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Measuring Non— Statio narity in the Parameters
of a Linear Model with Applica tions

to Asset Returns

b y

Me lvin J. Hinich and Richard Roll

ABSTRACT

The purpose  of  this paper is to introduce a techni qu e f o r  meas ur i n g

non—sta tionarity in lin ear models . The techni que is conceptuall y si mp le .

It can be adapted easily to a wide variety of problems and Improved

upon in obvious ways (which we will mention). I t s  restriction to l i n e a r i t y

is probabl y not  i m p o r t a n t  to the p r a c t i t i o n e r  because the overwhelming

m a j o r i t y  of commonly used t echn iques  are l in e a r ;  Examp les: the samp le

mean , regression, analys is  of v a r i a n c e .  Q~r me thod p roduces  a t i m e

p a t h  of a l i nea r  m o d e l ’ s c o e f f i c i e n t s  and it provid s t h e  c a p a h i l i t ~ ’ t~

assess the  s t a t i s t i c a l  s i g n i f i c a n c e  of the n o n — s t a t i o n a r i t y .  F u r t h e r m o r ~~,

this is done under very weak assumpt ions  concern ing  the probab ility

d i s t r i b u t i o n  t h a t  gene ra t ed  the  d a t a .  No p a r t i c u l ;~r g e n e r a t i n g  procc s~

need he assumed . Such a robus t method w i l l  c l ea i lv  n o t  be optimal fo r

eve ry app l i c a t i o n .  An i n v e s t iga tor  who know s the gt ’ie r~iti n~ p r o t & s s ,

or is willing to assume that he knows it , will be ab le  t o  find a

spec i a l i zed  technique better adapted to his case; but for t h o s e  c~t ti~~

with a lower degree of skill or of arrogance , the  me t hod t o b~ described

here has much practical value .
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1. INTR o D uc r l r ) N

Stationarity over t ine is an important unsolved prob lem In the app lication

of mathematical models. In banking and finance , the prob lem is criti cal , be-

cause statistical techniques are freq~ entl y app lied to tine series that extend

backward over many periods. Virtuall y all analyses of t ime series , whether

they involve the simp le calculation of a mean (such as a bank ’s average dai l y

foreign currency position) or very comp lex calculations (such as forecasts of

inflation generated by a 300 equation econometric model) are subject to the non-

stationarity problem. There is usuall y no theoretical reason nor ’pract ical

guarantee that the data used for estimation were generated by a stationary pro-

cess .

The purpose of this paper is to introduce a technique for measuring non-

stationarity in linear models . The technique is conceptuall y simple. It can

be adapted easily to a wide variety of problems and improved upon in obvio s

ways (which we will mention) . Its restriction to linearity is probably not

important to the practitioner because the overwhelming majority of commonly-

used techniques are linear; Examplea:the samp le mean , regression , a nal ysis of

variance.

Our method produces a time path of a linear model ’s coefficient s and it

provides the capability to assess the statistic al significance of the nonsta-

tionarity. Furthermore , this is done under very weak assumptions concerning

the probability~distribution that generated the data. No particular generating

process need be assumed . Such a robust method w i ll clearl y not be optima l for

every app lication. An investigator who knows the generating proce ss , or is willing

to assume that he knows it , will be able to find a spe cializ ed techniqu e better

adapted to hi s case; but for those of us with a lower de gree of skill or of

arrogance , the method to be described here has much practical value .

We will illus trate the uie th od by using a well-known linear model of as se t

re turn s , the index equation .

— —-- ~ I ~~~~~~~~~~~~~
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(1)

in which R
j~~ 

is the observed rate of return on asset j dur ing time

period t , R is the return on a market index , ~~~ . Is a parameter
m ,t

which measures the risk of asset J~ 
Is another parancter which

has been given several interpret at ions by diff erent autl1orsYand ~

is a stochastic disturbance term with zero  mean.

Since excellent expositions of the meaning of (I) are avail ab le

we will not give yet another one. Suffice it note that (I), or closely related

variants , are widely app lied in the financial industry. In portfol io management,

there are pr obab l y no current paradigms more important than (1). It is an aid

to decision making in risky environments. It has been u&ed for assess ing port-

fol io per for ma nc e , for measuring the impact of various events on security

for measuring rates of discount to use in the valuation of uncertai n cash flows ,

and for other purposes.

In most app lications , the par am eter s ~~~ and are assumed constant.

.1..
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There are however , three possible sources of non-stationarity which

could have a detrimental impact on the quality p1 estimates derived from

fitting (1) to tine series of returns , while assum ing s t a t i ona ry  param et-

ers. First , there is no theoretical reason for the “risk” parameter

to be an intertempora l constant. In fact , this parameter is widely-

acknowledged to depend on factors that are known to change ; (such as

the debt-equity ratio of the firm~~
” when as set  j is a co~ non stock),

and the absolute risk aversion of investors (which Is likely to change

with the aggregate level of wealth)

Another source of non-stationirity is in the distribution of

the disturbance term intended to measure all influence8 on the return of

asset j that a re unrelated to the index , m. 1’ There exists no satis-

factory theory about the distribution of 
~ 

aside from the simp le assertion

tha t i ts  mean is zero.  In any finite samp le , of course , the mean of €

can be non-zero in so far as dis-equilibrium conditions occur temporarily.

Also, the higher moments of the distribution of need not be constant.

For example , th. variance of could fluctuate drasticall y and cause

considerable difficulty in econometric estimation of (1).

Finally, non-stationarity can be induced in the model and in estimates

of its parameters if the particular form (1) is mis-specifie d . This is the

situation when the true state of nature requires exp lanatory factors in

~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ ~~~~~~~~~~~~~~ ~~~~
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8/ ~1addition to the market rerurn , 1~~. Since some recent ,

10/ -

and scsne not so reccnt , evidence argues for the inc lusio~i

of other factors , this source of iion -stationarit y sho Lid  not  be ruled

out in advance. We shall not examine the question of which pro-

posed facto rs should be included. Omitted var iables cause the parameters of

(1) to become functions of tine . This could occur anyway , eveti after correc--

ting the mis—speci fication , so we think little is ]ost and much clarity is

gained by develop ing techniques for measuring non-starionority w i t h the

model in its simp le form.

An Outline of l- Yhn t Follows

In the two sections following, we will discuss techniques for avoiding

some of the pitfalls caused by n on— st at inua r ity. The next sec~~i~~n (1)) ~ i Ii

explain the technique of robust regression; that is , of an improv ed reP—

gression method for a model such as (1) when the disturbances do not h~~vt

all the standard spherical Gaussian properties so familiar from econem~’trics

tex ts.

There ía no doub t that asset returns , and the estimated residuals from

regressi ons with asset returns , do not have standard properties . Asset

ret urns are not stationary Gaus sian .~—~’ There is a controversy about

whe ther the disturbances of (1) are drawn from a stationary non-Gaussian

probability distribution , such as a stable distribut ion ,-~ — or whether th e>’

conform better to a Caussian process with non— station ary p3rameters ;-~-~ but

14/
whatever the true explanation may be7— thc observed distributions strongly

suggest that an alternative to the classic least squares metho d of l i n e

fitting may give better results. We wil l pro tidc c~ idenice that ‘ro~~i~ t

regtession ” does indeed
, 
perform better than ordinary leas t squar&s.
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in section th r e e , we descr ib e  t ) e  second p a r t  of a m e t h o d o l o g y  f o r  re-

gression wi th a n o n — s t a t i o n a r y  1 ! n c a r  ~ )~~C l .  I t  u t i l i z e s  or t h o g on a l p~~l y-

no~ ials of t im e  to t r a c k  the  p a t h ~ ta~~eii by t he  c o e f f i c i e n t s , t b ’  “ r i s k ’

c o e f f i c i e n t , 
~~~~~~ 

an.! t h e  I n t e r c e p t  p~ r ii. ~L U r , 
~~j 

. S e c t i o n  f o u r  g ive

the emp i r i c a l  r e su l t s  o b t a i n e d  f r o m  a ~a i p 1e of U . S . ass e t s .

In sumssa r-y~ t h e  ba s i c  node] ( 1) w i l l  he f i t  to  d a t a  w h i l e  a~

fi and the distribution , I (C ), of the  d i s t u r b an c e  term are f i t
j , t j , t .j , t

to exp l i c i t  f u n c t i o n s  of t i m e . This is a very r c b u s t  s p e c i f i c a t i o n  and

it has the potent ial to side-step many of the troobling theoretical and

econometric problems previously mentioned. For examp le , if the “true ”

state of na~ure requires another factor (such as in t h e  mo d e l s  of B l a c k

11972] or of Nerton [1973)), the omission of this variable is econometrically

corrected itt our specification by allowing the Interce p t to vary in tim e .

Similarl y ,  if  the s imp le S har p e - L i n t n e r model , bu t  with non— consi ant par a—

meters , is the “ t rue ” st a t e  of n a t u r e , our specification will work. By

using model (1) we are  not ob l iged  to take  s ides  on the question of ~-hich

p a r t i c u l a r  theo ry is “ t rue ” because  th i s  s p e c i f i c a t i o n  will be an ap-

proximat ion  to all  of the c u r r e n t l y  s u g g e s t e d  theor ies  (for a particular

data  sar~p le) .

I..
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The para meters of a linea r mode l are often c s t lrate d by t h e  r - c r h i o d  of

ordina r y l eas t—squ a res , (O i. S) wh i ch Is oensltlve to l a r g e  v a lu e s  of t h e

add i t ive  er ro r  t e l i s  . Va r ious  a l t e r n a t i v e  m e t h o d q  b J V C  been  p rc pc~~ci  fo r

obta ining  r e gr e s s i o n  e s t im a t e s  wh ich  are  i n s e ns i t i v e  to l a rge  d i s t u r b a n c ’ : - s

and have known samp l in g  p r o p e r t i e~~, at l eas t  a s y c i t o t i c a l l y .  (See Bickel

(1973J and H u b e i  f 1 9 7 3 J ) .  The i t e r a t i v e  a l g o r i t h ;~.c used i n a l l  t h ~~;e

s tud ies  have th e  d i s a d v a n t a g e  t h a t  they r e q u i r e  a p r e l i r i n a r y  “ re .isonolJc ”

estimate , u s u a l l y  O h S .  Using l inea r  progr amming  to  m i n i m ’ ze the sum of

absolute errors prot ects against large disturbanc es , but the onl y kno w n

samp l ing re su l t s  were  found by a r t i f i c i a l  data studi es (Blattber ~ and

Sargent [1971)). Hinich and Taiwar  [197S) p resen t  an a lt e r n a t i v e  simp le

two s tage  procedure  and s t u d y  i t s  a s y m p t o t i c  and emp i r i c a l  p r opoc ~ t i e s  ‘~:l~~ n

the disturbances are assumed to be independent realizations - f r o m  a sy u~ett Ic

stable distribution.

Let us present the hhinich-Taiwar procedure for estimating the coeff i c—

ien t s a and $ in the s i m p le m o d e l .

t 1 , . . . , T (2)

where c are independent , iden ti ca1l y-distribut ed thick— tailed and ran--
t

Gaussian errors , In order to obtain the large samp le properties of our

esti mators , the stochastic disturbance s are assumed to have a symm e tr i c

st nblc distrib ution with zero location , scale a, and characterist ic expon-

ent y < 2.!~1 The assumption of a stab le distributi on generating process

is only incidental. The Hinich-Talvar procedure ~-rot ects against extrem e

values of the errors regardless of their distrib ’jtion if T is large ,

but �omc m’odel for the generating process was needed to compute large

sample variances and to test the procedure with artificial data. The procedure~~

1ET’J

~
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been show n to be “ i o bu s i ’ oga in ~~t I ar ~~u d i e t u t b a n c e s  (including gi o n  d a t a

e r rors)  p.-ovid cd the  c o e f f i c i e n t s  ~ and /3 are  corv .l an t  over  t i m e .

Assuming fo r  c o n v en i e n c e  t h a t  T i s  even , d i v i d e  t h e  samp le  i n t o  T/2

n o n — o v e r l a p p i n g  g r o u p s  of two  s u c c es s i v e  o b s e r v a t i o n s  (X
~~

y
~

) an d (X
~ +j ,

t — 1, 3, ... , ‘f—i . (~~ t c  th at In :~~~el~ w i t h  1 v a r i a b l e s  ft > 2 ) ,

the sample would be d iv ided  i n to  T/k non-overlapp ing groups .)
For each t , compute  the equa t ion  of  t he  l ine  c o n n e c t i n g  the  p a i r  of points;

i.e.,
Xt.flYt 

— X t YN1
a ~~~~— 

(3)
Zr 

—

t (4)
and

t4-1 
— 

t

(and , o f course , t here  w o u l d  be a vec to r  of k e s t i r a t e d  c o e f f i c  j e t s  In the

k - v a r i a b l e  c a s e . )

~~T—1 
are  independe nt random variables with t he  same l o c a t i o n , /3 ,

but  wi th  d i f f e r e n t  sca les-~---~
’ 

(or dispersion parameters). The scale ~ ~~t 
is

2 1/1
0’ —— t 1, 3 , . . . , T—l

.Ix t+l — xt I

Similarl y, 
~~

,. . . , are i n d e p e n den t  r a n d o m  v a r i a b l e s  vi th  ~c’c~~t i o ;~ a

and scales -

o
~~~

) 
~~~~~~~~~~~~~~ 

1 ,3 ,.,,, T-l (5)
Ix t+l — X L I 

-

An i n i t i a l  e s t im at e  of /3 is given by

/3 Hed ian  (i3~~~. ‘‘‘~~T 1~ ’

wh i ch i~i a consistcnt  and asyutpotic ’d l y norm a]  e s t i m a t o r :  T112 6T
’ 

~~~~~~~~~~

‘I.

_ _ _ _
-

- 
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convergci. in Jit j trlbut Ion to N(O ,l) as T •~ ~, where

(‘Oh ) 2 (
~

) (6)
T 2 i i y  ‘1

If the X~s are stochastic , i~ foll c- -:s from (6) th at for large T, /3 is

approx imately N (uI,6
2
/T) where

i t~~~- l / 2

lTy2 — 1
a (F.~x~~1 — x j  ) (7)

roll)

- The asymptotic efficiency of ~ ~s sinil jar to that for the med ian

estimate of the location given In a random sanr ph from a parent d in tr i—

bution. The efficiency of the first stage estimator can be increased by

using a truncated mean , (e.g. ,Thc mean of the midd le 25% of the  ord c-re~

instead of the median The nedi~~ was presented here because its asy - r -

potic properties are easier to derive and express. The first stc ~~e e n - -a~~ r

of a has sitniliar properties.

Once the firs t stage estimates of a and /3 are computed , the residu als ,

are o rde re d and used to compute an estimate of a ,

1
8 — ‘

~

—

~~

-

~~~~~ 

(C ( 72T) ~ C ( 28T) )
~

vhere t(72T) 
arid t ( 281) are the order statistic 

- 

e s t i m a t o r s  of the 28th

and 72nd percentiles of the distribution of c. The estimator s has an

asymptotic bias of less than O./~% for ni l y 1n [l ,2). (See Fama and g0ii

(1968 , p.. 823)). -

.1.. 
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The ~wnp J e Is t h e n dec ina t cd by remov ing nil ot,’;(- rva tions (X
~ 

, y~ ) cor—

respondi~~ to resld ,~ tl~ wh ich art- great er in obsolutc value than :~~~e

fixed mult ip le of s. Here , we us ed  4~ as t h e  c u t o f f .  Th i s  v a l u e  waS

sho~.in in the mon te carlo experi m en ts of }iinlch ~nd Talvar to bring

relatively low sa: p i i g  d i sp c r ~: i o u  to the rceu1tln ~: 
coeffic ien ts s-.er a

wide range of distributi ons of the  raw disturb ances , The final e~ t 3marcs

of a and /3 are the -  o r d I n a r y  l e a s t — s q u a r e s  c o e f f i c i e n t s  co m p u t e d  f m :  t o

remaining observati c~ n . They are  ap p r o x i m a t e l y n o r m a l l y _ d i s t r i b u t e d  s i nc e

the errors in the  rem aining o b s e r v a t i o n s  h a v e  f i n i t e  v r c i  a n c e .  Ac we

sha l l  see , t h is ~t i 1 i  t y  to “force ” t h e  seco d— n t a~ c leant--sq uar es s i  i n s t  ‘ .

toward normality Is of crucial i m p o r t a n c e I n t e s t i ng  f o r  t h e i r  n e c - s t ~~t~~oa--

arity . Furthermore , the Hinich—Ta iwar technique will provi de this result

for any stochastic process of the disturban ces , C , not just for stable

non—Gaussian disturb ances . A non— station arity i n the disper sion of C , for

examp le , will bring about thicker tails in the samp ling di stribut io~ of ~ .

By using this robust procedur e , however , the least—squ ares estimates curt —

puted under these condi tions will also be forced toward norm ality .

~E ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~
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# t ~ ~~~ A :  Dl~~1 ~~~~~~

In searchIng for the be at t c c h n i h u c  to model  n o n - s t a t i o n a r i  t y  I n  t h e

par~m cters 
of f - q u ~~t 1on  ( 1 ) ,  t h e r e  ( ire  several ure ful imp licati ons of

past emp irical w a r k  t h a t  sh o u l d  be c u n s i d e r e d .  ll~o ; r u ~~iou s  s ec t  i c- : t  o u t  —

lined an approach for acconodat log non— stationari ty in the di sper sl c-n of

the disturbance te rm c . Here , we vishi to p r e s e nt  a t i  i u l t r t rm t of non—

s t a t  lonarity in the expected value of C and in t h e  coeffici ents.

For common stocks , several studies have docunented temporary

deviations of E(C) from zero. T h i s  seems to occur as a resu lt of rar~ et

disequilib ri a w h e n  new and unanticipated inform s ion is received by in-

dividual traders . For examp le , the mean disturbance term Is significa nt l y

pos i t i ve  in the w e e k s  p r e c e d i n g  a s t o c k  sp i i t-~~~ Iii an other exacT ] e , p c s i  -

tive means occur before an announcement of spuriou sly increased earnin gs

(caused by accounting mani pulations) while negative means follow sub—

sequent  d i sc lo sure  of the s p u r i o u s  n a t u r e  of the iitcreas e~!~ Non-zero

mean disturban ces have been associated emp iricall y with several ot }ft I oc—

19 20/
curences such as secondary offerings—— ’ and dividend increases— — and t}:crc

are undoubtedl y many other circumstances , as yet not documented , which have

21 , 
‘1

the same result.— -

The swne arguments can be advanced concerning aj~ 
the intercept , i f  the

intercept is interpreted as in the Sharpe—Lintner model as a function of thc

riskiess rate of interest , It can vary Intertempor ally too. There is pro—

bably not as much solid empirical support for its sign ificant variation; but

there is certainly no reason to assume constancy in the absence of e v i d e n ce

either way . In several othe r studies ( p r e v i o u s l y mentioned) , the 1ntcrcc;~t

has been pr esum ed to va ry wi th  some other stochastic return. There is still

‘I . .

_ _ _  ~~~~~~~~~~~ _ _ _ _
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i2!a cent rove r sy abou t ~!rlch asset b e l o n g  I n  t h e  m o d e l  cud s in c e

we c a n  a c c o u n t  fo r  u a — s t a t l o a a r i t y  i i i  0<~~ b y an a l t e r n a t i v e  pro-

cedure • we per fi r to Oc t. r i-ti su r e  t h e  nil at ;  I ni~~ f a r  t o n  ‘ d I t e e  t l y -

pie r e f l e c t i o n  shows t h a t  (1)  p e r m I t s  a m e t h o d  for t .eas -r r ing and

c o r r e c t i n g  n o n — s t a t i o n a r i t i e s  in b o t h  L(C .
~~

) and in t h e  i i  ~ s i : t g  fa :  t ; r

the  r i skiess  r e t u r n )  at  th e  same t i m e . The temporall y var�rinC int e rc ep t

can s imp ly be r e g a r d e d  as a m i x t u r e  of all these Influences .

Which time dependent functions ~h o u ]  d be chosen  t o  m o d e l  cit - noel 
~ -

— 3 , t 3, t

Several altere~~ ivcs are available: One of the t e c h n i ques’ t h a t  mi g h t  h a v e

been se l e c t e d  is a modi  f i c at i o n  of t i n e  F a r l e y — l h i n ~ t i n  ( 1970)  or F a r ]  e y — k i r ;  a n —

)-lcCuire [1973) procedures , w h i c h  a l l o w  t h e  c o e f f i c i e n t s  in  a r e g r c s n i c n

equation such as (1) to shift once during the observed record , Their

t e . hn i que al lows the  (unk i ou ’ni ) date of the shi ft to he e s t i r . at  ed . ‘ l i i  n r o t ;]

have been an exceflent method if changes in the coefficients of 0) o c r e n t c d

discretel y (and only once d u r i n g  t h e  p er i o d  of o h n c r v a t l o n )  . T h u r u  rt~ y l~

cases like this. In fact , such a case- would occur for 3 f I r m  t h  .t l~~d

f l o a t e d  a new b o n d  i s s u e  and t h e r e b y c h a n g e d  ccn ’ i d e r a L ] y i t s  I ev~~i a g e  r a t  in

during the  samp l e .  B u t  t h e r e  are c e r t a i n l y  more  c o m p l e x  p o s s i b i l i t ie s  a n d

pr ud e n c e  requ ired d more genera l

Ano t h e r  a l t e r n a t i v e  is  Some  type of “random coeffic ients tech-

ni que such as the  a d a p t i v e  r e g r e s s i o n  p r o c e d u r e  of C o o l e y  and

Prescott , [ 1973) .  In t h e i r  m e t h o d , the c o e f f i c i e n t s  arc a s sumed  to  v a r y

rand om ly from one period to the next by following a random walk f rem th e i r

i n i t i a l  p o s i t i o n s .  A g a i n , the coefficients of sen.’ assets tiny behave t h i n

way h u t  o t h e r s  m ay t a k e  oil d i s c r e t e , d c t c r m i n i ’ k  Ic changes or fl u ct ua te In

a pr edi  c t a h  Ic p a t t e r n .  B e s i d e s , t h e  m e t h o d o l o gy  d en  en be d h e]  or is ab l e  t-

. t r ac k  c o e f f ic i e n t s  which actually follow a random scquencc. Since It w ill

.1.. .



track other sequences too , ti t t r e  ~s Jusi. uy ~~~~

Our idea is to a pp r o x i m a t e  the sequence of each coefuiejcnt by a fuiic—

t ion of t ime  whose p a r a m e t e r s  can be estimated directly. We decided to

use a function of Legendre polynomials for t h i s  p u r p o s e .  The Legendr e  pol y-

n o m i e l s  a rc  onl y one of m w i d e  v a r i e t y  of f u n c t i o n s  t h a t  i u i g h t  he ii ’ied Iii dif-

ferent applications. We do not inp l y ,  b y using the Legendre pol yn (~~ials here ,

that they are neces sarily superior to Cheb yshcv pol ynom ials , trigonometric

pol ynom ia l s  or many o t h er s  t h a t  cou ld  be used to a p p r o x i m a t e  an y  a r b i t r a r y

f u n c t i o n  of t i m e .  H ow ever  t he  Leg endr - e pol ynomials are easy to vis -ialr ze

and they provid e an a d e q u a t e  e x p o s i t i o n a l devi ce to illustrate the genera l prin-

cipals involved in our technique. •

Given any pol ynomial of time , the tine paths of the coefficients and

$‘ ~~ 
can  a p p r o x i m a t e  as

~~~~~ ~~~~ 
a~~ P

1
( t)  ( -. 1 ~~

‘ t ~ 1) (8)

$j , t~ ~~~~ 
b~~F1

(t)1 ( - 1 ~ t ~ 1) (9)

where P1(t) is the pol ynom ial of order i at time r and a~ and b 1~ are the co-

efficients of the ith—order pol yn om i a l  for the intercept and slope coefficient s

of ( I ) , respectivel y. In tb-i s cas e , I is the set of Legendre pel yno rnia ls and

the first five of these are given in Table 1 belo w and i l l u s t r a t ed In  Fi g u r e  1.

U n i t s  of t ime  are chosen so t h a t  — l  to +1 spans  t h e  observed number of

n a t u r a l  c a l endar  units~
?
~~ This particular stru cture is used because the

Legendre polynomials are m u t u a l l y o r t h o g o n a l  on the  interval [ —1 , 1 )-
~~~~

-
~

‘

Thus , each p o l y n o m i a l  can he In t r o d u c e d  as a separate vari able in the es-

timating regression without h av i n g  to w o r r y  a h o u t .m u l t l — c o l ] - t n e a r i t y ;  (which

would be serious problem if a non--or thogonal polyn omi al were u s e d) .

Th e fi nal c~; t i m a t i n g e q u a t i o n  i s :

+ -‘ 

~~~~ 

-

A A 7
+ b

Oj
Rm t  

+ h
ij

tR
m t  

+ b
2~ E (3t — ])

.
/ ? ) lI m t  + -

— — —- -~ i-- ——-—
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Tatt l e 1

Legendr e l’ol y n o n r l a l s  f o r  u n i t  wci 1;i i i  and r ang e  [ — 1 , 11.

p (t) — 1

p1
(t) t

- 

p2
(t) (3t

2 
- 1 ) 12

- p 3
(t) ~ (5t

3 
— 3t) /2

-

. - p4
(t) 

- 

(35~~ - 30t 2 
+ 3 )/ 8

Graphs of Legen dre  Pol ynomia ls



Our idea is to app roxi m ate the sequence of each coefficient by a func-

tion of time whose pa rameters can be estimated directly. We decided to

use a function of Legendre po l y n o m i a l s  for this purpose. The Legendre poly-

nomials are onl y one of a wide vari ety of functions that might be used in dif-

ferent app lications . We do not imp l y, by using the Legendre polynomials here ,

that they are necessaril y superior to Cheb yshcv pol ynomials , trigonometric

polynomial s or many others that could be used to approximate any arbitrary

f ,nction of tine . However the Legendre pol ynomials are easy to visualize

ain d they provide an adequate expositiona l device to illustrate the genera l prim-

ci pL1 l~ i n v o l v e d  in a ir technique.

Given any pol ynomial of time , the time p a t h s of the  coefficients~~~~t and

earn appr exin3~~e as

( . - l~~~ t~~~ l) (8)

~~~~~~~~~~~~ ~~~~~~~~~ 

b
1~
P
1
(t)~ ( - t ~ 1) (9)

where P
1
(t) is the pol ynomial of order i at time t and ~~~ and ~~~ are the co-

efficients of the ith-or der pol ynom ial for the intercept and slope coefficients

of (1), r e n~~’cti v ul y. In t h i s  case , P i s  t he set of Legendre pol ynomials and

the f r r r t  f i v e  of these are given in Table I below and illustrated in Figure 1 .

Units of time are chosen so that — 1 to +1 spans the observed number of

natural calendar units.?~~ This particular structure is used because the

Legendre pol ynomials are mutuall y orthogonal on the interval [ — 1 , 1

Thus , cacti poly n o m i a l  can be i n t r o d u c e d  as a separate variable In the es—

ti~~ating regression without having to worry about mul ti—co llincar ity ; (which

would ho se riouc problem If a no n—ort itogr o il po l y runti al were used).

The final estimating equation is:

- + ~ h j t ~~ ~2I
(3t

2 
- 1) !? 

- -

+ t
0j

Rm t  
+ h jjtR m t  

+ b 2~ [(3t
2 

-

- (10)

—-- — ~~~~~~~~~~~~~~~~~~~~~~~~~ ~a1
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For n — 4, the coefficien ts can evolve in op to a qu a l  t i c  f u h i ni ~J, 1 Ui

w i l l  adsn i t a chang ing trcnd and even a 1 m u  tE d eye 1 it  pa n n o . In c-a

case , the e ; t i r a t e d  c o e c u i c l c n t s  of t he  h i g h e r -  on ti er i ol~~n’mi 
ntis t i g h t

turn out to be i n s i g n i f i c a n t l y  d i f f e r e n t  f r o m  ze ro .  lh ~ s would lr [ i y

stationarlty. 
-

Finall y ,  n o t e  t h a t  a t e s t  f o r  t i n e  e x i t t e n c e  of non— statl onar ity itself

dur ing  the observed samp le period can be vr~ de very easil y. The composite

hypothes is , b1~ b2~ ... b . 0, usI ng a l l  excwpt the zero-order  e s t im at e d

coefficient In an F—test , provide s a means of determin ing tht ~ prob ab ility

that 
~~~~~ 

in  ( 1) ( t he  r i s k  c o e f f i c i e n t )  has actually varied in So~~ O s-ay S~ u -ila r l y,

a 11 a2~ — . . . — 0 is a hypothesis that neither nor E(~ ~~) has changed

during the record .

______  -- -—---~~~~~~



IV. f~fPlf:l A~ I!~~111~TS

3 

The Da ta Sam p le

The data cho sen for Ilitoit r at j o i n  ) l - r c  n r c  t r u e  r a t ’ - o f  t ‘ t u t u

(including d i v i d e n d s , I f  a ir -- ) for ,- ~~ V ’r~ an  ,‘ r : r i c ~n ru miu -c~ nx-

change list cd secu ul ii t n beg ur In I ng i i i  I n t l  y , I ~)(2 - 
( 1 , - i - n  \ 1 o t t  ocr

2 - ’
available da i l y be t sere a~~ reEat c-.i ~o weekl y int c r jl . 1 0  L a s t

observations were for J u l y ,  1969 , and a total of 365 s-eckly re -turns r-~~re

available for a large number of uc ce tics. Since t h e r e  w e r e  r . - :c

adequate data , we decided to use only a subset of sc-curit ie s and o h - e r . : - -

tions , dividing the total period into sibperiod o ~nd u~ u - ~~ only t l c u e

vh ich had a ’ full record of observe ’ c o n . Further nrc , 5~ OCC t~~C c - r ~ ‘5 ~~

were done on a co~~ercial computer , we arbitrarily dec ided to 1ir~It t h e :- ‘ajor

production run to a fixed n u m b e r  of m i n u t e s  of (:111 t i r e .  T h t f s  L u  t i c  i - f f ~~~c~

of eliminating Ame ric an Stock Fxch iui �: cu set tin ties ebr u 1lOn -~~S : l i  1 Jr -
, r

alphabetical ord er s i n c e  these were positioned l u st on t h e  r.agne~ i~ t e;~c .

The f inal samp le  consists of 930 sec u r i t  l e e  w h i c h  h a v e  f u l l  cc

during the first 160 weeks (frea Jul y 5 , 1962 , t1i rruu ~ l. Jul y 2 2 , i~ ’~ -~~) .  (I:

the 930 securities , 84 were listed on the American Stock Exchange (an d the

remainder were on the NYSE). Theic were sonic st~~:ks - i i n~u i u r i t e .  .1  t ( ’  I e2

spots on the tape.~ -~—
’
~

The reason for choosing 160 weeks was that the robust techni quc rc~ uirc -s

the sample size divided by the number of variab les to be an integer. Or igi na~~ y

the number of variables was 2,4 ar-id 10 so t h a t  t h e  s - o g l e  si�e h a d  to be a ncu ~ --

ti ple of 20. Since 160 was a reasonab ly l a r g e  nurcber  and  a m u l t i p l e  c f  ~fl ,

~incc we wanted to reserve at le.is t one—half ~f tir e aval lab) e ob~ e rva t l en s  ( s u  c
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365) for predict L o i n  a i nc i  p o st  — s a m p l e  t e s t i n g ,  160 wat ;  c i r o ;en .  For reasons

to be d isc usse d  shortl y ,  we later d r u l d e d  t o  do t i r r -  r o b u s t  t r i n i n; i w i t h

the two—variable model onl y, so we could have chosen  a s l i g h t l y  l a r ~’cr

aarnple (and not a multi p le of 4 ~ud J O ) ; t h i s  see~ - ’ -d l u e r d l y w o r t h  t i e

extra prograr’uning effort , so we did not change’ tire o r igin ial) y—cl: on ’ a

size .  Th ere is no reason to suspect that thu i~ ra ther hap hazard techni que

for choosin g the  s a n np )  e had any jul 1 ut nlCc onn the resi l

The market index used in all casts was t h e  S t a n d a r d  & Poor ’ s 500.

An_Outl ine of the Results

Since the r e s u l t s  c o m p r i s e  a r a t h e r  l a r g e  ~ n ne ; t of i nf o r m a t i o n  c’n

several different e m p i r i c a l  questions , the followin g outline will serve

as a guide to the most interesting part for each reader.

Section Contains

IV A Ordina ry least squares (OLS) and Pob uu -t (Lob ) cc--

results for individua l stocks for the- pc~r i o d  J u l y ,

1962 to July, 1965.

IV B Tests for statl onarity in risk c o e f f i c i e n t s  nn d

other patann ete rs for t h e  ~a - p l~~ as a -~- h o l  e

IV C Anal ysis of individual securities ~,ith retr y out-

liers.

IV D - Anal ys is of individual securiti es with stron gly

varying para m et e rs.

I’! E Tests wi th portfolios . Result s for the  f i r s t  160

weeks and post-- samp le r efit ting .

I V F Tes t s  of the two— facto r nodel with por tfoli o s. 
-
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. - r egt eSSio~ ” does indeed perform better than ordinary least squart-s .

‘I . .

-4 . - -
~~ 

—j -  ~~~ u- u,-~ , - _______________

- - 

- -

A. Chnn-a ct ,~r j s r j c s  o f 1 n n d i - ~~ , t u - t I S.’~ u n I t i c s~~ J~j  -
~~- J - i l y~ 

l’)~~~.

Tabl e 2 p resen t s  c r o s s— i ; e c t i o n a l  st a tistic s (u c n o ; r  930 scc ur lt i i - r )

for regressions calculated with t i n e  series for each security. For

each t ime series rix different rcgrt- ssion s ut-re fit , one set with

órdinary least squares (or s)  and .inother set wit h t h e  r ubu t u c i --

nique , (i:O~). In each set , the t1 r~ e regressions arc ‘or (1) t h e

simp le index model , (2) tIre model with linear time trends in t h e  co—

eff icie nt s , and (3) the model 17 t h up to  a q u a r  t i c  po l ynr sri a l of t i n e

in the cocfficient~~;(these three represen t model (ll)with n = 0 , 1, 4 ) .
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• -. •but �om e model for the generating process was needed to compu te  la rge

samp le varianc es and to test the pr ocedure with artif icial data. The procedure ~
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The tO!) le pr &-)en t t h1 C _ Il l CU 1~~ n i  I - ~ f I C  f i t  ii - — - : 1  - ‘ I f ~ t

and b~~ from i-- ~c - i a t  i c - n  11. Thn-~ - e cc-e ~~f fc l c r t t ;  r (- p I I - - - ’ - n t  t h ~ ~~: 1 1 -  
•

folio risk (fl~
) n _ n i _ n j  t~l I (  . 1 C C - C  !~~ t ~~, , f n :  the S i t  p~~~ I2 ( ( _ T n —  - . 3 C . ) l ’ ] I - )  o.- n -

tite I1 I O( lc - lS  w I t } I  I l r : ’ _ n ) - C - t . I t l c ’ u _ I a r y  C 0 / f f~~(1 Cflt 5 , ~ .i are the (Ci—

timated v a ) u n s - s of t i _ I l -  1 - - : i t f c _ n 1 i C ,  t l i 7 v n t1d  t L~ i n t c r  - t 01 _ n - f -  r h _ I

over the t i z r c ser l i- s .

For the other coe ff lci i-i _ n t s , (a and b ij  f o r  I >  (I ) o n l y  t t n :

t — s t a t i s t i c s  a re  c - c 1 , I r t e d  U_I  ord i- r to  save spac e . Sin c e  t h e  e n C u t r e

Interest in t h I T - s e  c o c - f l i c - i c o t s  i s  i n  t h e i r  p o s s i l - i c -  d c ’ .’ia tions f u e l _ I

zero and not in th l-i r ab solut e \-aICnes , reporting t h e  t — s t a t i s t i c c

is suf ficienL. For c I n c h  s t a t i c t  _ n (
~ , t } i c -  C r o s s — C - - I  I i c - n a l  s~ i t S _ n .’ C _ n  C

mean , st andard d e v i _ uti’ ett , t~~~Cl~~t n , fif th per - _ I I t _ n i ( , io d i~~n , 9f- i~:

percent ile , and m ax it ._ I— Jn ar e  g i Vo~~i -

Serial correlation In t i l L - r c - s i d u r i l s  wa s  insl gidfi cani t for all : n d e l s

and securitie s. Over the s~ x d i ffc r C-a t r_ Ic ’-_ I~els al_ nd t h e  9-S O S C -  _ n _ n l  t 1 5  T -~~ t~~ T - ’

mmnluuum col_ Iput ed l)j rb n-~~~t non 
-s a t  1s t 1 c was I . 55 a n n l  t h e  ) I . _ I X  5 _ I ’  - 2 . 7 1_ n ,

a range t h a t  C a n bc at  rr Shu t ed to C h a n C e .  The rican cr os s—sc - c t ) n _ I - _ I l  V~_ n I I l

of the .Durbin-t~~tS0n ranted fro .,_ I 2 . 15 to 2.20 acrC )sr- the s i x  r - - c ~ I s - . .  T h i  -

ind icates a small and i n s i g n i f i c e l I C  0 C _ n i t  ~VC seri al ~1epe nd eto C i n  t ’.o

estimated distu ’bances , ( w i t h  I_n f i r s t — o r d e r  c o r t i T l a t n o n  c f  l e r - - s  f l _ n _ I C )  •1).

The major differences betu - -cen ordinary lc-is t soCla r cs and robu st t og—

ression are evident in the t a b l e .  As m e n t i o n -d i n  s e C t _ n o n  11 , l~~, n~~~~~~~~ - 0 _ I !

techni que is intend id to guarantor- that the rc~~iduals , a a ~ t i - s  - h~ - -

t ima ted  c o e f f i c i e n t s , follow a G a u s s i an  p r o b a b i l i t y  l a _ n _ n . T u e  C _ I C C _ n _ I _I

this aim is measured b y the student ized ranges calcul ated frori ti e r e sOn

dais of each model . For ordinary least squares , t i l e entire Cr~Iss—r -eC t1 flr _ Il1

distribution of the studentized range lies to the ri ght of the distri h ut ut c ’ :_ n

calculated from the robust residu als .

In the 2—variable model , for examp l e , the 95th samp le per cei _nt flc stu—

dentlzcd r.lngcc; are 8.3~4 for ordinary least sqnares (OLS) and 5.61 for

robust regression (IOB) respect iv-’l y. Tables of t i _ n - S t U d C D t  1 . ed  r a i i g e

• show th at the 95th percentile of the n u l l  d I s t t I i u t i o n  ( G a u s s i a n )  is

near 5 . 7 5  for  a sam p le size of 160. This Is quite close to ti e observed
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v a l u i -  for the r- -S ’ _ n _n1 t c a se i n u t  I -  n i  t n C I O _ I - l  the u n l - _ n - e i  v d  O l S  v _ n n l u o .

} v L  01.5 , (V ( 1 1  t~~ s- mir - h a n  ( I i - C ( I V n - .l C _ I l n l ~~_n~~ lied X , i l n , C I fai ale Vu  C S~(-

95t h p e r c e - o t i l t -  of t i c  i t n i l  c h i s t i  i l - t n t  font l i i  a l l  ü, n - _ n
~~n - r e g l u -  s b _ n .  I S

ind icates , of course , t h a t  t h e  Ob s e l  ved r e s i d u n i  s a r e  q u i t e  non—C u s s_ n an

when ordinary 1 1 - _ n - - C  s q u a i  C -  1 _ n _ n T - p l C i  c - i t t _ n  ( I n c  sc dat a. T h u s  t i n c -

con; ’itted 015 (-a t _ nn t i t . t l C C .  n r c _ n  50t I n  ( 1 5 5 3 1  f ly  t n l 1 . _ n l l i  r~ - i n t l

significance . Wi th t h e  robust t e c 5 _ n _ I n l q u e  , however , t h e  r e s i d u - - 1  dc _ n

violate the a s _ n- _ I _ n _ II p tlo n of n orcnallt y. Thus  te st s of d roll Scon ce b e _ n e l

on the norma l it - 
~_ nss u n_ Ipt I on S n: \ C  f •-t cc vol Id it y . 1 hi s Is vecv 5 - - C _ n-a C

in testing for the presence of non—stati onar y coef ficients , as we sS_n a ll

see in the next sub-section.

One oth er fact about the studentiz ed range cl - T o l d  bc noted : Its

cross—secti onal s~ aaiia rd d e v i a t i o n  i s  three ti c - -s lar~~-r for O1~ t S s n

f o r  ROB . T h i s  i s  i to  d o u b t due to 5 _ n _ I _ n _ n C  x t  re m S I - I  l a r g e  v_ nn S OLCI  ( t h e

observed m a x i c - u _ n - _ n  for OhS is 12.7), t1- h _ n c h  l n d 1 r _ n t n - ~~ ‘i ’ s d _ I -;- _ n I r t L 1 C -~~.r
normality for some securities. Whatever the source of these departures ,

be it non--Gaussian stable prob ability laws , data criers , or non_n-

stationarit ies in t h e  p a r a m e t e r s , t h e  results InO~~ c a s t r o n g  case - in _ n -u~~; - o r t

of the use of tin e robust techrnioue , part Ic ularl y for securi ti es -~ it Sn

v ery large observed values of the studentized conge , (and corre sp cs S i n ~~l y

l a rge  p o t e n t i a l  e r r o r s  in estimated param eters).

The explanatory poi-’er of the  regression 5(-& - _ I _ Ir - ~~~-;o to be I_ nmpiav ( 5

the robust techni que. This Is shown by the observed cro s s— se cl i o l_ ni _ n I iS is—

t r i b u t i o n  of R 2 , v l i i c i i  is shif ted to the rig ht ft-on the OhS di ~- tri hoL l e t _ n .

Of course , t h i s  is  h a r d l y  s u r p r i s i t e  s in c e  ftc r o b - _ n - I  t e _ n h n _ n q u r  l a s  t h e

e f f e c t  of t h r m : in g  0 _ n _ n t  o1 se r v n t  i c - as t h a t  do n o t  c o n f o r m  c e l l  t o  t i _ n e  c _ n _ I —

t i na t e d  r e gr e s s io n  h v p e r -p 11_n n e .  One s h o u l d  he ve ry  c a r e f u l  t i i_ n ’ :  t o  L

t h i s  s u p p o s e d l y  h i g h e r exp l a n a t o r y  power is r e a l l y j u st  a b i a s i n t h e

R
2 

computed by t h e robust tcchnioue • If the d i s c a c - d e d  ob s e r v a t i o n  h _ n _ ni b e en

•added bock to the computation of n 2 , (using est ima ted residual s for t h e s

observations t h a t  were c a l c u l a t e d  w i t h  the r eS i s t  c o c f f i c i e n t s )  t h e  r e s u l t

would be a v a l u e  fo r  R 2 
m u c h  closer to t he  OI~S value. For t h e same reas on , C ’

p r e d i c t i ve  ~h i l i t y  of t h e  ROB _ I qu - n t i o n s  w i l l  n o t  he better titan ti _ n e OhS

e q u a t i o n s  to t h e  extent of the ‘ir-pro’.-cn_ncnt ” I n  R
2

. Th i s  i t -  1 C C a U S C ’  t I n t _ I

same p r o c e s c e -  w h i c h  I T e i t r - r _ n i cd o u t i  t e r s  d u r i n g  t h e  f i t  t e d  s a m p le  
~~ 

it’d can
- 

- 
. gencrat~ outliers in the post—s ample period . If there Is any I n i p r e v u  ~~n _ n _ n t

-
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in p n n d l c t l v o  t S - i i f _ n i  t - ~ f n ’ I n ~ 1~ t m ’ - , ( t i _ S  C u -  ( i _ n , C n 1  0 _ n i ] ’, m l

t h e  } - C C l _ n  c o f S l c l - _ n ’ - I n n ’ ,’ - l u _ n , i - t i n t - - i n  n - i n - n .

We t - ( - ? 3  1 t i t  _n t U n _ n  S y u -  S n~ t i n -  ‘ - 5 - n . C c - i - t h o d  C - ‘ _ n _ n .  I i  u - n  1 - - S c:

each nnc ’dc- l , (2 , 4 , t i n - !  10 ‘. _ n i  i _ n i  I~~’; )  _ n n i n a n n n t c l y .  l’ : f u _ n r  : _ n~_n C C l V , t h i s  i s

a v e r y  t r e a c i n e r c - _ n e _ n  5 - _ n _ n e t - _ I n n  f r  _ n ! - - n i n d  10 - s - _ n  _ n i t  -
‘ I -  I t

600 11 c i i _ n c n--v ered. T l _ n -  e s _ I l s I t I n  c _ n c :  I t ’ ; 5 ’- - o i C h i - ; - _ n , - ’ n . 5 : i’ - e ~~ 5 l  • -‘ ; ] _ n ’~-

as regct -osO rS In l n L ’ S C  n . - _n _ I : l n - S _ n , .  P n - - : . n S l  t S n t t I n e  r e n t  c _ n t  t n _ n c l n r : _ n _ n~ _ I n ~ S

p a r t  i t S  oti s t I _ n c -  t , n _ n~ p 1 e i n t o  S~ / t - -  _ n _ n : _ n - _ n~~- I - , _n 5 _ n - r- S _ n - t i ’ ”  - - n  I s o )  n -  r-

and k In.. the i _ n _ n _ n- - S i r  of  c - , n i i _ I _ n t _ n i l  - A t -  r~~- _ n n n _ n l ’~ n S . .  t . _ n  , - S - _ n

5 u ! n — S ~ n i r _ n 5 - l C  and the i - r - ,hli n s of  t h e - _ n e  c o e f f i c i e n t s  ;nr’~ _ n : n S - n - _ n  ft i - 

p a _ n : ;  c _ n t  i n- t es . t S : n  f U r t in , _ I J ’  C S  y • - - ~ _ n _I _ n -  C n n _ I  - , S - - -  C n I- :~n ~ : C - - -  -

over the f u l l  t i n _ n -  s1n an c n f  1~ _ n O o i _ n ; c n  _ I a t ; ’ - n s , t l _ n t v I i , - S T _ n t I m o _ n _ n _ n  1 _ I  C ’ - -

w i thnI _ n :  c a _ nh n _ n i b- - 1 - n - c l -  1 .

1~nl.~ IS 
q _ n i t C I _ n - L ( n _ n t  I C ’ ., n T - n ~ 1i i  :11 n.h f - n S _ n C S - n - I _ n _ n - _n

pol y o t ’m i a l s , (Fig u _ n~ - I , s c t i c n n n  1 1 1 ) . ~~_n hi ’ S n n ~- . ‘ j S _n I n n _ n  i l _ n ’  t ’  - - C

m et h o d  are chosen by a n a n. m a )  p a r t  i t  i C C _ n  a 1 o _ n :~ , t 1n ~ t i m _ n c n~ _ I- _ Ii S t S C ’  C _ n _ I t

corr elation among t h e  pc n l y i _ n : - : _ n _ ni _ni S~~ c- i l ( i n S t _ n  n - s d _ n  i _ n u t  s , _ n  S - -’ u - l~~l t i -  h n ’ i t n -

high. Fc r the l O- - va ti S - ic c _ n _ n _ n i -, t i _ n , - a :- i s  i _ n~ 1 a r t .  ‘ l e t : -  1 ) ( f l / 0-- _n -

equal sub -sections . A on _ n e — s i . t u e n _ n _ n  i _ n s n u b - - s e c t  i o n  c f  t i n e  t ir e  [ 5 _ n ’ - , cS os~~._ n ~ _ n n

anyc-.’!xe re at all , vii] i n  - - x n l  t Sn  ~ x r i  n _ I  - I y h i  I
I I i t t  - C 0 - - -  ‘I C ’  I 1 - _I -

the  p o l y l n _ n _ n_ n _ n n i : n l s •  l i n e  6 — ’ ; a r f , _ n l n  l e  c _ I n _ n- c _ n s  n. an _ n i _ n  - _ n S - ~~i~ _n , ,  ~~~~~~ ::~~~‘ 5 -~

f i r s t - o r d e r  pc’ l y ne : :  1 : 1  ~ n n d  t h e  f i r s t -  o r d e r  pc- 5 ynic ri si ~‘i1 I i i i i e n l  S y t S e

market return arc us c- _ nI . n L ’ : - .- , - v e r , tI , - - n _ n t - -  ;e:ti Oils. n r c ’ c - S _ n , n 1, j n ’ _ n  ,

being I /AO tin of tinc ’ total samp le . ‘t I n  u - ;  , o c r _ n e  m ea n I v  s i n -  ~- si _ I _ n i i - s  t r _n c~ I;

h ave a h i g h  1 n r o l n o i - i l i t y  c f  O C C n J t  S _ n T ’ S , t i n : ~ _ I l y f n - c a c _ n  , -: h oc _ n c C o _ n ’ - ‘ ,_n,j I ’

market re turnis of ; n ; j i o x ; i _ n n n t e l y t i c  _ n _ _n , e  r _ n g _ n _ n i : n t - L -  o n e  L n _ n t  o ’  Is - 
~~

‘, C ”

o c c u r  at leas ot”’~ .

We t r i e d  t~ rc- r_n cd y Unis iii dttce d ~ u l ’t i — c o i l  in c , i r i  t v first by cino or I

& u b — s a m p lcs b y some ‘ ~ tho cI  o t h e r  thnci n : t i _ n e  natural ordering aloap thc- tine

axis .  For examp le , we tried using ob _ ne rvat ic n ns ~ _ n n _ n _ nl - e t u d  1 , I i , 21 , - . . , l~~I

for t h e  f i r s t  s u b — s a m p l e , 2 , 12 , 27 , ... for tine sc- ccnnd sub—s _nv -’g le e t c . ,  In
the 1 0 — v a r i a b l e  c an e  and I , 5 , 9 , etc. Ion tine 14 — v_ I’n r  i a b ] e  re _n~r c s s i on s  . T h i s

allevi ated cons i—t crahl y the m ult f— col ii nc a rj tv prol’l -cn f o r  t h e  l 0 - - vj r i a l - 1 t i -
ease h u t  I t  d i d  no t  I n c h  t h e  4 — v u r i a b l e  case at ,- n h l , and  theme c-.’cre - - t i l l

some su b — s a m p l e _ n ;  I ii  b o t h  cases  w t _ n c ’ _n n -  m omen t  1 - n t  r i ’  c_ n .  h n i ’nd ex t rc n _ n u _ I l )’ I o n ’
- - de term ina n ts. - - 

- - ‘-~~c~~~~~~~~~~~~~~~
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Finall y, ‘.‘~~ d e n f Si ‘1 t o  do t h e  f i n _ n t  i -ar t of ;t, e t o i - n t  t( n i n i t i n j n ’ t - , t l ~-

determination of out i icr aL _ n ,etc - -a t l o ns , w i t h  t h e  i _ n ’ - - _ n a r i n b~~n ’ n _ n n c d c l  a l _ n - i c -

Then tine second pa-; -; t’hic }n c oi n Si _ n - C s of c, n _ n r ’ J n n _ n t a t  i O n ’ , o r d i n a r y  l e a s t  squ. it ( 5

on non—exc ludcd otserv at Ian _ n - _ n , c- : ;nn  d c - _ n t- for ti_nt- 2 , !~, ond 10- - a r  i cil 1 -  r “ S c ]

but using the observati ons determ in e d by t he 2— vac- S~n t - ]c first pass. Ad-

m ittedly, this is a S c _ n r c - - C I t _ n t a r b i t _ n  , n n  v j u t  o c r - d i n e  a ; - ! o c ’  r _ n o u l d  i - 
~

- a

p riori than. it von Id unndns r t’_n i _ I n t O  t h e  tru e worth of the rohn ;st ti-ch in i quo

relative to OhS for tri o 4— and 10 - v _ nt _ n _ nal n lo n n n o d c - l s .  }ior ’l-ve r , t i n t ~ _n~~ n i

nature of the indepe ndent variables li_ n these mod e-is made i t  o e C e S C a r 5 -

and we can do no bett er than t o  t e e ~ n i t  in min i c-i c-n _ n i r n t c r ; - ’ c t f n ~ t t -e x c—

suit s.

I

.1

____ - - - - —~~~-~~~~~~~~~ --
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B, T e s t, i n - ~~ f i n  t i :.’ i . _ n  ‘ t c o ~~ .- ~~‘ t ~~c i _ n  - n . -~~ t a t _ n _ n~f5j~r ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~

One of the-  ba s i c  a t ’  t a t  n - n _ n c -  ( i t  e n  n n e~ - -~~‘t I ~S I t  S i i , n n ‘- S i l t y  t e p r  o v i d  i-

a statist Se a l i-s I r h i - (-~~ t,. t - n _ n ;  e n I n .  ‘S n - ’. t a t  I n n - 5 _ n  1 ’ 
~
‘ n ’ I i  S ‘ ; ‘ n a _ n

tit i s by tests of s t a t _ n o n a r l C y  of t S _ n e n o ~ u t I c h e n t 9  of ( 1 ) .  In p a rtic u lar ,

the st a t n il _ n ty of ri sk b a r cn _ n t’t cr ( -_n - i n n (I)) over t i _ I - i -  I- ; a C t _ n t tcr nn~

great import anc e o p n n r t f o l  j o  _n j ncn ~~c r c -  a u t h  ot t_ nc r i n - - ° _ n ’  -‘ r s . ‘S e- ; w e- Sd

l ike to S_ ne a t - i c ’  to u se  h l : , t o r n c a i l y — c - t  i t  i t o - S  r i s k -  -,- a r _ I n - ( t i - I C _ n _ n  f r  n~ .. i C C _ n C

portfolio sel ection _ n ~ nd ~t o _ n _ n l d  a l s o  l i k e  in be ab le to n ’ x t r , -~ - i ~~ t c  I n c

safely. In additio n , th e Intercept ten _ n n  O(J is c _ n _ n _ n _n C i t -  n’ - I - ’  e r ;  r e t  sd i _ n

t h e  “ext r a o r d i n a r y ” r e t u r n  to  a s t o c k , a b s _ n e and be ,- . i n S  t I n  n ’ :, e_ n _ n3 I c iv  ~ e-

s at i o n f o r  j t . _n r i s l< . Thu _ n ; , i t  t o o  i s  h _ n _ n ;  n r t n i ’ _ n t S n _ n  _ n ; n ” n’ c e _ n t  exis . t . u  , . t l 1

r epor t  ev i d e n c e  on t S  e _ I ; t n _ n t i n - ni n r f t y  ‘S a S , o th  a r , n _ n  c _ n  “ i s .

The centra l p r o b l e m  In t e s t i n _ n g  f o r  the over-all u _ n- :istence C t  r n n _ I n n - - s L a t S r . u - n ; i t y

is t h e  ~~1.~i o r i  l a c k  of  kninwic il ge of the direc t hor n of c h a n g e . Put  im n g the

sample per fed , we m i g h t  he ’ l uck y a i t  c-h i- n y e  r S si c - _ n e t  j S r _ n ; :  s c _ n i _ n ~H

S e cu r i t  i es  d r i f t i n g  t s io.’t h e r  . ( ‘ n ’ r t c u i i n  _n- e a _ n m _ n _ n _ n~ l ot I _ n j  ~ t , r - _ nn s l n  a _ n ;

a t t i tu d e s  t n _ n _ n e d  r i s k  n ’ ; _ n  t h e  p~ r t  of a l l  i n _ I - f e - - t c_n: s , -- i c i ,  t r i  - ‘ 1 0: _ n 1 I _ n’ S I

supposed to catnec’ suet n a ~_ n n n - _ n . , ]  a:nd r cnsr-u r r , n. f l n n - . _ n - S n S , : S  . I f  t 5 n i~ n i t _ I l  05 - - C

we would observe that Sn ’~~c or all of t i e  coc ff c _ n -  : _ n _ n S  a _ n - O o c : _ n t ’- _ n S : 1 _ n _ n  r~~

norn i cnl s of t ime in the c st ir - _ n t i n_ np squat i c r _ n  ( H )  v e t _ n  s I f t _ nit _ n _ n c a r n t 1 ~n ‘ -

on average.

Other reasons for t _ n — ” o -  s t a t l _ n _ n n s . _ n r i t _n , “ n _ n _n m  i s  e h a i i ~~n - -  in _ n I n _ n n i I _ n ’ i d~~~n l  f _ I ’ : ’ - _ n .
~~~ 

, n

s t r u c t u r e s , u-oul d  p r o d n n t - e  t n o n — c o n _ n _ n u r r n - n t  t ’ _ n _ ns n.’ e n e n t _ n ,  i n  r i s I -  c e c i l  i _ n  i _ n _ n  S _ n t  -

coefficients might increas e- an_nc! o t l _ n en s decrease , de~’cn din _ ng, on_n t l - c ’ _n m i _ n  C i

circumstance s of each fi t - rn . Since the average value of the i i _ n _ n k  c , e f f i c _ n : : , t

snot _ n t he ve ry  c lose to u n _ n i t y ,  t h es e t n ( n n _ n — c n h i c i n r r e n t  n _ n t - _ I _ n -  c i  . n t i c ’ n l _ n i  It _ n n - ’ s  mn _ n _n 1 _ n i

not cause t h e  m ean  cross—se ctional values of t h e  p o l - ,- r e ’ r i a l  c e e f f i c i n ’ ; n t n -  o f

(11) to  d e v i a t e  f r o m  z e r o .  The y c-w I n ! , jnewcvc-r , e n n i s o  ( t o  s(  i ’ _ n _n , n t u - I

coefficients to follow a d i ffer e nt c -n nn ’ s — u , ec t ic uT _ n a l ‘ I i - _ n~ _ nI i _ n t  i O C \  ( h i n t  t i ‘ 5

expected under the nul l hypothesis of non _ n —sta t i o n _ n 5 n  i t y .  u n -  d i s t t  i t _ n u t  S o _ n i  n i 1 -

very we’l l bc l o c a ted  a t z c i o  I - _ n _ n t  t i n e  n o _ n - , -- _n _n , - c t i c _ n r .  n i  d n c ~~- - n  - h o r n  e - c n n n l _ n t  i c

larger than tin c a n tl c i i - .t cd i_ null d I- -l’ c-tsio n.

This imp lies that tests for non— con curne nt n o n - _ n t a t i o n . i n i t v  dre h l p i n lv

- - ~dependen t on a knowledge of the distribution of the estima tes from (11).

-~~~~~~~ -
~~~~-~~ -
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We h a y - i n ] r o . _ n _ n I y 5 ( i  _ n n , t n _ n  -.~ n c n n , t h a t o n d l n n . n r y  i - i n S t  ‘ _ n j ’ , a u .  ‘. . u  H i i i

our da t  a_n p t o d u  i s  r - c_ n ~ ~ - _ n . i O n _ n  u I  t h 11 111 6 , n _ n ’ ~ loi n ~n - b - S  t n t  I t -  ( t n t - I  t hr  n ’ S t h _ n

‘‘ t—r a tio _ n. ’’ that do I n s t  0 C C  n -_n ; n_n .-I r i ) / f u n ] 5 _ n : c  ~S t n n , S n  n _ n t _n , d i s t : - I u t  t e r n _ n ) .  1 _ n i

c on t r a s t , th e  i c - h o s t  r i  _ n u c - s _ n~ c - i _ n  t n  i S _ n  q n n ~ - p - _ n  1 0 1  n - i S  a ’~ . - ‘ _n : c u t  ic  t n _ n _ n t  -rn ] i C.

Fur the rmore • s t u d e n t i  ced r a n n g o - _n _n t n t _ n _ n t  t nS i n n  ‘ i _ n ;  Ic - 2 n _ I c ; ; - :  t t l , c  c m -  C -

t h a t  our  chosen _ n : a _ n - n~~l e s I Zi ’  is  _ n ’ u I f  j~ i — n t  ,O 1- _ nn~ I- yal I I . _ n _ n _ n  s e  : :p  ( - 0

of G a u s s i a n  d l s t u r i n u i _ n _ n e s  f m - _ n _ n  t i n e r i - _n _ n _ n _ n ’  t n- - H i - I _ n ; . i _ n e _ n i  S c - , , _ n _ n _ n  ~ l i S

the r o b u s t  results in t c _ n _ n t I rig for i i  c- n - _ n, t a t  f o n t a  n S t v _ n- i n _ n  e c.- , can lie x n - n _ n o _ n n , _ n! - 1 :

conf ident _n abou t ti_ n e seed l i n g  dis t r i hu :  j o - n _ n  c - f  t i n e  t - _ n . a t 5_n, ,  I ( - I C  t ‘ n j _ n ,  r r , j

Under  the n u l l  hyp othi- sis of t cn ta ll y stati onary c c n -I f icient s , tine hi; I, nr-

orde r  r o i n n n s t  -e st  i _ n _ n i t  ed c-o~ ff ic ic - ;nt s - 1  (11), 
~~~ l~ 

b~ . . . I are

nor~i a l l y dI ~~t r i b u r n -  S w i t h  Tin - a l l  z c r ; i  n _ n i h n r , _ n _ n n S i _ n I  - t n - ~ _ n I : n t  1 , 1 , - , i . ’ f _ n _ n - C u  C S I n

computed st a n d a r d  e r r o r s .  The t — r a t l o s  a r e  di~~t r l t - ~~t cd a c _ n  r - n ~ !1ng  10 t h e

S t u d e n t  l a_n-i w i t h  ab o u t  146 and 160 d e g n  e ec  of fren-do:a f o r  t h e  4 n n - h  5 0  v t :  i a t -  c-

m ode l s  r e s p e c t i v e l y .  ( I _ n e_ n_ n r c - c s of f~~ _ n - d e _ n s  d i  f f c - r ac r e s_ n ; s e c tn _ n it I’ n_n .n~~c - - t

to t h e  nu rn _ nhc- r of r e j e c t e d  c r : n t l i e r _ n ; )  . This St;Hc-::t 1~~’~ ~~‘- ~~~~~~~~ 
d o _ n  i , S i t

not exactly equal , to the :_n t t n _ n _ nda r d - _ n ri z _ n-d C-eussian 1 - _ nc.- . i- c r  d.f. isO , ‘ i

90 p er  cCnt int er fr cs ct il e ra n_ n j5n- is  3 . 3 ] ( _ n  for S i u _ n J c;n t _n T S _ n i i C ’  It Ii i  ~~~. 7~~ - C  C
_

- C

stan_ ndard arizcd Gaussi ti n_n . Ti_nc di i f -r c_ n nce is s _ n - n ou n _ n t f o r  a l l  i _ n _ n _ n t  c r_n - c - f  t i ~~n~ 
(C -u r n

securities since the m ini n_n cnn l_ n _ n ,_ n i _n_n’j _ n ] n ’ sj z e  i _ n ;  128 sr_n d t S n O  i_ next l c _ n t _ n -  C _n~, _ n~— 5’ Sc ei

is 134. Therefore , using the Gaussian approximation w il l result Sin o n l y  a

trivial n’.snnerical bias. -

The 90 p c r c c - n _ n t. range is itself a s y m p t o t i c a l l y n m ’ _ n C t i l  w i t h  s t _ n , _ n _ n d a r d  d c _ n - m t _ n a n _ n

approximately equal to

°R 9 (1/ f 
~~~ 

(2( .0f ,5)/N)~
”2 0 . 2 3 4

whe~ e 1.05 is the standard Gaussian ord in a t e at the 5th pc- n c ent i l c an4 N is
2 ’n ,

the sample s i z e  (wh i c h  we h a v e  t ak -n e q u a l  to 155 I n  this c a l c u l a t i o n ) — - -

Confidence reg ions for the ranges of esti m a t e d  c nn- f f i c i e n t s  can be c o n s t r u c t i d

with th -se numbers. For e > n _ n r _ n p lc -  , t i _ n e  r an p e  • 
‘1 . 2~i0 + (.714) (I .96) , cn n’ [ 2 . Ml , ~

is the 95 per cent acce pt at _ nec r e g i o n  of t h e  el _ n s~ r_ n-c d 90 p er  n. e n t i  Ic ranl~e’ for t b - n i

—

~

—~
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null hyp othesis of s t ._ nt io ni , nrity. it t I -  o l n _ n - e ’ r~ n -d  r ,_n n n g c  f a l l _ n .  w i t h i n  t h i s

int cr-fal • the null h a y p o t h e s  is cal nnn ot, i_n c’ re in-c ted . Tab l e- pr o se_ n u ts t i ’ :  I

st a t ist i c s  a s s o c i a t e d  w i t h  thin s idea . The table gives eon _ n_ np utc d values cu f a

“standardized ” 90 percentile range , 7 . ,  d e f i n e d  as 
-

~ (R. 9  — 3 . 2 9 0) 1 . 2 3 4

‘Swhere R.9 is the e _ n , i i m , i t c ’ d  90 perc erit le range (conuputed a_ n; t i n e  d i f I e ’ n e n c c

between the 95th and 5th cross-s ectional percent iles of tine t—ratios of

table 2). Values of z are st ;n _ n red If they imply an observed range out side

the 95 percent acceptance inter val an_ nd thereb y relect the )nypothesis of

stationarity. - -

The table also presents tests labe fli- _ nI t /  (o~ I / ~) f o r  t he  si 55 _ n -. i f i c an cc  of

the cross— sectional wean t’-r-iti o and ~ /ö fIN) for t i _ n e si gn ificanc e of the
C

cross—sectiona l mean coefficient. The symbol t denotes the arithmet ic rican

t—’ - -* tio in Tabl e 2 and o~ denotes the cios~~— sect
jOn standard deviat ion of

the observed t—r atios , E is the arithmetic cros s—SE -c tion -_ nI mean of t I e

e s ;i _ n - _ na ted coefficient at_nd a i s  t h e  cros s—s cctio tia l standard d c- v i a t i c-i _ n.
c

Va l ues si gni ficantl y differ ent from zero at the 95~ level are starred.

lit comparing th es e tests with tine range test , one cars th i u_nk of tl ;c r ~cngc

as meos nirin g not_n—concurrent changes (across securities) itt the mmdc’] ‘s

p a _ n  n— _ nniters while the mean t— ratio and mean coefficient measure concurrent

change’s.

In bot h the 4—variable and 10—variab le models , there seer s to be evIdence

of significant non—sta lionarity of both _ n types. For e x am p le , the  “slope

trend” (associated with tb_ ne first—ord er polynomial coefficient 6 - i n _ n

( 11)) ,  has a t— ratio which is , on average , si gnif i cai _ nt l y i_ negative. l’he

10—variable results i n d i c a t e  t h a t  t i n , - av e r*d r if t  i t _ n tine risk c o c ffi c i e- n_ nt -

was not a simple linear function of tim e (as nt must be regarded by the 4

van able mo del w hic h  can ~~coinodti te onl y the first —ord er pol ynomial) . Iin -’ t t r

the quad ratic and the quartic poI )’_ n _ n mnc _ni :t i s associated c.’i t i n  s l op e  c 1 n a n _ n~_ n e s  h ad

significant mean t —va lu c- s in the 10-variable model. Inn fact , thc cros s—

- - - - 
eec tiona l mean slop e trend is only marg ina lly significant in the hO— v ar i ab l e

~~~~~~~~~~ - --~~~a _______
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TABI.E 3

Tests for the Presence of Non—St at iori -_ n ry Pa rameters Among 930 NYSI-
- and ANEX S e c u r i t i e s , 1 9 6 2 — 6 5

- (Robust_n Regte’ ;sion )

Estimat ed No. of Standardardize d .9 t/(~~~// j~) ~ / (~i / 1_n; )

Parameter VBI,S . in r an g e  ( z )
model

Intercep t 4 — .769 7 .90 * 9.09 ’
Tre nd , a1

Slope 4 3 5 4 * —3.56 _ 2 .65 *

Trend , 61

Intercept - 10 -1.07 8.93* 9~74*

Trend , 
- 

-

In tercept 10 —1.4 1 .725 1 .91

Quadra tic , a
2 -

Intercept 10 _2.35* 6 .2g * 5 6 3 ’

Cubic , a3

Intercept 10 _2.35* _7,45* 5.69*

Quartic , a4

Slope 10 1.83 _ 2.22 * — 1. 47

Trend ,

Sl ope 
- 

10 
- 

1.15 9.18 * 7 9 4 *

Quadratic , 6
2 

-

Slope 
- 

10 .0427  1 . 6 0  1 . /- 9
Cubic , 63

Slope 10 .940 — 4 .22
k _ 3 .19 *

Quartic , 64

*RcjcCtion of the hypothesis of statio na rity at t Ine 95 per cent
leve l of significance.
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mod e l , which means that most of its variation was i i o tn — li ne ar.

The mean intercept also s -ein s to ht;nvc changed si gn i ficantl y (and nm _ n i—

1 m i-an y) duri ng (Inn- sannrp l e p_ n- c i md. liii s i~ cit c o u n t  _ n e  not  too s J r l n r  I n i  r~~

since t h e intercept should inc a f l ( - g i t  i vi’ l i n e a r  f u m e  t i on  ~ 1 t1~i’ s l o pe act ’  —

ording to some theories . Indeed , the fius t—order poly nom ial coe t f ici em nt s

are ir agreement , since they are posi  tiv e - for the jut ercept change and ne-

gativ e for the slope change . They are more si gni fic ant for tine in te rC c- ;)t

• . than for the slope , however , and this could indicate a non—stationary risk—

less rate of interest or the snovemcnt of sun_ne other on _ nit ted fact or.

The time paths impli ed by these me an  coeffic ients arc g iven  in  Fi gure 4.

This plot sirnp 1y assume s that mean estinn ated coeffici ents of the h i g her—

order polynomials accurately dep ict the actual paths of the slope and i n _ n  i 1 — -

cept during the sample period . 1-Ic must cnnp hasize that thi s grap h is biased

toward showing no nnoveunnen 1. [f tim e i n d e x  tnse d as ti n e -xp l a m a  tory v.’ r n _ n - I c-

had bee n_n composed of the stocks in tine sann np le , t in e m e a n  cross —se cti on -_ n I

would have been u n i t y  for every period , by co us tr -n c t i onm . Ti nu s  i t  c~~u 1d  n a

have been non—station ary. Fi gure 2 shows movement onl y because  t h e  i n d e x  was

not composed of the sample of securities wei ght ed in the same proportion.

The tests for non—concurrent changes also find a few si gnificant values.

The slope trend in ti_n e 4-variable model , for examp l e , has a larger 90 perc e nt

range than one should have expected under the h y p o t h e s i s  that all C n - t ~f f i L ~~, _ n t s

are stationary. This ag rees with t i n e  f i r s t  Iwo pol y n_ no u ri al s f m _ n _ nt the l0— ’.nri ;nbl e

model . (They are si g n i f i c a n t  togcthex - but not individually) . Evide n tl y, it_n

addition to many securities displaying concurrent drift , there were also some

whic h drifted significantl y in a direct ion opposite to tine ave-rage . T h u’ s

imp lies that the c o n c u r i - en t  d r i f t  was actuall y morc- substantial t h a n  t i n e

average coeffici ent indicates since the average coefficient contai n s

securities which moved in opposition .

There is unfortu n-atcly a statistical problem with these tests: they

assume that the cross—s e cti o i_ n -nl distrib u tion of estima ted coefficients con-

stitut es a random sample, if tinore is int e r d e pemu de mn c o among tb _ ne esti nnate s ,

both tests wil l be biased (but in different directions). For c~ annp le , if th ere i~
posi live dcpcndcncc among  t h e  est im atcs , the computed stand _ ni d error of t i_ nc i _ n _ nc - a r _ n

__________________________________ 
- —--_- ----_ _ _~~ i~~~~~~
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value (s //N ) will lit- b - _ ni ’ r t i t a n  t in _ n - I  n I n ~~n I n i  i’~~t o r  t i n - i t  -
~ _ n n l d in ave !‘ - r - m m

ob5er v e - d iii a g e n I n i l u -  t i n n i l n n n _ n l  _ n i i n~: j - 1  n-  . ~l l i I  ~‘i i i  u ’- n ’ m  - i i i -  C h c -  r u ~ ’ r n I i 1  r n _ n - i -

of time m ean t — v a ) u -  l o t  i l l  c- ti n t It ii - - - ( n i l  t h i n j _ n ,  w i l l  n - _ n - n i - - h i -  Ol I n n i  n i - n i t

drift a p p e a r  5:0cc s i~~- n _ n i f _ n n a _ n t  t i - u n  i _ n  _ n e n l l y  i s). Out t h u  i- - t i n t 1 - i _ n _ n - I , t~ -

st a n d a r d  e r r o n - of  t h e  _ n n r ~~_n l i :  . 9 r a n , dn1 -_ n; 111) 1 de ;e  n _ nd (i n _ n _ n i n  c _ ni s e r - ;~ b _ n _n- .

(I t  is computed fro m _ ni  t u e  k n _ n j~:i_ n cli st u i  h u t  io u _ n of a r a n _ n d o m  ~, ._ n :: ; - l o  of c ’ u  c i

s t a t i s t i c s  f r o n n  a C ausr ian _ n 1a~-.-). l1 - - r e f c, r e- , posi ti v e d c 1 c ~~~ e : n i i - O _ n i _ n _ n~

t he  e s t im a t e s  would  c a u s e  t h i s  test _ n ;L at i i - t i c  to  ur  c r ’ i t n t o  t i n e  t m _ n _ n i

si gni ficance of non— cor_ ncu r re m _ n t mino Ve _ n~c- m t s  ( h e c a n u  so t i n e  o I n ’_ n i - r  ved r a n 1- - -

wo u ld  be s m a l l e r  t i t a n _ n  a n a m _ n g c -  obta imm -d from a ra _ n_ n de : :: _n ;~e _ n ;- l i - )  - l i n t -  a c - t u a l

i n t e r d e p en d e n c e , if any, woul d depe n_ nd o ut  t he  c r o s s -  s e c t i u n _ n a ~ d e j - o n d e n  i _ n

the di St u r b a m _ n c e s . K i n g  I l  966 ] foun id ~_n v e r y  ~- nn ~_n 11 di - gr en ’ of  j ’ _ n _ n i t I v~ C n o .

s e c t i o n  d c p e n d - m _ n c e  i n  t i n _ n  d i s t u r h a r n  - n ,  f r o m _ n i a v c l s i c l n  c _ n  t h e  y i n  u _ n  i - ~

model bu t  even a sm a l l  d e g r e e  of c o v a u  i _ n t i c n n ca m _ n  c a u _ n _ n i -  -i 1 _ n _ n r 1 - , n l i j a ’  i _ n _ n t I e

e s t im a t e d  s i g n i f i ca n c e  of the mean c- oc’ fficiene m nts or th-~ rican t— r a t i o s .

Ho_n-’-v e-r , since ti ne p_n -c -c-nec of i n n t - i he i n _ n -nn n be n c - c n n _ n I l  L i  : n - . t i _ n i  r n _ n i - i.- i i

in an opposite directio n , and since b e t h  t y p e s  of  t o - I s  i _ n ! i c , n l e  s _ n ~~~~~~

nif icant non—stati onarit ii’s i t _ n  t h e  cc~ f f i  c i e n i t  s , we a t e safe in ce _ n , _n n _ n _ ni l  _ n i ~

tha t som e kind of non -- statio m --n a r ity was pre sent during t h e  satp ie p er . rnd ,

even though we shon ul d be hesi cant t ~i sta t o t i n a t  i _ n  cnn n- c o n c u r  i e m _ n t u _ nn I he

t han  m o m _ n — c o n c u r r e n t .  J r _ n Se n t i o n m  IV - - 1- . ,  t h i s  q u _ n ’s t  i - n _ n  w i l l  i~ - i e- c- x , _ n n _ n n m n n _ n , h

w i t h  e s t i m a t e s  o b t a i n e d  Ito _ nm p o r t  fo li o n~ ’t unn _ n s , C l  ~c 1 _ n _ n : _ n  : 1  be un~-d I ’)

o l ) t a i n  an estimate of the cr o ss —s€-ct ion _ nl interd ep end enc e .
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C. D c t e c t f r _ n~~~I’ n n l - ’ n a l

Another pot e n tiall y m n j e f u l  cn~na l _ n i l I t y  of tine t i L i i n l ~ e lb thu

i d e n t i  f i c a t i on  of um nu sua 1 ca se s , ~i ie- n t h e  n an_n e en-Id is a~ p l _n ed r a

large number of cases  • an  automatic method f o r  d e t e c t 1 m g  departures

from the monk wimn i _ n h  L r i _ n i  gim I y vii ] i - n i l e  - For examp 1 - a - - a n k  c _ n I ~
l _ n t

dep ict the credi t r i s k  of t~ large nuu :ibcr of its t ern : loan n u _ n t _ n _ n _ n  I r n ,  1 _ n y

a model using the p eriodic ac c o _ nu _ nt itn g Information cf each client. Sud-

den and unusual changes in the tn _ n _ n de l ’s fit could indicate changes jr_n

credit worthin ess .

Our techni que provides two indications of such “ u u _ n n n s c n a ) ”  c i  r c u m u —

stances . The first , to be derived it _ n this sectio n , relies on observa-

t i o n s d e t e c t ed b y t I ne  r o b u s t  p r o c e d u r e  as l y i ng  o u t s i d e  th e  m t o r m _ n n a l

r am n i~e . The second , to  be d l s c n i s s e d  i n  t he  su h a e q - i e r i t  s e c t i o n , i n v u l ~’ e-s

unusu al movements in t h e  es t i m a t e d  c o ef f i c i e n t s  of t i u - l inear n n o d - 1 .

Again revertin g t o  our ex am p le  n o n i - i  (1) wiLls _n
~t n ’ c~ ret ire d ata ,

the cross—secti ona l d i  -, t r i b u t i o n  n~f t h e  n _ n i _ n n n i b e r  of n n n n _ n — exc m m d i i i  n- -l _ n ’u ’ r —

vat iomn s frouni the first-pass rob _ n i -sr regression is gh’~’ - -n f r _ n  Table 4.

Table  4

The number of no n - - e -x c l n - n n I -d o i s e r v n t i o u _ n s
1

_ n s i : _ n~ tIn t

robust method om _ n 930 N ’m ’SE and  ,~J!EX s c c _ n i r i t  i c _ n ,

Jul y, 1963 - J u l y, 1965

Mean Standard ) l I n l m _ n n m 5th  ~~~~~~~~~~ a m 9 5 _ n b :
deviation pc rc cntiic j - p e n - c e n t i 1 i _ n _n M ’ x _ n _ n _ n

~

155 3 5 0  178 169 

f 
156

1
Maximum possible Is lf~0.

Flgure - 3 ~nd 6 p i o v i ! . - f u t r t ~~_n - r  i n f , — _n r - _ n _ n t  i n n .  nb _ n i t t i c  ef feet of r ob- _ n n~-t

re g r e s s i o n .  F i f_ n I s u t  3 gtvcs (lie Cr0 _ n - s— n --i i t  I o n i c ]  f r e q u e n c y  d i n - t i  m i _ n _ n t i _ n  n _n & I t l

n,,i~hi-’r of Out I l i - n  (~‘h i ch  I s  1(0 n i  nus  t h e  nur -n b~ t of I n c  l i nd c d  oh ’  e r v t  i O n s ) , 
_ _ _  

--
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This show s that 58 of tim- 930 sc e ur i t fen - im ,id no excluded e h ns crv a t i c - _ n _ n - .

For t ino t . e secu r it 1 -ni , of c o u r Se , t l i i -  m i s  ~ i n tI  i u~t on ~~t i t  n i t  i -s  w e n t -

i d e n t i c a l .  The inmost f r c q u c n t  imumber of out1icr ~ wa. i i i  t i n e  r a ng e  2 to

4, which is a very small percentage of th e - u_n _ ni _ n - p lc . There were sort_n e

securities , however , with a significant proportion of exclu ded o b s e r v a t i o n s .

These will be the subject of further anal ysis in s u m — s e c t i o n  C.

Figure 4 presents the  numbe r of o u t l i e r s  as a function of time . The

interest in this chart derives fro m_n n p o s s i b l e  non— stati en r i t i u s  i n  t i e

dispersions of indiv idual security disturbance terms . If such non—

stationarities are interrelated across secu tlti es , we sb c- n l d  chse rvc- a

pattern in the time p a t h  of ~he nun _ n i_ n o r of outliers - Indeed , Figur e ~

shows that the five weeks with the most outliers occured before week 30

(which ended .Januarv 24 , 1963). There is also sort_ne serial d epe _ n_ nde _ n :c ’ ever

time in the number of outliers . This would be consiste nt with , for examp le ,

non—s tationary but slowly varying dispersions of disturbanc es for all

securities. -

To check whether part of this is due to unusual n1o~ e r _ ner _ n ts in the S~~P ~ O0

index , caused by abnormal changes in one or more of its component secur itie s ,

3 0 /
we ca1c u l~~ted the following re lati on between the natura l lo g a r it la—- - of tint-

number of outliers , N , and the current and lagged ab solute values of the

index re tu rn , R
n ) 

(The absolute value of the market Index return is a p r L x y

for its dispers ion) :

Log (N ) 3.05 + 5.81 R + 9.14
~ ~ (50.1) (1.39) 

m ,t (2.20) 
m ,t-~ t~’2 ,. ..160.

Durb in—W_ n_ nt son 1.15; Stude mnt ized Range - 5.79

The numbers In parentheses are t— ratios,

- 
becaus e of the low Durbin-Watson , the regression Is mis-specified. A~ a

- _ - -

~

---- -

~

-~
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rough rem ed y, we added a lagged d ep c - n d c u t  vari able as a regressor .

This  re sul tc- d Ic

log (N ) 1.74  4- 3.96 ~R j
~

-+- 5 .66 H .4 2 5  log (~~ ~~) - -  (~ ~ (7 . 8 2 )  (1 .05)  i n , t ( 1 49) 5~~ t (60~ ) 
e t -  t 2 , . .  

:
1)0  -

DW~~ 2. 1 3 , S R ”  5.79

The significance of the lagged value of the nu_nnb er of outliers ~-estifi e s

our previou c statement about serial dependence. This reg_ n cssion shows also

that the influence of the market on the number of out liers Is not very strong

wh~ cbi implies In turn that most of  t i ne outliers are due to events specific

to ind iv idua l  se c u r i ti e s  or s p e c i f i c  t~ groups of se cu ri t ii~-s In the snr ~p~ e ar i i

are  not due to u n u s u a l  c h a n g e s  in  t i n  g e n e r a l  m a u l - c t  I n d i A .  N o t e -  w e ]  1 t~ _n n _ n  ~l-

average v a l u e  of H is  ab n_ nuI_ .OOR v-m i Ic the a v e _ n _n _ n _n - _n e v a I n _ n e  of  Io
~~~

(
~~ 

) is _n_n_ n1 C - n t

1.6. Thus , even though the coefficie nts of 1R a n d j R  a re  l a r g e r  t h a n  tb ’m , t — l

coefficient of the lagged v a l u e  of t h e  nu mnber  of  o u t l i e r s , t h e i r  aver : -~~e

a f f e c t  on the  d e p e n d e n t  variable is onl y about 1/20th as great.

~~~
- - - --

~~~~~~~~~~~~

—---- 

~~~~~
~-
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r i  h a y  - i n n _ n - r a t -il  t I _ n i  i n - n  i c _ n _ n j  I - _n n _ n i _ n i _ n _ ni- C~ i - a u _ n  C - - .

i_ ny a - s n _ n _ n  i i _ n _ n  a _ n _ n i  r - l i e _ n  i_ n - - t n - -  - I , n _ n , a -  r - - _n n _ n  u - n ,  i r e

n ot  c c _ n i _ n p _ n i  w I t h _ n  t h e  i r a _ n _ n i n n y  i- f _ n - _ n _ n  - c - _n a t  I _ n i _ n _ n  - l i e  n _ n  t a _ n  f l _ n  E r

o f  i _ n _ n e - -  s i  i _n - i - r i - - . - - - - C  _ n n _ n - _ n a  - - r i  i i  - - n  ~

m a r t  i f   , I 1 - _ n _ n _ n  _ n _ n~~- fl - - r n _ n -  - _ n - C _n _ n _ n f l _ n c  C - 1 n _ n e

n - i - _n - - - _n ’ u n i _ n _n _n n i ~ - u S  ~_ - _ n _ n n  n _ n - .. C - - n - i t   1 -

— 
( r u_n - , i _ _n f l _ n i  - - _n , I - ‘ i  — i - n _ n 5-i I i _ n - i  _ _ n  n C- i - - _ n _ n  - n - - - i i  - -

i i l i~ n _ n - i l  f i l l _ n  i~~~~i _ n. - - - _ n - - H -  -n -

a n t  n _ n _ n _ n. - ,  I n . s _ n h _ n _ n  - i .  _ n n _ n _ n  - -  - n _ n - i n  - - I .  - _n - n~ -

e I I ~ n i - i  1 _ n _n - _ n t  1 / - _ n _ n _ n - -~~~ , _ n  c i - . - -• _ n -  i _ n j  a ~ - . -  _n n a _ n  i - - i

a- it f o r  -l r I . 1  n _ n _ n  ~1 i_ na I - , s n  a l l  c _ n i - r n  t n _ n ,  c_n t h i_n r n  t h a n I S  c_ n —

t i e r s  L i t u f i _ n - f l  - - S i - n ,  i n n - ) d _ n _ n r  : 1 _ n _ n _ n  C _ n e  1i: c _n c - n C  ~1~_n C- n i ,

u - i - n c n- S ~ _ -~_n r I  I t - _ n .  m t  t h i n ;  r i a - - s  - or s u n _ n I_ nt 1 y i _ n - -  h a _ n _ n  I p r -_n C - C _ n t

of  a l l  s e c n _ n r t t i e _ n - - 1 _ n C r - -  a r e  g i - e .  _ n _ n y  C _ n a - n e  in T n t _ n e  5 , a l _ n _ n i t _- n t _ n _ n  t i _ n-

n _ n _ n c _ n _ n c - c s  of o t h er - n - n - _ n - n _ n i - )  f r  r n _ n _ n -  n - _n ( I i  i _ n r ~ - l i _ n - i  n - - , - I i c a _ n  i i i i i ~

of c ou r s e . he  1 _ n _ n - _ n _ n _ n . - i l i ’_ n - _n r i f  c a - _ n e _ n  n _ n  n - c  s l ag _ n e _ n  oC nt I - r  f _ n :  h r  i n - .n —

l y s l s  c ou l d  I .e d i f f e r -  n _ n t  - - r e  r - ~- a n —  C _ n_n e c _ n y I l _ n  , r t ~~_ n :  5, i _ n C -  S i - _ n _ n i —

au I 0-tI n t i c  i _ n _ n _ n t i r e  i-_n i c _ ni n _ n _ n _ n ,  •~ i ’  c c - - s  ) -

The s _ n _ n  -n_ n _ n e iS_n _ n n _ n _ n l S t  -
~~~

- of n _ n _ n - - c  I F _ n  _n~ _ n _ n; _ n - — _ - _ n , l  1. -

i n sorn e t ic_ np un ant rn 5~C (_nC - - F r  _n_n _n~ _n t i _ n e  t ~_n t a _ n  San - _n i t _ n  1 _ n O _ n - _ n _ n _ n _n i (. C - _ n - - - C -  n _ n

h e _ n_ n t- b e en  I _ n - r _ n  S i r  i _ n _ n _ n . F r  e n _ n _ n _ n _ n ;  1 -  t h q  n- _nea n s t _ n _ n _ n l e i _ n n  L _ n  i o ’ _ n n -~- C f  n e _ n _ n  n i _ n _ n

i~~_n - p _ n i h e i 1  by  C _ n i - h o a r y  1. - i s i  s q - _ n _ n i c e -  ( I _ n _ n _ n ,)  i n r e  n 2 2  7 2 _ n  - n _ n _n _n _ n l i E r  t I _ n  C- ,
I.

4 s r i _ n I  l _ n
~ ea r I _ n i _ n i h _n — — . _n n i  .. r e _n  y r _ n_n- _ n _ n  - C i _ n _ n  l i _ n i  i s  1~~_n 2 l i _ n _ n _n C C S n _ n i _ n .  _n i- - _n a -

a t  u d e n  t I u _ n . - i I_n i _n - p e s  F _ n  i a 1 sc _ n _n i _ n r I t l i - S  - _n 5_n -c  1 _ n~_ n _ n _ n e  2)  - i _ n _ n _ n  _n i _ n  i _ n - - _n - _ n

d i n _ n t u r i ~a _ n _ n _ n _ n s  I n - n  r i _ n c c.c _ n _ n _ n - _ n i - - o t h i _ n - i  i _nC - C r I t I C  S _ n _ n C V l _ n t C  f _ n _ n  n _ n _ n  n _ n _n -r n n . ~~_n . n _ n _n -

t h a n  do a l l  si - c u r _ n t  ic s . A f _ n~ r a i _ n ; - 1 i  c a t  n a! t i _ n _ n -  i ’ ( n  I n- i-’ I _ n  l • r I - c -  - - - —

s t n i d c _ n _ n t f i _ n _n r _ n _ n n :~~_n c ; _ n _ n: c o - _ n s  t h e  4 h  C _ n c i _ n i l t l C - s  d r _ n _ n p  t o  h _ n h - , _n~~~ _n i n _ n  5 . U _ n

T b _ n - s e  a re  -- n- -; c l o se  u _ n _ n d  c v i - n _ n  i _ I l _ n  ‘ t i n -  I i  - -n t h in l i i i -  I - _n _ n _n _ n i  _ n _ n n _ n_ n _ n _ n s t l n _ n _ n _ n  I _ n n n _ n~~ S

c o m p u t e d  n- - n m —  t i e  r o b u s t  r r c - t h s n l  r n _ n  a l l  930 ~ ei- n - n r I t i r  - i ! _ n ; i ~~, c- v _ n t i _ n _ n i _ n- i n

d f s t u r h a _ n _ n . _n -s  s e c — n  t n  i _ n _ n _ n c  i _ n c _ n _ n _ n  v _ n - i n -  0 : -n : - ( _ n a i _ n_n _ n S n _ n n n n os- _n _n _n i_ n f _ n _ n i  san -- p _ n i  i - c _ n _ n i

at_n d tn_n _n _ n r c  n _ n i  - C a u _ n c s i . -n i i  ui _ n i
~ tn-i’ I i _ n _ n _ n’ _n c - o I l I e r  f n _ n _ n i n p  t b _ n o 1 ~r 0 _ n _ n  S C - _ n n n i  i n  n - c , u - _ n _ n

t e j c - c t _ n c n n  _n’f  a r i - C t i s - _n - I _ n - l , n i n i ~ n _ n - - i  c r  i f  e l - _ n _ n - n  - n t  i _ n - _ n C ’  S C - i n- _ n_ n; n _n_ni i _ n _ n  - i  h _ n  O_
~, n

t i _ n e u i - n - I n _ n d  n i _n_n~~lt  of C I _ n i d i n - n c _ n ’ -  C _ n - _ ni i n _ n t n _ n _ n. 1 (n - _ n _ n  
—

The i i i  f i — _ n  ~ E l _ n c ’ r S _ n _ n _ n _ n  - C _ n _ n _ n 1 ~ i - i i i  I i  Q n  i i  i i _n  _n~ i f  i l l  _ n _ n  C i i L I _ n

I n n  •_ n a y s  l u _ n i l  c o u l d  n i o t  I _ n m — c -  i - i - i n f _ n i ,  c _ n _ n n ii _n T i n e _ n or - I  n _ n - c  p r . - p _ n i t i _ n - _ n _ n  c _ n _ n

CXp Ia inCJ, vO r j . , t J rn , , ( 2 ) , is r i _ n _ n c - i n  I oi_n c - n -  f o t  th ic - sc _n~~c u i I t i c - _ n , n - cl _ ni p l ess
than .07 I c r  01.5 and u n h o i _ n t  .0 _ ni I on -  11011 . T i n t s  I s  o i _ n _ n s  I _ n _ n _ n h  _n f _ n _n p t  1 : _ n _ n  t l n n i C

L - -
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TABLE S

Securitie s w it h E _ n _ n m~ t i n _ n n  , _ n j l  Oh s ’  ~v a t  l im e. , J u l y ,  1 5 1 - 2 - - J u l y , 1965

Nu—w Y e t  ~-_ n _ n i _ n d  f _ n _ n _ n _ n  ~c a m i Lx c 1 _ n i r _ n 1 _ n _ n- - ,

N AME 
~ -~- m _n~_n~1

Acme Prccisl on Product _n ; * 11 Genera l Port land It  _ n ; _ n e i u t  13

Allied Control Co. * 13 C-Inn ~ Co. 
15

Amerace Corp. 12 _ n ; n _ n u d o n  Jc ._nnc lr y * 14

American Bakeries 11 Cr c-at l tac i n _ n l e t  r e l e u m ~ 17

Anco r p b a t ’l S c m - - i c c - n ;  13 ( _ n m t i t  N i n t h e m m n  l t c - m _ n  ~ _ n r n -- 15

A r gus , Inc .~ 18 l l a r t f l e d  7 _ n c _ n _n~y s , l m _ n c . * 11

A t l a s  Corp 19 I n d i a n a  Ge r _ n rrjl (c _ n rp. 14

J~a 1t in _ n o r c  & Ohio RR 14 ‘ E l I - b y , ~-Ic~~ei I & I j~ by 16

Bausch & Lomb - 11 ‘ eri tt—Chapman 32

Beatrice Foods I] M i ni _ n I nteqnrIs c-s 1~

Bell Intercontinental 15 Mon o_ni HR ( B )  1)

B r i g g s  Mf g. 13 3.3. Newberry 11

C i t y  S t o re s  17 Oklaluon na Gas ~ n ]  11cc 13

Colt  I n d u s t r i e s  14 ‘ 1 _ n i c i f i c  T i n  15

Cont inental Materi als * 11 R a n d o m  h ouse , I n c .  11

Countryvide Real Ly * 15 Rap id Am cri c ;_ n a 18

Dorr-Olivcr , I n c .  11 R c l i n l _ n I e  ~_ n i o r i ’ e  15

Electronic Corrnlaun .* 1] St~~n d u r d  O i l  of ( _ n I i i o  13

El Paso Natura l Gas 11 Stone & W _ nbster 12

E s q u i r e , Inc .  11 Texas Pa cif i c l.a _ n _ ntl 11.

F u l l y Finance 11 Tt ac tor Supp l y Co. 12

F e d e r a l — M o g u l  11 I n  a n i _ n_ n . c s t e l n  Pipe h i m _ nc- 1~

Fischbach & Moore 12 u d y f l t c  (‘i _ n r h n  12

Fore st  C i t y  F n t r e p r i s c s * I I  ‘ _ n c - I h i l t  Corp. 26

*/uj~ e- rican Exclnzìingc- 1.1st ed ~ecnn r i ty

LI 
- . - 

-. 
. -
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of explained v r ri 3t ion for all n- - c u l i t i e s .

Table 6 pre sents cvid c-m _ nc e oil s t i l l  a n n - n r l n e r  ~~ip ,m i i f i c . _ n m _ n t  d i l f e r cm i c e , t I c

absolute m a g n i t u d e  of  t h e  m n _ n eat _ n p o r t f o l i o  risk coeffi c~~- n it . For t h i s

48—security sub— _ n ,aI _ n d i l e , t h e  t _ n ’c -a n  L ; ’ _ n k  coef ficic m it s , i I S  s i ~~n i f i c a m m t l y  1c _ n~~e r

t h a n  f o r  a l l  s e c ur  i i _ n _ n~ (c 1. Trim I c  2)  . Fcn r t h e  l i r - - I L -  t 1 _ n In c-s ~ i n _ n _ n a t  en -  c _ n _ n _ n t  fl-_n’j

by the robust  m e t h o d  arc - signi f ic antl y less in absolute magn itude t i _ n - n _ ni th n oi- e

• obt ained frcrc-n OLS . T h i s  is not c _ n
~t cin ~ d i nc i d e m _ n i _ n i h l y ,  l’y 1 c,w.~t t— v alue s

for the r o b u s t  coe ffici ca ts~~~~. In fact , the re-bust e s t  i _ n - m a t e S  a r c  s l i gh t ly

more si giii f i c a m _ n t l y  di  ff e ren nr from zero il _ nat _ n the OL S c sti raN - s al t i c _ n m i c ’ J i

both arc less significant Ihan t h e  ri~’ c-r a g e  c o e f f i c i e n i G  fo r  a l l  s c - c u r l _ n  I c - s .

TArn _ nE 6

Estimated Risk L ; i c - f f i c i e z i t s ~ for the 48 h i g h — _ n _ n e t h e r  S c - c _ n _ n e  i t i e _ n

NYS E a nd /~ I IX , I 9 6 2 — I  965

Model , (No. Regression Standard - - 5 t h  P e r - -  
I 

- 95t h Per— -
1-lean • 1,init n_ num - 1-k-c-han - t l _ n _ n x i t

of ~ar~ _nihl cs ) T e c i n n _ n _ n q u c n  lJev~ation cc-n ti ]~ 
c - t a t u l c -

2 01_S .823 .438 —1.04 .09 18 .904 1.33 1.64
ROB .596 .345 — .502 — .219 .627 1 . 0 0

4 OLS .808 .451 —1.08 .0598 .819 1.33 l .5~
_n

ROB .603 .344 — .501 — .0369 .606 1 .05 1.35

10 OhS . 743  .540 - 1.86  .0478 . 7 7 2  1. 45 1 .56
ROB .564 ( .365 - - . 929  - .00750 .573 1.00 1.36

I _ n 
_n 

- -

* i.e., Estir _niate ci coefficients,b 1of t he zero— order pel ynotnial i c - _ n
• mod el ( 11) Oj

This is somewhat puzzling result . For a group of securities with re la tiv e l y

l a rge nunnbc rs of u n u su a l  observa  t i  t ins , we m i gh t  h ave  ~_n , n _ n ’ m e i ’ d  t h a t  801 _ n would

have provi ded  more a c c u r a t e  e s t i m at e s  of r i s k  c o e f f i c i e n t s  t h a m i  OLS-~~
1. But

we wou ld no t  have  e x p e c t e d  to t i m i d  a si gnificant differ ence in th ei r r i—

so l u t e  v_ ni I t ne s  . 1- n m r t in e  rhlnor e , one c iii ca _ n _ n i l y see f r _ n  c - _ n Ta!, Ic 6 t h a t  1 _ n _ n

- 
_n 

- 

diffe rence Is n o t  caused  tiy j _ n n e t  a itu un-nc t,,i l e~m t f n i t e _ n - _ n  o u t  of t l _ n~ 48.

Every  f r a c t i l e  ( e x c e p t  the m i n l i r n t n m )  is l o i t e r  f o r  FOP t h a n  f o r  Oh S .

— ~~~~ - - —~ - —— -_n--- - n _ n _ n ’  -flu -~~ - _ n _ n
~~~~~~~~ i, _n. - -
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U. Strcunii Iy .~0~~~
ata!ii

~ t er5

The eeco nd t > -pe of i n d i v i d u a l  c a se  t h a t  c o u l d  be r e g a r d e d  as “ u n _ n s _ n i e  1 ’

Involves high ly significant changes in the  c o e f f i c i e n t s . T a b l e  7

l i s t s  s e c u r i t ie s  for  w h i c h  e s t i m a t ed h i g he r — o r d e r  p o l y n n ~_n~ - 1a~

c o e f f i c i e n t s  ha d c — r a t i o s  in  e i t h e r  t h e  OhS or the  r o b u s t  regressions

g r e a t e r  t h a n  3 .5  d i i  i t _ n t  tkc I b U  _n~n n - ek  s . _ n _ n 1 _ n i c  ç _ n e t i _ n n t . Th -se Se~ n t t ~~t i c s  d i _ n~~

played more si gnificant nom u-sta tio rati ty than all o_ n}n c-r s .

Some of these securities may have entered this i r o u p  by c h an c e .

• Whenever the C x t r e r n c -  values of a n- .-_n r _ n j _ n J c  distribut ion are icola’ed , _ n - n _ n _ n c -

members of the group will be there sir - p l y from random v a r i a t i o n .  i-f e

know , howev er , from the gc-neral t e s t s  for the C x l ’ t C f l C t  of  mn - m n  s t a t  io rm ;i r itv

reported In section IV—B , that SOmE _ n Secur ities r e .i l i y _ n d i d _ n L _ n v L -  c t m ; n n g i m _ n~
coefficients.

There are two possible ways to det ermine s ’ h c t h n n  a 1 a r r i c u l a r  s c - c u r i t ,

had genuine non — sta t ion _ niri ty. Fi r nt , if a p o lym_ ne ’_ n i r i l  c e c f f n c ic r _ n t I c -

significant in the OLS and not the Robus t  r e g r e s s i o n , t he p r o b a b i l i t y  I s

greater that t h e  measured non—st ati onar itv has arisen by cl - rince . T h i s

conclusion is based 0: _ n tine fact that t i n e  01.S t—r rit io n - do e~_n t nec t- _ n _ n s _ nl m 1

c o n f o r m  to Student ’s distribution and arc- not , t h c - r e f o n e , n e c e s s a r i l y

sub jec t  to a known acceptance— rejection region . In addition , the

robust coefficients are n~ r e r e l i able b e c a u s e  d a t a  e r ror s , b ad sp o t s

on t i m e  tape , or gr o s s l y  abnormal observation s are censo _n-ed by the ro~ 
- e t

cal culation . -

The second 1_n _ n a n s i b i l l t y  for  d i s c r i r r i m n a t i n g  g e nu i n e  f r o m  f a l s e  cases is

a detailed anal ysis of peculiar events for each s e c u r i ty .  As ~e mom _ n t j o _ n _ n _ n d

earl y in t h e paper , there are kno wn  influences on the min k  c oe ffic ien t rin d

these can be exanmiitted directl y for change. If , for c,~ni m_ n- p ie , a major im lsu c-

of new debt brought about significantl y p_n reatcr cap ital lev erap_ nr durin g it , -

period of observation , we should  f i n d  t h i s  c o r r e s p on d i n g  to a p o s i t i v e

change In the portfolio risk coef ficient.
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Table 7

- flew York Excha nge l~iri t t-d Securi tie s with

St~ ong iy Varying Pa r rin _ n _ n ctcm rs 1962- (_n ’i~

• - Est i m n _ n _ n i t e d  C in ~ n i~-e Chanire i ,-~ L i n e a r  S i gn i  f i c a r n c e
Secur ity 

~~ Ri sk ,(~ o1nnmst) 1- t a c k e r  DiE ~t~~ > 2 . 0
- 

4 VBI- 10 VIi L R a t i o , 
- OLS RO ll

- 
196 2 — 6 5

Amer ican  Comm erc ia l  Lines  2 . 12  2.16 .171 ,/ /

Amer ican  South A f r i c a n
I n v e s t m ent  -- .4 13  2 . 6 4  - 0. -

CCI Marqu ar dt  —5.11 — 5.81 — _ n0 93 5  V

Crescent Corp. — .785 1.70 — .823

Dan R i v e r  M i l l s  1.78 2.00 — .0947 if

Dorr—0] iver - - .0736 .556 — .074 ?

Flo rida Power —1.36 — 1.33 — .038 %./ V

W.R. Grace —1 .74 —1.18 - — .173 ‘/ /

Madison Fund — .862 — .664 0. V v’

N . Y .  C e n t r a l  2 .56 2 . 2 5  — 2 . 6 2  V V

Niagara—Mohawk Power - .0574 1 .07 — .217

Pacifi c Tel & Tel. ~. 853 — .896 .088 1

Peop les  Gas , Li g ht & —1.04 -- .877 — .036

Proc to r  & Gamble —1.24 —1.13 — .0019 1 if

Rich ardson —M errill — .353 - .973 0.

Tractor Supp ly Col — .872 - .270 .0776 1

Univ. Leaf Tobacco —1.90 —2.10 — .755 V I

Zap ata Norne ss Inc 3.42 2.04 — .166 if V
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The ntmmhe rm In a l n i c  7 g I v e  t h e  t o l l c m t i m a t e d  ti n n n ge in ti m e

por tfol io risk coef ficli -ot from ti m e lu st dacc to  t u e  last d a t e  in  th e

eample per iod (Ju ly 12 , 1962 — Ju ly 29 , 1965). For the 4—var iable model ,

which pe rmitb a lin c-ar change , t h i s  i s  simp ly twice tine e_ n~tim atc d s)oç c- _n of
- 

- 
33,

the change with respe ct to tine .—-’ For the 10 variable model , it is the

difference be tween tim e estimated time track of the coefficient at the last and

• first dates . Also noted in the Table arc- significa nt (with ItN2 .0), li n- a r

polynomial coefficients Cb~~~~~~) for ordin ary least squares and robust rogre _ n si on. —~~

This table is our attempt to present compactly the salient facts from tine six

regressions and 32 coefficients e s t i _ n - _ nn ted for these 18 securities .

The fac ts  are these :

(1) For 12 of t h e  18 s e c u ri t i e s , t h e r e  is e v i d e n c e  of a s t r o n g  l i n ea r

change in  the  r i s k  c o e f f i c i e n t .  These s e cu r i t i e s  h a v e  linear co-

efficient absolute t—ratios in excess of 2 .0  f o r  b o t h  OhS and Ro-

bust. In most of these cases , the absolute coeffici ent changes over

the sample period , esti mated w i t h  t i ne  4— and JO—variable mod els ,

agree quite closely. Nine of 12 differ by less than 15 percent.

(2) One security, Trac-tor Supp ly Cc n n p a n y ,  has s i g n i f i c a n t  O1.S ii m n e - .r

coefficients b u t  the  c o r r e s p on d i n g  R o b u s t  coefficients are not

s i g n i f i c a n t  at all. ;~�~“ The estimated negative c h a n g e  i n  t h e  r i s k

c o e f f i c i en t  is 3 t imes  l a rge r  fn - _ n r  t he  4 variable t i n~ n for the 10

- variable model and the R
2 is em ily abou t  . 07 in t h e  s e v e r a l  re—

gressions. t-?c- think that t fne probability In hi gh. that this secur it y

had a spuriously signific ant (;i~ ; linear trend.~~’ 
-

• (3) There are five securities winidm t eem to h av e  h a d  significant non-

linear changes in risk that brough t the risk coeffic ient back close

to its orig inal level. Ancri cam i—South Af if ca n , for examp le , had a

trivi a l linear coefficient hut highly si gnificant quadratic , cubic ,

and qu artic t e m n - _ n ; ~- l - i c h  imi p l y large deviations of time risk coeffic-

ient during t i n e samp le from its beginning 311th eimd in g values. (This

security is a curiousi ty, for its estimated irca mm risk coefficient i,’ac

negative and significant in all r c g r e s s i e m _ n ). For the five s e c u _ n i t i c s

in t h i s  g r c ~ n p , tim e m in founi differ ence bet me n -n the cst Imacc- d 4— and 10—

- 
v a r i a b l e  a b s o l u t e  changes was about 175 gc_ n r c-c n t . i b i s r c c a n s , of course ,

In that the 4—vari able model comp letely missed wh at  must inave been the 
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comp lex path taken by the co e ffic ient.

(4) Time es t in-na t t 11 c i n . n m n g - ~ s in n it - k co e  ft Ic i em m t s .i r e  ~m o t  a) ways dime t cm —

cap it a l St [ U t  t m i r t -  ( h i n g e s .  A -  r o ug h S~Ip p O~ t 1 0 1  t i c  I S  Os cc t i

Table 7 j n _ n  l u _ n i t -  S ( 5  t i m n a t e d  c i m a n c g m - s  in tine d e b t  — - ~~, n m t y r~m t jo be I w e e n

Jul y ,  1962 and Ju l y ,  1965 . the  beg inni ng and ending sam p le point s.

These are nnarket values whnc- nc- v c-r possible. Nor m ally, the debt

equity ratio is th e  mark et value of the bonds p lus t i m e  book ~- --_ n l u e

of n o n— m a r k e t a b l e  debt d i v i d e d  by t ime marke t  v a l u e  of e qu i t y  f o r

a given d a t e .

For reasons  which we cam inot exp lai n , the re were no t—r a t i o s in CXC ss of

3.5 fo r  the  i n t e r c e p t  p o l y n -~~i a l  c o e f f i c i e n t s  of a n y  s e r n n r i t y .  Th i s  is

mild  evidence a g a i n s t  both tite Sh-irpe--L i ntner amid P-la ck vc-r si ons of tk

cap i t a l  asset  p r i c i n g  model because a si gn i f i c a n t  n o v emn ent ~ i n the  r i sk

coefficient should be r e f l e c t e d  in  an opposi te ant ! si gn ifica n t rca v tr ~ -nL

in the intercept unless changes in the  r i s k le s s  c - t u r i n n in t ine ~- t r o-Ln t i

return just happ ened to be off setting. The r i s k l m - s s  r a r e  or t i n e  zemu --

beta return canno t offset the risk coefficient movements of a l l  s ec m n r i t-ics

because (1) some s e c u r i t i e s  had i m p l i e d  n e g a t i v e  n : d  sus.e had p o siti ve

changes and (2)  some of the n e g a t i v e  changes were associ ated wi ti hig h

risk coefficie nts am-nd vIce—versa.~
7’ Coup l ed with this fact is  a d a n g e r

that samp ling variation was respon sible for the selecti on of some of t ine - -c

sec urities w i t h  hi ghly vary ing para :~cters . Thus , we do not want to a nsci t

that a defini tive test _ n f  a n y  theory has been provided by these last r ccn lt s .

In the next section , portfolios w i l l  be used to  p r o v i d e  a inure powerful ex ammn l

of models  which require the intercept to move in a direct ion opposite to tin e

slope.

Another seeming anomr-maly is that non e of the  84 s e- cu iiti t-s list ed on time An t i c - f l

Stock Exchange had t—ratios as hi gh as 3 .5  f o r  any  p o l y n c - n m m i a l  c o e f f i c i e n t s .

Howevet , if the probability of a security having sm n ch a coefficient is et~u il to

the observed frequency, 18/930 .00194 , the prob ability is roughly 10 p e r c e n t

tha t none would be observed in a random samp l e of 84. This probab ility would

not j u s t i f y  an inference that New York and American Stock Exc inamm gc li t— ted

sec ur i t i es were trul y differe nt.

- -.- — 
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E. Discrinm inatinb between a~ gre and in d 1vLdtnal n - nn ~ t~~tionari ty

We w i l l  now d i s c u s s  a d d i t i o n a l  t c - t s  f o r  the  e x i s t e n c e  of non—

stationarity in the overall universe of available data. In subsection

B , we demonstrated that our exJnosition al vehicle , a samp le of returns

on individual assets , did indeed disp lay some kind of noti -station arity .

In the application of our  me thod  to  an i n d i v i d u a l  series , there would be

no need to go beyond section B. E q u a t i o n  ( 11) w o u l d  y i e ld  as m u c h  In-

format ion about  th e  n a t u r e  of the non-stationa rity as the single series

could desciose . In other applications , however , as with our data hero ,

the availability of mul tip le time series night per m it a finer degree of

inference about ally possible non-stat ionarity cost— on to a l l the series.

This could be of considerable practical intere st. For exanp le , it might

not be very interesting to a depart ment store that some custom ers were

departing in one direc tion from a fitted advertising/ sales model and

other customer s  were departing in the opposite di r c- ct ion; but it would i_ ne

high ly interesting to knot-- If there were a c o*immon change in the coefficients

of sales response to certain kinds of a d v e r t i s i n g .

Given m any ti ne series , Inference abou t aggregat e stationarity on _ n m

discrimination between individua l and aggi-egate nom i -st at iomm ar ity is indeed

possible. Going back to the data we have been using here , their aggre-

gation would imply the formation of portfoli os of assets and the rctur mns

on these portfolios would bec ome the object of our aggregate empirical

enquiry.

There ar e actuall y two advantages to using portfolios rather than

individua l securitie s in data analysis of returns . The first ad-

vantage is well known In the asset literature , going bac k to the original
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work of BlLmm e ( 1 9 7 0 )  and being rc flmi ed by Black , Jensen and Scholco [1972)

among o thers. T hi s  I s  to  ov er a g e  ou t , by a cr on.S—h (-C t iUrill collect ion , events

peculia r to lud ivi dc -a l m e ~ uriti es - h o -  f ;t i tm (turc ~ f a m m y  h i t  1 1.tc m n , - m n t t  h n ~~ p rn (-~~~f~

can be di s ce rnc- d vt or e clearly after suci n an a g g r i g a t i o n  b ecause  t h e  r~l~ . m n a l

to noise ra t io  is higher. Of course , some care must bc-tal :en to assule that

the portfolios formed actuall y differ a prior i in their characteri stic ’ . This

is the same thing as say ing tha t the experiment ~huu1 d b -  d~~ I gncd t o  max t .~~ze

the crcnss—s ect l na l ~- a r t ~~ t f c m n in the paroocter of ~nt cre t .

The second advanta ge of portfolio forma tion , which is noted h e r e  for ti— c

fir st time to our kno—’l ed~- c , is to n t - t o o t h  o u t  ci ~c~~c c - n ;  i n  t h e  r o d - 1  ‘ s p _ n n - a~~et c . s

which are enique to in div idual firm:- s. We n i g h t  find , for examp le , that the

dispersion of tine di ‘tturb anm ce tci 1cm for a po r t fol lo Is n - t u b  n o r t -  s t  a j r m u ’ r v

than for i n d iv i d u a l  s e c u r i t ie s .  C c c  time other h~m n c d , c b a n — - o  i n t i n e  r - n m t - e t

price of risk or In ti n e r lskl es ’ rate  of interest would be c o m m r o m n  t o  a l l  f i r ~~s

and would thus affect portfolios of any si7e to t h e  same degree . Sin ce in-

dividual parameter non- - station arit y ~‘ou1d tend to n~- as1n omi t , the n i L i l i t - ’ t o

perceive comm mmo n n o n — s t a t i o n a r i  ty  r u s  t be e n h a n c e d  by  t in e port fol a~-~ cc—

ga t l on .  -

The number of portfolios fo ir - ed is a m atter of jm md r er emnt . Si~~c~ 
n h— t-- t al

number of securities is fixed ( in  o ur  case at 930) the larger tine nurni-er of

securities included in each , p _ n r t f o h i o , t h e  ~t - t l  h e r  mnus t be tine tot a l m ;n n t-ni er

of p o r t f o l i o s .  I d e a l l - ; , one w o n m i d  l U t e  to } l v ( ~ a v t - m v  1 m r ~~ - rtn ::~ c~ ~~c - r t —

f o l i os  of v e m y  l a r g e  n - i z e s . lie d e c i d e d  t o  p a r t i t i o n  t h c ~~ n~ u - i l e  i m - t o  ] r ~

e q u a l — s i z e d  p o r t f o l i o s  of 62 s e c u r I t i e s  e a c h .  S e c t i t - i t i c s  were  a - ~ - i p n c d  to

p o r t  f o l ios i- ,iscd on t h ~ r e l a t i v e  r a n k  of t i n t -  av e r ag e  r i  s~ cod f i c ~~cmi t • I’ -
/ Oj

in model (11) , from t h e  fou~ —var 1.cl ,l o r o b u t t  rcprcssion ,3S~’e s t i n c n t m _ n~ over

the 160 WCc- ~~ S f r o m  ici ly 5 , 1962 t ! r c u g h n  Ju l’. 2~~, 1965. H ~~ 
was

the ~~h 1arp. e~ t of t i c - n.e 930 coeff i c i ent t-ntir -- ntes , t i n e  s e c u r i ty  m i s
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TAP! 1-~ 9

Rcgrc- sn; l c- -- - . on i’or t1~~1 1 ’ - f o r  t~~- Sa mp l e  }‘ i - r i c t i ~ of

160 w C t ~~ - - e a c h

_ _ _ _ _- 

~~~~~~~~~~~~~~~~~~~~~~ ~~~~~~~~~~~~~~~~~~~
1962—65 1965—68

No. of ?iedla n * v a l u e  of t~ ratio for ave rape
Variables risk coefficient , b0

TI-JO 22.3 22.4 
- 

18.3 
- 

3 9 . 7

FOU R 21.2 21.5 18.2 39.7

TEN 18.6 19.2 

- - 

12.4 

- 

1 2 . 8

Hedian * coefficient of determin a tion , R
2

TWO .756 .759 .678 .7)4

FOUR .756 .760 .675 ./12

TEN .757 .765 .679 .713

* The average of the 7th and 8th largest sample values out of 15 

-- _ _ _ _
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Table 10 , a c or-’ pamm lomm to Tablim 3 , reports a test for tine existence

of non—stat iosatity. It contains tim e cross— sect ional m ean t—v alm m cs

of the higher order po 1ynom -~ia1 coefficie nts 
of modcl (11) divIded by

their estimated standa rd errors. Oni ,- tine robust e s t i m a t e s  a rc  used

because the samp l1n~’. d i s t r i b ’ m t l o r n  is k n o~-~n t o  f o l l o w  time Student law

in this case , (see S e c t f o , n  IV-13) m m m mdc ’ r t ime null inyp othes is of static-

narity. Coefficients m ’iJ ch ore s i g n i f i c a n t l y d i f f e r e n t  f r o r i  ze ro

provide evidenc e that the basic model did not have stationary para-

meters during the sa::; le ~~~~~~~~~ The table also reports the mean

coefficients divided by their standard errors as compmmted from the cross—

sectional stan-iard devia ti ons of the c o e f f i c i e r i t s , (~~~) .

Table 10 indicate s tha t non—li ne ar terms in tine 10—variable model

displayed the most measured significance during the second period .

A lth ough the avem -age estimated linear trend in the 4-variable model =

was s t a t i s t i c a l l y  sig m ll fi (-ant , it was not large , (.041), and was

K either as large in abs o lmm t e va lt me nor as significant as the non-

linear coefficients in the 10-variable model.~~~
’ 

~~~~~~~~~~~~~~~~~~~~~~~~
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TABLE 10

Tests for the P r e s e n c e  of n o n — S t a t i o n a r y  P a r am e t e r s

in 15 Portfolios Formed from 930 NYSE and AtIEX

S e c u r i t i e s , 1962 -- 3 968

(Robust Estimates)

Est imated No. of 1962 — 65 1965 — 68

Pa rameter Vhis in -— -—-—--—---— — -- 
- -  

— 
— —

Model t/(6
~~

//N )  8
c

/V 1
~ 

t / ( 8
~
I/

~~ 
Cf ~O / O)

—________ ____ - ~t~ raLio). ~~seUIc~ie~nt). ~~~ca.ti~a~ ~~~~~~~~~~~~~~~~~

Intercept 4 3.72 * 6.91* .0175 —1.13

Trend , 
~~

Sl ope 4 —1.56 —1.85 2.44* 3.88*

Trend , 
~~ 

-

jotercept 10 4.88* 8.34* —1.99
k _3.88*

Trend , ~~

intercept 10 —1.35 —1.04 2.94* 5.28*

~ u o d r a t i c , 
~2 

-

intercePt 10 _6.77* _l5 .3* _8.20* _ 15 .2*

CU~~iC , 33

intercept JO -5.96 ~l1 .5~ 3.98* 8 .94 *

Quartic , 04

Slope 10 — .901 —1.00 5.17* 11.0 *

Trend , b1

Slope 10 5.69* 10.1* 1.16 1.35

Qua~iratIc , b2

Sl ope 10 .824 2.43* 10.5* 15.0*

Cubic , b3 - 

-

Sl ope 10 — 2.96* _3.78* _7.06* ~13.4
*

Quart ic , b4

*RejectioI~m of tin c hypothesis of stationarity at tim e 95 per ce nt
level of si gn ifi am m ce.

-9---- Mn—:~~~ - ___________ -
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There appear s to have been sig nific a nt change . in pa rameters during both

sub-period s but there seems to be little connection bet ween the two. Of

the ten pairs of c o e f f i c i e n t s  computed , onl y two pair s are significant

with the same sign and the remaini ng pairs hive either one non- significant

member or are significant with opp osite signs .

In comparing the portfolio t-rat io result. for the first sub-period (1962-65)

with the same computation s for ind ividua l securities (the next-to-last column

of Table the portf olio eoef u ici en tB are smaller in seven of the eight cases

which vere ”sign ific an t ” for individual securities . However , in only

two cases did the estimated coefficient become “insignificant ” at the

95~ level and b oth of these cases reta ined the same sign . As we argue d

in Section IV-B . this tes t  s t a t i s t i c  w i l l  tend to overs ta te  the signi—

ficance of non- sta tionarity if there is posi t ive depen dence cross-

sec tionall y in the estimated coefficients. The comparison of Tables

3 a nd 10 strong ly suggest s that such po sitive dependence is Indeed pre sent.

The correction of th is  bia s turns out to be a r a t h e r  d i f f i c u l t  t ask be-

cau se there is no a informa tion abou t how time covariance itse lf

mi ght differ across pairs of securities (or portfo lios). In order to

explain our solution to this problem as simp ly as possible , let us  use

only the simp le two—vari able ordinary least squares model in devi ation

f o r m .  (Time d i s cu s s i o a  generalizes read il y h u t  t e d i o c n n l y to  t h e  more

comp lex models am id time calculations W C I L  actuall y made for tincm ).

With the  simp le model in deviation fom mo , we have for portfo lio j

R. — R . — b . (R — R ) + a.
),t j O ,j m ,t rim J , t 

-

where th e ba rs indicate i n t e r t c m s p o r a l  means. (Cf. eq. (1)). If , for

ccuya ct ness , we denote x~ = R — and the samp le  vectors

1x 1, x2,..-x j .)  and 
~~ 

f E j l . j 2 . . j~~
) whe re T is t i ne samp le  size ,

then the least squares estinm3 te of b
0 - is given by

— 1b . b - + (x ’ x) x ’ c-u ,J O , J  3

- ---~~~~~~~ I-~~ - _ ~,4
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Now a s sunm t i o n t  t - n  b L i  w coc- ff Ic I cn i t (~~
- ~t it ~ est in-ci te) i s genera ted

by deviatio ns .ibou~ a mn c- - iii co eff i ccn l , t h at .  is

where h
0 

is the s~c J i L  cio~ s- ,c - L j om n a l c-ocf fi ci c- nt , win c , s ’  cst  j r r r i ti o n  is

the object of our procedure , and 1 -  is a stochastic error for wh i c h  ye
-I

assume s t a m m d a  rd s~ i n e r  m c a l  p ro p e r t i e s .  T h u s , the  e - t  i m a t e d  coe f  f i c i c - n t

can be considered L ine dn pendent var jab] e in a r e g r e s s i o n  f u n c t i o n  yi  ih

no exp lanatory v ari ab l n -s: -

b
0 

+ p~ j  1 ,... ,15.

where

+ (x ’x) 1
x ’~~..

The problem in estimating b
0 

ari sc~ because the disturb ances of t imi s

model , the ~j
’S , a r e  not nccessar~ l y i m ndep end e n t . }Io’.,evcr , one can

observe frornm t h e  modcl ’ -~ stru ctu ~~- that an esti m ate of the comp let e

covariance matrix of its disturbance , E (~~~’), can be oht ai rmcd from a

c o mb i n a t i o n  of the cross—section a l variance in the estimated coeffic-

ients plus the esti ma at ed c ov ar i am nc e m a t r i x  of r e H d u . a l s  f r o m  the  o r ig i m i a l

regressions . in othe r words , ma king the reasonable presumption th a t ,

~~~. and C . are uncorre la~ ed.1 3

~~~~~~~ ~~~~~~ 
+ (X t X )  X ’ E ( ( . € ~~ ) x (x ’x)~~~.

wi th the addi tional presumption that lagged cross—correlations of the

residuals are uncorrelated , (that Cov((. ,~~ - )  = 0 fo r  i ~ 0), this),t ,t ~
expres sion reduces to

EO
~~~k

) + (x ’ x)~~ E (~~~c~ )

or in vector notation
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(x ’x) 1 m-:(( ’()

where a is t i n e  ( 160 x 15)  m a t r i x  of di sturbances frc’mn tin e 15 separate

regressions for i n id i - .idnmal portfo l ios (and thus E ( c ’ e )  i s  t he  con-

curre nt c ro s s- co v .~r i a n c e  m a t r i x  of d i s t u r b a n c e s ) .

Since ~ i s  by as sumpt ion a standard spherical error , t h e  o f f — d i a g o n a l

e l e m e n t s  of E (~~ ‘)  a~~& z e r o  and  a l l  d i a g o n a l  c]r 4 -Im t S  arc t i c  same c~~n~~tant ,

d e n o t e d  o 2
&
. An en- tinnn a tc of is given , therefore by

2 1 2  —l
(8~~) = 

~

-

~

-

~~~
> 1’ G  ‘ i l l  — l ’ ( x ’ x )  2~~ I

where  1 is the  15 - i - l c m e n i t u n i t  v e c t o r , 2 i s  t h e  n a t  i i x  c f r c s i d i a l s

f rom tha 15 s e p a r a t e  p o r t f o l i o  r e g r e s s i o n i S , and  6 - h
0 

i s  t he

vec to r  of deviat ion c i  c o e f f i c i en t s  a b o u t  t h e i r  c c c s s — s e - c t i o n a l mean ,

b0.

Given t h i s  C S t i m n a t . c of the  c r o s s — s e c t i o n a l  v a r i a n c e  of t i m e  t r u e  co-

e f f i c i e n t , an e s t i m a t e  of the c o v a r i a n c e  m a t r i x  of d i  s t u r b n n c e s  in t i ne

regress ion model above is 
-

fl E (~~m ’) ~- 2 I 4- (x ’ x) 1 
~~‘2

where I i s  the  15 x 15 ide ntity matr ix. Then an est imate of the true

mean b e t a  is o b t a i m n e d  f r o m  t im e Ai t ken estimator (or by genera lized

l e a s t  s q u a r e s )  as ,

b r (1 ’~~~
11) 1 ( l ’ Q 1b

0
) - 

-

and the s t an d a r d  e r r o r  of b i s  o b t a i n e d  as

g~~ /~~ ,~~--l~~~~l 
-

G e n e ra l l y  sp - a k i n g ,  t h i s  c s t i r c n t c  of  h
0 

c m n  and  d’~ os differ from t h e

simp le  c r o s s — s e c t  i o n a l  mean  of  t h e  h
0
’ s , ( w h i c h  ( i c l i O t e c i  m d  tms e d

to e s tim a te Lim e d i s t u r b a n c e s  0 above), It is ther efore n a t u r a l  to  r e —

eat inmate time ~ ‘ s u s i n g  this new and presumably m ore prec ise e s L i ma to cmi
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b0 . ~‘e d i u  t i i i n  a m i d  L 1 I ~ 0 i t c i a t t - n i  t h t  1 - m o c m - d u r e  u n t i l  t i n e c s t i m ~m t C  h

c h an g e d  by 1 c n . ~ u i - m I .01 pe r cen t . T i m i  S ~- a s  ac comp i 1 stu d i i i  a t  m O st  8

i L c n ~~i t i O I l S .  ‘ihe r e s u l t i n g  ( - s t i m . i 1 ’ S  an d  t h e i r  t — i a t i o s  u s i n g  t i m e

s t a n d a r d  e r r o r  c a l c u l a t e d  as ab ove  ( h u t  w i t h  t i me  f i n a l  i t e r a t i o n )  a r e

g iven in Tab le  11. T i n c c e  t — r a t i o s  a r e  i n  p r i n c i p l e  a c c u r a t e  me asu r es

of sr g r m i f i c a n c e  f e c  the  a-~’e1 age  c o e f f i c i e n t  a f t e r  t a k i n g  i m i t o  a ccount

the  c r o s s — s e c t i o n a l  c o v a r m a l i o n .

The g e n e r a l  i c p r c - i a - : o n  of  t i e s e  r i - s u i t s  on c o m p a r i n g  them with Table

10 , is a r e d u c t i o n  in t i n -  si gnif ic a nc - level. ~J i t h  o mm e or  two exc -ptiorm s ,

t he si gns rc m n na  i n  t n rnc ln i i n 4 -od bu t  t i m e  abso l u t e  s i z e -  of t i n e  estim ated t — m  at i o

for -  t ime  hi gh e r  o r d r - r  po1 y n ~ :a i a l  c c u - f f i c i c i m t s  i s  l c d c n  4 - P . . N e v e r t h e l e s s ,

t he re  are  s t i l l  i n d i c a t i o n s  of s i g n i f i c a n t  n o n — s r i m t i o n a r i l y  in  b o t h  p c - n o d s .

The s lope t r e n d  es t  in n l l  s f o r  t h e  1 9 6 2 - 6 5  p e r i o d  ha -~- - a~ t m m a l l y in c - i e a s e d  i n

si gn ifican ce , marp im n all y, in  b o t h  t i c- 4 — v a r i a b l e  a n n d  10 - v a r i a b l e  r~a P e 1 s .

We cain be fair l y - c- rt a in tba t these l -cml]rs are p r ;e d  ul a ll bias m t  n o --

duced by cross—section al dependence. Thus an inference of si gnificantl y

concurrent non—s tationc irir y f r i  the c o ef f i c i c n t s  c - f  model ( 1) would  be v e ry

r e a s o n a b l e .
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‘iABi -E I I
T e s t s  fw  i b o  P t c : . o~ c c  n- I t - n ~~~t m ( i e -  n n ~~~t y ,

Ai  t~ .-~~~c~~t i s  I L L  ( - m m  c i  n u n  I o n
c m u - ~s - S c Ct  n - n j  (~~~~ o ma L morl

E S f l ~Nl1b IA kAU1E } i f  b is lP62 ( 
- 

—

- --

- - t — ratio s fr o o - A l t k - :  p r o c o -  r e

1NTl -~~C~-l 1 T~~-~~i) 4 . 
.

SLOPE TR ENI )  /4 .06 
* I . 25

I NI C I1~ 1 K m  10 1 .4 7  -

1NTEI ~CE1’ T QUADRATIC 10 ~1 . 2 2  .925

* 
,

I N n 1 I L C E P T  C U P I C  10 —3.1 2 -7.37

I N T FLLm1 ’T QUA R1I C 10 — 7 . 8 1 . 9b3

Sl ( PP TR}:~ D 10 -- 1 .i S  I

SLOPE QUA D R A Ti C 10 4.11 1.07

SLOPE C U B I C  10 - .2 67  2 . 9?

SLOI E QUARTI C 10 - - 2 . 2 6  -2 . 17  

*

C o e l fici en iSs and t rat in s from A it~~~t m pm -

MEAN SLOPE , b0 
4 1.02

(8.92) (i7 . )

- ~t iTA ~ Sl OPE , h 10 
- 

1.00 .91i %

- 

0 (8.93) (1~~.3)

* kej ( C t  r o n  of  t inc  h ype  hn - i s  of St at 1 ona r r t y .1 t t I m e  95 j)I_ - m c  c a t

leve l of si g n i f i c m n n , - .

- -
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F. bs f s ;~~~~~r - a t i t  5~~t m  t o l ) ~~ t~~~ - L  Pc-si- mo c of  n ; : ~~c r 1 c n ~~~jmnmon

Cm- n n- rat ~n - - -S

AS a f i a l  t o p i C  in t i n t s  p ap er , c c  w i - f  t o  pr &- - ;e n mt a sni ggc st i on f r

using the premne nc e of non—~ t a ti amna r 1 t -j to 4-xa ;- ine ti n e n t  c c  ture of the

data generating pr ocess. i n ~~~in 1e t F a ~ a l l  of the ri - - - ser t&- s av a ilabl e t o

an investigator hec- e been gene rat 4-d b y an u n d e r l y inm n ,  p r  c C n ; s  c f  m d c - n t i c a l

form bu t with dl f fe r i -n it p a r a - e t . ~I-~~. l~: R g i m m t ’  f a r t h i r t~~i - i t  il;C p d r d  

wander over time b u t  that thei r p i t  h s  a r e  t racked b-c tine n o t h n d n i  T - p Y  o m n t —

l i n ed  in t h e  p r ec e d  j a g  s ec t  i 0 1 5  • ‘~
‘ - a ’~s.- r t  t han t t h e s . -  c--- t  I n  - a t e d  t i m e  p a t h s

g i v e  an o p p o r t  i m n i  t y  t - I m i f e r  so ct  h i  mng #h  - n t  t i - . gen - r a  i o g  l ’~~°~ es & , i f  I t

i s  indeed  c oin .nmon . I n t u i t i v e l y ,  t i n -  c n - - s — n ; . - c t f  - ~ l m i n t  m - i m m n i i f p a n - s n a p  t i c

traclne d par an c-ters at  a Liven t c °  d o i n l . 4 f i i c e  a s  i t s  c n - . - f f i c l e n t s  th-

v a l u e s  of t h e  f a c t o r s  1 m m  t h e  u n t h - n  1 , 1 1 m g  p r o c e s s  at t h a t  - c i ~ -e t ime . I f

t h e  f e r n — of t h i s  c m  s — n ; m - c t i a m a l  : e l a t i - a  c- n - r e ~n - ; t  - . t  f . m n a r y ,  t h r -  ffl~
.e, - ’-

t i g a t o r  we ld be ob l i 0 n- P t o  d e n y  t i n e  - n l t d i ’ y of t h e  1 a r t f c n m l s r  f- , en mn - r ;~ n i l ; ,

he  had h y p o t h e s i z e d .

As a con c r e te  c:~a n - p lc , — 0  n w  u s e  t i m e  c r - - - - i — : -- . -  t i o ; n c m ~ r a n - p ie  f 15

p o r t f o li o s  in a s i ;  ~ le  ti n v esti ga tt on - f  t i m e  t n - ~~- f ~~- t n , : - m e - t . t n  -

a t i n g  p r o c e s s , t he  p r o c e s s  m-e t 1 n n ! i n - d  i n  I - (  O a t  e 9 In ~ t n m c h L i i . -  c - -f n i  i 4 ~~ t

~~it  th C ~~ ~~ e q u m a l  t o  P~ , ~ 
( 1 —  ~~ , ) ‘ ~ r o l e 1 I n s - - a c - e l y  p n -  I a 1 a r m  n c —

t u rn , ac i t .  I nnup l i c s  t t o t  t h e  i n t e m c . j m  n ’  i n  u t c  f r - - ( 1)  e m i l  t o -  I t \ e : n  1 y

d0 + d
i

.
~~ 

(1 - 

~~~~~ 
( 1k )

- -
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where E(Ô
Q) 

0,(and E(61
) — R ) , iI  t in e two—factor generating proces s is v a lid.

The es t l n r a t -d coefficients of (13) will be asynm ptc itic all y bi ar - i d

because the exp lanatory variable contains an error , being an estimate

i t s e l f .  There are two possible ways to alleviate this: (1) we could use

the estimated regression standard error of to correct the bias or

(2) we could use iiri strum cn ta l variables to obtain consi st en t estimates .

Table  9 shows that the t—ratio for b - is on time order of 20 ~~-? Since
— 

Oj
the mean value of b

03 
is on the o r d e r  of u n i t y ,  t h e  standard error is on

the order of .05 . (Over the  6 models and 15 portfolios , the actual iraximum

standard err or was .0818). Since t h e  cross—sectional standard deviatio n of

b
0
. is on the order of . 25 , the  r s a x i n m m r n m  p e r c e n t a g e  d e c l i n e  in the  a b so l u t e

value of caused by the error in is around 10.1 percent and it w i l l

pr obab l y  be less ‘ ban h a l f  t h i s  a m o u n t .  The bias in t ic im mt e rcep t of (13),

is likely to be much s ma l l e r  tham i the bias in the slope. In fact , the

bias  in ~ wo u ld  be e x a c t l y  zero  i t  t h e  c r o s s — s e c t i o n a l  av e r a g e  of j - were
0

exac tly unity. -

Results for model (13) applied to the  cr o s s- s ec t  ion  of 15 por t olio s are

given in ~ab1e 12. Two estimates nit - c given for each co eff icient , t h e  f i r s t  bc-~~m ng

compu t ed  by o r d i n a r y  l e a s t  s q u a r e s  and t i m e  second u s i n g  i n s t r u m e n t a l

v a r i a b l e s .  As instru ctcntal variables we used e s t i m a t e s  of b - f~?r  t h e

perio d 1962— 6n. Thc-se were nat ural Inst runsents since they wi-re  ccu m s p u t  n - n i

for the same port folios but in an earlier period .

The results indicate a hi ghly significant non—z fro value for

which is strong evidence against the twa -factor zero—beta market m odel.

The estimates of obtained with t h e  instrumental var iables arc very

close to those obtained with the cl a ssical me t hod .

As for the slope , supposedly an estimate of the rmiean n’cro—

beta portfolio return , it is significantl y negative in all cases. Notice ,

howev er , tha t the effect of the error in the exp lanatory variab le shows

up in the  d i f f e r e n c e  be tween  ordin ary least squares and instrum ental

vari able estimates . In every case , the instrume ntal v i~~iab le estimate

is Erca ter than or equal to the OLS estimate in absolute magnitud e . li j o

maximum differ en ce is 14.8 p -rcc nt . f-~~-r  t h e  1 0- v a r i a b l e  mo del  r i s i n g  t h c

- 
- OLS me t hod to estim ate b

0
..-~~~. Tlnis confo~~ s very w el l to the anti c i p ated

- -  ‘ e rror s— in -varia b les b i a s .  - 
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Table 12

Tests of tIi ~ Zero—Beta Two— Factor M dcl wi tt~ 15 }‘ortfc .l i ’ n ~

1965-68

~ii~tt:i-:~ or 1

VA lA~ I-ES 
_ _ _ _  

2 j 4  10 
- 

2 

- - 
6 

-

HETIIOI) OLS F-1)IWST

6 , I N TERC E PT (Z/year) 17 .5 17.~ - 21 .1 1 7 - 7 17.7 :~~~~.
1

0 ( t )  (27.5) (27.7) (26.1) (21.0) (21.0) (~~~.9)

INTERCEPT 17.5 1/ .5 21 .1 17 .1 17.7 2 1 . -’

SLOPE (Z/ye~nr ) --6 .6’i -~~ l5 - 12 .0 - IUJ -10., -~ 5.5
( t )  (2.~0) (2.i - n.) ( 1 . f u l )  (~~~~ .~~i )  ( 3 . 2 1 )  ( - ~ . f l h )

SLOPE -6.83 

- 

-7 .~~ 

- 
-14.1 -10.1 -10.7 ~~~~~

Ar)Jus-rEl) R
2 .311 .355 .462 

- 

- 17? 
- 

.~~03 .51 ~

s11 : nF~IFr ZED 3.55 3 . 5 6  3 .7 1  3. i i  3 . 01 )  ~
RAN ( }- OF

R E S I D U A l S

-4-4- Using as jna tr -nna , -mmtal variabl es t i n e  carrc- i n c t d i n m.  ;t~~’ i t c d  r f f l c u t s

for 1962—65. (See text).

~~~~~~~~~~~~~~~~~~ -
~~~
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Th e hi ghly s i g n i u i c a r t  i n t e r c e p t  c : m n m n o t  he exp lained by err oe s—

in—v ariables. In tine 10—v ari able r y ’u -J c l s , t h i -  b i a s  wou l d  act u a lly e- - i .  in

the wrong di r e c t i o n  since i n  t i n c t e  c a t ; c s  tin e averag e value of I — 0
0j  

i s

positive (and tinu s a,merror adjustrn -m n t in t ime slope 6
~ 

; making it sm cllc r ,

would move .6ü eve n furt iR- r from Lero) . For the 2— and 4 — v a r i a b l e  m - d r - l s ,

even i f  the erroi- in ó
i 

c-c- i c  25 p e n - i c- mi t , (and i t  i s  c e r t a i n l y  m u c h  1 & - - ~~- t i n - e n

th is), the dcc linc in t O e  cst iriatc d i n t e r c e p t  w o u l d  b un  ocn l y on th c-  c m  yr of

0.1 , le aving it essentially unchanged and still over 20 standard c m r o r n  front

zero.

We can only conclud e that the stochastic process generating asset

returns during 1965-68 on the New York and American Exchanges was definit el y

not the two-factor , zero-beta m a r ket  model  with the index we used . (Recall

tha t it was ti~ Standard & Poor ’s 500 index). The pr inc i pa l reason fo r

these results is the exceeding ly bad perfoi-n~ance of this index. While

random ly-selected portfolios had average monthly returns in the neigh-

borhood of 25 percent per a n n u m  d u r i n g  t h i s  samp le period , the S&P 500

had an average mnnou thly return of only about 9.0 percent. Since the aver-

age risk coefficient of a randomly—chosen portfolio was near unity, (the

average for the 15 portfolios used in this paper ranged between ~~~

and 1.02 over the 6 regressions computed) , the poor performance of the

S&P index cannot be attribute d to a lower level of “risk” as measured b y

b0. This “risk” measure was not lower. Thus, our “test ” of the tw— -

factor generating proce ss is equivalent to the finding that a partic ular

veil-d iversified portfolio (the S~P Index) did not provid e return s com-

mensurate with its level of risk .~V 

-  ~~~~~~~~~~~~~~~~~~~~~~~~~~~~ -~~
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It is possfh1~ to us’- t ine entire ti n -- c 1a t h s  of em ~t ir ,a t rd coeffi-

cients includin g the hi ghc- n --order e stlr ,ates of chanp~-s in 1 cu r nm ’ cters

in simil ar computations , lit fact , if it can l,e 1n r e s inm med that R~~,t ,  ~~mC

zero—beta value , follc ’vs a randomn u wa ll- with constant drift), t h e n  the tv’—

factor generating process im p l ies tha t any of the hi gher-order coeffici ents

in the equation ,

8
1) ~~~ 

4- + (i  � 1) (16)

should satisfy the hypothesis }i(6j0 
) 0 , and F (~~. 1) 

-- R .  (Sec foot

for proof). :~~e to space considerations , we do not~ report th- c e

emp irical results.
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V - CC~.Cl. ’ T -

We have presented and exp l a i n e d  a m - e t h e d n l o g y  for m a t i ng linear models

t h a i  d, l sp l ay  n o n — s t a t  1~~~ c m n y  p a r e : -- t t - r s . f l n e  t i m e  p~~t h i  - 1  e 1 , ? e  ar id

con~ t a m i t  terri s were  cst  in  n i t t d  by o r t i m  g~m ua l pol ynom ials of t i c - C .  N o n —

stationar itic- ; In  t n n ( -  d l s t r i b u t l o m n  of t h e  d l s n t m r b a n c e s  -~‘u - r e  exp rga te d

by the techni que of ral m m s t  regress j o m i . The nn et i - m c ’d was app 1 ied to the

index model of asset ri-turn- c (1) and  t h e  p t i i n c  [p a l  e n ; ~ f r i  c a l  r e s u l t s

were as follows:

1. There Is snh c t an t ial c-V~~c u - r n - e  t h a t  t h i s  m - o d - l ’ s ~~) n t  . r~ - ,n n c e s  a r e

non—Ga ussian and t i m e r c ’  is  good e v i ~~ - n1n - - t h a t  th~~’~n ~c c t - - e d , a t

least partl y, by nr~nm -s t atio rn ar ity Over tine in t h e  d i s t r i b u t i o n  of

d i s t u r b a n c e s . The :~ e t h , , d c~lo~1- ,- hann ’ll ed t h i s  pr~- 1 e  adc~ - - i te1 y in t~ ne

sense t h a t  i t  i r c m c - i u l u - c l  h m a r a i - l e t e r  o s t i n O t e s  c O m i c - h  t e l 1  1 c l o se l ;

the Gaussian law.

2. There is strong cvi dcn cc that t h e  1 m e at  s in g le ’ ifldex m o d e l  (1’~ ~~

non~stat~ onarv par .er’c-tc rs. The p x i n c i p a l  t I - p c  of n o n — s t a t l o n a r i t y

(or bette r said , t h e  mo st sig m il f i c - flin t type) sc-u a be common

across all se curi t iu- S. This 1-; c o m m - i c - tent w it i tine hypothe sis that

there are signifi cant factors omit ted by the ~ imcp 1i a c - O i l .  l he r - I s

some evidence also that non- station arity is pr -ac nt on the ind ividu a l

- 
security level. Since this could not 1w caused l’y the omissio n of a

r
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conmgymon facte. t , i t  t m u u s t  be due to ~~~~~~~ in tin e e ! n a r t c t C I  c c - t i c S  of i i  -

divid ual fir m - c - .

3, ~ 1 n e i &  h a v e  been N - - a d e - S  of u n t n c ~~a 1 act ivi ty on the hew York and t~ rican

Stock Exchang ’a. During our  s am p l e  period , 1962— 65 , the number of out

i i  cr5 (unuc-n ~l eh e m  v~~t ions) cl u - - t i-r ed in tine ear ly weeks of the rec ord; 
-

and there was strong i t t  e r t  - n p c r a l  dc~ e n d e n c u  in  t h e  ne ahm- r of  ou t  I i  c

This did not rot - rn to ii- Cau~-t-ei by variati ons Ovet time in tim e market in—

d~ x but rather by co-luov -m-: - m i s  a c r o s s  s e c u r i t i e s  i n  the d i stributio n c - f

disturbanc es.

4. The method was able to i d e- m nt ~~fy s - c m nr i t i es with ~‘ci rt i c -clc r l y large c~n c - .~ e

in para te e - - - em  t h i n . T h i s  was  t r  - m e  of a l l  ~- a r a :  e t e r s . S e c u r i t i e s  tO- t

have dis pla yr -d u - x t l e m n o ] y  l ar g e  c n a n ; - c s  in the portfolio risk coeffic ie nt

over t ime were id ent ified by name as were securi t ies which had unus uall y

large numhers of outliers (ai d thus disp layed strong non—st at ion n ri t y in

the disturbances or marked depar ture from Caus sini n disturbances).

5. Refined i m i v c 3 t i ~~1t i on s  of n o m m — s t a t i m : ’ n o r f t y  and i n v e s t i g a t i o n s  of  t i m e

data generating process were presented with aggregated data as c - x e  p 11- -

of extens ions f the basic m e t h o d  to m u t l i pl e t i m e  s e r i e s .  Our m e t h o d

can be emp loyed profitabl y under many c ircumstaa - : -s as  a data scre eninng

d e v i c e , for  the  I d e n t i  f i c a t i o r i  of m d  i v  id - n i  cases with particular

nr ~n n — s t a t i o n a r i t - i e s , or , i~t can  he u s ed  to test h yp -th e ses c O n i c  0 p i-

port to predict such change~ . 
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Pool notes

The theory of asset price d tem m m i i m n - n t i on was enunci ated first by

Sharpe [1966] and I~intner [1965] wIno derived ti -irke t equilibrium con—

djti om is h a d  ott  t h e  n s 5 n: ~~t j c n  t i n t a l l  in ves tors followed t~- rkow itz ’s

[ 1952)  a d v i c e  to  div e rsif y cOns - i r investm ents. in t l m ~ ori ginol f h c e ~~c-

Lin tn cc r mode ] , t he re  w er t - om m ly  t w o  p e r i o d s , so a l l p a r a m e t e r s  we! c c -t O—

tionary (triviall y ) .  The- p a r a m e t e r  e was s p e c i f i e d  as ~~~~( l —  
~~

Y’F

where R
F 

was a ri skies s rate of interest . In the later model c-f -,la- ~~

[1973] , howeier , t ic - re- was tie ri c kl e s s horr aing and 
~~j 

b ecam e r ela n e J

to t h e  mean re t- nr a on a portfolio whose return w a s  o r t h o g on a l  t o  R . t :

Ross 
~ 
1976J has derived an ~~u i l 1 h r 1u t i e m o d e l  of asn c r- t p r l c e a  w h i c h  i s

identica l to the or!~~i r m l han c — L i n -itnc- r m :co h - 1 t n t  which i s - n ased

on the a~~~~u~~~~~~I o n  that r e tmmr u- ; are generated i cy ( 1 )  w1t. h~~ and  (‘c-ec -~tant .

Cap ital Asset Pricing theory inn s now cone to mi-an a bod y of i d c - o s  re-

lated to risk aversion , po it fo lio diversification and ccu—pet iti~ - t-

capital ma rkr-t s. Furthe r refere nces (given below) will provide sore

d e t a i l s  on t h e  t i m e o r y ’ s h i s t o r i c a l  d e v e l o p s i - m c t  a m - f  c u r r e n t  c o n ’N  a - a r

2/ See , f o r  ex ;-ap le , F r a n c i s  and A s - c h e r , 11971 , ch .  5] , S ha r p e  [1~) 7O ~

Mossln [1973) , Fama and Miller 11972), Jeusen [1972]~ B1ac~ [~-~

3/ Some of the events which have b et - n  st u d I e d  o n e  ~c t o c k  sp ] i t r , s e con d ar y

offerings , d iv id e -m id changes , accounting imnan i p u l a t  i o n s , and m s e n p o m n - .

Brcalcy [1971] gives a referenc e list and ether examp les.

-~~~
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4~ For an extensive anal y sis of this factor ’s influence , including

emp irical ~c s t Imn ~,, se-c Be n v c r , Kett l er , and Scimoles [1970] ,

Hamada [1971] , and g on e s s , C ime n , and J0t U5 ipi ta k [1974].

il See Arrow [1971 , ch.  3]

6/ There may bc o t h e r  i n f i  c m e m l c e s  on - . R o s e nb e r g  an m d M c h i h h c - n  [ 1 9 1 3 ]

l i s t  over 30 and p r e s e nt  e m p i r i c a l  e v i d e n c e t h a t  at  l e a s t  s’esc- of

t he m a c t u a l l y h a v e  hoe -in i n f l u e n t i a l  S a lm a n-Ic r , B r e a l ey  , f t c - d p i  an d

Thoma s [1 9 7 4 ]  p r e s e n t  a l t e r n a t i v e  5o d e l s  of t h e  as a s t o c l m c n s t  i c

process. B l e -  [ l 1 ~ J fo un d  a t e n d e n c y  fo r  c- x t r e - c- e va l u e s  of b e t a
to disappear ov e - r t i n e - .

-
, 7/ Rosenbe rg  a r e ]  ~~ . h i  bben  [ 1 9 7 3 ]  f u e l  s ix  a c c o u n t  ing measures , and

two h i stcmric al Irenai nres , whir- h see rs to have h od si g n i f i c a n t  in-

f l u e n c e  on the -  v a r i a n c e  of ~~~~.3 -

The asse t pr icil.p t h e o r y  of N e r t o n  [ 1973 ]  r e q u i r e s  at l e a s t  one

additional c-> :jml ana iory factor.

A generalization (of the simp le Sinarpe —Lint mm er m o d e l )  recently

given p r o m i m n ( - I r c e by B l a c k , Jensen , and Schole s  [ 1 9 7 3 ]  and B] c c c -

and Friend [1973]  has time form .

R
j t  

R
z,t 

(I —B~ ) + B~ 
Rm , t ~ (j , t 

- 

- 
-

where R is  kno r ic  as t i m e -  z e ro  b c - t a ” p o r t  f o l  in  r e t  m m  ( b c -  to its ii r e - a
z,t

independence of the market re-turn , R ). This model i s  a special c a - c of
r m , t

(1) with stationary risk parameter. It contains ma n e structu re , however ,

because it requires B - 8- constant and 
~~~

- B —

J , t J 3, 1, J
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lo~ ~~~~ [ J 9 6~~] c - lne ’ e t d t h a t  i n d u s t r y  f a c t o r s  w e r e  si g n i f i c a n t  In  ox—

p lci l m m i m m g  onn ~ - em s t o c k  r e t u m  m c - ;  - 
-

~~~/ 
E v i d e n c e  c n  t i ne -  m - n - - C~~u s s l n n  m a t u r e  o f  o’- s o t r e t u r n - c  c- es -nc; t o  inav c-

been g iv e n  aim ex p l i c i t  ( and  tLoi ou~ h) t rea t s - cun t fi r st by Ncnndefl~rnt

[ 1963] .  0t i1-~ ev i d e n c e  hoc -  a c c u m u l e t -d o v e r  t i m e . See , e.~t. Fana

(1965) , Roll [1970), Sc im n ~ar t~ and /nltnmman [1913] .

12/  See t i c- f i r s t - t h r -e r e f e r e n c e s  in  n o t e  -

13/ Pr css  [ 1 9 6 7 ) ,  ?]ctndc l hr o t  and l a y lor  [1967), Of fic c- r [1972), Clarh [l~~73],

- Barnea and P c : n c - s  1 1 9 7 3 ) ,  ibs e n , M i l l e r  and t - ! i c lmc rn  [ 1 9 7 3 ) ,  B ) a t t L - c - c g

and Coned es  [ 1 9 74 )  c- i f  r a l t  n;n  a c t i v e  c-,:p l a n at  i c - n a  t o  t i m e -  b a s i c  p l en enemi. ;

t h a t  a s - s e t  nc - turns a r t -  t o o  t i m i d - t a i l e d  to  h v c  b i - c e t  g e o e r a t e - -~l l~ ’ a

stationary G a u s s i a n  p r o c e s s ;  i .e. that they have too many extreme

observations.

j~~ / Data errors are another source of ecormom etri c t r c-md 1 i-s which nov

r e s ult  in se - e t s in i ’ ly  t h i c k — t a i l e d  r e s i d c m a l s  f r m n  a:; c - r d i n a r y  l e a s t

squares  f i t  of c o d e  1 ( 1 ) .  I n  a r e c e n t  p a p e r , R o s e n b e rg ar i d

1-foug l e t  I 1974 J 1r c scm l t stn i kin g evidenc e on t i e  effe ct of t i n S

and sugges t  t i m e  use of “a s t a t i s t i c a l  m ethod  tim t m i n i m i z e s  t i m e

e f f e c t  of o u t l i e r s ” , by d i s c a r d i n g  or t r u n c a t i n g  them or by U S i n g

a p r o c e d u r e  “m o r e  ‘ r o b u s t  ‘ t h a n t i n e  qua d!  r a I n  m~ is - b ] S  (pp. I 308—

1309) . As we s h al  1 see , t h c -  m t  hodol  ogy emp lo yed let t i n 1  S

has exactly t h i s  a i m .

The characteristic function tor a sy1~t-ne t r i c  s t a b l e -  d i s t r i b u t i o n

w i t h  7 -r o locatio n , scale 0 , and ch a r a c t cn  i s t i c  - x ; o n n e n t  ) is

4~ ~~(t )  cxii (— l o c ~ ’).
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16! For details see ili n icli and TaIwar [1975).

F aum a , Fi  ~i mt- r , J m - m m s - ( - n and Roll ji 969 J
17 1

18/ Kap lan and Roll [ J9 7 2 J

F)’ Scinole s [i’h/2J

Watts [1973). In this c a s e , tlc€- size of t i n e non—zero mean

disturba nce seems to be qu ite snai l.

A number of oth er ev e n ts , as se ll as some of those alread y
~~~ij

me- n t  i cr i ed  ab ove , a r e  sum - cnn mm i ;  ] i n F r e a l  cy I i  9 7 1  J

22/  C f .  R o l l  1 97 n )  -

23 1 For e x a m p l e - , i f  t i m e -  o b s e m s - c i p e r i o d  in c lu d -ml t w o  yc~~r s  of w e e k l y

d a t a  ( 106 w - e ~ a )  , t h e  t i m - n i -  v e r  i a b l e -  w o u l d  I r a  - I , 51 /~ 2 ,

— 5 0/52 , . . .  , 5 1 / 5 2 , I .

j
~
/ See Abra mu om ;itz arid S t e - g u n  [ 1 9 14 , c- h .  2 2 ) .

25.’ We wish t o  t h a - ; h  t i m e  ?ta m mup-cn-nt Science Pe-p ;m t : :c - nt of Vc - lls — i ’a r g c

Bank for moP in g the data available in a convenient form.

26/  The - T h u r s d a y  c i n a i m i g  p s i  ce-s of c a m -h week w i - I c -  u s e d .  I f  T Im n r s d iy

was a h o i i d . - n y ,  no o b s e r v a t i o n  was  used for  t h a t  week .

~7/ 
We began the stud y in Pittsburg h w ith an earlier version of time tapc - .

At that point , we had 104 2 s t o c k s  in a samr m p lc - s e l e c t e d  s i m i l a r l y .  On

c o n t i n u i n g  our  work  i n  F- - l g i n m nr m nit t h e  c- a rm - t a p e - , t i n e  r e c o r d s  f o r  on~~y

about  100 sr - c u t  i t i c s  c o u l d  be - r e d]  - E v i d e n t i s - , t i me  t a p e  h ad  b e e n

• damag -d i n n  t r a n s p o r t .  k’~- l l s - -Far g o  k i n d l y  s up p l i e d  a n o t h e r  copy .

Ott this tape , we obtained tine - samp le size of 930. -

it is inte restin g to note that a number of securities w h i c h  had h e n

r ead succ es stu t lv on the Pittsb u rgh system and wh i ch t h e  B e l g i an

system desi gnated as faulty records on the second tape were secu rities

with  a very large number of outl i ers comput -d by the robust techn ique .

As an ex am ple , Bengu er h in d 87 o u t l i e r s  i n  : he  f i r s t  160 o b s e r v , n t : c n s
- in the P i t t  c bs -m r gin n m m m l  c- . Tht }-~ 1 g i an sy S -  re j e c I cii 1) - in  guo t as a

bad necord . W~ tliim ; k this is evidence that tim e ceri gi no] tape , f r o m
wh i ch both tapes were cop ied , a c t u a l l y  ha d a bad spot  i n  t h e  l c - n f u e t
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record that is ac ce -pti h ’le on scm -ne s y ste nms . It i s  qu i t e  l i k e l y  t h a t

Bengue t ‘ s d a t  ~ m - c o r d  is free ef ci 101 i r e  i t s  no r i p m  n a) f o r m , hu t

wh cci  t a p e - S  ar e -  mop i c- I and  r - r - l i r d , S i n i l p e d , m n - b use d f n e q m m c - n t  l y

p h y s i c a l  d a r n m m p & -  c a n  o c c u r .  i b i s  r u ~- [ - n - 5 t S  t h a i  t ine tobu- - t t e - c l m m m i m l m m e

is par  t i  c u l a r  I y v o l  u a i l e fo r  l n t  p e d ot  a b a n k s  th a t a r e  d i  g t r i i , u t  cii

w i d e l y. Ev e n  i f  a g i v e n  m a c l m i m ; - r s ’~t a l h~t i o m m  a c c e p t s  the  p h y s i c - a l l y —

damaged r e c o r d  or., valid , the - t c-r hni quo may rej ec t i t  as an outlier .

One othe r d i s q u i e n i m i g p i e ce  of evidence: In t h e  o r d i n a r y  l e a s t  squa r es

runs in Pil t m U u t l b m , t i m e  a v e r ag e  s e a n i d a r d  d e v i a t i o m m  of r e g r e s s io n

r e s i d u a ls  a c r o s s  101, 2 s e c u r i t i e s  was 10 t i m e s  as hi gh as the se e - r a p e

for 930 securiti es inn t b m e  B~- I ~~j a n  r u n e - , ki-  l a t -r  d i s c o v e r e d  t h a t  t h i s

was due to a sing le se curity b The mean st ~~n H o ; J  d s - - - a t i o ns f o r  t i m e

robust cases d u ffe tc-d o n l y  inn tins - - third d eciroal p lace i n  t h e  t w o  runs~

The -sc -  cor i rna nts  ~-m r e -  V e r y  s i m i l a r  i n  sp i r i t  t o  P o s e n b e r g ’ s and h ou g l e t  ‘ s

11974 J .

28/ In fact most -ho lcc-s in e-no p i n ical work are- made iii  su c h  a sr - h u e n t i a l

and ~ t o c h a s t  i c  m ann e r ; even i - icen the final paper describes time

choices made a-; imaving b cnn pr c--orda m n ed by logic. The a c t u a l  i - s o —

cedure fo r  5-0:5 1 1 e s e l c c t i c n  am o d consol  i d a t  ) o f l  r - 2  s- snakes  n e

difference p r o v i d e d  t !m ~~t t h e  r e s u l t s  ob s e r ve d  ~~~t an I n t e r m e d ; a t e

step do not influence tine re sults reported In the- final paper.

~2/ The formula f c r  t he  a s y r n p t n t  i c  s t a n d a r d  d e v i a t i o n  of a s a m p l e -

range is obtained from k n o w n  f o r m u la e  f o r  a s y n n p t o t i c  v a r i a n c e s

and covariances of order statistics. See , e.g. Crame r [1946 , p. 369J

30/ The logarithm was taken in o r d e r  to r educe  skewn ess  in the  d e p e n d e n t

variable.

- - - 
-

-
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The - t r e a t ;  t v a l u e s  f o r  t h e m ( ( n ( - 1I~~~~( i ( - n i t rm i n n  T i n b - i ~ 6 aN~ as b u n s — ”

No s - f  I

~~~~—-~ya ri ab1c s~ 2 4 10 

OLS 3 - 2 3  2 .94  2 . 4 P

- ROB 3.39 3 . 2 4  2 . 7 2

Tha t  is , e s t i m a t e s  w it in hi glu- r I — values.

~~2/ it i s  t w i c e  t i n e  slope Ire-caus e time has been n o r m a l  i i e l  to  sp a m I

— 1 t o +1 . 
- 

-

34/ In all cases , tln- ~ 4 v~ ri ,mb 1e se - b 10 v a r i a b l ~ - e n l i r - r O t e c ;  a - r e e ; ~

on the level of si gnIficance.

‘l ine t t a t  lo in  a r e  on t h e  order u i  — 1 . 4 .

3n n / One- o t h e e  p i n - c e -  0 S r:~ 1 m r  ing mcv i de nc -c for t i n i s am ; r t ion is tin e - 
-
~

sizeoble di11~-rence , 1 . 2 4 ~ v e r su s  . 6R6 , ir ~- t v e r -n t } n ’ r i sk  cs - c i f i c i  :1

e s t i r n - o t e d  ( ; - i t l n  t im- 2 — v a r i a b l e- r e ; ~e c l )  by  O! an d  R o b u s t  5 t : - ~~ v ut

(The t — r a t i o c -  n e - m a -  5 . 12  amid 3.~ -? r a s ~~ec t iv s- - I , ) .  1 h i s  st r omgl v S n :

a had and v e r y  i m f  I n n n o n t i a l  ssm scplc- o b s e n - v , n t i c n n ,

A l l  fou r  c i s c  a are present a r m : n n g  t h e  18 S c ; - m r r i t i r - 5  of T a b l e -  7.

For examp l es  :

Secu r i t y  
- 

Dir e- c t i e R  of R i s k  E s t i ; - :m t c i  t~ m m ;
Ccc- f f . Change  Ccc- f t  . (I 0—Vt I -

Amer.  Count . L i n e s  + .80 1

Z a p a t a - - ik- r m re - s s  + 1.74

F l o r i d a  I re - - s r  — .5 25

W . R .  G r a c e  — 1 .2 5

— — - -—--- - - - A~~~~~~~~~~~ 5~~~i-~~~~~-
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Using b 0~ 
f u s s  tb f o u n  v a r i a b l e  i c l u t i  m o d e i  i s  also a soisr~~~b n m t

a r b i t r a r y  choice . We b e - l i & v n - , n e 1 c , e  i , tha t t~~ - - - r o b u s t  e s t i m n i n o r s

are b e t t e r  t h o r n  t h e  OL S c n t i m ; - - n u o r n ;  ~rm d t h a t  SO n u - n r — S t a t i o r m  u i t , ’

is p r esc -n t  i n  time data. Thus , only t in e 4 ami d 10 v a r i a b l e  r o b u s t

e s t i m a t e s  ot b 0~ s- c-u ld  b good c . n r m d i L i t o s  f o r  t i~ - p o r t f o l i o  n e - s i g n —

ment criterio n . The final s-bc i c e  of  t h e e  4 — v a r  jimbic r o t h - - r t ir~~ ths

10—variable cs t ir ;m:n te was cos~~lcrc-l y a r ini t r a ry hut time s i m i l a r i t Y  ~~
these estis~rt cs imp ] m c - ;  that t i n e  choice did not c a r t e r

39/ The p o r t f o l i o s  w e r e  f o r n i r d  wi  tb: an equal wei gb n i m p  on e - a t n  s c m n r i  ty ’s

r e t u r n  in c - v e r y  p e r i o d . T h e i r  i s  i n o s n n  as an e q u a l l y — w e i g h t e d , r e —

balanced portfolio f o r m a t i o n  m c - t i n o d .

40/ D u r i n g  the  se - cor e d  s u b — s a m p le , some securities h m a ~ missing ob serva-

t i o n s .  Wimen t h is occurr e d , n h -  1 ns-mt f oli o f r  t h a t  w e e k  i - a s

of an e q u al  I s — v - i p h t e d  a v c r a ; c of t i n e  s e c u r i t i e s  w h i c h  d i d  h r - v s

observed r e t u r n s .  In no case was  a p o r t f o l i o  s - c:; pu se- d of f e ; s e r  t h n c n n

57 sec-un t i e - - (out of 62 p o s s i b l e ) .

4 1/ N . B .  The e s t i n o t c - d  r i s k  c - c-c  f f i c i e n t s  f o r  a p o r t f o l i o  co m a d i f f e r f r o a n

the mean es t i r . .  t e s  fo r  i t s  anpo n u - nt s e - c u m r i  t les s - i  t h the r o i s m s  t ms - - do  I .

This is h -cause- tIns - ’ out  l i e n -  ole ’ - n s - a t  i o n  c o m a i c  i n r r ; b  we t o  d i  I f e - c s - tnt vf m o n

performing the- i b u st c a i c n m l - cs - i o;; on i m a d i vidu ii l Securities and cc:

aggr c-p ntes - l~~ r r c , f r  e~n c- :p i e  , t h e  c r o s s — s e c t  i s - n a l  m e - a n  i n l i v n ; m c : : 1

estimates for l 9fm 2~65 were rr~~ninn :n , .20u , ~ i 1 n- J >: nn - - c n s - n , 1. 91 (Cf.1 P ~~~
-

j~/ The differ em ace between the t- ~- s  r m rm n l ts is hi gh l y  si g n i f i c a n t .  For

th e i nd iv i dn r~ I s e c - n c r  i t i e r ;  , 
~

- ly e - n  I h a t  t i m e  nn m: ide r of OCn t I i e n  s i S c -r n -

pute d front a t r ue r a n dom t a m - p h - , t h e -  s t an d e n d  e r r o r  c f  t i m e  r n m -;p le I S I S -

p o r t i o n  is on t h e  o rde r  of .0004 . For p o r t f o l i o s , the ~1 S s n e c i a t n  ii

st a n d a r d  e r r o r  i s  a b o u t  .002 . Thus , t he  d i f f e r - n e c- i n  p n n b ~ sr t 1ons

is at  l e a s t  ei gh t  t i m e s  its standard error.

- - -
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a n - n  - - .1 i i  i 1 i : ‘bob - - ~: s-’ I j ’ - t n - - c : ’  - ‘ ‘ - — - - - - n ,  - -

133, 
~~ ;. -r e: - : ; t  r - m : - g - - e P H n  ;-: m ~ - t  1 - - n r s_,_ . r r r , - : P

stat ;c -i e - r:’ - 5; :m- , ’ h n ; ~ f - n  -~~ 
- f ’  - - - c - i - - - )  - : - 

~
- - ~~~ t - ‘  - .

- - - f - - ~~  r , f -J I no 1. - u-n (n ’ ~~ - ; _ - -

- jUi~ n i ~~~~ ‘ - i~ at i - s  c - f  T~~~~’t  O t , c i j , i  Ic - f ; ’  am 

n f l  ¶~ r n - I - l ’  ~~~ ‘ - i t  ~~— - d i e .  bk- - c - n cc 4 l I t e ’, P, n~t;

k:t n (i ( r’~ - - - ~ 
- ¶ ic i - ,‘ ~ 

;- ,s;~~ - t I Se - -
Ga s-mr - si ann . l e ~~i d e - r - , I t  i s  ~~: m i  i s -  l ike- ly t i t  c- i m p s j i m  p r :  a

m e t e r s  i - b i n - i , i r e  m m c c ;  - : c e t m ’ ’ n i r m - r t  mcr oss s - e r  i n i n - - , v - r i d c-se; -1

out in t b , - 1 ’ruc - ;;S c t  s - i t  I s - ?  no g p m e g . m t i  i n .  l I e n , i n ;  , s h i

proha b j i l t y , t i n y  v-s r id  h i ve  i n n s - m n  n n ; m n f  c - i t  t ;n l 1  ~ an: yu- .n n i It t i n ’

p ortfolio ‘;-i~ -~ , c ’ s - c m  n i  t i- - ’~ v- n c  h C C ~~. : 1  i n n  i m c b s - v i n f ; n  1

security ~~i

1413 A v e - n  n g e  c r os s  - cs - ’ ‘ t i c m n n a b  m m d  e n S !  S t  i n ’ : n t (  o f  Ie .~ se m i  b , on

IS p o r t f c b i r m ;  d n ; r i m n g  t i r e  i- c n n 1 p e e r s - s  I s - - n ,  - ~~ , m a n f  — 
- 

-1_ r n ,

r e s p e c t i v e l y .  T i n e- se  a r e  t i m e -  c n n - { f i c i c - n m t r- of i l : - cubic an - f

qu ar  t i c  pol y m ; r r - s - i a l  s of  t h e -  e - i m o m m g e  i n  t h e  s- at i Sr n t ed risk

coefficien t , dc - u n i ted S i s - I n  c m l i — ’ and  “ s h e ;  -b- : z n r t  i c ’ i r e

Table 10.

t
~~~

, For ti ne m ;c- ornd sut m rs - pC n- ?rui ~~~v n - 5  , i t  i s  o n l y  c n n  tin - cml P of

12 for ti e s 1 0 — v - i n  ib i s  ~n od l

~~ Tine  d i f f e r ~ m i m e r  tc- t s-:c- c - m o  r - I m n r i n ’ ’~ t’r - t~~rs-a i en of ~ m ; - f  i n n s  t~~~n n ’ - ’ c .  - m b

variabl e csti n centes Sug~ e -St t h m ; t  the l0-’ var i :n l e le n~~d e ’ i  d o e r -  m e t

p r o v i d e  as  a c c u r a t e  e - s t i r a t c s  of t h e  b
0

. or- th ee 2— send -4—s - m m i , m i n l n -

moth-I S.  b~ u-ever , t i e -  c i  e r e c t  a n- c ,- c-ncr 0 t of C er- i n~ ; 
- e-  S - ii

t i m e  t o h m r c t  i n s -  f s d  I n - l i n t I s - ’  t o  t i r e  C ) !  b s - t i  P a~~. i t t  — , f . s _ c  i b m - ’

w e t  hod ‘ m, m ; m n i n e -  C i c c  i t  y .  -

i~7/ - - - -Th is 15 l -  ~ a l l  t i n P  n c : : -l I ; ,~ ; - 1 s - -  n m .  y e ’~ wt s - e auv : n s - -::-

have - v’- ’ ’, i~~~c ’ i I m ~ ~ t s - - ; n 5 ,  s-in ; pis - ’: - p unt -f: ~~:- -- ’-: ’ c ’ : - u~ ’~ t n _ i

rrr~ i 1 (1). s- u Rc]1 {1q7’J i t  n m:c :~ ci rn ; 1. d t ~~ em: - el-; nfr s - m l

j ni ’  n- ‘ C up s - n ‘ - n  —

4 8 /  A m e - r d  i n n  p n - t h e  t v ,  - I act en  - - - - I - , i t i t  - - in  - ~ : - - n st - ‘ 
-

~e ’ f f i c i e ; n t s  s - f  ( I )  O n e  ~‘, :‘ -e- n r  i y

~ (1 - 8j , t~~~
1
~ .- t  

(Ld ’ )
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48/ (conid) Define t i n s -  v -  ~ t m - m  C (- n it n i n I i l e s -  ni :; e l m - c c - e n n u i -  t i m c  e n r t ! n c ~ ’ , ’ S i l

pol y m n o n - i n n i s  e f  i n i , I c  1 c s - - , m l s a l m , b  ,m t t i n _ - c -  t ,  t h a i  ~~s ,

E (l ’ ( t )  : r 1( r )  : .. : P
1~
(t)]

w i ne - re  n i s a s s n - n t - e r  r u  f I i c i ’  m mt h y I a r  ~~o to  ~p n in r,s- r- ’ cc a 
~~~~~ 

P

a p p r o x i m a t i  ur n  — s m m  in tin - i t

ci. a ’ P

con t a i n  onl y tr i v n a l c - t r a n s  ;uc l s-s a, an d l . ~~
: - -  c’ 1.n’cc.

consta nts ~-;in - f ,: , t L , m t i o m n  i S  t i m e ’ n e b j i - e t  of  t I r e  ms n p i r i C - i i

fitting ,

E [a . : a - : . . : a ‘1 , b! ~ [b - : b - : , . .  b - J
j  O,j ~~ n .j ,j Oj 1j n j .

‘ib i s  n n e a n s  t i n : ,  t time t i - c ’  I sic I or  ?‘‘r- c - i ’ a i - 
— (1 7 ) “s - rn I - - C— ’: ; —

as

a! P (1 — 01 P ) R ( 1 3’)

3 t 3 t Z t

and we n o t e  ths -n t s i n c e

I 
2 f o r i s - ’ O

I i’jt ) r c 
- 

-

—i 1 0 f o r  t � I

we can i n t e g n  e t e  he~~iii s i des  of ( 13 ’)  to obu ~~i m n

a
0~ 

(I - b 0~ ) R , wi n i c - in i r ; e qm n i vol c-ma t to  t i c -  f i t  ted e - n 1 0 c i  i s a  ( 1 3 )

in t i n e t e m . t , (vi  th  = 0 a n d  R ) . T in i s o p e r a t  i n n s  p s e s m r n n s - c

t h a t  R i s  s -m o r e - l o t  cd to P .  (i ) (i � I ) w in s- In i s  s a t i n - l i e d  i f

K f l u c l e n i t e m -  r nrrd m m n l y.
z , t

To o b t a i n  Sm s i m i  l ; m r t e s t  v i  t i e  t i m e  f u l l v e - c t n n  s - n I  1 0 i Y nn ~ ;nm 1~n l e n —

e [f i c i - r n t n ; , u’s- de l  n r c - t i n : i n t ’ - 1 - r c : e - d  c - m e t e r 1 -:ods -mc t m a t r i x  on P

with its el f as

-- ~~~~~~~~~~ _ _



p 1 I’
s-
Pm

’ d t

and Wm - ro tC  t i n t  P i m ;  a l n o m ; i t i s - ’ e- c h i ~ c p c m n 3 1  n a t r i x :  ( ‘ h I s  i m m t e ’~’ c . e l s

o f o f f - c i i , e  - s - rn  1 e l s n r n c n t m ;  a m - i- i m i e n m t i m  n n l l y  z e m r -  t c c ; i ; s e  t i n e  p r 1 y

flOmUhals at e n i u n e i l y c r i b  ,‘Om:, r I  cs- -V tin s-’ r n m; ~~- V 1 ,1]) . i r s - - —

m n n u h t i p l y i m s; ,  (H ’ ) by I’ S , r c - — a r r n r n p i n g  a n d  i m ; : e  ,‘, n - n t n : , 1  os- n- u

(w i n i l e -  a s - s u m ; c i m e p  t i n m t  R a n d  1 ( t )  ~ ? 1) nmnc r s - n- n
2 , 1 )

r ( :Sell  I s  in  t In s - -  ( - q u i t  i c ’ n r

p. a - ~
- ( i  - 1-b~~~) I 

-

wIne -re  
~
‘ 12: 0 : 0 . . .  : o J  - S j n m ; e ~ ‘ i S  l ; e s - i t L \ ’ e  d i n i a ; ) ,

its inverse ex is t s a mI - (1’ — Ic - ) R -
- _) 3 2

But the first 5ls - ’fl cCflt S of ~~
1 i s 1/2 so that

a - (1 -‘ b - )  1-)
Oj Oj z

and 
~~~~~ . = - b . , R , (j  ? 1).

-
‘ 

I_i i i  2

Tiii  s l o s t  is s- st r , ; t  m m  ( I A )  of t i e - I -  - I (ms - i t i n  3- - C) , l m : ’ !  ~ - - P
t O  t i

w h i l e  the  f i r s t  (5)5 i t ic-m s nm -  ,n 1 ’ i i n m  ( 1 2 )  of t h n ~- t n - - n  -
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