- AD-AO42 162 NAVAL RESEARCH LAB WASHINGTON D C F/6 20/3
DIFFUSION OF MAGNETIC FLUX INTO A CYLINDRICAL LINER IN THE LIMI=-=ETC(U)
MAY 77 A L COOPER: D L BOOK ¥
UNCLASSIFIED NRL=MR=3507

END
DATE
“FILMED
B/




”
L

%/

M Diffusion of Magnetic Flux into a Cylindrical Liner
S in the Limit of High Magnetic Reynolds Number

NRL Memorandum Report 3507

2162

A. L. Cooper anD D. L. Book

AD A

Plasma Physics Division

: May 1977

“uﬁ OF r,,}\\
i\r \\ l

»

@% A\ e 5

N
“‘\"luu \“

- ~
e e e

NAVAL RESEARCH LABORATORY
Washington, D.C.

BOC FLE copy

AD No.

Approved tor public release: distribution unlimited.




T

I N TR

ml.“‘*:’fif oo |

\_‘a Tl

SECURITY CLASSIFICATION OF THIS PAGE (When Data Entered)

7) REPORT DOCUMENTATION PAGE

READ INSTRUCTIONS
BEFORE COMPLETING FORM

2. GOVT ACCESSION NO.

ROMBER_
NRL/Memorandum }(epﬁ't' 507

3. RECIPIENT'S CATALOG NUMBER

(and Subtitle

T —

DIFFUSION OF MAGNETIC FLUX INTO A 'CYLINDRICAL

_LINER IN THE "LIMIT OF HIGH MAGNETIC REYNOLDS
NUMBER P

S. TYPE OF REPORT & PERIOD COVERED

Interim report on a continuing
NRL problem.

e A S ST
o ———————————

______’—n-—-—

L

AU THO RO

6. PERFORMING ORG. REPORT NUMBER

8. CONTRACT OR GRANT NUMBER(s)

9. PERFORMING ORGANIZATION NAME AND ADDRESS
Naval Research Laboratory
Washington, D.C. 20375

10. PﬂOGRAM ELEMENY PROJECY TASK
AREA & WORK UNIT NUMBER

NRL Problem H02-37

P Project ERDA-E(48:20)-1009(81706)
11, CONTROLLING OFFICE NAME AND ADDRESS NS REPWAYE
Energy Research and Development Administration /1] [ May w77/ =
Washington, D.C. 20545 o) 49 NOM OF PAGES
14, MONITORING AGENCY ADDRESS(H different from Controlling Office) 15. SECURITY CLASS. (of thie report)
UNCLASSIFIED

O)//Jyw

T5a. DECL ASSIFICATION DOWNGRADING
SCHEDULE

16. DISTRIBUTION STATEMENT (of this Report)

Approved for public release; distribution unlimited.

1) WRL— 1 -Z 547

17. DISTRIBUTION STATEMENT (of the abatract entered In Block 20, If different {rom Report)

18. SUPPLEMENTARY NOTES

19. KEY WORDS (Continue on reverse side if necessary and ldentlly by block number)

)1/(51@0”‘ roct ff ’QM)

20 Aﬂ RACT (Continue

Calculations hdve been made of the rate at which confined magnetic flux compressed by an

liner diffuses into the latter because of finite electrical resistivity. The diffused
magnetic field profild and associated magnetic energy and Joule heating are also calculated. In the

Reynolds number Rm, the skin depth, total diffused flux and associated

reverse aide If necessary and Identily by block number)
imploding cylindric

limit of high magne

energy scale likeRm™ /5. It is shown that cylindrical liner motion

in slab models, owing to the reduction in the surface area through which the flux must diffuse. The
influence of the form of the liner trajectory on the results is displayed.

mitigates the diffusion calculated

N

DD 73R 1473

EDITION OF ) NOV 85 )5S OBSOLETE i
S/N 0102-014-6601

\

SECURITY CLASSIF|

e

CATION OF THIS PAGE (When Data Entered)




Rt i, o AR SR Sk 43 B L Ty T T

| ACCEsSIon o

KTis Wnite Section v

0oe Butl Sectlon 3
UNARHOUNGED

JUSTIFICATION. ..o

usrmwan/mnusnm CODES
o il
Dist. VML aneor SPECIal

s ?\ ‘

I. INTRODUCTION

CONTENTS

II. DERIVATION OF THE FORMALISM
I1I. LARGE MAGNETIC REYNOLDS NUMBER
IV. NUMERICAL RESULTS

V. CONCLUSION
ACKNOWLEDGMENT

APPENDIX -— The Convection-Diffusion Problem
in Slab Geometry

REFERENCES

DDC

Tgmes- s

W$ JUL 26 19717

lisw s
D

T MRRRR RS e 8

Mcmxm mai;&m.m rnm

L —-...._.m A s




DIFFUSION OF MAGNETIC FLUX INTO A CYLINDRICAL LINER IN THE
LIMIT OF HIGH MAGNETIC REYNOLDS NUMBER

I. Introduction
Over the past two decades, a number of laboratories have carried
out magnetic flux-compression experiments using imploding conducting

liners.t

=7 The liners are cylindrical and surround flux lines parallel
to the axis of symmetry. The axial flux may be accompanied by a gas or
plasma fill; in some experiments the latter constitutes most of the
payload (i.e., supplies most of the pressure opposing the liner
implosion), while the magnetic field serves only to reduce thermal
losses or as a diagnostic.

The liners have been formed of metal in either solid or liquid
state. Chemical explosives]}»2 electromagnetic acceleration in the
form of 6-pinch®’® and Z-pinch*-® drives, and hydraulic compression’
have been used to implode the liner. With these three driving
agencies are associated typical liner velocities £ of order
10° cm/sec, 10° cm/sec and 10* cm/sec ("fast", "intermediate'", and

"slow" liners ), respectively. (These velocities scale roughly as

is the energy density in the drive and

YL ~ (ED/pL)llz, where E

D

p; is the liner mass density.)

A limit on the value of the field strength B which can be
obtained is imposed by diffusion of flux from the compression
volume, owing to the finite conductivity of the liner. If the liner
is given an energy per unit length WL/L and all of this goes into

flux compression, then
WL/Z ~ nr232/2p.°,

Note: Manuscript submitted May 26, 1977.
1




where r is the final compression radius. A skin depth A is associated

with the diffusion of flux lines into the liner over a time t
according to AZ = " t, where ® = 1/c p_ is the diffusivity, o, is the
electrical conductivity, uo is the (free space) magnetic perme-
ability , and t *'r/vL is the time scale of the liner motion. The
condition that the flux which leaks out be less then that inside the

compression volume is roughly

’nt:
2l o o < i (2)

e NTE

This is simply a requirement that the magnetic Reynolds number Rm,

defined by

Re=EE°T (3)

be greater than unity. For a conductivity equal to that of liquid

copper, Eqs. (1) and (2) imply
B<17 (W /t)3v, (1)

where B is in MG, WLIL in MJ/m, and v, is mm/psec.,

In the present paper we describe several calculations intended to

elucidate the roles of (i) convergence (thickening) of a cylindrical
liner and (ii) the detailed time dependence of liner trajectories in

the diffusion of magnetic flux into a metal liner. These calculations

758

have been carried out in support of the NRL Linus experiments, in

2
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which a rotating liquid metal liner is imploded hydraulically onto a
mixture of plasma and magnetic flux., Ideally, nearly all of the
compressional energy should go into the plasma, thereby heating
it to kilovolt temperature and initiating thermonuclear reactions,
and the magnetic field should be restricted to a thin buffer layer
between the plasma and the liner. Maintenance of this layer for
the duration of the burn is, of course, essential to containment,
Even if only a small portion diffuses into the liner, the Joule heat
produced by the penetration of current into the liner can vaporize
the latter and release high Z impurities into the plasma. There-
fore, a reliable quantitative theory of the diffusion is necessary.
In current and near-term experiments, however, much or all of

the '"payload" consists of magnetic flux. In this paper we therefore
simplify our problem by ignoring the plasma entirely. We also ignore
field line fringing and curvature so as to make the problem one-
dimensional. (This is strictly correct at the midplane of the experi-

mental device, if nowhere else.)

Within the limitations thus invoked, our objective is to cal-
culate in detail how much flux leaks out of the compression region,
retaining realistic conductivities, liner trajectories, and the
associated liner convergence. Previous work® has, for the most part,
been restricted to slab geometry, using a vacuum magnetic field

prescribed on the basis of analytical convenience rather than con-

gsistency with realistic trajectories.

o
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Below in Section II we develop a formalism applicable to either

slab or cylindrical liners. A detailed treatment of the former is
presented in the Appendix to facilitate reference and comparison
with the cylindrical case. 1In Section III we specialize to the limit
of greatest interest, the weak-diffusion (high magnetic Reynolds
number ) limit, and solve the resulting boundary layer problem. The
calculation of total diffused flux, magnetic energy in the liner and
Joule heat is reduced to a series of quadratures with respect to the
trajectory. The diffused flux per unit surface area is precisely

the same as in the slab problem., In other words, the flux diffusion
rate is proportional to the instantaneous radius. Therefore the
total diffused flux is proportional to an average radius, whose value
depends on the details of the liner trajectory. Section IV describes
the results of applying this formalism to two prescribed model tra-
jectories, termed '"sinusoidal' and 'parabolic.'" We conclude in

Section V with a brief discussion of the results.
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. II. Derivation of the Formalism
! Consider a situation in which a cylindrical vacuum region of
g: radius R; contains a uniform axial magnetic field (see Fig. 1). The
% material surrounding the vacuum (the liner) is assumed to be incompressible,
extends to infinity and has a finite electrical conductivity o. R; may

be a function of time, in which case there is a radial flow field with-

t~v in the medium., It is assumed that at t = O the magnetic field vanishes
E | outside the vacuum region. Its subsequent evolution is determined by
% Ampére's law
B
vxB=ul, (5)

B

Faraday's law

®
5t='l7,x§,: (6)
i
| and Ohm's law
olE+vxBl=Jg , {7

where y is the velocity field. With the assumptions of one-dimensionality,

incompressibility and straight field lines, Eqs. (5-7) yield the con-

Y T ST T ST
0 X’ "

vective diffusion equation

E o8 3B 1 d "

: - -1 3B
| T T L&t 5 (F T3 ) (8)
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where 8§ = 1,2 for slab, cylindrical geometry, respectively, and  is

| the diffusivity, defined by

w=1l/uo . (9)

In general # depends on position explicitly or through the temperature

k - dependence of o, and we can write
W=k . (10)
o
1 Here # is a const~ " indicative of the scale of # and F is a
o
dimensionless which can depend on r and the history of B.
: Corresy o Eq. (8) the initial condition is
i
B(r,0) =0, r>R0) , (11)

and the boundary conditions are

lim B(r,t) =0 ; (12)
r = ®
Bl(t)Rlﬁ(t) + 6f drrs'lB(r,t) = B1(0 )R?.(O) . (13)
£ Ry

Equation (13) is the expression of conservation of total magnetic

|
B
|

|

flux. These boundary conditions correspond to an initially field-
free liner., The case where there is a non-vanishing field profile
within the liner initially can also be treated, and the results can
be related to those of the present case. For large compression ratios

(see Section IV), the effect of the initial profile is negligible.

6




It is convenient to scale B(r,t) by the maximum value of the

vacuum field associated with the implosion, BO:

b= B(r,t)/Bo, (14)

and to scale t by a time ty characteristic of the liner motion,

E T=tle . (15)

Equation (8), which represents the Eulerian form of the convective-

Ty ———"

diffusion equation, is not in the most advantageous form to calculate the
diffusion into a moving liner. This is because the boundary condition
of total flux conservation, Eq. (13), is applied at the moving boundary,
Rl(t). Furthermore there are really two time scales associated with

Eq. (8): the convective time scale, ﬁllRl(t), and the diffusive time

scale, no/Rlz. It is most useful to cast Eq. (8) in Lagrangian form, \f
For the incompressible liners considered here the Lagrangian variable is %
E LN SR
| g = (1‘ = Rl)/Ro . (16)

i wiere R is the minimum radius. The system of equations now becomes

; 2(6-1)
| B g fmten ¢ 2 )
! b(§,0) =0, §>0; (18)

lim b(E,7) =0 ;

£ 4 o
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e

by (1) By +f dEb(E,r) = 1, (20)
o]

where by (T) = b(0,7) = BllBo, the scaled liner radius R1/Ro is denoted

by R, and the magnetic Reynolds number Rm is defined by
_ p2482
Rm = R°}5 “oto (21)

The slab case, shown in Fig. 2, is treated in the Appendix.
Equations (17-20) with 8 = 3 (spherical geometry) apply to such processes
as heat diffusion from a collapsing reservoir, but not to magnetic
flux diffusion. Spherical (or quasispherical) flux surfaces not only
do not arise even in three-dimensional implosions, they also contradict
the assumption of straight field lines employed in the derivation of
Eq. (8). Thus in the body of this paper we restrict ourselves to the
cylindrical case, 6§ = 2, and rewrite the equations accordingly. The

Lagrangian spatial variable is then from Eq. (16)

g = (r®-R,®)/R %, (22)

and the appropriate form of the equations is

B mrat B (R +8) BT (23) _
i
b(§,0) =0, £ >0; (2k4) '

lim b(g,r) =0 ;
€ 4




by (T)R; 2 +f df b(g,7) = 1, (26)
o
\
with
Rm = R°2/1+ Koto . (27)

Some results of an approximate nature can be found when Rm = 0O
(static liner). Given by, the value of b at r = Ry, the solution for

the diffusion of b outward from the surface r = R; into a region where

b = 0 initially is well-known'©:
T -2 = td
b(o,r) = %f d‘r'b1<'r'>f:° gt (28)
o o

I V) Y (pv) = 3 (P0) Y (V)

J2(V) + ¥ F(v)

where p = r/R;. Jubstitution into Eq. (26) yields an integral equation

for 'bl P

—u2T

by (T) f dt ‘by (T-T )f s ‘(—7+ 5 ‘(uﬂ =1 (29)

For small T by ® 1, and the lowest order correction can be found by
J

iteration, using the asymptotic expansion for the Bessel functions

i J. and Y @
o o

3 i

B

R due
g (T) i ( )2f d"'-[ oLd d(u) ¥y z(u)] (30)
-

Jr




Analogously, for T #® © the small-argument expansion of the Bessel

functions leads in lowest order to

by (T) ~ 'r—%n_"r' . (31)

We note that by (T) # O faster than in the slab case (see Appendix),
in accord with the intuitive notion that radial efflux is less

constrained than is rectilinear efflux.
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III. Large Magnetic Reynolds Number
The case of chief experimental interest is that of large magnetic

- Reynolds number,

el
Rm =R 2/l t >> 1, (32)

since this is the limit of efficient compression. Now the situation

Sl ©

is greatly simplified. We anticipate that diffusive effects should
be localized in a very thin boundary layer near the liner-vacuum
interface. That is, the magnetic flux distribution should differ
only by a small perturbation from that for an ideal adiabatically

compressed trapped flux.

' To establish this result rigorously, we proceed using the methods

of matched asymptotic analysis. The relevant equations are Eq. (23),

the Lagrangian form of the convective-diffusion equation, with initial

conditionsgiven by Eq. (24) and boundary conditions given by Eqs. (25) -
and (26). It is assumed in the analysis that the form factor F remains !
of order unity. We identify and treat separately two regions, as
follows.

Outer Region

We assume a regular perturbation expansion for the scaled magnetic field

strength b in powers of the small parameter Rm /2,

b(g,7;¢;Rm) = b(0)(€,15¢) + Rm2/2 p(1) (g, 75¢) (33)

+ Ra~? 5(2) (g,75¢) + ...

o v~
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To lowest order in Rm /2 we find from Eqs. (23-26)

e (34)

b{®)(€,0) =0, € >o0; (35)

S lim b(°)(o,w) =0; (36)
. ok

] b(°)(o,f) =b,(T) =R =2, (37)

i

£} The solution of Eq. (34) which satisfies conditions (35) and (36) is
b | : |

(®)(g,r) = 0. (38) ';

However, this solution does not satisfy the second boundary condition,
Eq. (37). We thus have the ingredients for a classical boundary 3
layer. It is necessary to rescale the independent variable & to
recover the missing boundary condition and resolve this layer.

Inner Region :
The rescaling is performed by defining

N = rmt/2g , (39)

When Eq. (39) is introduced in Eqs. (23-26) we obtain

o 3% = g [F(R2(T) + ra2/20) 227 (40)
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K b(M,0) =0 ; (k1)
|
lim b(M,T) =0 ; (k2)
B ) ]
b(o,T) RZ +Rm'1/2f dMb(M,7) = 1. ' (43)
o
;Fw Again expanding as in Eq. (33) yields in lowest order
} (0) _ (0) ’
R gy ) (1)
’ () M,0) =0 ; (45)
%
a1 1tm () (M,7) = 03 ()
i L
b(°>(0,7) =by(7) =R 2. (47)
This is just the condition for adiabatic flux compression. ~
1f we define a new timelike variable, the '"age' '
‘- T
: 6 =f R 2(r)ar’ (48)
Ly (o]
Eq. (L44) simplifies to a slab-type diffusion equatioa,
(o) ) (0) ]
- BT T3 )- (49) i
-
{= -
{2 l Equation (49) embodies both the’ cylindrical geometry and the liner ?

motion in a relation which is formally identical with that obtained

135
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in planar geometry. Thus for Rm > 1, any calculation which can be
done in slab geometry can be carried over to the cylindrical case.
1f at this point we rule out the possibility of thermal, etc.,

variation of o and set

f‘v. we can use the results derived in the Appendix to write down the diffused
< magnetic field,
. d = a i 2
¢ B(T],O) =Fof ds e 3 bl(T ) nzlusz), (50)
T
, n/a/6
i where b; is given by Eq. (47). From Eq. (50) we find the total diffused
flux,
[+

¢ = 2"1 rdrB(x,T)
!

2 6 L4 N
J7 B R by (67)
= oo 5 e 1)
-—R?Tz—f : ’ (5
g 6-8 1
1% the total magnetic energy,

=
]

o 2
gnf rdr Bo{E.T)
2
Ry

(52)

2 | A T Sl U N (16 W ()
o o -

2 6-6 -8

| & and the total Joule heat,




b

i
!
|
!

(53)

Equations (50-53) correctly determine ¢, W, and W for any form of
the vacuum field B;(t), even if Eq. (47), the condition for adiabatic
flux compression, is not satisfied. 1In the present instance,

by(8) = [R;(8)]72 and therefore the liner field, diffused flux, and
magnetic and thermal energy distributions are seen to be given as
quadratures over the liner trajectory, R;(T), in this large Reynolds
number limit. Now all that remains is to supply the trajectory R;(T).
In general R; (T) must be obtained by considering all the forces acting
on the liner. To emphasize the physics of the problem in its most

simple form, we will instead consider the radial trajectory to be

prescribed and generate solutions consistent with this trajectory.




IV. Numerical Results

We wish to apply the preceding results to trajectories which are
symmetric, smooth and contain the compression ratio & (initial radius
divided by final radius) as a parameter. Two examples are the
sinusoidal trajectory,

R02/R12(t) = ¢ + (1-¢) sin (Tt/2t ),

and the parabolic trajectory,

RiZ{E)/RZ = 1+ (7 - 1)(1=t/t )2,

In both of these R, = Ro’ the minimum radius, when t = ty and

3 ~1/2
Ryi0) = ¢ /2 R, l.e,a = ¢ E

But there is an essential difference. For the sinusoidal model,

ﬁlto/Rl ~ -m/Le>>1 at t =0, while in the parabolic model,

thO/Rl ~ - 1. Consequently, the typical value of the normalized
vacuum field b. in the former case is close to unity and nearly
independent of ¢, since the liner spends comparatively little time at
large radii see Fig. 3'. This is reflected in the age variable 2.
This tends to be much smaller in the sinusoidal case, but the sinusoidal
trajectory spends a greater age in the vicinity of turnaround, where
the driving field is near its maximum value.

When we use Eq. '51' to evaluate the diffused flux ¢ as a function
of time for these cases, we obtain the results shown in Fig. 4. We expect
the sinusoidal trajectory to be more lossy. This is seen to be true,

except at t ~ 2t . Diffused flux

6




leaks back into the vacuum region when the vacuum field drops below
the values in the liner. Since the flux has not gotten very far into
the liner in the sinusoidal case, it leaks back out very quickly. 1In
contrast, the "older'" parabolic trajectories cannot empty all the flux
back into the vacuum region, even though the driving field drops away
more abruptly after turnaround. Note that in all cases, this return
diffusion does not begin until g%!nisj (c.f. Eq, A8), i.e., somewhat
after turnaround. -

To display the dependence of our results on the trajectory and

the vacuum magnetic field, we proceed as follows. The diffused flux

for a'constant vacuum field is obtained by writing b; = 1 in Eq. (51):

V7T B R 2 ¢ /T B R 2
§(0) = ——yo— [ de’(e-8")1/2= 30 /2
= 1 T (56)
o
Substituting for Rm from Eq. (27), we have
Q(t) =21 <R12>1/2 Bo(lm,t/‘n')l/e, (57)
where
1 7
K. f dt” R;3(t”) (58)

©
is the mean square of the liner radius as a function of time. Thus
the trajectory enters only through the factor < R,Z > 1/2 14 the

general case, when b; also depends on time, either through Eq. (47)

or otherwise, we can write




1
1
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B(t) =21 <RyZ>/2 < By > (huefm)r/2, (59)

where < B; > is a shape factor, representing some time average of the
driving field. As a rule, the product < R;Z >1/2 < B; > can only be
obtained by numerical evaluation of Eq. (51).

To make contact with the results of Knoepfel®, we consider three
cases: (a) the sinusoidal model [Eq. (54)] with ¢ = 1, i.e.,
By, = B = constant and R; = R° = constant; (b) the € = 0.001 sinusoidal
case described above; and (c) a static liner with R, = R but B/Bo =
sin (wt/2co) [i.e., the field which would result from letting € = 0
in Eq. (54)]. The corresponding diffused fluxes are plotted against
time in Fig. 5. Curve (a), which increases without bound, is just
found by writing < R12 > = R02 in Eq. (57). The result is the same
as that of Knoepfel for the constant vacuum field case. Curve (b) is
identical with the upper trace in Fig. 4. Curve (c) is found by re-
placing 6 with T = t/to in Eq. (51). (The difference between € = 0.0
and € = 0,001 is undetectible on the scale of the plot).

We can define a flux skin depth in the usual fashion as

s #(t)/2mR B . (60)

¥

Substituting & from Eq. (59) we obtain
s, = JEF (<RZ>VER ) <By /B ) VAE (61)

where V/I/T = 1,128 is recognized as Knoepfel's’ coefficient for slab

diffusion with a constant driving field. In a similar fashion, skin

18
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depths may be defined for magnetic energy (sM), joule energy (sT),

and total energy (s In Table I these skin depths at t = t are
o

E)'
tabulated and compared to Knoepfel's values (Ref. 9, p.77) for a

sinusoidal driving field on a slab liner.

Figure 6 shows plots of the thermal and magnetic energy of
diffusion associated with the trajectories of Fig. 3. Since the
energies are quadratic in B, the enhanced losses obtained with the
flatter sinusoidal trajectories are more pronounced here.

For overall energetic consideration, two measures of the losses

associated with flux diffusion are particularly useful (Fig. 7). These

are the total (WM

load energy W = nRozBozleuo and the thermal energy W, at return divided

+ WT) energy loss at turnaround, divided by the pay-

by W . The first tells how much the finite conductivity affects the
maximum compression, While the second measures the tendency of the

liner not to rebound exactly, as well as the amount of heat it absorbs

per cycle.

Finally, for some applications a detailed knowledge of the diffused
flux profile is needed. Figure 8 shows how such profiles evolve for a
particular case. Note that the picture of a thin layer near the boundary
is weakest near turnaround. The variable T, of course, measures area,
not displacement. Even though the trace for t = 2.0 is broader then

the earlier ones, the thickness of the layer
2 o 2

where <1 > is an average or typical value of T for the profile,

evidently drops rapidly after turnaround.

19
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V. Conclusion

The principal result of this paper has been the establishment of
a simple procedure to handle diffusion problems in imploding cylindrical
systems at large Reynolds number. The particular application treated
here, flux diffusion in imploding cylindrical axial flux compression
devices, has emphasized the boundary layer character of this problem.

If the equations are cast in Lagrangian variables, the large
Reynolds number limit leads to a '"slab'-like system of equations if
the time variable is suitably weighted over the implosion trajectory.
To lowest order in Rm-l/z, the magnetic flux payload is compressed
adiabatically (supplying the boundary condition for the magnetic
diffusion problem). The diffused flux and magnetic and thermal
energies are all confined near the compression surface within a
boundary layer whose depth is of order Rm™2/2,
The main aspects of this approach are also valid in other

problems involving the diffusion of a scalar quantity into a moving

medium at large associated Reynolds numbers, that is, wherever the
hydrodynamic time scale dictated by the basic system motion is short
compared to the relevant diffusive time scale. The same procedure
can treat slab, cylindrical, and spherical diffusion problems in this
limit.
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Appendix: The Convection-Diffusion Problem in Slab Geometry
As might be expected, the planar analog of the problem of flux
diffusion into a cylindrical liner is relatively tractable and affords
a convenient means of understanding the principal physical features
of the latter. Now the vacuum region is located between a perfectly
conducting wall at x = O and a moving liner-vacuum interface at x = x;

(see Fig. 2). Equations (16 -21 ) become

€ = (x - x1)/xo; (A1)
o) = 2
- = e e
b(€,0) =0, E>0 ; (A3)
lim b(§,T) = 0; (AL)
g - ©
bixy/x +f ag b(e,T) = 1, (A5)
o

with x = x; (0) and

Rm = x Z/n t . (A6)

1f by (T) were known, the solution of Eqs. (A2-AkL) could be

written down immediately using standard results from diffusion theory®
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where € has been replaced by the stretched variable

0 = grmi/2 | (A8)

‘Because of the non-standard boundary condition Eq. (AS), however, b;
is not known, and self-consistent solutions for finite Rm in general
require numerical techniques.

Some of the analysis can be carried out in closed form, however,
in the case of uniform motion,

T) = T = T4+ T
x5 (T) 2 FY Vo( o

0); (A9)
where T = xo/|Vo|. Substituting (A7) into (A5) yields

o do'by(97)

1
bi(e)(l +w) 4+ =—] ——————=], (A10)
Vo & NO = 0O
where
®=+Rm ' , (A11)
the sign depending on that of Vo, and
o =T Rm, (A12)




with T defined by Eq. (15).

The Abel equation (Al0) can be solved by Laplace transforms,

provided w > 0. Define

©

a(s) =f doe™ % b, (o).

o

-1/2 da. . -~
a(l + s ) + w T 8 5

whence

a<s>=-§—lf &, [ 2021 10/5 @-1)}

Inversion of (Al5) leads to

- (A-1)3/0w®
=
& 1-\
w

. (A16)

Next we note (by direct substitution if necessary) that the solution
(A16) works equally well for w < O, provided 1 + wo > 0. Finally we
reintroduce T and Rm explicitly, rewriting the integral in the process

to obtain

© zz
by(T) = e ¥ ap e+ o z(1-2%)
JTw V1+(14wT ) (25<1)[ 1-2/1+(14wT ) (22-1)]

o £

(A17)

a form which is only valid for w <O.




Though unwieldy, this result provides some useful information .

First, the limit w ®* O yields the static liner result

by (T) = eTerfc(ﬁ) (A18)

where erfc denotes the complimentary error function. For T = «, the

asymptotic form of the latter leads to

bi(t) = . (A19)

e

Secondly, when 1 + wT = 0 (totally imploded liner), Eq. (Al17) reduces
to

@

f dz e-Tzaz( 1+z) (A20)
o

o
[
)
&
1
)
]
a%l

1 1
(1+§A/—:-—T').

ST

Thus the vacuum field strength remains finite no matter how rapid the

compression; indeed, if Rm is less than a critical value Rm given by

| =

Rm =

(1+1a+/TF20 ~ 1.09 (A21) *

b, decreases monotonically. Lastly, for w >> 1 (the large magnetic

Reynolds number limit),
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by(T) * e = x /31 (A22)

Corrections to the lowest order result are evidently ~ Rm >/2 and may
be calculated systematically.

In the limit Rm >> 1, however, Eq. (A5) reduces to b, (T) = x /x1,
independent of any ansatz of the form (A9). Given a knowledge of the
trajectory x;(T), all of the quantities of physical interest can be

found from (A7). Thus the total flux diffused into the liner is

. B x Tl by (7°)
=;/g;xB(X,t) = zﬁiajrlzo dr — . (A23)
1

The rate of change 'of ¢ with time is given by

© ©

Rml1/2 a8 % _ 32 _  db
B x ar f el ST s el i
oo o M=o0
Hence from (A3),
T ,
by (T7)
db .. 55 2T
R e <l 4T’ — (a25)
L} 4f6+ N3 o STt
0

by (0) 1 1y & Dbl/b""
- = dtT ——
S e
0

The magnetic energy associated with the diffused flux is

ki

ol e i il il B e
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o | away (426)
o
B _Zx T by (77 )by (77)
AL ar’ [ a7 —————
)_‘.p,o ,\/ET-'T' -7

after an interchange in orders of integration. The Joule heat is

T

W =f dT'PT(T')

o

(A27)

e R s
[dT{dﬂ(gﬁ)

The interchange of orders of integration is not valid here. Instead we

integrate by parts, using (A25):

x B 2 . © db,
- oo ™ va/ 4o JOBLO,T )
Vo = = e Rm = 2f [bl(O,T ) ——b-:[(]—‘-—'z f dT by W]
o o
(A28)
db, /AT
X B = 1/2 42 2 ’ 1 N 1
& 0 0 e dt by (1) — T*—w-y.\_ /2]- A
Po (Rm ) 0 [ﬁ jc; e

Although (A26) and (A27) are manifestly positive, (A28) is not.
Nonetheless, numerical evaluations of (A26) and (A28) reveals that

W = WM’ a relation which can be shown to hold in general.

26
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TABLE I SKIN DEPTHS FOR SINUSOIDAL TRAJECTORY: Comparison with

Static Liner and Sinusoidal Field at t = to

Flux Joule Magnetic Total
€ 8o NEE ST/«/K? smla/rt sE/f«/K?
, .001 1.065 684 .582 1.266
B .01 1.067 .686 .583 1.270
1 .15 1.081 753 .598 1.351
.30 1.092 .856 611 1.468
A5 1.101 .98k .623 1.606
| : Slab® .88 718 .500 1.223

i
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Fig. 1 — Schematic of cylindrical liner compressing an axial flux.
The radius of the liner-vacuum interface is R; = Rye~1/2 at t =
0 and R; = R, at turnaround (t = t;). The shaded region rep-
resents the layer occupied by diffused flux.
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Fig. 2 — Slab equivalent of the model shown in Fig. 1. A region of in-
finite conductivity lies to the left of x = 0. Inside the “liner” (the
region of finite 0, x > x; ) the field strength falls from its vacuum value

to zero.
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k Fig. 3 — Plots of B/B, vs t/t, for sinusoidal (solid traces) and parabolic

(broken traces) trajectories for deep (¢ = 0.001) and shallow (¢ = 0.1)
compression




R M S G SO 5 T2 e G55 0 8 B AR 9653 5 0 0, SN A B A S A5 ka1 i S O v SN 5 Skt

{
E
E
i
|
|

40t

30t

E i
“: 4 20

T

! \
r Fd g N €000

~
/ \\

t _____,/’ g — o R
005552 02 06 08 10 T2 7 16 18 20
¥ty
f Fig. 4 — Scaled total diffused flux &* = & Rm1/2/B R,2 as a function

of t/t, for the two parabolic trajectories (broken trace) and one sinu-
soidal trajectory of Fig. 3




T R T e S o AN S50 0t ., aciiao B R A N v e (Aot s

|
B 50
i
;
40+
B Y 30 1
E o* STATIC LINER
L SINUSOIDAL FIELD
?- 2.0
| 1.0
: 1 1 1 T 1 1 L S ! J
B 00 02 04 06 08 1.0 1.2 1.4 1.6 118 20
t/ to
[ rig. 5 — Comparison of scaled total diffused flux ®* as a function of
i t/t, for (a) static liner, constant vacuum field B = B, (top trace); (b)
; € = 0.001 sinusoidal trajectory and corresponding vacuum magnetic
E field, shown in Fig. 3 (middle trace); and (c) static lines with sinusoidal
E (€ = 0, non-self-consistent) vacuum field (bottom trace).
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