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ABSTRACT
Title of Thesis: Optimal and Heuristic Synthesis of Hierarchical Ciassifiers
Ashok V. Kulkarni, Doctor of Philosophy, 1976

Thesis directed by: Dr. Laveen Kanal, Professor of Computer Science
Department of Computer Science

Multistage schemes such as hierarchical classifiers have been found
useful for many multiclass pattern recognition tasks. This dissertation
investigates the theoretical properties of a general model of multistage
multiclass recognition schemes. The generality of the model allows one
to describe a large class of parametric and non-parametric schemes com-
monly used in terms of the model parameters. Two classes of admissible
and optimal strategies for obtaining the optimal decision are analyzed.
These strategies employ lower and upper bounds on a risk function to
improve the scarch efficiency. New methods of computing the bounds are
investigated for the cases when the features are class-conditionally
statistically independent and where they satisfy a first-order tree de-
pendence relation. Bounds are also derived for use in nearest-neighbor
classification schemes employing a Euclidean distance measure and various
similarity measures for non-metric feature vectors.

Hierarchical classifiers are special types of multistage recognition
schemes wherein at each stage certain classes are rejected from considera-
tion as labels of the test sample. Theoretical properties of decision trees
whose node decisions are statistically independent are investigated. Even
under this independence assumption the optimal tree design task is a com-
plex one.

A three phase decomposition of the tree design problem is proposed
viz. tree skeleton design, feature selection at its nodes and decision func-

tion design ¢t each node. Optimal solutions to each design phase are




obtained using a dynamic programming formulation.

These optimal design methods rapidly become cumbersome in computational
resources as the number of features and classes increase. This study pro-
poses various techniques for reducing the computational complexity incurred
in finding the optimal features to be measured at each node and the optimal
decision policy. A method of clustering decision rules and rejecting sets
of suboptimal rules without evaluating each individual one is proposed.
Feature ranking and a branch-and-bound method are described for reducing
the possible feature assignments to be considered in finding the optimal
feature measurement policy.

In practice, the decision rules at the nodes have to be estimated
from a finite set of design samples. This work investigates the relation-
ship between the expected tree performance, sample size and the number of
states (quantization levels) of each feature. It is shown that for an M-
class recognition scheme using a decision tree, there exists an optimal
quantization comp]exity.' The optimum complexity increases with sample size
and with the number of classes to be distinguished. For small sample sizes,
it is shown that a multistage decision scheme can have a lower error rate
than a single stage scheme which uses all the available measurements in

an M-way decision rule.
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1.

Introduction

In pattern recognition practise, decision trees have
been extenstvely used for multiclass <classification tasks.
However, theoretical developments in pattern recognition
have essentially avoided addressing the problem of designing
such hierarchical classifiers. In practice, variouz
heuristic and ad hoc met hods are employed. This
dissertation investigates the theoretical properties ot a
general model of multistage multiclass recognition schemes.
The generality of the model allows one to describe a Llarge
class of pafametric and non-parametr ic schemes proposed 1in
the V(iterature in terms of the mode { parameters.
Hierarchical classifiers comprise an important special case
of this model. We derive new theoretical properties ot such
classifiers and investigate the use of optimization methods
for their design.

This chapter presents the background for the problem and
the motivation which led to the investigation reported in
subsequent chapters, and outlines the scope of this
dissertations The first section describes the components of
a statistical pattern recognition system and the various
design phases that guide its development. Section 2 outlines
the trade-offs between three factors, viz., <classitier
performance, complexity, and measuremxent cost, that occur in
the design of any practical system, The various multistage
schemes proposed in the Lliterature for achieving this
trade-off are reviewed in section 3. The Llast section
summarizes the contributions of this dissertation and its
relationship to the existing Lliterature on multistage

multiclass recognition.
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1¢1. A System Configuration
Problem Raw L_mFéQt“PQ Application DeSTgh Class
SRR Measurementd—Aextractiont= ]‘):\i:\gufz)\gg“ Loq: - Label
"~ AN /’\

Design Problem Data
X \d & nq‘ SIS
StQPS howledq Expemme

———— — —— — — —————— —— ————— — - —

=> FfFlow of data in operational system
—> Design influences
-->

Flow of information during the design cycle

Fig. 1.1

Most statistical pattern recoghition systems can be
divided into four phases (Fige. 1.1) through which an
cbserved sample passes before it is classified(8]. These are
(i) a measurement phase, (ii) a3 feature extraction stage,
(i1i) a phase during which a set of discriminant functions
is applied to the feature vector extracted, and, (iv) a
decision logic step that uses the outcomes of the functions
to classify the sample.

The raw measurements consist of a potentially large set
of measurements that can be taken from a sample and is
guided by problem knowledge which suggests measurements of
interest and the state of the art of transducer technology
which dictates what measurements are feasible. Given this
measurement set, certain features may be synthesized on the
basis of prior information, (e.gsy features such as the area

and perimeter of a8 nucleus of a white blood cell), while




3
other teatures may be extracted from data analysts
experiments conducted Iin an tnteractive mode. Lineat anc
nonlinear mappings to one-space or two=-space, e/

dgiscriminant vector projections, fatt into this latteq
ctategorye. buring this data analysis phase, certain
important information, such as the modes of a distribution
{obtained via clustering experiments, for example) may be
vathered and pas'sed on to the subsequent feature selection
phase.

Having extracted a set of N features, the feature
selection task consists of finding the “best” subset of n
out of N features which will ofptimize the <classifier
performance. Since the goodness of a set of :eatures depends
on the form of the classifier in which they wilt be wused,
the feature selection and classifier design tasks are
strongly coupled.

The <classifier design task consists of estimating
parameters of the discriminant functions and designing the
decysion logic to optimize the classifier performance in the
field. The entire design cycle may have available to 1 a
set of labelled or unlabelled samples from which to glean
the information it needs in each phase.

The implementation ot such a system involves several
iterations through the design cycle since design choices
made at one stage affect all subsequent stages. Whtile the
feature extraction phase is problem dependent, the feature

selection and classifier design steps can be automated.

1.2. The Design Tradeotts

The design procedure of a practical pattern recognition
scheme must contend, in general, with three counteracting
factors, viz., the performance of the <classifier, the

complexity of the design, and the <ccst of taking feature
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measurements. The components of these factors contributing
to the design problem are depicted as a tree diagram, in

Fige 1.2 below.
Factors

Performance Complexity Measurement cost
Measurement Decision

Complexity Complexity

Fig. 1.2

The performance index of a classifier is wusually taken
to be the average misclassification rate, or average losse.
1f X represents a random samp le (set of feature
measurements), having a class ccenditional probability
function, p(X/widy d(X) is a decision rule that classifies X
into one of M classesy WlyeeeewM, and C(wiywj) denotes the
cost (loss) incurred in classifying an wi sample into wj,

then the average loss is given by,

M
R = ‘fP(ui). Clwiyd(X)) o p(X/wi) escccecl(?.1)

Azl

where P(wi) is the a priori class probability of class
Wie

In equation (1.1), X refers to a vector of features to
be measured. There is a cost associated with taking new
measurements, such as the cost of added instrumentation or
computational resources. Sometimes ¢this cost may be an
intangible quantity. In medical d1iagnosis, for example,

taking certain measurements may affect the patient”s health,
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or it may take several days to be performed, during which
time the patient might remain hospitalizede. This cost,

referred to as measurement cost, is 1incurred whenever the

decision rule, d(), requires the particular feature
measurement. It is assumed in this discussion that
classifier performance and costs, whether real or

intangible, can be expressed in some common QqQuantitative
termse.

The phrase “complexity of the classifier”, is used here
as a general term to describe two factors, (1) the
measurement complexity, which depends on the number of
features used and the possible states (values) that these
can assume, or parameters needed to describe their
distributionsy, and (2) the decision complexity, which
depends on the form of the decision rule, d(X), i.e. the
parameters needed to describe it. For a parametric
classification scheme, the measurement complexity controls
the number of parameters to be estimatedy, e.g. if N
statistically 1independent features are wused, and each
feature is discrete, taking on one of : valuesy, the total
probabilities to be estimated per class are, N.m « For a
given desired error rate, and a fixed feature set, the
minimum decision complexity is a function of the “ease” of
separability of the classes in that feature space. In other
wordsy if a sample vectory, X, is regarded as a point in
feature spacey, and if d(X) is a surface that partitions this
space into disjoint regions, each having a class label,(i.e.
the decision made if a sample lies in that region), then for
a given error rate, e, the minimum number of parameters
needed to specify the surface, d(X), would be larger if the
classes were highly overlapped, and small if they were
perfectly separable, or overlapping only slightly.

It has been shown [(17,27) that the error rate can be
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made arbitrarily close to zero if one had an infinite supply
of features, where each feature <contributed to the <class
discrimination. In practice, however, a 2ero error rate is
often unachievable. First, the set of potential
discriminatory features, though large, cannot be 1infinite,
since 1in most applications, these are band-limited
observations (171,

Secondly, in most cases one has to estimate the
parameters of the assumed underlying distribution using a
tinite set of samples. 1t has been shown [17), that there
exists a relationship between the optimum measurement
complexity and the sample size, in that if any more or fewer
than this optimum number of {eatures are wused 1in a
classifier, 1ts performance would be worse than the optimal
value.

for a given set of features, the Bayes rule minimizes
the average risk. However, for most problems of interest,
the Bayes decision surface is too compltex and would require
excessive storage and computational cost. Hence, to reduce
the classifier“s design and running cost, this surface is
often approximated by a simpler surface, e.g. a set of
piecewise linear hyperplanes might be used to approximate a
polynomial surface. The error rate using this approximation
is larger than the Bayes error rate.

Finally, the cost of taking a particular measurement at
a certain stage of the decision process might not be
justified in view of the small improvement in performance it
would give, Hence, this cost also restricts the performance
of a classifier for certain applicat ions.

Hence, measurement cost, decision complexity and the
measurement complexity- sample size relationship, place an
upper bound on the performance of a practical classification

scheme, The interaction between these factors gives rise to




the feature selection problem, since one is forced to Llimit
the number of features to be used in the <classifier, The
trade-off between performance and complexity gives rise to
the classifier and decision rule design problems. These
problems are accentuated for multiclass and multimodal
classitication tuskse. We shall briefly describe the various
feature selection methods proposed in the literature, and
point out some of their limitations when applied to a

multiclass discrimination problem.

1¢2.1. Feature Selection

Feature selection, as wusually discussed in the
literature, is the problem of finding the best set of n out
of a total of N available features, that will optimize the
performance of a classifier. This performance is assumed to
be the Bayes error rate. Where this is difficult to compute,
various loose bounds on this error are used . The best set
of n features can always be found by examining all ( ; )
combinations. However, for large N one may want a more
efficient search strategy that finds a good though not
necessarily optimal subset of features. The search for the
optimal set is complicated by the fact that the best &k out
of N features need not be contained in the best k+1 out N
features, even it the features are statistically independent
[35). The different feature selection methods differ in the
criterion function sought to be cptimized, and the method of
searche.

Let G denote the function that evaluates the feature set
goodnesse Two types of 6 functions have been proposed. The
first type are varijous distance and {information measures
which are loosely related to the Bayes error. A lList of such
measures appears in [8). All these functions involve the

class-density frnctions which may have to be estimated . The
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second category of G functions may be defined as geometric
measuress. Some of these are described in [21). Functions of
between-class and within-class scatters, fall in this
categorye.

The search methods may be divided into four groups, (i)
single step selection, (i) without-replacement method,
(i11) iterative refinement method, and (iv) the recursive
method.

In the single-step method, the n features are chosen in
one step, €.3. the n features which contribute the largest
amounts to the eigenvectors corresponding to the m largest
eigenvalues of the covariance matrix [21]. Other methods are
contained in [(29,30].

The without-replacement policy ccocnsists of adding to the
subset of k features already chosen, that feature which
maximizes the criterion function, G. Here G could be a
goodness measure of the single feature, or a measure of the
correlation of that feature with the k features, or a
weighted sum of the two, etc. [20]. In multiclass schemes,
certain modifications of these methods have been suggested,
tz0l)secge the k+1 th. feature may be chosen as that which
best separates the class pair most confused by the k feature
sete.

The iterative refinement policy consists of replacing
some m out of the k features chosen at the k th, step, by
some other features, until no improvement in G is possible.
Then the k+1 th, feature which causes the largest increase
in G is added to this refined sety, and the search proceeds
to the k+1 the. stage.

The recursive method, also called a dynamic programming
method (3], may be described in the following manner. At the
k the step we have found the “best” k out of N features. To

find the best k¢1 features, evaluate all k+1 feature sets
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obtained in the following two ways, (i) the best k feature
set found along with any feature from the remaining feature
set (without replacement policy), and, (ii) any set of m out
of the k feature set together with the best set of (k+1-m)
features out of the remaining N-k features, the latter being
defined recursively in a similar manner. The best k+1
features out of N, are the features evaluted in (i) and (ii)
with the largest G value.

The above methods of selecting features have some
drawbacks when used in a multiclass recognition system. MoOst
of the geometric measures of goodness are inadequate it more
than two classes have to be distinguished, or if the classes
are multimoduwi . for gulticlass and nrultimodal problems, a
single geometric measure wusually cannot describe the
goodness of a feature set., By wusing a single criterion
function, G, it is being assumed that a Bayes <classifier
will be used to dgiscriminagte the classes. However, from the
earlier discussion, it i1s seen that a Bayes <classifier may
be too difficult and complex to implement. Thus, these
feature selection methods do not connect the selection task
with that ot specifying the form of the classifier in which
they would be used. Another factor toc be considered is that
ot optimum dimensionality. For a given sample size per
class, one may not want to use more than say n features.
However, the best n features to discriminate one class pair,
may be different from the best set to distinguish between
another paire. By assuming that some n features are used 1n a
single step to make an M-way decision (for an M-class
problem), one is forced to comprcmise the feature set
choice. A better use of the features might be to split the
decision into several stages, where at any stage one set of
classes 3s distingquished from another. Thus, at each step,

one could use the n features best suited for that task.
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Another Limitation of the above search methods is that they
do not take into account the measurement cost-performance
tradeoff that has to be made in many applicationse.
Multistage schemes have been progposed in the literature
to achieve the performance-complexity-cost tradeoffs that
must be made in practice. In such schemes, a sequence of
feature measurements are taken frcm the sample, and a
sequence of “guesses” made regarding the sample labels The
various schemes proposed differ in the strategy wused to
select the next feature to be observed, and the decision
function used to refine the “guess” cf the label.By breaking
the multiclass decision making problem into a series of less
complex decisions, the complexity in the design of each such
decision is reduced. The feature tc be measured at any
stage, can be <chosen depending cn the classes to be
distinguished. Moreover, if the <cost of taking the next
measurement is unjustifiable in view of the gain in
accuracy, the measurement process can be terminated, and a

“good” decision made on the basis of observations taken.

1.3. Literature On Multistage Classification

Multistage decision schemes and hierarchical classtifiers
have been extensively used to solve recognition problems and
experience with such methods is discussed 1in several
paperss., This body ot work can be grouped into three broad

categories:

(1) Conversion of deciston tables to optimal
decision trees,
(2) Sequential pattern classification methods, and

(3) Hierarchical classification methods.

There has been a considerable amcunt of work reported in
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converting decision tables into cptimgl decision trees
(9415,24,25,263. In these cases, the criterion of optimality
is the average number of nodes traversed to classify a
sample, or the total number of ncdes in the treel25].
However these table conversion methods do not address the
problem of trading efficiency( as measured by the average
number of nodes traversed) for misclassification cost, since
they assume that the patterns can be unambiguously
distinguished. knuthl%] considers a dynamic programming
approach to construct an optimal binary search tree for
alphabetical key words, where at each node, one stores a key
word, and the test at that point consists of seeing if the
sample key matches that key, is Less than that key or
greater than 1t. Meisel and Michalapolous[10) discuss the
use of a recursive procedure to arrange a set of piecewise
constant boundaries in metric space, SO as to minimize the
average number ot comparisons needed to classify a sample.
However, they assume that the feature space has already heen
broken up into the wvarious decision regionse. Thus, the
algorithm rearranges the order of the tests optimally,
without affecting the misclassification rate.

Stoeffel(13) and Belll15) use a two phase method for
designing a hierarchical classifier for character
recognition applications. The basic features are binary
(eege presence or absence of some structural component). In
the first phase, these features are used to synthesize more
complex features which are basically binary wvectors with
“dont care” bits wherein each bit represents the presence or
absence of a given property.This collection of vectors
(called prototype vectors) are used to generate a decision
table for the multicharacter recognition problem. In the
second phase, the decision table is converted into a

decision tree having a minimum path length, Bell[15) gives a
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heuristic algorithm for deriving the prototypes (which he
refers to as decision rules). The “decision rules” for each
class are generated automatically using design sampless. The
procedure starts with the most general rule with atl don”t
care bits, t.e. accepts all sampless Then the bits are
sequentially specified, and the merit of a rule is measured

bys

Te p - Ue q

where, py, @ are constants determined empirically and
varied during the procedure in a certain way, T is the
number of samples from the target <class which the rule
accepts, and U is the number of non-target samples accepted
by it.

One of the early investigations of sequential methods
for tuo class problems was carried out by Wald [(28]. This
method assumes that an infinite series of measurements can
be taken sequentially from the test sample. After taking
each measurement, the ratio of aposteriori Likelihoods of
the two classes is compared with two threshold wvatues. If
the ratio falls between the two, the measurement process is
continued, while if it falls to one side or the other of
both thresholds, the sample is classified into one or the
other <classs A generalization of this method for the
multiclass case was presented in [5]. 1t can be shown that
for the two class <case, the Wald sequential ratio test
requires the minimum average number of measurements for a
given error rate per classe.

Fu [5]1 discusses the problem of optimal sequential
decision making and feature ordering when the number of
features is finite. He uses a dynamic programming
formulation to compute the optimal policy for a fixed

feature ordering, and the optimal feature ordering and
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decisron policy, for a given number cf features, N. This
method consists of starting at t he last stage of the
decision making process and evaluating the optimal policy
for all possible histories of measurements. The decision at
that point 1s that ot either classifying the sample into one
of M classes, or taking the next measurement. This chtoice 1is
based on the minimum of the risk that would be incurred if
the classyrfication were made, and the cost incurred i f the
measurement process were continued. Thus, the decisions
computed at each stage optimize the weighted sum of risk and
measurement cost for any sample that reaches that stage.

Hart[18] considers the problem of finding an admissible
strategy (Bayes optimal) for a probabilistic decision
tree.lhe tree is binary, and each terminal node represents a
joint hypothesis comprised of the suthypotheses denoted by
the arcs on the path to that terminal, Thus each measurement
provides an aposteriori likelihood ot each of a pair of
subhypotheses. Under the assumption that the likelihood ot a
composite hypothesis depends only on the measurements taken
along that path, and the assumptions that the measurements
are conditionally inuepéndent and irdependent, Hart shows
that the aposteriori likelihood of the joint hypotheses
below a node can be used as a heuristic to order the nodes
which are candidates for traversal. The resulting algorythm
1s admissible and optimal.

fukunagalé)l has proposed the use of branch-and-bound
methods for reduc ing the distance computations in
nearest-neighbour schemes. His method consists of making a
hierarchical partitioning of the design sample set and
storing at each node of the hierarchy the mean vector and
radius of the samples represented by that nodee These two
parameters are used to put a tower bound on the miniymum

distance between a test sample and any sample in the design
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set at the node. If the current minimum distance of the
test sample from any design sample is less than this lower
bound, the entire set of design samples at that node can be
discarded from consideration as nearest neighbourse In this
wayy the nearest neighbour can be found with a smaller
average number of distance computations.

The methods proposed in the Lliterature for designing
hierarchical classifiers which minimize the sum of
measurement cost and risk, are mustly top down heuristic
methods which are suboptimal solutions to the problem,
[4y14y16]eMattson and Dammann[16] consider the use of linear
discriminants to detect and code the <clusters in a
multiclass problem, wherein the node decisions are binary
and the thresholds are set manually by dinspecting the
scatter of the samples(ltabelled) along that axis( the Fisher
direction). Friedman(&4] describes a nonparametric
classification method that consists of splitting a set of
labelled design samples into successively smaller sets,
until all samples in each of the terminal sets belong to the
same class, or have a membership less than some specified
constant. The feature chosen at each node to split the
samples is that which has the Llargest value of the
Kolmogorov variational distance between the two class
populations projected along that feature axis, or along the
Fisher direction using all features.The threshold at that
node is selected to maximize this variational distance. fFor
multiclass schemes, two methods are suggested. The first
uses M such trees where the i th, tree separates the i th.
class from the other classes. The test sample is <classified
by passing it down all M trees and labelling it with the
class which has the Llargest number of samples 1in the
“buckets” (terminal nodes) into which the test sample falls.

The second scheme uses a generalization of the Kolmogorov
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di1staeance, and a single tree to mahe the classifrcationathe
generalized dystuance i1s the variance of the the M estimated
cumglative dystribution functions along the particular

feature axis. The feature which has the largest variance
value 1s the feature chosen to split the sample set.

wu [14] describes a top down heuristic method tor the
design of a hierarchical classifier.,Starting with the design
samples from all the classes, the procedure successively
partitions the samples (classes) using a non-=-supervised
clustering algorithm, and evaluating all “likely” feature
subsets.The feature subset chosen for the node, di, is that
having the <smallest value of the evaluation function, which
is of the form, -

(=
L(di) = -T(di) -K.,e(di) o'Z, ECdL +))
J=4

in the above equation E is the evaluation function,
e(di) i1s the error rate at di using that feature cset, T(dy)
is a measure of the time needed to make the decision at di,
K 1s a weighting term, and ci are the number of descendant
nodes of di, obtained via the clustering procedure. E(dlL+))
are the evaluation functions of the descendant nodes, and
since these nodes have not yet been expanded, E(dL+j) is

assumed to be a sum of two terms, vize,

ECdl+)) = ~T(myn)) =K.C

where T(mynj) is the computation time at that node ,
assumed to be a function of the total set ot features, my
and the number of classes, nj, in that cluster. The error at
di+) is assumed to be a constant, C. Thus, this top down
procedure ot tree generation consists of splitting da using
the feature set with the smallest value of the evaluation

function F(di), and then repeating the process on each of
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the descendant nocdes, wuntil' each terminal set contains

samples from a single class.

1.4. Scope Of This Research

The preceding discussion of the reported work in

multistage classification highlights the following factors:

(1) Most of the work on decision trees has dealt with the
task ot converting decision tables to optimal trees. These
studies assume that the pattern <classes are perfectly
separable, and hence unambiguously separated by the decision
table. Therefore, they seek to minimize the number of tree
nodesy, the average path length, or scme combination of these
two factors. In statistical pattern classification, however,
the classes do “overltap”, and the error rate of the tree is
an important consideratione. The crucial part of the design
is that of designing the decisicn table, since this
deterrines the error rate. Moreover, for finite design
samples, one has the added complexity of selecting the
features which will be used in the <classifier. The table
conversion algorithms do not address themselves to these two
problems wviz., feature selection and misclassificatiocn

errore.

(2) There has been some work done on designing optimal
sequential recognition procedures for multiclass problems.
Sequential methods of recognition differ from hierarchical
classitiers both in the ordering impcsed on the sequence of
feature measurements and the ordering on the set of possible
class labels. Sequential schemes impose a linear ordering on
the features, and in most cases there is no particular order
on the class labels, i.e. any class can be accepted at any

stage of the measurement process. In hierarchical methods,
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the features as well as the <class Llabels are order
hierarchically. Thus at each step of the measurement, some
classes are rejected from consideration -as candidates for
the test sample”s label. Dynamic programming has been used
to find the optimal decision policy and feature ordering for
sequential schemes. This work has not been extended further
perhaps because of the exponential growth in computing
required for designing such schemes, as the number of

features and classes increase.

(3) The methods of designing hierarchical <classifiers
reported in the literature are heuristic methods making no
claims to optimality even . under restrictive assumptionse.
There has been lLittle study done on the applicability of
optimization  _methods such as dynamic programming and
branch-and-bound techniques for the design of such
classitierse.

.

This research was aimed at developing theoretical
approaches to the analysis and synthesis of & broad class of
multistage recognition schemes, including hierarchical
'classifiers. and studying the use of optimization methods
for their design.

Chapter 2 develops a general theoretical mode L , a
state-space model, to describe the behaviour of multistage
schemes. It is shown that most of the methods proposed in
the literature can be described in terms of this model. The
model”s generality allows one to define new types of
classification schemes. In this model, a state consists of a
measurement set, and a set of possitle <classifications of
the samples An edge in the graph represents the action of
observing a particular feature( or a set of features), and

has a costy, the measurement cost, associated with it.A goal
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state i1s any state which contains one or zero class Llabels
as the set of possible classifications. Depending on the
manner of definition of decision making costs, two types of
admissible strategies are defined, wviz., an S-admissible
strategy, and a B-admissible strategy. The goal <cost is
assumed to be a weighted sum of measurement cost and
misclassitication risk.Optimality and admissibility of the
strategies can be proved under certain conditions.

The heuristics used in such searches employ bounds on
the misclassification risky, to decrease the nodes to be
searched in the state-space graph. Methods of computing
bounds are derived for several parametric and nonparametric
classification schemes. This general model has the advantage
that nonparametric schemes, such as the nearest neighbour
rule, using Eucl idean distance, or sim{larity measures for
nonmetric features, can also be modelled as a state space
searche New bounds on such distance measures are derived,
end 3t is shown that these bounds can lead to a substantial
reduction in the number of distance computations needed to
find the nearest neighbours.

In the above state-space model, &8 state consists of any
subset of fcatures, and any subset of class labels. 1f allt
states and all pessible state transitions are considered,
the model rapidly becomes too Llarge and complicated to
handle. One way to restrict the states, and state
transitions, is to make the state-space graph explicit, i.e.
tc explicitly cefine the possible ordering of feature
measurements., Such a graph can still be searched wusing an
S-admissible or B-admissible strategy. A hierarchical
classifier is a particular type of graph in which a single
path is followed to classify a test sample, and where at
each stage in the decision making prccess, some classes are

rejected from consideration as possible Llabels of the
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sample.

Chapter 3 derives a number of properties of hierarchical
classifiers, and examines in some detail, those <classifiers
whose node decisions are statistically independent. Bounds
are derived for the error in tree performance when such an
assumption 1is made. It is also shown that when the
independence assumption is valid, an upper bound on the
total tree performance can be derived in terms of the
performances of the classifiers used at the nodes of the
decision tree. The tree design problem is complex even under
this independence assumption. Two “negative” properties bear
out this fact. First, it 1is proved that optimizing the
performance at each node does not necessarily optimize the
total tree performance. Secondly, <choosing at each node,
that feature which makes the node decision with the Lleast
error, does not necessarily constitute the best choice of
features to be used at the tree nodes.

The tree design problem can be simplified by wusing a
three phase approvach proposed in chagpter 4. It investigates
the use of dynamic programming 1in solving the following

three design tasks:

(1) besign ot the optimal policy at each tree node,
given the tree structure, i1.e. the tree skeleton and
the features to be used at each node.

(2) Design of the optimal feature meassurement and
decision policy, given only the tree skeleton, i.e.
the classes rejected at each node and the node
hierarchys

(3) pesign of the optimal tree structure, i.e. the
skeleton and the choice of features to be measured
at each node given that at each node, the decision

is a maximum likelihood rule using prior class
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probabilitiese.

Wwhile the dynamic programming algorithms for solving (1)
and (2) are optimal for any feature distribution, the
algorithm presented to solve problem (3) is optimal only
under certain conditionse.

The dynamic programming me thods rapidly become
cumbersome in storage and computational requirements as the
number of features and classes to be considered, increase.
Chapter 5 studies methods of reducing the measurement and
decision complexity at the expense of degraded performances
This chapter describes methods of reducing the complexity in
determining the optimal decision policy at each node, and
the optimal feature to be measured\at each node.It proposes
techniques for clustering decision rules when the features
used at the tree nodes are discrete and non-metric. A
branch-and bound algorithm for discarding rules which are
known to be suboptimal is also suggested. The problem of
assigning features to the nodes of a given tree skeleton 1is
also considered. A dynamic programming tormulation, and a
branch-and-bound method for solving this problem are
described. The use of feature ranking at tree nodes 1is an
additional method of reducing the computations involved in
tree design.,

Chapter 6 explores the relationship between sample size,
the number of classes, and dimensionality, as it affects
tree design. In particular, it is shoun that for small
sample sizes, by breaking the M-class problem into a
hierarchy of two-class problems, the degradation 1in the
estimated performance from the true performance of the
classifier, can bhe reduced. This result is illustrated for
the case of discrete features. An expression for the mnean

accuracy of a decision tree for an R <class problem ts
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derived. This analysis allows one to study the behaviour of
the classifier performance as a function of sample size,
quantization complexity and the number of classes, M. The
existence of an optimum quantization complexity for a grver
sample size, discovered by earlier researchers(33,34] for a
two-class problemy 1s shown to hold for an M-class decision
tree recognition scheme. :
In summary, a general model of multistage multiclass
recognition schemes, which trade accuracy for cost has been
formulated and analyzed. Systematic methods for the design
of hierarchical classifiers have been investigated, as these
represent important special cases of myltistage schemnes.
Fhis research has led to new results and new 1insights on
multistage classification, and proved the usefulness of

optimization methods in designing hierarchical classifiers.
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2. General Model of Multistage Classification

This chapter presents a formulation of the multistage
multiclass pattern recognition problem as a state space
search. Two classes of strategies, called S-admissible and
B-admissible strategies, are presented as being optimal for
two types of pattern classification'tasks.

An S-admissible strategy ‘inds the minimum cost
goal(node) in the state-space graph when the goal <cost
depends only on the features measured on the path to that
node in the graph. The search strategy wuses a heuristic
function to deciae the node to be traversed next, and
terminates when a goal node is reaeched.

A different type of strategy is needed when the goal
cost depends upon ALL features measured on the' test sample.
The Bayes risk is an example of such a <cost function. The
concept of a B-admissible strategy is defined for this kind
of a search problem. A B-admissible algorithm”s execution
sequence can be regarded as composed of two parts, the first
of which uses a heuristic function tc decide the node to be
traversed next, while the second part uses an upper bound on
the goal cost to reject certain classificatory decisions.
The algorithm terminates when all classes are rejected
except one, this being the B-optimal goal. In some
situations, it could terminate with the reject <class, 1.0,
none of the <classes is accepted. A theorem on the
optimality of B-admissible algorithms is presented.

Viewing the multistage classification problem as a state
space search allows one to describe a large class of
parametric and non-parametric methods in a single framework.
The search efficiency of the S-admissible and B-admissible
strategies depends on the “tightness” of the bounds on goal

costs used by them to evaluate alternative search paths.,
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Techniques for computing upper and lower bounds on a goal
costy, for use in admissible search strategies, are derived

for the following special cases:

« Statistically independent discrete features.

. Tree dependent discrete features.

« Nearest neighbour classification using Euclidean
distance (nonparametric)a.

« Classification using simitlarity measure between

binary vectors (nonparametric)e.

2.1. State-Space Model

A multistage multiclass decision making process can be
modelled as a search for a minimum <cost goal node N a

state-space graph, G, which is a 7~tuple,

6 = (S .E 'F.“'C'rpt)

where,
S : is the set of states(nodes) in the graph,
E : is the set of possible transitions(edges)

between states in S,

fF = s the total set of features,

W : is the total set of class labelsy, W={1,230..M),
where M is finite,

¢ : is a non-negative real-valued cost function on
the edges in Ey and represents the measurement
cost,

r = is a real-valued functicn on the “goal” nodes
in S and represents the misclassification loss
incurred by making the classificatory decision
associated with that node, and,

T = is the decision strategy used for deciding the
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node to be traversed next; it rould be a
function of all measurements taken on the test

sample.
A state (node) s €S, is a tupley (FsyWs), where,

FSsCF is a subset of the features that are measured
when that node is traversed, and,

WsC W is a subset of the class labels, and denotes
the possible classifications that can be made

on any path in the graph passing through s.

A goal nodey,s, is one for which,

Fs = ¢ and |Ws|< 1, i.e. only one classificatory
decision is possible, or a “reject” decision.

The observed values of the feature set Fs are random
variabless The decision making process consists of starting
with the initial node of G, taking the feature measurements
associated with that node, and using the strategy, T to
decide which of the successors of the node to traverse next.,
This process is repeated for any node selected for
“expansion”®s 1f N(s*) denotes the set of states (nodes) on
the path to a goal node, s*, and c(N(s*)) is the sum of arc
costs along that path, and r(ss), the goal risk, then the

total cost of making the decision s* is defined by,
'(S‘)= c(N(s®)) + r(se) to.o.o.».ooo..o-(201)

Based on the form of the risk, r(s»), one can define two

broad categories of multistage classification schemes:

e the risk r is of the form, r(s*/Xs), where Xs is the

set of measurements on the path to s+,




. the risk r is a 1unction.oi ALL measurements, not
just those on the path to s+, 1f k denotes a stage
variable and Xk the features otserved till stage
ky then r i3s of the form r(s*/Xk) and it could vary
as more features are observed, possibly on cther
paths that don“t lead to s*.
t
The folloxsing sections describe admissible strategies

for each of the above types of classification schemes.

2.2. S-admissible Strategies

An S~admissible strategy is defined as one which, among
all possible goal states in G, terminates with the goal

state s+, for which the value of f(s#*) is minimum, where,

tlsa)zc(N(s*))+r(se/Xs) eseossesvsecssseec(lel)

and Xs are the measurements on the path to s* in G.

A search strategy is defined in terms of an evaluation
function which it uses to order the set of ncdes, currently
available for “expansion” (i.e. the set of “open” nodes).

This evaluation function, t(n), for node n, is defined as,
f(n)=g(n)+h(n)+l (n)

where g(n) is the cost from the initial node to node, n,
h(n) is an estimate of the arc cost from n to a goal node
accessible from ny, and L(n) is an estimate of the risk of a
goal node accessible from ne Algorithm S described below,
uses the function f to select the order of expansion of the
nodes in G. This algorithm is similar to the ordered search
method proposed in (12) but differs from it in that we also

use a lower bound on the decisfon risk in the evaluation
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function,

2-2.1. ﬁlgorlthm S

Let OPEN refer to a set of OPEN nodes, i.e. candidates

for expansion. Let CLOSED refer to the set of nodes already

traversed.

Step D: Set OPEN to contain the iritial state, () sW).
set CLOSED to the null set.

Step 1: For each node n in OPEN ccmpute f(n), as,
f(n)= g(n) + h(n) + ((n)
where,
gln) = c¢(N(n))
h(n) = 0 if n is a goal ncde,
< ;%ng c(N(j))=c(N(n))] if n is not a goale.
tn) = r(n/Xn) if n is a goal node, Xn being the

features observed cn the path to n,
L Min [ Min r(j/Xn,Y) ] when n is not a goal,
jeVWn Y
j is a goal below nodey,n, Y the set of
features not yet observed and Wn the set

of goal states accessible from n.

Slép 2: Let n* be the node having minimum f(n).
Removc n* from OPEN and put it in CLOSED. 1f n=»
was a goal node, STOP with n* as the optimal goal
else take the measurement x associated with n»
and put the successor nodes of n* in OPEN,

then repeat step 1.

Theorem 1: Algorithm S is S-admissible.
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Proot: The optimality of a goal node n+* put in CLOSED by
algorithm S, tol tows from the fact that the evaluatri(on
function, f(n) urderestimates the <ccst of ANY goal node
below ne Since the value of f(n+) is less than f(n) for any
OPEN node, 1t follows that n* has a smaller value of () as
gtven by equation (2.1) than any other goal node. Hence, 1t
1s optimal.

Theorem 2 shows that the lower bcund on the risk of a
goal is a non-decreasing function on the sequence of
observations taken along the path to that goal. This fact is
used along with a consistency assumption on the h function,
te prove in Theorem 3 that the evaluation function, f(n) is
non-decreasing on the sequence of nodes expended by

algorithm S.

Thenrgﬂ_g: Ltet Xn be the measurements on the path to a

goal noce, n. let X1, X2 be subseis of YXn, such that x1< x_2.
Let X denote the complement of X with respect to Xne. Then,
Min r(n/X2,X2) > Min r(n/XxX1,X1)
Xy X,
Proct: Let X3 = X2ew X1, i.e. the set of teatures in x?

and not in X1. Then,

Min r(nlx2.72) = Min [ r(nIX1.X3.;2) ]
X2 X2

Min rCn/x1,X1) Min [ Min r(n/X1,4%X3,Xx2) 1]
) XZ X:

2>

"

Since, Min r(n/X1,X3,X2) & r(n/X1,X3,X2) for any

X3
particular value of X3 on the right hand side of the
above inequality, it follows that,

Min rin/x1,%X1) < Min r(n/)(?.;?)

%, X2

pefinitionl12): The heuristic function, h(n), which

— ;
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estimates the arc cost from n to a goal node, is said to be
consistent, if, for any-two nodes, i,j, such that there is a
path from i to j of cost, c(iyj),

h€i) = h(j) & c(i,j).

Theorem 3: It the function h wused by Algorithm S s

consistent, then the evaluation function, f(n) is

non-decreasing cn the sequence of nodes expanded by S.

Proof: Consider two nodes, i, j such that S <closed i
before j. There are two cases that could arise, either j is
a descendant of i or it is not., 1f it is a descendant,

g(i) + h(i) <& g(i) + h(j)
by the consistency assumption on h, since,
hei) = h(j) < g(j) = g(i) = cCi,j) o

Also by Theorem 2, (i) K L(j), hence, f(i) & f(j) and
the theorem is proved. 1f j was rot a descendant of i; it
means that when 1 was closed by S, there was an ancestor of
Js Say ky which was in the OPEN Llist and was not <closed.
Hence, f(i) K f(k) since i was chosen. However, since k is
an ancestor of j, by the earlier part of this proof,

fk) & f(j3).
Hence, it follows that,

f(i) <K f(j) and the theorem is proved.

The above theorem will be used to prove the optimality
of algorithm S, The optimality property states that
algorithm S will not expand any more nodes than any other
S-admissible strategy which is “less informed” than it.

Theorem 4: Consider two S admissible strategies, which
use functions, h,land h“y L°, respectively, where h and h°

are consistent , and such that,
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t¢n) = t“C¢n) for all goalt ncdes, n, and,
h€n) + t(n) > h7(n) + L7°(nN)
for all other nodes in G.
Then the strategy using h”, |7, expands all the nodes

expanded by the strategy using h and L.

Proof: Assume the contrary is true, 1.e. assume there is
a node 1 expanded by the strategy using {h,l), which was not
expanded by that using <(h“,l“}.Both algorithms terminated
with the same goal node, say n*. By Theorem 3,

gin*)+Ll(n*) > g(i) 4 h(i) + L(3)

Since L(n*) = L“(n*) , n* being a goal node, and since,

hGid) + LGi) > h7(i) +L7(3)

it follows that,

gln#®) + (“(n*) > g(i) + h7(i) + L7(i) = f(3)

Houovér. by the assumption that strategy (h“,l7) didn~t
expand i, it implies that,

f(i) < ft(nx)=glnt) + L (n#),

which is the converse of the previous inequality. Thus,
there could be no node, ¥, expanded by <(h,l) and not by
{hy 7).

2e2e¢2¢ k=Step Lookahead Heuristic

In a particular classification scheme, the state-space
graphy, G, may be known explicitly. i.e. the possible
orderings of feature measure- ments and decision making
hierarchy are given, The graph is also finite since the
feature set and the class label set are both finite. One can
then define a “k-step lookahead” heuristicy, 0Dk(n), for an
open node n, as a lower bound on the additional cost

incurred in going up to k levels beyond n in the graph.
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tet,

Xn be the measurements taken on the path to n,

L{n/Xn) be a lower bound on the risk of any goal n»
accessible from n, given that Xn has been observed,
c(iy,j) be the cost of the arc joining nodes 3 and j,
T(i) be the set of successor nodes of i,, and

6k(n) be the subgraph whose node set consists of n and
all unopened nodes k or less arc lengths away from n,
and whose edge set comprises all arcs in 6 joining

nodes in this node set.

Then the heuristic ©0k(n) may te computed wusing the

following recursive procedure [(RrRef. 2,pp. 229].

Dk(i1) = Min [c(i,j) + Dk(j) ]

4€TW)
where, for a terminal node, j, in Gk(n),
Dk(3) =0 if j is not a goal node,

=l(j/xn) if j is a goal nodee.

Lemma 1: 1fm> ky then Dm(n) > Dk(n) for all nodes, n.

The procf follows from the addit ive nature of arc

COStse

Corrolary 1: 1f two S-admissible strategies wuse the
evaluation functions,

ftn) =g(n) ¢+ Dm(n) and f(n) = 6(n) +pDk(n), respectively,
and m > k, then the strategy using Dk will expand alt the

nodes expanded by that using Dm.

Proof: The corrolary follows from Lemma 1 and Theorem 4.
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celde. BE-admissible Strategies

An S-~admissible strategy terminates when it first puts a
goal node on the CLOSED list, It is gquaranteed that this
goall is optimal, because of the assumption thet no
mecasurements taken on other paths y noOt leading to this
goal, can change the goal risk,r. Hcwever, if r were to
change with additional measurements taken on other paths,
then the optimality of the first goal node put into CLOSED
cannot be guaranteed, because these observations may
increase that goal”s risk while decreasing the risk of some
other goal. The question arises: if r is a function of all
measure~ents( denoted by X), is there a search strategy
which finds the goal node n* for which f(nx) is minimum,
without taking all measurements, where,

f(n*) = c(N(n*)) + r(n%/X) . o..coobooo-oo..(Z.S)

This section describes certain cases when such a
strategy, called a B-admissible strategy, can be
formulatedes A B-admissible strategy uses an upper bounding

tunction, u, defined in the following way.

pefinition: Let Xk be the observations taken up to the k
th. stage of a search, and let n be a goal node in G.Then
an upper bounding function, u, is de fined as,

uln/xk) > Max r(n/Xk,Xk)

where Xk is the complement of the observations Xk, with

respect to the total set of available observations, X.

Algorithm B described below, uses an upper bounding

function u, and a lower bounding function analogous to that
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used for S-admissihle strategies, to obtain the B-optimal
solution, n*. This algorithm s similar Kto Algorithm S
except that it does not terminate when a goal node is put in
the CLOSED list. Rather, at each iteration after a goal node
exists in CLOSED, it checks if there is some goal node 1in
it, such that the upper bound on its cost (for any possible
future measurement sequence) is less than the lower bound on
the cost of any other goal node, either in CLOSED or below
some open node 1in the graph. When this condition s
satisfied, it terminates with that goal node "as the

decisione.

203.1. A‘gorithm B

Let OPEN be the set of open nodes. Let CLOSED be the set
of GOAL nodes that have been closed.
Step 0: Set OPEN to the initial state, and CLOSED to
null. Set k, the stage variable to 0.
Step 1: Set k = k+1. For each n€ CPEN compute,
f(n)=g(n)+h(n)+l(n), where,
gln)=c(N(n))
h(n)=0 it n is a goal node,
£min [ c(N(j)=c(N(n)) ] it n is not a goal,

4 € Wn B
L(n) £ Min r(n/Xk,Xk) if n is a goal node,

Xw

€Min (Min r(j/Xk,Xk)] if n is not a goal.

scWn X,
Step 2: Let n* be the node with a minimum value of f(n),
I1f n* is a goal node, remove it from OPEN and put it in
CLOSED. 1f n* is not a goal node, take the measurement
associated with that state, and replace n* in OPEN by

its successorss

Step 3: For each goal node n in the CLOSED list, compute,
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b(n) = ¢(N(n)) ¢+ uln/Xk),

where u() is an upper bound on the risk r, i,e,

uln/xk) > Max rn/Xk,xXk)

X
Let n* be the node(goal) with a minimum value of b(n).

11 for all n in OPENU CLOSED , n # n%*,

fn) > bln+),

STOP, with n* as the B-optimal solution, else go to
step 1.

Note that if in step 3 the inequality,
f(n) > bln*) is satisfied, the inequality,

f(n) > f(n*) is also satisfied, because,
>

b(n+) f(n*) .

Theorem S: Algorithm B8 is B-admissible, i.e. it

terminates with the solution, s*, such that,

C(N(s*))4r(sx/X) & c(N(s)) + r(s/x) for all goals s in G,

and X is the total set of features that can be used.

Proof: Algorithm B will terminate when i1t finds at stage
ky @ node n* in CLOSED, such that, for all other nodes in
OPEN or CLOSED,

bln*) L c(N(nN))+h(n)+l(n).

Suppose n is any node (# n*) in CLOSED, then,
h(n)=0, Ln) & r(n/X) 4, from the detfinitions of h, L,
hence,
ciN(n#))4r(ne/X) K c(N(n#*))¢uln*/Xk)

= b(nw)

< c(N(n)) +h(n) +L(n)
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< c(N(n)) + r(n/X) ,
since h(n) = 0 for any goal node, n.

Hence, n* is a better goal than any n in CLOSED. Suppose
n was a goal in Wj for some node j in OPEN. Then,

bln*) < t(3) = c¢(N(j3)) +h(3) + L (j)

L c(N(n)) ¢+ r(n/X), because,
by the definition of h , L,

h(;) £ cCjyn) for any goal n in W), where c(j,n)

denotes the cost of the path between j and goal n. Also,

L(j) L ﬂﬂp rin/XkyXk) £ r(n/X) , by the definition of |

in step 2 of algorithm B.

Hence,

c(N(n*)) ¢+ r(n*/X) < b(n*) < c¢(N(n)) + r(n/X) .

Thus, n* is a better goal than any goal n, under any
opén node je. Since all the goal nodes are either in CLOSED
or under some OPtil node, and none is better than nt, across
all measurements, X, n* is B-optimal, and the algorithm is

B~admissiule.

In Theorem 4, a m2thod of comparing two S-admissible
algorithms was presented. The next theorem allows one to
compare two B-admissible algorithms using different bounding
functions, ue. 1t states that if two B-admissible strategies
use the same evaluation function to order the open nodes,
but zie uses a more “informed” upper bounding function than
the other, it can never expand more nodes than the Lless

informed strategye.

Theorem 6: Consider two B-admissible strategies using
the same functions, h,l, but different wupper bounding
functionsy, u, and u”, such that, for all goal nodes, n, and
measurment sets, Xk,

uln/xk) < utn/xk) .
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Then the strategy wusing u” expands all the nodes

expanded by the strategy using u.

Proof: Since both the strategies use the same functions,
hy and t, they use the same evaluation function, Ty to
dec vde the node to be <closed. Hence given that both
strategies have gone through k nodes, it follows that both
expand the same nodes 'n the same sequence. Thus, the only
question is to decide, which strategy terminates first, i.e.
for which strategy is the condition,

b(n»*) < t(n) satisfied earlier,

sincey, c(N(n#*)) + uln*/Xk) < c(N(n*)) + u"(nt/xk),

for all Xk, it is clear that, the termination criterion
in step 3 of the algorithm, will be satisfied earlier for
the strategy using u, than for that using u”. Hence u” will

expand all nodes expanded by u.

Unfortunatelyy, Oone cannot compare two strategies us Ing
diftferent heuristics, h+l, and say h7+l°, since in this
case, the two strategies would expand different nodes, and
it is possible for the less intormed strategy, i.e. the one
with the smaller value of h¢l at each node, to terminate
earlier, because the measurement it takes may reduce the
bound b(n+) sharply thus causing other classes to aet

rejected earlier, than for the more intormed strategy.

2¢3.2. Bayes Optimal Strategy

A Bayes optimal classification scheme 1is one which
minimizes the average risk. (et X be the total set of
measurements on a sampley, then it there are M classes,

ulyw?.ewM, the average risk of cltassifying X in wi, 1is,

"\
FCuiZX) = 0 cijo PCWjlIX)

4z
0‘
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where ci1j is the loss incurred in classifying a sample
from wj into wiy, and p(wj3/X) is the (ikelihood of wi given
Xe Hence, @ Bayes optimal strategy would classify X into

class w* such that

r(we/X) = Min r(wi/X)
1£4L€M
From the above equation, it follows that such a strategy
can be implemented as a special <case of a B-admissible
strategy, wherein the arc costs do not influence the cost of
a goal s+. The only change required in algorithm B is in

Step 3 which becomes :

Step 3: fFor each goal node n in CLOSED compute the upper
bound u(n/Xk), on the risk r(n/X), given the measurements,
Xk have been observed so far. Let n® be the node with
minimum value c¢f u(). Then, if for all nodes, n in openV
CLOSED, other than nw,

uln+/xk) < t(niXk) is true,

STOP, with n* as the Bayes optimal classification, else

go to Step 1.

2+3.3. Graphical Representation of B-admissible Search

The role played by the evaluation heuristic, h¢l, and
the upper bounding heuristic, u, can be depicted graphically
in 2-spaces In this space, each node, open or <closed, is
represented by its values of f(n), and b(n), Though
algorithm B computes b(n) only for goal states n in CLOSED,

one could define it for non-goal nodes as,

o —— — g —
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b(n) = Min [ c(N(j)) + Max r(j/Xk,Xk) 3
4 € Whn X«

where j is any goal node below ncde n, i.e. ) CWn.

Figure 2.1 shows a display of all open and closed nodes
in the b-1 plane. Since bl(n) > f(n), all points Lie above
the 45 degree line, 0Z. Node a has the minimum value of {
and will be closed next, while node b n CLOSED has the
smallest vaiue ot b(n), and hence, all nodes with fin) >,
Min b(n) will be rejected from further <consideration. The
?;;;S;tgpgion is marked in the figure. Thus, the search is
reduced to the domain, Ry, and the nodes in this region
cantain the potential B-optimal node, or an ancestor of the
B-optimal node .Figure 2.2 shows the situation when the
algorithm terminates with the soluticn, n+*, Al{ other nodes
now fall in the reject region. The movement of the nodes 1in
the b-f space as more measurements are taken, is shown by
small arrows in Fige 201« That they should move in such a
directiony, follows from the fact that f must increase and b

decrease as more measurements are taken.

b{(n) Z
‘Rejed. 'Recjion
\')w\'m - _ 5
~~ Search Region'R
a’ Y\Ode SC‘EC{.CA
to be closed
s §(m)

Fig. 2.1
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Z
b(n)
b min T\‘: OPU"\(A‘ (}OQ‘
|
|
!
e
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(o} f min §(n)

l!g. 2e2

2ebe Methods 0f Computing Bounding Functions

Having discussed the properties of S and B-admissible
search strategies, we consider here, methods of computing
lower and upper bounding functions, L, u, for some special
cases. Two broad types of risk functions, rin) * are
constdered:

. r its a function of class conditional probability
distributions or parameters of coistributions
(parametric)e.

« r is defined in terms of a set of labelled samples

and certain similarity or distance measures between

samples (nonparametric methods) .

The two types of parametric methods considered are:

« the measurements are class conditionally
statistically independent, and,

« the measurements satisfy a first order tree

dependence .

The two types of nonparametric methods described are:
« nearest neighbour classification using Euclidean

distance,

e e e T i N—
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« classification using a similarity measure between
binary vectors.
2ebel. Statistically Independent fFeatures
Assume that the features are class-conditionally

statistically independent, i.e. the probabitity p(x/wi), can

be written as, N
p(X/wi) = TT p(xt/wi) where X=(x1,x2y0,.xN) .
t=\

The average ri:& sy F(wi/X), is given by,
r(wi/X)=7 cij.P(wj/X) where cij is the
2
cost of making decision wi, when the correct decision 1s
w)je Assuming a unit loss for incorrect decisions and no gain
for correct decisions,

N
f(nwiZXd= 1 = P(uideTlpixt/ui)
t:0

iP(Hj)cDD(XtIH]) svecceal(2.4)
s

where P(wj) is the a priori probability of class j.

I1f X1© X is the set of features already measured, then
let L(wi/Xx1), u(wi/X1), be the Llower and upper bounds,
respectively, on r(wi/X), i1.€.

LCwi/Zx1) & %ﬂn rlwi/ZX1,x1)
ulwi/Zxt) > Max r(uwi/X1,x1)
where X1 is the comp\ement of x1 with respect to the

total set of measurements, X, upon which r depends.

befine,
(i) = Min i)
te (i v’:’bp“t,u‘
ut(i) = Max p(xt/wi)

¥ X
Then, from Egqn. (2.4), and the atove definitions of It,

ut, we can define the bounds as, fol lows:
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PCwidep(X1/uwid 1] ut (i)
&
L(wi/x1)= 1 - - ; (2.5a)
€ Pwidep(X1/wide TTutCid) +
t
Y Pwiep(x1/uwide Tl
d#L &
P(widep (X1/uwid e JLE(H)
ulwi/x1) = 1 - - %5 s 00 (2:5b)
{ P(widep(XT1/wide TILE(F) +
+
T Puidep¥1/ujde TTut(j) )
F#4 £

In equations (2.5a)-(2.5b) above, the product terms in
Lty ut, are taken only for those features, xt, that are not

in the observations already taken, i.e. xt ¢ x1.

The above bounds are too pessimistic because they assume
that the values of X1 that minimize/maximize p(X/wi),
simultaneously maximize/minimize p(X/wj) for all jF %+ .One
could obtain more tight bounds by computing p(wj/X1,X1) ftor
all X1, but for the case of N features, M classesy, and each
feature taking on m states, this would require Mem
calculations, which is a large number even for moderately
small values of My m, and N. However, there 1is a special
casey, when the tight bounds can be computed with no more
computations than are required in <cbtaining t, u, wusing
(2.5a-b), above«.This is the case where the unconditional
distribution of x-?gn be written as a product, i.€.

p(xt)
4=1

p(x) =

Then one can define,
Lt(i) Min p(xt/wi) / p(xt)
¥ xe
ut (i)

cax p(xt/wi) / pCxt)
Xy

Writing p(X) for the denominator ot (2.4), and using the
above definitions, one can define tight lower and wupper

bounds on the likelihood of class wi, given observations,
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X1. 4SSy
"G X1 = 1 = Pead) e pt17ud ) 1] =)
t
(2.6a)
p(X1)
=1 - puwisxD . TTut” (i)
£
WP CuiIXT) = 1 - pCwi/x1), Vit =) (2.6b)
t

Using the bounds given by (2.5a-b), or (2.6a~-b!

requires computing the 2NM quantities, lt, ut, or tt7, ut ”

respectively.
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Example :

Consider the following example 1in which & features,
x1..x4, are available to classify the sample into one of 3
classes. Each feature can be in one of 4 statcs, asb,c and
d, and it is assumed that the features are
class-conditionally statistically independent. The
probabilities are tabulated, and the maximum and minimum
values of p(xj/wi) are shown in the tast two rows for each
class wi, anJ'éach feature, xjo« These are the values uj(i),

L)(i) respectively.

Class 1 Class 2 Class 3

=:j================¥=========:=:====;:::::::::::::::::::::::
x1 x2 x3 x4 x1 x2 x3 x4 x1 x2 x3 «xé&
al =& 5 @2 2 3 b 1 1 ol b 1 2
b | e& o5 o4 G2 CUPARE 0 N (| +3 ot 3 o3
€ el &1 w2 b e2 &3 6 ol s9 sl 3 el
(> G % R, S S el o2 o2 of ol a3 «3 3
Ut «4 o5 o6 o4 e5 b o6 o7 e5 4 3 W3
Ll 1 o} &2 7 a2 Tk RS (R R o1 el a1 w2

t::L::::::::::::::;:==========::=:===::::::::::z:::=====;===J

Assume that features x1 and x2 have been observed, and
that their values are x1=a, and x2 =b . Using equations (2a)
and (2b) one can compute the lower bocund and upper bound on
the risk for each decision, wiy, denoted by, l(wi/x1,x2), and

ulwi/x1,yx2).

eheSel3C1)LL(CT)
ulwl/x1yx2)=1 =

[.‘.Sol}(‘)ol‘(‘) + e5e50u3(2).ub(2)
+ s1e1eu3(3)eub(3) ]

=z 1 - QLOS.ZOZI(QLQSOZOZ + 05.106.7 ¢ -1.1.3-3)




= 0.733
similarly,

l(w1/x1=a, x2=b)
ul(w2/x1=a, x2=b)
L(w2/x1=a, x2=b)
ulwl/x1=a, x2=b)
((w3/x1=a, x2=b)

- el e

-320/327
-5/334
-210/7292
-2/532
-9794

"
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0.0021
0.985
0.280
0.995
0.905

fFrom the above values it is clear that class w3 can be

rejected from consideration,

measurements, the lower bound on
t(w3/7Xx1),

decision “class 37,

bound on the risk of deciding

ulwl1/x1) o

viz,

since after the first two

the risk of making the

is greater than the upper

in favour of class wily vize
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2ebel. Tree Dependent Features

In many applications the assumption of statistical
independence is wunjustifiable, and one seeks a more
elaborate model of feature dependence. One such model s
that of first order tree dependence [23], wherein, the class
conditional distribution of“x is,

p(X/wi) = p(x1/wid, T&p(lext(j).ui) where t(j) < j

i.e. the features can be ordered so that the probability
of X can be written as a product of first order <conditional
probabilitiese. The dependence between the features can be
represented by a dependence tree, Td, such that there are
nodes labelled x1y,x2jyeeexNy i.e. the feature names, and
there is a directed edge from node t(j}) to j for j=2ye.Ne.
for the tree of Fig. 2.3 for example, p(X/wi) can be written
asy

peX/wi) =p(x1/wi)ep(x2/xT1ywi)ep(x3I/xTyuwi)ep(xb&/x2,wi).
p(xS5S/x2ywi)
X4

fig. 2e

It is assumed in the following discussion that the
features, xt, t=1,2..N, are discrete, xt, taking on one of
mt states. We shall define a measurement graph, a8 spanning

tree and a real valued function on a tree, and then describe
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a method of computing lower/upper bounds on the risk r(wi/Xx)

given that a subset of features X1< X, have been observed.

Definition: A measurement graph, G(Td,wi), for class wi,
and dependence tree, Td, is defined thus: I1f =x1seesXN are
the lLlabels of noces in Td, ji.e. features, then the nodes of
6 can be divided into disjoint sets, Al1,.+.sAN, such that the
nodes in Ak are:

Ak = { xk(1), xk(2)yoeoexk(mk) )
1e€e xk(3)y 3=142yeeemk are the states of feature xk.
There is a directed edge from xk(j) to xt(m) in G if there
is an arc from node xk to xl in Tde The arc in G has a

“cost” given by,

clxk(j)yxl(m)) = log pUxt(mM)/xk(j),wi)

Thus, the arc costs in G are the log of the <conditional
probabilities in the product form for p(X/wi).The
measurement graph corresponding to Fig. 2.3, assuming binary

featuresy, is shown below.

avc we;%h{:
c (X3(2),X4(2))
b = log p (X3 (/2 2,WE)

Fige 2.4 Measurement Graph

pefinition: A terminal node of graph G is one having no
outgoina edges from it, e.ges In Fige 264y, x3C1), x3(2),
14(1)' l‘(Z). ls(’). x5(2) .
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befinition: A spanning tree, Ts, of graph G(Td,wi) 'is
defined as one containing exactly one node from each node
sety Ak, k=1,2.,.N in G, and the arcs joining these nodes.
This definition is different from the wuse of the term
“spanning tree” in graph theory. Exanples of spanning trees

are shown in Fige. 2v53-2.5b belowe.

Figs 2.5a Filge 2e5b

——— Y ————— - e e e e 1 < e <2
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Definition: The weight of a spanning tree, Ts, is the

sum of the arc costs in Ts.

pefinition: A minimal/maximal spanning tree is one whose
weight is minimum/ maeximum among all spanning trees ot graph

6(Td,ywid.

Definition: A const}ained spanning tree, Ts(X1) of G 1is
a spanning tree of 6 containing all the nodes (featu.e
states) in X1. Two constrained trees, Ts(x1(2),x4(1),x5(2))

are shown belowe.

Fige 2.6a

Definition: A minimal/maximal constrained spanning tree
is a constrained tree having minimum/maximum weight among

all such trees.

I1f d(1) denotes the weight of tree, T, then the minimal
and maximal weights of Ts(X1), denoted by Li(x1)y, wuwi(x?1,

are,
tidx1) = Min d(Ts(X1)) seecsecscsccvsnsscccl(lera)l

V Ts (X))
ui(x1) = Mmax d(Ts(X1)) esesceescesssssssesessl(le?b)

V T (Xy)

Since the arc weights are (ogs of the conditional
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probabilities, iy, ui, are the log functions of the
minimum/maximum values of p(X/wi) given that measurements,
X1 have been taken.
LiCx1) = Mjn [ log p(X1,X1/wi) )
X,

ui(x1) = Mmax [ log p(X1,i1lui) ]
X,

In the above equatibns X1 is the measurement set not yet

observed. Substituting for p(X/wi) in eque. 2.4y the bounds

become,
P(wideexp(ui(x1))
L(wi/Xx1) =1- - -
(Pluid.explui(X1)) OZ:P(H)).exp(l%(X1)))
j’;_ eese e ( 083)
P(uwideexp(Li(X1))
ulwi/x1) = - :
{(P(wi)eexp(li(Xx1)) 02:?(uj).exp(U)(X1)))
j#/. L N (206b)

The above bounds are loose because it has been assumed
that the measurements X1 which minimize/maximize p(X/wi)
simultaneously maximize/minimize p(X/wj) for all j ¥ i.
Tight bounds can be obtained with no more computation than
that required for equation (2.8a)-(2.8b), if it is assumed
that the unconditional probability of X, p(X), can also be
written as a product of first order conditional
probabilities, as,

N

p(x) = p(x1).}129(ljlxt(j)) for j=2seceeN

where t(j) < ) .

In this case, we define an augmented measurement graph

as follows:
pefini(ion: An augmented measurement graphy, G6°(Td,wi)
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for class wi, and dependence tree, Td, is identical to the
graph G(Tdywi), except that the arc cost, c(xk()),xlt(m)) s,
clxk(}3),yxl(m))= log pC xL(m)/xk(j),wi)
- log pxl(m)/xk(j))
The second term s the log of the probability of xl (m)

givenr xk(j), but not conditioned on wi.

One can then define the min/max weight of a constraiyned
spanning tree of the augmented graph, G (Td,wi), 7 Sl
measurement set, X1, as,y, (17(X1), ui“(x1) respectively, as

before. The bounos on the risk of decision wi, given X1,

become,
L7 (wi/x1) = Max P(wi)op(XT,X1/ui)
1 - i. —
P(X1,X1)
l’(ui/x1) = 1 - P(Hi)o exp (ui’(X?)) o-o-oo--(?o(fd)

Similarly,

"
—

u”(wi/ZXx1) - P(wide exp(li“(x1)) v b e bR S h)

To use the bounds defined by equations (2.8a-b),
(2.9a-b), one needs an efficient method of <computing the
minimal/maximal spanning trees for a graph. One such method,
which is a modification of the dynamic programming
formulation for finding the shortest path through a graph,

is presented next.

2eboe2s1. Computation Of Minimal /Maximal Spanning Tree

Assume that one wants to compute Li(x1), wui(Xx1) s the
minimal/maximal spanning tree weights, for a measurement
graph, G(Td,wi). penote by Ak the set of nodes of G
labelled, xk(1), xk(2), .oxk(mk), where mk is the number of
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possible states of feature xk. Let DT(xk) be the descendant
nodes of node xk in the dependence tree Tdy, and 0G(xk(j)),
the descendant nodes (sons) of node «xk(j) in G. The
following algorithm recursively computes the
longest/shortest path length from a node to all terminal
nodes n G. For the case when the measurement graph, Gy
consists of N features, each taking cn one of m states, this

algorithm requires computations of the order of 2.(N=1) .m?%

Step 1: Prune G, as follows: If xk(j)E€ X1, the observed
set of features, delete all nodes (and attached edges) in Ak
from G, except xk(j). In this way for each observed

feature, all states except the observed one are deleted.

Step 2: Compute the functions LiCxk(s)), uilxk(s)), for
each node xk(s) in the pruned graph wusing the recursive

equations:

Lilxk(s)) = j{; [Min{ c(xk(s)yxj(t)) + Li(xj(t)))]
x)eDT(xk) xj(t)EDPG(xk (s))

ui(xk(s)) =_2:- (Max{( c(xk(s).x?(t)) + uilxj(t)))]
xjebT(xk) xj(t)epG(xk(s)
where c(xk(s), xj(t)) denotes the arc cost along the

edge joining nodes xk(s), xj(t) in G, and for terminal nodes
of G.
Litxj (t)) = wuilxj(t)) = 0 for x)(t) terminal .

If x1 is the root node of the dependence tree, Yd, then

the lower/upper bounds, Li(X1), ui(x1) are,

Li(x1) = Min Li(x1(t))
7
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uiIlX1) = Max uiix1(t))
s
The correctness of the above algcrithm follows from the
additivity of arc costs along a path and from the optimality
principle of dynamic programminge.
Example:

The following example illustrates the wuse of the
algorithm for finding the minimal/maximal spanning trees cf
a measurement graph. The example considered is that of Fige
2.3 assuming that each feature is binary. The first-order
conditional probabilities, conditioned on class wl, and the
corresponding measurement graph, G(Td,wl) are shown in fig.
ce7a and 2.7b. Fig. 2e7¢c shows the minimal and maximal paths
traced by the algorithm. The dotted edges indicate the
maximal tree, the solid edges, the minimal tree. Arc costs
are log(bas: 10) functions of the probabilitiese. Next to
each node in Fig. 2.7¢, the pair of numbers “(a,b)”, are the
minimum/maximum COStS, ViZae, li(xk(s)), and uilxk(s))
defined in step 2 of the algorithm. for terminal nodes of
the measurement graph, these numbers are both zero. The
algorithm backs up from the terminals and computes (a,b) for
higher level nodes using the recursive equations described
in step 2. The values of the unconstrained minimal and
maximal tree weights are =2.,962 and =-.927 respectively.
These corre spond to the reasurement vectors,
(x1=0yx2=1,x3=1,x4=2,x5=1) and (11101) which give rise to
the min/max values of p(Xx/ul), vizey0.00108 and 0.17118

respectively.

e o ——— o —
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2+4.3. Nearest Neighbour Classification

A nearest neighbour (NN) <classification scheme is a
nonparametric method, i.e. it makes ro assumptions regarding
the form of the class conditional distributions of features.
It uses instead, a2 set of labelled design samples and &
distance measure between two samples to <classify a test
sample, Xo The sampie X is labelled with the class name of
its nearest neighbour in the design sete.

The nearest neighbour can always be found by computing
all distances. However, when the des ign set size 1is Llarge,
the computations become large, and a variety of schemes
have been proposed to overcome this difficulty. They
comprise of representing the design set by a small number of
prototypes (condensed NN rule,[30]), and preprocessing of
these prototypes [6,31]), so that the nearest neighbour can
be found with a small average number of distance
calculations.

In this section, a state-space model of nearest
neighbour classification is presented, and it is shown that
methads such as in [6 1 are special cases of B-admissible
search strategies with zero measurement (arc) cost assumed
in the graph. The state-space model also has the advantage
of being able to accomodate extensions of the these schemes

to other NN schemes, notably the fol lowing:

» 3 new method called “subspace nearest neighbour rule”
which allows one to determine the nearest neghbour of
X in a subspace of the total measurement space, and to

trade accuracy for reduced measurement cost ;

« extend the concept of S- and B-admissible strategies

to schemes using non-metric features and a similarity
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measure between samples to lLabel a test sample, X.
The method of using prototypes to represent the
design set in such cases and methods of computing

lower/upper bounds on the similarity measure are

discussed,

2.‘0.3.1- The Model

A state space model for non-parametric schemes may be
defined as a 7-tuple, GU(S,EyX,WyCcyry,1), as before, but with
the following changes in the connotation of certain symbols:

A state s represents a subset, Ds, of samples from the
total design set, D, and 1is denoted by a I-tuple,
(xsyWSsy,Is), where,

xXs: is the measurement to be taken on the test sample

when this state is reached,

Ws: the classes to which the samgles in Ds belonge.

This set is known since the samples are labelled.

ls: denotes intformation about the sample set Ds, e.g.

its mean vector, measures of its dispersion, etc.

The same sample can occur in two different sets, Dsi,
Dsj where states si, sj may not be related ( one may not be
a descendant of the other). However, one restriction on the
sets is that if state t is a descendant of state, s, then
bt € ps must hola.

The real valued function ¢ on the edges £ of the state
space graph, represents the cost of traversing an arc and
could represent either the measurement cost, or the cost of
computing the distance measure between the test sample and
the samples in that set, Ds. The tunction r, used 1in
earlier discussions to denote the misclassification risk, is
used here to represent the distance tetween the test sample,

Xy and a particular design sample, Ys*. A goal state s» is
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one for which ‘DS“ =1y 1.6 it represents a single sample,
say Ys*, Hence,
r(s*) = d(X,Ys*;F), where,
d is the distance measure used ,
F s the space ot features in which d is computed,
Xy Ys* are the test and design samples

respectively.

Let,
Fs be the features measured on the path to state s,
c(Fs) be the sum of arc costs on the path to s.

Then the following types of nearest neighbour schemes

can be formulated :

Scheme 1:Find the goal s*, i.e. the design sample Ys*,
such that,
f(s*) = c(Fse) + d(X,VYs*;Fs*)
= Hén C c(Fs) + d(X,Ys;Fs) ]

where s is any goal node.

Scheme d,: Find the goal s*, such that,
f(s*) = -(Fse) ¢ d(X,Ys*;F)
= Hin C c(Fs) ¢+ o(X,Ys;F) ]
where s is any goal node, and,
F is the total set of features.

Scheme 3: Find the goal s+, such that,
f(st) = d(X,Ys*;F) = Min [d(X,Y¥s;F)]

s
where s is any goal state.

Schemes (1) and (2) assume that measurement cost (arc
cost) is significant, and hence attespt to trade this cost
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for reduced accuracy, 1.€. it s likely that they may not
terminate with the truly nearest neighbour. Scheme (3) 15
the conventional NN scheme assuming that arc costs do not
contribute to the solution cost. Schemes (1) - (3) <can be
implemented as S-agmissible, B~admissible, and Bayes
admissible strateaies respectively.

Scheme (1) assumes that the design sample, S, s
adequately represented by the features, Fs*, measured on the
path to it, and that other features are not significant in
the distance measure i.e.y9 d(X,Ys*;F) can be approximated by
d(X,Ys#*;fs*), Hence the space in which the d measure 15

computed depends upon the design sample and its class label.

Such an assumption may be justified ,for example, in  a
character recognition scheme, where features such as the
“horizontal top line” or “curly tail” may be significant for
some class, whereas the slant of the axis of symmetry of the
letter may vary with writing styles, and considered
unimportant tor distinguishing that class.

Scheme () does not assume that any features are
unimportant for the d measure, but i+t does associate an arc
cost with every edge and hence trades the risk ot not
finding the true nearest neighbour for reduced feature
measurement coste.

The crucial problem in wusing the admissible search
strategies discussed earlier, is that of computing
lower/upper bounds on the d() measure. The following
sections derive tounds for various metric and non-metric

similarity measures.

2eboedels Fuclidean Measure

Assume that d(X,Y¥;F) is the Eucl idean distance between
Xy Y in the space of features, F. Ds is the set of samples

represented by any state s, and 1s, the information
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associated with s. We shall assume that 1Is consists of the

following :

Ms : Mean of samples in Ds, in the total spacey Fo

ts = features measured on the path to node s.

Rsmax(F”) : distance between Ms and the sample Y, in Ds
tarthest from Ms, in the space F7.

Rsmin(F”) : distance of sample closest to Ms in F7,

from the nature of the d measure,

diX,Ys; ) 3 d(X,Ys;F7) it F°C F .
Lemma : Min d(X,Y;F) > d(X,Ms;F°) - Rsmax(F7)
YEDS

Hence the right handside of the above inequality
provides a lower bound on the nearest neighbour”s distance

from X, from among the samples in set Ds.

Proof: For any sample Y € Ds,
d(X,Y;F") ¢ d(Y,MS$;F7) % d(X,Ms;F7)
from the triangular inequality property of d.
Hence,
d(XeY;F) > d(X,Y;F7) > d(X,Ms;F7) =~ d(Y,Ms;F7)
> d(X Ms;F") - Rsmax(F")
Hence,
Min d(X,Y;F) > d(XyMs;F”) - Rsmax(F”")
Ye&Dg
It at node s, the information stored is Ms, and
Rsmax(Fs), then the lower bound derived above can be used in
an S-admissible strategy for Scheme (1) defined earlier. The
lemma 1S a generalization of the bound proposed by Fukunaga
[6) for a branch-and-bound algorithm for determining nearest
neighbours. Scheme (1) has the advantage that the radius,

Rsmax has to be computed in a single dimensioned feature
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space for all level 1 nodes in the state-space graph, in two
dimensions for ltevel 2 nodes, etc. Thus, at the initial
node, where Ds is the total design set, the computation of
Rsmax i1s the easiest, and successively becomes more complex
as the number of samples decrease. In the scheme descrihed
in [€), the radius Rsmax 1s always computed 1in the total
feature space, fFy, and hence, far more computations are
involtved. Of course, scheme (1) is wvalid only wvhere a

subcpace representation of each design sample is justified.

Lemma : Min d(X,Y;F) & d(X,Ms;F) + Rsmin(F)
Y e Dg
Hence the right handside 1is an upper bound on the

distance of the nearest neighbour in Ds from X.

Proof : Let Y° be the point nearest to Ms in F, then,
d(Xy Y ;F) < d(X,Ms;F) +Rsmin(F)
Hence,
Min d(X,Y;F) K d(X,Ms;F) + Rsmin(F)
YEDS
The use of this upper bound involves computing d in the
total feature space, F, and all features of X must be
measured. Thus this 1s not suitable for Scheme (2) where we
would like to compute the upper bound without incurring this
measurement cost. However, the bound can be used in scheme
(3) where measurecment cost is assumec to be zero. Without
some other knowledge about the range of feature values, it
is not possible to upper bound the Euclidean distance for

use in scheme (3) ,

2. 6.,3.3. Ultrametric Measure

An ultrametric satisfies the progperty,
d(Xx,Y) & Max [ d(X,2)y d(Z,Y) ] for any X, Y, 2,
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and hence also satisfies the triangular dinequality.
Hence the same lower bound as defined for the Euclidean
measure can be used, and if Ysp is any prototype sample in
Ds, the distance, d(X,Ysp) can be used as an upper bound on

the minimum distance between X and ary sample in Ds.

2ebebe Bounds on Similarity Measures For Binary Vectors

Nearest ne ighbour schemes can be used for samples with
non-metric features if appropriate dfﬁtance or similarity
measures are defined between samples. It a similarity
criterion is used, a sample X is classified in the class to
which the sample (design) most similar to it belongs. This
section considers the possibility of representing subsets of
the design samples sz2y, Ds, at each state s, in a state
space graph, by “prototypes”. The prctotypes at s are said
to “cover” the set Ds, if given the prototypes, one can
generate » set D° such that Dsc D”“. Thus the prototypes play
a role similar to the mean Ms, and radii, Rsmax, Rsmin,
discussed in the nearest neighbour schemes wusing the
Euclidean distance. Once such prototypes are generated, one
would like to bound the value of the similarity measure, say
S(X,Y) between X and any Y€ Ds, by using the information 1in
the prototypes.

Consider the case when the samples are N bit binary
vectors. A prototype vector, t will be assumed to be an
N-bit vector whose bits can have values, 07, “1°, or 7=7
(don“t care) . The set D(t) 1is the set obtained by
replacing the “=“ bits in t by all possible permutations of
“0°s and “1° Se Thus, if, t=(-0-10), then p(t)
={(00010,0N110,10010,10110) .« Methocs of generating good
prototypes for the design samples frcm each <class for the
discrete feature case, are discussed in (13,151, .

The model for NN search wusing S(X,Y), a similarity
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identical to that for the
earlier. The task here,
The information 1 at

prototypes, ts(i)) ’

LAAEL ) Up(tsps))

Su(X,t)= Max S(X,Y)
Y€ D)

tsCiad 3

ts(i)) 3

types of measures, S

ir the discussion in this

Xy Y :test sample and a design sample respectively.

N H
SCX,YY2
t tH
ult) 3
n1(t):
n1(X):
m(XyaY):
mix,t):

Both are binary vectors.

the number of bits in X,

Yo

similarity criterion used.

a prototype vector whose

- -

- -

bits can be 0,1 or -

the number of “=-7 bits in t.

the number of “1° bits in t.

the number of “1° bits in any binary vector, X.

the number of matching bits in vectors X, Y.

number of matching bits

in X and prototype t,

o R——— s oy ]
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where only matches in positions at which t has 0/1
bits are ccnsiderede.
N1(Xy=): number of “1°s in X in positions where t has

a £ bi'o

The foltlowing lemmas derive bounds Sl, Su in terms of
the above defined quantities for three types of similarity

measures commonly used(1].

Lemma : Let S(X,Y) = m(X,Y) / N

Then, SL(X,t) = Min S(X,Y) = m(x,t) / N
YEDt)

Max S(X,Y) = {m(Xy,t) 4 u(td)) / N
YeD(d

and SulX,t)

Proof: The proof follows from the fact that S can be
minimized (maximized) by choosing the “=” bits in t to be

opposite (the same as) the corresponaing bits in X,

Lemma : Let S(X'Y) = N. m(X.Y)

n1(X)en1(Y)

Then,
Sl(X,t):Min[N.(m(X.t) ¢ n1(X,=)) Nem(X,t) ]
N1(X)e{n1(t)+u(t)) ) NT(X) e {n1(t)+ult)
-n1(X.-))
SulXyt)=Max| N.{m(X,t) ¢+ ult) =-n1(X,-)) .NT_Lm.S_L._L) + u(t))
i [ AT e AT Y At OO0 (nTTty ]
n1(x,=))

Proof: Let Y be any vector in D(t), and let,

L d

x = # of “1°s in Y in the “-° positions of t,
y = # of matching bits between X, Y in the “=°
positions of t.

Then for this vector Y,
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Nem(XyY) Nel m(Xx,t) + y]
S(X'Y) = = oo...(2010)
n1(X)n1(Y) NT(X) o(n1Ct)+x]

Equation (2.10) shows that for a given value of x, i.e.
the number of “1°s in Y at the “-“ pcsitions in t, y can be
minimized, and hence, S, by assigning as many of these ones
to positions at which X has zeroes, thus causing maximum
mismatch between X, Y. In particular, y=0 if x=
u(t)-n1(x,-), and the ones in Y are assigned in this manner.
Decreasing x below this value would cause y to increase;
hence the minimum value of S must te attained 1in the «x

range,

ult) =nl(Xx,=-) & x L u(t)

and y = ‘-[ u(t) ’n’(xj') J 'oo'--o-ooooooo‘.o(2.11)

Substituting for y in (2.10) using (2.11) and minimizing
over the specified range of x gives the desired result for
Sl

For maximizing S(X,Y), it is noted that for a given
number of matches y, x will be minimized, and S maximized,
by making the matches occur at the “0°s in X, as much as
possible ,for y= ult) = n1(X,=-)y x will be zero if Y has all

“0°s in the “-7 positions in t.lf y is decreased below this

value, x can only increase. Hence, the range of y is,

ult) =nl(x,=-) & y & ult) and,
x = y~[ uv(t) - n1(X,-) ] sesssscsssssssssllel?)

Substituting for x in (2.10) using (2.12) and maximizing
over the above defined y range, gives the desired value ot

Sue
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Example 1:
Consider a sample, X, and prototype given by,

X ¢ 101101C010 )

t = ( —=-=- 01010 )

Here N=10 u(t)=5S n1(X)=S n1(t)=2 m(X t)=3 n1(X,-)=3,

Min S(X,¥)= Min{10.(3¢3)/5.(2+5) , 10.3/5.(2+45-3))= 1.5
Ye D)

Max S(X,¥)= Max{(10.(345-3)/5.2 , 10.(345)/5.(2+3))= 5.0
Ve b

temma : Let S(X,¥) = m(X,Y) / [ n1(X)+n1(Y)=-m(X,Y) ]

Then,
m(X,t)
SL(X,t)= - -
Nn1(X) +n1(t) -m(X,t) =-n1(X,=-) + u(t)
méX,t) + u(t)
SulX,t) =
Nn1(X) + n1(t) = m(X,t) + n1(X,=-) =-ult)
Proof: pefining x, y as before, S(X,Y) becomes,
m(x't) + V4
S(X,Y) = (2.13)

N1(X) +n1(t) -m(X,yt) +x =-y

From (2.13), it is observed that S will be minimized for
a given x by minimizing y, and this can be done by assigning
the “1”s in Y to positions where X has “0° s. A similar
argument can be applied for maximizing S. The ranges for x,
y and their relationship are identical to (2.11) and (2.12)
derived in the previous proof. By minimizing/ maximizing §

over these ranges, one gets the desired result.

xample 2: Using the same example as in Example 1,

s ot — ey ~— ——




x= ( 1011010010 )
ts ( -=---- 01010 ) ‘
3 /(542-3-3+45) = 0.5

Min S(X,Y)
YE D)

"

Max S(X,Y) 245 / (542-3+43-5) = 4.0

YEDQ)

The above derived bounds show that for many nontrivial
parametric and nonparametric schemes, one can obtain bounds
relatively inexpensively, and thereby cut down the
measurement cost or the number of distance computations (for
nonparametric) needed to classify a test sample. The
generality of the model has allowed us to describe new types
of nearest-neightour schemes which use distance measures in
subspaces of the total feature space to find the design
sample “most similar” to the test saanple. The next section
describes a particular type of state-space gragh, vize. the
hierarchical classifier, as a useful model that restricts
the generality of the state-space mocel and thereby improves
the search efficiency for practical multiclass recognition

problems.

2.5. Hierarchical Classifiers

A state space model is a very general representation of
any multistage scheme in that one could have a modely where
at any node tk, which is k nodes away from the initial node,
one could observe any of the N-k features not observed
(assuming N features are available, and at each node, one
observes one feature); alternatively, one could classify the
sample into any of the M classes. The figure below shows the

possible successor nodes of tk.
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Qe st el

™ possk—\;\e decisions Fig. 2.8 Nown-qoal nodes
—_—
In the above diagram, each state which is not a goal
state, s shown as a tuple, (fi,Wwi). Since fi can be any of
N~k features that have not been observed so far, ond Wi is
any subset of the M classes, the nunmber of such non-goal
states 1is (va).ZM « In addition, one has the M possible
goal states, hence the total number c¢cf successors of a node

k tevels deep in the graph, is:

M+ (N - k).ZM

While one could stitl detine admissible search
strategies for such a general graph, the search efficiency,
defined as the average number of nodes expanded(measurements
taken) to classify a sample, would be poor.In a practical
design, therefore, one might want to use prior information,
such as the usefulness of certain features in discriminating
subsets of classses, to Llimit the graph. The graph could be
restricted either by restricting the possible successor
nodes of a node, or by limiting the states in some way.

A hierarchical classifer is a particular kind of model,
wherein the states and possible transitions (edges) in the
graph are explicitly defined. The restriction put on the
states is that it (fk,Wk) denotes state ky, and if state t is

a successor of state k, then,

Wt < Wk

e e e
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This congition jmplies that the set of possible class
labels considered when t is reached, is a proper subset of
those considered possible at any ot its ancestor nodes,
Hence, the decision process can be represented as a tree, at
each node of which the set of possible class Llabels is
partitioned into subsets (perhaps overlapping) of labels.
Thus along any path in the tree, at each node, at least one
class is being “rejected” from cconsideration., The term
“rejected” i1s being qualified because it is quite likely
that an admissible strategy might exgand nodes on some path
and then back up to expand some node (in the OPEN Llist) on
some other pathe AlLlL the properties of S-admissible and
b-admissible strategies can be made use of in searching this
tree of decisions. An example of such a tree is shown below,

and all the states are indicated explicitly.

§1, Wi WI=(Ww1 yw2 oW 3y wb,wsS)
W2:={w2ywbywd5)

S W3=(w2,ywé)
<-*——l-‘-/_’,‘\/.ia 52 7@ W =(wlywlyw3)d

: WS5={w2,yw3)

K
Wy W3z W2 Wy

F‘Ig. 2.9

The use of lower and upper bounds yn formulating search
strategies has been explored in this chapter. However, when
the state space graph is small and explicitly defined, as in
the above figure, one can obtain a “perfect” heuristic JIn
graph secarching problems, a perfect heuristic is one which

can estimate the path length from any node to the goal node
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exactly. Thus to tollow the shortest path in the graph, one
simply starts at the initial node, computes the heuristic
tunction for all its successors, and goes to that node whose
heuristic, added to the cost of that arc (between the
current node and i1t) s a minimum. This concept can he
extended to graphs where the goal has a risk which is 2

function of random veriables with a known distribution.

Cebe Hart”s Probabilistic Decision Tree Model

The state-space model analyzed 1in this <chapter is
closest in spirit to the probabilistic decision tree of
Hart(18]. Hart describes a Bayes-adnissible search strategy

for a decision tree such as shown in fFig. 2.10 below.

Wy W w3 w4y Wg we Wy wg

Fige 2.10

Each edge in the binary tree denaotes a “state of nature”
and the terminals represent a joint state of nature
comprising of the states on the path to that terminal trom
the root. Thus, wl={acg), w2={({ach), etc. Let X denote the
total set of measurements taken on the sample, and Xi,
i=1,2..n, the measurements taken on the path through nodes
1,24++ny, assumed to lead to node n (say).Let On be the joint
state of nature comprised of {(01,062,..8n) which are the
edges along this pathes Then the a posteriori probability

that one of the joint states below node n has occurred given

e e phe e p——
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the measurement vector, X, 1is,
f(n) = p(On/X) .
Hart makes three assumptions regarding X and 6n, vize.,

(a) ancestor dependencey t1e.€. p(Bn/X) depends only on
the measurements, Xl.eXn on the path to node n.
Hence,
p(en/ x> p(énlx1.X2..Xn) .
(b) conditional independenc%. ie€o
P(X1,.eXn/Bn) = U‘p(xilei) .
(c) independence.“i.e. R A
p@n =Tpcei) and px1yeeaxm = Npixin .
L=\ A=\
Under these conditions, the function f(n) which is used
by Hart to order the OPEN nodes, can be written as a
product, n
f(n) = p(Bn/X) =D‘p(0ilxi) ’
From the property that }(n) is non-decreasing on any
path in the tree and along the sequence of nodes expanded by
his algorithm, he proves that the algorithm is

Bayes-admissible.

In relation to the three types of strategies discussed
in this chapter, it follows that Hart“s strategy falls 1in
the <category of an S-admissible strategy. Under the
assumptions (a)-(c)y the function t(n) is an upper bound on
the a posteriori probability of any class under n. We have
proved the admissibility of such strategies under more
general conditions in Theorem 2. In gparticular, we consider
the case where measurement cost is an important factor (Hart

assumes zero costs). Moreover, we have shown that for more
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general models of feature dependence such as the tree
dependence, one can derive lower bounds on the risk for us e
in an S-admissible strategy.

Hart states that in general cases(iose. without making
assumptions such as (a)-(c) above), it may be difficult to
find Dayes-admissible strategies that do not expand the
entire search tree, This conjecture has been disproved in
our work where we have shown that a B-admissible strategy
can be detined for very general situations (viz. where the
risk depends on ALL measurements, not just those on the path
to @ particular goal)e The feasibility of computing bounds
for use in such strategies has been demonstrated for many

parametric and non-parametric schemes.

- S—— SRS —
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3. Properties Of Hierarchical Classifiers

This chapter investigates some of the theoretical
properties of hierarchical classifiers. Various measures of
tree performance are discussed. Emphasts in this chapter, 1is
placed on trees whose node decisions are class cornditionally
statistically independent. When this assumption is invalid,
one can estimate upper bounds on the error made, in terms of
the total tree error for any class, and the error of any
node classifier.

Two “negative” properties of hierarchical classifiers
make the optimal design problem complex even in those cases
where the independence assumption holds. The first property
states that in such cases, optimizing each node”s
performance (Bayes risk) does not minimize the total tree
risk. The second property states that choosing at each node
of a given tree structure, that feature which makes the node
decision with the least average error, is not necessarily
the optimal assignment of features. The conclusion is that
even for statistically independent node decisions, one
cannot optimi ze the tree performance by optimizing
individually, the perfocrmance of each classitier used at the
tree nodes.

The following notation will te used in subsequent
discussions of trees. Consider the tree shown betow in Fig.

3.1.
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3.1. Notation

t1,12.. are nonterminal node labels, L1 is the root.
Wwlyw2e.. are terminal node labels called classes and
refer to the type of classification performed

when the decision path lesds to that node.

M = total number of classes

f = the total set of features

N = the number of features in the set F

fi = the i the feature name, 1 € {1,2,..«N)
for example, “colour”.

mi = number of states of fi (it discrete)

x1 = a random variable, representing an observation
of feature fi, e.ge. “red”.

tLy = feature (name) used at node L)

ml) = states of feature(if discrete) used at Llj.

xly = random observation of feature used at node (]j.

plx1,x2y.exn/wi) probability of cbserving values x1,..xn
of features, f1,f2,..fn, if sample is from wi.

P(wi) apriori class probability of class wie

Wlk) set of terminal class latels below node Lk,

e.9. in Fige 31, W(L2)={uwl ,w2yw3ywb,yu5l).

For a binary tree,

WOCLlk), WT1(tlk) are the terminals of the left and right
subtrees below Lk, €.g.

WOl D) ={(wlywloyw3ywbywS), W2(L1)={(wb,yw?)

S(wi) set of nuode labels on a path to class wi from
the root, eege S(wd)={L11,l2,L5)

Pclwi/lk) probability that a correct decision (e.g. to go
“left” or “right” in a binary tree) will be made
on a random sample from class wi which arrives

at node Lk, In general, Pclwi/lk) is a function

of the features used along the path to that node
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and decision strategy at all previously traversed

nodes .

A decision tree,1 is composed of a root node L1, a set
of nonterminal nodes, (li}y and terminal nodes labelled with
the class tabels {wj)e The same class Llabel may occur at
more than one terminal node. The sample to be classified
undergoes a sequence of tests(decisicn rules) on the path
from the root to a terminal node, at which point it gets
classified as belonging to that category, The choice of the
next test to be performed (next node traversed) depends upon
the Last test done, or in general, upon all measurements

taken on the sample.

3.2. Performance 0Of A Decision Tree

3.2.1. Probability 0f Correct Recognition

Consider a tree such as the one in Fige 3.1, 1If the
features used at the nodes are statistically independent and
if at each node, the decision is a function of only that
particular feature observation, then the probability of
correct recognition of some classy wiy, is the product of the
correct recognition probability of that class at all nodes

on the path leading to that terminal node, i.e.

Pc(ui)=TTPc(uillk) where Lk € S(wi)
Lk

Hence, the total tree performance, s g?*ven by the class

recognition rates, weighted by their apriori probabilities,

tel o,




75

Pc(T)=ZP(ui).ﬂ Peluiflkd  H&E £525000)5 - LKE Slus)
i Lk an 313

The average correct recognition rate at a node, Lk, for
all samples from the set of classes that lie below it,

Wllk), is,

PeClkd=s [ PwidoPe(wiflk) 3 7Y PCuid oveel3.2)
i i

1

where wt e W(CLk),

Thus, Pc (lk) is a Ulinear function of the class
recognition rates, Pclwi/lk), whereas Pc(T) involves
products of these rates. The design problem 1is to find a

tree, 1° such that,

Pc(T7)= max Pc(1)
¥

3.2+2+. Other Measures Of Tree Perforrance

While the probability of error is a good measure of tree
performance, it is often difficult to compute for arbitrary
feature distributionse. For two class cases, several bounds
on the Bayes error have been suggested [8). In this section,
we consider the use of such measures (bounds) to bound the
performance of a decision tree. Let d(wi,wj;F) be some
measure of separability of classes wiy W) wusing features
Folf wi, w), are among a set of M classe¢s distinguished by a
treey, 1, we wish to define the separasbility of the <classes
as a function of the tree. Let Lk denote the node at which
the two classes get separated, and let Fk<F denote the set
of features used at that node. 1f a tinary tree is assumed,

one could define the separation of wi, wj by T, in any of
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the following wayse.

D(Ui.\l),‘") = d(H‘l'U),'Fk) ecoeccssccscnsscsel(lela)
D(Ui'Uj;T) = Min d(NS.Ht;fk) eossevssl(3e3h)
Ws, Wt

where wt@ WOCLK), ws€ WICLK)

D(ui.uj;T) =ZZCst.d(us.ut;Fk) o.oooo-o(3.3c)
where Cgt %re weights and ws € WO(Llk), wteE W1(lk).

Wolltlk), W1(lLk), are the sets of classes distinguished at
Lke

The total tree performance, Pc(T) could be defined as,

Pc(T) {ZD(Hi'Uj;T) eovosesecnssesesl3ed)

3.3. Error in Assuming Sum of Products form of Pc(T)

1t has been assumed in the previous discussions that the
total performance of a trcey, Pc(T) can be written as a sum

of products, as,

Pc(T) 5:}(51).‘TTPc(uvllk) ccesencse(3.5)
i £oeSCw;)

Equation (3,5) is exact when the features wused at
different nodes are class-conditionally statistically
independent. Thus, statistical inderendence is a sufficient
though not necessary condition for equation (3.5) to be
exactly equal to the true tree performance. In this
section, a more general set of <ccnditions 1is derived for
(3.5) to be exact. Also in those cases when these conditions

do not hold, an upper bound on the error (in assuming the

S ————— e AT e ——— - -
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product form) is derived in terms of two bounds:
« an upper bound on the error rate (true) of any class
by the tree,
« an upper bound on the error rate of any rule used at a

node tor a sample from some class, w) .

Equation (3.5) is not accurate because the quantity
Pc(wi/lk) is the performance on a sanple from wi distributed
according to the distribution, say, p(X/wi) in nature.
However, when this rule is used at the k the. node in a tree,
the distribution of the class wi samples that arrive at Lk
is NOT p(X/wi), in general, but some other distribution,
sayy, P (X/wide This is due to the samples that are directed
away from the path to wi by the rules used above node Lk in
the tree. Let Pc(T) be the tree per formance, Pc(wi/T) the
correct recognition rate for class wi samples wusing the
tree, T, and pc(1), the product sum cn the right handside of

tgne (3.5)e Then one seeks a bcund on,

N
\PC(') - PC(T)\ QC.......0........00.(3.6)
where, Pc(T) = 2 P(uwidePclwi/T)
@i

The bound (3.6) may be derived by first bounding the

quantity,

‘PC(U’/Y) - “PC(Ui,lk)‘ esesvessselSel)

for convenience, tet (1, 2, ecelni be the nodes on the

path to wi in the tree, as shown below.




Ank tng-1
wji
The total population of wi <can be divided into

disjoint

populations, viz. those that trickle down to node Lk,

those that do not. Define,

pci(lk) = correct recognition rate of rule at Lk on
population ot wi samples that reach Lk in the tree,
pri(lk) = correct recognition rate of rule at Lk if
were used on the samples that do NOT reach Lk .
Pi(k=1) = fraction of the total population of class
that reaches lk via L1, 12y eeeelk=1 .

Then, since the two populations defined earlier

disionint,

Pcluwi/lk) = pci(lk)s Pi(k=1) ¢ priClk). (1-Pi(k-1))
..(3.8)

Also, the Pi(k-1) are related as follows:

Pi(1) = pPc(wi/lL)
Pi(2) = peciCl2).Pi(1)
Pi(3) = pci(L3)Pi(2) etc.

Hence by back substitution, one cbtains,
LAY
Pilni) = Pc(wi/T) =chi(lk) l1)/l1)n.--oo(309)

=\

where pci(l1) = Pclui/lY) .
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Substituting for pci(lk) from equation (3.8) into (3.9),
Wi
Pc(wil/T) ='T]Pc(ui/lk)[1— pri(lk)e (V=Pi(k=-1))/Pc(wi/lk)]
K=\

Pi(k=1)

Wwe can then define the ratio of the true and estimated

values of Pc(wi/T) as,

n,
Ri = Pc(wi/T) = 11[1 - pri(lk)(1=-Pi(k=1))/Pc(wi/lk)]
Mecwirio 0 Pilk=1)
(3 =1 (3.10)
fFrom equation (3.10) it follows that Ri =1, i.e. the

product form for Pc(wi/T) will be exact ,if,

priClk) Pc(wi/ilk)

Dci(lk) for k=1,2.3....ni claele se s S l)

The above result states that if the average performance
of the rule at Lk on the samples rejected prior to reaching
lky is the same as that on the samples reaching Lk, then the
product form will be exact. Moreover, the extreme values of
k1 occur for pri=1. and pri=z=0. 1f pri=020 is true, then the
product form will be pessimistic, i.€.give too low a value
of Pc(wi/T), while if it is 1 , it will be optimistic, ie€4
will result in too large a value of the estimated Pc(wi/T).

Thus Ri(max) is greater than 1. and Ri(min) is less than 1.

n;

Pc(wi/T) /Ri(max) < TTPc(ui/\k) < Pc(wi/T) /RAa(min)
K=y

Hence,

Pc(wi/T) = Pecluwi/Zlk) <€ Pc(wi/T){ 1/Ri(min) - 1/Ri(max))

=Pclwil/T) Upiu-p

K —nv'(k-n
1-C1-Pi(k-1)) R
]:T Pc(wizlk)

oo oo LBAT)
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To <implify the above expression, we shall put bounds on
the error rate for each <class by the tree, and by any

particular nodee. Let,

(1 - Pcluwi/Zlk)) < el(i)
(1 - Pc(wi /1)) <« e(i)
Then, 1-Pi(k=-1) < e(i) s and hence, equation (3.12)
can be written as,
ng ~N;
lPecuirn=-Tlecuizto] < petwirn t{1- ecidsaa-etin }- 1
K=)
= Pclwi/T) onie e(i) /(1-el (i)

0........0..(3013)
if e(i1)/ (1-el (i) is small in comparison to 1 .
Substituting in equation (3.6) using (3.13), one gets,

A
\Pc(T) - Pc(T)‘ <7EP(ui).Pc(uiII).ni.e(i)l(1~el(i))

i cunsvunsanentis it}

Consider the special case of a balanced tree with n
levels in which the upper bounds, e(i) and el(3i) are the
same for all classes. Then the percentage error in
estimating Pc(T) as the product sum on the right handside of

equation (3.5), is given by,

A gy
Vpccry = pecml Ale A
Pe(T) 1 - €l

.....I..Q(}.’S)




81

In (3.15) , Et is the upper bound on the error rate for
any class by the total tree, EL is the upper bound on the
error rate for any class by any SINGLE node”s decision rule,
and n is the number of levels in the tree. EQue. (3.15) shows
that the error in the estimate increases linearly with the

levels in the tree and the class errcr rate.

3.4. A Property Of The Optimal Decision Policy

In a general decision scheme, the decision at a node,
tky, regarding the next node to be traversed, is a function
of all the measurements taken on the path to Lk from the
root. Consider as a special case, those decision policies
which depend only on the last feature measured (abbreviated
as 0SSy, for one-step policies). Eque. (3.2) provides a means
of choosing a policy which maximizes the average correct
recognition rate at a node, Pc(lk), This optimal rule is
called a “one-step maximum-likelihocod” rule (abbreviated

OSMLR), and given by,

OSMLR: If the measured feature value at Lk is xlk=s,

if,

TE.P(ui).p(:lk=slui) > SiP(uj).p(xlk=slui)
w. € W, (4,) wie W, (L)
then go le ft,

else go righte.

In the above formulation, a binary decision is assumed
at lky, but a similar maximum likelihood rule may be written
for the <case when Lk has m (>2) descendant nodes.The
property described below shows that using an OSMLR rule at
each node does not necessarily result in thee oOptimal tree

performance, Pc(1),
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Property 1:

Using a one-step maximum likelihood rule (OSMLR) at each
node of a tree 7, does NOT necessarily result in the optimal
tree performance, Pc(T), across all possible choices of
one-step (0S) ruless This property holds even when the
features are statistically independent.

To see why this property holds, consider the binary tree
of Fig.3.2, in which feature fi, is assumed to be measured

at node li.

w1 Wwa 033 055
Fige 3.2
If an OSMLR rule is used at each node, the total tree
pertormance, and correct recognition rates at the nodes,
are,
Pc(T)=P(W1) ePc(w1/L1)ePc(ul/l2)+P(w2)Pc(uw2/L1)ePc(uw2/L2)

+P(Ww3)ePc(uw3/L1)Pc(uw3/L3)4P(Ww4)ePc(ub/L1).Pc(ub/L3)

Pc(l1)=P(w1)Pc(wl/L1)+P(w2)Pc(u2/L1)
+P(Ww3)ePc(w3/7L1)4P(wb)Pc(ub/LY)

Pc(l2)=P(w1) ePc(uwl/L2)4P(w2)ePc(w2/12) 7/ [P(W1)4P(w2)]
Pcll3)=P(w3) ePc(w3/13)4P(wbl).Pc(uwsd/L3) / [P(Ww3)+P(wi))

tet x2=s be some state of feature 2, such that,
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P(uw1).p(x2=5/wl) > P(w2).p(x2=5/w2)

Then the OSMLR would classify a sample with x2=s as
belonging to class wl. Now, suppose we choose the OPPOSITE
of the maximum-likel ihood rule and assign such a sample to
wle Then the change in Pc(l2), the recognition rate at node

Ze %,

d(Pc(l2)) =P(w2)p(x2=8/w2)-P(wM)p(x2=5/w1)/[P(u1)+P(w2)]
< 0

Hence the node performance decreases, as expected. The

change in the total tree”s performance is,

d(Pc(T1))= P(W2)Pc(w2/LlV)p(x2=s/w?)
“-PwDPc(uwl/Ll1)p(x2=s/ul)

The tree performance would IMPROVE if,

p(x2=s/wu?) 5 P(wl).Pc(wl1/11)
p{x2=s/wl) P(wl).Pc(w2/Ll1)

Hence, using a one-step maximum likelihood rule (OSMLR)
at each node does not necessarily minimize the error rate of
the total tree. The numerical example given below bears out
this point.

Example:

Assume the decision tree of Fig.3.2 where f1 has four
states, (a,byc,yd), f2 can take on any of two states, {(x,y),
and 3, {uyv). The class conditional state probabilities ot
the features and aprior class probabilities are tabulated

belowe.

e
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f1 4 13
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P(wi) a b c d X y u v
H1 03 -2 -2 .3 03 .‘ 06 01 -9
Uz 02 .' b .2 01 .6 o4 02 08
w3 ol 3 3 .2 el o3 o7 o> o7
wh o1 9 .1 «0 0 .10 6 05 .5
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Using an OSMLR at each node results in the following

rules,
f1=a (go right) f2=x (go right)
=b (left) =y (left)
=¢c (left) t3=u (go left)
=d (left) =v (left)

The correct recognition rates of the tree and nodes,

are,

Pc(T)=0.372 Pc(l1)=.63 Pc(l2)=.6 Pc(l13)=.8

N 1f we violate the maximum likelihood rule at node 1

go right for f1=b, the new performance figures are,

Pc(T)=,384 Pc(l1)=.58 Pc(l2)=e6 Pc(l3)=.8

Thusy, the performance at node 1 has DECREASED, but

- PR T

and

the

T — . e e —y - n— ——
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total tree pertormance INCREASED when the OSMLR was

violated.

3.4.1. A Bound On The Tree Performance

1t was shown in the previous discussion that using a
maximum likelihood rule at each node of a tree does not
necessarily optimize the performance of the total tree, even
when the node decisions are assumed to be statistically
indpendent. It is clear ,however, that the choice of the
node features places an upper bound on the optimal tree
performance. In this section, the prcblem of computing this
bound is solved as an optimization problem wunder LlLinear
constraints. The problem, so posed, is amenable to a host
of solution techniques(321]. A method of using dyrnamic
programming to obtain the upper bound 1is described here,
using the example from the previous section for
illustration.

Under the assumption of statistically indesendent node

decisions, the tree performance s given by,

Pc(T) = Zp(hi). ﬂPC(Hi/lk) esscenccsseeal(3.16)
The performance of the rule used at Lk, averaged across

all classes under Lk is given by,

PECIR) & PP (uidePelui/lk) 4 L PGuE) sosssvesl3alD)
Wi e W(L,) W e W (%)
For a given choice ot features used at tky Pc(Lk) s
maximized if a maximum Llikelihood rule is wused. Let bk
denote the max imum value of the numerator of Eqne. (3.17),

i.e.

bk = Max ( Pc(lk).i:P(ui) )
1J;(:\’(Qn3

e —————r——————— e S A e i
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for ease of notation, let,
Pi=P(wi), vyik=Pc(wi/lk) .
Then, the upper bound on Pc{T) 1is obtained oas the

colution of the constrained optimization problem,

M
Ma x Zpi-“,ik ssescsssssrese(3.18)
Yik l'-.'i K

T Mtk & B o k=l iavesnivs suall
W€ W(L)
De & yik & 1. i=1,2900eMy k=1,2900eN &
where M ,N are the number of <classes (terminal nodes)
and decision nodes in the tree, respectively.
To solve (3.18), define the partial sum, Gny, N=1,25.0¢.M,

as

N
Gn =ZPi.nyik y 1 & n &M .
L=\ %

The problem can be sclved by regarding the bk as the
total resources available of each kind, and Gn as the return
from the first n activities. Optimizing 6G6n, and then
recursively defining 6n in terms of Gn-1, Lleads to the

dynamic programming formulatione.

Example:

Consider the tree below, consisting of three nodes, (1,

125 1Y £,Cb1)
L2(b2) z(b3)
o1 Wiy  wy wi,
Figs3-3

T S arer——e—

B e st S —— N
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The problem is to maximize,

Pley11.y12 ¢ P2.oy21ey22 + P3ey31.y33 4 plhoyll.y43d

subject to,

Pl.y11 + P2.y21 + P3.y31 4 P4.y41 < b1
| Fleyl2 ¢ P2.y22 < b2
‘ P3.y33 4 Pboy43 < b3

Oo \( yik\( 1-

befine the following sequence of optimization problems:

61(z1,22) = Max P1l.y11.y12 for 0. 21< b1, 0.£22¢b2.

where, De £ y11 & Min{1., 21/P1)
C. 6 Y12 5 Min(1-, 22/P 1)

62C2t ¢b2) Max{P2.y21.y22 + f1(21-P2.y21,b2-P2.y22) )
fory O & 21 & bl 4

where, 0.

a

y21 RS Miﬂ(1o' z21/pP2)
De { 722 { Min(1.' 12192) .

63C21,b2,y3) = Max{P3.y31.y33+ f2(b1-P3.y31,b2) )
for 0. ¢ 21 & b1, 0. & 23 & b3 ,
1 & Min{ls4s21/P3)

where y 31
733 6 Hin(1.,l3/?3)

0. <
O« &
Max pPc(1)=64(b1,b2,b3) = Max (Phoyt1.ys3+
63(b1-Phoybl,b2,b3-Pbheyt3))
where 0. £ y41 & Min{1.,b1/P4)
Do & yb3 & Min{1.,b3/P4) .
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The problem was solved by discretizing the ranges of the
variabltes, zj and yik into 10 equal intervals. The results
are tabulated for different apriori probabilities, and
resource levels, bk The relationship between the optimal
tree performance and a given node”s performance when the
other node performances are kept fixed, is depicted by the

plots in Graph 1.
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3.5 A Property Of The Optimal Feature Assignment

In the previous section, it was shown that optimizing
separately, the average correct recognition rate at each
node of a decision treey, does not necessarily optimize the
total tree pertormance. A similar type of “negative”
property can be shown for the optimal feature set.

Assume that we use only a maximum Llikelihood rule at
each tree node. One could evaluate each feature”s “goodness”
at each node as the value of Pc(lk) when that feature is
used at node lkes Then t’ e assignment could be done by
assigning that feature tc¢c asch node, which had the best
value of the goodness measure at that node.Property 2 which
we show by example, highlights the fact that such an

assignment is not necessarily optimal.

Property 2:

The tree resulting from using at each node, that feature
which performs the best at that node wusing a maximum
likelihood rule, is not necesarily the optimal assignmert,

even if the features are statistically independent.







s

Example: ’1

w
W+ Way w3y *

Fige 3.4

Consider the 2 Llevel binary decision tree shown

Fige3de.4. The ftfeatures to be used at the nodes have to

chosen from a set of 6 features, f1-f6, each taking on

91

in
be

one

of 4 states. The probability of occurrence of each state,

for each class, is given in the table below:

«20 .20 .30 .30
«30 .22 .38 .10
«20 50 .10 .20
«60 .10 .10 .20
«40 .10 .20 .30
«40 .50 .10 .00
«20 .50 .20 .10
«10 .40 ,30 .20
«45 .10 .05 .40
e40 .10 .35 .15
50 420 .20 .10
«60 410 .20 .10
«30 .10 .50 .10
«50 «20 .10 .20
e15 o35 445 .05
15 15 415 55
«20 <40 .20 .20

(VY T T ¥ ¥ R A Ve N I N N R N e
N e N @ W N =@ > W N o W N -

20 .30 .40 .10




e

G2

«25 o45 25 .05

The apriori class probabilities are, 15,.1,.50 and
e25, respectively.lf a maximum likel ihood rule 1i1s wused at
each node to partition the set of classes into the two
groups distinguished at that node, the correct recognition

rates, using each of the 6 features, is tabulated below:

NODE F1 F2 F3 F& FS Fo6
Lesescduznchbessestonnsbrssutscnapessaslencsensecans

1 o786 | o775 |75 |75 | 4?5 | &75

P 60 | 74 | o771 |66 | o6& | 62

o733 | «b67 |67 |82 |67 |72

From the above table, it would appear that the
assignment of feature 1 to node 1, feature 2 to node 2, and
feature 4 to node 3, would result in the Lleast probability
of error for the total tree, assuming a maximum Llikelihood
rule is used at every node.However, as the figures below
prove, there are other features, which together do better
than the set (f1,12,14) used at nodes {1,2,3),

respectively.
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Feature used at Nodel Node2 Node3 Recognition Rate
= Sz s =sSsT=SCSES=S=S EESSSCs S ECSCSESSCTESTSIISEZSSSSSSS=SESETSS=TZTss===f
1 2 4 611
2 4 4 «613
2 5 4 613
3 4 4 «613
2 6 4 «613
=zzz=zz=z=z=z====sslzsss=sdzs==zzbe=szdes sz

Thusy, even using suboptimal features, 2 and 5 at nodes 1
and 2, we get a better error rate than using the

individually best features at these nodes, viz., 1 and 2.

In this chapter, it has been shown that even uﬁder the
restriction that the node decisicns are statistically
independent, th optimal tree design problem is complexe. The
next two chapters discuss methods of decomposing the design
problem into phases, and the use of optimization methods 1in

solving each phase of the taske
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4. A Phased Approach To Optimal Tree Design

This chapter proposes 3 decomposition of the
hierarchical classifier design problem into several phases,
and investigates the use of dynamic programming procedures
for obtaining the optimal solution fcr each phase.

The decomposition of the design allows the designer to
input into the design procedure any a priori knowledge
regarding the problem that is available. This knowledge
might be related to the tree structure or the features
deemed to be “good” for distinguishing certain classes. The
a priori information regarding the tree can be categorized

into three levels:

(a) No assumptions regarding the form of the tree.

(b) The tree “skeleton” is assumed given. By “skeleton”,
we mean, the form of the tree together with terminal node
labels.However, the features to be used at each node are not
specified.

(c) Both the tree skeleton and the features to be used at
the nodes, are specified.The decision rules at each node
have to be des igned.

The type of assumptions, (a), (b)), or (¢), made in any
particular application depend upon the designer”“s knowledge
about the data: its modality, separability, and the goodness
of particular features in distinguishing some subsets of the
data. Thus, in a general situation, when one”s problem
knowledge is minimal, only assumption (a) may be justified.
If through data analysis methods, such as hierarchical
clustering or apriori knowledge, a suitable tree skeleton is
considered adequate, assumption (b) may be wused., It, in
addition, the designer knows that certain features are good

for discriminating between some two or more subsets of the

B i i
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classesy, one also knows the features to be used at some or
all of the tree nodes. The design problem is then that of
case (c), where the decision rule at each node must be
specified for overall optimal tree performance.

The following analysis shows that finding the optimal
tree by exhaustive enumeration is an impractical approach

for most problems.

4L.O0Computational Complexity

tree design problem is a “three-dimensional” search
ng

(i) specifying a tree skeleton

(ii)assigning features to nodes, and,

(iii) specifying decision rules at each node.

Consider the number of trees tc be evaluated if an
exhaustive search is done across all possibilities in (i) =~
(i1i)s If Nty, Nf, Nd, are respectively, the possible trees,
assignments of features to each tree, and deciston rules for

each assignment, then the total possibilities are,
N= Nt.Nf.Nd

As an example, consider a C class problem, using F
featuresy, each feature taking on one of S states, and with
the restriction that only balanced binary trees, with a
single path to each class, and using any feature only at one

node, are being considered. Then,

log,C -\
Nt=-{i " c/n ll
2 clzn)
Nz|

cS-S
Nd= 2
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NE=[F \.(Cc-1)}
c-1

The: possibilities become enormous even for “small”
values of F, C, and S« The computat ional complexity of the
problem is considerable reduced by wusing the optimality

principle of dynamic programming,

4.1. Tree Design Using Dynamic Programming

In this sectiony, we examine a set of methods that have
proved useful in operations research and popularly known as
dynamic programmingl2].

The criterion of optimality is assumed to be a weighted
sum of the measurement cost and the risk of making an
incorrect classification., Depending upon the information
available to the designer regarding the tree, the design
problems may be posed in the following way, in 1increasing

order of complexitye

(1) Given the tree structure (i.e, the class hierarchy and
the features to be used at the nodes), design an optimal
policy.

(2) Given only the tree skeleton, (i,e., the <class
hierarchy), determine the optimal feature measurement and
decision policy.

(3) Given no information regarding the form of the tree,

design an optimal tree structure.

The algorithms proposed in subsequent sections for
solving (1) and (2) give the optimal solution for any
assumed feature distribution, The bottom~up procedure for
problem (3), however, leads to the «cptimal tree structure

only under an “additive cost” assumption described later.

TR TS S a s i N SR &L s e




97

4elele Optimal Decision Policy Given The Tree

4 (£1)
PACED
Cin (w)
Lne(§ne) dnp (1Y)
] § Wn={abcd.e$.qg.h
a b ¢ d e 9 h
Fig. 4.1

Consider the case when the tree structure of the
classifier is given and one seeks the optimal decision
policy at each of the nodes. one would also like to have the
facility of terminating the measurement process at any time
and “accept” one of the class Llabels which has NOT been
rejected till that point.In a decision tree, some classes
are rejected at every node. Thus, the design procedure must
compute at each node the optimal action to be taken, and

this can be one of the following :

e« classify the sample into some class not rejected

so far or,
« CONtinue the measurement process and decide the next

node to be traversed under the current node.

The following quantities will be defined to illustrate
the dynamic programming (abbreviated DP) procedure, using

the example of Fig. 4.1 above.

tn = node label at which feature fn is used,
fnly, fnr are the features used at the nodes to the

g
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left/right below In(assuming a binary decision node),

c(tn)=cost of measuring feature fn

rix1.exn)=minimum risk of decision process, given that

x14x2.exny have been observed so far in the tree.

R(wi/x1yx2sexn)=logss incurred in classifying sample into

wi given x1,x2.exn,

pluwi/x1yx2yx3eeexnl=conditional prob. of wi given

XTyxX2yeo0eXxne

For the sake of notational brevity, assume that the
string L1,l25eeeln denote the nodes cn the path to Ln from
the root.lf Inlylnr denote the sons of (n and the

corresponding feature observations are xnl,xnr, then, the

minimum risk r(x1yx2400e xn) may be computed recursively
asy
FOxTyx2e0exn)=Min [ (i) Min R(WK/X14X2eeXN) seveoossalbal)
GJKé~\dﬁ

(id) c(fnl)‘E(r(x1.12...xn.xnl))

L (3i3) c(fnr)+E{r(x1yx2eeexnr))
where, the E{) terms are expectations of the risk, r()

over all possible values of xnl, or xnr, respectively.

If tn is a terminal node at which the decision 1is to

classify the sample in class wky then,
Fr(x1yx2eexn)=R{uk/x1yx2eexn)

Working in a bottom-up fashion from the terminals, we
can determine the optimum policy and risk at each node.ln
the recursive equation (L1), it the quantity (i) is
minimum, then it implies that it is best to <classify the
sample and discontinue further measurement, while if (i3) or
(iid) are the smallest, it implies t hat the best action s
to traverse the Lleft or right node respectively.

Correspondingly, one set or the other set of <classes s
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rejected from further consideration.

Computationally, the decision tree formulation is Lless
burdensome than the sequential process described in [5],
where at each step, R(wk/x1.exn) must be computed for all
classesy wkoIn the decision tree, the number of <classes to
be considered, increases from one(at a terminal node) to

M(i.e. the total # of classes), at the root.

Note, that if all measurement costs,c(fi), are zero, the
quantity in (i) can never be the smallest, since more
measurements  cannot increase the risk(assuming perfect
knowiedge of p(x1,.exN/wid)e Hence, if measurement costs are
zeroy an optimum policy will only make the classification at

a terminal node.
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4e1e2. Optimal Feature Ordering and Decision Policy

In this section, #4e consider the case where the tree
skeleton is given, but the features to be measured at the
nodes are not specifiedeThus, the optimal policy must
specify not only the action to be taken , but also the best
feature to be measured next, 1in such a manner that the
average cost (measurement plus misclassification risk) s
minimized. Since the tree form is given, the <classes at
each node that have not been rejected, are known. Hence, for
a given set of valuesyxtl,xt2,¢0extny, of the features in the
set Ftn<= FN, the total feature set, we must decide:

(i) whether the sample should be classified into a class
that has not been rejected so far, or

(¥idreject one set(left subtree”s terminals) or the cther
from consideration, and,
decide the feature to be measured at the next node.

Let,

Ftn=set of n features,
rnixtiyxt2yeextn/Ftn)=minimum cost of making a
decision at node ln, given the particular observed
values of the particular feature set, ftn,
R(wi/xt1yxtl2eextnyFtn)=loss incurred by classifying
sample into class wi, given observations

on features in Ftne

| p——— s — g -
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Then, rn() can be computed in a tackyard fashion using,

'n(lt’,.oltn,ftn)="in Min R(Uj’lt1..‘tn"tn) eeelbe?)
W) EVWn

Min c(fk)4ECrnl(xtteextnyxk))
fk¢rtn

Min c(fk)+E{rnr(xtTeextnyxk))
fk¢ Ftn

(S5

where rnlyrnr are the minimum costs at the Lleft and
right
sons of node Lln.

for terminal node, Ln,

rnlxt 1y xt2,eextn/Ftn)=R(wk/xt1eextnyFtn)

The computational complexity is considerably increased
by the necessity to consider all subsets of n features at

any node n levels below the roote.
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4L.1.3. Optimal Tree Structure

In many situations, one has no a priori information
regarding a “good” tree structure. The design could then be
split into two phaseses In the first ghase, the optimal tree
structure is designed, assuming for example, that a maximum
likelihood rule is used at every node. In the second phase,
the procedure of Seco.4.1.1 can be wused to determine the
optimal decision policy at every node. This section
describes a “bottom-up” design method for obtaining the
optimal tree structure. Sufficient conditions for the

optimality of the resulting structure are also discussede.

Let,

W=total set of classes(=M)
Wk W denotes a k-class subset of the M classes,

T(W)= tree used to separate the classes in VW,

The labels (feature names) used at the nodes, complete

the tree description.,
Tx(W)=optimal tree on W, 1.€. One that minimizes cost.
The “cost” of a decision tree, r(T(W)), is given by,

F(T(W))= 2 PCwidE 2 cCfk)+C1=T1(1=Petyi/Llk)))Teuans (4ad)
vi€w LkeS (W) LkeSw)

where,
Pe(wi/lk)=probability of error at node Lk if sample

‘s from class wie

The following assumptions have been wade in eqn.(4.3).
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(i)the prob. of correct recogniton of a random sample
from wi, is a product of the prob. of correct
recognition at the nodes on the path to wi.

(ii)the measurement cost of misclassified samples is
negligible compared to that of correctly classified

samples.

A sufficient condition for (i) to be valid is that the
features on any path in the tree fom the root to a terminal
node are statistically independent.Condition (ii) is wvalid

it the error rate of the tree is lowe.

The recursive definition of the optimal tree ,7T*(Wk), to

classify the k-class set Wk, is written as,

r(T*(Wwk))=Min [r(T(wk))]
Y71 (Wk)
=Min[ Min g— P(wid(cCfk)+Pe(wi/lk))+
Nf [vw1,w2

'(T'(u1))‘f("(“2))}j .......o(‘.‘)
where WiU w2 = wk

In the above formula, the cost of the tree,T(Wk), has
been written as the sum of the costs incurred at the top
node(the summation term), plus the costs of the optimal
trees for sets W1 and W2, vizey, T*(W1) and T*(W2). In the
next section, we provide a justification for this assumption
of additive costs.Under these conditions, it is shown that
the recursive definition (4.4) results in the optimal
solution tree, 7o (W), Note that in (4.4), the error rate for

wi at node lk, Pe(wi/lk), depends not only on the feature




104

used at lky but also on the dichotomy of classes that is
performed(i.e. W1 versus W2).

4e1.3.1. The Additive Cost Assumption

Assume that the features used at the nodes on a path.- in
the tree are statistically independent, and that the errors,
Pe(wi/lk), are small.Then, terms such as Pe(wi/lk).Pe(wi/lj)
can be ignored in comparison to the first order terms. 1f

this done, the error rate of the tree, Pe(T), is given by,

Pe(T= (1= puid I\(1-Petui/Li)))

=Z PCwi )(1-(1-ZPe(uiIlk)0h igher order terms))
wi Lk where LkE€ S(wi)e,

=}iP(ui)2:Pe(uillk) ignoring higher order terms.
wi Lke S (W)

Hencey the total error probability is roughly the sum of the
error rates for each class at all the nodes on the path to
that cltasse 1f we also assume that the measurement cost on
misclassified samples is negligible compared to the total

cost, we get,

r(T(U))=iP(ui)z(c('k)*Pe(uillk)) secescsscssel(ébel)
wiew tk€ S(wi)

1t follows immediately from (4.5) that the cost of a
decision tree is the sum of the cost incurred at the root
node plus the costs incurred in each subtree below the
‘root.Hence, we are justified in writing (4.4) as the sum of
the cost terms .Therefore, because the costs are additive,

s e g S —————— e i
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minimizing each term would minimize the total coste
Therefore, the recursive formula,(4.4), Lleads to the
globally optimal tree for the set of classez, W,

The following theorem generalizes the conclusion reached
in the above discussion and gives sufficient conditions on
the criterion function, Pc(T) of tree goodness, under which
the dynamic programming algorithm for tree design described

in the preceding section will be optimal.

Theorem

Let Pc(T) be the goodness measure of a binary tree wused
to separate a set of classes, We. Let LO be the root of T, fO
the feature used at L0, and TO(LO) and T1(LOD) the Lleft and
right subtrees below node 0. Assunme that Pc(T7) can be

written as the sum of three terms as follows:

Pc(T) = Pc(TOCLO)) ¢+ Pc(T1CLlo0)) + G(WO,W1,$10)

where the first two terms are the goodness measures of
the two subtrees T0(L0O) and T1(L0), and the term G depends
ONLY on the feature f0 used at O, and the sets of <classes
w0, and W1 distinguished at O, but NOT on the tree
structures T0 and T1. Then the algorithm of Sece&e2¢3 finds
the optimal binary tree, T*, to separate the <classes, W,
under the assumption that each <class occurs at only one

terminal node of T»,

Proof:

Let W” be any subset of classes of the total set, W, F
be the total set of features. Let T+(W°) be the optimal
binary tree(i.e. the one that maximizes Pc(T(W”)), under the
assumption that each node uses a single feature, and each

class occurs at only one terminal node of the tree. Then
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under the assumption that Pc(T) can te written in the above

form, it follows that,

Pc(T+(W7)) = Max { Pc(T(WT)) )
vTwW’)
=Max Max [ Pc(T(WO))+Pc(T(W1)) +G(WD,W1,1)]
VSV T(we),TCW,)
where, WOUw1 = w”, f&F, and T(W0O) and T(W1)
are the subtrees ot any tree T for classes
W“, and have terminal classes as WO and W1.
Since the G term does not depend on the trees T(W0),
T(W1), but only on the sets, WO W1 separated at the top node
of T(W7), and since the first two terms can be maximized

separately, we get,

Pc(T#(W7))= Max Max [Pc(T+(WO))+Pc(T*(W1))+G(WO,W1,€)]
V g’ v wc‘W\

where W0 W1

"

W° anc fteFf.

The above equation is precisely the recursive form used
by the algorithm of Sec. 4.1.3., as it builds the optimal
tree T+*(Wk) for k class subsets Wk of W. Since T#(Wk) is
optimal, it follows that T+(w), the final tree obtained,
must also be optimal,

It is seen that the distance measures discussed in
Sece3+2+2 satisfy the conditions of this theorem and hence
the same algorithm could be used to cbtain an optimal tree

K2 using the criterion given by equation (3.4) in that
sectione.

This chapter has shown the feasibility of wusing the
.dynamic programming formulation for solving each of the

three phases of tree design. The solutions obtained are

R G —— T T T T A D T Y, - L e o e —
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optimal under fairly general assumpt ions. Thus, the optimal
decision policy and optimal feature ordering are obtained
without making any particular assumptions regarding the
fearture distributions, such as statistical independence.
The optimality of the tree structure obatined via the
“bottom-up” procedure has been established under an additive
cost assumptione

In spite of these general conditions for optimality,
dynamic programming methods suffer from a high computational
complexity when applied to “large” problems. In the context
ot tree design, a large problem is one where the number of
classes to be distinguished is large, or the features from
which the selection of “good” features 1is desired, are
numerous. The next chapter investigates methods of reducing

this design complexity,
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Se Methods Of Reducing The Computational Complexity

This chapter proposes various methods of reducing the
computational burden incurred in obtaining the the optimal
decision policy for each node of a given tree structure and
the optimal feature assignment for each node of a given tree

skeleton,

The reduction in computations incurred in determining

the best decision policy is achieved in the following ways:

(1) It is assumed that the node decisions are
statistically independent

(2) The decision at a node is computed only as a
function of the feature measurement at that node.

(3) for non-metric features, the decision rules can be
“clustered” and each cluster represented by a
prototype. The DP procedure can then be used to
search across all prototypes rather than all rules.

(4) Many decision rules can be discarded from
consideration if they are “dominated” by others.
Thus only the set of “efficient” rules need to be
searched. A branch-and-bound algorithm for finding

the set of efficient rules is described.

Reduction in the complexity involved in getting the best
assignment of features to the nodes of a given tree

skeleton, is achieved as follows:

(1) 1t is assumed that the decisions at the nodes are
statistically independent;
(2) the choice of the feature to be measured at each

node is fixed once the tree is designed, 3.e. this
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choice is not a function of the feature values
observed for a test sample;

(3) at each node, the features can be ranked and certain
features discarded, thus reducing the search

dimensionality.

S.1. Decision Policy Design Given The Tree

A dynamic programming method for obtaining the optimal
decision policy was described in Chapter 4. 1In this
bottom-up approach, the risk was calculated at each node as

a function of the past measurements and the optimal risk

from this point onwards to the terminals below that
node.Consider a path in the tree through nodes,
{(11,12.¢elk), to classes wlyw2, as shown in FigeS.1 below.
4
¢,
[}
\
it
k-1
Q)
W1 Wwa

Fige Se1

In the DP approach, we compute r{x1yx2yeexk) as the
minimum misclassification risk at (ky, for all sequences,
{x1yx2y0eeexk)s Then we back up to k=1 and <choose the
decision (go lLeft or right) tor each possible subsequence,
{(x1yx2,eexk=1), and so on up the tree. To compute the
decision the entire past history of measurements and the
optimal decision sequence among all subsequent decision
paths, are considered. In this way, the globally optimal
policy is obtained.

At the other extreme, one could use only the Llast
measurement to make the decision. This corresponds to wusing

s “one-step” policy, as described in Chapter 3. 1t was
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shown there, that using a maximum lLikelihood policy (OSMLR)
to optimize each node“s correct recognition rate, does not,
in general, optimize the total tree“s performance.This is to
be expected, Since in the OSMLR methcd, no use is being made
of the history of previous measurements, or the risk of
subsequent decision pathse.

A question that arises is: between these two extremes,
viz. DP which uses all the “past®, and projects into all
possible “future” decisions, and the OSMLR, which uses only
the “present”y can one steer a middle course, and use some
“compact” summary of past measurements, rather than the
measurments themselves. Such a strategy may do at least as
well as OSMLR, while simultaneously reducing the computation
and storage requirements of the DP algorithm,

One such “compact” measure of previous observations,
given that one s at node ,lk, s the a posteriori
likelihood of each <¢lass, given that we have traversed
nodesy, L140l2yeeelk=-1a The aposteriort (ikelihood 1is a
function of the feature values measured at the previous
nodes, as well as the decision policy used at those points,
and it has a simple form when the features are statistically
independent. The following theorem proves that such a
“condensed-history decision rule” (abbreviated CHDR),
performs at least as well as an OSMLR policy, and is bounded
above by the optimal solution obtained by DP methodse.
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Theorem:

Assume that all features along the path of Fige5.1 are
statistically independent Consider the following three ways

of computing the decision policy at node, lk.

DP: 1f xk=s is observed, and,
1if Plul)ep(xTyx2ypeexk=1,5/w1)
) P(H?).p(l1,l2-oolk-1 vS,HZ)

then classify X in wl, else in w2.

OSMLR: '11 xk=s is observed, and
if P(w1)ep(xk=s/w1) > P(w2)ep(xk=s/w2)

then classify X in w1, else in w2e.

CHDR: Let Pr(l1,l2..1k-1/wi) Eke the probability that
a samplte from wi will arrive at Lk, and
+f xk=s is observed and,
if P(ul)ep(xk=s/w1)ePr(lleelk=1/ul)
7 Plu2)ep(xk=s/w2)ePr(l1yeelk=-1/w2)

then classify X in wl, else in w2.

It Pc(DP)y, Pc(OSMLR), Pc(CHDR), are the average
performance (probability of correct recognition), of each
rule when used at lkygiven the same decison rules at all

previous nodes, then,

petosMLir) £ PelcuoR) & peloP)
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Proof:

Let d1,d2y esdk-1, represent the decision vectors at
nodesy l1yeelk=1, and X(d1), X(d2)ye X(dk=1), the sets of
samples that would be passed down this path by each rule.

Then, the set arriving at Lk, is,
x(d) Nxcd2HN ... N xdk=1) = X(L1,12000lk=1)

The probability that a random sanple from class wi will

arrive at node Lk, is given by,

PrClT,l2eetlk=1/wid= 2 p(X/uwi) o
RE R(Ly, 0y, .- L)
The correct recognition rates of the three rules can be
written as,
Pc(DPY= P J Max{ PCu1)op(X/ul)eplxk/ul),
)‘ a8 P(w2)ep(X/w2)ap(xk/w2) )
where X€ X(d1,d2yeeeedk=-1)
PC(OSHLR)=‘E;D(X(d1.d2...dk-1)lu*) eMax{ P(w1)p(xk/w1l),
Ay P(w2)pixk/w2) )
where wt =ul, if P(uw1)p(xk/wl) >P(uw2)p(xk/w?2)
=w? otherwise,
Pc(CHDR)=)Max{ P(w1)ep(xk/wl1)ePr(X(l1,(2,eelk=1)/ul),
A P(Ww2)ep(xk/w2) ePr(X(L1,l2eelk=1)/w2) )

From the algebraic inequality,

Z_ </:Max(zn.b).ct.d)) ZEMax{b)Za‘.d)ch)

and by equatrng.
av, ci, to p(X/wl)y p(X/w2), respectively,
Zai. Zcu to Pr(x(l1,l2.4lk=1)/w1) and
Pr(x(\1..\k -1)/w2), and bj, dj to
P(w1) eap(xk/wl),y, P(uw2)/p(xk/uw2) it follows that,
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Pc (DP) 2} Pc (CHDR)

Similarly, by using the fact that,
L Max(al.bj,a2.ci) % - at.Max(bj,cj)
where a*=al, if biZJZj
= a2 otherwise,
it follows that,
Pc{CHDR) > Pc(OSMLR)

This theorem suggests the use of the measure,
Pr(X(l1..)/wi),y in finding the optimal policy at Lk, viz,,
dk.1f each féature has m states, a decision vector di has m
components, dij, j=1,2,e.m, where, dij=n implies that if ¢i
is in state j, the n thes son of the current node 1is to be
traversed next. fFor statistically incependent features, and

particular decisions, df,d2..0k, ONe can write,

Prix(l1,selk=-1)/uk)= IlPr(X(ci)luk)

(8

™
=‘\‘ip(xi=jluk;\
A =\
=TV gk(di)
di
where gk(di) 1is the summation within the square
bracketse.

This sum is taken over all values of ) such that dij=n,
and the class wk is under the n the son of node li, e.g. 1in
a binary tree, dij& (1,2), and in fig.5.1, and for node Lk,
and class wl, the summation would be over all j such that
dkj=1.

The history of previous measurements, is thus retained
in the g functions, since their product represents the

probability that a sample from class wi will arrive at node
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lke The DP method can be wused to evaluate the optimal
one-step policy at each node, but unlike in the Chapter &
formulation, the decision di, at each node is derived as a
function of the decision vectors used at the ancestor nodes
of Li, rather than the actual measurements made at these

nodes, xl1.xl2. etce

ey iy g ey e D E  as
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Selele. Optimal One-Step Decision Pol icy

84 (d1)

Fig. 502

The decision tree of Fige5.2 shows the nodes, 3, and
the decision vectors, represented by di, used in classifying
a subset of classes, vize. {wl w2 yw3ywédeA dynamic
programming procedure can be wused to derive the optimal
“one-step” policy at each node . For statistically
independent features, the correct recognition rates of the
classes can be written 1in terms of the g functions

introdured in the last sectione.

Pc(u1)=g1(d1).g1(d2) .g1(d3) .g1(d&)
Pc(w2)=g2(d1)eg2(d2).g2(d3).g2(d4)
Pc(w3)=g3(d1)eg3(d2)eg3(d3).g3(ds)
Pc(wb)=g4(d1).gk(d2)egh(d3).gk(d5)

The total tree performance is,

pC(’)-_- XP(Ni)opc(\li)..oocono-ooooooo.o.-(5-1)

%
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Assume each feature has m states. One can compute the

optimal decision rule dé» as a function of d1,d2,d3, as

déj*(d1,d2,d3) = 0 i¢
P(w1) eg1(d1)eg1(d2)eg1(d3)ep(xé=j/wl)
> P(w?) og2(d1).92¢d2)eg2(d3)eplxb=)/uw2)
= 1 otherwise,

for j=1'2'ooo|IIo

This rule uses the probability c¢f a <class wi sample
arriving at node &, viz.,, gi(d1)gi(d2)gi(d3), and the
observation x4=j, to make the decision. Once dé&* and d5»
have been calculated for all d1,d2yd3, Oone can back up to
node 3, and compute d3* as a functicn of d1,d2, as that

value of d4 which maximizes the quantity,

Max P(u1).g1(d1).91(d2).g1(d3).g1(dbn)+

¥d3 P(w2)eg2(d1).g2(d2).g2(d3).g2(d4*)+
P(w3).g3(d1).eg3(d2)eg3(d3)eg3(d5w)+
P(wt)egb(d1)egt(d2)egt(d3)egb(d5+)eveceasl(5.2)

In the above sumy, note that the wvalues of d&, d5
substituted are those obtained in the Llast step, viz,
d4é»(d1,d2,d3), and d5*(d1,d2,d3). Working up the tree, one
can finally compute the optimal decision vector at (1, dix,
Once this is done, d2+* is found from the table of d2=*(d1)
computed during the backward procedure, d3* from the table,
d3+(d1,d2), etce The resulting decision rules are optimal
one-step rules, though the globally optimal rules <can be
obtained, in general, only by wusing all the measurements
already observed, as described in Chapter 4.

While giving up optimality, the above procedure has

resulted in a considerable saving in storage as far as the




117

FINAL decision tree is concerned. The final tree, has stored
at each nodey, an m-word decision vector for the m possible
states that can be observed at that point, For the gltobally
optimal solution, one would have to store at a node, a
decision vector for every possible sequence of measurements,
that may lead to that node. For a noce n lLevels deep in the
tree, and assuming that approximately half (binary tree
assumed) the decisions are to go left/right, the storage of

the decision policy at that node would require the following

(5)

However, there is no saving in computing or storage cost

number of words:
n

in this method, as compared to the general DP method of
Chapter 4, since both methods compute the optimal decision
as a function of every possible sequence of previous
observations/dec ision vectors during the backward
procedure .

Two techniques for reducing this cost are described in
the next section. They use the g functions to transform the
search domain from that of the discrete non-metric space of
the decision vectors, diy, to the metric space defined by

the real-valued functions, gk(di).

5¢142¢ Clustering in Decision Space

In the previous section, it was shown that dynamic
programming can be used to recursively specify the optimatl
decision vector at each node of a hierarchical decision
tree. When the features used at each node are discrete and
non-metricy, taking on one of m states, the decion vector for
@ binary tree, is a m-dimensional binary wvector.Its i th,
element, di, specifies whether to traverse the left or right

subtree below that node when the feature is in state i.Thus,
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at every node, one must choose from among the set of (Zf“
possible vectors,d, denoted by De For a node n levels deep,
the DP procedure would have to evaluate (Z)n‘npossibi!ities
in order to compute the optimal policy at that node. This
“mushrooming” of the computa;ions as a tunction of m and n,
makes the DP method impractical for all but very simple
problems.

This section presents a method of grouping the decision
vectors, dE€ D, into setsy D1, D2jeeeeeDky and choosiny
compact representation of each set, Di, by a prototype
vector, ti.lf the decision space at the i th node s
partitioned into mi sets, and each set represented by a
single prototype, the DP procedure searches for the optimal
rule only from amongst the prototypes. Thus, the
computations neeced to find the optimal policy at a node n
levels deep, are reduced to,

"
YT mk which is less than (Zgnn .
K=\

The reduction in computations is gained at the expense
of a departure from optimality, since only the prototype
vectors are searched by the dynamic programming
procedure.The prototype vector represents more than vector.
This is achieved by specifying some of 1its m bits to be
“don“t care” bits rather than 0 or 1.The selected don”“t care
bits are such that varying them keeps the recognition rate
for all M classes within a suitable tolerance interval.
Thus, two vectors, d and d° from the same cluster diftfer in
their performance (for each of the M classes), only in the
specified margin. The analog of this clustering (grouping)
concepty, for the case of <continuous valued variables, is
that of discretizing the variables for wuse 1in dynamic

programming.C2]
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The next section describes a similarity measure for
decision vectors. This measure will be wused subsequently

for clustering the vectorse.

Sel1e2e1. Similarity Measure For Decision Vectors

Two decision vectors which are candidates for use at a
node L, are similar 3f exchanging one with the other does
not change the tree performance by a significant amount.
This simple definition of similarity can be used to <cluster
decision vectors which <can be wused at L|l. Assume for
simplicity that a binary decision is made at L, Also let,

m: number of states that can be assumed by feature used

at L,
di: a binary decision vector of m components,
dijy j=1927eeeme
D: the total set of decision vectors di, iZ=1429e0ee(2)
that can be used at node L.
Pc(wk/di): correct recognition rate for class wk
if rule di is used at the node.
pk(j):probability that in class wk the feature is

in state je.

Hence,
Peluk/did= 2 pk(j)  if wkew0(L)
t4:di=0} .
Pcluk/did= Y pk(j) if wke W1CD)

{3': di‘i:\k
ti: a prototype vector whose m elements, tij,
j=1424eem, can have values “0° “1° or “--,
ieees the “don”t care” state. Thus ti can be
used to represent a group of vectors (d),
eege tf ti=(10-1=), it represents the set

{10010, 10110, 10011, 10111). Vectors such
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as ti will be used to represent clusters of
rules satisfying a certain similarity

criterion. This criterion is discussed next.

Figure 5.3,

Consider the decision tree shown above in Fig. 5.3, 1f
di denotes a decision vector used at node li,then under the
assumption that the features used at the various nodes are
statistically independent, the average <correct recognition
rate of the tree, Pc(T), can be written as a sum of

products, as:

~
Pe(mr=Y Pwkde TV pecuksdid
K=\ LieSCey)

To compare the similarity in the tree performance Pc(T),
when two alternative rules d, and d° are used at some node,
Liy, one can define an M dimensionsl vector function, fi(d),
which maps any decison rule, d, used at Li, into a point in

M-space, given by :

Pc(wl/d)
Pc(w2/d)
fi(d) = Fui
Pelwjld)

where, it is assuﬁgg(::;?lt1.u2...uﬂ. are the M classes
below node li, in the tree.
A similarity criterion between the two decision rules, d
and d°y could then be defined as the l1-norm,
"

\\fi(d)-'i(d’)“ = z \Pc(ukld)-»Pc(ukld’)\
K=\
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The change in Pc(T), denoted by APc(T), when d is
replaced by d° at node i, all other decision rules

remaining unal tered, is,

™
Apctry= i{ P(uj).T‘- Pc(wj/dk) }.(Pc(ujld)-Pc(ujld'))
j‘zl IKQS(W@

¥ L

Since Pc(wj/dk) < 1. , it follows that,

>

™M
APc(T) « ZP(uj).(Pc(uild)-Pc (wj/d”))
azl

L)
< Weicar-ticanll- pcuid
3':\

Hence, the smaller the distance between the vectors d
and d°, as measured by the L1-norm, the smaller the change
in Pc(T), when rule d° replaces d.

Other choices for the norm are the Euclidean norm or the
infinity norm. However, for the rest of this discussion, the
L1-norm is assumed to be the distance measure used.,

Using the norm defined above, the clustering problem is
that of splitting the set of rulesy, D, into disjoint sets,
C(1), C(2)yeeeC(N)y, such that for any set C(i),

(a) 1f dy d° are in C(i),
Nfr-fw@H>\ < ¢, ¢r > 0.
Herey, r is the spread of the cluster.,
(b) any vectory d G Dy, is in some cluster,
C(i), 1=1432400eNo

One method of performing this clustering, is to compute
f(d) for all Zw‘vectors in D¢ These M-dimensional vectors

can then be grouped together in M-space using the criterion
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(a). However, sucth a method requires the computation of M,
) . . e
(ZY tfunctions, such as Pc(wk/d), in addition to the Llarge

cost of storing the vectors themselves.

5¢1e2+2« Clustering Vectors in M-space

This section describes a simple method of clustering the
decision vectors at any node using the similarity measure
defined above. The resulting clusters are optimal in the
sense that each cluster can be described with a single
prototype vector with the largest number of “don”“t care”

bitsy, “-“« One would like to partition the total set of

decisons, D, into sets, C(k), k=1,2,000eN, Such that,

(1) Any vector, d falls in at lLeast one set C(k).,
(2) For any two vectors dy d” in C(k), the distance,
\tar-1¢a->\\ <& RO, RO > O.
where,
f(d)=[ Pc(w1/d) Pc(w2/d) esee Pclwm/d) 1°
and |- || denotes the L1-norm introduced earlier.

Unlike data clustering in feature space, however, the
criterion sought to be optimized here, is slightly
different. In data clustering, the <criterion maximized is
usually some ratio of between cluster scatter to
within-cluster scatter, since the goal s to partition the
data into disjoint sets whose members are similar within a
group and sufficiently different from those in other groupse.
In the decision clustering task, our goal is to minimize the
NUMBER of clusters, where, members of a <cluster satisy
property (2) above. The reason for this 1is that the
resulting set prototypes will be used in the OP procedure
and the computations needed in that algorithm increase

exponentially with the number of vectors(prototypes) to be
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considered.
Consider the following simple method of generating the
setsy C(k), and their prototypes, denoted by tk. Ffor each

bity, iy, i=1,2..em, compute the figure of merit, S()

™m
SGiy = Lpjid
3‘:\
where the sum is over all classesy j=192y00eMe
Order the m bits using their figure of merit, and select
the “don”t care” bits of the prototypes to be the n Llowest

merit bits such that,

N
RO >z—_=‘8(kn G s S RSO
where the ki are such that,
Ste1) ¢ Bk2) g S & vivvvsnesns & Stkmd

and n is the largest integer such that the equ. (a)
holds.

The prototypes, tk, are thosc obtained by inserting all
possible combinations of 0/1 bits in the m-n bit positions
which are not “don“t care” positions. Hence the number of
setsy C(k) created are,

z ;n-n

Searching over the prototypes rather than the original
vectors,d, has thus resulted in a decrease in computation by
a factor of 2" e« The next section defines the concept of
an efficient decision ruley, which al lows one discard many of
these sets C(k) and thus effect a further reduction in the

computational burden of the DP algorithm.

5.1.3. Efticient Decision Strategies

tven after the <clustering of decision rules, d & »,

applicable at a tree node, one may still have a large set of
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possibilities to examine. The <concept of an “efficient”
decision rule allows one to feject a Large number of rules,
because it can be shown that the optimal rules for the tree
nodes (i.e. those to maximize the tree performance) must
also be efficien}. Since in many applications, the set of
efficient rules 3s significantly smaller than the set of all
rulesy, this property of the optimal decision policy <can be
used to reduce the computations required in the dynamic
programming algorithm of SeceS5e1.1 for finding the optimatl
“one-step” (0S) policy.

Before proceeding to describe a method of obtaining the
set of efficient rules for each tree node, some definitions

are needed.

pefinition: Let di and di“ be two distinct decision
rules used at a tree node, li. Let f(di) denote the wvector
function of correct recognition rates for the M <classes

below ti, when rule di is used at the node, i.e.

CPc(ut/di)]
Pe(w2/di)

f(di) = .
Pc(uHIdi{_ assuming W(li) =(wl,eewM) .

Then rule di dominates di” it t(di) > f(di“), i.e.

Pclwj/di) 2 pPc(wj/di”) for all wj wlli)

and strict inequality holds for at (east one class wje

Pefinition: A decision rule, di, is efficient at node

B g

Liy if there is no other rule di“ which dominates it.
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The following theorem establishes the fact that the
optimal decision rules at the tree ncdes must be efficient,

Theorem 1: Let {li)y i19240eeeN, denote the nodes of a

tree. Let Di, for i=1,2,..N, be the 'set of rules, di,
applicable at the corresponding nodes, li. Then the set of
optimal rulesy di*y, i=1,2¢.eNy which maximize ¢the tree
recognition rate must be efficient at the corresponding

nodes. li' i=1 ,ZgooNo

Proof: Under the assumption of statistically independent

node decisions, the tree performance, Pc(T) is given by,

Pe(T) = 2 PCwid.T\Pctwiszdk)
W, L e S(w))

Consider some particular node, say dk and assume that dk
is not efficient at Lke Then there exists some other rule,
say dk® such that,

Pe(wi/dk™) > Pc(wi/dk) for all wi & Ww(lk), and
strict inequal ity holds for at Lleast one <class wj in
wllk)«Hence if all other decision rules are kept fixed and
dk is replaced by dk” then the value of Pc(T) can only
increase since in the equation for Pc(T) given above, the
sum of the product terms for classes under node Lk will
increase. Hence dk can never be an optimal rule at Lk,
because exchanging dk for dk“ would increase the tree
performance. Since the choice of the node Lk was arbitrary,
the same argument holds for any other node, and hence it
follows that the optimal rule at every node must also be an

efficient rule.

The preceding definitions and theorem hold for any type
of decision rule, whether it wuses ciscrete or continuous

features to make the branching decision at the node.
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However, the remaining discussion in this section will be
concerned with the case of discrete non-metric features,
each possessing m states, since in such cases the number of
rules in any set, Di, becomes large for lLarge m, eg. |Di| =
2“\. for a binary decision tree. One can always find the
set of efficient rules at any nodey, i, by <computing the
function, f(di) for all die Diy, and finding the rules which
are not dominated by any other rules. However, for the
discrete feature casey, this “brute-force” method is
impracc¢ical for large me In this section , we propose the
use of a branch-and -bound method for finding ¢the set of
efficient rules.

This method consists of sequentially assigning bits of a
prototype vector, t, the values 0 or 1, and at each step,
computing a lower bound and upper bound on the vector
function, f(d) for all vectors d, represented by that
prototype. Whenever the upper bound function becomes Lless
than the function f(d*) for some known efficient rule, d*,
the entire set of rules represented ty the prototype, t, can
be discarded as not being efficient, since they would be
dominated by d+*, The lower bounding function is wuseful for
finding a group of rules that is guaranteed to contain a
rule d, which is NOT dominated by d*. This is done by
checking if any component of the lower bounding function for
t has a value greater than the corresponding component of
f(d*).1f this is the case, it follows that none of the rules
in that set can be dominated by d*.Hence members of that set
are potential candidates for inclusion in the set of
efficient strategies. Whenever a set ot rules is discarded
as being not efficient, the algorithm backtracks to the
previous stage and «(ries a new bit assignment to the
prototype, that it has not yet tried. The algorithm

terminates when it has found all sets ot rules that are
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dominated by a given rule, d*. During its execution it also
keeps track of potential sets that ccntain efficient rulese.
These rules can be then used to discard more rules not
already discarded. The algorithm is formally described below
for the case of a binary decision nocey though it can be
readily extended for use at a M-way decision node, where
M>2.

The lower and upper bounds on the vector function f(d)
for rules in the cluster, D(t), are obtained in the
following way. Let NO(d), and N1(d) be the set of indices,
JE(1,2y00emY, such that dj=0 or 1 respectively. These
represent the states of the observed feature for which the
decision is to go left/right at that node. I1f rule d s
used at node L, and WO(L) and W1(l) are the sets c* <classes
distinguished at l, then for any class wi€ WwOU w1 , the

correct recognition rate at that node is,

Pcl(wi/d) =Zpi(j) if wi€ Wo(L),
JeNQOC(d)
=Zpi(j) it i€ WICL) o
JENT1(d)
Bounds on Pc(wi/d) for rules d€ D(t) can then be

obtained as,

Max Pclwi/d) & 1 - LpiCi) §f wi€ woll) ,

d <Dy Je N
1 -Zpi(j) it wiC€will)
Je No ()
Min Pelui/dd) 3 Y pitid it wiewo(ld ,
dedr) 4 €Nolx)
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2oiGi) i1 Wicul(l) o+ ou(5.3)
JEN)

Using equations (5.3) which bound each component of the
vector function f(d), the bounds on the vector f(d) can be

defined as,

Min £(d) 3 L(t) = [ L1(t) L2(t) .euelM(t) I where,
dedw®)
i)=Y pi(j) if wiewo(l) ,

éENo(t)
Z_pi(j) if wi€CWlCl) .
5GN\“'-)
Max f(d) & ult) = [ ul(t) u2(t) ceeoum(t) 1 where,
d e dk)
uitt)= 1 = YpiCi) it wi€wocl) ,
JeN L)
1 -2pi€j) it wiewlcld .
je Npth)

The branch-and bound algorithm which uses these vector
bounds to detect all rules dominated by a given rule, de, is

descibed next.

———— e e — - gue. —
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Algorithm =

Variables used: d* is a rule assuned to be efficient at
the start of the algorithme The program finds all rules
dominated by d* and adds them to a list, RL of “rejected
rules”. It also finds all rules NOT dominated by d* and puts
them in List EL of possible efficient rules for
consideration later. t denotes a3 prctotype initialized to
all “=” bits. at the starts L(t) and u(t) are bounds on
f(d) for rules in D(t) . The bits of t are set to 0 or 1 in
a fixed ¢rder. At stage k, the k the. bit of t 1is being
changed. The program uses m flags, ci, i=1eem to keep track
of the bit assignﬁéﬁts of t that it has tried.

Initial ize:Set tz=(====0e=), L(t)=(0,0ye.0),
ult)=(1,150.1), KL = EL = ¢) ¢ the empty set, and stage
variable, k=1

Step 1:(set k th. bit of t)} If k=0 STOP, else, set
ck=ck+*1 ; 3t ck > 2\90 to step & ; if ck=2 set tk=1, if ck=1
set tk=0.Compute ((t) and u(t) and continue.

Step 2: (Check i¥ rLle t is to be discarded ) If f(d+*) >

u(t), put t in RL and go to step 1, else continue.
Step 3: (Check if t dominates d« ) If L(t) > f(d+*) , then

put t in EL, replace d* by any rule d“e D(t) and go to step
1; else check if there is some component Li(t) such that
LtiCt) > fi(d+*), and if there is one, put t in EL and go to
step 1;else if no such component is foundy go to step S.
Step 4: (Backtrack to previous stage) Set ck=0, tk=“-",

and k=k-=1 and qo to step 1 .

Step S: (lncrement stage variable and check for Llast

stage) If k=m put t in EL and go to step 1; else set k=ke¢1

and go to step 1.,
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Example 1 illustrates the execution sequence of the
algorithme The class-conditional probabilities of the
feature (5 states) are tabulated below for each of the &
classes. The «classes {(wl,w2) are to distinguished {from
{w3,w4) using this feature. The algorithm is wused to find
all rules dominated by d*=(01110) an¢ those prototypes that
could contain rules not dominated by ite Fige Se4 shows the
search tree expanded in the order incicated by the circled
numbers. The vector t, and its bounds, L(t) and ul(t) are
shown at some nodes. The <circled terminal nodes indicate
rejected rules, while those put in Llist EL for examination

- o

later, are marked by “»°,

Example 1:
The class-conditional probabilities of the feature are
shown in the table belows

Class pi(1) pi(2) pi(3) pi(4) pi(5)
....... R e £ B e s D DT
1 0.5 o3 0.1 «06 .04
2 0.2 . 0.2 0.2 0.1
5 «05 . b5 .03 «07
4 L 0.1 . 0.2 0.4 L 0.1
e e v vt ccccccnd - - . - - - cerme crccrccncrrcrcactbrr e c—--

Example 2:

The following example depicts the variation in the
algorithm®s search efficiency (measured here by the number
of nodes expanded) as a function of the average performance
of the rule, d*, The table shows that as the rule d+* becomes
“perfect” (i.e. error rate=0), the number of nodes expanded

in the search tree as well as the sum of prototypes added to
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the lists, RL and EL, decrease rapidly. This result is not
surprising, since the closer the value of each component of
{f(d*) to unity, the quicker the search will detect rules
(prototypes) such that u(t) < f(d+*) . Hence a Llarge number
of possibilities would get rejected rather quickly. The
example used to generate this table employed a feature with
6 states, which was used to separate three classes from two

other classese.

Prob. of Correct lo‘ Total Nodes frey Jev) {rLsEL)
Recognition of d* Expanded
- - o - - - - — - J - e anev e A - - e S W W - - ——— -
i - F
0.72 64 66 14 20 34
0.82 64 52 17 10 27
0.87 64 62 13 22
0.90 64 26 8 14
1.C0 64 P 2 2
SRR N AL I o SR SR ety A REI
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Se2. Feature Selection at Tree Nodes

A method for optimally selecting the order of feature
measurements along every tree path, was outlined in Chapter
4. However, that method involves a very high computational
and storage cost, even for moderately sized feature sets and
feature states., for example, if there are N features, each
taking on m states, then for a nodes n levels deep from the
root, the optimal feature to be measured must be tabulated
for all possible n feature subsets, and all possible
measurements - of these features. This requires,

approximately,

el 7

To avoid this storage cost, one could take the opposite
approcach of not taking into account the hisory of
measurements leading to a nodey,lky, but rather <choose the
feature at a node on the basis of maximum node performance,
Pcl(lk). It was shown in Chapter 3 that this way of selecting
features, does not necessarily result in the optimal tree
performance. Analogous to the discussion on decision policy
design, one seeks to steer a middle course, viz., choosing
the feature at a node taking into account the features used
above and below it in the tree, while not taking int account
the actual measurements taken on the sample before it
arrived at lkes Two methods for obtaining the optimal (for
statistically independent features) solution to this problem

are given in the next two sections.
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5.2«1« A Dynamic Programming Formulation

The bottom-up approach of dynamic programming can be
used to select the optimal feature to be used at each tree
node.Starting one level above the terminals, one computes
the best feature to be used at that node for all possible
feature assignments at nodes leading to that node.The best
feature choice is made on the assumption that a maximum
likelihood rule is used at each node (OSMLR) on this path,
and that the node decisions are statistically independent.

fFor a node n levels deep, one must therefore, evaluate,

N
L) n\ it there are N features .

14
L
{4
L Ly s
ws we Wi Wi w3 iy
Fige 5.5

Consider the tree of Fige 5.5, and let, Pclwi/lk,f)
represent the correct recognition rate of a sample from wi
at node Lk, if feature f is used there and a
maximum=-(ikelihood policy employed.The total tree
performance can be written as a surm of products of the
Pc() s (see eque (3.1) )y and the contribution to this
performance by the samples that filter down the path,
11,12,1l3,14, is given by,
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COLT 12413 404)= ZPCuidePc(uwi/l2 fL2)Pc(wisl2, fl2)
el |
P e (il L3, L3P cCwil b, 114)

Thusy one can define the optimal feature to be measured
at 4, ft&+ as a function of features, ftl1,fl2,f(3,as
fer(fL1,fL2,fL3), which maximizes Cll1,L2,L3,14), when
fl1,fL2,fl3 are used at (1,l2,1l3, respectively. Similarly,
fS+(fl1,fL2,fL3) can be computed. Working up one tevel in
the tree, the optimal feature, f3«(fl1,fL2) is computed as
that which maximizes the contributior of the path, (1,12,13,
viz CCL1,12,13), when #L1,¢12,%1l3, are used at L1,12,13, and
fen(fLl1,fL2,fL3), and fS*«(fl1,f12,fl3) are used at (4,15, In
this way f1* is computed as the best feature to measure
firste By table look -up in t he tables, f2«(fL1),
f3«(fL1,fl2), etc, successively, all the features <can be
determined.The tables fé4#*(), f5+() are optimal, since att
possible features are considered at these nodes, for a given
feature useage on the path (1,12,13., The optimality of the
above algorithm then follows by 1induction on successively
higher Llevel tree nodesy, and from the fact that the
contribution of each subtree below a node, Lk, to the
goodness measurey, c(l1,00elk) 1is additive. Since the
maximum value of C(l1) is the optimal tree performance, the
corresponding feature assignment to the nodes is also

optimal.
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S«2e2¢ A Branch and Bound Fformulation

In this section, we describe an alternative method for
ocbte ning the optimal feature assignment for a given tree
skeleton. This procedure falls in the category of
branch-and-bound methods, which have found wide use in many
combinatorial optimization problems. To the best of our
knowledce, the use of this method for selecting the optimal
features for a tree skeleton is news.

The branch and bound method assigns features to the tree
nodes in a sequential( top-down) manner. Whenever the
assignment of a feature reduces the optimality criterion
(e<ge correct recognition rate) below a Llower bound, that
assignment sequence is abandoned. The algorithm backtracks
to the previous stagel(node) and tries a new sequence, At
the conclusion, the resulting sequence is the optimal
feature assignment. The following notation is wused 1in the

discussion below:
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F=total set of N features,
flk=feature assigned to node Lke
Pc(wi/flk)=prob. of correctly classifying a sample from
wi into WO(lLk) (or W1(lk)), using flk, and a
maximum likelihood rule,
Ln=(t1,(2.eln)=an ordering of the nodes, such that,
if L) precedes i on a pat!i from the root to a terminal
then, j < i .
Lm=(11,125eelm)=a prefix of length m of Ln, representing
a subgraph Tm of tree , T,
Pc(fl1,fl2,4ecflm)=correct recognition rate of Tm, using,
fL1,fl24499 at the m nodes of the subtree, Tmo.This tree
classifies a sample into m+1 sets. If m=n, the sets
are single classes, else they are unions of classes.
Pc*(m)= max recognition rate of Tm

= Max Pc(fl1,fl2,c.0flm)

Ve, 54, .. Fem

= Max Zircwid. VP cuizttin
v{l‘“..*ﬂlm o A e S Cw;) NLtm
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Example:
The figure below shows the total treey, Tny for n=5, and

the partial trees, T2, and 13, assuming that Ln, the Llinear
ordering of the nodes, is chosen to be t1,12,13,14,L5,

24 2, L4

22
{wu,wswel

L Ls
{w1rywal (w3}

Luoa,we} L3 fousy fwd
w1 w2 Wy wg we

Tn T2 T3
Figo S <6

It follows from the fact that Pc(wi/Zflk) < 1« that,

(i) Pc(fl"'flz'.oflm) >/ PC(fl1|fl2|o.f(M'flm’1)

(ii) 1. >,PC.(1) LPC'(?).....PC‘(n)
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Branch-and Bound Algorithm,

Variables used: tij= array of flags, in which tij=1

denotes that fi has been assigned to node, lje.

B=lower bound on the optimal recognition rate of 7T,
Pc*(n) .

Step OC(Initiatize): Set tij=0, 1=1,200emy; j=192900en

Choose an initial assignment of features, and set B
to the recognition rate for that choice.
set k=0 (stage=0), and LO=(), the null sequence.

step 1(choose next feature): Compute Lk from Lk-1,

as Lk=(Lk-1,fa), where, Pc(Lk=1,fa)=Max Pc(Lk=1,1).
fFé v

Step 2( Test against lower bound):

I1f Pc(Lk=-1,fa) < B go to step & else go to step 3.

Step 3 (Check for lLast stage): 1f k=n go to step 6

—

else set tak=1, k=k+1 , and go to step 1.

Step L(Backtrack): Set tjk‘-'O. j:1'2000m' k=k=-1,
1t k=0 STOP, else go to step S.

Step 5( Seek new feature at previous stage):

1t tjk=1, j=1,2,.em go to step &4 else go to step 1.

Step 6( Update lLower bound):

Set B=Pc(Ln), and record Ln, the optimum assignment so

far then go to step 4.

The above algorithm satisfies the following propertiese.
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Theorem 1: Let Pc*(n) be the optimal recognition rate

achievables Then, the algorithm evaluates every sequence,
ft1,fl2y0eflk, which has the property that,
PeCfl1,fl2,00flk) > Pcrl(n), for 1L k & n .

Proof: Pc(fl1,fl2yeeflk) > Pc*(n) > B, for any value of
8 that occurs in the execution of the algorithm. Hence, this
feature sequence will be evaluated, since, the algorithm
evaltuates all sequences whose p¢c value exceeds the Llower

bound ,B, at that time.
From Theorem 1, one obtains,

Theorem 2: It in the algorithm, we keep track of the
maximum value of Pc(k) at the &k th. stage, then at the
conclusion of the algorithm, this value is equal to Pc*(k),
k=1,2.eenes Hence, one also obtains the solution ¢to the
optimal assignment problem for partial classification  trees

(TM)Q m=1.2...n.

Proof: From property (i) stated earlier,

Pcel(k) > Pcr(n) for k & n. Hence,
Pc*(k) > By any lower bound on Pcs*(n).

At tke k the, stage, we examine all sequences Lk such
that Pc(Lk) > 8, and hence, ALL Lk such that Pc(Lk) >
Pct(n). 1f Lk# is the optirmal k=-sequence, i.€.
Pc(Lk*)=Pc*(k), then this sequence also satisfies Pc(Lkw) >
Pc*(n) > B. Hence, it will be evaluated, and by keeping
track of the maximum value of Pc(), we obtain Pc*(k) when

the algorithm terminates.
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Se2.3. Feature Ranking

The last two sections proposed alterntative methods of
obatining the optimal feature assignrent for a given tree
skeleton under the assumption that an OSMLR rule is used at
each node. The number of features to be <considered at a
particular node during this search for the optimal
assignment, can often be reduced by feature ranking. for
each feature in the total set of features, one could compute
the vector of correct recognition rates for the <classes
under a given node. Thus one can define a goodness measure,

g(fyli) for all feaures f€ F at node Li, as,

glfoli) = [ Pe(uwl/li ) Pc(wl2/li ;f) ceeoscesl

where wl, wW2;s0o are classes in W(li), and each
component of the vector measures the probability of correct
decision on a sample from that class at that node, wusing
feature f and an OSMLR rule. Analogous to the <concept of
efficient decision rules (Secs5+1s3), one <can then define
the notion of dominance among features and that of efficient

features at each node.

pefinition: A feature f dominates feature f~ at node Ll
it 9(’.['5) > g(f"li) ’ ieCo
Pclwj/fali) > Pclwj/t yLi) for all wj€ W(li) with strict

inequality holding for at least cne class, wje.

pefinition: A feature f is efficient at node L1 if 1t is

not dominated by any other feature, f° # f at that node.

1t can be easily shown that the optimal features for a
given tree skeleton must be efficient. The proof is
identical to that employed for efficient decision rules in

Sec.5.1.3 and is therefore omitted here.
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6. Estimation Of Decision Rules From Finite Samples

In the previous chapters, we have discussed optimization
methods for the design of hierarchical classifiers, when the
criterion of optimality is a weighted sum of measurement
cost and misclassification riske These methods assumed that
the required parameters such as the class-conditional
probabilities of the features used , were either known or
could be estimated with a high degree of confidence from
training samples. The classifier design was therefore not
influenced by the number of samples in the design set.
However, when the sample size is “small®, the degree of
confidence in the estimated parameters is lowy and one would
like to use the samples as efficiently as possible. A
classification scheme that requires too large a set of
parameters to be estimated, could in such <cases perform
worse on a independent test set than a scheme which requires
fewer parameters.

The number of parameters requirec, is a function of the
number of features wused at each nodey, the number of
states(levels) of each feature (if the features are
discrete), and the decision complexity at each node.
becision complexity refers to the number of sets (of
classes) distinguished at a node (e.g. this 1is two for a
binary tree). As an example, consicer the ftollowing two

tree structures for a 6-class problem.
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§4

5 -

(52.59)

1 &3 91

wa ws Wy wg

wy wa  wp Wy wg Wé
Fig. 6es1a Figc 6.1b

Assume that at each tree node, a maximum (ikelihood rule
is used to distinguish the sets of classes. In T1, the top
node uses feature f1 to separate the two mixtures,
{wi,w2,w3) and {(wét,w5,wb6), while at its lower level nodes,
there is a 3-way decision made using the observations of
features f2 and f3. In T2 each node decision is binary.
Assuming that each feature has m states and the features are
class- conditionally statistically independent, the number

of parameters required for trees T1 and T2 are,

2em ¢+ 2,3.2em = 14 em
2em ¢+ 2,2em + 242.m = 10em

Np(T1)
Np(T2)

The tree, 12, therefore requires fewer parameters than
71« In theory (i.e. assuming perfect knowledge of
probabilities) T1 should perform better than T2, since the
classes {(wl,w2,4w3) are being separated in T1 using features
f2 and f3, while in 72 this subproblem s solved in two
stages, and the discrimination between w2 and w3 makes no
use of information in f2. However, since T2 requires fewer

parameters than 11, for small sample sizes, one can expect
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that the estimated maximum likelihood rules at the nodes of
12 could be designed with greater confidence those of T1,.
Hence the mean accuracy of T2 could be better than that of
T1 for small design sample size. By mean accuracy, we mean
the average performance of the particular classifier(T1 or
12) on an independent test set, designed using say N samples
per classe

This chapter discusses some of the quantitative aspects
of the relationship between sample size, complexity, and
classifier per formance, for the case when the features are
discrete and class-conditionally statistically independent,
and under the assumption that a maximum lLikelihood rule is
used at each tree node of a hierarchical classifier, This
analysis is carried out in the following phases.,

First, it 1is showun that for ‘most” probability
structures, the variance of the estimated parameters of a
mixture of M populations (classes) is lLess than the sum of
the variances of the estimates of the indivigual class
probability functions, assuming that the number of samples
available is proportional to the apriori probability of the
classess This result provides a heuristic argument for
stating that the confidence in estimating a maximum
likelihood rute tor splitting a set of <classes 1into two
setsy; would be greater than the confidence in estimating a
rule that, in a single step, splits a set of <classes 1into
the component classes.,

We then derive an expression for the mean accuracy of a
decision tree used for an M-class problem. The mean accuracy
is defined as the performance of an estimated (using a
finite sample) hierarchical classifier, averaged over the
“space of all problems”. 1t is assumed that all problems
are equally (ikely. Though the resulting expression 1is too

general to enable any precise design criteria to be derived,
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it provides a result which is qualitatively significant. It
is shown that for a given sample size, there exists an
optimal quantization complexity, 1.6 by increasing the
number of quantization Llevels incefinitely, one <cannot
achieve increasingly better performance. While this result
has been reported by others [33,34], our analysis extends
the result to a multiclass (more thar two classes) problem.
The above result establishes a relationship between
optimal quantization complexity and sample size. The Last
section in this chapter investigates the relation between
decision complexity and sample size. It shows that for small
sample sizes, it may be better to split a multiclass problem
hierarchically into simpler problems (i.e. 1into problems
with a smaller complexity ) than to design a single-step
classifier which uses all features together to make an M-way

decisione.

6.1 Estimation Of Discrete Probabil ities Of Mixtures

Assume that one wants to estimate the probability
distributions of samples from M <classes, wi, 1=1,2,000eeM,
for simplicity, each sample is regarded as a single feature
observation, where the feature can have one of m
values(states), Let pi(j), for j=14eeemy 1=1,2,..M, denote
the probability that the feature will be in state j given
that it came from class wie. The maxirum Likeihood estimate

of pi(j)), written as pi(j), is given by,

PiCj) = ni(3) 7 N#
where, Ni are the number of labelled design samples from
wiy and ni()) are the number of samples in it that were in
state ). Assuming that the samples were independent and
identically distributed, the marginal probability of

obtaining a particular value of ni(j)) is given by a binomial
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distribution, viz.,

Prini(j)] = B(Niyni(j),pi(}))

Ni o
! ng¢s) N[‘ni(J)
ni(j))[pi(j)) « [1-pi(j)]

The mean and variance of ni(j) and Si(j) are given by,

A
ECni(j)]) = Ni.pi(j) Elpi(jd)] = pi(j)
Varlni(j)) = Niepi(jlel1-pi(j)]
VarfPi(idl = piCj)el1=piCidI / Wi Sabii e kbitY
Consider the problem of estimating the state

probabilities assuming a2 sample came from the mixture of
populations of wi,eewM, with known wmixing weights, P(wi),
1i=1,2y.¢M. Ltet p(j) denote the prcocbabitity of observing
state j. There are two ways of estimating the parameters,
pljidy J=1432cceme

In the first scheme, assume that one <could choose Ni
independent samples from each of the populations, wi,
i=1,2.M:, Then a maximum lLikelihood estimate of p(j) is

given by,

A

pCj)) = Plwide ni(j) /Ni

where ni(j) has the connotation defined earlier,
from equation(-), it follows that,

A A
ELp(j)] = Pwi)E(pi(j)]
M
A 2 A
Varlpi(j)] = E; P(wi) o Varlpi(j)]
[s\

™
< Tvarl piCi) I since P(ui) & 1.0

N
L=\

For the case when all classes have the same apriori

2 e ———a g A =
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probability, P(wi), the above inequality reduces to,

Varlp(idl € 1/M « Max (Varlpi(idd)  seeeeseoeees(be2)
(RN

The above analysis shows that the variance of the
mixture parameters in such an estimation scheme, 1is Lless
than the sum of individual class parameter variances, and
for equal apriori class probabilities, it is less than 1/ M
times the maximum variance of the class parameters.

An alternative method of estimating p(j) might <consist
of taking N independent samples from the mixture populatione.
The probability that in a random sample so selected, the
feature will be in state j, is given by,

M
p(j) = Z:P(ui). pi(j) esessesssssssssesel(6.3)
A=\

If n(j) denotes the number of samples out of N that were
in state j, then a maximum likelihood estimate of p(j) is,

pCGid = n(id I N .

Since each sample has a probabil ity p(j) of being in
state jy the marginal distribution of n(j) is binomial, and

given by,

Prln(jd)) = BINyn(j)yp(jd)])y, where p(j) is given by
(6.3)e :
For the case of equal apriori class probabilities,
P(wi)y the variance and expectation cf %(j) are,
4 M
ELPCiII = p(j) = 1/M Jpi(j)
el
A 2 :
varlp(j)) = p(j).C1=-p(jd)] / N
= 15pi(j) (M =Y piCjd)l
I 3

A
-

m* N
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Denoting by xi the quantity pi(j), it follows fom the
above equation and (6.1), that,
M
Varfp(jdl & LvarlpiCjdl
L=\
assuming that N/M samples were available to estimate the
pi(j), if the following condition holds:

1M (Txj ) e M=Zxj ) & M T xjellxj)
J J J

The above inequality reduces to,

0 <n 3. Tk 6T T kjexk ~-n® -1).7_(:5)1< O Chak)
J * 5 3
Equation (6.4) s an ellipsoidal surface in (M-1)
dimensional space that passes through the origin and the
point, (1,1,..1), and has an intercept on each axis, Xj,
given by,

3"1) [

xj = (> -m >/ (m

Each point in this space represents a set of class
probabilities, pi(j)y i=1429000eMy and all situations where
the point falls within the ellipsoid represents a case where
the mixture parameter has a variance less than the sum of
the class parameter variances. For a Llarge number of
classesy, M, the intercept on each axis tends to unity, and
hence most of the hypercube in which the probabilities,
pi(j) fally, lies within the ellipscidy, and the previous
statement is true. Hence, one can state that for “most”
situations, the mixture parameter can be estimated with a
smaller variance, than the sum of variances of the

g — g w7 - -
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individual class parameters. For the case of two classes,
M=2, the ellipse obtained from (6.4) is depicted in the
figure belows The shaded area shows the region in which the

inequality (6.4) is valid.

P2 Intercept on axes
P =M-M _8-2 _6
Yl

1/7/“\ M4 T g8-4° 7
. //2 Y7
Y7

Fige 6.2

(0,0)

6.2+ Mean Accuracy Of A Hierarchical Classifier

The mean accuracy of a classifier ts defined(33,343 eas
the performance of a classifier averaged over the space of
all problemss A problem consists of the true set of
parameters defining the «class distributions., In this
disscussion, we assume that a hierarchical classitier s
used to distinguish between M classes, 9sing discrete
features, whose probability functions are, (pt(j)), where i
refers to the feature number, k is the class, and j rangess
over the states of the feature. For simplicity, it s
assumed that the parameters, (p: (j)) are uniformly

distributed, i.e. all problems are equally likely.

fFor the purposes of this discuss ion, we assume that a
binary balanced decision tree is wused for an M-class
problem, where each class label occurs only at one terminal

node. Hence the number of levels Ly in the tree 1is,

o —— e —— -
e ———— v
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L = logz M .

It is assumed_that a single feature is measured at every
nonterminal noye-in the tree, and all feature values are
quantized intd m states(levels). The analysis that follows
can be readily extended to trees which are not binary, and
which usetiore than one feature at the nodes. However, the
assumption made throughout this discussion s that all
features are class-conditionally statistically independent.

Let Nk be the number of design samples from class wk,
k=14,2y9My and assume that these are proporfional to P(wk)
the class a priori probability.let (dﬁ(j).K=L2v-JW,
j:‘ql,“Jh} be the class-conditional probabilities for
feature i in class wke fFor ease of notation, we also assume
that teature i is used at node li.

Then a maximum likelihood estimate of the parameters,

[8
Pgli)y is defined as,
[P ks
P (3 = n (i) /7 Nk

where ni(j) are the number of wk samples whose i th,

feature was in state j.

The estimated maximum likelihood decision rule at Li for
a sample (x1,x2¢eeexm) reaching it is,

I1f xi is in state j, and,

Zn:(j) 3 2y €10 ¢
[ATYA %(l‘) Wwe € W.\ li’
then go left below i,
else go right.
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when the samples are independent, the sampling
distribution of the counts, {ng(j), j=1,2..m} is a
multinomial with m-1 degrees of freecom, given by,
m .
H \ )3 ")
Pring(jl):je(1,m)] = (NKOE ) | ey (5]
J:l
m -
TV tnf 5o ceeel6.5)
é:l

Thercfore, the performance of a classifier 7T, designed

using a particular design sample set, is ,

" - 4 .
. - L~ P
Pc(T,MI(p‘;‘(j).{n:(j))) = ?P(uk).{ [\\Béj).p:(j‘)x e(6.6)

| LreSCey)

where,
£ Fy i
Sk(id) = 1 if wkewo(ti) and N3 3 LalGy
Cee W04, ) Ce e W)
= 1 if wk€w1(li) and Znt"‘(j) < iné(j) .

Cee W) wee W)

0 otherwisee.

The average performance of a hierarchical <classifier
designed using Nk samples from class wky, k=1,2,..M, can be
obtained by taking the expectation of Pc('T;MI{Pi(j)}/{h;('j)})

with respect to the sampling ocistributions given by
equs (6.5)es This expectation operator will be denoted by E7,
The mean accuracy of a balanced binary tree for an M-class
problem, 1is then derived by averaging the expected
performance over the “space of all problems”y using some
assumed prior distribution of the parameters, (pﬁ(j)). This
expectation operator is denoted ty E., The resulting
expression for the mean accuracy is given by equ. (6.7). The

e —— e ——ew gy e r -




PReTS—————

derivation of the result is described next.
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o= . i i
. (T,M) = E{E [P (T,M I{pk(j)},{nk(J)})]} (6.7)

Assume that all values of {pi(j), j e (1,m)} are equally likely, under
the constraint,

m

2 i
pk(j) =1

j=1

i
Then the probability denmsity, dP[{pk(j), je (1,m)}], is given by [ 33 ],

dP[{nl(i), 3 € (1,M}] = (@-D)! dp, (1) - dpL(2)...dp ()

’ ]
Denoting by S the integration over the range of problems,

{ pi(j), je (1,m), ke (1,M), i =1,2,..} , and summing over all

possible design samples, {nk(J)}, Equ. (3) becomes,

L(T,M) = f Z : By ° ﬂ Z km pr(i)

{Pk(j)} {nk(J)} k 1 L Cq(wk) j=1

M
2 H ﬂ Peini(3), i€ (1,m)]
1 t=1
M
ﬂ H(m—l)! dpy(1)...dpim)  (6.8)
i ked




e —
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The product terms indexed with nodé labels (features), 1, can be
grouped together and the summation over the states, j, interchanged

with the summation over the {ni(j)} to yield,

M m
~l.nprr ¥
= =l K 2esqw)

j=1
Pl (3),5e(1,m),wEW(E)))

i Z
pk(j)

- -
{nt(j)}e I;

H Prni(5)]

wtew(li)

[_] (n=1)! dp,(1)...dpEm)

seses (649)

In the above equation It represents the set of counts { n%(j)}

such that,
; nl Sy > z ni( ) if w €W (L)
t o ¢ k o1
w EW, (£4) weeW) (L))
or,

i < ni(j)
z ; ni(§) ZE:: t 1w €W (L))

w W, (L4) w, €W, (£y)




From the symmetry of the problem, it follows that each term in the
summation over the states, j, must be the same. Hence, the mean recog-
nition rate for class wy is m times the mean recognition rate for a sam-
ple whose features are all in state 1 (say). Equ.(6.9) can therefore be
written in the following way, after substituting for the probability

distribution of {n%(l), tc (1,M)}

M
E A ZZ
P (T,M) = P(w,) * m[(m-1 )']

k=1 £ €5 (wy) i} e ui
1
i
1+ ) Ni—-n
[pi(l)] Bt ll—pi(])] . &(12Nk)' i
17 SO TR SO dn, (1)
pt(1)=0 ini(l)}f [Nk-n&(i)]!

1-p (D) e i(9) i(n-1)

; Pk Pk p; (2 ...Dk
dpk(Q ...... dpk(m)

P, (2)=0 pi(m)=0

-—ng(l)
l , ‘J}fj [pe (1)) ‘(])l ‘(1)1 (Ne)! dpy (1)
[n (1)1' (N, —nl(l)l' B
chQ ) m(D =0
¥ wi
1—p:(]) 1-pl ()= ..pp (1)
dpi(Z) ..... dpj(m) |

pl(2)=0 p:(m)fﬂ
.(6.10)

where

My = Number of classes below node fl.
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In Equ&6JO)Ui refers to the set of sample counts, h:(l), w.E W(zi)]
such that,
1) > Ly 1f w, € W (L)
nt = nt wk o i
wtcwo(ﬂi) wtcwl(zi)
or
i < ni(1) 1f we W ()
wi € Wo(f,i) W € Wl(li)

Each of the multiple integrals in the last product form in Equ.(6.10)
reduces to a Beta function, viz.

1

ni(l) N, -nl(1)+m-2
1 f o (pi(1)] ae (1-pl(D)] © ek
(m-2)! (nl))r (N )
p:(1)=0

- el (Ne)! . (Ne-nd(1)4m-2)!
(m-2)! (Nt+m—1)! (Nt_n%(l)) ]

Similarily the multiple integral for class wy is evaluated as,

‘" 1 (Ni) ! (Nk-ntil)+m—2)l . ni+1
- (m-2)! (Nk+m—1)! (Nk-nll;(l))! iﬁﬂ_n‘.—

s
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Substituting these expressions in Equ.(6.10) yields the final expression
for the mean accuracy of a binary decision tree for an M class problem,
viz.

M
X Mi e 0 0
Pcr(T,M) = P(wy) ° me(m-1) . Z Z

k=1 L1 e 5w | i) e vy

(Ne)t (Ne-nt(1)4m-2)!
we e W) (Nptm-1)! (Ne-ni(1))!

i
nE(1)+1
Nk+m S (A B D)

The above exprcssion for the mean accuracy is too complex for direct
interpretation. However, for small values of sample sizes, N, Equ.(6.11)
can be written in a simpler form. In particular, we shall consider the

case where there is only a single sample available per class, i.e.

N1=N2= “ee NM=1

Since each variable né(l) can only take on values O or 1, the multiple
summation over Ui in Equ.6Jl) can be replaced by a double summation in the
following manner. If there are Mj classes under node Zi, then there are
Mi/2 classes (and hence samples) from the sets of classes W,(£y) and

Wy(Ly), respectively. Assume that class wi is in the set wo(Ei), i.e.
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it is below the left of the two nodes below £y. Let j; and j, denote the
number of samples from Wo(li) and wl(zi) respectively for which feature

i was in state 1, i.e. ﬁé(1)=l. Then, the rule at 21 would be,
if jl > Jo 8o left
if 31 < 392 8o right

A sample from Vi would be correctly classified only if j1 > 3.

Hence the summation within the square brackets in Equ.(6.11) can be written as

Mj/2

43173 Jatda | M My Mi Mi
2 2 (1) LRy e o TNt e B
m+l m+1

1% = 4 jz j1 \jZ

jl-o uz_jl m!

In the above equation, the first term is the case when n§(1)=1, while

the second term is the case, né(l)=0. Upon simplification, it yields

My/2 My-3,-1, 31+
¥ g Zi (-1 17175 ey L2 "y + 2
e ' T My
3170 3,<4,

.. (6.12)

Substitution of Equ.(6.12) into Equ.(6.11) will not yield the correct value

for the mean accuracy, because the case jl =37 has been treated unsym-

metrically in (6 12). Hence, to cqualize the correct recognition rates for

classes on' either side of Zi. we assume the summation over o to be from

0 to My/2 as for J1» and then put a weighting factor of 0.5 for the entire

o SOSRERR
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double summation. With this modification, the mean accuracy for the case

Nk = 1, becomes, after some simplification,

L Mi/Z h1/2

Mi Mi/2
- ? m_ . /-1
P (T,M) = m+1 Cnm ) j1 g(31,32)
cx i=1 31=0 .12“0

14231 /M4

1
where g8(31,32) = 7 if j1> 3
e =

142459 /M4

N

if
(m-l)jHjZ Jisds

L = .Iog2 M = Levels in the tree

1
M= 2 (6.13)

|
i
15

p—

| &
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Experimental Results:

The table below shows the wvariation of the mean
accuracy, Pcr(T M), with sample size, N, quantization
complexity m, and the number of classes M. For any given
sample size, it 1is seen that there is an optimal
quantization complexity. This optimal complexity increases
with increasing sample size. Moreover, for a given sample
sizey the optimal complexity for an M-class problem is
greater than or equal to the optimal complexity of a
M“-class problem, if M > M, Thus, fcr the case, N=5, the
optimal complexity for a 2-class protlem is 3, while for the
4L-class case, it is 4. The maximum values of performance in
each case are underlined in the table. Graph 2 shows the
variation of tree performance with the . complexity for

various sample sizes N and number of classes M.

wre R - T
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# of samples

N=

# of quantization levels

M=# of classes
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6.3, Hierarchical Classifier Versus Cne-Step Classifier

This section compares the performances of a hierarchical
classitier and a one-step classifier for a particular
problem, viz., a given set of parameters, (Di(j)}' Though it
is difficult to use the analysis presented here to make any
judgements about all M-class problens, one <can make the
following qual itative statement: if the sample size is small
and the error rate of a one-step scheme 1is only slightly
better than a hierarchical scheme on an independent test
sety, then it is probably better to wuse the hierarchical
scheme. This result is a consequence of the fact that in a
decision tree, each node decision is simpler than the M-way
decision in a one-step methods. Hence, the former requires
fewer parameters to be estimated (discrete features assumed
here). The result is counterintuitive since in theory(i.e.
assuming perfect knowledge of all parameters), no scheme can
do better than a one-step classification rule (such as a
maximum likelihood rule) which uses ALL features to reach a

decisione.

Consider the two alternative <classification schemes
shown in Fige. 6.3a-b belowy, for a &4-class problem. Two
features (discrete) are available and assumed to be
class-conditionally statistically independent. Since the
one-step scheme in Fige. 6.3b uses both f1 and f2 to make the
decision, while the tree uses only a single feature at every
node, one would expect the former to perform better. After
deriving expressions for the performances of these methods,
we illustrate by example, that for small sample sizes, the

tree may have a lower error rate.,
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(51,52)
w1 w2 w3 Wy W4 Wi W3z Wy
Figo 6033 Figo 6.3b
From the analysis of the preceding section, the

performance of a decision tree averaged across the sampling
distribution is given by,

3 pcn.n/(p;(j)).(nf;(jn) 1
where E° denotes the expectation operator over the
distribution of the counts, (ni (3)y jE(1ym)y k=1,2,3,4,
i=1,2). Note that we do not average over the parameters.{fi(jk}
since we are considering a particular problem. With
this modification, and an identical analysis as in the Llast
section, we obtain,

'pcn,nup‘i(j)) ) ZP(uk)“iZi Zp k(i) e,

2 Sy tnt (J)}c &
TIPr[nt())lk esecel(b.14)
wee WL
where S(uk) are the nodes Lli, on the path to class wk,

l; denotes the set of counts(nt(J)) such that,
Lrbei) 5 Lol it wkewocLid
W € Wyt W e Wic e

iG> < Lngtiy it wkewtti)
W ¢ Wo L&) We € W, ()
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and Pr[né(j)] denote the ‘marginal probabilities of the
counts né(j) which is a binomial distribution given by
P L
3 - “(j) » N'n (J)
Prinf (i)l = Nt | Cpf (523 ¢ “Tr-pdida’ ¢
[nf (jd3 INt-nf (i)

fFor the one-step rule, the decision 1is to classify a
sample X whose components are x1=j1, and x2=j2, 1into <class

wk i"

nk(i1)enk(j2) = ax ¢ nfGin b G2y ),
\&L s

and decide ties arbitraritly.

From the above ruley, and from a generalization of the
case where a single feature is used (such as equ. 6.6), it
follows that the pertormance of the one-step rule averaged
over the sampling distribution, is given by,

m M
Pe0s M/l ()0 = Lo tuid iiSK(j‘!.jZ).pt(j‘l).pt(jZ).
K=t 520 Jart
. ﬁpr[niunj.prtn;(jznj
FE) censsssameesiBel’5)
where, Sk(j1,j2) = 1 if,
AL(i1ark(32) = Max (ad(i1)und(i2))
(F2 2 L

and 3k(j1.j2) = 0 otherwise.
Experimental Results:
Equations (6.14) and (6.15) were used to determine the

performances of the tree and one-shot schemes as a function

of sample size. The table below shows the error rate for the
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various cases considerede. In the first example, the tree

does better than the one-shot method for all sample sizes,

though as sample size becomes large, the Llatter begins to

catch upe Example 2 shows the situation as sample size
becomes large. In this case, for sample size Lless than &,

the tree does better, though as sample size increases, the

one shot does better. fFor infinite sample size, one would

expect the one-shot to be consistently better in all casese.
Graph 3 depicts the variation of the error rate with
size for both these examples.

sample
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Etxample 1:

Sample | Ideal 0S | Ideal Tree Estimated Estimated

size Error Error 0S error Tree error

2 .57 «5775 7621 «6336

4 57 «5775 6784 «6171

8 57 «5775 6226 «6088

12 « 57 «5775 6080 «6053

Example 2:

2 « 5625 «6375 7563 S

4 5625 «6375 6712 «7015

8 « 5625 « 6375 6201 «6823

12 .« 5625 «6375 L 6020 «6706
........ bvdemde = sbewaaeaes Lol eoriL cos e Sedli o Lo oo Lo

This chapter has investigated the relationship between
complexity, sample size, and performance. Complexity can be
regarded as composed of measurement or quantization
complexity, and cecision complexity. We have shown that for
a given sample size, there exists an optimal quantization
complexity which increases with sample size and the number
of classes, M, We have also shown that in certain cases, a
scheme with a lower degree of decision complexity (i.e. one
which distinbuishes between fewer classes at each stage),
can perform better than one with a greater decision
complexity (such as a one-step classifier), when the sample

size is small.
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M. Main Results and Directions for Ffurther Research

This study has led to the following main results regarding the
analysis and design of multistage multiclass pattern recogniticn

schemes:

(1) Most parametric and non-parametric multistage pattern
classification schemes vsed in practise, can be described by the
theoretical model analyzed in Chapter 2. Certain concepts cf
admissibility and optimality developed in heuristic programming,
have been extended in this work to multistage statistical pattern
classification schemes which trade measurement cost for
misclassification ricke. The conjecture by some earlier
researchers that there may not exist Bayes-admissibte search
strategies which do nct measure all features is disproved 11 aqur

s tuay.

(2) The two types of search strategies derived for this
general model require irformed heuristics to improve their search
etficiency and to test for termination conditions. We have
investigated new methcds of obtaining lower and wupper bounds cn
the misclassification risk, given a3 sutset of observations on the
test saaple. Such methlods have been used to derive bounds fcr
discrete tfeatures which are conditionally statistically
independent, or satisty a first-order tree dependence. The
feasibility of ccmputing bounds on ~the Euclidean distance cr
similarity measures for binary vectors, establishes the efficacy
of our model in implermenting nearest neighbour <classificaticn

scheres.,

“imilar “vounding’® technigques can be used for more elaborate
vurwls vt teature dependence, such as second-order and higher

towr vependence models. Cur analyses assumed that the features
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were discrete and non-metrice. Much work remains to be done in
determining whether bcurds on the risk can be derived for the case
ot centinuous valued teatures ana used in formulating admissible

strategies.

(3) Wwe have shown that hierarchical classifiers are a special
case of the general state-space model. Our analysis has focused c¢cn
decision trees whose roce decisions are statistically independent.
We have proved that even under the independence assumption,
ogtimizing the performance of each node <classifier individually,

does not optimize the overall tree performance.

(4) A new systematic approach to optimal tree design has been
presented in this work, This method consists of decomposing the
design problem into three phases viz.y, tree skeleton design,
feature assignment to its nodes and node decision policy design.
Optimal solutions to each design phase are obtained by wusing the

recursive formulation of dynamic programming.

(5) when the features are discrete and non-metric, the design
of the ocptimal decisicn policy at each node, requires excessive
computational resources. Methods of clustering decision rules and
etficient techniaues cf discarding suboptimal sets of rules have
been devetoped in Chagter 5. Further investigution of such methods
i< needed for desicn problems wherein the node decisions are

interdependent.

(6) fFeature ranking and a method of bounding the. performance
of a partially designed tree, have been proposed in this study, as
means of reducing the complexity of the feature assignment
problem. 1mproved bounéds using parametric mocels of feature
distributions might aid greatly in reducing the execution time cf
branch-and-bound algorithms such as the one presented 1in Chapter

-1
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(7) The anal,sis regarding the effects of finite sample size cn
tre performance of hierarchical classifiers has led to two new

results:

(a) For a fixed sample size, there exists an optimal
quantization complexity for each feature used in a decision tree
used for discriminating M classes. The optimal complexity
increases with increasirag sample size and the number of classes to
be distinguished. Our analysis assumed that all features were
quantized into the same number of levels. Based on the observed
relationship between the optimum complexity and the number of
classes, it is our conjecture that a feature used higher up in a
tree should be quantized into more levels than one wused further
away from the roote. fn analysis similar to that given in chapter

6 might validate this hypothesise.

(b) For small sample sizes, we have shown analytically that
certain multiclass prcblems are better solved using a hierarchical
cltassiiier than a one-step classifier, even though, in thecry
(i.e. given perfect krowledge of the probability functicns), the
one-step method would perform better in all cases. We have as
yét, no way to characterize problems for which this “smaltl sample
phencmenon” occurs. One would Like to have a general set cf
guidelines on the most effective way of using a finite sample to

design a hierarchical classifier.

This dissertation provides a broad spectrum of admissible
strategies for multistace multiclass recognition problems, and
offers a set of optimization procedures for the automated desian

of optimal hierarchiczl classifiers.
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