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DIFFUSION OF MAGNETIC FLUX INTO A CYLINDRICAL LINER IN THE
• LIMIT OF HIGH MAGNETIC REYNOLDS NUMBER

I. Introduction

Over the pas t two decades , a number of laboratories have carried

out magnetic flux-compression experiments using imploding conducting

liners.1 7  The liners are cylindrical and surround flux lines parallel

to the axis of symmetry. The axial flux may be accompanied by a gas or

plasma fill; in some experiments the latter constitutes most of the

payload (i.e., supplies most of the pressure opposing the liner

implosion), while the magnetic field serves only to reduce thermal

losses or as a diagnostic.

The liners have been formed of metal in either solid or liquid

• state. Chemical explosives,’-’2 electromagnetic acceleration in the

form of 9-pinch3’6 and Z-pinch46 drives, and hydrau lic compress ion7

have been used to imp lode the liner, With these three driving

agencies are associated typical liner velocities V
L 

of order

108 cln/sec, ~~ cm/sec and i04 cm/sec (“fast”, “intermediate”, and

“slow” liners ) , respectively . (These velocities scale roughly as

V
L 

(~~~/p
L

)h/2, where E
D 

is the energy density in the drive and

is the liner mass density.)

A limit on the value of the field strength B which can be

• obtained is imposed by diffusion of flux from the compression

volume, owing to the finite conductivity of the liner. If the liner

is given an energy per unit length W
L
/L and all of this goes into

flux compress ion, then

_______ 

WL/L ~ TTr 2B2/2~0,

Note~ Manuscr ipt submitted May 26, 1977.
1
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where r is the final compression radius. A skin depth ts is associated

with the diffusion of flux lines into the liner over a time t

according to = ~t0t, where ~t0
= l/cr

0
p
0 
is the diffusivity, % is the

electrical conductivity, is the (free space) magnetic perme-

ability , and t r/v
L 
is the time scale of the liner motion. The

condition that the flux which leaks out be less then that inside the

compression volume is roughly

2rrr~ I~ ot
~~~~ = 2i~~

____- 1. (2)

This is simp ly a requirement that the magnetic Reynolds number Em,

• defined by

Re=
~~~

t
~ 

(3)

be greater than unity. For a conductivity equal to that of liquid

copper, Eqs. (1) and (2) imply

B < 17 (WL
/L 

~~~
“L’ (4)

where B is in MG, WL/L in MJ/m , and vL is nm~/p sec .

In the present paper we describe several calculations intended to

elucidate the roles of (i) convergence (thickening ) of a cylindrical

liner and (ii) the detailed time dependence of liner trajectories in

the diffusion of magnetic flux into a metal liner. These calculations

have been carried out in support of the NRL Linus 7’8 experiments , in
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- which a rotating liquid metal liner is imploded hydraulically onto a

mixture of plasma and magnetic flux . Ideally, nearly all of the

compressional energy should go into the plasma, thereby heating

it to kilovolt temperature and initiating thermonucle ar reactions,
• and the magnetic field should be restricted to a thin buffer layer

between the plasma and the liner. Maintenance of this layer for

the duration of the burn is , of course, essential to containment .

• Even if only a small portion diffuses into the liner , the Joule heat

produced by the penetration of current into the liner can vaporize

the latter and release high Z impurities into the plasma. There-

fore , a reliable quantitative theory of the d if f u s i o n  is necessary.

In current and near-term experiments, however, much or all of

the “payload” consists of magnetic flux. In this paper we therefore

simplify our problem by ignoring the plasma entirely. We also ignore

field line fringing and curvature so as to make the problem one-

dimensional. (This is strictly correct at the midplane of the experi-

mental device, if nowhere else.)

Within the limitations thus invoked, our objective is to cal-

culate in detail how much flux leaks out of the compression region,

• retaining realistic conductivities, liner trajectories, and the

associated liner convergence. Previous work9 has, for the most part,

been restricted to slab geometry, using a vacuum magnetic field

prescribed on the basis of analytical convenience rather than con-

sistency with realistic trajectories.

1’?.
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Below in Section II we develop a formalism applicable to either

• - slab or cylindrical liners. A detailed treatment of the former is

presented in the Appendix to facilitate reference and comparison

with the cylindrical case. In Section III we specialize to the limit

of greatest interest, the weak-diffusion (high magnetic Reynolds

number) limit, and solve the resulting boundary layer problem. The

calculation of total diffused flux, magnetic energy in the liner and

Joule heat is reduced to a series of quadratures with respect to the

• trajectory. The diffused flux per unit surface area is precisely

the same as in the slab problem. In other words, the flux diffusion

rate is proportional to the instantaneous radius. Therefore the

total diff used flux is proportional to an average radius, whose value

depends on the details of the liner trajectory. Section IV describes

the results of applying this formalism to two prescribed model tra-

• jectories, termed “sinusoidal” and “parabolic.” We conclude in

Section V with a brief discussion of the results.

_ _ _ _ _ _ _  
U



II. Derivation of the Formalism

Consider a situation in which a cylindrical vacuum region of

radius R1 contains a uniform axial magnetic field (see Fig. 1). The

material surrounding the vacuum (the liner) is assumed to be incompressible,

extends to infinity and has a finite electrical conductivity c~. R1 may

be a function of time, in which case there is a radial flow field with-

in the medium. It is assumed that at t = 0 the magnetic field vanishes

outside the vacuum region. Its subsequent evolution is determined by

Amp~re ’s law

( 5 )

Faraday’s law

( 6)

and Ohm ’s law

~[ E + v x~~] = ~~ , (7’ )

where ~ is the velocity field. With the assumptions of one-dimensionality,

incompressibility and straight field lines, Eqs. (5- 7 ) yield the con-

vective diffusion equation

1 b
+ v —

~~~~~-- = .-~~
.—— (~tr 

- —a—), (8) 
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where 6 = 1,2 for slab, cylindrical geometry, respectively, and ~ is

the diffusivity, defined by

(9)

In general ~t depends on position explicitly or through the temperature

dependence of c~, and we can write

~t = ~~t F  . (10 )
0

Here ~t is a con~ ‘~~~~ indicative of the scale of ~~. and F is a

dimensionless ‘ which can depend on r and the history of B.

Corres~ ~-o Eq. (8) the initial condition is

B(r,O) = 0, r > R 1(O ) , (11)

and the boundary conditions are

lim B(r,t) = 0 ; (12)

B1(t)R~~(t) + 6f drr
6 1

B(r,t) = B1(o )R~~(o)  . (13)

Equation (13 ) is the expression of conservation of total magnetic

flux. These boundary conditions correspond to an initially field-

free liner. The case where there is a non-vanishing field profile

within the liner initially can also be treated, and the results can

be related to those of the present case. For large compression ratios

(see Section Iv), the effect of the initial profile is negligible.

• 6

___  -~~~~~ - . -~~~~~~~•—- -- • - - - —~~-- -~~~~~
- - - - - -•- • - -—.-



It is convenient to scale B(r,t) by the maximum value of the

vacuum field associated with the implosion, B0:

b = B(r,t)/B0, (14)

and to scale t by a time to, characteristic of the liner motion,

= t/t . (15)

Equation (8), which represents the Eulerian form of the convective-

diffusion equation, is not in the most advantageous form to calculate the

diffusion into a moving liner. This is because the boundary condition

of total flux conservation, Eq. (13), is applied at the moving boundary,

R1(t). Furthermore there are really two time scales associated with

Eq. ( 8): the convective time scale, R1/R1(t), and the diffusive time

scale, ~t0IR12 . It is most useful to cast Eq. (8) in Lagrangian form.

For the incompressible liners considered here the Lagrangian variable is

(r~ — R~ )/R 8 
. (16 )

w~iere R0 is the minimum radius . The system of equations now becomes

2 ( 8 — 1 )
= Rni 1 4ç~ 

1 F[Rl
Ô 

+ 
8 

~~ 
} ~ (17)

b(~,O )  = 0, ~ > 0  ; (18)

lim b(~~,~~) = 0 ; (19 )

~~~~~ ~~~~ •~~li• •.
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b1(T) R
8 +f d~b(~~,- r )  1, (20 )

where b1(’r) = b(0 , T) = B1/B0, 
the scaled liner radius R1/R is denoted

by R1, and the magnetic Reynolds number Rm is defined by

Em = R2/52 1. t (21)
0 0 0

The slab case, shown in Fig. 2, is treated in the Appendix.

Equations (17-20) with 6 = 3 (spherical geometry) apply to such processes

as heat diffusion from a collapsing reservoir, but not to magnetic

flux diffusion. Spherical (or quasispherical) flux surfaces not only

do not arise even in three-dimensional implosions, they also contradict

the assumption of straight field lines emp loyed in the derivation of

Eq. (8).  Thus in the body of this paper we restrict ourselves to the

- 

• cylindrical case, 8 = 2, and rewrite the equations accordingly. The

Lagrangian spatial variable is then from Eq. (16)

• = (r2-R12)/R0
2, (22)

and the appropriate form of the equations is

___  — ~1 
b r ,~~~~ ~~~~ 

bb -
~- Em L ~~~ + ‘~ / .J ,  ~23

b(~~,O) 0, ~ > 0 ;  (24 )

lim b(~ jr ) = 0 ; (25)

-
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~~~~~~~ ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~

b1( T ) ~ 12 +f d~ b(~~,T )  = 1, (26 )

with

Rm R 2/4 ~t t  • (27 )

Some results of an approximate nature can be found when Rm = 0

(static liner). Given b1, the va lue of b at r = R1, the solution for

the diffusion of b outward from the surface r = R1 into a region where

• 
- b = 0 initially is well—known10 :

b ( p ,1)  = 

f

03 

u (28 )

j (u ) Y ( p u )  - j (pu ) y (u)

j2(u) + y 2( u )

• where P = r/R1. ~ubstitution into Eq. (26) yields an integral equation

for .b1,

b1(T) + ( ?)2f dT’bi(T~T ) f  
= 1 (29)

For small r b1 ~ 1 , and the lowest order correction can be found by

iteration, using the asymptotic expansion for the Bessel functions

• J a n d Y :
0 0

b1 ( T )  1 - ( 2
)2f dT 

~~~ u LJ 0~~~ J + Y (u )J  (30 )

j

_  
_ _ _ _ _ _ _ _  

k- i
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Analogously, for T ~ the small-argument expansion of the Bessel

functions leads in lowest order to

b1(T ) 
~ 

. (31) 
-

We note that b~ (T) ~ 0 faster than in the slab case (see Appendix),

in accord with the intuitive notion that radial efflux is less

constrained than is rectilinear eff].ux.

L 10

___________________________________ ____________________ L i.1~~~
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• III. Large Magnetic Reynolds Number

The case of chief experimental interest is that of large magnetic

Reynolds number,

Em = R 2/Ii~t t  >> 1, (32 )

since this is the limit of efficient compression. Now the situation

• 
4 is greatly simplified. We anticipate that diffusive effects should

• be localized in a very thin boundary layer near the liner-vacuum

- 
• 

interface. That is, the magnetic flux distribution should differ

only by a small perturbation from that for an ideal adiabatically

compressed trapped flux.

To establish this result rigorously, we proceed using the methods

- of matched asymptotic analysis. The relevant equations are Eq. (23),

• the Lagrangian form of the convective-diffusion equation, with initial

• conditionsgiven by Eq. (24) and boundary conditions given by Eqs. (25)

and (26). It is assumed in the analysis that the form factor F remains

of order unity. We identify and treat separately two regions, as

follows.

Outer Region

We assume a regular perturbation expansion for the scaled magnetic field

strength b in powers of the small parameter

1 - b(~~,T ;e ;E m )  = b (°) (~~~~;€ )  + Rm h /2  b(1) (~~,T ;e)  (33 )

• 
+ Rm 1 b ( 2 )  (~~, T ; € )  + ...

1 11

Li 
_ _  
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To lowest order in Rm h/2 we find from Eqs. (23-26)

(0)
—

= 0, ~ > 0 ;  ( 3 5)

• lim b~°~ (0,T )  = 0; (36 )

b~°~(0,T) = b1(T) = (37 )

The solution of Eq. (34) which satisfies conditions ( 3 5)  and (36 ) is

b~°~~~,T) 0. (38 )

However, this solution does not satisfy the second boundary condition,

• Eq. (37). We thus have the ingredients for a classical boundary

layer. It is necessary to rescale the independent variable ~ to

recover the missing boundary condition and resolve this layer.

Inner Region

The rescaling is performed by defining

= Rm~~’~~~ . (39 )

When Eq. (39 ) is introduced in Eqs . (23-26 ) we obtain

~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ ; (~ 0)



= T ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ • ~~~~~~~~~~~~~~~~~~~~~~~~~~

- 
b(l1,0) = 0 ; (41)

lim b(T1,T) = 0 ; (42 )

b (o ,T )  ~~ + R m h/2f d~b(~~~~) = 1. (43)

Again expanding as in Eq. (33 ) yields in lowest order

~ ( o )
• 

• ~b . 2 “ f ~dU \ 44
- ~

1. ~ 5Tr ’ ~‘rf 1 ’

b~
0) (11,0)  0 ; (45 )

him b~°~ (11,T )  = 0; (1~6)
Th~

b~°~ (0 ,T )  b1( T)  = (47 )
This is just the condition for adiabatic flux compression.

If we define a new timelike variable , the “age”

, (48 )

Eq. ( 44) simplifies to a slab-type diffusion equation,

(0) ~ (o)

1 _ 3T r.

Equation (49 ) embodies both the’ cylindrical geometry and the liner

motion in a relation which is formally identical with that obtained

~ ~•
-~:•v 

~

~~~~~~~~~~~~
-- - - -•--- —

~~~

•

~~~~~~~~~~~~~~

•--

_ 1
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in planar geometry. Thus for Em >> 1, any calculation which can be

done in slab geometry can be carried over to the cylindrical case.

If at this point we rule out the possibility of thermal, etc.,

• variation of ~ and set

F = l ,

we can use the results derived in the Appendix to write down the diffused

magnetic field,

• B (~ ,e)  =

~~~~
°f ds e~~ b1(T - ~2/4~2), (50)

where b1 is given by Eq. (47). From Eq. (50 ) we find the total diffused

flux,

• = 211 1

VW B R 2 c 8 b1(9 ’) 
—

= 
C O  I dB ? 

_____ ; (5 1 )Em ,

0

the total magnetic energy,

WM 
= 2nf rdr B2(r ,T)

(~ 2)

= 

11312 B 2R 2 

~~~~~ t~” b~(:
’)b~(e

’)

and the total Joule heat,

14
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•

• 2 2
• 12 D L ~0 0

• WT
_ 

2 
d 8 b 1’1

-• 0
- (53 )

8 ub1jg8
p 1 “ _ _ _  W- 

(e
’
~~~~1/2J 

-

Equations (50-53 ) correctly determine •, WM and W
T 

for any for m of

• • the vacuum field 81(t), even if Eq. (47) , the condition for adiabatic
• flux compression, is not satisfied. In the present instance,

• 
. i~~(~~) = E~1(e~

J 2  and therefore the liner field, diff used f lux, and

magnetic and thermal energy distributions are seen to be given as

quadratures over the liner trajectory, R1(T), in this large Reynolds

number limit. Now all that remains is to supp ly the trajectory R1(T).

In general R1(1 ) must be obtained by considering all the forces acting

on the liner. To emphasize the physics of the problem in its most

simple form, we will instead consider the radial trajectory to be

prescribed and generate solutions consistent with this trajectory.

r~L



IV. Numerical Results

— We wish to apply the preceding results to trajectories which are

synunetric, smooth and contain the compression ratio ~ (initial radius

divided by final radius) as a parameter. Two examples are the

sinusoidal trajectory,

R0
2/R 12 ( t )  = € + ( l -€ )  sin (11t/2t ) , (~ 4)

and the parabolic trajectory,

R1
2 t )/ R 2 = 1 + — l ’~~l— t / t )2 . (55~

In both of these R: = R0, the minimum radius , when t = t
0 , and

R~ ~~~~~ = - 2 R , i.e.,3~ = €
- •  0

L But there is an essential difference. For the sinusoidal model,

• ~.1t /R, - ~r / L~~ >> 1 at t = 0, while in the parabolic model,

R1t / R 1 - 1. Consequently, the typical value of the normalized

vacuum field b: in the former case is close to unity and nearly

independent of £ , since the liner spends comparatively little time at

• large radii see Fig . 3~ . This is reflected in the age variable

This tends to be much smaller in the sinusoidal case, but the sinusoidal

t rajectory spend s a greater age in the vicinity of turnaround , where

the driving field is near its tnaximwn va lue .

When we use Eq. ‘51~ to evaluate the dif fuse d f lux • as a function

of time for these cases, we obtain the results shown in Fig . - . We expect

the sinusoidal trajectory to be more lossy. Thi s is seen to be true,

except at t ~ 2t0
. Diffused flux
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leaks back into the vacuum region when the vacuum field drops below

the values in the liner. Since the flux has not gotten very far into

the liner in the sinusoidal case, it leaks back out very quickly. In

contrast, the “older” parabolic trajectories cannot empty all the flux

back into the vacuum region, even though the driving field drops away

more abruptly after turnaround. Note that in all cases, this return

diffusion does not begin until = 0 (c.f. Eq. A8), i.e., somewhat
• T1=0

after turnaround .

To display the dependence of our results on the trajectory and

the vacuum magnetic field, we proceed as follows. The diffused flux

for a constant vacuum field is obtained by writing b1 = 1 in Eq. (51):

• ,JW B R 2 e 
2~~~B R 2

• ( e )  = 

Rm~ I~ f de ’(O_e ’yh/2= Rm~ /~ 
~ 81/2 

(56 )

Substituting for Em from Eq. (27), we have

• ( t )  = 2 rr < R1
2 > ~~~ B

0
(44t /n )h/2 , (57 )

where

< R1
2 > = ~~fd t

’ R1
2(t’) (58 )

is the mean square of the liner radius as a function of time. Thus

the trajectory enters only through the factor <R 1
2 > 1/2

• In the

general case, when b1 also dep ends on time, either through Eq. (47)

or otherwise, we can write

~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ 
•
~~~~~~~~~~~~~~

•
~~~~~~~~~~ 
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-1
4(t) = 2 11 <R1

2 >1/2 <Bi > (L I~~t/ 11) 1/2, (59 )
/

where <B1 > is a shape factor, representing some time average of the

driving field . As a rule, the product < R 12 > 1/2 < B 1 > can only be

obtained by numerical evaluation of Eq. (51).

To make contact with the results of Knoep fel°, we consider three

cases: (a) the sinusoidal model [Eq. (54)] with € = 1, i.e.,

B1 = B = constant and R1 = R = constant ; (b)  the € = 0.001 sinusoidal

• case described above; and (c) a static liner with R1 = R but B/B =
sin (‘rrt/2t ) [i.e., the field which would result from letting € -. 0

in Eq. (5 4 )] . The corresponding diffused fluxes are plotted against

time in Fig. 5. Curve (a) ,  which increases without bound, is just
• f ound by writing < R 1

2 > = R0
2 in Eq. (57). The result is the same

as that of Knoepfel for the constant vacuum field case. Curve (b) is

identical with the upper trace in Fig. 4. Curve (c) is found by re-

placing 8 with T = t/t in Eq. (51). (The difference between € = 0.0

and € = 0.001 is undetectible on the scale of the plot).

We can define a flux skin depth in the u8ual fashion as

= 4(t)/2r i R B .  (60 )

Substituting 4 from Eq. (59 ) we obtain

= ~4f ~ ( < R 1~ >1/2/R ) (  < B 1 >1B0 ) ~~~ (61)

where ~/I~7~i = 1.128 is recognized as Knoepfel’s°coeff icient for slab

diffusion with a constant driving field . In a similar fashion, skin
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depths may be defined for magnetic energy (SM), joule energy

and total energy 
~~~ 

In Table I these skin depths at t = t are
0

H • tabulated and compared to Knoepfel’s values (Ref. 9, p.77 ) for a

sinusoidal driving field on a slab liner.

Figure 6 shows plots of the thermal and magnetic energy of

diffusion associated with the trajectories of Fig. 3. Since the

energies are quadratic in B, the enhanced losses obtained with the

flatter sinusoidal trajectories are more pronounced here.

For overall energetic consideration, two measures of the losses

associated with flux diffusion are particularly useful (Fig. 7). These

are the total (W
M 

+ WT ) energy loss at turnaround, divided by the pay-

• load energy = TrR
0
2B
0
2/2~0 and the thermal energy 

~
‘1T 

at return divided

by W0
. The first tells how much the finite conductivity affects the

maximum compression, while the second measures the tendency of the

liner not to rebound exactly, as well as the amount of heat it absorbs

per cycle .

Finally, for some app lications a detailed knowledge of the diff used

flux profile is needed. Figure 8 shows how such profiles evolve for a

particular cage . Note that the picture of a thin layer near the boundary

is weakest near turnaround . The variable fl , of course , measures area ,

not displacement. Even though the trace for t = 2.0 is broader then

the earlier ones, the thickness of the layer

• 

- 

I < •,i > p~~~ 1/2 R0
2/R1 ,

where <1) > is an average or typical value of fl for the profile,

• evidently drops rapidly after turnaround .

• —

~

-

~

-— •

~

•

~

•• 

~~~~~~~~~~~~~~ _
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V. Conclusion

The principal result of this paper has been the establishment of

a simp le procedure to hand le diffusion prob lems in imploding cylindrical

systems at large Reynolds number. The particular application treated

here, flux diffusion in imploding cylindrical axial flux compression

devices, has emphasized the boundary layer character of this problem.

If the equations are cast in Lagrangian variables, the large

Reyno lds number limit leads to a “ slab”-like system of equations if

the time variable is suitably weighted over the implosion trajectory.

• To lowest order in Rm 111’2, the magnetic flux payload is compressed

adiabatically (supplying the boundary condition for the magnetic

diffusion problem). The diffused flux and magnetic and thermal

energies are all confined near the compression surface within a

boundary layer whose depth is of order Rn11’2.

The main aspects of this approach are also valid in other

prob lems involving the diffusion of a scalar quantity into a moving

medium at large associated Reynolds numbers, that is, wherever the

hydrodynamic time scale dictated by the basic system motion is short

compared to the relevant diffusive time scale. The same procedure

can treat slab, cylindrical, and spherical diffusion problems in this

limit.
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Appendix : The Convection-Diffusion Problem in Slab Geometry

As might be expected, the planar analog of the problem of flux

diffusion into a cylindrical liner is relatively tractable and affords

a convenient means of understanding the principal physical features

of the latter. Now the vacuum region is located between a perfectly

conducting wall at x = 0 and a moving liner-vacuum interface at x = x1

(see Fig. 2). Equations (16 -21 ) become

= (x - x~ )/x ; (Al )

4~— = Rm 1 
~~~ ; (A2 )

b3,0) = 0, ~ >0 ; A3)

u r n  b3,T )  = 0; (A4)

b1x1/x 0 +f d~ b(~ ,T) = 1, A5)

with x = x1(0) and

Em = x0
2/x.

0t0 . (A6 ) • •

If b1( T )  were known, the solution of Eqs. (A2-A4) could be

written down immediately using standard results from diffusion theory~°
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L i
b (11,T) = _

~
j  ds e 8 b1(T — ~ :—), (A7 )

2~~~

where ~ has been rep laced by the stretched variable

= ~~~~~~ . (A8)

‘3ecause of the non-standard boundary condition Eq. (A5), however, b1

- is not known, and self-consistent solutions for finite Rm in general

require numerical techniques.

Some of the analysis can be carried out in closed form, however,

in the case of uniform motion,

x1(r) = x + V T  = V (r  ± 
~~~ 

(A9)

where I = x0/1V 01 . Substituting (A7) into (A5) yields

1 ~~ da’b1(0 )
b1( c T ) ( l  + w ~~) +— I  ______  

= 1, (Alo)
• 

A fJ  ~/~~~- a

where

w = ± Rm
1 , ( A l l )

• • the sign depend ing on that of V0, and

• I •

- 

• 

~ = r R m , (p .12 )

22
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with ‘r defined by Eq. (15).

The Abel equation (AlO ) can be solved by Laplace transforms,
• provided w > 0 .  Define

- 

a(s) =J d~e
8° b1(a). (13 )

0

• 
- • 

Then

a( l  + s h/’2) + w —a-— = ~~~~~~~~ (kl4 )

whence

- 

a(s) = exp [- s(X 2-l)+~~~ (A-u)
] 

(A15)
1

- 
Inversion of (Al5) leads to

“I
f

b1(a)  
~J w 2 -( —~~~~ — ex~

[ 

~~(X ~~1)2/w
2 ]  

. (A16 )

Next we note (by direct substitution if necessary ) that the solution

(Al6 ) works equally well for W < 0 , provided 1 + wo > 0. Finally we

reintroduce ¶ and Rm explicitly, rewriting the integral in the process

to obtain

+ —  2
• b1(T )  = —

~~
-— I dz e w 

— 
z ( l — z  ~ (A17 )

.J
~~wJ / l+(l-HuT)(z~- L){1_afl+( l+wT)(z~ _ l ) ]

Li 
-

a form which is only valid for w < 0 .

23
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Though unwieldy, this result provides some useful information .

• First, the limit w -‘ 0 yields the static liner result

b1( T )  = e
T
erfc(~J~ ) (Al8)

where erfc denotes the comp limentary error function. For T ~ ~~ the

asymptotic form of the latter leads to

• b1( T )  ~~~ . (A19 )

• • Secondly, when 1 + w’r = 0 (totally imploded liner), Eq. (Al7) reduces

to

b1(-w 1) = ~~~~~fd z e
_Tz

z(l÷z) (A20 )

= ~~~ ( l + !J~~~) .2 T

• Thus the vacuum field strength remains finite no matter how rapid the

compression; indeed, if Em is less than a critical value ~m given by

(A2l)

b i decreases monotonically . Lastly, for w > >  1 ( the large magnetic

¶ Reynolds number limit),

2

2Z~
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b1( T )  ‘ _____ = x / x 1 . A22 )

Corrections to the lowest order result are evidently Rm h/ 2  and may

be calculated systematically.

In the limit Em >> 1, however, Eq. (A5) reduces to b1(T) — x
0/x1,

• Independent of any ansatz of the form (A9). Given a knowledge of the

trajectory x1(T), all of the quantities of physical interest can be
• found from (A7). Thus the total flux diffused into the liner is

- 

B x  T b1( T ’)
4 =f’dxB(x ,t )  

(~~~~~)J. /2f 
dT ’ — . (A23 )

xl 0

• 

- 

The rate of change of 4 with time is given by

- 

B x  
_

~~~~~~~~ =f dli -p-- f dli -~~~~~~~~ = - 

= 0 
(A24 )

Hence from (A3),

lim ~b = - 
1 

~~~~
_ (dT ’ 

bl (T
#

) 
(~~5)

T1 -. o+ ‘TT~ 
~~ 0

b1(o) 1 , 
bb1/b 1 ’

= - - - —I  d1
• 

“~ J (T_ ,~~~~~)1/2

• 0

The magnetic energy associated with the diffused flux is

I-
I
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WM = 
x0B0

2 f  dli b2 (l1,T ) (A26 )
2p Rmh/2

0 0

= 
B 2x ~ )

1/2 ( d.r ’IdT ” 
b1(T )b1(T ” )

Em 

~
1 j

after an interchange in orders of integration. The Joule heat is

WT J dT ‘
~T (T ‘)

• 
• 

- (A27)
2 T

• = 

x 
~ )1/2J dr ’f dli ( ~~ )2

The interchange of orders of integration is not valid here. Instead we

integrate by parts, using (A25):

W
T 

= °°  ( ~~~ )1/2fdT
’ 

[bi(0,T~~) 
b~~~0,T )  -f dli b1

(A28 )f 
= 

x : 2 

)
1/2J dT bl(T )[_ +f dT” (T~~~~~ )~~/2] 

W
M.

Although (A26) and (A27) are manifestly positive, (A28 ) is not.

• Nonetheless, numerical evaluations of (A26) and (A28) reveals that

� WM, a relation which can be shown to hold in genera l

L ~~~~~~~~~~~~~~~~ ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ 
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TABLE I SKIN DEPTHS FOR SINUSOIDAL TRAJECTORY: Comparison with

• - Static Liner and Sinusoidal Field at t t
0

• Flux Joule Magnetic Total

€ 
~T
”
~~ M”

.001 1.065 .684 .582 1.266

.01 l .o6~ .686 .583 1.270

.15 1.081 .753 .598 1.351

.30 1.092 .8~6 .611 1.468

1 .45 1.10 1 .984 .623 1.606

- Slab E~ .8~ .718 .500 1.223

p
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INITIAL POSITION
OF UNER-VACUUM
INTERFAC E

N
/
/

LINER—• / 2 VACUUM
• R INTERFACE/ 0 AT TURNAROUND

/

~/  
0)

_ IR
INSTA NTANEOUS\ LINER-VACUUM
INTERFACE AT /\

N
‘

9

—

Fig. 1 — Schematic of cylindrical liner compressing an axial flux.
The radius of the liner-vacuum interface is R 1 = R0e 1/2 at t =

• 0 and R1 = ~~ at turnaround (t = t0). The shaded region rep-
resents the layer occupied by diffused flux.
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INFINITE F(NITE
CONDUCTIVITY VACUUM CONDUCTIVITY

1 
~~~~~~~~~~~ 

~~~~~~~~ 

~

Fig. 2 — Slab equivalent of the model shown in Fig. 1. A region of in- —

• finite conductivity lies to the left of x = 0. Inside the “liner” (the
region of finite a, x > x1) the field strength falls from its vacuum value
to zero .
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Fig. 3 — Plots of B/BQ vs t/t0 for sinusoidal (solid traces) and parabolic
(broken traces) trajectories for deep (e = 0.001) and shallow (e 0.1)
compression
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Fig. 4 — Scaled total diffused flux 4~ = t~ Rm1/2/ B0R02 as a function
of t/t0 for the two parabolic trajectories (broken trace) and one sinu-
soidal trajectory of Fig. 3
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STATIC LINER
• SINUSOIDAL FIELD
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I I I
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1/I0

t ~g. 5 — Comparison of scaled total diffused flux 4~ as a function of
t/t0 for (a) static liner, constant vacuum field B B0 (top trace); (b)
€ = 0.001 sinusoidal trajectory and corresponding vacuu m magnetic
field, shown in Fig. 3 (middle trace); and (c) static lines with sinusoidal
(e = 0, non-self-consistent) vacuum field (bottom trace).

r
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Fig. 6 — Plots of W~ = WM Rm1/2/B O2R O2 and W~ = WTRm ’/2/B0R02 scaled total
magnetic and thermal energies, respectively ) vs. time for (a) e = 0.001 and (b) e
0.1. Solid lines are used for sinusoidal trajectories , broken lines for parabolic.
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