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ABST RACT

The Bayesian decision method has several features which

are desireable in the sampling inspection process for quality

control. These features include: (1) comparison of the value

of sample information in the decision process with the cost

of obtaining the information; (2) basing decisions on their

consequences to the decision maker; and (3) allowing the use

of sub jective information in the decision process. In this

paper the Bayesian decision procedure as it applies to

variables sampling for quality control is examined. The

basic method is developed for both simultaneous and sequential

sampling and the modeling of decision consequences is dis-

cussed. Various models for the production process are

provided and solutions for the generalized linear model

obtained. Finally the incorporation of subjective information

is discussed.

4

— 7_ 
~
__

~ •~~
4_ .— ~~~~~ ;~~~~~~~~~ • . . n ~~~~r— ~~~~~ 

—
~•—- •_~~

••.-
~
_ . _••• -~

_
~
_ -_



TABLE OF CO N TENTS

I. INTRODUCTIO N  6

II. THE BA Y ESIAN METHOD 9

A. T H E GENERALIZED B A Y E S I A N DECIS IO N PROCEDURE  9

1 . Simultaneous Sampling 14

2. Sequential Sampling 15

3. Compariso n of Sequential Versus
Simultaneous Sampling 19

B. A PPLICATIO N TO T H E GENERALIZED PROD U CTION
PROCESS 20

III . LOSS FUN CTION S 24

A. SY MM ETRIC LINEAR LOS S FUN C TIO N 25

B. QUADRATIC LOSS FUNCTION 27

C. CO N STANT LOSS FU N CTION 30

IV . THE PROD UCTION MODEL 32

A. LINEA R TREND MODEL 33

B. A UTOREGRESSIVE MODEL 34

C. PERIODIC MODEL 35

0. GENERALIZED LINEAR MODEL 35

V. I NCORPORATING SUBJECTIVE INFORMATION 40

APPE N DI X A : A BA Y ESIAN DECI S ION EXA M PL E 43

LIST OF REFERENCES 50

INI T IAL DISTRIB UTION LIST 51

5

&
_ -~~? 

~~~~~~~~~ 
- - - - .—

~~~~~
• . ... - . 

-
.
- ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ 

. --— ______



I. INTROD UCTION

One of the primary concerns in the quality control of

items produced by or received from a production line are the

procedures by which decisions are made concerning the quality

of the material produced. In order to develop a decision

procedure the abstract term “quality ” must be operationally

defined. This definition usually takes the form of an equip-

ment specification which lists the characteristics re quired

of the unit to perform its intended function . In the case of

100% inspection every unit produced or received is subjected

to a test in which these characteristics are measured. Based

on the test results the decision procedure is to accept those

units which satisfy the specification and reject those which

do not. When sampling inspection is used , a sample of the

production output is tested. The test results of the sample

are then used to make and accept or reject decisions con-

ce rning the po pulation or lot from which the sample was drawn .

The decision procedure in this case requires that a

decision function be specifi ed which indicates , for the test

results observed , the decision to be made (accept or reject).

Unlike 100% inspection , in sample testing there always exists

the possibility that the decision funct ion may indicate an

erroneous dec i s i on.
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Pie consequences of erroneous decisions represent a

loss to the decision maker and can range from mild to severe.

As an example suppose a machi ne is judged to be out of

calibration when in fact it is not. Then the loss to the

decision maker would be the cost of a needless reca l ibration

which may be small. On the other hand if production quality

were judged to be acceptable when in fact it was not ,

consumers might seek alternate sources of supply. This could

result in the loss of entire production contracts and reputa-

tion. Although the above examples are oversimplified th~

main idea is that erroneous decisions always represent a loss

to the decision maker. Thus in the desi gn of a decision

procedure  the loss  due to er roneous  d e c i s i o n s  must be

considered.

Another consideration in the design of a decision

procedure is the cost of testing the sample units. This

cost includes the labor and test facilities required and may

include the cost of the units themselves (if the tests are

destructive) or repair costs if the units fail. These costs

may be large if complex facilities are required or test time

is long. If the cost of testing is larger than the antici-

pated consequences of a decis i on then the cost of information

Is greater than its value in the decision process. Under

these circumstances , gathering further information (testing)

is counterproductive. Thus a decision procedure should

indicate the “ va l ue ’ of additional information to the decision

maker.

7
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The most common method of specifying a decision

procedure is based on classical hypothesis testing. In this

approach two points on the operating characteristic (OC)

curve for the decision procedure are specified. The OC curve

for the procedure is the probability of acceptance versus

equipment quality . The required sample size and reject/accept

criteria are then developed based on the sampling distribution

using a likelihood ratio test. Another method which provides

greater flexibility and has features absent in the classical

me~~ ; the Bayesian decision approach. In the Bayesian

~ decision procedure is optimized for a loss function

s p e c i f i e d  by the user w h i c h  r e f l e c t s  th is  p a r t i c u l a r  app l ica-

t ion .  If the loss  func t ion  and the cos t  of t e s t i n g  are

exp ressed  in the same un i ts  the cos t  of i n fo rma t i on  can be

obtained. The Bayesian method also contains the classical

procedure as a special case. Another feature of the Bayesian

method is that specific knowledge of the behavior of the

production process as well as subjective information can be

incorporated thus allowing the decision procedure to adapt to

changing requirements.

In the follow ing sections the basic Bayesian decision

procedure will be outlined and the specification of loss

functions and models for the production process discussed.

The generalized linear model is introduced and the recursion

equations develo ped to facilitate calculation of posterior

distributions. Finally, the incorporation of subjective

information is discussed.
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II. THE BA YESIA N METHOD

A. TH E GENERALIZED BAYESIAN DE C I S ION PRO C ED U RE

In order to discuss the Bayesian method as applied to a

production line , a generalized model of the production and

sample test process is required. Let e represent the charac-

teristic of the equipments upon which decisions are to be

made . For example e would be the average or mean gain of a

production lot of amp lifiers. The actual value of ~ is not

observable , however , we can perform tests which indicate the

gain of an individual amplifier. Let x indicate the results

of such test. Also let e and x be re lated through a known

probability density function denoted by f(x) I~~). As a model

of the generalized production process we assume a random

process such that for each time t , e has continuous distri-

bution . It is also assumed that there exists a time increme nt

At >O for which e is constant i.e., 
~ 

= for all t.

This assumption implies that given a production increment of n

items produced during ~t , test results for each unit are

samples from f(x l o t ). Figure 1 shows how ~ might vary for the

generalized process. As shown in the figure , e for the

increment ~t is a fixed but unknown quantity . It is the un its

produced during each ~t which are the object of the decision

process. At each end point t 1, t 2, . .. a decision must be

made to either accept or reject the units produced in the

9
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preceding time incremen t. The decisions wi l l  be based on the

sample data (x) which provides information concerning the

true value of 9. At time t0 let the probability density

f (s0) represent the uncertainty as to the true value of

Since the value of s at time t may or may not be independent

of the previous values of s(e
~~ 1 ~~-2 

. ) let the uncer-

tainty of 8~ given 
~°t l ’  8t-2 ...) be expressed by means of

the conditional density f(s t l O t_ l 8
~ — 2 . . . ) which is known

or can be estimated but not necessarily the same for a :1 t.

Since the decisions (accept or reject) are to be base~ on the

characteristic s , it is necessary to specif y a loss function

which indicates the conseq uences of a particular decision

when a specific value of s obt ains , for all possible values

of s and all decisions . Let ~ represent the set of all

possible val ues of 9 and let D represent the set of all

decisions d. Then let L(e ,d) be the loss function which is

known for al l daD and 9c3 . The loss for a particular decision

daD depends on the actual value of s , but s is unknown . The

expected loss of decision d would be the product of L(~~,d)

times the probability that e obtains , summed over all possible

values of e. Let p(d) denote the expected loss or risk of

• - decision d then:

Q (d) = 5 L (s,d) f(~~)d~ - (1)

11
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The optimal decision in terms of minimizing the risk is the

decision daD which minimizes equation (1) and is denoted by

d* therefore :

p( d*) = mm fL(e~ d) f(e)de . (2)
daD

Thus given a loss function L (e ,d) and the distribution of

9 , f(e), the optimal decision is defined by equation (2).

The optimal decision (d*) is usually referred to as the Bayes

decision against f(s). Since the decisions (accept or reject)

w i ll be based on the sample data (x:[x 1 ,x2, . . - , x c,]) it is

desir able to specify a decision function , denoted by ~~~~~~

wh ich  for every va lue  of x obse rved , s p e c i f i e s  the d e c i s i o n

d* . i.e., the decision which minimizes the risk. Let 5n be

the set of all possible test results . Then the risk of the

decision function 6 (x) is by equation (1)

= 

ff 
L( s ,6(x)) f(x Io ) f(s )dxde . (3)

We want to find the decision function 6*(x) which minimized

the risk as expressed in equation 3. Assu ming L (e ,6(x))is

b ounded , interchanging the order of integration yiel ds:

= f (fL(e 1 6(x))f(xie )f (s)de ] dx - (4)

Sn 0

Equation (4) is minimized whe n the expression in brackets is

minimized for each value of xcS~ . Thus the optimal decision

function 6* (X) would specify a decision d* which minimized

the integral

• 12
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fL (01 d)f(x Ie )f(e )de . (5)

From Bayes theorem f (eIx) = (6)

where f(x) = f f ( x J o ) f ( o ) d e  is a constant given a sample

value for x. Then m i n i m i z i n g  the in tegra l  of (5) is equiva-

lent to selecting a decision d* which minimizes:

fL(e ,d) f(~~! e e )  do = 1 L ( O ,d ) f ( e I x ) d O  ( 7 )

for each va lue  of x o b s e r v e d .  Thus it is not n e c e s s a r y  to

determine in advance a decision function 5 (x) which specifies

d* for all possible values of x. As each x is observed the

posterier , f(eIx), is calculated from the prior , f(s), by

equa t ion  (6 )  and d* is chosen to s a t i s f y

= mm f L ( o~ d ) f ( o I x ) d e  ( 8 )
da D

This is the same result as equation (2) except that the

posterior based on the test data x is used instead of the

prior. Thus equation (2) defines the optimal decision d*

before ~nd after sampling as long as the appropriate value for

f(s) is used.

The next step is to determine whether the decision should

be made without sampling based on the prior distribution ,

f(s), or the sample tested ar’d the decision based on the

posterior distribution f(eIx). In order to determine which

actton is optimal the risk o-f obtaining an additional sample

13
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and then p roceed ing  in an op t ima l  f a s h i o n  must be ob ta ined .

If the risk of selecting a decision i mmediately is greater

than the risk of obtaining a sample result and then pr oceeding

in an optimal manner , then the sample should be tested since

this is the minimum risk action. Let p (,~ ,x) denote the risk

of obtaining a sample x when the prior of s is ~ and then

proceeding in an optimal manner. Also let ~(~~,d*) denote the

r isk of mak ing  d e c i s i o n  d* when the p r io r  of e is ~~~. T h en

the following decision rule will be used.

I f p (~~,d*) > p($,x) test the sample; (9)

otherwise , make decision d* . o(~~,d*) is obtained from

equa t ion  ( 2 )  wher e  -
~ 

= f ( s )  i s :

p(~~,d*) = min f L( e~ d ) f ( e ) d o - (10)
da D

To determine p(~~,x )  two cases  must be d i s t i n g u i s h e d ;  the

samples are tested simutaneously or sequential sampling is

use d .

1. S imu l t aneous  Samp l i ng

It has been assumed that the cost of obtaining

sam ple results is not zero. Therefore let C~ (x) rep resen t th e

cost of testing the units 1 , 2 , ..., n w h ere tes t resul ts are

represented by the vector x. = (x 1 , x 2, ..., x n ). In many

cases the cost of testing is independent of the values

obtained , in which case the cost would be just C n~ 
the cost of

tes tin g n uni ts. The expected loss of testing n units and

then making the optimal d ecision d* plus the cost of testing

14 



Is Q (~I ,X). The distribution of o if x is observed will be

f(e~x) thus from equation (10):

= f { rn in  f L ( e~ d ) f ( o I x ) d 9 ]  f ( x ) d x  + E[C n ( x ) ]  ( 1 1 )

Thus the decision procedure for the production lot would be

as f o l l o w s :

1 . Prior to t es t i n g  determine p (~~,d*) f rom equa t ion

(10) based on the pr io r  f ( s ) .

2 . Determine the risk of testing, ~~~~~~ from

equat ion  ( 1 1 ) .

3. If p (.$ , d*) < p (.~,x) make decision d* otherwise.

4. Test sample units to obtain data x and make

decision d* according to equation (8).

2. Sequential Samplin g

The risk of sampling in a sequential procedure

differs from the simultaneous case because after a sample is

tested two actions are possible , (a) make a decision or (b)

cont inue samp l ing .  Because of this , determining the risk of

a sequential procedure is , in general , more difficult than

determining the risk of the simu ltaneous case just discussed .

In most cases of practical interest the sam ple size has a

f i xed  upper bound. Let n denote the maximum number of samples

a v a i l a b l e  for tes t in g .  Then the r isk  of tes t ing  the f i r s t

unit and proceeding in an optimal fashion is the risk of the

n step sainp~ 1ng procedure where after each sample is tested

15
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the risk of continuing is compared with the risk of choosing

a decision and the minimum of the two risks is chosen. After

the first sample is taken , the risk of choosing a deci sion

must be compared to the risk of continuing with the n -i step

sampling procedure. Thus as each sample is drawn the risk of

continuing changes due to the change in the sample number

remaining as well as the new prior based on the samples

observed. The above process may be viewed as a decisi on tree

shown in figure 2 which depicts the sequential decision

process for n=4. At each step (k) k = 0, 1 , 2 , . . - , n the

risk of making an i mmediate decision is denoted by p (.
~k,d*)

where 
~k 

is the distribution of s based on k samples and is

defined in equation (10). At each step this must be compared

with the risk of continuing the sequential test process and

the minimum risk action chosen. The risk of continuin g at

each step is denoted by p ( 
~k,

x k÷l ) where x k+l = [x k+l ,x k+2,

x~~ 1 , X n] indicating the dependence on the current prior

and the remaining samples.

The d i f f i c u l t y  a l l u d e d  to e a r l i e r  is in o b t a i n i n g

va lues  for p(
~ k, x k+l

) .  The genera l  s o l u t i o n  procedure  u ses

a backward induction starting at the last step and working
-. - backward to the first step to obtain the conti nuation risk at

each  s t e p .  For the n=4 case depict ed in Figure 2 the proce-

dure would be as follows. At step 3 after three samples had

been observed the optimal action would be the minimum of

and p (p 3,~~~~) .  Where c(~p 3,d*) is the risk of the

optimal decisio n given D 3 as defined in eq uation (10) and

16
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p(~~3, x 4 ) is the risk of obtain ing an additional sample x4
and then making the optimal decision. Since a decision must

be made after x 4 is observed this is the same as the sampling

risk for simultaneous sampling defined in equation (1 1) with

x equal to x4. Thus the risk at step 3 is a function of

denoted by p(
~~3

) and woul d be:

p (4 3) = m in [p (~ 3,d*),~~ (~ 3,x4)]. (12)

The risk at step 2 w i l l  be the min imum of the d e c i s i o n  risk

and the continuation risk p (~ 2,x 3). The continuation

risk p (~~2 ,X 3 ) is the expected value of the risk at step 3

based on the sample , x 3. Thus ,

= E [p (~ 3(x3))] = (13)

f min [p (~ 3(x3),d*), o(~ 3(x 3),x4)]f(x3 )dx 3 + C 3
x3

where: ~3(x3) is ~2 given x 3 i.e.f2(5 1x 3)

f(x3) = f f(x 3 15 ) f2(e)d e

-
~~~~~ C 3 

= expected cost of obtaining valu e x 3

Thus at step 2, the optima l action again being that with

minimal risk , the risk is

p
~~2) = min[ p($ 2,d*), p (~~~,x 3)]. (1 4)

18
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This approach is then repeated for step 1 which yields

~
(
~ l ’~ 2~ 

= Etp (~ 2(x2))] =

(15)

= 

J
m in Lp (~ 2(x2 ),d*), ~(~ 2 (x 2 )]f(x 2 )dx 2 + C 2

x 2

and

p (~~1
) = m in [p(~~1 1 d*), ~~~~~~~~ 

(16)

Thus at step 0, the beginning of the procedure , the risk of

the entire sequential test procedure would be

~ (~~~
) = m inC~ (~ 0,d*), 3(~ 0,x 1 )] (17)

where o(~~ 0, x
1
) = EE~~( 1 (x 1 ))] is the risk of the entire

sequential sampling plan .

As seen from the above discussion determining the

risk of a sequential procedure is a non-trivial exercise.

The degree of difficulty depending on the sample size n , the

loss function L (e,d) and the sampling and parameter distribu-

tions , f(x ’ s) and f(~~). Examples of the above procedure for

sequential testing may be found in the open literature

[1 , 2 and 3].

3. Comp arison of Sequentia l Versus Simultaneous Sampling

In the desig n of a quality control procedure the

method of sampling must be specified . In order to determine

which of the two methods is preferred in a given situation

the risks of the two procedures should be compared. In lieu

of m itigating circumstances such as ease of implementation ,

19
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increased complexity, etc., the decision as to which sampling

scheme , s e q u e n t i a l  or s imul ta neous , is optimal should be

based on the risks of the two pr ocedures. That is if ~(s*)

is the risk of the optimal sampling scheme s~ then

= m i n [ P ( s Q
)~ p ( s

~~
)] . (18)

where  S
Q 

= sequential sampling

= simultaneous sampling

In many cases the decision as to which sampling

scheme is superior is obvious due to the nature of the test.

For example , if the cost of testing is constant regardless of

the number of units tested then simultaneous testing would

provide minimum risk . If however the cost of testing were

only a function of the number of units tested then sequential

testing would be superior. It is when the cost of testing

assumes some c o m b i n a t i o n  of the two extremes that the optimal

choice becomes unclear , in which case the risks of each

procedure must be compared to determine the optimal approach .

B. APPLICATION TO THE GENERALIZED P ROD U CTIO N PROCESS

In order to gain insight to the use and requirements of

the Bayesian decision method , the implementation of the

procedure on the generalized process of Figure 1 will now be

discussed for the simultaneous sampling case.

At time t0, t 1 , t2, .. . the following assumptions are

made .

20
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1. A pro duction sample of size n~ from production

lot is available for testing.

2. Samples are independent given 5~ and the sampling

density f (x IG t) i s known .

3. The cost of testing the n units , Cn i is known .

4. A loss function L(s ,d) is specified for all daD

and 0at3 .

5. At time t o, prior to sampling, the distribution

of 8 is known and denoted by f(s0).

6. The conditional distribution of 5 t+l given

~~ ~-~-l~ 
.. . is known and denoted by 

~~~t+l ~~
where a markov dependence is assumed for

illustration.

At time t o, prior to sampling, two actions are feasible.

Either make a decision (accept or reject) or test the samp le

to gain information. If a decision is made without sampling

the risk will be ~(d*) as defined by equation (8). The risk

of testing the sample x = (x 1 , x2, .. ., x n ) and making the

optimal decision , p(~~,x) is given by equation (11 ). Assume

that sampling represents the minimal risk action . After the

samp le  r e s u l t  is  o b ta i ned , the prior f(s0) must be revised

and the optimal decision d* chosen. Denote the posterior or

new prior based on the data sample by f(001x) , then by Bayes

theorem

f(x Ie )f(e
0 —  - 

f (x)

21
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The posterior f(e0Ix) is now used to determine the optimal

decision d* , by equation (10)

= ruin f L(e ,d) f (s0 x) d e0.
dcD

After the decision is made on lot Q
0 

at t0 the procedure steps

to lot Q 1 at t1 . In order to determine the appropriate

actions concerning this lot the distribution f (s1 ) must be

obtained . It is at this point where the model of the produc-

tion process is used. The relationship between s~ and

must be known in order to determine the density f(s1 ) based

on the p o s t e r i e r  f ( e 0 Ix ) .  The r e l a t i o n s h i p  be tween and

is specified by the conditional density f(~ 1 ~ 
which is

obtained from the model of the production process. Methods

by which this density may be obtained from the production

model are discussed in a later section. Given that f(s 1 I s a )
is known then f(s 1 ) prior to sampling from lot Q 1 is obtained

as follows :

f(s1 ) = f f(e1 ~~ 
f(601x)d e . (19)

Using this value as the prior for °l~ 
p (d*) and p( p, x)

are obtained using equations (10) and (11) as before and the

decision rule (9) is applied. If the decision rule indicates

that the risk can be l owered by sampl ing, th e p roce d ure as

ou tli ne d for Is followe d . If however , no sampling is

required then dec ision d* is made and the procedure advances

____  
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to t2. At t2, f(s2 ) must be obtained based on f(e0 jx) since

no samples were observed at time t 1 . The density f(s 2) would

be determined as follows:

f(s2) 
= ff (s2 1 e 0) f(00 1x) de 0 (20)

where f(°2 1 e 0) = ff(s2 l s i ) f(s 1 s~ ) do 1 -

After f(s2) is determined p (d*) and p(~~,x) are obtained as

before and the dec ision rule applied. The entire procedure

is then repeated to determine if samples should be tested at

t3, t4, . . - , etc.

Under the decision process described it may be possible

that no samp ling would be required for several production -

l o t s .  At f i r s t  thought  t h i s  may seem con t ra ry  to the o b j e c t i v e

of minimizing the decision risk. If the production sequence

~~ ~~ °2 ... is highly correlated then knowled ge of one

value of e implies considerable knowledge of succeeding (and

preceding) values. The correlation is expressed by the density

f(8t 1 ° t_ l ) which is derived from the model of the production

process. The decision process thus quantifies the feeling

“When one lot is good the next one usually is good also. ”

In order to apply the Bayesian method in loss function ,

L(e ,d), and the sampling and process densities , f(x l e) and

must be specified. These are the subject of the

following sections.
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III. LO SS FUN CTIO NS

The purpose of this section is to examine various ways

in which the consequences of decisions can be related to the

true value of quality . In the preceding section this rela-

tionship was generally referred to as a loss function , L(s ,d).

As mentioned previously the loss when the best decision is

made for a given value of 8 is equal to zero. The loss of a

particular decision d when -~~ = o is the difference between

the consequences if d is chosen and the consequences if the

best decision were chosen. The loss then essentially repre-

sents a regret or opportunity cost. From the above definition

it is seen that one characteristic of loss functions is that

they are non -negative. Since in the decision process the

risk of sampling is added to the cost of testing the loss

function and testing cost must be expressed in s i milar units

(e.g., dollars). In the following examples it is assumed that

the utility of money is linear over the range of interest.

This assumption alleviates the otherwise necessary transforma-

tion of the loss in dollars to utility . If the utilit y of

money is continuous then at least to a first order approxima-

tion the linear assumption is valid. In the following

paragraphs several examples of loss functions are discussed.

Their presences is not meant to imply that they are in any

way the best or most useful loss functions . The loss function

used for a particular process depends entirely on the

s i t u a t i o n  at hand.

24
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A . SYMMETRIC LI NEAR LOSS FUNCTION

The follow ing example demonstrates that if the decision

consequences are a linear function of s then the loss function

will be linear and symmetric about their intersection . Let

R(s~ d~ ) represent the consequences of decision d 1 when s

obtains. For the linear case

R(s ,d 1 ) = a 1 5 + b 1 (21)

R(e ,d 2) = a 2 s + b 2 , a 2 a-~ - (22)

Equations (21) and (22) are plotted in figure 3.

If the consequences are viewed as a cost then the best

decision is that which minimizes R (e ,d ) for all values of s

Thus for s < 80 decision d 2 is best and d 1 is best for

o > s~ . The loss L(s ,d 1 ) is

~ a 1 e + b 1 - (a2~ + b 2) ° ~
L(s ,d 1 ) =

r o 5 > so

or 

:~~ 
(a2-a 1 ) - s(a 2-a 1 ) s

L(e ,d 1 ) =

- - 0 o
~~
.e O

(b 1 -b 2)From (21) and (22) s~ =

~ ~a2 a 1

T h us

~ (a2-a 1 )(e0-e ) 0 <

L (o,d 1 ) 
= (23)

0 0 > 0 0
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~0 
5

Figure 3. Decision Consequences.

26

- -~~~~~~~~~~~
•.-, —;-—

__ — — —-c_-• -• •
• 

- - -  
-~--•



By the similar calculations:

0

L (o ,d 2) = (24)
- (a 2-a 1 ) ~

° -°
~~ 

8 >

Equations (23) and (24) are shown in figure 4

As evidenced by equations (23) and (24) and depicted in

figure 4 the loss functions of linear consequences are linear

and symmetric about the intersection.

B. QU ADRATIC LO SS FU NCTIONS

The quadratic loss function is defined as:

~ C 1 
0_ s

o ) ~ <

L(s ,d 1 ) = (25)
0 0 1 8 0

0 5 <

L(s ,d ) = -  (26)
~ C~ (o 0-o) ° >

A heuristic justi fi cati on for this general form for a

loss function can be made as follows. Assume for a particular

problem that the loss function L(s ,d) and all its derivitives

ex ist. Let e~ represent the dividing line between acceptable

- n
and u n a c c e p t a b l e  q u a l i t y . If e > O o let d 1 be the proper

d e c t s i o n  and if s < let d 2 be the proper decision. Thus

L(e ,d 1 ) = 0 for e > and L(e ,d 2) 
= 0 for e < e~~. Def ine

L(~ ) = max L(e ,d) then L(o) = L(e ,d 1 ) for 8 < and L(o) =
- dcD

L(e,d2) for e > e~ . L(e) can be expressed as a Taylor series

expenst on about as follows:

27 
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F igure 4. Linear Loss Functions .

_ _ _ _ _ _  _ _ _  
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L” ~L(e) = L(00) + L ’ ( e 0 ) ( e - 0 0 ) + 2 (~~~~)2 + ... (27)

If e = o~ then either decision d 1 or d 2 is optimal and the

l oss is z ero . This implies that L (00) = 0. I f L (s0) is

zero then is a minimum for L(s) which implie s that

L’(s 0) = 0. Further if L (e0) is a minimum then L”(e 0) must

be non -negative.

Applying these results to the Tay lor series expension

(27) yields:

L ” (e ) 2 L ”’(s0) 3L(o) = 2 
0 (s e )  + 3! ~~~~ 

+ - . -

Thus the loss function for s close to can be approximated

by:

ç C 1 (s— e 0 <

L(e ,d 1 ) = 
-
~ (28)

o

0
L (o,d ) = - 

— 0 (29)
C 2 ( e - e 0 ) ~

which is the quadratic loss function originally defined .

Instead of specifying the indifference value two values

could be specified. Where 81 would represent minimum

acceptable quality and would represent the maximum

rejectab le quality . Then for d 1 
= accep t an d d 2 = reject the

l o s s  f u n c t i o n  cou ld  be e x p r e s s e d  as f o l l o w s .

29
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C 1 ( 0 5 o ) 2 
~ ~~

- 

~l
L(s ,d 1 ) = 

1

V 0 ~ >

0
L (~~,d 2) =

C 2 (e-s 0)
2 

~ >

C. CONSTANT LO SS FUNCTION

The constant loss function represents the case where

the loss is independent of the value of s over a specified

range. The constant loss function could be represented as

follows:

ç 1 s < s
L(s ,d 1 ) 

= -
~ 

— 0 (30)
~O 0 > 0 0

• ~ O 8 < 0
L(s ,d ) ~~ 0 (31)

The expe cted loss or risk , p (d), for decisi ons d 1 and

d~~wou l d be:

s o
p ( d 1 ) = f 1 . f(e)de = P(~ < e~ ) =

o (d2) = f 1 - f ( o ) d s  = P (s > =
80

30
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The risk for decision d 1 is the probability that d2
is the correct decision and the risk for d 2 is the probabil-

ity that d 1 is the correct decision . ~(d 1 ) and n (d2) are

usually referred to as the probability of type II and type I

errors respectively and denoted by and ~ . I t c a n  b e

shown [1] that the decision function ~(x) which minimize the

ri sk has the fo rm . If 
~~ 

,. .
~ 

< C then reject .
2~~-’

where

f 1 ( x )  = f ( x ! 8 0 )

= f ( e )

and ~ is the maximum likelihood estimate for s based on x .

This decision function is the generalized likelihood

ratio criteria upon which classical hypothesis testing is

based. Thus quality control procedures based on classical

hypothesis testing imply that the loss functions of (30)

and (31) are operative.

This concludes the discussion of the most common types

of loss functions. The next section considers the problem

of formulating a statistical model of the production process.
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I V .  T H E P ROD U CT I O N  MO D E L

As ment ioned p r e v i o u s l y in order to app ly  the B a y e s i a n

decision method the conditional density f(0
~~Ht_ 1 ) must be

known or estimated. In order to specify this density the

quality control specialist must specify the underly ing

mechanisms which determine how the production process is

evolving over time. In the following models two assumptions

will be made: (a) that the process is determined by a

specific underlying relationship p lus random disturbances

and (b) that by the central l i m i t  theorem , the g host of

LaPlace or some other incantation , the disturbances are

assumed to be normally distributed with known mean and

variance. In the following paragraphs three models which

might be used to characterize a production process are

described. They are the linear trend model , the autoregres-

sive model and the periodic model . The gene ralized linear

model is also presented. In addition to the process models

a typical obs ervation model will be included for completeness.

For convenience and to aid in the later development of the

s o l u t i o n s  for the g e n e r a l i z e d  l i nea r  model it is a l s o  assumed

that the observat ion errors are normally distributed .

~~~
-
~~~~~~~ _

_
~~~ 
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A. LI NEAR TREND MODEL

The ii ne ~ r trend model represents a producti on process

where the underlying trend is a linear increase or decrease

in the characteristic s . Let -5 represent the change of s

from t-l to t and x~ represent the observations at time t.

Then the observation and process models could be described

as: 

OBSERVATION: x~ = + e t e
~~~

N(O ,3
~

2 ) (32)

PROCESS : = 5t-l + + w~ w t
._ N (O ,

~
- 2) (33)

In the above model e
~ 

represents observation noise and

w~ represents the pro cess no ise causing deviations from the

linear relationship. From the model , the conditional density

would be normal with mean = E (s
~
) = 5 t-l~ ~ and

variance equal to cr
2

. In order to appl y the Bayesian proce-

dure the increment and the variance 2 must be known or

estimated from the process. If the uncertainty in is

incorporated in the model the result is

= 5 t-l + t + W~ W t~~
M(O ,

~~
)

2
— ~~~~~~

then 
~~~~~~~~~ 

N(e
~~ 1 + u R~ ~R 

+ ~2) assuming 6
~ 

and w t

are u n c o r r e l a t e d .

H 
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B. A UTOREGRESSIVE !IODEL

The basic autoregressive results from the following

assumptions about the production process.

1. 
~~~~ 

N (O ,72 ) 
Yt

2 2

2. f ( ,s~ ÷~ ) N (O,C) Y-t , C = ( 2  ~2

Assumption 1 indicates that at any time t the uncertainty

in the location of can be expressed as a normal probability

density about the overall proc ess mean (assumed to be zero

in this case) with process variance ~2 common for all t.

Assumption 2 indicates that the values of e at successive

ti•mes are not independent and the ir join t densit y is

bivarta t e normal with correl ation coefficient p . The observa-

tion and process model for the autoregressive process can

be expressed as:

O B S E R V A T I O N : x~ = + e~ et N (O
~~x

2) (34)

PROCESS: = 

~~~~~ + w~ w~ N(O ,~
2(l-0 2)) (35)

This model is useful when there appears to be no under-

lying trend either up or down in the process and the quality

of successive lots appears to be highly correlated. From

the above model

N (Pe t 1 ,~
2(1

~
p 2))
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C. PERIODIC MODEL

If the product ion process behaves in periodic fashion

over some internal I then a periodic model is appro pri ate.

Let o(t) represent the periodic function which describes the

production process and let the average value of the periodic
,

func tion be zero (i.e., iji. J o (t)dt = 0). Then the periodic
0

function s (t) can be approximated by the Fourier series as

o(t) = 
k=l 

(akCOS kw~
t + b k SIN kw t) , =

where the coefficients ak and b k are unknown and subject to

d i sturbances. The value of n being large enough to make the

approximation valid.

Let 0T = (a1 a2 . - .  A n b 1 b 2 - - .  b )

and 8T (cOsc_ j 0t cos2~i 0t - . - cosn~ 0t si n c _~0t - . - s inn ~ 0t)

Then the observation and process models are :

OBSERVATION : x ,~ = Bio t + e
~ 

e
~ 

N(O ,
~
Y
~
2) (36)

PROCESS : = 8t-l + w ,~ ~~ 
N(O ,~~) (37)

•0 Iwhere 0 is a 2nxl vec tor  of zeros and ~ = E[w tw t ].

D. GENERAL LINEAR MODEL

The above models represent special cases of the general-

ized linear model incorporating special features to reflect

particular characteristics of the production process. The

generalized linear model is defined as follows :

35

— —- ——.%.-• -- - .-%--
~~~ 

— --;.- —•---•--.--p-—- — — _p___ _:_ — ~~~~~~~~~~~~
__—- _~ 1T ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ H



Let = nxl vec to r  of o b s e r v a t i o n s  at t im e t

= pxl vec tor  of p rocess  pa rame te r s  at t ime t

A 1 
= nxp matrix characterizing the observa tion

A 2 
= pxp matrix characterizing the process

e
~ 

= nxl vector of observation noise at time t

= pxl vector of process noise at time t

E[et] = E[wt] 
=

VAR (et) = E[e
~

ei
~
] = C 1

VAR (w
~
) = E[wt w

~
] = C2

T h en O B S E R V A T I O N  = A i st + e
~ 

et 
- N(0 ,C 1 ) (38)

PROCE SS 0~ 
= A 2e~~ 1 + w~ N(0 ,C2) (39)

is the generalized linear model.

In order to implement the Bayesian decision procedure

various probability densities are required to determine the

risks of alternative actions. From section II it can be seen

that three densities must be obtained in the co~ rse of the

procedure. In order to obtain the risk of immediate decision

without sampling the prior distribution of s ,f(s) must be

obtained. To obtain the risk of sampling the prior distribu-

tion of x , f(x) and the conditional distribution of 8 given a

samp le x , f(e Ix) must be obtained. In order to determine the

optimal decision after sam pling f(e~ x) is required. Thus to

Implement the decision proc edure three densit ies must be

obta ined  at each s tep in the p r o c e s s .  If the o b s e r v a t i o n  and

36
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production process can be model ed by the generalized linear

model of (38) and (39) the required densities can be obta ined

as follows [4].

Let: be the density of s at time t prior to

sampling

f(e
~~I& 

be the p o s t e r i o r  of e at t ime t based

on the sam ple x

f(x t) be the sample distribution prior to sam pling

Also let the distribution of e at t- l be N(~~,z)

Then from (38 )  and ( 39 )

N(A 2~ ,A 2zA 2
T 

+ C 2 ) (40)

N(A 1 A 21 , A 1 (A 2EA 2
T 

+ C
2
)A

1

T + C 1
) (41)

f(s t l x t) is obtained as follows (where the matrices for which

inverses are needed are assumed non-singula r). From Bayes

theorem ~ f(x~ o~ ) ~~~~

From the model f(x t~
o t) N(A 1 0t, C 1 )

Thus ~ e~~~

where Q = (x - A 1 8 )
T C~~ (x-A 1 O ) +

(e-A 2~ )
T(A 2EA 2

T 
+ C2Y~~(s-A 2~ )

th e t su b scrip ts b e i n g de l eted for convenience , collec ti n g

the e terms y i e l d s :

-~~~~~~-q~~• : - ~~~~~~~~- - -~~~~~~~~~ 
-
~~~~~~~~~~~~~~~~~~~~~~~~
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Q = eT(~ +A TC ~~A )o -2(x TC 1~~ A 1 + 
TA T

~ )S

1 -1 1 T
+ x C 1 x + ~ A~ ~A 2 -~

where .~ 
= (A2:A2

1 
+ C2Y

1

comp leting the square results in:

= 1~0 1
_~~ )T D~

1 (e 1 Dd ) + [xTC 
_ l

x + ,
~
TA T

~A U  - dTDTd]

T h us f ( e t lx t ) N(D d ,D) (42)

where D ’ = (A2ZA 2
T + c2)~~ + A 1

TC 1
_ l

A 1

d = A 1
TC 1

1 x + (A2~A 2
T +

Thus with the aid of the generalized linear model the required

densities for complex multidimensional production processes

can be evaluated in a straightforward manner using (40), (41)

and (42).

Equations (4O)and (41) represent the one step ahead

p red i c t i ve  d i s t r i b u t i o n s  of e and x based on the prior at t-l -

As discussed in section II , if no sampling is performed at

some t then the predictive distri bution for e at t+l based on

the prior at t-1 is required . In general , a method is needed

to obtain the kTH step ahead predictive distributions of a

and x.

Let - N (
~ t ,E t ) then the kTH step ahead distribution

N(
~ t÷k, ~t+k~ 

can b e obt a i ne d recursivel y from th e

linear model as follows:

38
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= A 2ii t÷k l k = 0,1 ,2 , - . - (43)

:t+k = A 2~ t+k 1 A 2
T 

+ C2, k=O ,l ,2 , ... (44)

Let 
~~~~~~ 

N(m
~÷k,

Ct÷k ) be the kTH step ahead predictive

distribution for the sample 
~t+k 

then from (43) and (44) and

the linear model , m
~+k 

and Ct+k can be determined recursively

by:

m
~+k 

= A
l
u t+k , k = 0,1 ,2, . . . (45)

C t+k = A l :t÷k A l
T 

+ C 1 k = 0,1 ,2, ...  (46)

For an example of the use of the l i n e a r  model  an d the

risk calculations the reader is referre d to Appendix A. As

an inte resting aside , the recursion relationships developed in

(42) thru (46) are identical to the results obtained using

Kal ru an filtering.
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V . I N C O R P O R A T I N G  S U B J E C T I V E  INFORMAT ION

One of the primary advant ages of the Bayesian decision

procedure is its capacity to incorporate subjective informa-

tion into the decision process. Subjective informati on can

be incorporated into the decision process by eith er of two

routes , either by revisions to the process model or by

altering the prior distribution of s. The method chosen

depending on which more accurately reflects the sub jective

information . Examples of how subjective information may be

used will be discussed with respect to the generalized linear

model which is repeated here for reference

OBSERVATION: = A 1 o~ + e
~~
, et N(0 , C 1 )

PROCESS: 
• 

= A 2s~~ 1 + w t, w t N(O , C 2 )

As an example of the use of sub jective inform ation , suppose

that the autoregressive model of section IV is being used to

model the production process and production appears to be

fairly stable (i.e., no trends) . You are informed that

starting with the next production lot three engineering

changes will be incorporated into the units. It has been your

exper ience  that wheneve r  more than one e n g i n e e r i n g  change is

incorporated that the production quality is momentarily

reduced and then increases with successive lots as the new

procedures are learned and the inspectors gain experience.
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How might this subjective information be incorporated into

the decision process? One approach would be to adjust the

prtor for the first change lot by lowering the mean to

reflect the anticipated decrease in quality and increasing

the variance to reflect the associ ated uncertai nty as to the

actual process value. Increasing the variance will have the

effect of weighting the new sample data more heavily in

determining the posterior. After adjusting the prior to

re f l ec t  the ant i  ci pa ted  dec rease  in q u a l i t y  the a u t o r e g r e s  -

s i v e  model might  he r e p l a c e d  by the l i nea r  t rend model to

r e f l ec t  the a n t i c i p a t e d  i n c r e a s e  of qua l i t y  w i t h  s u c c e s s i v e

lots as a result of the learning process. The rate of

increase in the linear model could be changed for each lot

to provide a linear approximation to the anticipated learning

curve. As the process quality returned to its original

level the autoregressive model would again be used.

This example illustrates two important features of the

Bayesian decision procedure and the use of the linear model .

First , when using a linear model it is not necessary that

A 1 , A 2, C 1 and C 2 be constant for all t only that they be

known at time t and thus the parameters of the linear model

are free to change as re quired by the process being modeled .

The second feature of the Bayesian procedure illustrated in

the example is ada ptability . By changing the model structure

or the prior to reflect uncertainty in the process , the

information requirements (sample data) of the procedure
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adapt to refle ct these changes. In order to maintain the

same risk more samples will be required if the variance of

the prior is increased to reflect uncertainty . Thus unlike

traditional quality control procedures where the same sampling

and decision procedure is used the Bayesian method can adapt

to reflect the changing requirements of the production

process. As another example of adaptability consider the

autoregressive model. Because of the hi gh correlation from

one lot to the next the method reduces the sampling required

when quality is either very good or very poor , thus taking

advantage of the natural excursions of the output quality .

The adaptability feature of the Bayesian method also

has another interesting property . It indicates where , when

and the quantity of quality control resources to be used.

This is especially imp ortant when trying to maximize the

effectiveness of the quality control function on fixed or

limited resources (i .e ., labor , test facilities , etc.).

_ _  
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APPENDIX A

A BAYESIAN DECISION EXA M PLE

The following example is provided to illustrate how the

Bayesian method is applied and the required risks are

obta ined .  It is assumed that  an a u t o r e g r e s s i v e  model is used

to represen t  the p roduc t ion  p rocess  and that  s i m u l t a n e o u s

sampling is use d .

Le t: OB SERVATION MODEL : x
~ 

= + e
~~
, et N(e ,

~~
2 )

PROCESS MODEL : s~ = 

~
5
~ -i + w

~

w~ N (0,~
2(1-p 2))

and the loss function is:

L (e,d 1 ) = exp [— (e— o 0)] , - s

L(o ,d2) 
= exp [— (o0-e)], - e

where : 8o is a known constant.

Also le t 
~~°t— l~ 

N (1
~t l , a

~ _ l ) be the density of o at time

t-l -

From section IV the correspondence between the auto-

regressive model and the generalized linear model is:

A 1 = 1 , A 2 
= p , C 1 

= ~~2 ’ an d C2 = ~
2(l p 2) Thus by

equa tion (40) and (41) making the above substitutions:

- ~~~~~~~~ ~~~~~~~ ~~~~~~~~~~~~~~~~~~~~~~~ ~~~~•



- 
~~~~~~~ P + (l- ~ ) - ~

f ( x )  N( p
~~t 1 .  c a t~ l 

+ ( l - c 2 )g 2 + 
~x

2
~

2 2 2 2 2
let = 

~~~~ and -
~ ~-~-l 

+ (1-c )-c

then 
~~~~ 

N(
~ t,c t

2) (1 )

f(x) N(
~ t ,~ t

2 
+ a

~~
2
) (2)

To determine the risk of making an immediate decision from

equation (10)

2 (3)

= f L(e ,d 1 ) f(e t )de t 
= exp [4— - (

~
‘
~ 

-

and 2
0 (d 2) = f L (~~,d 2 ) f(0

t
)de

t 
= exp[-f- + (

~~~ -s e)] (4)

Equatio n s () and (4) are plotted in figure A - ] as a function

of the mean

S ince  p ( d * ) ,  the risk of the optimal decision , is equal to

the minimum r i sk  from f igure A- i  it is obse rved  that :

~ p (d ) 
~ t 

<

p (d*) ~~ 2 ( 5 )
I 0 (d~ ) ~ 

I °o

wh ich  imp l ies  the f o l l o w ing d e c i s i o n  ru le :

ç d~ If ~ et 0

~~~

I
‘1 44 
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(d)

Figure A- i . Decisi on Risk.
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By symmetry the risk of decision d* j~
2

= exp[4- -

In order to determine the risk of sampling and then making

a decision d* the posterior f(et~
x) must be obtained . The

process of testi ng a sample of size n parameterized by a

fixed but unknown value e~ can be viewed as:

x 1 
= + e ,~ e - N (Q ,c7

~
2)

= 0 i —l ~ = 1 ,2 , - .. , n

where the samples are assumed independent . Applying the

l inear  mode l :  A 1 = 1 , A2 = 1 , C 1 
= c~~

2
, an d C2 =

By repeated app lication of equation (40)one obtains:

2 - 2

- 

N( n  ~ 
+ ~x

~t 
+
~~~~~

, n
where : x = 

~~
- Z

1= 1

From sec t i on  II the ri sk of ob ta i n i ng  an add i t i ona l  sample

and then choos ing  d* is:

~~~~~ f (ii f Jo (6 1 d)f(e lx)de f(x)dx (6)
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the ex press ion  in b racke t s  is p ( d * j x )  that  is , the r isk  of

d* given a sample resu lt x.  p (d 1 Ix )  and p ( d 2 Ix )  may be

obta ined by substttuttng f(e
~~

Jx) for in equations (3)

and (4). This substitution yields:

p (d1 I x )  = ex p[~-~
2 

-

p (d2 1x ) = exp [~~i
2 + (3-e s)]

where -

2 2
2 ~~ a 2 +~~~1—t t n

~~ 
—

~~

— 
• n
2 ~~~~

= 2
2 ax at

2 +
~~~~~ 

+ —
~~

— n

From equation (5)

o ( d * I x )  
J p ( d ~~Ix )  

‘ ~ < 00

~ p(d 1 Ix) , 1 80

Equation 6 becomes:

X
c

~(X) = f p (d 2 j~~) ~~~~ 
d
~ n + f p (d 1 I x )  

~~~n~~~n (7)
-
~~

~ ) 
2- 2 axwhere : = 

na t
2 

~ + and f(~~~) 
- N(~~, at +—.

~~—- )

So lv i ng  (7 )  y ie lds

2 \ 2
— M 

~ 
X c 

- at ~
-

~(x) p(d 1 ) 
i(

~c
+at 

) 

+ p (d~ ) • _ _ _ _ _ _ _

+ (Iat
2 + 

a x 2 )  
(8)

H
I
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where : p (d1 ) and p (d 2 ) are as de f i ned  in (3 )  and (4 )

~~
( .)  = p (z< .) , z -N(O ,l)

= l — ~ ( .)

Based on equations (5) and (8) the usual decision rule is

app lied. If p (d*) > p (x) + E [C(x)] take another sample

otherwise make decision d* .

To determine the mean and variance of the kTH step ahead

predictive distribution 
~
1 t4k an d a t+k equations (43) and (44)

are used recursively to obtain the following results.

k
= Q (9)

2 2k 2 2 2ka t÷k = 
~~ 

a~ + a (1— p ) (JO)

The predictive distribution for kTH step ahead sample

paramete r i zed  by mt+k and C t+k by (45) and (46) are :

m t+k = M t+k

2 2Ct+k 
= at+k + a

x

In order to exami ne the behavior of the posterior of a ,

f(elx) as the sample size is increased observe that

- 21- 2 a
~ 2

~ X a + U a

• u r n  
~
(0
~
k) = Jim Nf 

fl 
- 

n , 2n-’~ n-.-~ 2 ax
t\ 

a
t 

+ -_
~~
-_ f l+ _2.

t
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Thus lim f (O Ix) -

~ 
N (st,0)

Since is a consistent estimator of 0~~. This implies that

as n increases the knowledge of as represented by f(s t lx)

becomes ‘f,erfect” in the sense that the variance approaches

zero an 4 is then known . The variance decreases approxi-

ma tel y as ~~
- for n >> -

at

The kTH step ahea d prediction distribution , 
~~~~~~ 

of

(-J ) and (10) represents the uncertainty in 8t+k based on

information up to and including time t. The l im
k-’~

N (O,a2) which is the distribution of the process before any

information is obtained. Thus as k increases the information

obtained at time t loses its “ value ~’ in predicting the

location of the process at t+k. The rate at which previous

knowledge is discounted is a function of o the correlation

between °t+l and 0~ which in this example was assumed

constant for all t.
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