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ABSTRACT

Title of Thesis: Optima l and Heuristi c Synthesis of Hierarchical Classifiers

Ashok V. Kulkarni , Doctor of Philosop hy, 1976

Thesis directed by: Dr. Laveen Kanal, Professor of Computer Science
Department of Computer Science

Multistage schemes such as hierarchical classifiers have been found

useful for many multiclass pattern recognition tasks . This dissertati on

investi gates the theoreti cal properti es of a general model of multi stage

multic lass recognition schemes . The generality of the model allows one

to descri be a large class of parametric and non-parametri c scheme s com-

monly used in terms of the model parameters. Two classes of admissible

and optima l strategies for obtaining the optimal decision are analyzed.

These strategies employ lower and upper bounds on a risk function to

improve the search efficiency. New methods of computing the bounds are

investigate d for the cases when the features are class-condi tionally

statistically independent and where they satisfy a fi rst-order tree de-

pendence relati on. Bounds are also derived for use in nearest-neighlor

j classifi cation schemes employing a Euclidean distance measure and various

similarity measures for non-metri c feature vectors .

Hierar chical classifiers are special types of multistage recognition

scheme s wherein at each stage certai n classes are rejected from considera-

• 
tion as labels of the test sample. Theoretical properties of decision trees

whose node decisions are statisti cally independent are investigated. Even

under this independence assumption the optima l tree design task is a corn-

plex one.

A three phase decomposi tion of the tree desi gn problem is proposed

viz, tree skeleton design , feature selection at Its nodes and decision func-

tion desi gn ~‘t each node. Optima l solutions to each design phase are



obtained using a dynami c programing formulation .

These optima l design methods rapidl y become cumbersome in computational

resources as the number of features and classes increase. This study pro-

poses various techniques for reducing the computational complexi ty incurre d

in fi nding the optimal features to be measured at each node and the optimal

decision policy . A method of clus tering decision rules and rejecting sets

of suboptimal rules without evaluating each individual one is proposed.

Feature ranking and a branch-and-boun d method are described for reducing

the possible feature assignments to be considered in finding the optimal

feature measurement policy .

In practi ce , the decision rules at the nodes have to be estimated

froni a finite set of design samples. This work investigates the relation-

ship between the expected tree performance , sample size and the number of

sta t~ ; (quantization levels) of each feature. It is shown that for an M-

cLi~s reco~jnit ion scheme using a decision tree, there exists an optimal

qu~nti z3ti on complexity . The optimum complexi ty increases with sample size

and with the number of classes to be distinguished. For small sample sizes ,

it is shown that a multistage decision scheme can have a lower error rate

than a single stage scheme which uses all the available measurements in

an H-way decision rule.
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1

1. i n t r o d u c t i o n

In p a t t e r n  r e c o g n i t i o n  p r a c t i s e , dec i si o n trees have

be en e K t e n s i v e t y  used for m u L t i c t a s s  c l a s s i f i c a t i o n  tasks.

However , the o r e t ica l d evelopments in p attern r e c o g n i t i o n

have e s s e n t i a l l y  avoided a d d r e s s i n g  the p r o b l e m  of d e s i g n i n g

such h i e r a r c h i c a l  c l a s s i f i e r s ,  in p r a c t i c e ,  variou :

h e u r i s t i c  and ad hoc meth od s are empLoyed. Th i s

d i s s e r t a t i o n  i n v e s t i g a t e s  the t h e o r e t i c a l  p r o p e r t i e s  of a

g e n e r a L  model of m u l t i s t a g e  m u l t i c l a s s  r e c o g n i t i o n  schemes.

The g e n e r a l i t y  of the mode l at Lo ws one to d e s c r i b e  a lar g e

c l ass of paramet ric and n o n — p a r a m e t r i c  schemes proposed in

the L i t e r a t u r e  in terms of t h e  model p a r a m e t e r s .

H i e r a r c h i c a l  c l a s s i f i e r s  comprise an important s p e c i a l  case

of t h i s  mode l . We derive new t h e o r e t i c a l  p r o p e r t i e s  of such

c l a s s i f i e r s  and i nvestigat e the use of o p t i m i z a t i o n  methods

for t h e i r  d e s i g n .

Thi s  c h a p t e r  pr esents the b ackground for the p r o b l e m  and

the m o t i v a t i o n  w h i c h  led to the invest i gation reported in

subsequent c h a p t e r s ,  and outlines the scope of t h i s

d i s s e r t a t i o n .  The first sect i on d e s c r i b e s  the c o m p onents of

a s t a t i s t i c a l  p a t t e r n  r e c o g n i t i o n  sy stem and the v a r i o u s

desi gn p h a s e s  that guide its d e v e l o p m e n t .  Section 2 o u t l i n e s

the t r a d e — o f f s  between three f a c t o r s , viz., c l a s s i f i e r

p e r f o r m a n c e , c o m p l e x i t y ,  and m e a s u r e me nt cos t , that occur in

the design of any p r a c t i c a l  system. The var i ous m u l t i s t a g e

sche m e s proposed in the L i t e r a t u r e  for a c h i e v i n g  t h i s

t r a d e — o f f  are reviewed in section 3. The la st s ection

s u m m a r i z e s  the c o n t r i b u t i o n s  of t h i s  d i s s e r t a t i o n  and its

r e l a t i o n s h i p  to the e x i s t i n g  l i t e r a t u r e  on m u l t i s t a g e

m u l t i c  Lass r e c o g n i t i o n .

-L 
- _______________  _ _ _ _ _ _ _ _ _ _
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1.1. A System Configuration

p c b~em Ro~~ Fea~tu~ e p~ cc&+.ion Des~~r~ Clc~SS
e t1eo~u~ em~rn 

____________ 
L oc3 i C ~~~ L C6CI

~~~~~~~~~~~~~~ 
(i ~& \ fFe&tu~~~ \ / ssiher ’\

Steps 0L~~di~ ~~~~~~~~~~~~~~~ __ J
~~ FLow of data in o p e r a t i o n a l  system

—
~~ Design influences

--* Flow of information during the design cycle

F ig. 1.1

Most statist ical pattern recognition systems can be

divided into four phases (Fig. 1.1) through which an

observed sam p le passes befo re it is classified (S) . The se are

Ci ) a measuremen t phase, (ii) a feature extraction stage ,

(iii ) a phase during which a set of d i scrim inant functions

is applied to the feature vector extracted , and , (iv) a

decision logic step that uses the outcomes of the functions

to c l a s s i f y  the sample.

The raw measurements consist of a potentially Larg e set

of measurements that can be taken from a sample and is

guided by problem knowledge which suggests measu rement s of

i n t e r e s t  and the s t a t e  of the art of t r a n s d u c e r  t e c h n o l o g y

w h i c h  d i c t a t e s  wha t m e a s u r e m e n t s  are feasibLe. Given th i s

m easurement set , ce r t a i n  features may be synthes i zed on the

basis of prior i n f o r m a t i o n ,  (e. g., fea t u r e s  such as th e area

a nd p e r i m e t e r  of a nuc l eus of a w h i t e  bLood c e l l ) , while



o t h e r  features may be e x t r a c t e d  from data - i ; i - y~~t~
eMpe r i I n ~ n t s cond u c teci In an i n t e r a c t i v e  mode. t i , ie. ., ~~ c

n o n l i n e a r  mappings to one—space or t w o — ~.Pa~~~- , ~!U ’

d i s c r i m i n ,~nt vector pr o je ct ions, fa ll into t h i s  I

c ategor y. Duri n g this data ana lysis phase, c e r I .~In

important ir’ilo rm a tio ,i , such as the mo des of a d i s t r i t u t i o n

(
~~ ‘ta in e d v ia  c l u s t e r i n g  e x p e r i m e n t s , for example ) may t~e

~ ,t ~~e r e d  and pa s ’sed on t o  t h e  subse q uen t  f e a t u r e  s e l e c t  ion
p h a ~; e

~I av i nq  e x t r a c t e d  a se t  o f  N f e a t u r e s , t h e  f e a t u r ~
se l ection task cons i sts of finding the best subset of n

out of N f e a t u r e s  w h i c h  w i l t  o p t i m i z e  the d l a s s i f i e ,
p e r f o r m a n c e .  S i n c e  the goodness  of a se t  o f  ~e a t u r e s  d e p e n d s

on t he  f o r m  of t h e  c l a s s i f i e r  in w h i c h  t h e y  w i~~ be u s e d ,

t h e  f e a t u r e  s e l e c t i o n  and c L a s s i f i e r  des i gn  t a s k s  ar~
s t r o n g l y  c o u p l e d .

The c l a s s i f i e r  design task cons ists of estim a t i r n i

p a r a m e t r s  of  the discriminant functions and desi gni ng th e

d ec i sion Log i c to optimize the classifier performance in t h p

f i e l d .  The ent ire desi gn cycle may have a v a i l a b l e  to it a

set of L a b e l l e d  or unlabeLled samples from which to g l ean

the i n f o r m a t i o n  it needs in each pha se .

The i m p l e m e n t a t i o n  of such a system involves severa l

iterations throug h the design c y c le  s i n c e  d e s i g n  c h o i ~~rs
made at one sta ge affect all subsequent stages. W h i l e  t h~~
feature e x t r a c t i o n  phase is problem dependent , the feature

se l ection ar i d c l a s s i f i e r  design s t e p s  can be automated.

1.2. The Desi gn Tradeoffs

The design procedure of a practical pattern recognition

s c h e m e  m u s t  contend, in general , w i t h  t h r e e  c o u n t e r a c t i n g

f a c t o r s , v i z . ,  t he  performance o f  the  c l a s s i f i e r , the
c o m p l e x i t y  of  t h e  des i gn , and the  c c s t  of taking featur e
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measurements. The components of these factors contributing

to the design probLem are depicted as a tree diagram , in

Fig. 1.2 below.

F a c t o r s

Performance Complexit y Measurement cost

Measurement Dec is ion

Complexity Complexity

Fig. 1.2

The performance index of a classifier is usually taken

to be the average misclassification rate , or average loss .

If X represent s a random sample (set of feature

measur ements), having a class ccnditiona L pr obability

function, p (X/wi ), d (X ) is a decision rule that cLas s~~fies X

into one of M classes, wl, .,..wM , and C (wi ,wj) denotes the

cost (toss ) incurred in classifying an vi sample into wj,

then the average Loss is given by,

‘I

R ~~fP(wi). C (wi ,d (X)) . p (X/wi) .......(1.1)

x

w h e r e  P ( w i )  is the a priori cLass probability of class

Wi.

in equation (1.1), X refers to a v e c t o r  of f e a t u r e s  to
be measured. There is a cost assoc iated wi th ta king new

m e a s u r e m e n t s ,  such as the cost 0f adde d instru mentation or

com p utationa l re sources. Sometimes this cost may be an

intangible quant ity. In medical diagnosis , for e xample,

t a k i n g  c e r t a i n  m e a s u r e m e n t s  may a f f e c t  the p a t i e n t s h e a l t h ,
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or it may take several days to be performed , during which

time the patient might remain hospita l ized. This cost ,

• referred to as measurement cost , is incurred whenever the

decision rule , dO , requires the particular feature

measurement. It is assumed in this discussion that

c l a s s i f i e r  pe r f o r m a n c e  and c o s t s, w h e t h e r  real or

i n tang ible , c a n  be ex pr essed in some common q u a n t i t a t i v e
t e r m s .

The phrase c o m p L e x i t y  of t h e  c l a s s i f i e r , is used here

as a general term to describe two factors , (1) the

measurement comple x ity, which depend s on the number o f

features used and the possible states (values ) that these

can assume , or parameters needed to describe their

distributions, and (2) the decision comp lexity, which

depends on the form of the dec i sion ru le , dlx ), i.e. the

parameters needed to describe it. For a parametric

classification scheme, the measurement complex ity controls

the number of parameters to be estimated, e.g. if N

stat i s t i c a l L y  independent features are used , and each
*feature is d iscrete, taking on one of m value s , the t o t a l

probabilities to be estimate d per class are, N.m • For a

g iven desired error rate , and a fixed feature set, the

minimum decision complexity is a funct ion of  the ease of

separability of the classes in that feature space. In other

words, If a sampLe vector, X , is regarded as a point in

feature space , and it d (X ) is a surface that partitions this

space into disjoint reg ions, each having a cLa ss tab et ,(i.e.

the decision mad e if a sampLe Lies in that region ), then for

a g ven error rate , e, the minimum number of parameters

needed to specify the surface, dlx ) , would be Larger it the

cla sse s were hi g h l y  owe rt apped, and smaLL If they were

p e r f e c t l y  separabLe , or overlapping only sl i ght ly.

It has bee n shown (17 ,2?] that the error rate can be
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made a r b i t r a r i ly  c l o s e  to  ze ro  if one had an infinite supply
9

of featur .s, whe re each feature contributed to the class

discrimination . In pract i ce, however , a zero error rate is

often unachievab le. First , the set of potential

discriminatory features , though large , cannot be infinite,

since in most app l ications, these are band—limited

observations C 17).

Secondly, in most cases one has to estimate the

paramet e rs of the assumed underLying di stribution using a

finite set of sampLes. It has been shown (173, that there

exists a reLat ionship between the optimum measurement

co m p l e x i t y  and the sample size , in that if any more or fewer

t han this op t i m u m  number of features are used -In a

c l a s s i f i e r , its  performance wou ld be worse than the optimal

val ue.

For a g iven set of features , the Bayes rule minimizes

the average risk . itow ev er , for most problems of interest ,

the l3ayes decision surface is too comp lex and wouLd require

excessive storage and com p utational cost. Hence, to reduce

the c l a s s i f er s design and running cost, this surface is

often ap pr oximated by a simpler su rface , e.g. a set of

p iecewise linear h yperp tanes might be used to approximate a

po l y n o m i a l  surface . The error rate using thi s approximation

is larger than the Bayes error rate.

F i n a l L y ,  the cost of taking a particular measurement at

a cer t a i n  stage of the decision process might not be

justified in vie w of the small improvement in performance it

would give. Hence, this cost also restricts the perf ormance

of a c l a s s i f i e r  for certain app lications.

Hence, measurement cost , decision com p L e x i t y  and the

m e a s u r e m e n t  comp l e x i t y —  sample size r e l a t i o n s h ip ,  p l a c e  an

upper bound on the performan ce of a p r a c t i c a l  c l a s s i f i c a t io n

sc heme . The i n t e r a c t i o n  between these l a c to r s  g i v e s  r i se t o

I
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the feature selection problem , since one is forced to l i m i t

the number of features to be used in the c l a s s i f i e r ,  The

trade—off between performance and c o m p l e x i t y  g ives rise to

the c l a s s i f i e r  and decision rule design problems. These

problems are accentuated for m u l t i c l a s s  and m u l t i m o d a l

c L a s s i f i c a t i o n  tusks. We shall b r i e f l y  describe the various

feature selection methods proposed in the Literature , and

point out some of their (imitations when applied to a

m ul t i c  lass d i s c r im inat ion problem.

1.2.1. Feature Selection

Feature se lection , as usually discussed in the

literature , is the problem of finding the best set of n out

of a total of N availabLe features, that w i L l  o ptimize the

performance of a classifier. Th is performance is assumed to

be the Bayes error rate. Where this is difficult to compute ,

various loose bo unds on this error are used • The b est set
N

of n features can always be found by examining al l ( -~-~ 
)

combinations. However , for Larg e N one may want a more

e~~fiti ent search strategy that fin d s a good thoug h not

necessarily opti m a l subset of features . The search for the

optimal set is complicated by the fact that the best k out

of N features need not be contained in the best k+1 out N

features , even it the features are s t a t i s t i c a l l y  independent

(35]. The diffe rent feature selection methods differ in the

criterion function sought to be optimized, and the meth o~i of

sea rch.

Let G denote the function that evaluates the feature set

goodness. Two types of G functions have been proposed. The

• first type are various distance and information measures

which a e  loo sely reLated to the Bayes error. A List of such

measures appears In £8). AL L  these functions invoLve the

class-de nsity fi nctions which may have to be estimated • The

~~~—•-~~ - -- - -  - --~~~- —- .—,—-- -~~~ -~~~~. - -~~ ~~~ - --— -
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second category of 6 functions may be defined as geometric

measures. Some of these are described in (21). Fun ctions of

between—class and w i t h i n — c l a s s  scatters , fall in this

Category.

The search methods may be divided into four groups , Ci )

single step se lect ion, (ii) wit hout—replacement method ,

(iii ) ite r a t i v e  refinement method , and (iv) the recursive

m ethod.

In the single—ste p method , the n features are chosen in

one step, e.g. the n features which contribute the Largest

amounts to the eigen vectors corresponding to the m Largest

eiqe nv o (ues of the covariance matr i x  (21]. Other methods are

c o n t a i r e d  in [29 ,30].

T h e  w i t h o u t — r e p l a c e m e n t  policy consists of adding to the

S u b se t  of k feat u res already chosen , that feature which

m d x i m i z e %  the criterion functio n , 6. Here 6 couLd be a

goodnes s measure of the single feature , or a measure of the

c o r r e t u t i o n  of that feature with the k features , or a

w e ig hted sum of the tw o s etc. [20]. In mul ti class schemes,

c e r t a i n  m o d i f i c a t i o n s  of these methods have been suggested ,

[?O] ,n.q. the k+1 th . feature may be chosen as that w h i c h

test se ça ra te s the class pair most confused by the k feature

set.

The i t e r a t i v e  refinement policy consists of replacing

some m out of the k features chosen at the k th. step, by

some other features , until no improvement in 6 is possible.

Then the k,1 th . feature which causes the largest increase

in C is added to t h i s  refined set , and the search proceeds

to the k+ 1 th. stage.

The recursive method , also called a dynamic programming

method [3], may be described in the foL lowing manner. At the

k th. step we have found the best k out of N features , To

find the best k+ 1 features , ev aluate a lt k41 feature sets
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oht d i fie d in the following two ways; (I) the best k feat u r e

set found along ~it h any feature from the remaining feature

set (without replacement p o l i c y ) , and , (ii) any Set of m out

ol the k feature set together with the best set of (k.1—m )

features out of thm remaining N—k features, the tatter being

defined r e c u r s i v e l y  in a simi l ar manner. The best k+1

features out of t~~, are the features eva (uted in Ci ) and (ii )

w i t h  the L argest 6 vaLue.

The above m ethods of selecting features have some

drawbacks when used in a m u t t i c l a s s  recognition system. Most

of the geometric measures of goodness are inadequate if more

than two classes have to be distingu ished , or if the classes

are m u t t i m o d ~~t . for m u L t i c l a s s  and m u l timodaL problems , a

single g e o m e t r i c  measure usually cannot describe the

goodness of a feature set, By using a sing le c r i t e r i o n

function , C, it is being assumed that a Bayes c l a s s i f i e r

w i l l  be used to c i s c r i m i n a t e  the classes. Howev er , from the

earlier discussion , it is seen that a Bayes c l a s s i f i e r  m ay

be too d i f f i c u l t  and complex to implement. Thus , these

feature s e l e c t i o n  methods do not connect the selection task

wi t h  that o f  s i e c i f y i n g  the form of the c l a s s i f i e r  in w h i c h

they would be used. Another factor to be considered is that

of optimum d i m e n s i o n a l i t y .  For a given sample size per

c l a ss , one may not want to use more than say n features.

However , the b e st n features to d i s c r i m i n a t e  one class pair ,

may be d i f f e r e n t  from the best set to distinguish between

another pair. By assuming that some n features are used in a

s i n g le  s t e p  to make an H — w a y  d e c i s i o n  (fo r an P1—class
-~~~—-

problem) , one is forced to com pr omis e the featu re set

choice. A b etter use of the features might be to sp L i t  the

decision into several stages , where at any stage one set of

classes is distinguished from another. Thus, at each step ,

one could use the n features best su ited for that ta sk.

______
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Another l i m i t a t i o n  of the above search me thods is that they

do not take into account the measurement cost—performance

t r a d e o f f  t h a t  has to be made in many a p p l i c a t i o n s .
Multistage schemes have been propos ed in the L iteratu r e

to achieve the p e r f o r m a n c e — c o m p l e x i t y — c o s t  tradeoffs that

must be made in p r a c t i c e .  In such schemes , a sequence of

feature measurements are taken from the sampl e, and a

sequence of gue sses made r ega rd in g  the sam p le  L a b e l .  The
various schemes proposed differ in the strategy used to

s-elect the next feature to be observed , and the decision

function used to refine the guess cf the labet .By breaking

the m u t t i c t a s s  decision making probtem into a series of tess

c o m p l e x  decision s, the c o m p l e x i t y  in th e  des i gn  of each  suc h
decision is reduced. The feature to be measured at any

stage , can be chosen depending on the cLasses to be

distinguished. Moreover , if the cost of taking the next

m e a s u r e m e n t  i s  u n j u s t i f i a b l e  in v i e w  of the ga in  in
a c c u r a c y ,  the  measurement  p r o c e s s  c a r  be t e r m i n a t e d ,  and a

good d e c i s i o n  made on the b a s i s  of o b s e r v a t i o n s  t a k e n .

1.3. l i t e r a t u r e  On M u l t i s t a g e  C l a s s i f i c a t i o n

Multistage decision schemes and hierarchical classifiers

have been extens ively used to soLve recognition problems and

experience with such methods is discussed in several

papers. This body o f  work can be grouped into three broad

categor ies :

(1) Conversion of decis ion tables to optimal

~~ d ecision trees,

(2) Sequential pattern cLassification methods, and

(3) H ierarchical classification methods.

T here has be en a considerable amount of work reported in
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c o n v e r t i n g  d e c i s i o n  tab les  i n t o  o p t i m a l  d e c i s i o n  t r e e s
(9 ,15 ,24 ,25 ,26) .  T n t h e s e  c a s e s ,  t he  c r i t e r i o n  o f  o p t i m a l i t y

is the average number o f  nodes  t r a v e r s e d  to  c l a s s i f y  a

samp le , or the total number of ncdes in the  t r e e ( 2 5 ) .

However these t a b l e  c o n v e r s i o n  m e t h o d s  do not a d d r e s s  the

h r o b l e n  of t r a d i n g  e l f i c i e n c y (  as measured by the average

n u m b - r  of nodes traversed ) for m i s c L a s s i f i c a t i o n  cost , s i n ce

th e y assume that the patterns can be u n a m b i q u o u s l y

d i s tinguished. ~nuth [9] considers a dy n amic p r o u r a m m i r i q

ap proach to c o n s t r u c t  an optimal binary search t r ee for

a l p h a b e t i c a l  key words , where at each node , one stores a key

word , d °d th e te st at that point consists of seeing i t the

sam ple key m a t c h e s  that key, is less than that key or

greater than it. Meise t and M i cha lapo lous llO ) discuss the

use of a recursive procedure to arrang e a set of piecewise

constant boundarie s in m e t r i c  space , so as to m i n i m i z e  the

average number of comparisons needed to classify a samp le.

Howe v er , they assume that the feature space has already been

broken up into the various decision reg ions. Thus, the

a l g o r i t h m  rearranges the order of the tests o p t i m a l l y ,

w i t h o u t  affect ing the misc L a s s i f i c a t  ion rate.

S t oe ff et [1 3 ] and B e L L I 1 S )  use a two p hase method for

desig n ing a hi e r a r c h i c a l  c l a s s i f i e r  for character

r e c o g n i t i o n  ap p l i c a t i o n s .  The basic features are binary

(e.g. presence or absence of some st r u c t u r a l  component ) . in

the first phase , these features are used to synthesiz e more

c omp l.~- x f e a t u r e s  w h i c h  are b a s i c a l l y  binary vector s w i t h

dont care b i t s  wherein each b it represents the presence or

ab sence of a given proper ty .Thi s co l lection of ve c tors

(called p r o t o t y p e vectors) are used to generat e a d e cision

table fo r the mu l t i c ti aracter recognition prob lem. in the

second phase , the decision table is converted into a

decision tr ee having a m i n i m u m  p ath length. Belt[1 5 ) q i ve s  a
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heuristic a L g o r i t h m  for deriving the prototypes (which he

refers to as decision ruLes ) . The ‘decision ruleV for each

class are generated a u t o m a t i c a l l y  using desi gn sampLes. The

proc edure starts wit h the mo st general rule w i th all don ’t

care bits, i.e, accepts al t  samples. Then the bits are

s e q u e n t i a l l y  s p e c i f i e d , and t h e  m e r i t  of  a r u L e  is m e a s u r e d

by ,

1. p — U. q
where , p, g are constants determined e m p i r i c a l l y  and

varied during the procedure in a certa in way, I is the

number of samples from the target class which the rule

a c cepts, and U is the number of non—target samples accepted

by i t .

One of the early investi gations of sequential methods

for two class problems was carried out by W a ld C283. This

method assumes that an infinite series of measurements can

be taken sequent ially from the test sample. Afte r  taking

each m easurement , the ratio of apo ste r ior i Likelih o ods of

the two classe s is compared with two threshold va lues , If

the ratio f a L l s  between the two, the measurement process is

cont inued , wh i l e  i f it f a l l s  to one side or the other of

both t h r e s h o l d s , the sampLe is classified into one or the

other class , A generalization of this method for the

m u l t~~ (ass case was presented in (5) • It can be shown that

for the two class case , the Wa ld sequential ratio test

requires the minimum average number of measurements for a

given er ror rate per class ,

fu t5) discusses the problem of optimal sequential

decision making and feature ordering when the number of

features is finite. He uses a dynamic programming

formulation to compute the optimal policy for a fixed

feature ordering , and the optimal feature ordering and

_ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _
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d e c i s i o n  p o l i c y ,  fo r a gi ven number cf features , N. 1 h i ~,

metho d consist s of start iri g at the l ast stage of tht ~
d e c i s i o n  m a k i n g  p rocess and e v a l u a t i n g  the opt ima l 1 u L i y

for a L L  p o s s i b l e  h i s t o r i e s  of measurements. ihe de ci , .ion at

t h d t  p o i n t  is t h a t of e i t h e r  c l a s s i f ying the samp le ~~~to one

of P c L ~ts ses , or taking t h e  n e x t  m e a s u r e m e n t .  T h i s  c h o i c e  i s

ba sed on th o m i n i m u m  of the risk t h a t  would be incurred if

the ct ~i ’ s i 1 i c a t i n were made , and the cost incurred if the

m eas ur~~men t process were continued. Thus, the decisions

computed at each stage o p t i m i z e  the weighted sum of risk and

m easur er r i~nt cost for any sample that reaches that stage .

t4 art [1~~] considers the prob l em of f i n d i n g  an a d m i s s i b l e

strate g y (Bayes optimal ) for a pro b a b i l i s t i c  decision

t r e e .t h e  t r e e  is b i n a r y ,  and each t e r m i n a l  node represent ’ a

joint h y p o t h e s i s  comprised of the subh ypotheses denoted by

the a r c s  on the path to that t e r m i n a l .  Thus each measure m ent

pro vide s an a p o s t e r i o r i  like l i hood of each of a pair of

suh~~~p o t h~~ses. Under the assu mption that the L i k e l i h o o d  o f a

compo it e h y p o t h e s i s  depends only on the measurements taken

ol onq t h i t  l a t h , and the assumptions that the m e a s u r e m e n t s

are c o n d i t i o n a l l y inuependent and i rdepend ent , Hart shows

that the i p o s t e r i o r ,  l i k e l i h o o d  of the joint h ypothese s

t,eto.. a node can be used as a h e u r i s t i c  to order the rio1 ~~s

w~~i c h are candidates for t r a v e r s a l ,  The resulting a l g o r i t h m

is a r i m i s s i b l e  and optimal.

u k  u r u a q a t  t~ I has propo sed the use of branc h—an d—bou nd

r r e t ~~o l . for reducing the distance computations in

• • 
ii~ are s t — n e i g hb our schemes. His method consists of making a

h i P r d v ( P l l C a L  p a r t i t i o n i n g  of the design sample set and

s t o r i n ~ at e ach node of the h i e r a r c h y the mean vector and

rd di us Of the samples represented by that node. These two

p arai~u I ~~r s are used to put a lower bound on the m i n i m u m

d i s t d v I C  b e t w e e n  a t e st sample and any sample in the d e si gn
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set at the  node. ii t h e  c u r r e n t  min imum d i s t a n c e  of the
test sam ple from any desi gn sample is less than this lower

bound, the entire set of desi gn samp les at that node can be

discarded from consideration as nearest neighbours. In this

w ay, the n ea rest neighb our can be found wi t h  a sma t ter

average number of distance computations.

The m o thods proposed in the literature for designing

h i e r a r c h i c a l  c l assifie r s w h i c h  m i n i m i z e  the sum of

measurement cost and risk , are mu st ly top down h e u r i s t i c

me thod s which are suboptimal soLutions to the problem ,

(4,14 ,i6I .Matt son and Dammann (16] consider the use of linear

d i s c r i m i n a n t s  to detect and code the cLusters in a

mu l t i c l a s s  prob lem , wherein the node decisions are binary

and the  t h r e s h o l d s  a r e  s e t  manua l l y  by i n s pe c t i n g  the

scatter of the samptes ((abe (ted ) along that axis ( the Fi sher

direction ), Friedm an (4 ) describes a non parametr i c

c l a s s i f i c a t i o n  method that Consists of splitting a set of

l ab e l l ed d e cig n samp l es int o successively sriat L e r sets ,

unti l  all samples in each of the ter m inal sets belong to the

same class , or have a membershi p Less than some specified

constant , The feature chosen at each node to sp l it the

samp les is that which has the largest value of the

Ko (~~ogorov variational distance between the two class

P opu la tions projected along that feature ax i s, or along the

fisher direction using all features. lhe threshoLd at that

node is selected to m a x i m i z e  this variationa l d i stance, For

m u t t i c l a s s  schemes , two methods are suggested. The first

uses H such tree s where the i th . tree separates the i th.

class from the other classes. The test sampl e is classified

by passing it do wn aLL Pt trees and [abett ing it w i t h  th e

class which has the largest number of samples in the

bu c kets (term ina l nodes ) into w h i c h  the test sample falls.

The second schem e uses a generalizat ion of the Ko lm ogorov

~~~~~ 
— 

—:__________________
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(J  I ¶. t i !  C ‘ , a ri I ~ S i n q I P 1 r ee t 0 ma k e t he t t as s ii i c .;r •

ge l ie  f a I • r d  ii) s t d O t  0 s t he var 1 ~~n cc  o f t he he 11 o t i ~

c tim uil a t i ye d i s t , i b u t ion fun c t ions a long the ~ i t  t ii I

fe a t ti re a x i s .  The fe a t u r e  w h i c h  has the largest v a r i i n c e

v a l u e  is the f e a t u r e  chosen to spl it the sample set.

~.u (14) d scr i b e s  a top down h e u r i s t i c  method t r  t i e

d e s i i~n of a h i e r a r c h i c a l  c l a s s i f i e r .S t o r t i r i g w i t h  th d e c i .i ’~

s~ u m i  les fro m a l l  the c l a s s e s ,  the procedure s u c c ” s s i v o t y

pa r t i t i o n s  the samp les (ctdss es ) using a n o n — s u p e r y l c e i f

c l u s t e r i n g  a l g o r i t h m , and e v a l u a t i n g  a l t  l i k e t y  feat ur e

st,h s e t s .Th e fe a t u r e  subset chosen for the node , di , i~ I t a t

h a vin g t i e  ‘rnatl est value of the e v a l u a t i o n  f u n c t i o n , w h i r ’

is of the form ,

c it.
I (di ) -T (di) -K .e (di) 1 (dt .j)

I

I i i  lt - e above equation F is the eva l uation f u n c t ~~~on ,

e ( d i )  is  the error rate at di using that feature set , T (d i )

j
~. a me~isure of the ti m e needed to make the d e c i s i o n  at d i ,

~ i s  a we i g ht i n g  t e r m , and c i  are t h e  number of d e s c e n d a n t

nodes o f  di , obtai n e d  v ia th e c l u s t e r i n g  Irocedur e . F (d l  •j

art the e v a L u a t i o n  functions of the descendant nodes , ~~~

sin e these node s hav e not yet been e*p~i nded , F (d L • t )  i s

ec~~i~m ed to te a sum of two t e r m s ,  v iz.,

[(dl +j) = —T (m ,nj ) —K.C

whe re I (m , iii ) is the computat ion t i m e  at that ot le

— 
assumed t o  he a f u n c t i o n  of the t o t a l  set of features , IT’ ,

and th~ nu m tj r r  o f  c l ass e s , nj, in that cluster. The e r r o l  i t

d (• j is a ssumed to he a con st ant , C. Th us , thi s  top ~ i T w f ’

p r oco dur . of t t e e qe n t ra tion c o n s i s t s  of spl i t t  inn di ui~~ jog

t t ~. fe d t u r e  sp t w i t h  the s m a l l e s t  value of the e v a l u , t , r i

f u ric t ion F (di) , and then repeat ing the process on e a ch of

t
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the descendant noct es , unti l  each t e r m i n a l  set conta ins

sam p l es f rom a single class.

1.4. Scope Of This Research

The preced ing discussion of the reported work in

mul t i s t a g e  c l a s s i f i c a t i o n  hi g h l i g h t s  the f o l l o w i n g  factors:

(1) ?‘ost of the work on d e c i s i o n  trees has dealt w i t h  the

tas k of c o n v e r t i n g  d e c i s i o n  tables to o p t i m a l  t i ee s. These

stud ies assume t h a t  the p a t t e r n  classes are p e r f e c t l y

s e p a r a b l e , and hence unambiguously separated by the decis ion

table. ihere f ore , they seek to m i n i m i z e  the number of tree

nodes , the average path L e n g t h ,  or scme c o m b i n a t i o n  of these

tw o t i c t o r s .  In s t a t i s t i c a l  patte rn classi f i c a t i o n , however ,

the c t . i , s e s  do overlap , and the erro r rate of the tree is

an i r ~~ o t a n t  c o n s i d e r a t i o n .  The c r u c i a l  part of the desi gn

i s t h a t  of desi g ning the d e c i s i c n  table , since th i s

d e t t r r i r i e s t h e  error rate. Moreover , for fi n i t e  desi g n

sarr~ L o s ,  one has th e added c o m p l e x i t y  of s e l e c t i n g  the

1 . t ~~r e s  w h i t h  w i l t  be used in the classifier. The table

C o n v e r s i o n  a l g o r i t h m s  do not address themseLves to thes e two

p r ’ ( f ~~~s v i z . ,  feature selection and m i s c l a s s i f i c a t i o n

• , r o r

(fl There has been some wor k done on designing o p t i m a l

se q o o r i t i a t  r e c o g n i t i o n  procedures for m u l t i c t a s s  p r o b l e m s .

Seque n t i al methods of recognit ion d i f f e r  from h i e r a r c h i c a l

cl a~~s i t i e r s  both in the order in g impcsed on the sequence of

f e a t u r e  m e a s u r e m e n t s  and the o r d e r i n g  on the set of possible

c l a ~.s l abels. Sequentia l schemes impose a l i n e a r  ordering on

the feature s , and in most cases t h e r e  is no p a r t i c u l a r  orde r

on the c l a s s  l a b e l s , I.e. an y class can be accepted at any

stage of the measurement pro ces s. in h i e r a r c h i c a l  meth ods,
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the features as weLl as the class labe l s are order

h i e r a r c h i c a l l y. Thus at each step of the measurement, some

classes are rejected from cons .jderat ion •as candidates for

the t e st sam p l e ’s Label. Dynamic p r o g r a m m i n g  has been used

to find the optima l decision p o l i c y  and feature ordering for

sequential schemes. This work has not been extended further

perhaps because of the e x p o n e n t i a l  growth in computing

re qu irt . d for designing such schemes, as the number of

featur es 3nd classes inc rease.

(3) The metho u s of desi gning h i e r a r c h i c a l  c l a s s i f i e r s

reported in the literature are h e u r i s t i c  methods making no

claims to o p t i m a l i t y  even urt.der r e s t r i c t i v e  assumptions.

There has been L i t t l e  stud y done on the a p p L i c a b i l i t y  of

o p t i m i i a t i o n  ~method s such as dynamic programming and

branch—and—bound techniques for the desi gn of s u c h

c l a s s i  t i e r s .

T h i s  resea rch was aimed at dev eloping t h e o r e t i c a l

approaches to the analysis and synthesis of a broad class of

m u l t i s t a g e  recognition schemes, including h i e r a r c h i c a l

c l a s s i f i e r s ,  and studying the use of op t i m i z a t i o n  methods

for th e i r  design .

Chapter 2 deveLops a general theoretical model, a

state—s p ace model, to describe the behaviour of m u l t i s t a g e

schemes. It is shown that most of the methods proposed in

the literature can be described in terms of this model , The

mode l ’s generality allows one to define new types of

classification schemes. In this mode l , a state Consists of a

measurement set, and a set of poss ible classifications of

the sample. An cage in the graph represent s the action of

observing a part icular feature ( or a set of features ) , and

has a cost, the measurement cost , associated w i t h  it ,A goal
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state is any state wh i c h  contains one or zero class Labels

as the set of possible c l a s s i f i c a t i o n s ,  Depending on the

manne r of d e f i n i t i o n  of decision making costs, two typ es of

admissib l e s t r a t e g i e s  are defined , viz., an S—a d m i s s i b l e

strate g y, and a 8—admissible strategy . The goal cost is

assuu d to be a weighted sum of measurement cost and

m i s c (a s s i t i c a t i o n  r i s k . O p t i m a t i t y  and a d m i s s i b i l i t y  of the

strategies can be proved under certain conditions.

Ihe h e u r i s t i c s  used in such searches employ bounds on

the m i s c l a s s i f i c a t i o n  risk, to decrease the nodes to be

searched in the state—space graph . Methods of Computing

bounds are deriv e d  for several parametric and no npara ni e tric

c l a s s i f i c a t i o n  schemes. This general model has the advantage

th at n o n p a r a m e t r i c  schemes, such as the nearest neighbour

ru le , u sin g  Euc l idean distance, or s i m i l a r i t y  measures for

n o n f r e t r i c  f e a t u r e s ,  can also be modelled as a state space

se arch. New hounds on such distance measures are derived ,

~ nd it is shown that these bounds can Lead to a substantial

r e d u c t i o n  i n  the number of distance computations needed to

f i r d  the nearest neig hbour.

in th e above state—space mode l , a state consists of any

s u b s e t  of features, and any subset of class Labe ls. If all

state s ari d •ill p o ssible state transitions are considered ,

the ro d e t  r a p i d l y  becomes too Large and compl icate d to

hand l e. One way to rest r i c t  the states , and state

transitions, is to make ~the state—space graph e x p l i c i t , i.e .

to e x p l i c i t l y  cefine the possible ordering of feature

measure m ents. Such a graph can s t i l l  be searched usi n g an

-
‘ 5_ a d m i s r i b l c  or B— adm i ssib l e strategy. A h i e r a r c h i c a l

c l a s s i f i e r  is a particular type of graph in which a single

path is followed to c l a ssi f y a test sample , and where at

each stage in the decision making prccess, some classe s are

r e j e c t e d  f r o m  c o n s i d e r a t i o n  as p o s s i b le l a b e ls  of the

_ _ _  -
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sam p Ic

Cha p ter 3 derives a number of properties of h i e r a r c h l c d l

c l a s s i f i e r s ,  and examines in some d e t a i l ,  those c l a s s i f i e r s

wh ose no de  dec is ions ar e  s t a t i s t i c a l l y independent. Bound s

are derived for the error in tree performance when S U C h  an

assumption is made. It is also shown that when t h e

i n dep e ndence assumption is v a l i d ,  an upper bound on the

total tree per f ormance can be derived in terms of the

performan c es of the classifiers used at the nodes of the

decision tree. T h e  tree design pro blem is com p lex even un der

this independence assumption. Two ‘negative ’ properties bear

out this fact. Firs t ,  it is proved that o p t i m i z i n g  the

perfor m ance at each node does not ne ces s a r i l y  o p t i m i z e  the

total tree performance. Second ly, choosing at each node ,

that feature w h i c h  makes the node decision w i t h  the least

error , does rot necessarily constitute the best choice of

features to be used at the tree nodes.

The t r e e  des ign prob lem can be s i m p l i f i e d  by us ing  a

three ph~.se approach proposed in c ha p ter 4. It i n v e s t i g a t e s

the use o f  d y n a m i c  p r o g r a m m i n g  itt solving the f o l L o w i n g

three d e s i g n  tasks:

(1) Design of the optimal policy at each tree node ,

g iven the tree structure , i.e. the tree skeleton and

the features to be used at each node.

(2) Design of the optimal feature me~~surement and

d e c i s i o n  po l i c y ,  g iven  on ly  the t r e e  ske l eton , i.e.

-~ - the classe s rejected at each node and the node

in Ic ta r  ch ~~.
(3) Design of the optimal tree structure , i.e. the

skeleton and the c h o i c e  of f e a t u r e s  to be measured

at each node given that at each node , the dec,s ion

is a m a x i m u m  L i k e l i h o o d  rule using prior class

a 
______ _________ __________________ ________________________________________________________
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probab  it it ips .

W h i l e  th p d y n a m i c  p r o g r amming a l g o r i t h m s  for solving (1)

H and (2) are o p t i m a l  for any feature d i s t r i b u t i o n , the

a l g o r i t h m  presented to solve problem (3) is o p t i m a L  only

under c e r t a i n  c o n d iti ons.

The d y n a m i c  programming me thods rapidly become

c u m b e r s o m e in storage and computatio n a l requirements as the

num b e r  of f e a t u r e s  and classes to be considered , i ncrease.

C h a p t e r  5 s t u d i e s  m ethods of r e d u c i n g  the measu rement and

d e c i s i o n  c o m p l e x i t y  at the expense of degraded performan ce.

T h i s  c h a p t e r  d e s c r i b e s  methods of reoucing the c o m p l e x i t y  in

d e te r ’r i n in ~j the o ptimal decision policy at each node , and

the o p t i m a l  feature to be measured at each node.lt proposes

techn i ques for c l u s t e r i n g  decision rules when the features

used a t  t h e  t r e e  nodes  a re  d i s c r e t e  and non—metric. A

branch—ari d b ound a l g o r i t h m  for dis cardi ng rules w h i c h  are

In ow n to be s u b o p t i m a t  is also sugge sted. The pr oblem of

us s ~~ q ni n l  f e a t u r e s  to the nodes of a given tree ske l eton is

also co n s i d e r e d .  A d y n a m i c  p r o g r a m m i n g  formu la tion, and a

b r a n c h — a n d — b o u n d  method for solving t h i s  problem are

d e s c r i b e d .  The use of feature ranking at tree nodes is an

a d d i t i o n a l  m e t h o d  o f  reducing the com putations involved in

tree d e c i q n n .

Chap t e r  6 explores the re l ationship between sample size ,

the numb er of classes, and d im e n s i o n a t it y ,  as it a f f e c t s

tree design. In p a r t i c u l a r , it is shown that for s m a l L

sample sizes, by breaking the M - ctas s problem into a

h i e r a r c h y  of tw o — c l a s s  pro b l ems , the degradation in the

estimated perfcrm ance from th e true performance of the

c l a s s i f i e r , can he reduced. This re s u l t  is i llustrated for

t he ca se of d i s c r e t e  f e a t u r e s .  An expression for the mean

a c c u r a c y  of a dec i s ion  t r e e  fo r  an P class problem Is
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der iv eu . T h i s  a n a t y s n s  a l l o w s  one to study the b c h a v i o u c  (t

th e c l a s s i f i e r  p e rform a nce as a fun ction of s am pl e s i / i ,

q u a n t i z a t i o n  c o m p l e x i t y  and the number of c (as~~es, M. Th~
ex i s t e n c e  of an optimum q u a n t i z a t i o n  c o m p l e x i t y  for a q iv e r i

sa mple si ze , discovered by e a r l i e r  researcher s . [33,34J for i

t w o — c l a s s  p r o b l e m , is  shown to ho L d  for an If—c l ass de c 1 s i O O

tree r e c o g n i t i o n  scheme.

in s u m m a r y ,  a general mode l of m u l t i s t a g e  m u l t i c t a s s

r e c o g n i t i o n  scheme s , wh i c h  trade acc u racy for cost has l e e r

f o r m u l a t e d  and ana l yzed. S y s t e m a t i c  m ethods for the d e s i g n

of hi e r a r c h i c a l  c l a s s i f i e r s  have been investigated , as t h p c °

represent im p o r t a n t sp ec ial cases o f  m u l t i s t a g e  s c h e n ’ e c .
1’ i s r e search has Lou to new r e s u l t s  and new insi g h t s  or

m u l t i s t a g e  (a s s i f i c o t i o n , and pro v ed the u s e f u l n e s s  of

O p t i ~~, i Z d t i ~~~n m e t h o d s  in designing h i e r a r c h i c a l  c l a s s i f i e r s .

_ -  ---- - ----
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2. Gene ral I’~odel of M u l t i s t a g e  Classification

Thi s  c h a p t e r  presents a formulation of the m u l t i s t a g e

m u l t i c L a s s  p a t t e r n  rec o gni t ion problem as a state space

search. Iwo c l asses of strategies , called S — a d m i s s i b l e  and

B — a d m i s s i b l e  s t r a t e g ies, are presen ted as being o p t i m a l  for

two types of pattern c l a s s i f i c a t i o n  tasks.

Ar t S - a d f f i s s i b l e  strategy ‘inds t h e  m i n i m u m  cost

goa l (rno de ) in the state—space gra ph when t h e  g o a l  cos t

depend s only on the features measured on the path to that

node in the graph. The search strategy uses a heuristic

f u n c t i o n  to decice the node t o  be t r a v e r s e d  next , and

t e r m i n a t e s  when a goal node is reached .

A d i f f e r e n t  type of strategy is needed when the goal

cost de pen ds upo n ALL features measured on the test sampLe.

The ba yes risk is an exa m p l e  of such a cost function. The

co n ce pt of a b — a d m i s s i b l e  strategy is defined for this kind

of a s e a r c h  problem. A B—admissible algor i t h m ’s execution

sequ en ce can be regarded as comp osed of two parts, the first

of w h i t h  uses a h e u r i s t i c  function tc decide the node to be

travers e d  next , wh i l e  the second part uses an upper bound on

the goat cost to reject certain c l assificatory decisio ns.

The a l g o r i t h m  t e r m i n a t e s  when all classes are rejected

e x ce p t  one , this being the B—optima l goal. In some

situations , it cou ld terminate w i th the reject class, i.e .

non of  t he  c l a s s e s  is a c c e p t e d .  A t h e o r e m  on the

o p t i m a l i t y  of B— a d m i s s i b l e  a L g o r i t h m s  is p r es e n t e d .

Viewing the multistage classification problem as a state

space search allows one to describe a Large class of

p a r a m e t r i c  and non—parametric method s in a single framework.

The s e a r c h  e f f i c i e n c y  o f  t he  S — a d m i s s i b le  and 8 — a d m i s s i b l e

s t r a t e g i e s  de pends on th e  t i g h t n e s s of t h e  bounds on g o a t

costs used by them to evaluate a l t e r n a t i v e  search paths.



Technique s for computing upper and lower bounds on a goat

c o s t ,  for use in admissible search strategies, are d er n v e d

f o r  t he  f o l l o w i n g  s p e c i a l  c a s e s :

• S t a t i s t i c a l l y  i ndependen t  d i s c r e t e  f e a t u r e s .

• Tree dependent discrete features.

t~ear e st ne ighbour classi fica tion using E u c t i d e a n

distance (nonparametric ) .

C l a s s i f i c a t i o n  using s i m i l a r i t y  measure between

b i n a r y  v e c t o r s  ( n o n p a r a m e t r i c) .

2.1. State—Space Mode l

A m u l t i s t a g e  m u l t i c l a s s  decision making process car t~
model l ed as a search for a m i n im u m  cost goat node ~ rt a

state—space grap h, G , which is a 7—tup l e,

G (S ,E ,F ,W ,c,r ,T)

w h e r e ,
S : is the set of states (nodes ) in the graph,

E : is tine set of possible tr ansition s (ed ges)

between states in S,

I : is the total Set of features ,

U : i s  the total set of cl ass labels, W~~(1 ,2,...If),

w h e re If is f i n i t e ,

c Is a non—negative rea l—valued cost function on

the edges in E, and represents the measurement

C OS t ,

r : i s  a r e a l — v a l ued f u n c t lc n  on t h e  goa V  nodes
in S and represents the m i s c l a s s i f i c a t i o n  loss

incurred by making th, class i ficatory decision

associated w i t h  t h a t  node , and ,
T : is Itt e decision strategy used for dec i ding t he-
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nod e to  be t r a v e r s e d  ne xt ; i t ‘outd be a

function of a lt measurements taken on the test

s a m p l e .

A state (node) s~~~S , is a t u p t e ,  ( Fs , W s ) ,  w h e r e ,

F s C F i s  a subse t  of t h e  f e a t u r e s  t h a t  a re  m e a s u r e d
when that node is t r a v e r s e d ,  and ,

UsC V is  a subse t  of  t he  c l a s s  Labels , a nd denotes

the p o s s i b le c l a s s i f i c a t i o n s  tha t  can  be m ade
on any path in the graph passing through s.

A goa l  n o d e , s , is one f o r  wh i ch ,

Is = 0 and I w s ~~< 1 , i.e. onl y one cl a s s i f i c a t o r y

decision is possib le , or a reje ct ’ decision.

The observed values of the feature set Fs are r a n d o m
v a riab l es. T h e  d e c i s i o n  m a k i n g  p r o c e s s  c o n s i s t s  of starting

w it h  the i n i t i a l  node of 6, taking the feature measuremen t s

associated w i t h  that node , and using the s t r a t e gy ,  I t o

decide w h i c h  of the successors of the node to traverse next.

This proc c~ss is repeated for any node se lected for

0xrunSi Qn , If N (s*) denotes the set of states (nodes ) on

the path to a goat node , si , and C (N (si)) is the sum of arc

c o s t s  a lo n g  t h a t  ~a t h , and r ( s * ) , the goat risk , then the

t o t a l  c o s t  of  m a k i n g  t he  d ec i s i on s~ is defined by,

f (~~*)  c ( N ( s ~~
) )  + r ( s * )  .. ..... ........(2.1)

-. Uased on th e f o r m  of  the  r is k , r (s i ) , one can define two

broad categories of multistage c l a s s i f i c a t i o n  scheme s~

• the risk r is of the form , r (s ’lXs ) , w h e r e  X s is t h e

se t  of m e a s u r e m e n t s  on t h e  p a t h  to s~~.

I - 
- ___________ 

_ _ _



t he  r i s k  r i s  a f u n c t ion of ALL measureme n ts , not

just those on the path to s~~. if k d e n o t e s  a s t a g e

v a r i a b l e  and X k the featu res ob served t i l l  stage

k , then r is of the form r (s’/Xk ) and it c o u l d  v a r y
as more features are observed , possibly on other

i a t h s  that don t Lead to 5i •

The fo L Lo1.i n g sections describe admissible str a t eg ies

f o r  each of th , above types of c l a s s i f i c a t i o n  schemes.

2.i~. S— a d n iis s ibl Strateg ies

An ~— ad mi ssih (e strategy is define d as one which , amwi 1

a l l  p o s s i t i l e  g oat states in 6, ter mi nates w i t h  the goat

state s’, for wh ich the v a l u e  o f  f (~~~i) is m i n i m u m , where ,

f (s *) ~~ (N (s *)  ) + r (s * I x s) .. . . . . . . .. • . . . . . ( 2 • 2 )
and Xs are the m easurements on the path to s* in 6.

A search strategy is defined in terms of an eva luation

f u n c t i o n  w h i c h  i t  uses  t o  o rde r  t he  set  of  ncdes , cur r e n t l y

a v a i l a b l e  for exp an sion (i .e .  the  set  o f  open n o d e s) .

Ib is eva luation function , f(n), for node n , is de f ined a s ,

f (n)~~g
(n )+h (n )+t (n )

w h e r e  g (n) i s  the  C o s t  f r o m  the in i t ia l  node to node , n ,

h (n) is  an estimate of the arc cost from n to a goat i,ode

accessible from n, and 1 (n) is an es t i m a t e  of the risk of a

goa l node a c c e s s i b L e  f r o m  n. A l y o r i t h m  S described b e low ,

uses the fu n c t i o n  f to select the orde r of expansion of thp

nodes in 6. This algori t h m  is s i m i l a r  to the order ed sear ch

method propose d in (12) but d i f f e r s  from it in that we a t so

use a tower boun d on the decision r isk In the e v a h i a f  Ion
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fun c t i on.

2.2.1. A L g o r i t h m  S

Let OPEN refer to a set of OPEN nodes, i.e. candidates

for exp ansion. Let CLOSED refer to the set of nodes already

t r a v e r s e d .

S t e p  0: Set  OPEN t o c o n t a i n  the i n itial state, (~~ ,W).

Set CL OSED to the null set.

Step 1: For each node n in OPEN ccm pute f (n), as ,

f(n ) g (n) + h (n) + (Cm)

where,

g (n) c (N (n))

h (n) = 0 i f  n is a goat node,

.~ t im ( c(N (j))—c (N (n))) if n is not a goal.
a-

1 (n ) r (rt /Xn) if n is a goal node, Xn being the

f e a t u r e s  o b s e r v e d  cn the path t o n ,
I~in C Mm r (j I X n ,Y) ] whe n n is not a goa t ,

á~
\
~s1n 

~1’
j is a goat below node ,n , Y the  se t  o f

f e a t u r e s  not y e t  o b s e r v e d  and Un the set
of goat states accessible from n.

Step 2: Let n * be the node having minimum f(n),

Rem ovc n-i from OPEN and put it in CLOSED. If n*

was a goal node, STOP wi t h  n* as the opt imal goa t

else take the measurement x associated w i t h  n

and put the  s u c c e s s o r  nodes of n in OPEN ,

t h e n  repeat  s t e p  1.

Theorem 1: A l gorithm S is S—admissible.

_  - --
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~ he Op t i m a l  i t y  of a goat node n-i put in (LO ~~L O b~
a t g n r i l h m  ~., fo ((nw ~ from the fact that the e v a l u a t ,

lur u t i ~~n , 1 (n ) &ir des -es t im ates the c cst of ANY goat nod~
be 1 (1w n . S ~~1cr t he oat ue of f (ni) is Les s than 1 ( n )  for any

OPI N nude , it I j i t o w s  that ni has a smaller value of f () as

g~ v cr i b y ( q u d t i o r l  (2.1) than any other goal node. Hence , it

i s  o~~t i m ~~l

Theorem 2 shows that the lower bcund on the risk of a

goal is a r o n — d e c r e a s i n g  f u n c t i o n  on the sequence of

oh~~er v a t i o n s  t a k en along the path to that goat. This f a c t  is

used along w i t h  a consistency assumption on the h functi o n ,

to prove in Th eorem 3 that the evaluation function , 1 (n) is

non—de c reasing on the sequence of nodes expanded by

a l g o r i t h m  S.

Tti e orem 2: Let Xn be t i n e  m e a s u r e m e n t s  on t h e  p a t h  t o  a
goal noce , n. Le t  Xl , X2 be subsets of Xn , such that X1~~ X . .
Let X denote the c omp l ement of X w i t h  ves p ect to Xn. Then ,

Mm r (ri / X~’ ,X 2 )  ~~, Mm r ( n I X l  ,X1 )

F~r oe f :  let X3 X2m jXl , i.e. the set of features in ~~
and not in Xl. Then ,

M~~n r (n/X 2, X2) Mm I r (n/X 1, X3 ,X2) )
x2

M m r ( n IX l  ,X 1)  M m C Mm r ( n / X 1 , X 3 , X 2 )  )
x ,
Since , M m  r ( n / X 1 ,X 3 ,X 2 )  ,,~~ r ( n IXl ,X3 , X 2 )  for any

- 
x .5

r a r t i c u l a r  va lue of X3 on the r g ht hand s ide  of t he
above i n e q u a l i t y ,  it f o l l o w s  that,

Mi , r (n/X1 ,X1 ) ~
( M m  r (n /X2, X? )

X L

D e f i n i t i o n t l .’J: T h e  h e u r istic f u n c t i o n , h (n), w t ~~’ rP l
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e s t i m a t e s  t he  a r c  c o s t  f r o m  n t o  a goa t node , is sa id  to  be
consistent , if , for any -two nodes, i ,j , such that there is a

pa t h  f r o m  i to j of cost , c (i, j),

h( i )  — h( ;)  ,.$ c ( i ,j ) .

Theorem 3: 11 the function h used by A l gorithm S i s

consistent , then the evaluation function , f (n) is

non—decreasing on the sequence of  node s expanded by S.

Proof: Con sioe r two nodes , i, j su ch t ha t S c l ose d i

before j. There are two cases that could arise , either j is

a descendant of i or it is not. 1~ it is a descendant,

q( i ) + h( i)  ~ g (j) + h (j)

by the consistency assumption on in , since ,

h (i ) — h (j) ,~~ 
g (j )  — g (i) c (i ,j)

Als o  by Th e o r em 2, (Ci) .~ 1(j), hence , 1(i) 
4 

f(j) and

the t h e o r im  is proved. If j was rot a descendant of I , it

means that when i was closed by S, there was an ancestor of

j, say k , w h i c h  was in the OPEN list and was not closed .

Hence , f(i ) 4 f (k ) since i was chosen . However , since k is

an ancestor of j, by the earlier part of this proof ,

f (k) .,~~ 1(j).

Hence , it f o l l o w s  t h a t ,
1(i) 4 1(j) and the t h e o r e m  is p roved .

The above theorem wil l  be used to prove the optimal ity

of a l g o r i t h m  S .  The o p t i m a L i t y  p r o p e r t y  s t a t e s  t h a t
a l g o r i t h m  S w i l t  not expand any more nodes than any other

S — a d m i s s i b l e  strategy which is less in formed than it.

Theorem _4: Consider two S a d m i s s i b l e  s t r a t e g i e s , w h i c h

use functions , h ,la nd h ,  1 ,  respectively, where h and h

are c o n s i s t e n t , and such that ,

I

_ _  ———~~~~~~~~~~~~~~~~~~~ - • _ _ _ _ _ _ _ _ _ _ _
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1(n) V (n) for a L t  g o a t  nodes , n, and ,
h (n) + 1 (n) )  h ’(n) + l ’( m)

for  a l l  o t h e r  nodes in G.

T hen the  s t r a t e g y  us ing in ’, V, expands all  the nodes

expanded by the strategy using in and I.

Proof: Assume the contrary is t r u e , i.e. a s s u m e  t h e r e  is
a node i expanded by tine strategy using (h ,l), wh i c h  was not

expanded by that using (h’,V).Both al g o r i t h m s  terminated

with t he  same goat  node , say  n-i . By T h e o r e m  3 ,
g (n )+L (n*) )~;. g (i) + h (i) • 1(i)

Since [(n-i) = V (n*) , n* being a goat node, and since,

h (i) + [Ci ) > h ’(i)  +( (j )

it follows that ,

g (n ) + L’(n ) > g (i) + h’(i) + l ’ (i) = 1(i)

How ever , by the assumption that strategy (h ,V) didn t

expand i , it implies that,

1 (i) < f (n* )g(n ) +

whi t h is the converse of the pre vious ineq uality. Thus,

there could be no node, I , expanded by (h ,L) and not by

(h — , I’)

2.2.2. k—Step Lookahead Heurist ic

in a particu l ar c l a s s i f i c a t i o n  scheme, the state—space

graph , 6, may be known e x p l i c i t l y . i.e. the possible

orderings of feature measure— ments and decision making
p

h i e r a r c h y a r e  g iv en .  The g raph  is a lso  f i n i t e  s i n c e  the
feature set and the class label set are both finite. One c a n

then define a k—st ep Loo kahead heuristic, Dk (n), for an

open node n , as a tower bound on the additional cost

incurred in going up to k L ev eLs beyond ri in the graph.

I

.

- A_ _ _ _ _  _ _  - _ _ _ _ _ _  
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Let,

X n  be the measurements taken on the path to n ,

L (n/Xn ) he a towe r bound On the risk of any goa t n*

accessib l e f rom n , given that Xn has been observed ,

c (i,j ) be the cost of the arc joining nodes i and j,
1 (i) be the set of successor nodes of i ,, and

(,k(n) be the subgra p h whose node set consists of n and

al l  unopened nodes k or less arc Lengths away from n ,

and whose edge set comprises a l t arcs in 6 joining

nodes in t h i s  node set.

Then the heuristic Dk (n) may t~e computed using the

f o l l o w i n g  recursive procedure (pef. 2,pp. 229).

D k ( i )  = ~ i n  (c (i ,j) + D k (j )  3
~ TU)

where , for a terminal node , j, in Gk (n ),

Dk (j) 0 if j is not a goal node ,

t (j/Xn ) it j is a goal node .

L emma  1: if m > k , then Dm (n ) >, D k ( n )  f o r  a l t  nodes ,  n.

Ihe p r o o f  f o l l o w s  f r o m  the  a d d i t i v e  n a t u r e  o f  a rc

cost ~~ .

C o r r o l a r y  1: if two S—admissible strategies use the

evaluation functions ,

1 (n) =g (n) + Dm (n ) and 1(n) 6(n) 4Dk (n ), respectively,

and m > k , then the strategy using Dk w i L l  expand all the

nodes expanded b y that using Dm.

P r oo f :  The  c o r r o l a r y  fo l L o w s  f r om Lemma 1 and T h e o r e m  4 .

_  

--
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2.3. P— a d m i s s i b l e  S trategies

An S — a d m i s s i b l e  strategy terminates when it f i rst put s a

goa l node on th e (LO SED l i s t .  It is guaranteed that t h i s

goa l is o p t i m a l ,  because of tine assumption that no

meas u r ements taken on other paths , not leading to th i s

goa t , can change the goat risk ,r. Hcw ever , i f  r w e r e  t o

change with addi t iona l  m e a s u r e m e n t s  t a k e n  on o t h e r  p a t h s ,
then the optimal ity of the first goal node put into CLOSED

c d n n o t  be guaranteed , because these observations r~ay

increase that goal ’s risk while decreasing the risk of sorr e

other goal. The que stion arises: if r is a function of alt

measur €- ent s ( denoted by X ), is there a search strategy

which finds the goat node n* f o r  w h i c h  f ( n * )  is m in imum ,
w i t h o u t  t a k i n g  all measurements , where ,

f (n*) c (N (n )) + r (n */ X) .

This se ction describe s certain cases when such ~
strategy, c a l l e d  a B— a d m i s s i b l e  strategy, can he

formulated. A B — a d m i s s i b l e  strategy uses an upp er boundin g

function , u, defined in the f o l l o w i n g  way.

D e f i n i t i o n :  let Xk be the observations taken up to the k

th . stage of a search , and Let n be a goal node in 6.tl en

an upp er b o u n d i n g  function , u, is defined as,

u (nIX k ) >, Max r ( n / X k ,X k )

where k is the complement of the observations Xk , w i t h

r e s p e c t  t o  the  t o t a l  s e t  of  a v a i l a b l e  o b s e r v a t i o n s , X .

A l g o r i t h m  B described be low , uses an upper bounding

funct i on u , and a Lo w er bounding funct i on analogous to that

p
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used for S — a d m i s s i b l e  strategies , to obtain the B—optimal

soLution , n* . This algor i thm is simi l ar ~to Al g o r i t h m  S

except that it doe s not ter m i n a t e  when a goal node is put in

the CLOSED List. Pa ther , at each ite r a t i o n  after a goal node

ex i s t s  in C L O S E D ,  it checks if there is some goal node in

it, such that the upper bound on its cost (for any possible

future m ea surement sequence ) is Less than the lower bound on

the cost of any other goal node, eithe r in CLOSED or below

some open node in the grap h. When this condition is

s a t i s f i e d , i t terminates w i t h  t ha t  goa t  node as the

dec i si on.

2.3.1. Al g o r i t h m  B

L e t  O P E N  be the set of open nodes. Let CLOSED be the set

of G OAL nodes that have been closed.

S t e p  0: Set OF~EN to  t he  i n i t i a l  state, and CLOSED to

nul l . Set k, the stage variabLe to 0.

Ste p 1: Set k = k .1 • For each n E. CPEN compute ,

I (n)~~g ( n ) 4 h  (n) +l (n) , w h e r e ,

g (n) c( N (n) I
h(n) 0 if n is a goa l  node,

‘~~‘in C c (N (j)—c (N (n)) 3 if n is not a goal ,
~1(n) ~ Mm r (rtlxk ,ik) if n is a goa t  node,

X~%

~M i n (Mm r (j/Xk ,Xk)) if n is not a goat.
icwn 

~
Step 2: let n - i be the node with a minimum value of 1(n).

II n~ is a goat node , remove it f rom OPEN and put it in

CLO SF D. if n is not a goal node , tate the measurement

associated wi th that state , and replace n in OPEN by

its suc~~eSsOrS.

S t e p  3: For eac h goat node n in the CLOSED list , compute,

_ _ _ _  - - --—-—-—,m------- - ~~~~~
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b (n) = c (N (n)) 4 u (nIX k ) ,

where u () is an upper bound on the risk r , I.e.

u (nIXk) ?~ 
Max r ( , i / X k ,X k )

Let n be the node (goat ) w i t h  a minimum value of b (n).

ii f o r  a l l  n in OPEN U C L O S E D  , n 
~

f (n ) > b (n*),

S T O P , w i t h ii as the B—optimal solution, else go to

step 1.

N o t e  t ha t it in step 3 the inequ ality,

1 (n) > b (n ) is satisfied , the inequaLity,

1 (n) )  1(n *) is also satisfied, because,

b(n* )  >, f ( n )

Th eore m S: ALg o r i t h m  B is B—admissible , i.e. it

terminates w i t h  the solution , s ,  such that,

c (N (c *) ) + r (s * IX ) .~~c ( N (s) ) 4 r (s iX ) fo r  a l t  g o a t s  S j o G ,

and X is t i n e  t o t a l  se t  o f  f e a t u r e s  t h a t  can be used.

Proof: A L g o r i t h m  B w i l l  t e r m i n a t e  when it finds at stage

k, a node n- i in CLOSID , such that , for aLl other nodes in

OPEN or CLOS E D ,

h (n*) ..~ c (N (n))+h (n)+L (n).

Suppose n is any node ( 1  n )  in CLOSED , then ,

h( n)~~O, 1( n)  
~ 

r (nl x ) , f r o m  the d e f i n i t i o n s  of h , L ,
tie n cc ,

c (N (n ))4r (n Ix ,~< c ( N( n ) ) + u ( n ’ / X k )
= b(n )

( c ( N ( n ) )  • h ( n )  4 1( n)

j  
_ _ _  _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _
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.,~< c ( P l ( n ) )  + r (nIX ) ,

s i n c e  h( n)  0 f o r  any goal node , n.

Hence, n-i is a b e t t e r  goa t  than any n in CLOSED. Suppose

o w a s  a g o a l  in ~j  for some node j  in OPEN. Then ,

b (n ) < 1 (j) = c (N (j)) +h (j) + 1(j)

%
< c ( N ( n ) )  4 r (nIX ) , beca u s e ,

by t h e  d e f i n i t i o n  o f  in , I,
h ( )  ~ c ( j , n) for any goat n in W j, where c (j,n)

denotes the cost of tine path between j and goat n. Also ,
1 (j) ~ MJn r (ri /Xk,~ik) .~< r (nIX ) , by the definition of I

xi’
in step 2 of a L g o r i t h m  B.

Hence,

c (N (n*)) 4 r (na/X ) < b (n ) < c ( N ( n ) )  4 r (n/X)

T h u s , n is a better goal than any goat n~ under any
ope n n ode j .  S i n c e  a l l  the goal nodes are either in CLOSED

or under some OPLIJ node, and none is b e t t e r  than n* , a c r o s s
a l l  m e a s ur e m en t s , X , n* is B—optimal, and the algorithm is

B— a dm i  551

In Theorem 4, a m’~thod of c o m p a r i n g  t w o  S — a d m i s s i b l e

a l g o r i t h m s  was pre sented. The next theorem aLlows one to

compare two B—admissible a L g o r i t h m s  i~sing different bounding

functions, u. It states that if two B—admissible strategies

use the same evaluation function to order the open nodes,

but OIiC uses a mare inform ed upper bounding function than

the oth e r, it can never expand more nodes than the less

informed strategy.

Theorem 6: Consider two B—adm i s s ibte strat eg ies using

the same functions , h ,L, but different upper bounding

f u n c t i o n s ,  u, and u ,  such t h a t ,  f o r  all  goat nodes, n , and

measurment sets, Xk ,
u ( n F X k )  ( u (n/ Xk)



Then the strategy using u~ expands alt the i odes

exp anded b y the strategy using u.

Proof: Since both the strateg ies use  the same fui i ..t 1 ins ,

h , ar id I , they use the same evaluatio n function, 1 , to

dec de the nod e to be c l o s e d .  Hence g i v e n  t h a t  b o t h

s t r a t e g i e s  have gone through k nodes, it f o l L o w s  t h a t  b ot ~
expand the same nodes in the same sequence. Thus, the on l y

quest i on is to dec ide , which strategy terminates f i r s t , i.e.

for whi c h  strategy is the condition ,

b (n ) 1(n) satisfied earlier .

Since, c (N (n )) 4 u (n *IXk ) ( c ( N ( n * ) )  + u (n *Ixk ) ,

for all Xk , it is clear that, the termination cr i ter ion

in st ep 3 of the a l g o r i t h m , w i l l  be satisfied ear L ier for

thr- s t rategy using u, than for that using u’. Hence u w i t t

expand all nodes expanded by u.

Unf o r t u n a t e l y ,  one cannot compare two stra te q i es u s liiq

d i f f e r e n t  h e uristics, h +l , and say h il’, since in th i s

case, the two strategies wouLd exp ano different nodes, and

it is possible for the less informed stra t egy, i.e. the on e

w i t h  th e smatter value of h+l at each node , to termin ~~te

e a r l i e r , because the measurement it takes may reduce t ine

bound b (n*) sharply thus causing other classes to ne t

reject ed ear l ier , than for  the more in fo rmed s t r a t e g y .

2.3.2. Bayes Opt imal Strat egy

A Bayes opt imal c l as s ificati o n scheme is one w h i c h

m i n i m i z es the average risk. Let ~ be the total set of

m e a s u r e m e n t s  on a sam p le ,  t hen  if  t h e r e  are M classes,

~1 ,w? ..wM , the avera ge risk of classifying X in w i , is ,

r (w i I X )  cij. p (w j I X )

_ _ _ _ _ _  

0 

-- -—
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where ci j is the loss incurred in classifying a sampLe

f r o m  w j  into w i, and p (w j I X )  is the likelihood of w i g iven

X .  He nce , a Baye s op t i m a l  strateg y would classify X int o

class w * such  t h a t

r (w e/*) M iri r ( w i I X )

From t h e  a b o v e  equa t i on , it follow s that such a strat eg y

can be implemented as a spec i al case of a B—admissible

st ra t e ~~y, wh e r e i n  the arc costs do not inf luence the cost of

a goat s--i . The on ly change required in algorithm B is i’i

Step 3 which becomes :

Step 3: For each goat node n in CLOS ED compute the upper

bound u (nIXk ) , on the risk r (n/X ), given the measureme nts,

xk have been observed so far. Let n be the node with

m i n i m u m  value of u(). Then , if for all nodes, a in OPENU

CLOSE D , other than n-i ,

u (n lX k ) < t (n /Xk ) is true,

STOP , w i th a’ as the Bayes optimal c l ass i fication, else

go to Step 1.

2.3.3.  G r a p h ic a l  R ep r e s e n t a t i o n  of 8 — a d m i s s i b t e  S e a r c h

line ro ln~ p l ay e d  by the  e v a l u a t i o n  h e u ri s t i c ,  h+ t , and
the upper bounding heur i st i c , u , can be d e p ic t e d  g r a p h i c a l ly

in 2—space . In this space, each node , open or cLosed, is

- I represented by its values of 1 (n), and b(n) .  Though

algorithm B comp utes b (n) only for goa l states n in CLOSED,

one could define it for  n o n — g o a L  nodes as ,
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b (n) “in C c (N (j)) • Max r (j/Xk ,X k) 3

where j is any goat node below ncde a , i.e. j (Wn .
F i gure 2.1 show s a displa y of a l l  open and c l sed nodes

in t h e  b — f  p l a n e . S i n c e  b (n )  >, f I n) , a l l  p o i n t s  t i e  abov e
t he  4~ degree line , 01. Node a has t he  m i n i m u m  v a l u e  of

and w i l t  b closed next, w h i l e  node b in CLOSED has the

s m a l l e s t  va~~ut o f  b(n) , and hence , a l t nodes w i t h  1 (n) ‘.

t~ i n  b In) w i l l  be rejected from furthe r consideration. The
Y~ ( ~~ 0 C~~)
r e j e c t  ni~gio n is marked in the figure. Thus , the search is

reduced to the domain , R , and the nodes in t h i s  l eg ion

c o n t a i n  t he  po t e n t i a l  B — o p t i m a l  node , or an ancestor of th e

B—o p t i m a l  n o de . F i g u r e  2.2 shows the s i t u a t i o n  w h e n  t h e
algorithm terminates with the sot ut i cn , n .  At ( other nodi s

now fa ll in the reject region. The movement of the nodes in

the b—f space as more measurements are taken , is shown b y

small arrows i-n Fig. 2.1. That they should move in suc h a

d i r e c t i o n , f o l l o w s  f r o m  the f a c t  t h a t  I must  i n c r e a s e  a nd Ii

d e c r e a s e  as m o r e  m e a s u r e m e n t s  a r e  t a k e n .

~~~~~~
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‘1

0* : Op~ w~cd cjoci~

0 ~~(n )

F i g .  2 .2

2.4. Methods Of Computing Bounding Functions

Hav i ng discusse d th e properties of S and 0—admiss ib te

S e a r c h  s t r a t e g i e s ,  w C  consider here, methods of computing

(ounr dad uppe r bounding fun ct ions , 1, u, f o r  some s p ec i a l

cases . Two broad types of risk functions, r (n) , are

cons ide red:

r i s  a function of cLass conditional probability

d i s t r i b u t ions or parameters of cistr ibutions

(parametric ) .

r is defined in terms of a set of labelled samples

and certain s i m i L a r i t y  or distance measures between

• - 
- samp les (nonparametr ic methods )

lin e two type s of parame tric method s considered are:

the measurements are class conditionaL L y

s t a t i s t i c a l l y  independen t, and ,

• the measurements satisf y a fir st order tree

dependence .

The two type s of non parame tric methods described are:

nearest ne ighbour classification using Euc li dea n

distance,
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c l a s s i f i c a t i o n  using a s i m i l a r i t y  measure betw een

b i n a r y  v e c t o r s .

2.4.1. S t a t i s t i c a l l y Independent Features

Assume t h a t  the features are c l a s s — c o n d i t i o n a l l y

s t a t i s t i c a l l y independent , i.e. the pro b a b i l i t y  p (X I w~~), can

be w r i t t e n  as ,
p (X/wi ) TTp (xtlwi ) where X (xl ,x2, ...xN )

t~

T h e  a v e r a g e  r i s k  , r (w i I X ) , is given by,

r (wi/ X )~~~~~cij.P (i.ij /X ) where ci] is the

cost of making decision wi , when the correct dec i sion s

w j .  A s s u m i n g  a unit Loss  f o r  i n c o r r e c t  d e c i s i o n s  and no g a i n

fo r  c o r r e c t  d e c i~~ions , N

r (w i I X )~ 1 — P (wi) .fl p (~~tI~~i)

(w j). C x  t 1w j) •~~~•• •  ..C2.4)

w h e r e  P ( w j  ~ is the a priori p r o b a b i l i t y  of class j.

if  ~1~~~X is the set of features already measured, then

L e t  l (w i I X l ) , u(w i I X l ) , be the tower and upper bounds ,

respectively, on r (w i I X ) , i.e.

t (w ~~I X 1 ) .~< M i n r (w i I X l ,X 1 )

u (w i /X1 ) ~ Max r (w i/X1 ,X t )

where Xl is the complement of Xl w i t h  respect to the

total set of measurements, X , upon which r depends.

~~~ D e I i a e ,
I t C i )  P~jn p (xt/w~~

)
-V

• ut (i ) Max p( x t/ w i )
~

T h e n , f r o m  Eqn . ( 2 . 4 ) , and the above definitions of It ,

Ut , we can de fine the bounds as, fat l o w s :

1 
_ _ _ _ _ _ _ _ _ _  _ _ _ _ _ _ _  _ _ _ _ _ _ _ _ _ _ _ _ _
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P (wi ).p(Xl/wi).TI ut (i)

t (wi/ X l ) 1 — ——— — — ——— (2.5a)
( P (w i ).p (X 1/wi ).TFut (i ) +

-t

3~I P(wj).pCX l /wj ~. Ti I t o )

P (w i ) .p (X l  1w i ) .1~I It ( i )
u(w i I X l )  1 —

1 P (wi ).p(Xlfwi ).flLt (i ) +

~~ P (wj ) .p (Y1 Iwj ) .TTut (j ) )
t

i n equations (2.5a)— (2.Sb) above , the product terms in

It, U t , a r e  t a k e n  only f o r  t h o s e  features, xt, that are not

in the observation s already ta ken , i.e . xt xl.

Tine above bo unds are too pess imistic because they assume

that th e vaLue s of Xl that m i n i m i z e / m a x i m i z e  p (X I w l ) ,

simultaneously m a x i m i z e /m i n i m i z e  p (X /wj ) for alL j4~ I .One

could obtain more ti g ht bounds by com puting p (wj/X1 ,X 1 ) for

aLl ~1 , but for tine case of N features , Fl classes, and each

f e a t u r e  t a k i n g  on m s t a t e s ,  t h i s  w o u l d  r e q u i r e  M.m~
c a L c u L a t i o n s , wh i ch is a Large number even for moderately

s m a l l  value s of Fl, m , and N. However , there is a special

cas e, when the tight bounds can be computed with no more

computations than are required in cbtaini n g I, u , using

(2.Sa— b ), above.lhis is the case where the unconditional

d i s t r i b u t i o n  of X c~~n be written as a product, i.e.

p O X )  = TIp xt)

Then one can define ,

lt ( i)  = Mm p ( x t l w i )  / p (x t )
$,- )~su t( i) = Max  p ( x t l w i )  / p Cx t )
4’ X~

W r i t i n g  p (X) for the denominator of (2.6), and using the

above d e f i n i t i o ns, one can d e f i n e  t ight t o w e r  and upper
bounds on the  l i ke l i hood  of  c L a s s  w i , giv en o b s e r v a t i o ns ,
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X l , as,

V ( w i / X l )  1 — P (wi ).p (X 1/wi ).Tlut ’(i)
-t

— (2 .6 a )
p ( X 1 )

1 —  P (wi/X1).tTut (i)
t

u (wi - /X1 ) 1 —  P (w i IX l ) .fll t (i) (2.ob)
-t

Using the bounds given by (2. c a — b ) , or ( 2 . 6 a — h ~~,
re quires computin g the 2NM qu antities, It, u t, or 1t , ut

respectively.

I

_  _  _ _  -~~~~~~~~ -~~~~~ -- - -- -—
~~~ -~~~-
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Ex amp l e

C o n s i d e r  t h e  f o l l o w i n g  e x a m p l e  in w h i c h  4 f e a t u r e s ,

* 7 . , x 4 , are available to c l a s s i f y  the sample into one of  3
classes. Each feature can be in one of 4 stat e s, a ,b ,c and

d, and it is assumed that the features are

c L a s s — c o n d i t i o n a l l y  s t a t i s t i c a l l y  independent. The

pr o b a b i l i t i e s  are tabulated, and the maxi mum and m i n i m u m

values of p(x j/w i ) are shown in the last two rows for each

c l a s s  w i , and each f e a t u r e , xj .  These are the  v a L u e s  uj ( i ) ,

I; C I )  r e s p e c t i v e  ly.

C lass  1 C l a s s  2 C L a ss 3

x l  * 2  x3 *4 xl *2 *3 *4 xl *2 *3 x4
a .4 .3 .2 .2 .5 .4 .1 .1 .1 .4 .1 .2

b .4 .5 .6 .2 .2 .1 .1 .1 .3 .1 .3 .3
£ .1 .1 .2 .4 .2 .3 .6 .1 .5 .2 .3 .2

d .1 .1 .2 .2 .1 .2 .2 .7 .1 .3 .3 .3

u t  .4 .5 .4 .4 .5 .4 .6 .7 .5 .4 .3 .3

I t .1 .1 .2 .2 .1 .1 .1 .1 .1 .1 .1 .2

Assume that features xl and *2 have been observed, and

t ha t  t h e i r  va lue s a re  x l a , and *2 =b . Using equations (2a)

and ( Z b)  one can compu te  the tower bound and upper bound on
the risk for each decision , wi, deno ted  by ,  l (w i / x 1 , x 2 ) , and

u (wi /xl ,x2)

.4.5.1 3( 1) .  14 0 1)
u (w l /x l ,x 2 ) 1 — _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _

(.4 .5 .13( 1) .  14( 1)  + .S. 5 . u 3 (2 ) . u 4 ( 2 )
. •1.1.u3(3).u4 (3) 3

* 1 —  .4.5.2.2/(.4.S.2.2 4 .5.1.6.7 • .1.1.3.3)
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= 0.733
5 i m l  (arty,

l (w l /x l a,x2 b) 1 — 320/327 0.0021

u (w 2 / x l z a ,x2 b) 1 5 / 3 3 4  0 .985
L (w2/ x 1 a ,x2th ) 1 —210/292 0.280

u (w ! / x l a ,x2 b) — 1  — U532 = 0.995

t (w 3/xl a,x2= b ) = 1 —9/94 = 0.905

From the above values it is clear that class w3 can be

rejected from consideration , since after the first two

measurements, the l o w e r  bound on t h e  r i s k  of m a k i n g  the
decisio n cl ass 3 ,  v iz. L ( w 3 / X 1 ) , is  g r e a t e r  t han  the upper

bound on the r i s k  of dec id ing  in favour of class wi, viz.

u (wl/X 1 )

I 
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2.4 . 2 .  T r e e  Dependen t  F e a t u r e s

In many app l ic a t i o n s  the  a s s u m pt i o n  of s t a t i s t i c a l

independence is unjustifiab le , and one seeks a more

elaborate mode l of feature dependence. One such model is

that of f i r s t  orde r tree dependence (23), wherein , the cla ss

conditional distribution of ,1X is,

p (X/ wi ) p ( x 1~~w i ) .I Tp (x j I x t (j ) , w i )  where t (j) < j

i.e. the features can be ordered so that the pr o b a b i l i t y

of X c a n  be w r i t t e n  as a product of f i r s t  o rde r  co nditional

probabiliti e s. The dependence between the features can be

r e p r e s e n t e d  by a dependence  t r e e , Td , such tha t  t h e r e  a re

nodes labe l led  x l ,x 2 , ...xN,  i.e. the feature names, and

t h e r e  is a d i r e c ted edge f r o m  node t (j) to j for j 2,..P!.

For the t r e e  o f  F ig. 2.3 for exam ple , p O X / w i )  can  be written

a s ,
p (X/w i ) p (x1 /wi).p (x2/xl ,wi ).p(x3~ *1 ,wi ).p (x4/x2 ,wi ).

p 0 x5/x2, wi )

Fig. 2.3

it is assumed in the foLlow ing discussion that the

f e a t u r e s ,  x t ,  t 1,2..N, are discrete , xt , taking on one of

mt states. we shall define a measurement graph , a spanning

tree and a rea l valued func tion on a tree, and then descr ibe

- ~~

‘

-— -~~~~~--- , •—~~~~~ -~~~~~~~~~~- ——-~~~~~- -—- --—— -- -
.
-—
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a m e t h o d  of  c o m p u t i n g  t o w e r / u p p e r  bos..nds on the r i s k  r (w i / X )

g iven  t h a t  a sub set  of  f e a t u r e s  X l~~~X , have been observed.

D e f i n i ti o n :  A m e a s u r e m e n t  g raph , G ( T d ,w i ) , f o r  C l a s s  wi ,

and d e p e n d e n c e  t r e e , T d , is defined thus: If xl,...XN are

the Lab e ls of noces in Td, i.e. feat i~res, then the nodes of

6 c a n  be d i v i d e d  i n t o  d i s j o i n t  s e t s , A 1 ,...AN, such that the

nodes in A k a r e :
Ak = ( * k ( 1) , x k ( 2) , . . .x k ( m k)  )

i.e. x k ( j ) , j 1 ,2 ,. ..mk are  the s t a t e s  of f e a t u r e  x k .
There is a directed edge from xk (j) to *1 (m ) in 6 if there

is on a rc  f r o m  node x k to  x l  in Id. The arc in G has  a

Cos t gi v en b y,

c(xk (j),xl (m )) Log p ( x l ( m ) I x k ( j ) ,w i )

Thus, the arc costs in 6 are the log of the conditiona l

p r o b a b i l i t i e s  in the produc l form for p (X/w i ) .The

m easurement grap h correspond ing to Fig . 2.3, assuming binar y

features, is shown below.

X1(t

F-

~~~ 
:t2~(1) 

‘

~ 
1~9 (

~)
~~~

X4(1) X~(2) ~~~~~~ 
%: :?(~~~ 3~~~~~~~~~

1( 2),W~)

Fig. 2.4 Measurement Graph

De f i n i t i o n : A t e r m i n a l  node of graph 6 is one halving no

o u tg o i n g  edges  f r o m  i t , e.g. in F ig. 2.4, *3 (1), *3 (2),

~4 ( 1) , * 4 ( 2 ) , * 5 ( 1) , * 5 ( 2 ) .

_  -_~ - -_ _ _
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P! f if l i t  ion: A spanning t r ee ,  T~~, of grap h G ( T d ,w i )  is
def ine d as one containing exactly one node from ea ch node

s e t ,  Ak , k= 1 ,2..N in G, and the arcs joining these nodes.

This d e f i n i t i o n  is different from the use of the term

spann ing t r e e  in graph t h e o r y .  E x a m p l e s  of  spann ing t r e e s
are shown in Fig . 2x5a—2.5b beLow.

j(1) Xi(2

F ig .  2.5a Fig. 2.5b

- -

_______________ _______________ ___________
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D e f i n i t i o n :  line w e i g h t  o f  a spann ing  t r e e , Ts , is the
sum of t he  a r c  c o s t s  in Is.

~c J ini tio n : A m i n i m a l / m a x i m a l  sp anning tree is one whose

wei g ht is minimum! m a~~imum ~~amon g all spanning trees of graph

G (Td ,w i ).

Def inition: A constrained spanning tree , Ts (X1 ) of 6 is

a sp anrin g tree of 6 containing aLl the nodes (featu. - e

s t a t e s )  in X l .  Two constrained trees, Ts (xl (2),x4 (1),xS (?))

are shown  b e l o w .

Fig . 2.6a rig . 2.6b

D e f i n ’t ipn :  A m i n i m a l / m a x i m a l  c o n s t r a i n e d  spanning t r e e
is a constrained tree having mini m u ,r /ma x im um w eig h t among

a L L  such t r e e s .

I f  dcl ) denotes the weight of tree , T , then the m i n i m a l

and m a x i m a l  w e i g h ts of Is (X 1), deno ted  by L i ( X 1 ) ,  u i ( X 1 ) ,
are ,

t i (X 1 ) M in d (Ts (X1 )) .................., (2.7a)
VT~ (X 1)

u i (X 1)  M a x  d ( I s (X 1) )  ...................(2.7b)
VT5CX1)

S i n c e  the  a r c  we i g h t s  a r e  logs  of the condition a l

A 
_____________ _________________ _______________________________ _____
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probabi l ities , Ii, ui, are  the Log f u n c t i o n s  of the
m i n i m u m / m a x i m u m  values of p (X I w i )  given that measurements,

Xl have been taken .

Li (X1 ) Mjn C tog p (X 1,X 1/ wI) 3

u i (X 1) = MJx C Log p (X 1 , X 1 / w I )  ]
XI

In the above equations 11 is the measure m ent set not yet

o b s e r v e d .  Subst itut ing for  p O X / w I )  in equ. 2.4, the bounds

become ,

P (wi).exp (ui (X1 ))

L (w I/X l ) =1—
(P (wI).exp (ui (X1) ) +~~~P (wj).exp (L~~(X1)))..... (~~.8a )

P (ui ) .exp (I i (Xl))
u (w i/X 1 ) 1 — ________________________________________

( P (w i ) . ex p ( L i (X 1 ) )  • ~~P (wi ).exp (uj (Xl)))..... (~~.8b)

The above bounds are Loose because it has been assumed

that the measure m ents Xl w h i c h  m i n i m i z e / m a x i m i z e  p ( X / w l )

simultaneously ma x i m i z e / m i n i m i z e  p (X /wj ) for all j ~ I.
Tight bounds can be obtained with no more computation than

that required for equation (2.8a) (2.8b), if it is assumed

t ha t  the  uncond i t i onal p r o b a b i l i ty  o f  X , p O X ) , ca n a L s o be

wr i t t e n  as a product of first order conditional

p r o b a b i l i t i e s , as ,

p ( X )  = p(x1 ) .~~~2 p (x j / x t ( j ) )  for j 2,....N
wher e t (j) < j e

- • In t h Is  case, we defin , an augmented measurement graph

as follo ws:

D e f i ni t i o n : An augmented measurement graph, G ’ (Td ,wi)
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for class wi , and dependence tree , Td, is identica l to ~~~
grap h 6 (Td ,wi ) , e x c e p t  t h a t  t h e  a r c  cost , c (x k (j) ,x l (m )) is ,

c (xk (j ) ,xl (m )) log p ( xL (m )/x k (j ) ,w i )

— Log p (xl(r )/xk (j ))

lin e second term is the log of th e p r o b a b i L i t y  of *1 (m)

giver. zk (j), but not conditioned on wi .

One can then define the m m /max w ei ght of a C O n S t f d % r I e l

spanning tree of the augmented grap h , G (Td ,wi ) , f o r  ~i

m easurement set , Xl, as , 1 i (Xl) , ui (X1) re spec ti ve t~~, o~
,

be fore. The bounos on the risk of decision w i , given Xl ,

become ,

V (w i /Xl ) = Max P (wi).p (Xl ,x1 /wi )

1 -  x 1 —

p (Xl ,X 1)

V (w i/X 1) I — P (
~~
j). exp (ui ( X 1 ) )  • . . . . .. .(2 .9a)

S i m i l a r l y ,

u (wi/ X l ) = 1 — P ( w j ) .  e x p ( l i ( X 1 ) )

To use the bounds defined by equations (2.8a—b ) ,

(2. 9 a — b ) , one ne eds an e f f i c i e n t  m e t h o d  o f  c o m p u t i n g  t h e
m i n i m a l / m a x i m a L spanning trees for a graph. One such method ,

whi c h  is a m o d i f i c a t i o n  of the dynamic p r o g r am m i n u

formulation for finding the shortest path through a gra P~~,

is pre sented next.

2 .4 .2 .1 .  C o m p u t a t i o n  Of M i n i m a l /M a x i m a l Spanning Tree

Assume that one w ant s to compute l i (X1 ) , ui C X l )  ,th e

m i n i m a l / m a x i m a l spanning tree weights, for a measure me nt

grap h , 6(Td ,wi). Denote by Ak the set of nodes of 6

l a b e l le d , x k ( l  ), x kC 2 ) , ..xk (mk ) , where mk Is t h e  number of

I

.4 __________________ 
____________ ___________________
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possibl e states of feature xk. Let D1 (x k) be the descendant

nodes of  node x k in the  dependence  t r e e  Td ,  and DG (xk (j )) ,

the descendan t nodes (Sons) of node xk (j ) in G. The

fo ll owing a l g o r i t h m  recurs i ve l y computes th e

longest /shortest path l engt h from a node to a l l  t e r m i n a l

nodes in Ii. For the case when the measurement graph , 6,

c o n s i s t s  of N f e a t u r e s , each taking cn one of m s t a t e s ,  t h i s

a l g o r i t h m  requires computations of the order of

Ste p 1: Prune 6, as follow s: If xk (j)EX I , the ob se r ved

set of f e a t u r e s ,  delete al t  nodes (ard attached edges ) in Ak

from 6, except xk (j). In t h i s  w a y  f o r  e a c h  o b s e r v e d

f e a t u r e , a L l  s t a t e s  e x c e p t  the  o b s e r v e d  one are  d e l e t e d .

Step 2: Com pute the functio ns li (xk (s )) , ui Oxk (s )) , for

each node xk (s) in the pruned graph using the recursive

equations:

(i(xk(s)) [MinC c (xk (s ),xj (t )) + (i (xj (t))))

xj~~DT (xk ) x j  (t ) E D G ( x k  ( s ) )

ui (xk (s)) = [Max( c (xk (s),xj (t)) • ui (xjOt ))))
xj€D T (x k ) x ) (t )~~D6 (xk Cs))

where c (xk (s ), xj (t)) denotes th e arc cost along the

edge joining nodes x k ( s ) , xj (t ) in 6, and for te r m i n a l  nodes

of 6 ,
l i ( x ;  (t )) = u i (x j ( t ) )  0 for xj (t ) termi n a l

If xl is the root node of the dependence tree, Id, t h e n

the Lower /uppe r bounds, L i (X l ) , u i (Xl ) are,

t i (Xl ) MIn LI (x1 (t ))

—--— 
-

- .-
~
-
~

- - -

~~~~~~
-‘

~~~~~~~~~~~
- - ---

~~~~
- ---.-- — — -- ------- --—--- -- - -- - -- - -  
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u i (X 1 ) Ma x u i (xl (t ) )

lh t- correctness of the above a l g c r i t h m  follows from th~
a d d i t i v i t y  of arc costs along a path and from the o p t i m o l i t y

p r i n c i p t e  of d yndm ic programming.

E x a m  p 1 e

The following example i l l u s t r a t e s  the use of the

a l g o r i t h m  for findin g the m i n i m a l / m a x i m a l  spanning tree s cf

a measurement graph. The examp le considered is that of F i g.

2.3 a s s u m i n g  t h a t  e a c h  f e a t u r e  is binar y. The fir s t — o r d e r

cond i t i ona l prob a b i l i t i e s ,  conditioned on cLass wl , and the

corresponding me asurement graph, G (Td ,wl ) are shown in Fi g.

2.7a and 2.7b. Fig. 2.?c shows t he  m i n i m a l  and m a x i m a l  paths

traced 1y the algorithm. The dotted edges indicate the

ma x i m a L tree, the solid ed ges, the m i n i m a l  tree. Arc cost s

• are log O b a s  1 0) f u n c t i o n s  of  t h e  p r o b a b i l i t i e s .  N e x t  t o
each node in F i g .  2 . 7 c , the  p a i r  of numbers (a,b) , ar e the

m i n i m u m / m i x i m u m  c o s t s , v iz. ,  t i ( x k ( s ) ) , and ui (x k (s ))

defined in step 2 of the algorithm. For terminal nodes of

the m ea~~i i re m en t graph , these numbers are both zero. T he

a tg ~~n ith ’ r b a c k s up from the t e r m i n a L s  and computes (a,h) for

h i~j~~er leve l nodes using the recursive equations described

in StC~j 2. Th e -ia lue s of the unconstrained m i n i m , L  and

m a x i m a l  t r e e  w e i g h t s  a re  — 2 .962 and — .927 r e s p e c t i v e l y .

T h e s e  c o r r e s p ond t o  t h e  m e a s u r e m e n t  v e c t o ’ s ,

(* l~~O , . 2 : 1 ,x l ,x 4 2 ,xS 1) and (11101) which g ive r i - .e tu

the m e n / m a x  v a l u e s  of  p 0 */wi ), v i z .,O .00 108  and O .11 R

r e s p e c t i v e l y .
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2.4.3. Nearest Nei ghbour C l a s s i f i c a t i o n

A nearest ne ighbour CNN ) classification scheme is a

n o n p d r d m e t r i c  me thod , i.e. it makes ro assumptions regarding

the l or m of t h e  class conditional distributio ns of featur es.

It uses instead, a set of Labe ll ed design samples and a

distance measure between two samp les to cLassif y a t e s t

s a m p l e ,  X .  The s a m p le  X is Labelled w i t h  t he  c l a s s  name of

its n earest ne ighbour in the design set.

The nearest neighbour can alwa y s be found by comput ing

a L L  d i s t a n c e s .  H o w e v e r , when the  d e s i gn se t  s i ze  is L a r g e ,

the c o m p u t a t i o n s  b e c o m e  l a rge ,  and a v a r i e t y  of s c h e m e s

have been propo sed to overcome this d i f f i c u l t y .  They

c o m p r i s e  of  r e p r e s e n t i n g  the design set by a smelt number of

prototypes (condensed NN rule,(30]), and preprocessing of

t h e s e  p r o t o t y p e s  (6, 313,  so t h a t  t h e  nearest ne ighbour can

be found w i t h  a small average number of distance

c a l c u l a t i o n s .
In t h i s  s e c t i o n , a s t a t e — s p a c e  model  of  near es t

neighbour cl a s s i f i c a t i o n  is presented , and it is shown that

meth ods such a s  in (6) are s p e c i a l  cases of B — a d m i s s i b l e

search strategies w i t h  zero measurement (arc ) cost assumed

in the graph. The state—space model also has the a d v a n t a g e

of being able to accomodate e x t e n s i o n s  of  the these scheme s

to othe r NN schem e s, n o t a b l y  the f o l L o w i n g :

a new me thod  c a l l e d  s u b s p a c e  n e a r e s t  ne ighbour rute
which all ows one to determ ine the nearest neghbour of

* in a sub space of the total measurement space, and to

trade a c c u r a c y  for reduced meas u r e m e n t  cost ;

• extend the con cept of S— and B — a d m i s s i b l e  s t r a t e g i e s
to schemes us ing  n o n — m e t r i c  f e a t u r e s  and a s i m i l a r i t y

- • - ~~~~~~~ ~~~~~~~~~~~~~~~~~~~~~~~ —----- ----— - --  — — - - --
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m e a s u r e  be t w e e n  s a m p le s  t o  l abe l  a test sam ple , X .

The m e t h o d  of  using p r o t o t y p e s  to  r e p r e s e n t  t he

des i gn se t  in such c a s e s  and m e t h o d s  of  c o m p u t i n g

l o w e r / u p p e r  bounds on t he  s i m i l a r i t y  m e a s u r e  a r e

discussed.

2.4.3.1 .  The Mode l

A state space m odel for non—para m etric schemes may be

de fined as a 7—t up le , G (S,E ,X ,W ,c ,r ,T), as before, but w i t h

the fo L L o w i n g  changes in the c o n n o t a t i on  of c e r t a i n  s y m b o l s :
A state s repr esents a subset , D5, of samples from the

total design set , D , and is denoted by a 3— t u p l e ,

(xs,Ws ,Is), where,

xs: is the measurement to be taken on the test samp le

when t h i s  state is reached ,

~s: the c l a s s e s  to w h i c h  t h e sa mçt es in Ps belong.

This set is known since the samples are Labe l led.

is: denotes information about the sample set Ps , e.g.

its mean vector , measures of its dispersion , etc.

The same sample can occur ~n two different sets, Psi ,

Dsj where states Si , sj may not be related ( one may not be

a descendant of the other ). However, one restriction on the

Sets ~ S that i t state t is a descendan t of stat e, s, then

Pt ~~ Ps mus t  ho t  a.

The real v a l u e d  f u n c t i o n  c on th e  edges E of the s t a t e

s pa c e  g r a ph ,  re p re s e n t s  the  c o s t  of  t r a v e r s i n g  an a rc  and

could represent either the measurement cost, or the cost of

computing the distance measure between the test sample and

the s a m p l e s  in  t h a t  set , Ps. The f u n c t i o n  r , us ed in
I e a r l i e r  d i s c u s s i o n s to denote the m i s c l a s s i f i c a t i o n  r i s k , is

used here to rep resent the d i s t a n c e  b etween the test sample ,

X , and a p a r t i c u l a r  desi gn sample, Y~~* , A goal s t a t e  s~ is

_-  ~~~~~~~~~~~~~~~-•~~~ - --~~~~~~~~~~~~~ -~~- . • -~~~~~~~~~ - -~~~
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one for which )Ds .~ =1, i.e. i t repre sents a single sa m ple ,

say Ys * . Hence ,

r (s*) z d (X ,Ys*;F), where,

d is t he dis t ance m eas u re used ,
F is the space of features in w h i c h  d is computed ,

X , Ys * are the tes t and design samp les

res p e c t i v e l y .

Let ,

Is be the fea tures measured on the path to state s ,

c (Fs ) be the sum of arc Costs on the path to s.

The n the fol lowing types of nearest neighbour scheme s

can be formulated :

Sche me 1:F ind the goal s* , i.e. the desi gn sample Y~~*~
suc h that,

~ c (Fs~ ) + d (X ,Ys*; Fs*)

MIn ( c (F s ) • cCX ,Y s ;rs) ]

where $ ~ S any goa t node.

Sche me &: Find the goat s* , such that ,

f (s*) = - (Isa ) + d (X ,Ys*;F)

Mm ( c (Fs ) a o (X ,Ys ;F) 3

where s Is any goal node , and ,

F is the total set of features.

- - 
Scheme 3: Find the goal s~~, such that,

d (X ,Ysa ;I) M m  (d (X ,Ys ;F))
S

where s is any goal State.

Schemes (1) and (2) assume that measurement cost (arc

cost ) is s i g n i f i c a n t ,  and hence atte m p t to t rade this cost
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for reduced a c c u r a c y ,  i.e. it is L i k e l y  that they m ay not

t e r m i n a t e  w i t h  the trul y nearest n eighbo u r. S c h e m e  ( 3 )  i~~

the conventiona l N N s c h e m e a s s u m i n g  t h a t a r c  costs do not

contribute to the solution cost. Schemes (1) — (3) can be

imp l ,r r en te d as S — a d m i s s i b l e ,  B — a d m i s s i b l e ,  and B.i~~e~
ad m i s s i b l e  S t r a t c a i r s  respect i v e t y .

Scheme (1 ) assumes that the design sample , s* , i s
adequately repre sented by the fea tures , isa , measured on the

path to it , and that other features are not s i g n i f i c a n t  in

the dis tance measure i.e., d (X ,Ys*;F) can be ap p r o x i m a t e d  by

d (X ,YsI;Is*). Hence the space in which the d m e a s u r e  is

computed depends upon the des ign samp l e and its class l a b e l

Such an assumption may be justified ,tor ex a m p l e ,  in a

character r e cognition schem e , where f ea tures st~rh as th ’~
hor i zont a ( top L ine or c u r t y  t a i l  may be si g n i f i c a n t  fo r

son~e class , wher eas the slant of the a x i s  of s y m m e t r y  of t h P

l e t t e r  may vary w i t h  w r i t i n g  styl e s , and con~.i.i ,r ~~’1

uni m portd n t t o r d i s t i n g u i s h i n g  that class.

Scheme (~~) does no t assume that any features are

unim p o r t a n t  for the d measure, but it does associate an arc

cost w i t h  every edge and hence trades the risk of not

f i n d i r ~q the true nearest neighbou r for reduced f e a t u r e

me a sur efr ert Cost.

The c r u c i a l  problem in using the a d m i s s i b l e  s e arch

str ate g ies d iscu ssed ear lier , is that of com ~ u t i n g

lower /upper bound s on the d o measure. Ihe f o l L o w i n g

seCt ions d e r i v e  tounds for various metric and non -metric

s i m i l a r i t y  me a sures.

2.4.3.2. luctide an t~easure

Assume t h a t  d (X ,Y ;F )  is the ~uc Li d e an distance between

X , V in the space of fea tures, I. Ds is the set of s a m p l e s

represent ed by any state s , and )c , the 1 n f o r m a t i ~I I

_______ __________ _______________________________________ _  - ---
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as s o ci dted w i t h  s. we shall assume that Is consists of the

f o l l o wi n g

Ms : ~ean of samp les in Ps , in the total space, F.

features measured on the path to node s.

R , m ax (F ) : di stance betw een Ms and the sample V , i n  P s

farthest from Ms, in the space F ’.

Rsmin (1 ) : distance of sample closest to Ms in F .

From the nature of  the d measure ,

d (X ,Vs;i ) 3~ 
d (X ,Vs;F ’) if ~~~~~~~~- F

lemma : Mm d (X ,Y;F) ), d (X,Ms;I ) — Rsma x (F )
‘1

’ 
~~

Hence the rig h t  handside of the above in e q u a l i t y

provides a lower bound on the nearest neighbour ’s distance

from X , from among the sampLes in set Ps.

Proof: For any sa mple Y € D ~~

d (X ,Y;I ’) • d (Y ,M s ; F ) ),d (X ,M s; F ’)

from the triangular ine q ua l ity propert y of d.

Hence,

d (X ,Y;F ) >,d (X ,Y;F ) >,d (X ,Ms;F’) — d (V ,Ms; V)

>,d (X ,M s ;F ’) — Rsm ax (F )

Hence,

Mm d (X ,Y;F ) >, d (X ,Ms;F’) — Rsma x (F )

If at node s, the information stored is Ms , and

R smax (Fs ) , then the lower bound derived above tan be used in

an S — a d m i s s i b L e  s t r a t e g y  for Scheme (1) defined ear l ier. The

lemm a is a generalization of the bound proposed by Fu kuna g a

(6] for a branc h—and—bound algorithm for determining nearest

neighbours. Scheme (1) has the advantage that the radius ,

ksma~ has to be computed in a s i n g l e  d i m e n s i o n ç d  f e a t u r e

~

-

~

--

~
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space for a l l  (eve l 1 nodes in t h e  state—space gra p ), if t-.~-

di rn en s~~ons for Le v eL 2 nodes, etc. Thus, a t the i n i t i a l

node , where Os is th e t o t a l  desi gn set , the c o m p u t a t i o n  of

R sma x is the easiest , and succ e s s i v e l y becomes m ore c o m p l e x

as the num ber of sampl e s decrease. In the scheme d e s c r i ~~ec~
in [~ .J , the radius R smax is a lw a y s  computed in the t O t d l

fea ture space , F, a n d  h e n c e , far more co m p u t a t i o n s  are

invo ’.verl . Of cour se , scheme (1) is v a l i d  only w h e r e  a

sub rpac e repre sentation of each desi gn sample is j u s t i f i e d .

Lem ma : Miri  d (X ,V ;F )$ d (X ,Ms ;F ) + Rsm in( F)

Hence the right hands ide is an upper b o u n d  Or t~~
d i s ta n c~ of t he r e d r e s t  nei g hbour i n Os from X.

P r oof  : Le t ~~ be the point nearest to Ms in F , th en.

d (X ,V ; F )  < d (X ,Ms ;F) sR sm iri (F )

Hence ,

Mm d (X ,Y;F ) ~~~d(X ,M s ; f ) +  R sm in (F )

The use of th i s  upper bound involves computing d in th ’

t o t a L  fe a t u r e  space , F, and a l l  fea tures of X m u st be

measured. Thus th i s  is not suitabLe for Scheme (2) where w e

wou ld L i k e  to com pute the upper bound without in cur ring t h i s

mea s ure m ent cost . However , the bound can be used in schem e

(~~) where m e a s u r t m e r t  cost is assumed to be zero. W i t h o u t

some other knowled ge about the range of feature va lues, it

is not possible to upper bound the (uc l idean dis tance for

use in scheme (3) .

? .~~.3 .3.  ~J l t r a m e t r i c  M e a s u r e

A r~ ul t r a m e t r i c  s a t i s f i e s  the pro g~ert y ,

d (X ,Y ) ~ Ma~ ( d (X ,l), d (Z,Y) ) for any X , Y , 1,

- — --—-- - - - - -— - - ---— —
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and hence also satisfies the t r i a n g u l a r  Ine q u a l i t y .

Hence the same lower bound as define d for the F u c t i d e a n

measure can be used, and i f Ysp i s  any prototype sample in

Os , the distance , d (X ,Ysp) can be used as an upper bound on

the m i n i m u m  distance between X and any sample in Os.

2.4 .4. Rounds on S i m i l a r i t y  Measures For Binar y Vectors

Nearest ne ighbour schemes can be used for samples wit h

non—metric feature s if appropriate distance or s i m i l a r i t y

measures are defined between samp Les. If a s i m i l a r i t y

criterion is used , a sample X i s  classified -in the class to

which the sample (design ) most similar to it belongs. This

S e c t i o n  c o n s i d e r s  t h e  p o s s i b i l i t y  of r e p r e s e n t i n g  s u b s e t s  of

the desi gn samples say, Os, at each state s, in a state

space graph , by proto t ypes . The prctotypes at s are said

to cove r the set Os , if given the prototypes, one can

generate ~ set 0’ such that Ds~~ V. Thus the prototypes play

a role s i m i L a r  to the mean Ms , and radii, R smax, R sm in ,

discussed in the nearest n e i g h b o u r  schemes using the

Euc li dean distance. Once such prototypes are generated, one

would L i k e  to bo un d the value of the s i m i l a r i t y  measure , say

S (X ,Y) b etween X and any y
~~~Ds, by using the information in

the prototypes.

Consider the case when the samples are N b i t  b i n a r y

vectors. A proto type vector , t wi l l  be assumed to be an

N—bit vect or whose bi ts can have v aLu es, ‘O , ‘1’, or

(don ’t care ) • The set 0 (t) is the set obtained by

r e p l a c i n g  t h e  — bits in t by all possible permutations of

‘U’s and .1’ s. Thus, If , t= (— O— 1O ), then 0 (t)

(000 1O, 0011O ,1O (1O,1 011O ) • Methocs of generating good

p r o t o t y p e s  for the d e s i g n  samples f rcm each c l a s s  for the

d i s c r e t e  f e a t u r e  case , a re discussed in (13,15).

The mode l for N It s e a r c h  usin g S (X ,Y ) , a s i m i l a r i t y
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measure between binary vectors , is i d e n t i c a l  to that for the

nearest neig hbour schemes discussed earlier. The task here ,

is to m a x i m i z e  the v alue of S (X ,Y). The i n f o r m a t i o n  Is at

node s is assume d to be a set of prototypes , {ts (i))

i~~1 ,2,...ps , such t h a t ,

Ds c:. D (ts (1))Ub (ts (2 ))U . •. .•.  U D (ts (ps))

D~~ f inc

Sl (X ,t) = M m  S (X ,Y) and Su (X ,t) M ax S(X ,V )

~~ E D (t.) -(
~~ r~

(t)

Then , it f o l l o w s  that ,

M m S (x ,Y) >, Mm C St (X ,ts (i)) )
t~~~~ L~~~~ p5

Max S (X ,Y) ~,< Max C Su (X ,tsCi )) 3

The bounds, SI , Su , for various types of measures , S ,

are derived in the n e xt section.

2.4.4.1. Bounds , SI, and Su

The f o l l o w i n g  notation is used in  the discussion in this

sect ion.

X , V :test sample and a des i gn sample respective l y.

Both are binary vectors.

N : the number of bits in X , V.

S (X ,Y): s i m i l a r i t y  t r i t e r i o n  used.

~~~~~~~~~ 
t : a prototype vector whose bits can be 0,1 or

u (t) : the number of — b i ts in t .

n i C t): the number of 1 b i t s  in t .

‘1 nl (X ): the number of 1’ bits in any binary vector , X .

m (X ,V): the number of matching bits in vectors X , V.

m (X ,t): number of matchi ng bits in X and prototype t ,

-_
—

~~~~ -~~~~~~~~ - ~ -~~- _ _
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where on ly m a t c h e s  in position s at which t has O/l

b i t s  are c onsidered.

n l (X ,— ) : num ber of ‘l ’s in X in p o s i t i o n s  w h e r e  t has

a ‘— ‘ bit.

ihe f o l L o w i n g  Lemmas derive bounds SI, Su in terms of

the above define d quantities for three types of s i m i l a r i t y

measures commonly usedil).

lemma : Let S ( X ,V ) m (X ,Y) I N

Then , SL (X ,t ) = Mm S (X ,Y) = m (X ,t )  / N
€ t~ It)

and Su (X ,t) Max S (X ,Y) = { m ( X , t )  + u(t)) / N
~~ (t)

Proof: The proof follows from the fact that S can be

min imi z ed (max imi zed ) by choosing the — ‘ bits in t to be

opposite (the same as) the corresponcing bits in X .

Lemma : Let 5(X ,Y) = N. m (X ,Y)

ni (X) .nl (Y )

Then ,

Sl (X ,t) Mir{N .(m (X ,t)_ + nl (X ,—)) N.m (X ,t )

I nl (X).{nl (t)+u (t)) ‘

— ni (K ,—))

Su (X ,t ) ’ axfN ,{m (X .t) 4 u (t ) — nl (X ,— )) N {m(X.J..) + tilt))1
L nT (X ) • nl (t ) ‘ ni (X) . (nl (t)+ J4n1(X ,— ))

P r o o f :  Le t Y be any v e c t o r  in D (t ), and let ,

x H of ‘i’s in V in t h e  — positions of t ,

y H of m a t c h i n g  b i t s  b e t w e e n  K , V in the ‘— ‘

po s i t i o n s of t .

Then for t h i s  vector Y ,
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~ .m(X ,Y ) N.[ m (X ,t) + y]
S (X ,V ) = — — — - -- - — - - — —— — ..... (?.1O )

nl( K)  •nl (Y) n i C K )  .Lnl ( t)’xi

E quation (2.10) shows that for a given value of x , i.e.

th e number of ‘i’s in V at the — ‘ pcs i t ions in t , y can be

mini mi zed , and hence , 5, by assi gning as many of these ones

to po sitions at w hich X has zeroes , thus causing maxi mum

mis m atch between K , V. In p a r t i c u L a r , y O  if x

u (t )— n l (X, — ), and the ones in V are assigned in this manner ~
Decreasing x below this value wouLd cause y to increase;

hence the m i n i m u m  vaLue of S must Le attained in the x

range ,

u (t ) —n iC K ,— ) .~< x ,~< u (t )

and y = x—l u (t) — n l (X ,— ) 3 ..... ............. (2.1l)

Substituting for y i n  (2.10) using (2.11) and m i n i m i z i n g

over the specified range of x gives the desired result for

SI.

For maximizi ng S (x ,Y), it is noted that for a given

number  of m a t c h e s  y, x w i l t  be m inimized, and S m a x i m i z e d ,

by m a k i n g  the m a t c h e s  occur at the ‘0’s in X , as m uch as

po ssih le . F~~r y u (t) — n i C K ,— ) , x w i L l  be ze ro i f V ha s a ll

‘0’s in the ‘— ‘ positi o n s  in t . J f  y is d ecreased b e l o w  t h i s

va l ue, x can o n l y  increase. Hence, the range of y is ,

— 
u (t) — n i C K ,— ) .~( y .~< u (t ) and,

y— ( u (t) — n l C X ,— ) 3

Substitut i ng for x in (2.10) using (2.12) and m a x i m i z i n g

ove r the above d e f i n e d  y range, g i v e s  the d e s i r e d  v a L u e  o f

Su.
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[,amp (e 1:

Conside r a samp le , K , and pro totype give n by,

K C 1011010010 )

t = C 01010 )

Here N 1 0  u (t) 5 nl (X )=5 ni (t ) 2 m(X t )3  ni (X ,— ) 3.

M m S (X ,Y) Min {10.(3+3)/5. (2+5) , 10.3/5. (2+5—3)) 1.’)

~~~

Max S (X ,V ) Max {10.(3+5—3)/5.2 , 10. (3 + 5 ) / 5 . ( 2 + 3 ) )  5.0
~~ ~~t)

L emm a : Let S (X ,Y) m (X ,V ) / C n l (X ) +n l (Y) —m ( X ,Y) 1

Then ,

m (X ,t )
Sl (X ,t)= —— — — - — ——— — - —__________

m l (K) *~~ l I t ) —m ( K , t ) — n 1 C X ,— )  • u ( t

m (X ,t) + u (t)
Su (X,t) - ___________________——

nl (K ) + nl (t ) — m (X ,t) + ni ( K , — )  — u (t

Proof: Defining x, y as before , S (X ,Y) becomes ,

m (X ,t) + y
S (X,V ) = _____________________—-——- -——---- —

~~~

-—

~

----- (2.13)
ni C K ) ini (t ) —m (X ,t )  ix —y

Iron (2.13), it is observed t h at S w i l l  be mini m i z e d  fo r

a given x by m i n i m i z i n g  y, and this can be done by a s s igning

the 1 s  in V to positio ns where K has 0’ S. A s im i l a r

argument can be applied for m a x i m i z i n g  S. The ranges for x ,

y and t h e i r  r e l a t i o n s h i p  a r e  i d e n t i c a l  to  (2.1 1) and (2 . 1 2 )

d e r i v e d  in the  p r e v i o u s  p r o o f .  By m i n i m i z i n g !  m a x i m i z i n g  S

ove r these ranges, one gets the des ire d result.

E x a m p le_ 2: Using the same e x a m p l e  as in E x ample 1,

k 

_ _ _ _ _- 
:—

~~~~ - 
—----.— --.--..

~~~~~
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~~~~~~~~
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X C 1011010010 )

t ( —01010 )

Mm S (X ,V ) 3 / (542— 3— 3+5) = 0.5
~~~C \~~~t)

M a x  S (X ,Y) = ~+5 / ( 5 + 2 — 3 + 3 — 5 )  = 4.0
€ t Li)

The above d e r i v e d  bounds show that for many n o n t r i v i a l

p a r a m e t r i c  and nonparametr i c schemes , one can obtain L ound ~-

r e l a t i v e l y  inexpensively, and thereby cut down th e

measurement cost or the number of distance computations (for

nonp aram etric ) needed to classify a test samp le . ibm

generality of the mode l has allowed us to describe new ty r e s

of nearest—nei ghbour schemes which use distance measures in

subspaces of the total feature space to find the desi gn

samp le ‘most s i m i l a r ’ to the test sairp le. The next section

describes a p a r t i c u l a r  type of state-space graph , v iz, the

h i e r a r c h i c a l c l a s s i f i e r , as a useful model that restricts

the genera l ity of the state—space moce t and the r eby improves

the search efficiency for p r a c t i c a l  m u t t i c tass recogn it ion

problems.

2.5. H iera r c h i c a l C lassifiers

A state space model is a very general representation of

any mu l t i s t a g e  scheme in that one couLd have a model , where

at any node tk , wh i ch is k nodes awa y from the i n i t i a l  node ,

one could observe any of the N—k features not observed

(assuming N features are ava i lab l e , and at each nodc , one

observes one feature ); a l t e r n a t i v e l y ,  one could classif y tb.

sample into any of the M classes. The figure below shows th e

possible successor nodes of tk.

_______________ _______________ _________________________
— —I—-- —-- — 

-
- —
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Ii ~~ JIe cI&CI S~OY’S F~ 819. .

In the ab ove diagram , each state whi c h  Ic nc -I a qO d i

state , is sh c -w n as a tup l e, Cf i ,Wi ). Since t i can be any of

N—k features t h a t  have not been observed so fa r ,  and Wi ~s

any sub~~~t o f  the M cl asses, the num ber of su ch r~on-gooI

states is (N~~k).2
t
~ • In addition , one has the Pt p ossib le

goat states, hence the totaL number of successors of a node

k levels deep in the graph , is:

14
+ (N — k ) . 2

W h i t e  one could s t i l t  def in e admissib l e sear ch

strateg ies for suc h a general graph, the search e f f i c i e n c y ,

definec i as the average number of nodes expand ed(measurements

taken ) to c l a s s i f y  a sample, wouLd he poor. In a p r a c t i c a l

des i g n , th e r e f o r e , one mi g h t want to use prior i n f o r m a t i o n ,

such as the usefulness of certa in features in d * s c r i m i n a t i n g

subsets of cl assse s, to l i m i t  the g r aph. the graph could he

restricted eithe r by restricting the po ssible successo r

nodes of a node, or by l i m i t i n g  the states in some way.

A h i e r a r c h i c a L  c &as si fer is a p a r t i c u L a r  kind of model ,

wherein the states and possible t r a n s i t i o n S  (edges) in the

graph are e x p l i c i t l y  defined. The r e s t r i c t i o n  put on the

states is that ~ t ( f k ,W k )  denot e s st .ite k, and if state t i c

a stic ce~~c.~r of state k , then ,

wt ~ Uk

_ _ _  _ _ _ _ _ _ _ _
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ihis con d ition implies that the set of possible tlas ~
labe l s co nside red when t is re a ched , is a proper subset of

those considered p o ssible at any of its ancestor nodes.

Hence, t hc - d e cj slon process can be r e-presented as a t r e f ~, a t

each node of w h i c h the set of possible class Labe l s is

p a r t i t i o n e d  into subsets (perhaps o v e r l a p p i n q )  of lab els.

Thus a l ong any p oth in the tree, at each node , at L e a s t one

c l a s s  i s  b e i n g  ‘rejec ted’ from c c n s i d e r a t i o n . The t e r m

‘r e j e c t ed ’ is bei ng q u a l i f i e d  because it is q u i t e  l i k e l y

t ha t an ad m i s s i b l e  strategy mi g h t exp and nodes on some p a t h

and then back up to expand some node (in the OPEN Li s t )  on

some other path. A L L  the properties of S—ad missible and

b— ad m i s s i b L e  s t r a t e g i e s  can be made se of in searching t h i s

tree of d e c i s i o ns. An e x a m p L e  of such a tree is shown be l o w ,

and a l t  the states are indicated e x p l i c i t l y .

W 1 (w l ,w2 ,w3 ,w4 ,wS )

~~~k
” 

~~~‘-g~ 
W2 :{w2 ,w 4 ,wS)

W3 ~~(w2, w4)

~~2 W4 z(wl ,w2 , w3)

/
t~
/ 

\ 
W5 (w2, w3)

(c s) c

t
~
A)2. ~)3 ~~~

F i g .  2.9

Ihe use of lower and upper bounds in formu l ating search

s t r a t e q i e s  has been exp lored in this chapter . However, when

th e s *at ~ sp ace graph is small and e x p l i c i t l y  defined, as i n

tP i~ above t i g u r e , one can ob tain  a ‘perfect ’ heurist ic •In

gr a ib s e a r c h i n g  b robtems , a perfect he uristic is one w h i c h

can e s t i m a t e  t h e  pa t h Length from any node to the goal nod e
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exa t t y .  Thus to fol lo.~ the shortest path in the graph , one

s~~~ i l y  s t a r t s  at the ir .it~~at node, compu tes the h e u r i s t i c

f u n c t i o n  for a l l  its successors, and goes to that node whose

he u r i s t i c , added to the cost of that arc (between the

curr en t node and ii ) is a m i n i m u m .  This conce pt c a n  ho

ex tend e d to g r a p h s  wh ere the goal has a risk w h i c h  is a

fu n c t i o n  of random v a r i a b l e s  w i t h  a known d i s t r i b u t i o n .

2.6. ltarV s P r o b a b i l i s t i c  Decision Tree Mo dp l

ihe s t a t e— sp a c e  model analyzed in this chapter ~s

closest in s p i r i t  to the p r o b a b i l i s t i c  decision tree cit

Ha r t l l 8L  H a r t  describes a B ayes—ad nl ss ib t e search strategy

for a decision tree such as shown in Fig. 2.10 beLow.

~4~ I [ k t :~\Lu2 c~
j 

~ 
U) ‘r U) ~ ‘~~ 6 Wy ‘

~~ &

Fig. 2.10

Each edge in the binary tree denotes a ‘state of natur e

and the terminals represent a joint State of nature

comprising of the states on the path to that terminaL from

the root. Thus , w 1 (acg), w2 {ach), etc. Let K denote the

total set of mea surements taken on the sample , and X i ,

i 1 ,2..n, the measurements t a k e n  on the path through node s

1 ,2,..n , assumed to lead to node n (say ) .Let 6n be the joint

state of nature comprised of (O1 ,02,..en) which are the

edges along th is p ath. Then the a po ste rl or i p r n b a h i l i t y

that one of th , joint s t a t e s  below node n has occurred qiv ..n

4



the measurement vector , K , is ,

f(n) = p (On /X )

Hart makes three assumptions regarding K and Or,, vi z .,

(ci ) ancestor dependence, i.e. p (On/X ) depends o nly  en

the measurements, X1 ..Xn on the path to node n.

Hence ,

p (enIX ~ p (On /X1 ,X2..Xn )

(b) conditiona l independence , i.e.

p (X1 ,..Xn/On ) ft p (X i/Oi )
L~~IC c )  i n d e p e n d e n c e , i.e.

p (On) tTp (Oi ) and p (X1 ,...Kn ) = 11 p (X i )

Under the se conditions, the function f (n) whic h  is u s e d

by Hart to order the OPEN nodes , can be written as a

product ,

f (n)  p(@n/X) flp (ei /Ki)

From the property that f (n) is non—decreasing on any

path in the tree and along the sequenc e of nodes expanded by

his a lg o r it hm , he proves t h a t  the a l g o r i t h m  is

l3ayes—a dmi ssib Le.

In relation to the three types of strategies discussed

in this chapter, it follows that Hart ’s strategy f a l l s  in

the category of an S—admissible strategy. Under the

assum pt ions (a)— (c ), the function 1 (n) is an upper bound on
• 

the a post er ior i probability of any class under n. We have

proved the a d m i s s i b i l i t y  of such strate gi es under more

genera l conditions in Theorem ?. In ç art i c u L a r , we consider

the case where measurement cost is an important factor (Hart

assumes zero costs). Moreover , we have shown tha t for more

L _ _  _ _ _  _ _ _ _ _ _ _ _ _ _
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general m od el s of feature dependen c e such as the tre e

dependence , one can derive lower bou nd s on the risk for use

in an S— a d m i s s i b l e  strategy.

Hart states that in genera l cases (i.e. without making

~,sst im p tionS such as (a)— (c) above ), it may be d i f f i c u L t  to

f i n d  I~a y es—ad mi s si b l e strategies that do not expand the

e n t i r e  search tre e . Th i s conjecture has been disproved in

our w o i k  where we have shown that  a b— a d m i s s i b l e  s t r a t e g y

c a n  be d eti ned for very gener al situations (viz , where thr

r i s k  dcr ’ends on All measurements , not just thos e on the i a t h

to a p a r t i c u l a r  coal ) . The feasibility of computing bounds
for use in such strategies has been demonstrated for man y

parametric and non— parametric schemes.

I
—.- -~~~~~ - -—----- ~~~- - .- - -~~~-‘~,-. - .- —.-—-~-- --- —- -—— .—.— — — ---——--—~~~-
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3. Pr o p e r t i e s  Of H i e r a r c h i c a l  C L a s 5 i t ie r s

T h i s  c h d p t r - r i n v e s t i g a t e s  sorr e of the t h eo r e t i c , i l

~ ro pt- r t es of h i e r a r c h i c a l  c l a s s i f i e r s .  V o r~~ous m o o s u r e s  of

tree per f ormance are d scussed. Emp h a s i s  in this c h a b t e r , is

plac e d on t r e e s  who se node decisions are class c o n d i t i o n a l L y

st a u i s t i c o l l y incependent. When t h i s  a s s u m p t i o n  is i n v a l i d ,

one can e s t i m a t e  upp er bounds on the er ror made, in terms a ’

the total tree error for any class , and the error of any

node c l a s s i f i e r .

Two ‘negat ive ’ properties of hierarchical c l a s s i f i e r s

make the o p t i m a l  design problem comp lex even in those cases

where the indepe ndence assumption ho lds. The first p r o p e r t y

states that in such cases, optimizing each node ’s

performance (Bayes risk ) does not mi n i m i z e  the total tree

risk. The second property states tha t choosing at each node

of a g ive~i tree structure , that feat u re whi c h  makes th e node

d e cision w i t h  the Least average error , is not ne c e s s a r i l y

t he o p t i m a l  assi gnment of features. The conclusion is that

even for s t d t i s t i c a t l y  independent n ode decisions, one

cannot o p t i m i z e  the tree performance by o p t i m i z i n g

i r i d i v i u u a l l y ,  the performance of each c l a s s i f i e r  used at the

tree nodes.

The following notation w i l l  te used in subsequent

dis cussions of trees. Consider the tree shown be low ~ri F i g .

3.1.



A~
1

1
’ 

~~

‘ 

/
/ / N /

• •

U) 2 U)
3 

U ) i1

~~~~~~~ 3.1



73

3 .1.  h ot i t i o n

11,12 .. a re n o n t e r m i n a l  node labels , 11 is the root.

wl, w?.. are termina l node la b e L s  called classes and

refer to the type of c l a s s i f i c a t i o n  performed

when the d e c i s i o n  path le ads to that node.

M tot al number of classes

F = the tota l set of features

N the number of features in the Set F

fi the i th . feature name, i E C1 ,2,...N)

f o r  e x a m p le , ‘co lou r ’.

mi num be r of states of fi (if discrete )

= a random variable, representing an observation

of feature fi , e.g. ‘red’.

t k j  feature (name ) used at node Lj

r r L j  = states of feat u re (i f discrete ) used at Lj .

x l j  ran oom observation of teature used at node 1).

p ( x l , x ? , . . x n / w i )  p r o b a b i l i t y  of observing values x1 ,..xri

of features , f l ,f2 ,..f n , if sample is from w i .

P (wi ) apri n r i  class p r o b a b i l i t y  of class wi.

W (l k ) set of te r m i n a l  class (a leLs below node 1k b

e.g. in Fig. 3.1 , W (L 2 )~~~w 1 ,w2,w3,w4 ,w5).

For a b i n a r y  tree,

W Q(tk ) , W1 ((k) are the terminals of the Left and rig h t

subt rees beLow 1k , e.g.

W 0U 1) {wl ,w2,w3,w4 ,wS), W 2 (L 1 ) {w6,w7)

S (wi ) set of nude Labels on a path to class wi from

• the root, e.g. S (w4) {11 ,l2, L5 }

Pr (~~if (k ) p r o b a b i l i t y that a co r - r ect decision (e.g. to go

‘le f t ’ or ‘ri ght ’ in a binary tree) w i l l  he made

on a random simple from class w i wh i ch a r r i v e s

at no de 1k. In general, P~~(w i /lk ) is a function

of th c features used al ong the path to that node

_ _ _ _  _ _ _ _ _ _ _ _ _ _ _ _  _ _ _ _ _
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and decision strategy at al t previously trave rsed

nod es.

A decision tree, T is co mp ose d of a roo t nod e 11, a set

of nontermina l nodes, (Ii), and terminal nodes labelled with

the cLass L a bel s {wj). The same class Label may occur at

more than one termina l node. The sampLe to be cl assified

undergoes a sequence of test s (deci sicn rules ) on the path

from the root to a terminal node, at wh i ch point it gets

c l assified as be longing to that category. The choice of the

next test to be performed (next node traversed ) depends upon

the Last test done , or In general , upon all measurements

taken on the sampl e.

3 . 2 .  Performance Of A Decision Tree

3.2.1. ProbabilIty Of Correct Recognition

Co nsider a tree such as the one in Fig. 3.1. If the

features used at the nodes are stat i s t i c a l l y  independent and

if at each node , the decision is a function of only that

p a r t i c u l a r  feature observation , then the probability of

correct recognition of some class, wi , is the product of the

correct recognition probability of that cLass at a lL nodes

on the path lead ing to that terminal node , i.e.

P c ( w i ) ’TT Pc ( w i / L k )  where IkE S(wI )

1k

Hence, the total tree performance , is g’ven by the class

r~~co~jn it ion rates, weighted by their apr ior l probabi li ties,

,
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Pc (1) ~~~~ C wi  ) . Pc (wilt k) i £ (1 ,2 p . . .  C), 1k E S (w i)

i 1k ..(3.1)

The ave rage correct r e c o g n i t i o n  rate at a node , 1k , f o r

all samples from the set of classes that tie below it ,

W (lK ) , i S,

Pc (lk ) [~~jIP (wi).Pc (wi/1k ) ] /~~~~ P ( w i )  ....(3.2)

i I

w h e r e  w i ~~. W (Lk ).

Thus, Pc (tk ) is a linear f u n c t i o n  of the class

r e c o g n it i o n  rates , Pc (wi /lk ) , whereas Pc (T) involves

pr o d u c t s  of t h e s e  rates. The design problem is to find a

t ree , 1’ such that ,

Pc (1’) m a , Pc (I)

~c’ T

3.2.2. Other Measures Of Tree Perfor m ance

W h i l e  the p r o b a b i l i t y  of error is a good measure of tree

pe rformance , it is often d i f f i c u L t  tc compute for arbitrary

feature d i s t r i b u t i o n s .  For two class cases, several bounds

on the Payes error have been suggested (8). In this sect i on ,

we consider the use of such measures (bounds ) to bound the

per fo rm anc .~ of a decision tree. let d (wi ,w j;F) be some

measure of s e p a r a b i l i t y  of classes wi , wj using features

F . If  wi , wj, are among a set of H cl a s s~~s distinguished by a

tree , 1, we w i sh to define the sepa rabi lity of the classes

as a function of the tree. Let 1k denote the node at w h i c h

the t w o  c l a s ses get separated , and Let Fk~~~F denote the set

of features used at that node. If a L i n a r y  tree is assumed ,

one could define the separat ion of w i , w; by T , in any of

- - - . - . — - - — -—- —————-
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the following ways .

D ( w i ,w j ; 1 )  = d (w i ,wj ;Fk ) .. .............. .(3.3a )

D (w,,wj ;T ) = P~i n d (w s,wt;F k ) ........(3.3b)

where w t~~~WO (l k ) , w s E W l U k )

D (wi ,uj;T ) =5~ ~ Cst. d (ws, wt ; Fk )

where C~~t~~~re weights and w s E W O (L k ), w tEW l (L k ) .

W o ( t k ) , W i C I k ) , are the sets of classes disti ngu i shed at

1k.
The total tree performance , Pc (T) could be defined as,

Pc (T) ~~
‘
~~D (wi ,wj;T) .......... ..... .(3.4)

3.3. Frror in Assuming Sum of Products Form of Pc (T)

it has been assumed in the previous discussions that the

total performance of a tree, Pc (T) can be written as a sum

of products, as ,

Pc (T) = 5
~
P (m..i).]TPc (wi/lk)

Equation (3.5) is exact when the features used at

different nodes are cLass — conditionaLLy s t a t i s t i c a l l y

independent. Thus , stat i st icaL independence is a suff i cient

thoug h not necessary condition for equatio n (3.5) to be

e~ act t y equal to the true tree performance. In this

section, a more general set of cond itions is derived for

(3.5) to be exact. A l s o  in those cases when these conditions

do not ho ld, an upper bound on the error (in assuming the

~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~
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produc t form ) is derived in ter m s of two bounds:

an upper bound on the error rate (true ) of any cl a s s

by the tree,

• an upper bound on the error rate of any rule used at a

node f o r  a sa mp le from some class, vi

Equation (3.5) is not accurate because the quantity

Pc (v ill k ) is the performance on a sam p le from w i  d i s t r i b u t ed

a c c o r d i n g  to the d i s t r i b u t i o n ,  say, p (X l w i )  in nature.

howev er , when this rule is used at the k th. node in a tree ,

the d i s t r i b u t i o n  of the class wi samples that arrive at 1k

is NOl p (X l w i ) , in genera l , but some other d i s t r i b u t i o n ,

say, p (X lwi ) . Th is is due to the samp les that are directed

away from the path to vi by the rules used above node 1k in

the tree. Let Pc (T) be the tree performance , Pc (wi /T) the

correct recognition rate for class w i samples using the

tree , T , and $~
‘c (1), the product sum cn the right h an d side of

Lqn. (3.5). Then one seeks a bound on ,

Pc ( T ) — Pc (T)~ . . . . . . . • .. . . . . . . . . . . . (3.6)
wh e r e ,  Pc (T) 2 P(wi ).Pc (w il T)

The bound (3.6) may be derived by first bounding the

quantity,

lPc ( w i I T >  — 1TPc (wi/tk )~ .... .....(3.7)

2K c: S(c j

for convenience , let (1 , (2, ..tni be th e nodes on the

path to wi in the tree , as shown bet ow.
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The totaL popu lati on of w i can be divided Into twO

disjoint

popu l ations, viz , tho se that tr ickle down to node 1k , and

those that do not. Define,

p c i (l k )  correct recognition rate of rule at 1k on that

popu l ation of w i sampLes that reach 1k in the tree ,

pri U k ) correct recognition rate of ruLe at 1k if it

were used on the samples that do NOT rea ch Lk .

fl P i C k — i )  = fr action of the total popuLation of c l ass w~
that reaches 1k via 11 , 12, .... 1k— i
Then , since the two population s defined earlier are

d i s j o i n t ,

Pc (w i/ t k ) pci( lk ) . P i C k— i )  • pr -i (L k). (i—Pi (k-1) )

.

A l so , the Pi (k— 1 ) are related as follows:

Pi (1) = Pc (w~~/l1 )

Pi (2 ) pci (12).Pl (l)

Pi (3) = pci (13).Pi (2) etc.

Hence by bac k substitution , one cbta ins ,

H Pi (n i ) Pc (wilT ) flpci (lk ) ll)/ll)......(3.9)

whe re p c i (l l )  = Pc (w l /ll )
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S u b s t i t u t i n g  for p c i (1 k )  from equation (3.8) into (3.9),

P c ( w i / T )  f l P c ( w i / L k ) ( 1 —  pri (t k) . (1 — PI(k—1 ))/Pc (wi/[ k )3

P i( k — i  )

We ca n then define the r a t i o  of the true and e s t i m a t e d

va lues of Pc (w i/T ) as,

Ri ~~Pc (wi/ T ) = L i —  pri (l k )( 1—i~i (k—1 ))/Pc (wi / (k ))

lIPc (w i i  Lk ) — Pi (k— i )
k (3.10)

from equation (3.10) it foLLows that Ri =1 , i.e. the

pro duct form for P c (w i l l )  w i l t  be exac t ,if ,

pr i (l k ) = Pc (wi /L k )

pci (Lk ) for k~~1 ,2,3....ni ....... (3.il)

The above re sult states that if the average performance

of the rule at 1k on the samples rejected prior to reaching

1k , is the same as that on the samples reaching 1k , then the

product form w i l l  be exact. M oreover, the extrem e values of

1~~i occur for pr i = 1 . and pr i=O . If pri=0 .0 is true , then the

pro duc t form w i l l  be pe s s i m i s t i c , i.e.give too Low a value

of Pc ( wi / I), w h i t e  if it is 1 , ~~t w ill be op t i m i s t  i c , i •e
w i l t  result in too large a value of the e s t i m a t e d  Pc (wi /I ).

Thus R i (ma x ) is greater than 1. and Ri (mi n ) is Less t ha n  1.

nL

Pc (wi /T ) lR i (ma x ) < llPc (wi/ (k) < Pc (w i lT ) /Ri (mi n)

Hence,

P cC w i /T) — Pc (wi / 1 k ) < Pc (wi~~1){ 1/Ri (mi n ) — 1 /Ri (m aii ))

PC (w i/T) f JP i ( k -~1)

— —  — —
~~ 

I P i (k— 1 )
1—I- [ 1— (~1 — $‘~(%~-1)) k

‘k’ t Pc (wi,tk) ~

(S.%2~)

_____ _________ _____ ________ _____
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to i m p t i f y the above expression , w C  shall p u t  t’ound~ n,

the e rror r~~~e for each class by the tree , and by any

par t i c u t a r  node. Let,

(1 — Pc (wi FlL )) < eL (i )

(1 — f ’ c ( w i / i  )) ( e (i)

i h e n, 1—Pi (k—i ) < e (i) , and hence, equation (3.i

can he w r i t t e n  as ,

I PC (wi /T )— flPc (wI /tk )I ( Pc (wi/T ) ({1— e (i )/ (1—el (i ))J— 1)

Pc (wi/T ) .ni. e (i) /(1—eL (i ))

........ .... (3•13)

if e (i) l ( 1— e l ( i )  is s m a l l  in c o m p a r i s o n  t o  1

Substituting in equation (3.6) using (3.13), one gets,

~Pc (1) -Pc (T )f <
‘
~~P (wi).Pc(wi/T ).ni .e (i)/(1—cl (i))

Con~~ider the spec ial case of a ba lanced tree w i t h  n

Lev e ls in w h i c h  the upper bounds, e (i) and et (i ) are the

same f o r  a l l  c l a s s e s .  Then t he  p e r c e n t a g e  e r r o r  in
e s t i m a t i n g  Pc (T) as the product sum on the right h andside of

equa tion (3.5) , is g iven by,

A

~pc (1) — Pc (T)~ fl • Ft 
-~ — ......... (3.15)P c ( T )  1 — EL

t
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In (3.15) , Et is the upper bound on the error rate for

any class by the t o t a l  tree, EL is the upper bound on the

erro r rate for any class by any SINGLE node s decision rule ,

and n is the num ber of Leve l s in the tree. Equ. (3.15) shows

that the error in th e e s t i m a t e  increases l i n e a r L y w i t h  the

L eveLs in the tree and the class errcr rate.

3.4 • A Pr opert y Of The Opt ima t Dec is ion Policy

In a general decision scheme , the decision at a node ,

1k , regarding the next node to be traversed, is a function

of all the measurements taken on the path to 1k from the

root. Consider as a special case , those decision policies

which depend only on the Last feature measured (abbreviated

as os , for one— s tep policies ) . (qu . (3.2) provides a means

of choosin g a po l ic y which m aximizes the average correct

r e c o g n i t i o n  rate at a node , Pc(1k ) . This optimal rule is

c a t t e d  a one— s tep m a x i m u m — t i k e l i h o o d  rule (abbreviated

OSrfLR ) , and given by,

O S M L R :  If the measu red feature vaLue at 1k is x t k s,

if ,

~~~ P(w i ) .p (xlk~~s / w i )>  L (wj).p(xtk slw j)

( Aj ~~~

then go left ,

e l s e  g o r i g h t .

• in the above formulat i on , a binary dec i sion is assumed

at 1k , bu t a s i m i l a r  m a x i m u m  l i k e l i h o o d  rule may be w r i t t e n

for the case when 1k has m (>2) descendant nodes .The

prop e rty des c ribed below shows that using an OSMLR ru le at

each node does not necessaril y resul t in the, optimaL tre # ’

performance, Pc (1).

_ _
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Property 1:

Using a one—step maximum l ikelihood ruI eCOSMI R ) at each

node of a tr ee ,T , does P401 necessarily resul t in the o ptima l

tree p erformance , Pc (T), across all possible choices of

one-step (OS) rules. This property holds even when the

features are s t a t i s t i c a l l y  independent .

To see why this property h old s ,  consider the binary tree

of Fi g . 3.2 ,  in w h i c h  feature fi , is assumed to be m ea sure~1

at node Ii.

(4h

1~~~~

Fi g. 3.2

If an OSMLR rule is used at each node , the total tree

performance , and corre ct recognition rates at the nodes,

are,

Pc (T) = P (wl ) .Pc (w 1/l1 ) .Pc (w 1/ (2 ) + P (w2 ) ,P c (w 2 IL i ) .Pc (w211 2 )

4P (w 3 ) ,P c (w 3I Ll ) .Pc (w 3/l 3 ) + P (w 4) .Pc (w6/L1 ) .Pc (w 4/l 3 )

Pc (L1 ) P (w1).Pc(wl/L1 )+P(w2 ).Pc(w2/L1)

4P (w3) .Pc(w3/ll)+P(w4).Pc ( wA /Li )

Pc ((2)=P (wl).pc (wl/L2)+P (w2 ).Pc (w2/ (2) / (P(wi)4P(w?))

Pc (13) P (w3).Pc(w3/13)+P(w4).Pc (w4/l3) / (P (w3)+P (w4 )

Let x ? s  be some state of feature f2, such that,

Li _ _ _  _ _  _______
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P C w l )  .p(x2 s/wl ) > P (w2).p(x2 s/w2 )

Then th e O S M L R  wou ld cla ssify a sample wi t h  x 2 s  as

be lo ng ing to c l a s s  wi. Now , su ppose we choose the OPPOSITE

of the m a x i m u m - l i k e l i h o o d  rule and assign such a sample to

w2. T hen the change in Pc(12) , the recognition rate at node

2, is,

d (PcC 12)) P (w2 )p (x2 s/w2 )—P (wl )p (x2 s/wl )/LP (wl )+P (w2 ))

< 0

Hence the node performance decreases , as expected. The

change in the to ta l tree s performance is,

d ( P c ( T )  ) P (w? )Pc (w2/11)p(x2 s/w2)

—p ( w l ) P c ( w 1 / t 1 ) p ( x 2 = s / w l )

T he tree per formance would IMPROVE if ,

p (x? s1w2) P(wl).Pc (wl /Ll )
—— >

p ( x2 s/w1 ) P (w2) .Pc(w2/ 11)

Hence , using a one— step maximum Likelihoo d rule (OSMLR )

at each node doe s not necessari ly minimize the error rate of

the total tree . The numerical examp l e given below bears Out

this point.

Exa m p L e:

Assume the decision tree of Fig .3.2 where fi has four

states , (a, b ,c,d), f2 can take on any of two states, {x ,y),

and f3 , (u,v). The class conditional state pr o b a b i l i t i e s  of

the features and apr i or class probabilities are tabu l ated

below.

— ~~~~~~~~~~~~~~~~~~~~ 
- -——————— — ——---— - -

~~~~
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fi f2 13

a b c d x y U v

wi .3 .2 .2 .3 .3 .4 .6 .1 .9

w2 .2 .1 .6 .2 .1 .6 .4 .2 .8

w3 .4 .3 .3 .2 .2 .3 .7 .3 .7

w4 .1 .9 .1 .0 .0 .4 .6 .5 .5

Using an OSMLR at each node results in the fol1owi n ~
rules,

f l a  (go right ) f 2 x  (go right )

=b (Lef t) y (left )

c (Left ) f 3 u  (go left )

d (Left ) v (left )

The correct recognition rates of the tree and nodes ,

are ,

Pc (T)~~D.372 Pc (L 1 )~~.63 Pc (L2 ) .6 Pc (L3 ) .8

if we vioL a t e  the maximum like l ihood rule at node 1 and

go right for 1 1 b ,  the new performance figures are ,

Pc (T):.384 Pc (Li ) .58 Pc(12) .6 Pc (l3) .8

Thus, the performance at node 1 has D [CR~ AS~~D, but th~

— ~~ -—, - -—-~-- — — -——- —~- - - —- — — — ~~~-
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total tree performance I N C R E A S E D  when the OSM LR was

viol ated.

3 . 4 . 1 .  A Bound O n T h e  Tree Per fo r m a n c e

i t was shown in the p revi ous discussion that using a

m a x i m u m  l i k e l i h o o d  rule at each node of a tree does not

necessarily o p t i m i z e  the performance of the total tree, even

when the node decisions are assumed to be s t a t i s t i c a l l y

indpe ndent . It is clear ,however , that the choice of the

node fea tures places an upper bound on the o p t i m a L  tree

performance. In this section , the problem of computing this

bound is soL ved as an op t i m i z a t i o n  problem under l ine a r

constraints. The prob l em , so posed, is amenable to a host

of solution techni quesl32 ) . A method of using dynamic

programming to obtain the upper bound is described h€ r e ,

using the e x a m p l e  from the previ ous sectio n for

i t t  ust rat ion.

Under the assumption of s t a t i s t i c a l l y  inde2endent node

decisions , the tree performance is given by,

Pc (1) ~~~~P (wi). flPc (w i /lk ) .........,..(3.16 )

The p e rformance of the rule used at 1k , averaged across

all classes under 1k is g iven by,

Pc (lk) ~~P(wi) . Pc (w i / l k )  /
‘
~~ P (wi ) ........(3.17)

b r  a given choice of features used at 1k, Pc (tk ) is

m aai m i ze d if a maximum Lik el i h ood rule is used. Let hi

denote the r a x i m u m  va l ue of th e numer ator of Eqn. (3.17) ,

i.e.

bk Ma , ( Pc(lk) .
’
~~ P (wi) )

~
-¼

~~~~~ 
‘4 (L)
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For ease of notation, let ,

PI P (ui), yik Pc (wi/ lk)

Then , the up pe r bound on Pc (T) is obtained as the

solution of the constrained optimization problem ,

M

Max P i . \~
y i k .. . . . . . . . . . . (3 • 18)

YiK %~~ 
14

~~~~. Pi .yik ,~< bk , k 1 ,2,.. ...... ...N

0. ~ yik .,~< 1. , i 1 ,2,...M , k 1 ,2,... N

where M ,N are the number of classes (terminal nodes )

and decision nodes in the tree , res pectively.

To solve (3.18), def ine the partiaL sum, Gn , n 1 ,2,...M ,

as

Gn =YPj .flyik , 1 ~< a .~ P1

The probLem can be solved by regarding the bk as the

total resources avaiLabLe of each kind , and Gn as the return

from the first n activities. O ptimizing Ga, and then

recursively defining Gn in terms of Gn— 1 , leads to the

dynamic programm ing formuLat ion.

E x ample:

Consider the tree below , consisting of three nodes, (1 ,

12, (3.

c4J3

,

~~~ 

1___ _ _~~~~~_ - — — — _ _ _ _ _ _  

~~~~

.___
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Th e p r o b l e m  is to m a x i m i z e ,

i l . y l l .~~l? + P2 . y ? l .y 2 2  4 P3.y31 .y33 $ p4.y 41.y 43

su~ j ec t  to ,

~‘ 1 . y l 1  4 F’?.y21 4 P3.y3l + P4.y 41 .5 bi

I l .y L • f Z . y ? Z  .5 b2

P3 . y ’3  • P 4 . y 4 3  ..~ b3

U . .~ y i k . 5  1.

Define the f o l l o w i n g  sequence of o p t i m i z a t i o n  p r o b l e m s :

&1 (zl ,z2) Max P1.yll .y12 f o r O..5 zl.5 bl , 0..5z2.5h2.

w h e r e , 0. .5 y ll .5 M i n {1., z l I Pl )

0. 
~ 

yl2 .5 Min (1., z2/P1)

(
~~ ( i1 ,~~2 )  Max {P2 .y21 .y22 + fl (zl— P2.y2l ,b2— P2.y22 ) )

for , 0. -~ zi .5 b i  ,

where , 0. 5 y2l .~
( Min{l ., zl/P2)

0. ~ y ? 2  ~ M i n ( 1• ,  z2/P2)

b 3 ( z l , b 2 , y ’) Max (P3.y3 l .y33+ f2 (b l—P3.y3 1 ,b2 ) )

f o r  0. 
~ z l  .~ bi , 0. .5 z3 .~< b3 ,

4~h e r e  0. .5 y3 t -.5 ~~in (1.,z1/P3)

0. .5 y3~ .5 Mi n t l ., z3/P3)

Pc (T)~~b 4 (h1 ,b2 ,b3) Ma-X (P4•y Al .y 43 4

G 3 (t 1 — h  4. y41 ,P 2, b~ — P4. y4  3))

wh ere 0. -< y41 .~ M in (1.,bl/P4)

0. ~ y4 ~ .5 M in ( 1 , ,b 3 1 1 4 )
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The prob l em was soLved by discreti zing the ranges of the

variab Les , zj and y ik into 10 eQua l interva l s. The resuLts

are tabu lated b r  dif ferent apr i cr i prob ab iLui es, and
8 resource Leve l s , hk. The relationship between the optima l

tree performance and a given node s performance when the

other node performances are kept ftx ed , is depicted by the

plots in Graph 1.

-.

L~..
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Var iation Of Pc (T) Wi t h Node Performance

Pc (T) Tree performance

bi : Node 1 performance

b2 Node 2 performance

b3 : Node 3 performance

0.2 0.4 0.6 0.8 1.0

0.2 .160 .234 .278 .316 .354
0.4 .234 .280 .317 .355 .390
0.6 .278 .317 .354 .392 .427
0.8 .314 .355 .392 .430 .465
1.0 .354 .390 .427 .465 .500

0.2 .216 .310 .365 .437 .502
0.4 .310 .396 .466 .481 .540
0.6 .365 .446  .497 .530 .576
0.8 .437 .481 .530  .563 .611
1.0 .502 .540 .576  .611 .650

0.2 .255 .355 .422  .517 .592
0.4 .355 .455 .521 .602 .672
0.6 .422 .521 .578 .653 .723
0.8 .517 .602 .653 .695 .761
1.0 .592 .672 .723 .761 .800 

0.2 .290 .390 .462 .562 .637
0.4 .390 .490 .56 2 .66~ .~~~7
0.6 .46 2 .562 .630 .72v .~s u4
0.8 .562 .662 .729 .810 .880
1.0 .637 .737 .804 .880 .950

0.2 .300 .400 .475 .575 .650
0. 4 .400 .500 .575 .675 .750
0.6 .475 .575 .650 .750 .825
0.8 .575 .675 .750 .850 .925
1.0 .650 .750 .825 .925 1.00
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3.5. A Property Of The OptimaL Feature Assignmen t

in the previous section , it was shown that optimizing

separate ly, the average correct recognition rate at each

node of a decision tree, does not necessari ly optimize the

total tree performance. A s i m i l a r  type of negati ve

p r o p e r t y  can  be s h o w n  fo r  the  o p t i m a L  f e a t u r e  set.

Assume that we use on ly  a m a x i m u m  L i k el i h o o d  rule  at

each tree node . One couLd eva luate each feature s goodness

at each node as the va lue of Pc (Lk ) when that feature is

used at node 1k. Then t e assignment could be done by

aSs i g n in g  t h a t  feature tc. .ch node , which had the best

value of the goodness measure at that node.P roperty 2 which

we sho w by example , h i g h l i gh t s t he f a c t t ha t s u c h  an

ass ignment is not necessari ly optimal.

Property 2:

The tree resulting from using at each node , that feøture

which performs the best at that node using a maximum

Like l ihood ruLe, is not necesari ly the optimal assignmert ,

even if the features are st atistically Independent.

H
4 1

_ _ _ _ _  

_ _  _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _

_______________________________ - ~~~~~ — —
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Example:

F ig .  3 .4

C o n s i d e r  t h e  2 L e v e L  b i n a r y  d e c i s i o n  t r e e  s h o w n  in

F i g . 3 .4 .  The f e a t u r e s  to  be used at the  nodes have to  be
chosen from a set of 6 features, f l— 1 6, each taking on one

of 4 states. The prob ab il ity of occurrence of each state ,

fo r each class, is given in the table below:

~~~~~~
1 1 .20 .20 .30 .30
1 2 .30 .22 .38 .10

1 .20 .50 .10 .20

1 4 .60 .10 .10 .20
2 1 .40 .10 .20 .30

2 2 .40 .50 .10 .00
2 3 .20 .50 .20 .10
2 4 .10 .40 .30 .20

3 1 .45 .10 .05 .40

3 2 .40 .10 .35 .15

3 3 .50 .20 .20 .10

3 4 .60 .10 .20 .10

4 1 .30 .10 .50 .10
4 2 .50 .20 .10 .20

4 3 .15 .35 .45 .05
4 4 .15 .15 .15 .55
5 1 .20 .40 .20 .20
5 2 .20 .30 .40 .10

______________________________________
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5 3 .25 .45 .25 .05

5 4 .15 .55 .25 .05

6 1 .20 .30 .20 .30
6 2 .35 .45 .10 .10
6 3 .20 .25 .15 .40

6 4 .55 .15 .05 .25

The apriori cLass probabilities are , .15 ,.1 ,.50 and

.25, resp e ct iv e ly .If a maximum likelihood rule is used at

each node to partition the set of classes into the two

groups distingui shed at that node , the correct recognition

rates, using each of the 6 features, is tabulated below :

NODE Fl F? F3 F4 F5 F6

1 .76 .75 .75 .75 .75 .75
2 .60 .74 .71 .66 .64 .62
3 .73 .67 .67 .82 .67 .72

F r o m  the ab ove t a b L e ,  it w o u l d  appear  t h a t  the
a s s i g n m e n t  of f e a t u r e  1 to  node 1, f e a t u r e  2 to  node 2 , and

feature 4 to node 3, wouLd resu lt in the Least probability

of error for the total tree , assuming a maximum L i ke l ihood

rule is used at every node.However , as the figures beLow

prove , there are other features, which together do better

than the set {fl ,f2, f4} used at nodes {1,2,~~),

respective ly.
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Fea ture used at Nodel Node2 Node3 Recognition Rate

1 2 4 .611

2 4 4 .613

2 5 4 .613

3 4 4 .613

2 6 4 .613

== =

Th us, even using subopt ima L features, 2 and 5 at nodes 1

and 2, we get a better error rate than using the

individual l y best features at these nodes, viz., l a nd ?.

In this chapter , it has been shown that even under the

restriction tha t the node decis icns are s t a t i s t i c a l l y

indepe nd ent , th optimal tree design problem is comp lex. The

next two chapters discuss met hod s of decomposing the design

problem into phases , and the use of optimization method s in

solving each pha se of the task.
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4. A Phased Approach To Optima l Tree Design

This chapt er proposes a decomposition of t h e

hie rarchicaL clas sifier design probLem into s e v e r a l  p h a s e s ,

and investigates the use of dynamic programming pr ocedures

fo r obtain ing the optimal solution fcr each phase.

The deco mposition of the design allows the designer to

input into the desi gn procedure any a priori knowledge

regard i ng the prob lem that is available. This knowLedge

might be related to the tree structur e or the features

deemed to be #good for distinguishing certain cLasses. The

a priori information regarding the t ree can be categorized

into three LeveLs:

(a) No assum ptions regarding the form of  the tree .

(b) The tree skeleton~ is assumed given. By ske leton ,

we mean, the form of the tree together with termina l node

Labe ls.However, the features to be used at each node are not

specified.

Cc ) both the tree skeleton and the features to be used at

the nodes , a re specifled.The decision rules at each node

have to be designed.

The type of assumptions, (a), (b), or (c), made in any

particular application depend upon the designer s knowLedge

about the data: its modality, separabi lity, and the goodness

of particular features in distinguishing some subsets of the
-

~~~~ data. Thus , In a general situation , w hen one s p ro b le m

knowledge is m i n i m a l ,  only assumption (a) may be justified .

If t hroug h data ana lysis methods, such as hierarchical

cluster ing or apr i ori know ledge , a suitable tree skeleton is

consi dered ade quate , assu mption (b) may be used. If , In

addi tion, the designer knows that certain features are good

for discri m inating betw een some two or more subsets of the
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cLasse s, one aLso knows the features to be used at some or

all of the tree nodes. The design problem is then that of

case (c), where the decision ruLe at each node must be

specified for overall optimal tree performance.

The follo wing analysis shows that finding the optimal

tree by exhaustive enumeration is an impractical approach

for most problems.

4 .OCr.~put at ion at Comp lex ity

tr ee d e s i gn pr oblem is a #three_ dimens ionaV search

C i )  spec ifying a tree skeleton

(ii )assigning features to nodes, and,

(iii ) specify ing decision rul es at each node.

Cons i de r t he numb er of t rees  t o  be eva lua t ed if an
e xhaustive search is done across aLl possibiLities in Ci) —

(iii). If Nt, Nf , Nd, are respect ive ly , the pos sible trees,

ass i gnments of features to each tree, and decis ion rules for

each assignment, then the total possibilities are ,

N Nt.Nf.Nd

As an example , cons ider a C class prob Lem , using F

feat ures, each feature taking on one of S states, and with

the restriction that only ba lanced binary trees, w ith a

si ngle path to each class , and using any fea ture on ly a t one
node, are being considered. Then,

log C
Nt~~~~~~~ (:;~X
Nd* 2
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N f / F  \ ..c—n I_

(s-i)
The possibilities become enorm ous even for smalV

vaLues of F , C , and S. The computat ionaL complexity of the

problem is considerable reduced by using the optimatity

princip l e of dyn amic programming .

4.1. Tr ee Design Using Dynam ic  Programming

in th i s sect ion, we examine a set of methods that have

proved useful in Operations research and popularly known as

dynam ic p r o g r am m i n g t 2] .

The c r i t e r i o n  of opt i m a L i t y  is assumed to be a weighted

sum of the measurement cost and the risk of making an

incorrect classification. Depending upon the i n f o r ma t i o n

avail able to the designer regarding the tree, the design

prob lems may be poseo in the following way, in increasing

order of com p L ex ity.

(1, Given the tree structure (i.e. the cLass hierarchy and

the features to be used at the nodes), desi gn an optimal

policy.

(2) Give n only the tree skeleton , (i.e. the class

hierarchy ), determine the optimal feature measurement and

decision po licy.

(3) Given  no i n f o r m a t i o n  r e g a rd i n g  the f o r m  of the  t r e e ,

design an optima l tree structure.

The al gorithm s proposed In subsequent sections for

so Lv ing  (1) and (2 )  g i ve  the opt imal solut ion for any

assumed fea ture distribution. The bottom—u p pr ocedure for

probLem (3), howeve r , Leads to the optima l tree structu re

onLy under an add lt ive cost assumption described later.

__________ 
______________ _____
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4.1.1. Optim aL Decisio n Policy Gi ve n The T r e e

S ‘

F ig. 4.1

Consider the case when the tree structure of the

c l a s s i f i e r  is g iven  and one s e e k s  the optimal decision

pol icy at each of the nodes. one wou ld aLso Like to have the

f a c i l i t y  of term inating the measuremen t process at any time

dOd a c c e p t  one of  the c l a s s  L a b e l s  w h i c h  has NOT been
rejected t i l l  that po int .ln a decision tree , some classes

are rej ected at every node. Thus , the design procedure must

compute at each node the optimal action to be taken , and

this can be one of the following

class ify the sampLe Into some class not rejected

so fa r or,

continue the measurement process and decide the next

node to be traversed under the curren t node.
S

The follo wing quantities w i l t  be defined to illustrate

the dynamic programming (abbreviated DP) procedure , using

the ex ample of Fig. 4.1 above.

In node labe l at which feature fn Is used,

fnl, , fnr are the features used at the nodes to the
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Le f t / right be low tn (assum ing a binary decision node ),

c (tn ) cost of measuring f e a t~~re fn

r(xl ..xn) m in imu m risk of decision process , given that

xl ,x2..xn, have been observed so far in the tree.

R (wiI x1 ,x2 ..xn ) Lo~~ incurred in classi fying sanp te into

wi given x l ,x2..xn.

p (w i/xl ,x2,x3...xn) condit ionat prob. of w~ given

xl ,x2,...xn.

For the sake of notationa l brevity, assume that the

string 11,12,... In denote the nodes cn the path to In f rom

the root .lf tnt ,L n r denote the sons of In and the

corresponding feature observations are xnl , xnr , then, the

minimum risk r (xl,x2, ... xn ) may be computed recursively

as,

r(xl ,x2...xn )Min Ci ) M m R (wkt xl ,xZ..xn)......... (4.1)

(i i) c (tnL)’E { r(xl ,x2...xn ,*nt))

(iii ) c (fnr )4E {rCxl, x2. •,xnr))

where , the ~{) terms are expectations of the risk , r ()

over a lt poss ibLe values of xn t, or xnr , respective l y.

If In is a terminal node at w h i c h  the decis ion is to

classify the sample in class wk , then ,

r (xl,x2..xn ) R( wk /x l ,x2 ..xn )

W orking in a bottom—up fashion fro m the termina l s , we

can determine the Optimum po licy and risk at each node.In

the recursive equation (4.1), it the Quantity (I) is

minimum , then it implies that it is best to classif y the

sample and discontinue further measurement , whit e  if (ii) or

(iii ) are the smal lest, it imp li e s t a t  the best action is

to traverse the left or right nede res pec tively.

CorrespondingLy, one set or the other set of classes is

~~~~~~~~~~~~~~~~~ - -~~~~~. - -r  ~~~~~~~~~~~~~~~~ ~~~~~~ -
-- -
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rejec ted from further consideration.

Computationally, the decision tree for mulation is Less

burdensome than the sequential process described in (53,

where a t each step , R (wk/xl ..xn ) must be computed for aL t

classes, wk.In the decision tree, the number of classes to

be considered, increases from one (at a terminal node) to

M (I.e. the totaL # of classes ), at the roo t.

No t e , tha t if a L L  measurement cost s,c(f i), are zero, the

quantity in (i) can never be the smaLlest, since more

measur em en ts cannot Increase the risk (assumlng perfect

knowledge of p (xl, ..xPd/wi). Hence , if measurement costs are

zero, an optimum policy will only make the cLassification at

a term inal node.



1 00

4.1.2. OptimaL Feature Ordering and Decision Policy

In this section , ~e cons ider the case where the tree

skeleton is given , but the features to be mea sured at the

nodes are not specified.Thus , the optimal policy must

spec if y not only the action to be taken , but also the best

fea ture to be measured next, in such a manner that the

ave rage cost (measurement plus misclassification risk ) is

minimized. Since the tree form is given , the classes at

eac h node that have not been rejected, are known. Hence, for
a g iven set of vatues,xt l ,xt2,...xtn, of the fea tures in the

set Ftn~~~ FN , the totaL feature set, we mus t decide :

(i) whether the sample shouLd be classified into a cLass

tha t has  not bee n re jec t ed so f a r , or
(i i)reject one set (teft subtree~~s terminaLs ) or the other

f r o m co ns i d e r a t i o n , and ,

deci de the feature to be meas ured at the next node.

Let ,

Ftn=se t of n features .

rn (x t l ,xt2,..xtn/Ftn ) m ini mu m cost of making a

decision at node In , g iven the p a r t i c u L a r  observed

value s of the particuLar feature set, Ft n.

R (w i /xtl ,xt2 ..xtn,F tn ) loss incurred by classifying

sa mpLe into class vi, given observations

on features in Ftn.
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The n, m o  can be computed in a ba ckyard fashion using,

rn (xtl,..xtn/Ftn ) Mi n Mm R (wj/xtl ..xtfl,Ftn ) ... (4.2)

w j ~~~Vn

Mm c (fk)4EHCmnL (xtl ..xtn,xk))

- 
fk~~~Ftn

Mm c (fk) 4((rnr (xtl ..xtn ,*k))

t k~~ Ftn

whe re rnl, rnr are the min imum costs at the left and

right

sons of node In.

For termina l node, In ,

mn (xt 1 ,xt2,..xtn/Ftn)~~R (wkIxt1 ..xtn ,Ftn )

The co mputational complexity is considerabLy Inc reased
by the n e c e s s i ty  to  cons ider  a L L  s u b s e t s  of n f e a t u r e s  at

any node n levels below the root.

_______________________ _____________________________________ ______________________________________ __________
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4.1.3. OptimaL Tree Structure

In many situations , one has no a priori inform atio n

regarding a good tree structure. The design could then be

split into two phases. In the first pha se, the optimal tree

structure is des igned, assuming for exampl e , that a ma ximum

li ke l ihood rule is used at every node. In the second phase,

the procedure of Sec.4.1.1 can be used to determine the

optima l decision poli cy at every node. This section

descr ibes a bot tom—up design method for obtaining the

optima l tree struCture. Suf ficient conditions for the

opti m a l i t y  of the resulting structure are also discussed.

Let ,
W total set of ctasses ( M)

WkC.W denotes a k—class subset of the M classes,

T(W) tree used to separate the classes in W.

The labels (fea ture names) used at the nodes, complete

the tree description .

1*(W) opt ima l tree on W , i.e. one that minimizes cost.

The ~cost of a dec ision tree , r(T (W)), is given by,

r (T (W)) 
‘

~~~. 
P(wi)(

’
~~c (fk)+(1—TT(1—Pe (wi/Lk)))]..... (4.3)

w i € W  (k ES(~~) LkES(u4~

where,

Pe (w i/Lk )=p robab il ity of error at node 1k if sample

~s f r om c l a s s  v i.

The foLLowing assum ptions have been made In eqn.(4.3).



103

(i)the prob . of correct recogn ito r of a random sample

from wi , is a product of the prob. of correct

recog nition at the nodes on the path to vi.

• (ii )the measure ment cost of misclassified samples is

negligible compared to that of correctly classi fied

samples.

A sufficie nt condition for (I) to be valid is that the

features on any path in the tree ton the root to a terminal

node are statist ically independent .Condition ~ii~ is va l i d
if the error rat e of the tree Is low .

The recursive definitio n of the optimaL tree ,T*(Wk ), to

class ify the k—class set Wk , is written as,

r (T*(Wk))~~M in tr (T (Wk))]

~iTt bIk)

zMInr Mmn 0 P (wi)(c (fk )+Pe (wi/Lk))+

~~~~~ L vw i ,w~’t~
r (T* (W1))+r (T* (W2))

~~1 
........ (4.4 )

where  w 1 U w 2  W k

In t he above  for mu la , the cost of the tree,T(Wk), has

been written as the sum of the costs incurred at  the top

node (the summation term ), plus the costs of the optimal

trees for sets Wi and W2, viz., ‘I* (Wl) and T*(W2). In the

next section , we provide a justification for this assumption

of additive costs .Under these conditions, It is show n that

the recursive definition (4.4) resu Lts In the optima l

soLu tion tree ,T* (W). Note that in (4.4), the error rate for

w i at node 1k , Pe (wi/tk ), depends not only on the feature

-~~~~~~~. 
-
~~~~~~~~ - -—-.
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used at 1k, but also on the dichotomy of classes that is

performed (i.e. Wi versus w2).

4.1.3.1. The Additive Cost Assum ption

A s s u m e that the features used at the nodes on a path in

the tree are stat istically independent , and that the errors ,

Pe (wi /l k), are sm alt.Then, terms such as Pe (wi/Lk).Pe(ui/ (j)

can be ignored in comparison to the first order terms, if

this done , the error rate of the tree , PeCT), is given by,

P e ( T) ~ (1.~~~ p (wi),TV (1 Pe (wi/Lk)))

vi

~ZP (wi
1— (1—

~~
Pe wm/ t k

~~
high er order terms ))

wi 1k where IkE S (wi).

z~~~P (wi)~~~Pe (w1/Lk) ignoring higher order terms.

vi tk ESCc~
)
~~

Hence, the total error probability is roughly the sum of the

error rates for each class at all the nodes on the path to

that class. It we also assume that the measurement cost on

m isclassified samples is neg ligibl e compared to the total

cost, we ge t ,

r(T(W))=3 P (w1 )~~~(c (fk)+Pe (wi/Lk 
)) ,..........(4.5 )

v i E W  Lk~~~S (w i)

It follows imm ediate ly from (4.5) that the cost of a
decision tree is the sum of the cost Incurred at the root

node pl us the cost s Incur red in each subt ree beLow the
root.Hence, we are justified in writing (4.4) as the sum of

the cost terms.The refore, because the costs are additive ,
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mini mizing each term would minimize the total cost.

Therefore , the recursive formuLa ,(4.4), Leads to the

globally optimal tree for the set of cLass e~., W .

The f o l l o w in g t heore m generaLizes the conclusion reached

in the above disc ussion and g ives sufficient condit ions on

the criterion function , pc (T) of tree goodness, under which

the dynamic prog ramn ing algorithm for tree design described

in the preceding section wi L l  be opt imal.

Theo re m

Le t Pc (T) be the goodness measure of a binary tree used

to separate a- set of classes , w. ~et 10 be the root of T, fO
the feature used at 10 , and T0 (lO) and 11 (10) the left and

r ight subtrees below node 10. Assu m e that Pc (T) can be

• written as the sum of three term s as folLows:

Pc (T) = Pc (TO (lO)) + Pc (T1 (lo)) + G (W0,W1 ,f0)

where the first two terms are the goodness measures of

t he two subtrees 10 (10) and T1 (L0), and the term G depends

ONLY on the feature tO used at (0, and the sets of classes

WO, and Wi distinguished at 10, but NOT on the tree

structures TO and Ti. Then the algorithm of Sec.4.2.3 find s

the optimaL bina ry tree, T* , to separate the classes, W ,

under the assumption that each class occurs at only one

terminal  node of 1*.

Proof :
Let W be any subset of classes of the total set, W , F

be the total set of features. Let T* (W~~) be th. optimal

binary tree (i.e . the one that maximizes Pc (T (W )), under the

assumption that each node uses a single feature , and each

class occurs at only one terminal node of the tree. Then
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under the assumption th at Pc (T) can ~e written in the above

for m , it follows that,

Pc (Tii (W ))  z Max •( P c ( T ( W ))  )

rHax Max t Pc (T(W0))+Pc (T (W1)) •G(WO,W i ,f))
V,
~ YT(Wc) TL~#J1)

where , woUw i W , IEF , and T(WO ) and T (W1)

are the subtrees of any tree T for classes

W’, and have termin a l cLasses as WO and Wi.

Since the G term does not depend on the trees 1(W0),

T (Wi ), but on ly  on the  s e t s , W O W i s e p a r a t e d  at the top node

of 1(V), and si nce the first two terms can be maximized

separate ly, we get ,

Pc (T *CW )) Max Max (Pc (T* (W0 ))+Pc (T* (Wi))+G (WO, W1, f)3

~~~~

where WO Wi W ano i~~~F.

The above equation is precisely the recursive form used

by the algorithm of Sec. 4.1.3., as it builds the optim a l

tree T.(Wk) for k cla ss subsets Wk of W e  Since T* (Wk) is
• opt ima l ,  it fo l low s t ha t  T * ( W ) ,  t he  fina l tree obtained ,

must also be opt imal.

it is seen that the distance measures discussed in

Sec.3.2.2 satisfy the conditions of this theorem and hence

the same algorithm could be used to obtain an optimal tree

using the criterion given by equation (3.4) in that

sect ion.

• This chap ter has shown the feasibi lity of using the

dynamic programm ing formulation for solving each of the

three phases of tree design . The solutions obtained are
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optima l under fairl y genera L assumpt ions. Thus , the optimal

dec i s ion pol ic y and opt ima l fea tu re order ing are ob t ained
w i t h o u t  mak ing any pa r t i c u l a r  assumpt ions  regard ing the

f e a r t ur e d is t r ibut ions , such as sta tisticaL independence.

The o p t i m a t i t y  of the t r e e  structu re obatined via the

bottom— u p procedure has been established under an additive

cos t assumption.

in spite of these general cond itions for optimaLity,

dynamic programming methods suffer f rom a hig h computational

comp l e x i t y  when appl ied to  #Large~ problems. In the context

ot tree design , a large problem is ore where the number of

classes to be distinguished is large , or the fe atures from

w h i c h  th e s e l e c t io n of ~good~ features is desi red, are

numerous. The ne xt chapter investigates methods of reducing

this design comp lexity.
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5. Methods Of Reduc ing The Computational Complexity

This chapter proposes various me thods of reducing the

computational bu rden incurred in obtaining the the optimaL

dec ision policy for each node of a given tree structure and

the optimal feat ure assignmen t for each node of a g iven  t r e e
s k e l e t o n .

The reductio n in computatio ns incurred in determin ing

the best decision policy is achieved in the following ways:

(1) It is assu med that the node decisions are

statistically independent

(2) The decision at a node is computed only as a

fu nction of the feature measurement at that node.

(3) For non—metric features , the decision rules can be
_
clu stered # and each cluster represented by a

prototype. The DP procedure can then be used to

search across aLL prototy p es rather than a lt , rules.

(4) Many decision rules can be discarded from

consi derat ion if they are dom inated by others.

Thus only the set of e ff ic Ien t~ ru les n ee d t o be
searched. A branch—and—bound algorithm for finding

the set of efficient rules is described.

Reduction in the complexity invo lved in getting the best

— ass ignment of features to the nodes of a given tree

skeleton, Is ach ieved as follows:

(1) it Is assumed that the dec isions at the nodes are

statisticaLly independent ;

(2) the choice of the feature to be measured at each

node Is fixe d once the tree is designed, i.e. this
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c h o i c e  is not a f unc t ion  of the f e a t u r e  va lues

obse rved for a test sample;

(3) at each node , the features can be ranked and certain

fea tur es d i sc a rded , thus reduc ing the search

d imens i o n al i t y .

5.1. Decision PoLicy Design Given The Tree

A dynamic programming method for obtaining the optima l

decision policy was described in Chapter 4. In this

bottom—u p appr oach , the risk was calculated at each node as

a fu nction of the past measurement s and the optim al ris k ’

from this point onwards to the terminals below that

node .Consider a path in the tree through nodes ,

{ t 1 ,& 2... lk) , to c l a s s e s  w l , w 2 ,  as shown in F ig .S.1  b e l o w .

Fig.  5.1

in the DP approach , we compute r (x1 ,x2,..xk) as the

minimum misclassification risk at 1k , for all sequences,

(ii,x2,...xk). Then we back up to 1k—i and choose the

decision (go left or right ) for each possible subsequence ,

(si ,x2 ,..xk— 1), and so on up the tree. To comput e the

decision the entire past history of measurements and the

optimaL decision sequence among aL l subsequent de cision

paths, are consider ed. In this way, the globally optimal

poLicy is obtaIned .

At the other extreme, one cou ld use onLy the Last

measurement to mak e the decision. This corresponds to using

a 
g
one—step p oli cy, as described In Chap ter 3. It was

- ~~~T_W _
~~~~~~ 

- -
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sho wn there, that using a maximum likelihood policy (OS MIR )

to opti mize each node s correct recognition rate , does not ,

in general, optimize the total tree s pe rf ormance. Th is is to

be expected, si n ce in t he OS M LR m e thcd , no use is bei ng maøe

of the h i s t o ry  of pr evious measurements, or the risk of

subsequent decision paths.

A quest ion t h a t  a r i s e s  is: b e t w e e n  t hese  t w o  e x t r e m e s ,

v iz. OP w h i c h  uses al t the past , and projects into alt

possible future decisions, and the OS MLR , wh ich  uses only

the ~pre sent~~, can one steer a middle course, and u se so m e
compact summary of past measurements, rather than the

measur m ents them selves. Such a strateg y may do at least as

w e l l  as O SM LP , while simultaneously reducing the computation

and storage requir ements of the DP algorithm.

One such compact measure of previous observa tions,

given that one is at node ,Lk , is the a p os t e r i o r i

l ikelihood of each class , g iven that we have traversed

nodes, li ,l2,...tk—1. The aposte ri or i likelih ood is a

f u n c t i o n  of t h e  f e a t u r e  v a l u e s  m e a s u r e d  at the pr evious

nodes , as well as the decision policy used at those points ,

and it has a simp le form when the features are statist i c a l l y

Independent. The f o l l o w i n g  t h e o r e m  p r o v e s  t h a t  s uch a
‘c o n d e n s e d — h i s t o r y  decision rule ’ (abbreviated CHDR ) ,

performs at (east as well as an OSMLR po l icy, an d is boun ded
above by the opt imal solution obtained by OP m e t h o d s .

t _ 
_ _ _ _

_______ -~ ‘ -~~~~-~~~~---——---- -
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T h e o r e m :

Assume that a L L features along the path of Fig.5 .i are

s t a t i s t i c a l ly  independent  C o n s i d e r  t he  f o l l o w i n g  t h r e e  w a y s

of c o m p u t i n g  t h e  d e c is i o n  p o l i c y  at node , 1k.

DP: If xk s  i s o b s e r v e d , and,
it P (w l ) . p ( x 1 ,x Z,  • . x k — 1 ,s / w i )
) P(w?).p(xl , x2 ...xk— 1 ,s/w2 )

t h e n  c l a s s i f y  X in w ’?~ eLse in w2.

O S M L R :  It  x k s  is o b s e r v e d , and

if P ( w l ) . p ( x k s / w l )  > P (w2 ).p(xk s~ w2)

t h e n  c L a s s i f y  X in w i , e l s e  in w 2.

CHDR: Let Pr (L1 ,12. .(k—1/wi ) be the probability that

a samp le from wi w i l t  arrive at 1k, and

If x k s  is o b s e r v e d  and ,
if P (wl ) .p (xk slwl) .Pr ( ll ..l k—1 /w i )

> P (w2).p(xk s/w2).Pr( Li ,..lk—1 1 w2)

t h e n  c l a s s i f y X in w i , e lse  in w 2 .

if Pc (DP) , Pc (OSMLR ) , Pc (CHDR ) , are the average

p e r f o r m a n c e  ( p r o b a b i l it y  of  c o r r e c t  r e c o g n i t i o n) , of eac h

rule when  used a t  L k , g i v e n  the same d e c i s o n  ru les  at a l l
p r e v io u s  nodes , then ,

Pc (OSMLR ) ~ Pc (CHDR ) Pc (DP)
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Proo f :
Le t dl ,d2, ..dk—i , represent t h e  d e c i s i o n  v e c t o r s  a t

nodes, t1 ,..lk— i , and X (dl ), X (d2),..X (dk—1 ) , t he se t s of

sam p les  t h a t  w o u l d  be pa s s e d  down  t h i s  p a t h  by e a c h  ru le .

Then , the s e t  a r r i v i n g  at 1k , is,

x ( d i ) f l X ( d2 ) f l . . . - f l X ( d k — 1 )  X ( t l ,l2 . . . t k — 1 )

The p ro b a b i l i ty  that  a random s a x p le  f r o m  c l a s s  w i  w i L l

a r r i ve a t node 1k , is given by,

P r (L 1 ,12 1. .lk— l Iwi ) 1Z p(X I w i )

$E )c~(Q.~1 Q1~. -

The c o r r e c t  r e c o g n i t i o n  r a t e s  of the  t h ree  ru les  can be

wr i t t en  as ,
Pc ( DP)  ‘

~~~“ 5 j4 ax {  P ( w i ) . p ( X / w l  ) . p ( x k / w i )  ,
X “s~. P (w2 ) .p (X/w2 ) .p (x k l w2 ) )

where X E~X (d1 ,d2,....dk—1 )

Pc(OSMLR )= 
‘
~~,p(X(d1 ,d2,..d k_ 1)Iw*) .Max{ P (w l ) p ( x k l w l ) ,

P (w2)p (xk/w2) )

where w* ~w1 , if P (w1 )p (xk/w1)~~~P (w2 )p (xk/w2 )

w 2 o t h e r w i s e .
P c ( C H D R ) Y~a x {  P ( w l ) . p ( x k /w i ) . P r  ( X ( L 1  , t 2 , . . l k— 1 ) / w i )  ,

$~~ P C w 2 ) . p ( x k /w 2 ) . P r ( X ( l l , 12 . . L k — 1 ) / w 2 )  )

From the algebraic inequaLity,

~~ ~~Max {ai .bj,ci.d j)),~~Max (bj~~,ai ,dj~~~ci )
.4, • ‘-and by equat ing, 3.

ai , ci , to p (X I w i ) ,  p (X1 w2 ) , respe ctively,

~~~a I , ~~.ci to  P r (X ( l l ,12 . . L k — i ) / w i )  and
P r ( X ( l i . . L k — i ) / w 2 ) , and bj ,  dj  t o

P (w l ) .p (x k l w i ) , P (w2 )/p (xk/w2) it follows tha t ,

_ _  
H
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Pc (DP) Pc (CHDR )

Sim i l a r l y ,  by using the fact that,

LMax (a1 .bj,a2 .cj)~~ Z- a* .Max(bj,cj)

where a~~~ai , ~f bj~~ cj

a? otherwise ,

it follows that ,

Pc (CHDR ) ~~
. Pc (OSMLR )

Th i s theorem suggests the use of the measure ,

pr(X (t1 ,.)/wi) , in finding the optimal poLicy at 1k , v iz.,

dk . If  e a c h  f e a t u r e  has  m states, a d e c i s i o n  v e c t o r  di has  m

components , d i i ,  j 1 ,2,. .m , w h e r e , d i j n I mp l i e s  t h a t  If f i

is in state j, the n t h .  son of t he  cu r ren t  node is to  be

traversed next . For s t a t i s t i c a l l y  inde p enden t features, and

p a r t i c u l a r  decisions , dl,d2..dk , one ca n write,

P r (X (L 1 ,..lk
~~

1 ) Iw k )
~~Il

Pr (X (ai ) I w k )

\~j,p x i j/wk ~\
~~~~ gk (di )

w h e r e  gk (di) is the s u m m a t i o n  w i t h i n  the square
b ra c k e t s .  -

T h is sum is ta ken over aLl values of j such that d ij n ,

• • and the cLass uk is under the n th. son of node Ii , e.g. in

a binary tree , di j~~ (1 ,2), and in Iig .5.i , and fo r node 1k ,
and class wi , the summation wouL d be over all j such that

dkj ~1
The h i s t o r y  of p r e v ious m e a s u r e m e n t s , Is t h u s r e t a ine d

in the q f u n c t i o n s , s i n c e  t h eir product  r e p r e s e n t s  the
pr obabiLit y that a sampLe from class w i  w i l t  arrive at node 

‘
- -

-
- - 

- - ----
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1k. The DP method can be used to evaluate the optimal

o n e — s t e p  po l i c y  at e a c h  node , but un l ike in the C h a p t e r  4
formu lation , the decision di , at each node is derived as a

fu nction of the de cision vectors used at the ancestor nodes

of I i , rather than the actual measurements made at these

nodes, xtl ,xl2, etc.

—‘
p

I 
— -,—.~. ———-•.. .  - .- .--- -- - - - .
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5.1.1. OptimaL One—Step Decision Policy

~~2(~~~)(” “NN

~>‘K >~:Fig . 5.2

The decision tree of Fig .5.2 shows the nodes , Li , and

the decision vector s , represented by d i, used in classifying

a subset of classes , viz. {wl,w2,w3,w4).A dynamic

p r o g r ø m m i n g  procedure can be used to derive the optimal

one — ste p p olicy at each node. For s t a t i s t i c a l l y

ind c~~enderI t features , the correct recognition rates of the

c l asses can be w r i t t e n  in terms of the g functions

introdu red in the Last section.

Pc (wi ) g1 (dl).gl (d2).g i (d3).gl (d4)

Pc (w2 ) g2 ( dl ).g2 Cd? ) .g2 (d3) .9? (dA )

Pc (w3)~~g3 ( dl ).g3 Cd ?) .g3 (d3) .93 (dS)

Pc (w4 ) g4( dl ). g4 (d2) .g 4 (d3) .g4 Cd 5)

The total tree performance is,

L~.
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Assume each feature has m states. One can compute the

opt imal decision rule d4* as a funct ion of  dl ,d2,d3, as

d4j* (dl ,d2,d3 ) 0 if

P (w i ) . g i(d i ) . g l (d 2 ) . g i ( d 3 ) . p(x 4 = j /w l )
) P(w Z ) ,g 2 ( d l ) .9 2 ( d 2 ) .g 2 ( d 3 ) . p (x 4 j / w 2 )

1 otherwise ,

for j 1,2,...m .

This rule uses the probability cf a class vi sample

a r r i v i ng at node 4 , v iz., giCd l ) gi (d2)gi (d3), and the

obse rvation x 4 j ,  to make the decision . Once d4. and d5-*

have been caLcula ted for alt dl,d2,d3, one can back  up to

node 3, and comp ut e d3* as a funct icn of dl ,d2, as that

value of d4 which maximizes the quantity,

Max P (wl).gi (di).gi (d?).gl (d3).gi (d4*)+

~~d3 P(w2).92 (dl).g2(d2).92 (d3).g2(d4*)+

P (w3).g3(dl ) .g3(d2) .93 (d3) .g3(d5*)+

P(v4).g4(d1).g4(d2).g4 (d3).g4(d5~~)...... .(5.2)

in the above sum , note that the values of d4, d5

substituted are those obtained in the Last step, v iz.

d4* (dl ,d2,d3), a nd d5~~(d1 ,d2,d3). Working up the tree, one

can fin a l l y  comp ut e the optimal decision vector at L i , dl * .

Once this is done , d2* Is found from the table of d2’ (dl)

computed during the back ward procedure , d3* from the table,

d3* (dl ,d2), etc. The resulting decision rules are optimal

one—ste p rules, though the g lobally optimal ruLes can be

obta ined, in general , onl y by using aLL the measurements

alrea dy observed , as described in Chapter 4.

Wh it e  g i v ing  up o pt i ma l i t y ,  t h e  above  p r o c e d u r e  has
resulted in a considerable saving in storage as far as the

________ - ~~~~~~~~~~~~~~~ _ ___. - - “ —~~ -
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FIN AL decision tree is concerned. The fina l tree , has s t ored
at each node, an rn—word decision vector for the m possible

states that can be observed at that point. For the globally

opt ima l so lu t i on , one wou ld have to store at a node , a

H decision vector for every possible sequence of measurements,

that may lead to that node . For a noce n levels deep in the

tree, and assuming that appro x im ateLy ha l f (binary tree

assumed ) the dec isions are to go left/right, the storage of

the decision po licy at that node wou ld require the foll owing

number of words:

m
- 

~~2)Howeve r , the re is no sav i ng  in compu t ing or storage cost

in t h i s  m e t h o d , as compared to the general OP method of

Chapter 4, since both methods compute the optimal decision

as a function of every poss ib le se q ue n ce of p rev iou s
o b s e r v a t i o n s / d e c i s i o n  vectors during the backward

procedure .

Two techniques for reducing this cost are described in

the next section . They use the g functions to transform the

search domain from that of the discrete non—metric space of

the decision vec tors, di , to the metric space defined by

the real—valued functions, gk (di).

5.1.2. Clustering in Decision Space

In the previou s section , it was shown that dyn amic

programming can be used to recursive ly specify the optimal

dec ision v e c t o r  at each node of a hierarchica l de cision

tree. When the features used at each node are discrete and

n o n — m e t r i c ,  t a k i n g  on one of m states, the dec ion vector for

a bi nar y t ree , i s a  rn—dimensional binary ~-ec to r .I-t s I th .

element , di, specifies whether to traverse the Left or righ t

subtree below that nude when the feature is in state i.Thus,
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at eve r y no de, one must choose from among the set of (2)
Th

poss ible vec to r s - ,d , de noted by 0. For a node n leve ls deep,

the OP proce dure would have to evaluate ~~~~~~~~~~~~~~~~~~~~~

in order to compute the optimal policy at tha t node . This

m ush r oom ing of the computations as a function of m and n,

makes the OP method impractical for all but very sim p le

problems.

This s e c t i o n  p r e s e n t s  a method of grouping the decision

vectors , d E D ,  into sets, Dl , D2,.....Dk, and choosing

compact representati on of each set, Di , by a prototype

vec tor, ti. lt the decision space at the i th node is

partitioned into mi sets, and each set represented by a

single proto type , the OP procedure searches for the optimal

rule only from amongst the prototypes. Thus, the

computations neeaed to find the optim a l po lic y at a node n

levels dee p, a re r educed t o ,

-i-r
I I  mk which ~s less than (2) .

The reduction in computa tions is gained at the expense

of a departure from optimality, since only the prototype

vectors are searched by the dynamic pr ogramming

procedure.The prototype vector represents more than ve cto r.

This is achieved by specif ying some of its m bits to be

don ’t tare ’ bits rather than 0 or 1 .The selected dor t care

bits are such that varying them keeps the recognition rate

f o r  a l l M classe s within a suitable tolerance interva l .

thus, two vectors, d and d from the same cl uster differ in

their performan c e (for each of the M classes ), only in the

specified margin. The analog of t h i s  clustering (grouping )

concept , for the case of cont inuous valued var iables, is
that of d iscret izir i g the variables for use in dynamic

pr ogrammi ng. t~2]
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The next section describes a si m i L a r i t y  measure for

decisio n vectors . This measure w i L L  be used subsequently

for cl uste ring the vectors.

5.1.2.1. Si m i l a r i t y  Measure For Deci sion Vectors

Two  d e c i s i o n v e c tors  w h ich  are cand i d a t e s  fo r u se a t a
node I, are similar ~f exchanging one with the other doe s

not change the tre e performance by a significct.nt amount .

This si mple definition of similarity can be used to cluster

decisio n vectors wh ich can be used at I. Assume for

simp l icit y that a binary decision is made at I. Also Let ,

m : number of states that can be assumed by feature used

at I,

di: a b inary  decision vector of m components,

di j, j 1,2,...m.

D: the total set of d e c i s i o n  v e c t o r s  dl, i 1 ,2,...(2)
t hat can be used at node I.

Pc (wk/d i): correct recognition rate for class wk

if rule di is used at the node.

p k (j ):probability that in class wk the feature is

in sta te j.
Hence,

Pc (wk/di)z ~~~pk (j) If w k€WO (L )

Pc (wk /d i) ‘~5 pk (j)  if wk (.W 1 (L )

~~•

tI: a prototype vector whose ix elements, t-ij,

j~~1,2,..m , ca n have values ‘0’ ‘1’ or
i.e. the ‘don ’t c a r e ’ st ate. Thus ti can be

used to repr esent a group of vectors (d),

e.g. If ti= (1O— 1— ) , it represents the set
(10010, 10110, 10011, 10111 ). Vectors such

— - -- ‘- - --—— 
~~~~~~_-4n____’_~~~~~~

_ 

— - -- -
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as t i w i l l  be used to represent clu sters of

rules sat isf ying a certain sim ilarit y

criterion . This criterion is discussed next.

~~
‘
~~~~~~~~Ik(ctk)

Figure 5.3.

Consider the decision tree shown above in Fig. 5.3. If

di denotes a decision vector used at node li ,then under the

assumption that the features used at the various nodes are

statistically independent , the average correct recognition

rate of the tree, Pc (T), ca n be written as a sum of

prgducts, as :

Pc (T)~~~~~P (uk). Ti Pc (wk/di)

To compare the similarity in the tree performance Pc (T),

when two alternative rules d , and d’ a re  used a t some node ,

Li , one can define an M dim ensi onal vector functio n , fi(d) ,

w h i c h  maps any dec ison rule,  d , used at Ii , into a point in

M—s pace , given by

IPc (vi /dl
Pc (w2/d )

f i (d) =
Pc (wj/d)

- — -‘—-. I •..

LP C (w M Id )J
w here , it is assumed , that w i,w2...wM , are the M classes

below node Ii, in the tree.

A sim i l a r i t y  criterion between the two deci sion rules, d

and d’, could then be defined as the li—norm ,

‘I’

~~..~~ Pc (wkld )—Pc (wk/d’)~

‘

1 
_ _  _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _
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The cha nge in Pc (T), denoted by t~ Pc (T), when d is

re p l aced  by d’ at node L i , all other deci sion rules

re maining unaltered, is ,

âPc (T)= ~~~{P(wj).~~~Pc (wjI dk) } . (Pc (wj~~d)_ Pc (wjId ’))
2%~GSC’.J ~~
J~~$ ~

Since Pc (wj/dk ) < 1. , it follows tha t,

M

~ Pc (T) ,~~ ~~~P ( ~~ j ) . ( P C ( w j 1 d ) — P C  (wj/d ))
j:I

~fi (d )— fi (d ’)ll~~~P (wj)

Hence, the smaller the distance between the vectors d

and d , as measu red by the Li— nor m , the smaller the change

in Pc (T), when rule d’ re places d.

Other choices for the norm are the Euc lidean norm or the

infinity norm. However , for the rest of this discussion , the

Li—norm is assum ed to be the distance measure used.

Using the no rm defined above , the clustering problem Is

that of spli tting the set of ruLes, 0, Into disjoint sets,

C (l), C (2),...C (N), such that for any set C (i),

(a) If d, d’ are in CCI ),

~ 
f (d)—f (d’)~~ .~~ r , r > 0.

Here, r is the spread of the cluster.

(b) any vector, d ( . 0, is In some cluster ,

CC I ), l= 1 ,2,...N.

One method of performing this clu stering, Is to com pute

f(d) for all vectors in D. These N—di mensiona l vectors

can then be groupe d together in N—sp ate using the cri terion

_ _ _ _  - - - ‘  - S - - —



- 

122

(a). Howeve r , suc h a method requires the comp utation of N .

(2)~~funct ion s, such as Pc (wkld ) , in addition to the large

cos t of storing the vectors themselves .

5.1.2.2. Clustering Vectors in N—space

This section describes a simple irethod of clustering the

decisio n vectors at any node using the s i m i l a r i t y  measure

def ined above . The resulting clusters are optimal in the

sense that each cluster can be described with  a single

protot ype vector with the Largest number of don t care ’

bits, — . One would Like to part iti on the total set of

decisons, 0, into sets, C (k), k i ,2,.... N , such that ,

(1) Any vector , d falls i n at least one set C (k).

(2) Fo r any two vectors d, d i n C (k), the distance,

~ RO, RD > 0.

where,

f(d ) ( Pc (wl/d ) Pc (w2/d) .... Pc (wM /d) ] ‘

and lt• %~ denotes the li—norm introduced ear lier.

Unlike data clustering in feature space , however, the

criterion sough t to be opti mized here , Is sl i g h t l y

different. In data clustering, the criterion maximiz ed is

usually some ratio of between cLuster scatte r to

wi t h i n — c L u s t e r  scatter , since the goal is to pa r t i t i o n  the

data into d i sjoint sets whose members are s i m i l a r  w i t h i n  a

p group and suffic i ently different from those in other groups .

in the decision cluste ring task , our goal is to minimize the

NUMUER of clusters , where, members of a cluste r satisy

property (2) above. The reason for this is that the

resulting set pr ototy pe s w i l l  be used in the OP procedure

and the computations needed in that alg orithm increase

exponentia lly wi th the number of vectors (prototype s ) to be

- -~~~~~~~~~~~~~~~~~~~~-~~~ -
~~~~

— —~~- ‘ S , _ , - - ~~~~~~~~ ~~~- ‘—
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conside red.

Consider the following simp l e method of generating the

sets, C (k), and their prototypes, denoted by tk. For each

bit, i , i 1 ,2...m , compute the fi gure of merit,S (L)

S ( i )  =

U

where the sum is over all clas ses, j 1 ,2,...M.

Order the m bits using their li gu re of merit , a nd s e l e c t

the ‘don ’t c a r e ’ bits of the prototypes to be the n lowest

merit bits such that ,

RD >~~~. S ( k i)  ......... ....... (a)

where the ki are such that ,

,~~ S- (k2) .~< S (k3) .,~( ............ ..~~ ~~(km )

and n is the largest integ er such that the egu. (a)

holds.

The prototypes , tk , are those obtained by inserting all

possible combinations of 0/i bits in the rn—n bit positions

which are not ‘don ’t care ’ positions . Hence the number of

sets, C (k) created are ,

N 2

Searching over the prototypes rather than the original

vectors,d , has thus resulted in a decrease in computation by

a factor of 2”
~ . The next section defines the concept of

an efficient decision rule, which allows one d isc ar d many of

these sets C (k) and thus effect a further reduction in the

computational burden of the DP aLgor ithm.

5.1.3. E ffIcient Decision Strategies

Ive n after the clustering of decision rules, d ~~ . 0,

app lica b Le at a tree node, one may s t i l t  have a large set of

_ _ _ _ _ _ _ _  -~
.- __—~~

_
- S’ -r !.~~ ——~~~ - — - S  - 
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possibilities to examine. The concept of an ‘effi cient ’

decision ruLe allo ws one to reject a large number of rules ,

beca use it can be shown that the opt m a t  rules for the tree

nodes (i.e. those to maximize the tree performance ) must

also be e fficient. Since in many app lications, the set of

efficient rules is significantly smaller than the set of all

rules , this property of the optimal decision poLicy can be

used to reduce the computations required in the dynamic

programming algorithm of Sec.5.1.1 fcr finding the opt im a~
‘one—s tep ’ (OS ) policy.

Before proceeding to describe a method of obtaining the

set of e fficient rules for each tree node , some definitions

are needed.

Defin ition: Let di and di’ be two distinct decisi on

rules used at a tree node , Li. Le t f (di) denote the vector

tu nct ion of correct recognition rates for the N classes

be low Li, whe n rule di is used at the node, i.e.

Pc(wl /di )

Pc (w2/di)

.

f(d i) =

Pc(wM /di) assum ing W (ti ) Cwl ,..wM)

Then rule di dominates di’ if f (di) > f (di’), i.e.

Pc (w j/di ) ~.p c
(wj/di’) for all v i w (1I)

an d strict inequaLity holds for at least one class wj.

Definition : A decision rule, di, is efficient at node

II, if there is no other rule di’ wh ich dominates it.

_ _  S 
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The f o l L o w i n g  t he o rem e s t a b l i s h e s  the f a c t  t h a t  the

opt ima l d e c i s i o n  ru les  at  the  t r e e  ncd es  must  be e f f i c i e n t .
Theorem 1: Let (Ii), i 1,2,....N , denote the nodes of a

tree. Let D~~, for i 1 ,2 ,..N, be the - se t of rules , di ,

applicabLe at the corresponding nodes , Ii. Then the set of

optima l rules , di A , i 1 ,2..N , which m a x i m i z e  the tree

recognition rate must be effi cient at the corresponding

nodes , Li , i 1 ,2,..N .

Proof: Under the assumption of stati s t i c a l l y  independent

node d e c i s ions- , the t r e e  p e r f o r m a n c e ,  Pc (T) is given by,

Pc (T) = 
‘
~~ P(wi ).11Pc (wi/dk)

Consider som e particular node, say dk and assume that dk

is not efficient at 1k. Then there exists some other rule,

say dk ’ such that,

Pc (wi/dV ) ) Pc (wi/dk ) for all vi E~ W (Lk ), and

strict ine qua t ity holds for at least one class wj in

W (Lk).Hence if a l t other decision ru les are kept fixe d and

dk is replaced by dk then the value of Pc (T) can only

increase since in the equation for Pc (T) given above, the

sum of the product terms for classes under node 1k w i L t

increase. Hence 0k can never be an optimal ru le at 1k,

because exchanging dk for dk’ w o u l d in c re a se the t r e e

p e r f o r m a n c e .  S in ce the  c h o i c e  of  the  node 1k w a s  a r b i t r a r y ,

the same argum en t holds for any othe r node, and hence it

fol lows that the optimal rule at every node must also be an

effic ient rule.

The preceding definitions and theorem hold for any type

of dec is ion  ru le , whether it uses ciscrete or continuous

fea tures to make the branching decision at the node.

~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~
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However , the remaining di scussion in this section wi l l  be

concer ned with the case of ‘discrete non—metric features ,

each possessi ng ix states, since jn such cases the number of

rules in any set , Di , becomes lar ge for Large m , eq. ~
Di ’

~ 
=

2
Th 
, for a bi nary deci sion tree. One can always find the

set of ef ficient rules at any node , Li , by computing the

function , f (di ) fo r all di~~ Di , and finding the rules which

a re not domina ted by any other ru Les. However , for the

discrete feature case, this ‘b rute—force ’ metho d is

imp ra c c i c al f o r  La rg e ix. In t his sec t ion , we propose the

use of a branch—and —bound method for finding the set of

efficient rules.

This method consists of sequentially assigning bi ts of a

p r o t o t y p e  v e c t o r , t , the values 0 or 1, and at each step,

computing a Lowe r bound and upper bound on the vector

function , f(d) for alt vec tors d , represented by that

prototype. Wheneve r the upper bound function becomes less

than the functio n f (~~*) for some known efficient rule , d* ,

the entire set of rules represented by the prototype , t, can

be discarded as not being efficient, si nce they would be

dominated by d*. T~~e tower bounding function is usefu l for

finding a group of rules that is guaranteed to contain a

rule d , which is NOT dominated by d* . This is done by

checking if any component of the Lower bounding function for

t has a value greater than the corresponding component of

f(d~~).If this is the case, it follow s that none of the rules

in that set can be dominated by d .Hence members of that set

are potential candidates for inc lusion In the set of

efficient strategies. Whenever a set of rules is discarded

as being not eff i cient , the algorithm backtracks to the

-
‘ previous stage and tries a new bit assignment to the

prototype , that it has not yet tried. The algorithm

termi nates when it has found alt sets of rules that are

-~~~ 
- - --- - - S--- ---v

~~~~~~
- .-

~~~~~~
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dominated by a given rule , d* . During its execution it also

keeps  t r a c k  of po ten t iaL  s e t s  t ha t  c c n t a i n  e f f i c i e n t  ru les .

These  rule s can  be then used to  d i s c a r d  more ru les not
alread y discarded. The a lgorithm is formally described below

for the case of a binary decision noce , though it can be

readil y extended for use at a N—way decision node , where

N) ? .

The lower and upper bounds on th e vector function f (d)

fo r rules in the c L u s t e r , D (t), are obtained in the

follow ing way. Let ND (d), and N 1Cd ) be the set of indices,

j~~~(1 ,2,...m)’, such that d j O  or I re spe ctive ly. These

represent the states of the observed feature for wh i c h  the

decis ion is to go Left/right at that node. If rule d is

use d a t node I, and WO (L ) and W1 (l) are the sets o’ classes

disti nguished at I , then for any class wi C WO U u~ ,

cor rec t reco gn it ion ra t e a t t ha t node is ,

Pc (wi /d) ~~pi (j) if w i € W o (l ) ,

j(P40(d)

~~~ pi(j) if v iE Wi Ct )

jE.N1 (d)

Bounds on Pc (wi/d) for rules d E Dli ) can then be

obtained as,

— ~
—e • Max PcCwi /d ) 4 1 —~~ pi (j) If viE Wo (t ) ,

1 — ~~p U j)  if viE Wi (t )

j~ M0(t~

Mm Pc (wi /d ) ~~. 
‘
~~~p i (j)  if w1~~.W0 (l) ,

ckb t) JEN0(t)

____-  --;-- _~
-S-_

~v_ ’  S - ‘ 
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~~ pi(j) if w iEWl (t ) • ..(5.3)
j  C ~ ~(t)

Using equation s (5.3) wh i ch bound each componen t of the

vecto r function f(d), the bounds on the vect or 1(d) can be
defined as,

Mm f (d) ).. 1 (t) = C 11 (t ) L?(t ) . . .. L M(t )  3 where,
C 1~

ti (t ) 5 p1 (j) if wiE.W0(L) ,e
S Lpi(j) if w i~~~W 1 ( L )

H

Ma x f(d) ~ u (t) = C ul (t) u2 (t) •...uM (t) 3 where ,

ui (t) 1 — 
~~~p i ( j )  if w i  ~~ W 0 ( t )  ,

qj C t~t (t~

1 —~~ pi (j) if w i EW1 (l )

~~ 
t~~ L~~

The branch—and bound algorithm wh ich uses these vector
bound s to de tec t al l  ru les do m ina t ed by a g iven rule , d-* , is
desc ibed next.

—~~

¶ I
t

- -  
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A L g o r i t h m

Va r i ab les  used:  d~ i s a rule assu~red t o be e f f i c i e n t a t

the start of the algori t hm. The program finds all ruLes

dom ina ted  by d*  and adds them t o  a L i s t , RL of ‘r e j e c t e d

rules ’. It also finds a lt rules NOT dominated by d* and puts

them in List EL of possi ble efficient rules for

co nsideration Later. t denotes a prototype initiaLized to

alL ‘— bits. at the start. 1 (t ) and u (t) are bounds on

1(d) f o r  r u l e s  in D ( t )  • The bit s of t are set to 0 or 1 in

a f i x e d  t r d e r .  A t  s t a g e  k , the k th.  b it of t is be ing

cha nged. The program uses m flags , ci , i 1..m to keep track

of the b i t ass ignm ~ènts of t that it has tried.

In iti ~~Lize :Set t= (——— — ..— ),
u (t) (i ,i,..1), KI = EL = , the empty set, and stage

va ri able , k 1
Ste p  1:(Set  k tk~ b it of t~ If k 0  STO P, e lse , set

c k ck’l ; if ck > 2\go to step 4 ; if c k 2  set t k l , if c k l

set tk O .Compute 1 (t ) and u (t) and continue.

Step 2: ( C h e c k  if r~iLe t is to  be discarded ) If f ( d * )  >

u (t), put t in RL and go to step 1, eLse continue.

S t e p  3: ( C h e c k  i f  t dominates da ) If 1 (t ) > f (d*) , t hen

put t in EL, replace d* by any rule d~~~ 0(t) and go to step

1; e lse c h e c k  if t h e r e  is some com ponent  1i (t )  such  t h a t
li (t) > fi (d*) , and if there is one, put t in EL and go to

s t e p  1;et se  if no such com ponent  is found, go to  s tep  5.
Step 4: (Backtrack to previous stage) Set ck=0, tk= — ,

• and k k—1 and go to step 1 .

Step 5: (Increment stage variable and check for last

stage) If k m  put t in EL and go to step 1; else set k= k+1

and go to step 1.

-______ ~~-. -~~~~ 
-
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Exam pLe 1 Illustrates the execution sequence of the

al gorithm. The cLass—conditiona l p robabilities of the

fea ture (5 states ) are tabulated be low for each of the 4

cl asses. The classes (ul ,w2) are to disting u ished f rom

(w3 ,w4) using this feature. The algori thm is used to find

alt rules dominated by d* (01110) anc those prototypes tha t

cou ld c o n t a i n  ru les not dom ina ted  by i t. Fi g. 5 .4  s h o w s  the

sea rch tree expanded in the order inc icated by the circled

numbers. The vec tor t , and its bounds, 1 (t) an~ u (t) are

sho wn at some nodes. The circled termina l nodes indicate

re jected ruLes, white those put in List EL for examination

later , are marked by ‘.‘.

Example 1:

The class—cond i tion a L probabiLities of the feature are

shown in the tab le below.

Class p1 (1) pi (2) pi(3 ) pi (4) pi (S)

1 0.5 0.3 0.1 .06 .06

2 0.2 0.3 0.2 0.2 0.1

3 .05 0.4 .45 .03 .07

4 0.1 0.2 0.2 0.4 0.1

Exam pLe 2:

- - 
p

The following example depicts the variation in the

a tgorit hm ’s sea rch efficiency (measured here by the number

of nodes expanded ) as a function of the average perf ormance

of the rule , d~~. The table shows that as the rule d* become s

pe rfect ’ (i.e . error rate O), the num b er of nodes expanded

in the search tree as welt as th e sum of proto types added to

~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ ~~~~~~~~~~~~~~~~~~~~~~~~~~ ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ 
-
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the Lists, RI. and EL , decrease rapidly . This result is not

surprising, since the closer the val u e of each component of

f(d~~
) to unity, the -quicker the search w i l l  detect rules

(prototypes ) such that u (t) < f (d*) • Hence a large numbe r

of possibilities would get rejected rather quickly. The

example used to generate this table employed a feature with

6 s t a t e s , w hich was used to separate three classes from two

other classes.

Prob . of Correct ID I Total Node s IRL ) IEL) 11 RL 4EL %

Recognition of d* Expanded

0.72 64 66 14 20 34

0.82 64 52 17 10 27

0.87 64 42 13 9 2?

0.90 64 26 8 6 14

1.00 64 2 2 0 2

__ S

_ _ _- - - S -~~~ . .  
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5.2. Feature Selec tion at Tree Nodes

A me t hod  f o r  o p t i m a l l y  s e l e c t i n g  the order  of f e a t u r e
m e a s u r e m e n t s  a long e v e r y  t r e e  p a t h , wa s ou t l i ned  in C h a p t e r

4. H o w e v e r , t h a t  me thod  inv o l v e s  a ve ry  h igh com pu tational

and s t o ra ge c o s t , eve n for moderately sized feature sets and

feature states. For example, it there are N features , eac h

taking on m stat es , then for a node ii levels deep from the

roo t, the optima L feature to be measured must be tabulated

fo r alt possible n feature subsets, and all possi ble

measure ments’ of these features. This requires ,

approximate ty,

(N\ n wO rds .

\n) (m~

To avo id  t h i s  s t o r a g e  c o s t ,  one could t a k e  the  o p po s i t e
ap proach  of not tak ing  int o accoun t  the h i- sory  of
measure m en t s Lead in g t o a node ,tk , bu t ra t her choose  the
f e a t u r e  at a node on the  bas is of max imum node p e r f o r m a n c e ,
P c ( L k ) .  It was shown in C h a p t e r  3 tha t  t h i s  way of s e l ec t i n g

fea tures, does not necessarily result in the optima l tree

performance. Ana logous to the discussion on decision po licy

design , one seek s to steer a midd le course , v iz., choosing

the feature at a node taking into account the features used

ab ove and b e l o w  it in the t r e e , wh i le  not t a k i n g  m t  a c c o u n t
the actual measurements taken on the sample before It

a r r iv e d  at 1k. Iwo m e t h o d s  for  ob ta in ing  t h e  o p t i m a l  (f o r
statistical l y independent features ) solution to thi s problem

are given in the next two ect ions.

S t  ~~~~~ ‘ ‘ ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ —S ~~~~
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5.2.1. A Dynamic Programming FormuLation

The bottom—up approach of dynamic progr amming can be

used to select the optimal feature to be used at each tree

node.Start ing one Level above the terminaLs , one comp utes

the b e s t  f e a t u r e  to be used at that node for alt possibLe

f e a t u r e  ass i gnmen t s at nodes lead ing to  t h a t  node .T he  bes t

feature choice is made on the assueption that a maximum

L ike l ihood rule is used at each node (OSMLR ) on t h i s  pa t h ,

and that the nod e decisions are stat istically independent.

For a node n leve t s deep, one must ther efore, evaluate,

tr~ n~ if t h e r e  are  ~4 features

,,<“~~~~~~~~~~~s

W~~ WI ~~~3. ‘a.)3

F ig. 5.5

Co nsider the tree of Fig. 5.5, and let , Pc (w i/t k ,f)

represent the correct recogni tion rate of a sample from vi

at node 1k, i f f ea t ure f i s used t here and a
maximum—likeLihood poli cy employed.The total tree

performance can be written as a sum of pro ducts of the

PcU ’s (see  equ. (3. 1) ) , and the c o n t r i b u t i o n  to  t h i s
performance by the samples that filter down the path,

(1, l2 ,L 3,14 , is given by,

- ‘ S ~~~~~~~~~~~~~~~~~ - ‘ -  ~~~~~~~~~~~~~~~~~~~~~~ -‘-5- -r .. 
~~~~~~~~~~ - ____________
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C ( ( 1 , L 2 , 13 , l4 )  ~~P (wi).Pc (ui/l2 ,fl2 )Pc (ui/l2 ,f12)

Pc (wi (13, 113)Pc (wi/ 14,116)

Thus, one can define the optimal feature to be measured

at 14 , 14. as a function of features, fLl ,f12 ,f (3 ,as

f 4 * ( f l l ,f l2 , f L 3 ) , which maximizes C (ll ,12,L3,L4 ), w hen

fll , fL2, f 13  a r e  use d at 11,12,13, respectively. Sim i l a r l y ,

f5’ (fLl ,f12, fl3) can be computed. Wo rking up one leve l in

the tree, the optimaL feature, t3* (f 11 ,112) is computed as

that which maximizes the contribut io r of the path , 11,12,13,

v iz  C ( L 1 ,L2 , 13) , when t tl ,ft2, f13, a re u sed a t 11 ,12,13 , and

f 4 a ( f l l,f 1 2, f l 3 ) , and f S * ( f ll ,f l2 , 1l3) are used at 16 ,15. In

this way fl* is com puted as the best feature to measure

f irst. By table look—up in the tables , f2* (ftl ) ,

f3* (fLl ,fl2) , etc. success ively, a lt  t he f e a tur es ca n be
determined.The tables f4*O , f5*() a re optima l , s ince  all
possible featu res are considered at these nodes, for a given

f e a t u r e  useage on the path  11,12 ,13. The o p t ima l  it y  of the

above algorithm then follows by ind u ction on successiveLy

h igher l e v e l  t r e e nodes,  and f r o m  the  f a c t  t h a t  t he

contribution of each subtree below a node , 1k , to the

goodness me asure , c (ll,...lk) is additive. Since the

maximum vatue of C (L1 ) is the opt i m a l  tree performan ce , the

co rresponding feature assignment to the nodes is also

opt i ma I
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5.2.2. A Branch and Bound Formulation

In this sect ion , we describe an alternative method for

obt -~ ning the optimal feature assignment for a given tree

skeleton. This procedure falls in the category of

branch—and—bound methods, wh ich have found wide use in many

combinatorial op timization pr oblems. To the best of our

knowtedçe , the use of this method for selecting the optimal

fea tures for a tree skeleton is new.

• The branch and bound method assign s features to the tree

nodes in a se quentiat ( top—down ) manner. Whenever the

as s ignment  of a f e a t u r e  reduces  t h e  o p t i ma l i t y  c r i t e r i o n
(e.g. correct re cognition rate ) below a lower bound, that

assi gnment sequence is abandoned. The algorithm backtracks

to  th e p r e v i o u s  s t a g e ( n o d e)  and t r i e s  a new s eq u e n c e .  A t

the c o n c L u s i o n , the resu l t i ng  sequence  is the  o p t i m a l
f e a t u r e  ass ignmen t . T he f o l l o w i n g  no ta t i on  is used in the

discussion below :

— - - - -S__— S_ -S_-S ~~~~~~~~~~~~~~~~~~~~~~~~~~ ‘ ‘ “—‘- _____
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F tota l se t of N features.

ft k feature ass igned to node 1k.

Pc (w i /fl k ) prob. of correc tly class ifying a sample from

wi into w O ( l k )  (or W 1 ( l k ) ) , us ing  Ilk , and a

max imum l i kel ihood  rule.
L n ( t l ,( 2 . . t n) - an order ing c f  t he  nodes , such t h a t ,

if tj precedes  Ii on a pat~s f rom the  r oot to  a t e r m i n a l
then , j < I

Lm (ll,L 2 , . . L T h ) a p r e f ix  of Leng th  m of  ~n, r e p r e s e n t i n g

a subgraph Tm of t r ee , T.
pc (ft1,ft2,..flm ) correct recognition rate of Tm , using ,

1 (1 ,112 ,,,, at the m nodes of the subtree, Tm .This tree

c l a s s i f i e s  a sam p le  into ,n4l sets. If m n , the sets

are sin g le cLasses, else they are unions of classes.

Pc~~(m) m a x recognition ra te of Tm

~~Max Pc (fll ,fl2,..fl m )

Ma x  ‘5~jP (wi ) .flP c (wi/fLk ) 3

~~~~~~~~~~~ flLw~

— 
5 ____ ‘
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Exa mp le:
The f igure beLow shows the tot al tree , Tn, for n=5, and

the partial tree s, 12, and 13, assumi ng tha t In , the linear
orderin g of the nodes, is chosen to be 11 ,12,13,14,15.

/
/<

j(~ \
~~~i)1~~u.~4 ~~~~~~

/ \ / \ \ k~~WI U.)~~. U)i~ ~~~~~~~

Tn 12 13

Fi g. 5.6

it follows fro m the fact that Pc (will 1k) < 1. that,

(1) Pc(fll,fL,2,..f (m ) 
~,. Pc (fl1 ,fl2,..fl m ,ft m+ 1 )

(ii) 1. )? Pc~~
(1) )

~.Pc~~(?).....pc* (n )

S~~~~~~~~~1

___________ - 
~~~~~~~~~~~~~~~~~~~~~~ “ ‘~~~~~~‘ ‘ - -
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B r a n c h— a n d  Bound A l g o r i t h m .

Var iables used : tij array of flag s, in which tij= 1

deno tes t ha t  ii has been assigned to node, lj.

B towe r boun d on the optimal recognition rate of 1,

P c * ( n )  •

Step 0( In itia ti ze ) : Set tij= 0 , i~~1 ,2,..m , j 1,2,..n

Choose an i n i t ia l  ass ignmen t  of f e a t u r e s ,  and set  B

to the recognition rate for that choice.

Se t k 0  (stage 0), and 10=0, the null sequence.

Step 1 (choose next feature ) : Compute 1k from 1k—i ,

as Lk= (Lk—1,fa), where, Pc (t_ k—1 ,fa) Max Pc (Lk— 1 ,f).

Step 2( Test against Lower bound ):

If P c ( L k — 1 ,f a )  < B go to step 4 else go to step 3.

S t e p  3 (Che c k  for last stage ): If k n  go to step 6

else se t tak l , k~~~k+ 1 , and go to step 1.

Step 4(Backt rack): Set tjk~~0, j 1 ,2...m, k=k— 1 .

If k =O STOP , e l s e  go t o s t e p  5.

Step SC Seek new feature at prev ious stage):

it tj k i , j 1,2,..m go to step 4 else go to step 1.
S

Step 6( Update lower bound):

Se t B Pc (Ln ) , and record In , the optimum assignment so

far then go to step 4.

The above algor i thm sat isfi es the following properties.
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T h e o r e m  1: let P c * C n )  be - the  optima l recognition rate

ach i evab le .  Then , the  a l g o r i t h m  e v a l u a t e s  e v e r y  s e q u e n c e ,

1t 1,f l 2 , . . fl k , w h i c h  has the pr o p e r t y  t h a t ,

Pc (fLl, 112,..fLk) ~, Pc*(n), for I ~ k n

P r o o f :  Pc (f ll ,fl2,..flk ) >,Pc* (n)~~,B , for any value of

B t ha t  o c c u r s  in the  ex e c u t ion of t h e  a lg o r i t hm .  Hence , t h i s

fea ture sequence w i l l  be evaluated, since , the alg o r i t h m

e v a l u a t e s  a L L  se quences  w h o s e  pc va lue  e x c e e d s  t h e  l o w e r

bound ,B, at  t h a t  t ime .

From T h e o r e m  1, one ob t a i ns ,

T h e o r e m  2: If in t h e  a l g o r i t h m , we keep  t r a c k  of the

maximum value of Pc (k) at the k th. stage , then at the

conclusion of the algorit hm , this value is equal to Pc* (k),

k 1 ,2...n. Hence, one also obtains the solution to the

optima l assignment pr oblem for partial classification trees

(Tm), m 1 ,2,.. r~.

pro o f :  From p r o p e r t y  C i )  s t a t e d  e a r l i e r ,
Pc* (k) ). Pc~~(n) fo r  k ..~< n. Hence,

Pc~~(k) ~ B, any lower bound on Pc~~
(n).

At the k t h .  s t a g e ,  we e x a m ine al l  sequences  1k such

t h a t  Pc ( L k )  )
,, P, an d hence , All 1k such  t h a t  P c ( L k )  >

Pc~~(n) . if 1k~ is th e o p t i c a L  k — s e q u e n c e ,  i.e.
Pc ( l k* )~~Pc~~

( k ) , then t h i s  s e q u e n c e  a lso s a t i s f i e s  Pc ( l k ~~
) >,

P c’ ( n)  >, B. H e n c e , it w i L l be e v a l ua t e d ,  and by keep ing
track of the maximum value of PcU , we obtain Pc* (k) when

the algorit hm terminates.
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5.2.3. Feature Ranking

The l a s t  t w o  s e c t i o n s  p r o p o s e d  a l t e r n t a t i v e  me thod s of

o b a t i n in g  t h e  o p t i m a l  f e a t u r e  ass i gn i ren t  f o r  a g i ven  t r e e

s k e l e t o n  under the  a s s u m p t i o n  t h a t  an OSMLR ru le  is used at

e a c h  node . The number of  f e a t u r e s  t o  be c o n s i d e r e d  at  a

p a r t i c u l a r  node dur ing t h i s  s e a r c h  f o r  t h e  o p t i m a l

ass i gnment, can often be reduced by feature ranking. For

e a c h  f e a t u r e  in the t o t a l set  of  f e a t u r e s , one c o u l d  c o m p u t e

the v e c t o r  of c o r r e c t  r e c o g n it i o n  r a t e s  f o r  the c l a s s e s

under a g i v e n  node . Thus one can  d e f i n e  a g o o d n e s s  m e a s u r e ,

g (f ,li)  fo r  al l f e a u r e s  f~~ F at node Ii , as ,

g C f ,L i)  = (Pc (wl /li ,f) Pc (w2/ ti ,f) . . ... . .)

w h e r e  w i , w 2,... are  c l a s s e s  in W ( ( i ) , and e a c h

~omponent of the vector measures the probability of correct

decision on a sampLe from that class at that node , using

feature f and an O St ~ LR rule. Anal ogous to the concept of

efficient decision rules (Sec.5.1.3) , one can then define

the not ion of dominance among features and that of e f f i c i e n t

features at each node.

Definition: A featu re f dominates feature f a t  node Li

if g (f ,li ) )g (1 ,ti ) , i.e.

Pc(w j/f, li ) >,Pc (w j/f ,L i) for all wj~~~W C t i )  with strict

S f  inequa l i t y  ho ld ing for  at L e a s t  one c l a s s , w j .

Definitio n: A feature f is e f f i c i e n t  at node L i if it is

not dom ina ted  b y any o t h e r  f e a t u r e , f ~ f at that node.

it can be easily shown that the optimal features for a

given tree skel eton must be e f f i c i e n t .  The proof is

i d e n t i c a L  t o  t h a t  employed for effi c i e n t  dec i sion ru les in

Sec.5.1.3 and is therefore omitted here.

S - t 
_____________ 

______________________ ______
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• 6. Estim ation ~f D e c i s i o n  Ru les From F i n i t e  Samp les

in the pr eviou s chap ters , we have d iscussed optimization

methods for the desi gn of h i e r a r c h i c a l  class i fiers, when the

criter ion of opt imatity is a weighted sum of measurement

cost and misc l ass ification risk. These methods assumed that

the required parameter s such as the class—conditional

probabilities of the features used , w ere either known or

could be estimat ed w it h  a high degree of confidence from

t r a i n ing s a m p l e s .  The c l a s s i f i e r  design was therefore not

influenced by the number of sampLes in the des i gn set .

Ho w e v e r , when the sampLe size is sm aLV , the degree of

confidence in the estimated parameters is (ow, and one would

like to use the samp les as efficiently as possib le. A

classification scheme that requires too large a set of

pa r a m e t e r s  to  be e s t i m a t e d ,  c ould in such c a s e s  pe r f o r m

w o r s e  on a indep endent t e s t  se t  than a scheme w h i c h  r equ i res

fewer parameters .

The nu mber of parameters requirec , is a function of the

number of f e a t u r e s  used at each node, t he  number of

stat r s (leve ts ) of each feature (if the f e a t u r e s  are
di sr rete ) , and the decision comp lexity at each node.

D e c i s i o n  c o m p l e x i t y  r e f e r s t o  tP. e number of sets (of

c l a s s e s )  d i s t i n g u i s h e d  at a node (e.g. t h i s  is t w o  f o r  a
b inary t r e e) .  A s  an exam p le, cons ice r the  f o l l o w i n g  t w o

tree structure s for a 6—class problem .

k

- 
S
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4
L3~~ (A~~ S U.)~ 4 LOS -

ti~j  U)a ~~~ ~~~1

Fig. 6.ia Fig. 6.lb

Assu me that at each tree node, a maximum Like lihood rule

is used to distinguis h the sets of classes. In TI , the top

node uses f e a t u r e  f l  to s ep a r a t e  t he  two  mixtures ,

(w l ,w 2 ,w 3 )  and (u4 ,w 5 ,w 6 ) , wh ile at i t s  l owe r  L e v e l  nodes,
there is a 3—w ay decision made using the observations of

feat ures 12 and 13. In 12 each node decision is binary.

Assuming that each feature has in states and the features are

class— conditionally st a t i s t i c a l l y  independent , the numbe r

of parameters required for trees Ti and T2 are ,

Np (Ti) = 2.m 4 2.3.2.m 14.m

Np (12) 2.m 4 2.2.m + 2.2.m 10.m

The tree , 12, the ref ore requires fewer parameters than

Ti. In theory (i.e. assuming perfect knowledge of

probabilities ) TI should perform better than 12, since the

cl asses (wl, w2,w3) are being separated in Ti using features

12 and 13, whiLe in 12 this subprob lem is solved in two

stages, and the discrimination between w2 and w3 make s no

use of infor m ation In 12. However, since 12 requires fewe r

oara me t e r s tha n 11 , for sm a l l  samp l e sizes, one can e x p ect
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that the estimat ed maximum likelihood rules at the nodes of

12 couLd be designed with greater confide nce those of Ti.

Hence the mean a c c u r a c y  of  12 cou ld  be b e t t e r  than  t h a t  of

Ti fo r  sma ll des ign samp le  s i z e .  By mean a c c u r a c y ,  we mean

the average performance of the parti cular c (as sifier (T1 or

12) O~~ an indepe ndent t e s t  s e t ,  des igned using say  N samp les

per class.

This chapter discusses some of the quantitative aspects

of th~ re la t ionsh ip  b e t w e e n  sample  s i z e ,  c o m p le x i t y ,  and

class ifier perfo rmance, for the c a s e  when  t he  f e a t u r e s  a re

discrete and class—conditionally stat istically independent ,

and under the assumption that a ma x isum like lihood rule is

used a t each tree node of a hierarchical classi fier . Th i s
anaLys is is carried out in the following phases.

Fi rs t, i t is shown that for ~mo st probability

structures , the variance of the estimated parameters of a

mixture of M populations (classes ) is Less than the sum of

the variances of the estimates of the ind i v id ua L class

probability functions, assuming that the number of samples

availab le is pro p ort ional to the ap r iori probability of the

classes. This result provides a heuristic argument for

stating that the confidence in estimating a m a x i m u m

Likelihood rule for spli tting a set of classes into two

sets, would be greater than the confidence in estimating a

rule that, in a single step, spLits a set of cla s c ec into

the component classes.
~~- - ___•.••__ 1

We then der ive an expression for the mean accuracy of a

dec i s i on t ree used fo r an ~—c lass problem. The mean accuracy

is defined as the performance of an estimated (using a

finite samp le )  h i e r a r c h i c a l  c l a s s i f i e r , a v e r a g e d  ove r  the

~spa ce of a l l  p r o b le m s . It is assu red  that all pro blems

are equally L ike l y. Though the resulting expre ssion is too

genera l  to  e na b l e  a ny p r e c i s e  des ign  c r i t e r i a  t o  be d e r i v e d ,

- 

- -~~~~~~~~~~~~~~~~~~~~~~~~~~ - ‘ - __~~~~~~~~~~ __ _ S~~~~~~~~~~ ---~
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it provides a re sult which is q u a l i t a t i ve ly  s i g n i f i c a n t .  It

is shown that for a given samp le size , there exists an

opti m a l quanti zation c o m p l e x i t y ,  i.e . by increasing the

number of q u a n t i z a t ion l e v e l s  i n c e fi n i t e ly ,  one canno t

achieve increasing l y better performance. W h i l e  t hi s result

has been reported by others [33,34), our analysis extends

the result to a mu t tic l ass (more thar two classes) prob lem .

The above result e stabl ishes a relationship between

op tima l quanti zation complexity and sample size. The last

section in this chapter investigates the relation between

d e c i s i o n  c o m p l e x i t y  and sam p le  s i z e .  It s h o w s  t h a t  fo r  sma ll

sample sizes, it may be better to sp l it a mu ltic l ass problem

h i e r a r c h i c a l l y  in to  s imp le r  p rob lem s (i .e. into p r o b l e m s
with a smaller com p lexity ) than to design a single—step

c l a s s i f i e r  w h i c h  uses  a l l  f e a t u r e s  t o g e t h e r  to make an f l — w a y

decisio n.

6.1. Estimation Of Discrete Probabilities Of Mixtures

Assume that one wants to estimate the probability

distributions of samples from fi classes, wi , i 1 ,2,... .M .

For s i m p l i c i t y ,  each s a m p L e  is rega rded  as a s i n g l e  feature

observat ion , whe re the feature can have  one of in

va (ues cstates ) . Let pi (j), fo r j 1,...m , i 1,2,..M , denote

the p robab i l i t y  t h a t  t he  f e a t u r e  w i l t  be In s t a t e  j given

t ha t  i t came f r o m  c l ass  w i .  The max i i r um L i k e i h o o d  e s t i m a t e

of p1 (j), wr i t t e n  as ~ i (j), is g iven by,

n~~(j) / NI

where , Ni a r e  the number of Labe l led design samples f rom

wi, and ni (j ) are the number of samo les in it that were In

state j. Assuming that the samples were independent and

identicaL l y di stributed , the marginal probability of

obtaining a p a r t i c u l a r  valu e of ni (j ) Is given by a binomia l
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distribution , viz.,

Pr[ni(j)) = U (Ni ,ni (j),pi(j))

( ~i WL —fl~
(j)

\ni(j))(pi (j)) . (i—piCj ))

T he mean and v a r i a n c e  of n i(j )  and ~i (j) are g i ven  b y ,

A

iEni (j)] Ni .pi (j) E Cp i (3 )3= p i (j )

Vartn i (j )) Ni.pi (j).C1—pi (j))

Var t~~i(j)) xp i (j ). (i—p i(j)) I Ni ....... (6.1)

Consider the problem of estimating the stat e

probabilities assuming a sample came from the mixture of

populations of w~~,..wM , with known mixing weights, P (wi),

i=1 ,2,..M. Let p (j) denote the p robabiti ty of observing

state j. There are two ways of estimating the parameters,

p (j), j 1 ,2...m.

in the first scheme, assume that one could choose Ni

independent samples from each of the populations , wi ,

1 1 ,2..M. Then a maximum Like lihood estimate of p (j) is

given by,

~(j )  = P(wl). ni (j) /Ni

where ni (j) has the connotation defined earlier.

From equation (~ .L), It follows that ,

S - . p.. A
El p(j)) P(wi). E tpi (j )3

M
A 2

Var (pi (j)) = L.. P (wi ) . Var (pi (j)]

M
C LVar ~ i (j) ~ since P(w i) ~ 1.0

Lxi

For the c ase when al l classes have the same apriori

• -. ~ •- 5— -5— -5 ----- - 5 . . - S - - S5 - ~~~~~~~ 5
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probabil ity, P (wi), the above i nequaLity reduces to,

var (~~(J)) 
( iIM • Max (Var (~

’i(j))) ...........(6.2)

T he a bove a nal y s i s shows  t ha t t he va r i ance  of t he

mixture parameters in such an estimation scheme, i s less
than the ~~~ o f indiv i dual c l a s s  p a rame t er var i an ces , and

for equal aprio r i class probabilities, it is Less than 1/ M

t imes the maximum variance of the class parame ters.

An alternative method of estimating p (j) might consist

of ta king N independent samples from the mixture population .

The probab i l i t y  that  in a random sairple so selected , the

feature w i L l  be in state j, is given by,

H

p C i ) x
’
~~~P(wj)• p1 (j)

if n (j) denotes the number of satptes out of N that were

in state j, then a maximum likeLihood estimate of p (j) is,

p (j) n C j )  / N

Since each sample has a proba bility p (j) of being in

state j, the marginal distribution of n (j) is binomial , and

given by,

Pr(n (j)) P(N ,n (j),p(j)), where p (j) is given by

(6.3). 
-

Fo r the case of equal apriori class probabilities,

P (wi), the variance and expectation cf ~ (j )  a re,

H
&(2 (j)) p(j) = i/fl .Y~pi (j)

I

var (~~(j)3 ‘ p (j).(1—p(j)] / N

z 1 ~~~i(j) (N —~~~plCj) ]

-
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Denoting by xi the quantity p1 (j), it follows torn the

above equation and (6.1), t hat ,

‘4
Var t~~(j)3 ,~

(
~~ Var (pi (j)3 ,

ass uming that N/N samples were available to estimate the

pi(j), if the following condition holds:

1/M L •(Ex j ) . (M—Z ~x j  ) .,~( N •~~~xj. (1_x j)

~; J

The above ine qua lity reduces to ,

(N~ —M ).‘~~ xj 4~~~~~x j.xk — (N3 —1).1(xj
~ 

C 0. (6.4)

3 * 1

Equation (6.4) is an ellipsoidal surface in (fl—i )

dimensional spac e that passes through the orig in and the

point, (1 ,1 ,..1), and has an in tercept on each axis , xj,

given by, -

= M~ —N ) / (fl 3 — 1) .

Each point In this space repre sents a set of class

probabi l i t i e s, p 1(j ) , i=1,2,....N, and .11 Situations where

the point falls within the ellipsoid represents a case where

the mixture parameter has a variance Less than the sum of

the class parameter variances. For a large number of

class es, N , the intercept on each axis tends to unity, and

he nce most of the hypercube in which the probabilities,

p1 (j) falL, Lies within the ellipsoid, and the previous

statement is true. Hence, one can state that for #most~
situations , the mixture parameter can be estimated with a

smatter variance, than the sum of variances of the

- - - - ~ -~~-~~~q--- -~~~~~~~~~~~ --  - - - .  - -- 5- . -
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individual class parameters. For the case of two classes ,

M 2 ,  the ell ipse obtained from (6.4) is depicted in the

figure below. The shaded area shows the region in which the

inequality (6.4) is valid.

.1’Z.. o~ axeS

~ 

~~~~~/1/7 
~

F ig. 6.2

6.2. Mea n Accuracy Of A Hierarchica l Classifier

The mean accuracy of a classifier is definedt33,3 43 as

the p e r f o r m a n c e  of a c l a s s i f i e r  a v e r a g e d  ove r  the s pace  o f

a l l  prob lems.  A p rob lem c o n s i s t s  of t h e t rue se t of
p a r a m e t e r s  de f i n i n g  t h e  c l a s s  d i s t r i b u t i o n s.  In t h i s
d is s c u s s i o n , w e  as sume t h a t  a h i e r a r c h i c a l  c l a s s i f i e r  is

used to distinguish between N classes, using discrete

features, whose probability functions are , {p~~
( j ) ) , where i

r e f e r s  t o t he  f e a t u r e  number , k is the  c L a s s ,  and j rangess

over the states of the feature. For s i m p l i c i t y ,  it is

assumed that the parameters, (p (j)) are uniformly

distributed , i.e. aLl problems are equa lly Likely.

• For the purposes of this discussion , we assume that a

binary balanced decision tree Is used for an N—c lass

pro ble m , w here eac h class Label occurs only at one terminal

node. Hence the number o f  levels 1, In the tree is,

- —  .5... ~~~~~~~~ 5? -5-——-
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L z t o g ~~~N

it is assumed that a single feature is measured at every

nonterm inal node in the tree , and all feature values are

quantized intO m states (Levets). The anaLysis that follows

can be read -iLy extended to trees which are not bin ary, and

which use1 mo re than one feature at the nodes. However , the

assu mption made throughout this discussion is that all.

features are class—conditionally statistically independent.

Le t P4k be the number of design samples from class uk ,

k 1 ,2,,M , and assume that these are proportional to P (wk )

the class a priori probab itity .Let (p’
~~~(j),bczi~2.)..M,

be the class—condi tional probabilities for

feat ure I In class wk . For ease of notation, we also assume

that feature i is used at node Li.

The n a maximum likelihood estimate of the parameters ,

is defined as,

n~~(j) I Nk

where n~~(j) are the number of wk sampLes whose i th.

featu re was in state j.

The estima ted maximum Likelihood deci sion rule at Li for

a sample (xi ,x2....xm ) reaching It Is,

if xi is in state j, and,

~, En
~~
Cj) ,

“ecW, (4) L4?CSW 1 LkJ

then go left below Ii,
e lse  go right.

t
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When the samples are indep endent , the sampling

distributio n of the counts , {n~~(j), j=1,2..m) is a

m u l t i no m iat with rn—i degrees of freecom , given b y,
Th

Pr (n~~(j):jc~(1,m)) (Nk)! ~~~(p’~(j)) ~

T1 (n
~

(j ))~ ....(6.5)

Thercfore , the performance of a classifier 1, designed

using a particular design sample set , is :

Pc (T ,MI{p~~(j),(n~~(j))) ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~

/ w here ,

Sk(j) 1 if wk EW O (li ) and 1~n
’
~(j) >~~~n~~(j) ,

~ 1 if wkE.W1 (ti ) and ~~~n.t
h(j) < 

‘
~~n~~(j) ,

‘4
~t 4 L J0(Q~) 

L&~~~~~ 1cL~J
0 otherwise.

The average performance of a hierarchical. c L a s s i f i e r

designed using Nk sampLes from class wk , k 1 ,2,..M , can be

obta ined by tak ing the expectation of

with respect to the sampling cistribu ti ons given by

4 equ. (6.5). This expectation operator will be denoted by E .

The mean accuracy of a balanced binary tree for an fl—class

p roble m , is then derived by averaging the expe cted

performance over the ‘space of alt problems ’, using some

assumed prior di stribution of the parameters , {p~~(j)). This

expectation ope rator is denoted 
~
y E . The re sulting

expression for the mean accuracy is given by equ. (6.7). The
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der i va t ion  of the result  Is descr ibed  nex t .

_ _ _ _ _ _ _ _ _ _  _ _ _   

f
- - 5 -  -5 —~~~ -~~~~ .- — -~~~~~~~~ -~~~~~~~~~~~~~~~~~~~~~ 
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P
cr

(T
~
M) = E{E’LP C

(T
~
M I(P~

(i)}
~
{n
~(i)})]} 

( 6 . 7 )

Assume that all values of {p~ (j), j £ (l ,m)) are equally likely, under

the  cons t ra in t ,

p~~
(j ) 

~~
i

j
~
i

Then the probability density, dP[~ p~ (j), j c (l,m)}], is  g iven by 1 ~ 1 ,

dP[{4(j), j c (l,in)}) — (rn—i)! dp~ (l) dp~ (2). . .dp~ (m)

Denoting by f the integration over the range of problems,

{ p~ (j), j c (i,m), k c (l,M), i = 1,2.. .}  , and summ ing over all

poss ible design samples , ~4(j)}, Equ.(3) becomes , in

~cr (T
~

M) 5 [
~ 

P(w~) fl ~~~~~~~~ (j ) p~~( i )  ]
{p 1~(j)) {n~ (j)) k=l t C S(wk )  .i=~

Ft IJ ~~~~~~~~~~~ 
.1

fl ~~~~~~(m~~i)! dp~ (l). . .dp~ (m) (6 .8)

I 

_____________ __________________________. s  - - :5 flfl .-_
~~~~~~

- -
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The product terms indexed with nod e labels (features) , 1, can be

grouped together and the summation over the states, j, interchanged

with the summation over the (n~(j)) to yield ,

Pcr (T ,M) P(w
k
) •1

{p~(j) ,jc (l ,rn) ,w~cW(~ j )}

p
i
(j) .21 :~iii:k {n~ (j)}c i~

[1 
Pr[n~(j)J

w
~
cW(tj)

fl (rn-i)! dp~ (l). . .dp~ (m)

w~
cw(e
~
) 

(6.9)

In the above equation I~ represents the set of counts ~ n~(j) 
}

such that,

(j) > 4(j) if C

w
~

cWo(ti) V
~
CWi(11)

or ,

n~ (j ) < n~(j) If c W ( ~ 1)

w
~

cW o(tj) c

- -5- ~
_ _~
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From the symmetry of the prob lem , it follows that  each t erm in the

sumitation over the states , j, must ba the same. Hence , t h 7  rn’ ;in recog-

nition rate for class wk Is rn times the mean recognition rate for a sam-

ple whose features are all in state 1 (say). Equ.(6.9) can therefore be

written In the following way, after substituting for the prnhn!~iHtv

distribution of {n~ (1) , t c (l,M)}

~cr (T~
M) =

~~~~~~~~~ 
P (w~ ) ~~~ [r n ( ( m_ l ) !~

M1 
~~~~

k 1  ~ j
ES (wk ) 

~n!(l)j

_ _ _ _ _ _ _  
dn~~

( 1)

p~ (l)=O 1n~(l)P k~~~~~~
1 S

I a
1 p k ( l ) p ( 2 ) . .  .p (rn— i)

L. f~~ 

dp~(2) (lp~ (m)

P~ (2)=O p~ (m)=O

1 1
a Nt . u t ( l)

fl Ip~ (1 ) 1~~ l -p~ (1)1 (N
~~~

! d p~~( 1)

I I 
~~
‘_) [n1 (l)]! ~N ~

_n 1 ( l ) ] !
v
~
cW(Zi) Pt~

1
~~
0 I

a 
~~~Wk

1_p i (])  I -p  (I)- .. .p
~ 

( T ’  - 1 )

dp1(2) d 1~ (in)

p~ (2)’O p~~(rn)-fl

where

H1 — Number of classes below node
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In Equ.(6iO).U~ refers to the set of sample counts, {n~ (i), w~C W(~f 1) }

such that,

> n~ (l)  if w C W (t
1
)k o

w~~C W ( ~~~) w~~
C W i (Z)

or

I n~ (l)  n~ (l) if wk

w cW (Zj )1 0

Each of the multiple integrals in the last product form in Equ.(6.lO)

reduces to a Beta function , viz.
I I

1
(N t ) !  n~ (l)  N

1 I [n~ ( l ) ] ! [N
~-4(l)]

! 
El-p~ (l)]

(m-2)!
(1)—

= 1 (N t ) !  (N t— fl~ ( l ) + m — 2 ) !
(m—2)! (N

~
+1fl_l)! (N t — n~ (l)) !  

—

Similar i ly the mu l t i p le integ ral for  class wk is evaluated as ,

1 
- 

(Nk) I (N~ _n~~~ ) .p.~ _ 2 ) !  .
(m— 2)!  (N k+Th-l ) ! (N k

_ n 1( l ) ) !  N k+m

I

- - - - .—- ~~~~ .5~ ~- -~ 5- - 5 - 5 , -  - - - - - 
~~
_ -_--,.- - 

- - - - _ _ _ _ _ _ _
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Substituting these expressions in Equ.(6.IO) yields the final expression

for the mean accuracy of a binary declsion tree for an M class problem ,

ViZ

~~

cr
(T

~

M) = 
~~~~

P(w k) . I I m .(m_ l )
Mi

.[
~~~~~~~~~~~~

k=1 eICS(Wk ) {n1-(1)) 
~

[1 (N t ) ! (N t-fl~ ( 1)+m-2) !

~~w(.e1) (N~-fm— l) ! (N t -.n~ ( l ) ) !

nf (1) +1
Nk+m J (6.11)

The above exprcssion for the mean accuracy is too complex for direct

interpretation . However, for small values of sample sizes, N~
, Equ.(6.11)

can be written in a simpler form. in particular , we shall consider the

case where there Is only a single sample available per class, i.e.

N
1 *N 2 = ... N~~= l

Since each variable 4(1) can only take on values 0 or 1, the multi ple

summation over in Equ.(6.fl) can be replaced by a double summation in the

following manner . If there are Hj classes under node .

~~~~~~
, then there are

l1j12 classes (and hence samples) from the sets of classes W0(11) and

W1(~j), respectively . Assume that class wk is in the set W0(~~), i.e.

--5. .-_,,- -

---- —--- ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~



it Is below the l e f t  of the two nodes below e1. Let and j2 denote the

number of samples from W0 (~ 1) a nd W 1(L 1) respectively ‘~or which f ea tu re

I was in state 1, I.e. n~ (l)—l. Then, the rule at would be ,

~ i1 ~~ • i2 go left

~f < ~2 go right

A sample from W
k 

would be correc t ly  classif ied on ly if ii > J 2.

Hence the summation within the square brackets in E q u . ( ó . l l )  can be wri tten as

Mj/2 

+ 
2 

Mj\ ]~~~~ 

M1-j1-j2 ii
+i2{ ~~~ - ~

~~~ 0 i~~ii [m !)
Mj 

~~l 
- l)~~

j
~~/

[ ( r n — i ) ! ]  [ ( m — 2 ) ! )  I~ 1—~
-- ~~~~~~~~~~~~

~m+l m+l

In the above equat io n , the fi r s t  term is the case when n~ ( l)=l , wh ile
the seco nd term is the case, n~(1)=Q. Upon simp lification , It yields

M1/2 M1—j 1—j 2 
) !] 1 21 [ (rn- i ) ! )  [ (m- 2 

~1)( 2) 

M1 +

ii=° iti~ 5

..(6.12)
-

Substitution of Equ.(6..12) into Equ.(6.ll) will not yield the correct value
for the mean accuracy, because the case J2 has been treated unsym—
metrically in (6 12). Hence, to equalize the correct recognition rates for
classes on ejther side of L~~~ , we assume the summation over j2 to be from
0 to Mj/2 as for ii’ and then put a weighting factor of 0.5 for the entire

____________________ - — 5— . _~
••
~
• -_ _ _ _ _ _ _ _  5- - - — - - 5~~~- - —- —-
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double summation. With this modification, the mean accuracy for the case

Nk — 1, becomes, after some simplification ,

L Mi/2 ‘~i/2

P (T ,M) _ . ~~~~ 

‘
~~~~~~~~~~ ~~~~~~~~~~~~~~~~~~~~~~~

cr 
~~~ iiaO j2=o

I l+2j~ /Mjwhere g( j 1,j 2 ) — 2 
j]5+j ~~~~ ii� i2

(m-l) 2

1 l+2j~ /M~
= 2 if

(m—l)~~~~2

and L = log2 N — Levels in the tree

H1— 2~ (6.13)

4

E 
‘
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Ex peri mental Results:

The table below shows the varia tion of the mean

accurac y, Pcr (T ,M), with sam ple size , N , quantization

com plex ity m , and the number of classe s H. For any given

sa mp le s i ze , it is seen that there is an optima l

quantization comp lexity. This optimal comp lexity increases

w it h increasing sample size. Moreover , fo r a g ive n sam p le
size, the optima l comp lex ity for an H—class prob lem is

greater than or equa l to the optimal comp lex ity of a

M — c kass problem , if H > H’. Thus, fcr the case, N 5 ,  the

optima L complexity for a 2—cLass problem is 3, wh iLe for the

4—class case, it is 4. The max imum values of performance in

each case are un derlined in the table. Graph 2 shows the

variation of  tree performance with the compLexity for

va rious sample sizes N and number of cLasses N.

-- 5 S _ _ p

- 

~~~~~~~~~~~~~~~~~~~~~~~~~~~
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N=# of sa mp les
m #  of quantization Leve ls

M #  of cla sses

N In 
— 

M 2  _________ 
p1=8—-r~ ~ .5 83  .328 .179

1 3 .5R3 .329 .181
1 4 .575 .323 .176

1 5 .567 .315 .171
1 6 .560 .308 .167
1 7 .554 .303 .163
1 8 .549 .298 .160
1 9 .544  .294 .157
1 10 .541 .291 .155
1 15 .529 .279 .146

2 2 .61 1 .355  .198
2 3 .617 .362 .203
2 4 .610 .357 .200
2 6 .594 .342 .190
2 8 .SPO .329 .182
2 10 .569 .319 .174
2 15 .552 .302 .163

5 2 .639 .382
5 3 .655 .400
5 4 .654 .401
5 5 .650 .397
5 10 .620 .369
5 15 .598 .347

10 2 .652 .395
10 3 .674 .421
10 4 .679 .427
10 5 .678 .428
10 6 .676 .425
10 10 .6~ 9 .409

S.. $
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6.3. HierarchicaL Classifier Versus Cne— Step Cla ss i fier

This section compares the perfor rr ances of a hie r a r c h i c a l

cLa ssifier and a one—step cLassi fier for a pa r t i c u L a r

prob lem , viz., a given set of parameters , {p~~(j)). Though it

is d i f f i c u l t  to use the ana lysis presented here to make any

judgements about aL L  H—class prob lem s , one can make the

folLowing qua l itative statement: if the sample size is smalL

and the error rate o f  a one—step scheme is only s l ight l y

better than a hierarchica l scheme on an independent test

set, then it is probably better to use the h i e r a r c h i c a L

sche me. This result is a consequence of the fact that in a

decision tree, each node decision is simpler than the H—way

decision in a one—ste p method. Hence, the former requires

fewer parameters to be estimated (discrete features assumed

here). The result is c ounterintuiti ~~e since in theory (i.e.

assuming perfect knowledge of all parameters ), no scheme can

do be tter than a one—step cLassification rule (such as a

maximum LikeLihood rule) which uses ALL features to reach a

decision.

Consider the two alternative cL a s si fi catio n scheme s

shown in Fig. 6.3a—b below, for a 4—class pr ob lem. Two

features (discrete ) are avai l abLe and assumed to be

c l ass—conditiona ll y s t a t i s t i c a L L y  independent. Since the

one—step scheme in Fig. 6.3b uses both fi and f2 to make the

decision , whil e  the tree uses only a single feature at every

node, one would expect the former to perform bet ter. After

de riving expressions for the performances of these methods,

we i l lustrate by example , t hat for sm a ll sample sizes, the

tree may have a lower erro r rate.

-~--- - .--—~~--— ---~~~~~~ 5 -5-- - .- -5- 
— 

5 -ST 
-- - ~~I TIT~~~ H
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( i)

Fi g. 6.3a Fig. 6.3b

From the analysis of the pre ceding section , the

performance of a decision tree average d across the sampLing

d i s t r i b u t i o n  i s  g iven by ,

E’C Pc (T ,M/(p~~(j)),(n~~(j))) 3

where E de notes the expectation operator over the

distribution of the counts, (n~ (j) ~ ~ (1 ,m ), k 1,2,3,4,

i=1 ,2). Note tha t we do not average over the parameters,[p ,~(~j 1j
since we are considering a particular pr oblem. With

this modificat ion , and an identicaL analysis as in the last

sec t io n , we obta in ,

~ c (T ,MI (p ~~(j )) ) ~~~P (wk)fl~l~~~~~~~p~~(j).

~~~~~~~ ~ tj)} C. 1~
•11Prtn~~(j ) 3~ .....(6. 14)

t~tt W~~~~~~)

whe re S (wk ) are the nodes Li , on the path to class wk ,

denotes the set of counts (n~~(j)) such that ,

>~, 
‘
~~n (j) if wk~~~W0 (L1)

44 C k (~~.j (
~~

( 
~~ n (j) If wk G. w1( ti ) ,

~~~~~~~~~~ 
L~~itj ) ~~~~~~~~~~~~ 1

Qj)

- -—- f- - _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _- — -— -
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and PrCn~~(j)3 denote the ‘ma rginal probabi lities of the

counts n~~(j) which is a binomia l distribution given by

~ (J)  . - n~ (j)Pr(n~~(j )) Nt ~ 1P~ ( j ) )  [1—p ~~
( j)]

(n~~(j ) ) !  tNt—n ~~(j)]!

For the on e—step rule, the decision is to classify a

sam ple X whose components are x1~~j1 , and x2 j2, into class

wk if,

n~~(j1).n
’
~(j2) Max { n~~(j1).n~~(j2) ) ,

and dec ide ties arbitrarily.

F rom the abo ve rule, and from a genera Li zation of the

case whe re a sing le feature is used (such as equ. 6.6), it

follows that the performan ce of the one—step rule averaged

over the sampling distr ibution , is given by,

~ c ( 0 S , M 1 ( p ~~
( j))) = ~~~~~~~~~~~~~~~ ji ,j2).p~~(j1) .p~~(j2).

. ~~ Pr [n~~(j1)).Pr(n~~( j 2 ) i

~

~~~~~

where , ck( 31 ,~ 2) = I if ,

n~~(j1).n~~(j2) Max (r~~(j1).n~~(j2))

and £ k (j I , j2) ~ 0 o t h e r w i s e .

Experimenta l Resu lts:

Equations (6.14) and (6.15) were used to determine the

performances of the tree and one—shot schemes as a f u n c t i o n

t of sample size. The table below shows the error rate for the

_ _ _ _ _ _ _ _ _ _ _ _  - —  5
~~~

_ 5_~~~~~~~~~
_

~~~•_S. - ~~~~~~~~~~~~~~~~~~~~~~~~~~
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var ious cases considered. In the firs t examp le , the tree

does better than the one—sho t method for all sample sizes,

t hough as samp le size becomes Large, the Latter begin s to

ca tch up. Examp le 2 shows the situation as sample size

become s large. In this case, for sample size Less than 4,

the tree does bet ter , though as samp Le size increases, the

one shot does better. For infinite sample size , one woul d

expect the one—shot to be consistent ly better in all cases.

Graph 3 depicts the variation of the error rate with sample

size fo r both these examples.

—S.-
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Exa mpLe 1:

Samp le Idea l OS Idea l Tree Estimated Estimated

size Error Error OS error Tree error

2 .57 .5775 .7621 .6336

4 .57 .5775 .6784 .6171

8 .57 .5775 .6226 .6088

12 .57 .5775 .6080 .6053

ExampLe 2:

2 .5625 .6375 .7563 .7171

4 .5625 .6375 .6712 .7015

8 .5625 .6375 .6201 .6823

12 .5625 .6375 .6020 .6706

This chapter has investi gated the relationship between

co m p l e x i t y ,  samp le size , and performance. Comp l e x i t y  can be

regarded as composed of measure m ent or qua rit iza t ion

co m p L e x i t y ,  and ce cision comp l ex i ty. we have shown that for

a given sample size, there exists an optima l quant iz atior i

c o m p l e x i t y  wh i ch increases with samp le size and the number

of classes , M. We have also shown tha t in certain cases, a

sch eme with a Lowe r degree of decision c o m p l e x i t y  (i.e. one

w nic h d istinguishes between fewer cLasses at each stage ) ,

can perform better than one wi t h  a greater decision

c o m p l e x i t y  (such as a one—step classifier ) , w h e n  the sample

size is sma l l.
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1. Main Rc~suLts and Directions for Further Resea rch

This study has led to the following main results regarding the

analysis and design of multistage m u l ticlass pattern reco gn iticn

schemes:

(1) f~ost parametric and non—parametric multistage pattern

classification scheme s i.sed in practise , can be desc r ibed by the

theoreticaL mode l ana lyzed in Chapter 2. Certain concepts cf

ad m is s i b i l i t y  and opt imatity developed in heuristic programming,

have been extended in this work to multistage stat i s t i c a l  pattern

cLassification schemes which trade measurement cost fcr

misclassification ri’k. The conjecture by some earlier

researchers that there may not exist Bayes—admissible search

strategies which do nct measure all features is disproved in our

S tuoy .

(2) The two type s of search strategies derived for this

general model require irfor ire d heuristics to improve their search

effic i ency and to test for termination conditions. We have

i nv e s t i g a t e d  new m e t h c d s  o f  obtaining lower and upper bounds cn

the misclassification risk , given a subset of observations on t~’e

test saaple . Such m etho ds have been used to derive bounds fcr

discrete teatures which are conditionally s t a t i s t i c a l l y

irdep endent , or satisfy a first—order tree dependence. The

f e a s i b i L i t y  of ccm putin g bounds on the Euc ti dean distance cr

s i P 1 (a r i t y  m easures for binary vectors , establishes the efficacy

I cur m odeL in imp l em enting nearest neighbour clas s if -i caticn

~ cb e øe c

s i m i l a r  Thounding tec hniques c~~n be used for more elaborate

cI fea ture dep endence, such as second—order and hi gher

-..4., 4.~~.ndPnce mode ls. Cur analyses assumed that the features
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w e re discrete and non-metric. ~uch work rema ins to be done in

d e t e r m i n i n g  whet her bcurd s on the risk can be derived for the case

of continuous valu ed features ana used in formu l ating a d m i s s i b l e

strategi e s.

(3) ~.e have shown that h i e r a r c h i c a l  classifiers are a specia l

cose at the genera l state—space model. Our ana lys i s has focused on

decision trees whose roce decisions are statistically independent.

We- have proved that even under the independence assumption ,

o g t i m i z i n g  the per form ance of each node classifier individually,

does not optimize the overal l , tree performance.

(4) A new systematic approach to optimaL tree design has been

presented in this work. This method consists of decomp osing the

design prob lem into th ree phases viz., tree skeleton design ,

feature assignment to its nodes and node decision policy design.

~pt imaL solutions to each design phase are obtained by using the

recursi v e formulation of dynamic programmin ç~.

(5) when the features are discrete and non—metric , the design

of the o p t i m a l  de cisicn p olicy at each node, requires excessive

comp utational resou rces. M ethods of clustering decision rules and

et ’ici en t tec hria ’ies cf discarding suboptimal sets of rules have

been deve loped in Ch a r ter 5. Further investigution of such methods

i~~ needed for design problems wherein the node decisions are

interdependent.

(6) Feature ranking and a method of bounding the performance

c i a  p a r t i a L l y  desi gned tree, have been proposed in th i s study, as

means of reduc ing the c o m p L e x i t y  of the feature assignment

p TOb tem. improved bounds us ing parametric mode l s of feature

d i s t r i b u t i o n s  m i g h t  aid greatly in reducin g the execution time ct

t’-r anch—and—bound algori thms such as the one presented in Chapter

5 .

_~~~~ . _ _.__ _ __
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(7) The anal , sis regarding the effects of finite sam ple size cn

t~~e performance of h i e r a r c h i c a l  c l a s s ifiers has ted to two new

results:

(a) For a fix e d sample size , there exists an op t im a l

quantiza tion complexity for each feature used in a decision tree

used for discriminating p
~ classes. The optimaL comp l exity

increases with increasing sampLe size and the number of classes to

be aistinguished. Our analysis assumed that all features were

quantized into the same number of Levels. Based on the observed

relationship between the optimum complexity and the number of

classes , it is our conjecture that a feature used higher up in a

tree shouLd be quantized into more Levels than one used further

awa y from the root. ~n analysis similar to that given in chapter

6 might validate this h ypothesis.

(b) For smal l sam p le sizes, we have shown analyticaLLy that

c e r t a i n  m u t t i c  lass prcb lems are better solved using a hierarchical

c (assi~~~er than a one—step classifier , even though , in theory

(i.e. given perfect krowt ed ge of the probabi l ity functicns ) , the

one—step method would perform better in all cases. We have as

ye t , no way to characterize probLems for which  this sm aL l sample

ph encm enon occurs. One would like to have a general set cf

guidelines on the most effective way of using a finite samp le to

design a hierarchical classifier.

This dissertation provides a broad spectrum o~ admissible

strategies for m u ltistace mutticlass rec o gnition prob lems , and

offers a set of optimization procedu res for the automated design

of opti m al hierarch i c~~( classifiers.
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investigated for the cases when the features are class-conditionally statisti-
cally independent and where they satisfy a first-order tree dependence rela-
tion . Bounds are also derived for use in nearest-nei ghbor classification
sc hemes employ ing a Euclidean distance measure and various similarity inea-
sures for non -metric feature v ec tors .

Hierarchical classifiers are special types of multistage recognition
schemes wherein at each stage certain classes are rejected from consideration
as labels of the test sample. Theoretical properties of decision trees whose
node decisions are statistically independent are investigated . E~’en underthis independence assumption the optima l tree design task is a complex one.ç~~A three phase decomposition of the tree desi gn problem is proposed viz. -

tree skeleton desi gn , feature selection at its nodes and decision function
design at each node. Optimal solutions to each design phase are obtained
using a dynamic programming formulation.

These optima l design methods rapidly become cumbersome in computationa l
resources as the number of features and classes increase. This study proposes
various techniques for reducing the computa ti ona l complexity incurred in
find i ng the optima l features to be measured at each node and the optima l de-
cision policy . A method of clustering decision rules and rejecting sets of
suboptimal rules wi thout evaluating each individual one is proposed . Feature
ranking and a branch-and-bound method are described for reducing the possible
feature assigrwerits to be considered in finding the optimal feature measure-
ment policy .

In practices che decision rules at the nodes have to be estimated from a
f i n i t e  set of design samples . This work investigates the relationship betwee
the expected tree performa nce , samp le size and the number of states (quantiza
tion levels) of each feature. It is shown that for an M-class recognition
scheme using a decision tree , there ex ists an optimal quantization complexity
The optimum complex ity increases with sample size and with the number of
classes to be distinguished . For smal l sampl e s i zes , it is shown that a mul-
tistage decision scheme can have a lower error ra te than a single stage schens
which uses all the available measurem ents in an M-way decision rule.

UNCLASSIFIED
SECU RITY CLASSIF ICA T IO N OF TI4 l~ PAGEPII?, .., Oat. Ent.r~d)


