~~ (3.5)
3 ,_ I,

The sum over k,, in this expression goes over all values of k,, in the two-

dimensiona l Brillouin zone defined by the crystal geometry parallel to the

interface. Summing the expression (3.5) over the various crystal planes we

obtain the total density of states . The density of states per atom is thus

given by

i 2
o(E) = — E p (E) — 

~~ I I 5(5 — E . ) (3.6)Ni n N . nk ,,
ii j,k,, — —

n

where N is the number of planes parallel to the interface and N is the total
4 

1
number of atoms given by N = N,, N

I

In order to derive the various densities of states of the bimetallic interface we

shall use the Green ’s function technique . Let H and H be the Hamiltonians
0

of the interfaced crystal and of the free metal-vacuum interfaces respective ly.

The meta l -meta l  in te r face  Green ’ s operator is defined by

(E — iS — H) C = 1 (3.7)

where E is the energy and 5 is a positive inf ini tesimal. The surface  Green ’ s

operator  C° is related to the Hamiltonian H by a s imilar  equation . The
Green ’s operator of the interface is related to the surface Green ’s operator via

Dyson ’s equation :

—7—



C = C° + G°VG (3.8)

whe re V is the perturbation necessary to create the metal-metal interface

from the f ree  surfaces  of meta l s  a and b , i. e.

V = H - H  (3.9)

We note that because of the translational symmetry parallel to the interface ,

C, C° and V will all be diagona l in the wave vector index k,, , in the Bloch—

Wannier representation (3.2). Omitting the corresponding s-function ,

~(k ,, - k,, ’ ) ,  we use the notations C (m ,n ;  k,,) , C° (m,n; k,,) and V (m,n; k,,)

for the matrix elements of G, G~ and V in the Bloch-Wannier representation.

To further simplify the notation , we shal l  generally omit the exp licit  k ,, depen-
dence in these expressions.

The various dens ities of states defined earlier by Eqs (3.4) - (3.6), are

simply related to the imaginery part of the diagona l matrix elements C (m,m ; k ,)

by

p (E) — ImTr G = -% Im ~ C (m,m; k,,) (3.10)
m , k,,

p (E) ~— Im~~ C(n ,n; s.,,) (3.11),,

p (E, k,,) 1mG (n,n; k,,) (3.12)

We turn now to the evaluation of the interface Green ’s funct ion from Dyson ’s

equation (3 .8 ) .  This operator equation is reduced to the following algebraic

equation in the Bloch-Wannier representation :

C(m,n) = G°(m,n) + ~ C° (m , L) V( L ,r )G( r , n)  (3.13)

From the discussion of the model given in Section (2), it is obv ious that th e

perturbation potential V has off-diagonal matrix elements , which couple the

-8-
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in ter face  planes n = 0 and n -1. In addition , on each side of the inter-

face V has two types of diagona l matrix elements . The firs t one , due to the

interface dipole layer , is given by ~~~~~ This is j u s t  the pe r tu rba t ion

necessary to align the Fermi levels on the two sides of the junction , Eq. (2.1).

The second type of diagonal matrix elements is due to the change in the self-

cons istent potentia l of the electrons near the interface. This is given by

U - U and U - 13 where U , !3 a~ d U , U are the self—consistent potentiala a b b a a b b
relative to the bulk of interface and surface electrons of metals a and b ,

respectively .

As we shall see later on, it is possible to determine the surface Green ’s func —

tions for an arbitrary value of the surface self-consistent potent ials 13
a 

and
It is, therefore , simpler to s tar t from a f ic titious , intermediate surface

problem where the surface self—consistent potentials U and U
b~ 

have already

the correct interface values , Ua and Ub , respec t ively. Using this sytem

as our star ting poin t , the perturbation potentia l necessary to create the metal-

metal interface is simpler than in the original problem . It consists  of diagona l

terms -L-e~ v, which align the Fermi levels of the two metals and of off-diagona l

terms , which coup le the two semi-infinite crystals . Thus , the only non-vanishing
ma trix elements of the perturba t ion are given by

~~-eAv for m 0
V(m ,m ) = (3 .14)

~ ~~~~~ for m � -l

and

V(-l ,O) = V (O ,_1)* = 
~ 

(k ,,) e~~~~ ”~ (3.15)

where and ç are derived from the relation

[k . (R + T )V(— l ,O) = z ’  
~~~~~~~ 

Iv !~~> e —“ —o ” —

R

In this expression , T is a trans lation vector parallel to the interface which

brings the atomic sites of the two interface planes to coincide.

— 9 -  
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We start now from the intermediate surface problem discussed above ,whose Gree n ’s

func t ion we deno te by C°, and app ly the perturbation in two steps . First we

al ign the Fermi levels of the two metals by app ly ing a cons tan t elec tros ta tic

potentials -~v on metal a and +,~V on me tal b . The only effect of applying

these constant potentials on the surface green ’s functions is a shift in the

corresponding energ ies. Explicitly we have

C° (E) = (;° (E+~~v) (3.l7a)

(E)  = G~ (E-e Av) (3.17b)

where G denotes the value of the Green ’s functions in the intermediate problem ,

af ter the application of the potentials ±~v. To simp lif y the notation we drop

the wiggle from these Green ’s functions remembering that the energies have to be

shifted according to (3.17).

At this stage we turn on the second pa r t  of the per turbat ion i.e. the o f f —

diagona l coup ling between the two metals . Due to the localized nature of this

per turbat ion, the Dyson ’ s equation (3.13) is greatly simplified and we obtain

G(m,n) = C°(in ,~) + G°(m ,-l) V(-1,O’~ G(O ,n) + G° (m ,O) V( 0 , - l ) G( - l ,n )  (3.18)

Using the fact that the surface Green ’s function G°(m,n) vanishes if in and

n refer  to planes on opposite sides of the interface, we can easily solve eç~ia-

don (3.18) for the perturbed Green ’s function. In this way we get

G(m,n) = G°(m,n) + G°(m,0) IV(0,_l)G
0(_1 ,n) + IV(0 ,_ l)1 2G0(_l ,_l) x

G
0(O ,n)1 [1 - IV(O ,-1)!

2 
G
0
(o,O)G0(_l ,_l)J 

-l

for m~O 
- (3.l9a)

and

-10-
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C(m,n) = C°(m ,n) + C ° (m, -l) [ V ( _ 1 1o) G° (0 ,n) + V(O,_l )1
2
C
0(0,O) x

C0(_l ,n)J [l_ ¶V( 0,-l)~
2 
G°(0,O) C°(-l,-1) J 

-l

for in ~ —1. (3.1gb )

In particular , the diagonal matrix elements of the interface Green ’s f unc t ion
are given by

G(m ,m) = G°(m,m) + 8
2
C
0(_l ,_l) G°(m,O)G°(0,m) [l_ ~

2
G
0(0 ,O)G O (_l ,_1)J

for in 0 (3.20a)

and

G(m,m) = G°(m,m) + @2 G0 (o, o) G°(m ,-l) C°(-l ,m) i-~~ G°(O ,O) G°(-l,-l) j ~
for in ~ -l (3.20b)

In the above expressions ~ is related to the off-diagonal coupling between

the two metals through Eq. (3.15), i.e.

~2 = IV(0,-l)1 2

The diagonal matrix elements of the surface Green ’s function were calculated

by Kalkstein and Soven 04~ . Using the same method one can also derive the

general mat r ix  elements of this Green ’s function. In Appendix A we show that

these matrix elements are given by
‘rn-n I

G°(m,n) = l4çl e
_
~~

m_
~

1
~~a (w 1’~~~ ~ a~~~ a) 

iS~
f(W a

_ 2 U
a

) 
~(3 . 2la )

\ 2T / 2T i p._ (w~ _2U~)

for m , n 0
tm-n i m !+InI-2

G°(m,n) = i~~~ e
_
~
(in )6b~ ~~~~~~~~ + (wb

:i
~~~ X

\ 2Tb I \2T b /
(3 .21b’

i
~
.&
~

(w
b ~

2T1b)

i
~~

(w
b
_2U

b)

A 
—11—
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for  m ,n � -l

and

G°(m,n) 0 otherwise . (3.21c)

In these expressions ~ and w are def ined by

2 2~~— 2(4T -w )
2 for W1 

~ 4T
= 

isign (W) (w2 _4T 2 ) ½ for W2 
> 4T2

and

w = E - W(k ,,)

where W, T, and E are related to the mat r ix  elements of the bulk Hamiltonians

of the two metals in the Bloch-Wannier representation as follows

W (b) Q,,) = 
~
nk ,,!H (b) (bulk)Ink ,,>

T
(b)

(k t~
) e a(b)~~~”~ 

= <nktIIH (b) (bu lk)

In order to apply the expressions (3.21) to the solution of the interface

problem,we rep lace first U and Ub by the corresponding interface values

13a and Ub, respectively. In addition we have to sh i f t  the energies according

to Eq . (3.17) in order to align the Fermi levels of the two metals . This can

be achieved by redefining the W-~ in the following way

w E — W ( k ,,) + ei~v (3.22a~

= E — W
b

(k ,,) - eAv (3.22b)

Substituting the explicit expression (3.21) for the surface Green ’s function

into Eq. (3.20), we obtain tha t the diagonal matrix elements of the interface
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Green ’s function are given by

1 ~~~~~~~ ~~2m j
~t+ (w ..2U )i 

_ _ _ _ _ _ _ _ _ _  t a a~ .a a aC(m ,m) — + 
I ‘ 1

~ a ~ a~~~~
)
a
_213

a
) \ 2T /

8~
2
i )

— 

2 ~

- — (3.23a)
4~ + L~a

+ j(w -2U )J( ±L(w
b
..U )] ~

for m 0 , and

2 1r n 1- 2
i 1 /W b

+iii.b \ ]4Lb +(W
b~ ZU b )

G(m ,ni) — + 
I — I
\ 2 T  / I

~~
+i (w

b
_2u

b
) b

- 

8~
2
i 

— (3 .23b)
482 + E~a+ i(W _2U )j [~b~ 

i(w
b

_Zu
b)1 ~

for m � -l.

We recall that u and W
b 

in these equations are defined by the energy-shifted
expressions (3.22a) - (3.22b), respectively.

1
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IV . The Electronic Structure of the Interface

In this section we app ly the Green ’s func tion deriv ed in the preceding sec tion
in order to investigate the electronic structure of the interface . From the

exp lic it expression (3.23 ) it follows tha t the diagona l matrix elements of

the in te r face  Green ’ s func t ion  have a non-vanishing , continuous imaginery part

for energies which are eithe r inside the band of metal a or inside the band

of metal b (shifted , of course , according to (3.17)). Therefore , as follows

from Eq. (3.12) the band width of the crystal with the interface is the union

of the shifted bands of the two s epa ra t e  c r y s t a l s .  However , the wave functions

of the combined c rys t a l  can be c l a s s i f i ed  into three d i s t inc t  classes according

to their different localization properties . To facilitate our further discussion

we de f ine the k ,, sub-bands of the two metals as the band structure obtained

the in tersec t ion  of E (k) and E
b
(k) with the plane k,, constan t , where E (k )

and E
b
(k) are the single—particle energy spectra of the two bulk crystals .

The first type of states have wave functions which extend throughout the entire

crystal. As can be seen from Eqs. (3.4) and (3.23), this kind of behavior  is

associated with states whose energy lies in the k ,, sub-band of the two metals ,
- 

:- i.e. their energy and wave vector s a t i s f y the relat ions

E - W 
~~ 

+ e~v <2T ~~~~~~

(4 .1)
IE - W

b
(k ,,) - eiw I <2T

b
(k ,,)

The second type of states have wave funct ions  which extend to on only one

side of the in terface , and which decay exponentially with the distance from

the interface on the other side . Using the expression (3.23) for the Green ’s

function it is not hard to see that this behavior occurs when the energy lies in

the k,, sub-hand of one metal but outside the correspond ing sub-band of the other.

Thus , for energ ies and wave vectors that satisfy

F E  - W ( k ,,) + et~vI 
-

(4.2)
FE - W

b
(k ,,) — cAy ! 21 b

(k ,,)

—1 4—



the corresponding wave functions are Bloch-like inside metal a but decay

exponentially from the interface inside metal b. In a similar way , the wave

functions of states whose energies and wave vectors satisfy

FE - W
a

(k
~
i) + eAvl>2Ta

(k ,,)

(4.3)
— W

b
(k ,,) — eAvI<2T (k ,,)

extend to infinity on the b side of the interface , but decay exponentially

on the a side. The decay coefficient of the wave function is determined by

the energy measured relative to the corresponding k,, sub-band center. If

we express this energy in units of the sub-band half-width , and write

w (k ,,) = ~2T(k ,,) , (4.4)

where w(k,,) and T(k,,) refer to the corresponding values on the side of the

interface where the wave function decays exponentially, we obtain from Eqs.

(3.4) and (3.23) that on the decaying side the wave function on plane m is

proportiona ly to e~~
in 

. The decay coefficient ?~.>O is given by

- zn[~ - sign(~) J~~
2
l] (4.5)

Thus, the further the energy is from the center of the sub-band , the stronger

is the exponential decay of the corresponding wave function.

We note that the behavior of the wave functions extending throughout the entire

system and those extending only on one side of the interface is as expected .

If we try to propagate a wave through the interfaced crystal this wave can

propagate from one side to the other only if its frequency is in the conenon

sub-ba nds . If , however , the frequency is in the sub-band of one of the crystals
but outside the sub-band of the other , this wave cannot penetrate into the
second crystal , and its amp litud e wi ll decay exponentially.
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The third type of wave functions is associated with the existence o bound inter-

face sta tes. For a given k,,, the energy of the possib le bound states are

determined by the poles of the Green ’s function , which lie outside the k,,

sub-band s of the two metals forming the junction . Using the explicit expression

(3.23) for the interface Green ’s function , we see that the bound states ener-

gies are given by the roots of the equation :

482 - [sign (wa)~~a
+ W

a 
- 2tJ

~f
i8n(Wb)~ b

+ W
b 

- 2U
1)] 

= 0 (4.6)

outside the k,, sub-bands . In this equation ~ is de f ined  by

= (w2 - 4T2)~

As can be seen from Eq. (3.23), the wave function of an interface bound state

is localized near the interface and decays exponentially with distance on both

sides of the interface. Thus, the bound electron is free to propagate parallel

to the interface , but is confined to a finite stripe of width a b (where

and are given by Eq. (4.9)) in the direction perpendicular to the inter-

face. The decay coefficients of the bound state wave function will be different ,

in general, on the two sides of the interface. If we express the bound state

energy, relative to the center of the two k,, sub-bands , in terms of the corres-

ponding sub-bands half-widths , we can wri te

= 

~a
2
~ a’ ~~a

j>1 , = 

~b 
2Tb, ~

P
b
I>1 (4.7)

where

= E° - W + e~v ; W~ E
0 

- W
b 

- eAv

and E° is the energy of the bound state . It is easy to see from Eq. 3.23)

that the exponential decay coefficients on side a and side b , 
~ 

and 
b

respective ly, are given by
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X = - Ln [~~ 
- s ign (~~ ) i~a

2
~~ ] (4.9a)

= - £n[~~ 
- sign (a~>J~~

2_l ] (4.9b)

Thus, the greater the distance of the bound state energy from the center of the
k,, sub-bands , the more localized is the corresponding wave function .
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The analytical solution of Eq. (4.6) for the bound states energies is not

possible in general. However, by a suitable graphical analysis , one can deter-

mine the conditions for the occurance of bound states , their number and their

position with respect to the bands as a function of the strength of the coupling

constant. It turns out to be very convenient to analyze the interface bound

states in terms of the properties of the bound surface states of the intermediate

surface problem considered in the preceeding section (i.e. the surface problem

having a surface self-consistent potentia l equa l to the respective value of

the interface problem). It is well known that the bound surface states are

given by the roots of the equation U4):

sign (w)i + w-2U = 0

The corr espond ing surfac e bound sta te energies are g iven by

T 
2 ( k )

= W (!
~
,,) - eAv + u + a (4 .l0a)a a a a

T
b
2 
~~~= W

b
(k ,,) + eL~v + + (4 . lOb)

U
b

provided ltJ a I>Ta and Ub I> Tb. For U T there are no surface states.

In the following analysis we shall use the indices 1 and 2 to denote the metal

having the higher sub-band top edge and the lower sub-band bottom edge , respec.~
.

tively .

The behavior of the interface bound states can be described as follows :

a. In the intermediate surface problem there are no bound states (i.e.

I U I ~—T and lu b l i b) there will be no bound interface states for small
values of the coupling constant ~ . As the coupling constant is increased ,

a bound state will appear as soon as the critica l value ~~is reached , where

mm I_½ (T2+U2) f
1
(E2min), ½ (T

l
_U
l

) f
2

(E’
max)] 

(4.11)
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and

f.(E)-5sign (W .)~~ + ~~~~~ (4.12)

E
1
max and E2min are the top edge and the bottom edge energies of the higher

and the lower of the two k,, sub—bands respectively. If -(T
2
-fU

2
)f
1

(E2min )

(T
1 

— U
1

)f
2

(E 1 
) the bound state will appear below the sub-bands . If, how-

ever , _ (T
2+U2)f 1(E m m )  > (T

1
-U1

)f
2
(E max) the bound state will appear above

the sub-bands . The hound s ta te  described above exists as long as 
~~~~~~~~~~~ 

When

the coup ling cons tan t is fur ther increased and the value 
~2 

is reached , a

second bound sta te appears where

~~~ 
~~x [ 

T2
+U
2

)f
i

(E
in)~ ½ (Tl

_U
l

)f
2

(E l
max)] 

(4.13)

for ~ 
> 

~2 
there are always two bound states , one below and the other ab ove

the sub-bands .

b.  Suppose tha t in the in termed iate surface problem one of the follow ing

four situations holds :

1. There is one bound state above the sub-bands and the two sub-bands

overlap.

2. There is one bound state above the sub-bands , which is associated

with the metal having the higher sub-band and there is a gap between the

two sub-bands .

3. There are two surface states , one above the sub-bands and the other

lies in the sub-band of the second metal and tI~re is an overlap between

the sub-bands.

4. There are two bound states , a gap exists between the sub-band s and the

bound s t a t e  of the lower sub-band lies above the sub-bands, whereas , the one

associated with the upper sub-band falls in the lower sub-band .

Then the behavior of the in te r face  bound s ta tes  is as follows : For smal l  coup-

ling constant there will be one bound state above the sub-bands. This state

-19- 
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develops in a cont inuous way from the corresponding surface state . If

is the energy of the sur face  s t a t e , which lies above the sub -bands , then fo r

small the energy of the corresponding interface state is given approxi-

mately by

~

E -
~- E~ - (1 - ~~~~

- ) (4.14)
—

. 

‘ f .(E~)

where f~ (E) is the function defined by (4.12). As long as 8 is in the

range o~~- 8
3~ 

where ~3
is defined by

= —~~ (T
2

+U
2

)f
1

(E2min) (4.15)

there is one bound s t a t e  above the sub-bands . For there are two bound

in ter face  states , one above and the other below the sub-bands.

c. Suppose that in the intermediate surface problem one of the fol lowing

four situations exists :

1. There is an overlap between the sub-bands , a bound s t a t e  exists  below
the sub-bands .

4 2. There is a gap between the sub-bands, there is one surface state

below the sub-bands which is associated with the lower sub-band .

3. There is an overlap between the sub-bands and there are two surface

states , one below the sub-band s and the second lies inside the sub-band

of the other metal.

4. There is a gap between the sub -bands and there are two surface states ,

the one associated with the higher sub -band lies below the sub-bands , and

the other falls inside the higher sub-band .

Then the behavior of the interface bound states is as follows : For small

~ there wi l l  be one bound s t a t e  below the sub-bands , wi th  an energy given
approximately by (4.14). When the coupling constant is increased , a critical

value 8
4

1 is reached , where a second bound state appears above the sub-bands ,

8 is def ined by
4

-20-
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½ (T
1

—U
1

)f 2 (E 1 ) (4 . 16)

For 3~~4 
there are , thus , two bound states , one below and the other above the

sub -bands.

d. Suppose tha t in the intermediate surface problem one of the following

situations holds:

1. There is a gap between the sub-bands and there exists one surface

state above the sub-bands , which is associated with the lower sub-band .

2. There is a gap between the sub-bands and there exist two surface

states. The one associated with the higher sub-band is located above the

sub-band s and the other lies inside the higher sub-band .

Then the behavior of the in te r face  s t a t e s  is as f ollows : f or a smal l coup ling

constant there is one interface state above the sub-bands . When S reaches

the critical value where

= — ½ (T
1 

+ U
1) f2 (E

1
~~~) (4.17)

• 
(E’ i n being the bottom edge energy of the higher sub-band ) a second bound

state appears inside the gap. This bound state exists as long as the coupling

constant is in the range : 3 � B~ , where 8
6 

is given by

= ½ (T2 — U
2) f

1 (E
2
) (4.18)

is the energy at the top of the lower sub-band . For 3 > ‘~6
the bound

s ta te  disappears  f rom the gap.  When B reaches the value g iven by Eq.
(4.15), a new interface state appears below the sub—bands. For ~ > there
are two interface states , one below and the other above the sub-bands.

a. Suppose that in the intermediate surface problem one of the following

situations holds :
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I. There is a gap between the sub-band s , and the re exists one surface

state associated with the hi gher sub-band which lies below the sub-bands.

2. There is a gap between the sub-bands and there are two surface states .

The one associated with the lower sub—band lies below the sub-bands and

the other one lies in the lower sub-hand .

Then the behavior of the interface States iS as follows : For small, values of

the coupling constant there is one interface state below the sub—band s whose

energy is given approximatel y by (!+ .14). When B is increased , and reaches

the value ~6
given by (4.18), a new interface stare appears in the gap. This

bound state exists in the gap for 56
s c where  is g iven by (4.17).

For ~ the bound state disappears from the gap and a new bound interface

state appears above the sub-bands for - 
3~~~, where 84 is given by (4.16).

For - . there are two bound states , one below and the other above the sub-

-~~ bands .

f. Suppose that one of the following situations holds in the intermediate

surface problem :

I. There is a gap between the sub-bands and there is a single surface

state which lies in the gap.

2. There is a gap between the sub-bands and there are two surface states ,

one in the gap and the other lies ins ide the sub-band of the other metal.

Then the behavior of the interface bound state is as follows : For small values

of the coupling constant there is a single interface s t a t e  which lies in the

gap. When 3 is increased and reaches t~~~~~Iue ~ 
where

= nax [_
~ (T1~u1) ~2 

1
min~ ’ 

½ (T2 -u2 ) f 1 (E 2
)] 

(4 . 19)

this bound state disappears . For ~ 3
3 
there appears a new interface state

below the sub-bands where B
3 

is given by (4.15). If 3 - the r e is also a

bound state above the sub-bands , where $4 is determined by (4.16).
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g. If in the intermediate surface problem there are two surface states below

the sub-bands , and a gap exists between those sub-bands , then for small values

of ~ there will he two i n t e r f a c e  states below the sub-bands (with energ ies

given approximatel y by (4.14)). When ~ reaches the value 
~ 

given by

(4.15), the interface state having the higher energy disappears . A new

bound interface state appears in the gap when 3 reaches the value where

6 
is given by (4.18). This bound state exists as long as 

~~~~~~ 
where

is determined by (4.17). For B 
~

- the interface s tate disappear s f rom

the gap and a new bound state appears above the sub-bands when B 3~ , where
is given by (4 .16) .

h . If the situation in the intermediate surface problem is the same as des-

cribed in (g.) except that there is an overlap between the sub-bands , there

will be two interface states below the sub-bands for 0 8 ~
- where

is given by (4.15). A new interface state appears above the sub-bands for

where 8
4 

is given by (4.16).

i. If in the intermediate surface problem there are two surface states

above the sub-bands , and a gap exis ts , then for  small  val ues of h t he re

are two interface states above the sub-bands . When S reaches the value

given by (4.16), the interface  sta te hav ing the lowe r energy dis appears .
A new bound state appears inside the gap when S reaches the value 

~~ 
g iven

- , by (4.17). This bound interface state exists as long as 
~6 

wher e

6 
is g iven by (4.18). If 8 is further increased , the bound sta te dis-

appears from the gap and a new interface state appears below the sub-bands

when 3 8~ where B3 is given by (4.15).

j .  If the s i t u a t i o n  in the i n t e r m e d i a t e  su r face  problem is the same as

described in (i) except that there is no gap be~ween the sub-b and s, there

will be two interface states above the sub-bands for 0 S. c 
~ 

where 8
4

is given by (4.16). For 8 > the interface state having the lower energy

di sappears and a new one appears below the sub-bands when ° - where

33 
is given by (4 .15).
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k. If in the intermediate surface problem there are two surface states

ins ide the gap , then for small values of the coup ling constant there

will be two interface states inside the gap . Their energies are given

approximately by (4.14). When 3 reaches the value 
~8 

whe re

= mm [½ (T2-U2) ~1~~

2
max)’ 

-~~ (T
1 

+ U1) f2 
(E 1

i)] (4.20)

one of these bound states disappears . When ~ is fur ther increased and
reaches the value 39 

given by

= max
[ 
½(T

2-u2
) f

1 
(E 2

) ,  ~~ (T~ + U
1

) E
2 

(E l
~~~)] (4.21)

The other bound states also disappears from the gap. For 3 - 83~ 
where

8
3 

is given by (4.15), an inr erface state appears below the sub-bands ,

whereas for B , where 84 
is given by (4.16), there is a bound state

above the sub -bands.

1. If in the intermediate surface problem there are two surface states ,

one below and the other above the sub-bands , then for any value of the

coupling constant 3 there wil l  be two interface states , one be low and
the ot her above the sub -bands.

m. If in the intermediate surface problem there are two surface states ,

one in the gap and the other below (above) the sub-bands , then for sma ll
values of B there will also be two interface states , one in the gap

and the othe r below (above ) the sub-bands , The bound s ta te  in the gap
disappears for B > B~~ , where 8

7 is given by (4.10). For S -

(8 S~~ ) a new bound s ta te  appears above (below ) the sub-bands , where
3
4 

(3
3

) is g iven by (4.16) ((4.15)).
This ana lysis covers the various possible bound interface states .

We note t hat  a gene ra l  prope r ty of the boun d inte rf ace s ta tes , de rived f rom Eq.
(4.6), is tha t whenever two interface states exist simultaneously , an increase
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in the coupling constant wi l l  increase the energy of the interface s ta te  having
the higher energy and will  decrease the energy of the lower energy bound s t a t e .

Another rema rk tha t should be added here is tha t for very s trong coupl ing  between
the two meta ls there are always two interface states , one below and the other
above the sub-bands . The asymptotic energies of these bound s tates  are g iven

by

E U +~ .J - e A v + B1 a a

E
2 

= Ub 
+ W

b 
+ ei~v - B

if 
~

U a + W - ei~vj  > 
~

Ub + Wb + e~v I and by

E
1 

tJ
b

+ W
b
+ e A v + 3

E
2 U5 + W a -eE~v - 3

if 
~
Ub

+W
b + eAv l~~~~~

Ua
+ W _ e A v

~~

— 2 5 —
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V. The Interface Energy

If many-bod y e f f ec ts are neg lec ted the total energy of the crystal with the

i n t e r f a c e  is jus t  t he sum of the occupied single—particle energy levels . This,

in turn , can be expressed as a correspond ing in tegral  over the system ’ s dens i ty

of states . The total density of states of the interfaced crystal can be obtained

from the Green ’s function derived in Section (3), by summ ing the ima g inery pa r t

over the various planes parallel to the interface. However , in order to deter-

mine the energy needed to break the metal—metal interface into two metal-vacuum

interfaces we need to know the change in the total density of states dae to

this cleavage process. This can be done directly, without calculating the

density of s tates of the two systems . by using the phase shi f ts  method described
( 16) (17) (18)by De Witt , Callaway , and Toulouse . This method can be summarized

as follows : Let H H 0 + V  be the perturbed Hamiltonian , and let E . and € . be

the eigenvalues of H and H respectively. The change in density of states

due to the perturbation V can be written as

= p (E) - p (E) = E 
[~~

(E~ E.) -

where and p are the unperturbed and the perturbed densities of states .

This can be also be expressed in the following way :

- IE-jô-EIm d I _ _ _ _L~p(E) — E Lni
~ ~iE 

~ LE-i6—e .
-J

= 
~
- im _2~ Tr I2n G~

1C~lr L J

where C and G° are the Green ’s operators of the perturbed and the unperturbed

Hamiltonians , respectively . Using Dyson ’s equation we can express C-~~ in terms

of Cf. In this way we get

t~o (E)  = Im Tr [in (1_C Oy)]

= ~_ im~ -j
. tn [det (I_C oy)] (5.1)
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In the last step we used the identity Tr (inA l in [det A]. whe re A is a
general  opera tor . The app l i ca t ion  of i~q .  (5 .1)  is especiaLl y useful for a

localized per turba t ion , when det ( l—C °V) can be expressed as a f i n i t e - o r d e r

determinant .

Let us turn now to the specific problem of the in te r face .  In this case we

start from the two semi—infinite surface systems (the a and the b surfaces),

and apply the perturbation necessary to create the interface. This perturbation

was described in detail in Section (2). We introduce the perturbation in two

steps . In the first one we apply a constant electrostatic potentia l -~v on

metal a and +Av on metal b . As we have seen before the application of

these potent ia ls  causes a sh i f t  in the densities of s t a t e s  of the two sur face

systems , which aligns the Fermi levels of the two metals . Since each meta l is

elec trically neutral, there will be no net change in their energies due to the

application of this perturbation . Our second and final step is to apply the

rema ining perturbation V needed to form the interface.  As we have seen in

Sections (2) and (3), the only non—vanishing matrix elements of this perturba-

t ion ar e given by

V (0 ,0) = U
a 

- (5.2a)

V (-l,-l) U
b 

- 1jb (5 .2b)

and

V (-1,0) = V(0,_l)* = $e~~ ( 5 .2c)

where , as before , U , Ub, and 
~a’ 

Ub are the self-consistent potentials near

the interface and near the surface , respectively.  Thus , in the present case
we have

1 — G° (— l , — 1) ‘I (—l , — l)  —C ° ( —l , — l)  V (— 1 ,0)

d et (l-G °V) = (5.3)

-G° (0 ,0) V (0-1) 1 - (‘.° (O ,O) V (0 ,0)
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where C° (0 ,O) and G° (-l , —1) are the cor responding  s u r f ac e  ( reen ’ s f u n c t i o n s

of meta l s a and b respectively wi th  the energies shif ted accord ing to

(3 .17) .  We note  tha t the sur face  self-consistent  p o t e n t i a l s  in C° (0 ,0) and C° (-1 , -I)

are U and Ub respectively and not Ua 
and Ub, as was the case in the preceding

section . Since and V are diagonal in the wave vec to r  k ,, , the deter-

minant (5.3) factorizes into similar terms with different k ,1 values. Expand ing

(5.3) in terms of the ind ices m and n shows tha t each such factor is given

by

det
k 

(l-G°V) = [l_v (_1 ,_1) G
0(_l ,_1)][l_V (0,0) C

0(0 ,0)] 
_~2c0 (o ,o)c 0 (_ 1 , _ l)

(5.4)

In this expression we used the notation det
k 

for the partia l determinant ,

wi th  a spec i f ic  k , .

S u b s t i t u t i n g  the expl ic i t  expressions for the surface  Green ’ s func t ions (~.
0 (0 ,O)

and G°(-l ,-l), from the general expression (3.21),  into Eq. (5.4) g ives

432+[~J._±i(w -2U )]j~i. ~+~i (w
b
_2U

b~det (1—C V) = a a a 0 
(5.5)

~~
“ 

~~~~~~~~~~~~~~~~~~~~~~~~~~~~~

The bound state energies of the crystal with the interface are given by the
(16—18)

roots of the equation

det(1-G°V) = 0 (5.6)

outside the shifted bands of the two metals . Using the exp licit exp ression
(5 .5 )  we see tha t this is exact ly  the same condit ion derived ea r l i e r  f rom the

poles of the in terface  Green ’ s funct ion , Eq.  (4 .6 ) .

In analogy with ord inary scattering theory , one defines the partial phase

shifts by~~
7
~~
8
~ :
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f~ (E,k,,) = Im Ln [detk ,, (l_G
0
V)j

~ 432•~ 
( 

+ ~ (W -2U 
~J [~~b + i(w

b
_2U

b )1 ~Arg~~ 
a 

- ( 5 . 7 )
~ [~~a 

+ i (w — 2 U)J 
1~~h 

~ i (wh
_2U

b)I ~

In the second s t e p,  we appl ied  the exp l i c i t  express ion (5 .5 )  and used the  iden-

tity Im,tnf = Argf , wher e Arg denotes the argument of the comp lex function .

If we take the de te rminant  of (5 .5)  w i t h  respect to K ,,, and use the r e l a t i o n  (5 .1)

we see that the change in the density of states , due to the forma t ion of the
interface , is g iven by :

A ,,
Aç (E) = ~ (~~ ) 2 ~f dk ,, 1-1 (E ,k ,,

= 
~ ~~~52 ~E f ’~~

,’ Arg~ 
482+ 

[~a 
+ j W

8 - 
2U a)ll~b+i(wb _2Ub )1}(5.8)

- 

~ [~ a + i(Wa
_2U )1 1~ b 

+ i (wb
_ 2U

b )J

In this expression we introduced explicitly the g-fold degeneracy of the bands

under consideration. We also note that  A ,, is the area of the uni t  c e l l  p a r a l l e l

to the interface and tha t the integration of k,, goes over the two-d imensiona l

Brillouin zone defined by the crystals structure parallel to the interface .

Equation (5.8) can be used to derive a relatively simple expression for the

change in the integrated density of states . This is given by:

E
E~N ( E )  = f ~p ( E )  dE

2 Jdk~ 
Ar~
f
~ 

1~~a~ 
~ (Wa

_2Ua)]L~b 
+ i(w

b
_2U

b )1} (5.9)
(2rr) [~ a + i (w _2U a)I 1~~b 

‘ i(wb_2Ub )I

Using Eq. (5.8), and integrating by parts , it is not hard to show tha t  the  sin-

gte—particle contribution to the interface energy , °ab (i.e. the change in

the tota l s ingle-par t ic le  energy due to creat ion of the in te r face  at T0), is
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given by the expression

ab 
= J E~ p (E)  dE

A ,, 
1 dE 1dk A 

~4B2+ [
~~

+ i(W - 2U~~J Ihi b~~~ h
_2u

b )I~ (5.10)

( 2 ) 2 J rg~~ 
+ i(W a _2Ua ) 1t I~Lb+i(Wb2

~b)I

where E
f 

is the common Fermi energy of the two metals , i.e. Ef 
= ½ (E~ ~~b 

~ 
and

W
a 

and U.)
b 

include the corresponding shifts in the energies , according t~~ Eq.

(3.22).

In a s i m i l a r  way , one can determine the single-particle contribution to the change

in the e lec t ronic  spec i f ic  h e a t .  This change is given by :

= J E~p(E) dE

where f ( E )  is the Fermi-Dirac  d i s t r i b u t i o n  f u n c t i o n . For t empera tu res  much lower

than the Fermi temperature the change in the electronic specific heat is iinear

in the temperature and proportiona l to the change in the density of states at

the Fermi level (assuming no Van Hove singularity occuring at the Ferrr i energy).

Explicitly we have

2
= ~~ ~~2 \P(E

f
) T

where K B 
is the Boltzmann constant . For the i n t e r f a c e  sys tem the c o n s t a n t  is

given by

= 
~K~

2 ~4$2
__~j  + i (Uia

_2U
a )I IL~h 

+ i (
~

u
b

_ 2 U
h

)
~~~~

( S . l t)

~ l2rr A ,, I 
~~

“ 
~E 

Arg 
-- 

~[~ a + i ( W — 2 U ) + j (wb_2Ub )I

where the integrand has to be eva luated at the common Ferm i level .
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I
APPENDIX A

In this append ix we derive the expressions for the general matrix elements

of the surface Green ’s function . The technique we apply is the same as tha t

used by Ka lkstein and ~oven U4) to derive the cor responding diagona l m a t r i x

elements.

To form to metal-vacuum interface we start from the bu lk metal and break the

bonds between the two adjacent planes n = 0 and n = -l . In addition , we

change the self-cons istent potential of the electrons near the surface . The

perturbation described above , which is necessary to create the surface , has

the following non-vanishing matrix elements in the Bloch-Wannier representa-

tion :

V(0,0) = V (-1 ,-I) = U (A.l) 
—

V(-l,0) = V(O,_l)* = _Te~
8 (A . 2 )

Wi th  this per turbat ion potential , the Dyson ’ s equation for  the surface  Green ’s

funct ion takes the fo llowing fo rm :

C(m ,n)  = G° (m-n) + G° (m+l) V(- 1 ,0)C(0 ,n)4G° (m+l )V(-1 , - l )G( -1 ,n)

4C° (m)V(O , -l)G( - l ,n) -4 G° (m)V(0 ,0)C(0 ,n) ( A . 3 )

In wri t ing down the above equation we used the property that due to transla-
tional invariance , the bulk Green ’s function C° depends on the indices m and

n onl y through the d i f f e rent rn-n . Taking into account the fac t  that the
surface Green ’s function C(m,n) vanishes if m and n refer to planes on

opposite sides of the interface , we can solve Eq. (A.3) for the general matrix

elements of the surface Green ’s function . This is given by:

A-I



--~~~~~~~ --~~~~~~~~~~~ -----~~ - -  ~~~~~~~~
--

G(m ,n)  = C°(m-n) + [c
0 (m+i )v(_ 1 ,o) + G0(m)V(O ,O)I C°(-n ) (l_c

0(1) x

V(_l,0)_G
0(O)V(O ,O)J 

-l (A . 4a)

for m ,n -O

G(m,n)~’C°(m-n)+ fG
0(m)V(0 ,_I) + G 0

(m+I ) V (_ l , _ l) 1 G
0

(_l  -n) k_ G 0 (_ l) x

V(0 , -l) _ d
~
_ 1)V(_l ,_ I)I 

—l (A4 .b)

fo r m ,n < -l

G(m,n) = 0 otherwise. (A.4c )

The bulk Green ’ s funct ion , G° (n) ,  was derived by Kalkstein and Soven U4) and

is given by:

÷
~2T I

Using this expression and the expressions (A.l) - (A .2) for the perturbation ,
we obtain from Eqs. (A.4) that the matrix elements of the surface Green ’s

funct ion are given by:

C(m ,n) = L. e 
(m_ e~( &~~

)
~

t U_ n
~ ~(5)4i) 

min i~ +(w-2U) 
(A .Sa)

i~ -(w-2U)

for mn ,.O

G(m ,n) = ~ e
_1(m_ ~~~~~~ 

)

.m~+ n 1 2  

~:z:~ 
} A

.5b

fo r m ,n~.-l , and

C(m ,n) = 0 (A.5c )

otherwise .

A-2

-- ~
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