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SUMMARY
Problem

The problem which is investigated is the determination of the

optimal open loop controls so that the torpedo ’s trajectory minimizes

the cost functional. The basic cost functional Is the elapsed time

so that the problem is referred to as the time-optimal torpedo control

problem. For comparison of different computational methods , a fixed-

time problem of minimizing the miss distance was solved . The results

are restricted to the torpedo ’s motion in the horizontal plane , and

the equations of motion of a torpedo are simplified so that the equa-

tions are linear wi th respect to the control variable. The computa-

tioral techniques that were used to solve the problem are the Epsilon

Technique , the conjugate gradient method , and the method of linearization .

Results

The results show tha t the best controls for the time-optimal tor-

pedo control problem are obtained when the Epsilon Technique Is ini-

tialized from the output of the method of linearization to the corre-

sponding fixed-time torpedo control problem . The basic problem

encountered is the computer limitation In the number of sample points

and basis functions able to be used on present-day computers due to

size limitations and roundoff and truncation errors .

Recommendations

It is recommended that different ways of implementing the com-

putational techniques be explored to determine how to Increase the

number of sample points or of removing the need for more sample points

by a better choice of basis functions.

‘111

L_ . - - -“ 
___

_
~~ :,_ 

~~~~~~~ _
‘ ‘

~~~~~~~~ - ~~. .-‘- ‘ .- ——



TABLE OF CONTENTS

Page
Figures v

Tables xvii

Chapter One - Introduction 1

Chapter Two - System Equations 6

Chapter Three - Epsilon Technique 11

Chapter Four - Conjugate Gradient Method 33

Chapter Five - Method of Linearization 36

Chapter Six - Application of the Maximum Principle 39

Chapter Seven - Results 42

Chapter Eight - Conclusions 165

Appendix A - Computer Programs l~9

I 
I

Iv

— ~~~~~~~~~~~~ ~~~~~~~~~~~~~~~~~~ 
- 

-~~~~~ ‘~~~~~~- -—- -~~~ - -~~~~~~~~~~~~~~~~ -~~
‘-



FIGURES

Page

7.1: Fixed-Time Torpedo Control Problem

Case A: Exact Torpedo Trajectory; ME Method ,

u-Trajectory 54

7.2: Fixed-Tirije Torpedo Control Problem

Case A: CG Method 55

7.3: Fixed-Tiruie Torpedo Contro l Problem

Case A: SE Method , x-Trajectory 56

7.4: Fixed-Time Torpedo Contro l Problem

Case A: ME Method , x-Trajectory 57

7.5: Fixed-Time Torpedo Control Problem

Case A: LIN l2letitod , ~ = 1 0000 58

7.6: Fixed-Time Torpedo Control Problem

Case A: LIN Method , A = 5000, R Constant 59

7.7: Fixed-Time Torpedo Control Problem

Case A: U N  Method , A = 3000 60

7.8: Fixed-Time Torpedo Contro l Problem

Case A: LIN Method , A = 3000, R Constant 61

7.9: Fixed-Ti me Torpedo Contro l Problem

Case B: Exact Torpedo Trajectory ; ME Method ,

u-Trajectory ; CG Method , Final Endpoint Fixed and

CG Method , Aimpoint Head of the Torpedo 64

7.10: Fixed-Time Torpedo Contro l Problem

Case B: SE Method , x-Trajectory 65

7.11: Fixed-Time Torpedo Contro l Problem

Case B: SE Method , u-Trajectory 66

V

-
S _ :.,: ~~~~

.-.- - - — ~:~~
- -

. —
- ‘1’LL~.~. ~~~~~~~~ ~~~~~~~

‘-
~

‘
~~~~~

- “ ‘-“ ‘-
~~
---- -- -

~
-- -- -K ’

-’



~~~‘‘ ~~~

FIGURES (Cont’d)

Page

7.12: Fi xed-Time Torpedo Contro l Problem

Case LI: SE Method , Fixed Final Endpoint , x-Trajectory  67

7.1 3: Fixed-Time Torpedo Contro l Problem

Case B: SE Method, Fixed Final Endpoint , u—Tra jectory  68

7.14: Fixed-Time Torpedo Contro l Problem

Case B: ME iethod , x—Trajectory 69

7.15: Fixed-Time Torpedo Control Problem

Case B: CG Method , Eul er Integration 70

7.16: Fixed-Time Torpedo Control Problem

Case B: CG Method , Moul ton ’s Method of Integration. .  71

7.17: Fixed-Time Torpedo Control Problem

Case B: U I N  Method , \ = 60000 72

7.18: Fixed-Time Torpedo Contro l Problem

Case B: Exact Torpedo Trajectory , Torpedo Init i ally

in a Curve 73

7.19: Fixed-Time Torpedo Control Problem

Case B : ME Method , Torpedo In iti all y i n a Curve . . .  74

7.20: Fixed-Time Torpedo Contro l Problem

Ca se B: CG Method , Torpedo Init ially in a Curve . . .  75

7.21: Fixed-Time Torpedo Control Problem

Case B: CG Method , Torpedo Initally in a Curve , Ori ginal

Method of A pp lication 76

7.22: Fixed—Time Torpedo Control Problem

Case B: SE Method , Aim point Head of Torpedo 77

V i

~~
—“-- .- A -



t

FIGURES (Cont’d)

Page

7.23: Fixed-Time Torpedo Contro l Problem

Case C: Exact Torpedo Trajectory 80

7.24: Fixed-Time Torpedo Control Problem

Case C: CG Method  81

7.25: Fixed-Time Torpedo Contro l Probl em

Case C: F4CG Method 82

7.26: Fixed-Time Torpedo Control Problem

Case C : SE Method 83

7.27: Fixed-Time Torpedo Control Problem

Case C: ME Method , x-Trajectory 84

7.28: Fixed-Time Torpedo Contro l Problem

Case C: ME Method , u-Trajectory 85

7.29: Fixed-Time Torpedo Contro l Problem

Case C: LIN Method , A = 60000 86

7.30: Fixed-Time Torpedo Control Probleni

Case C: U N  Method , A = 60000, R Constant 87

7.31: Fixed-Time Torpedo Control Problem

Case C: LIN Method , A = 40000 88

7.32: Fixed-Time Torpedo Control Problem

Case C: U N  Method , A = 40000, R Con stant 89

7.33: Fixed-Time Torpedo Control Problem

Case 0: Exact Torpedo Trajectory ; CG Method;

ME Method , u-Trajectory 91

7.34: Fixed-Time Torpedo Contro l Problem

Case 0: SE Method 92

vii

V 

_

~~~~

• , - -— — — —‘ A ,,_

~~~~ 

- -=r=,, ~~~~~~~ ‘ ______

-
- 

-‘-- — - -p -‘— -



FIGURES I, t’d)

Page

7.3’~: Fixed-Time Torpedo Control Problem

Case 0: ME Method , x-Trajectory 93

7.36: F i xed-T i me Torpedo Con trol Problem

Case 0: U N  Method , A = 60000 94

1.37: Fixed—Time Torpedo Control Problem

Case 0: LIN Method , X = 60000, R Cons tant 95

7.38: Fixed-Time Torpedo Contro l Problem

Case E: Exact Torpedo Trajectory 97

7.39 : F~ x ‘ ‘~—Ti me Torpedo Control Problem

L: SE Method , Aimpoint Head of Torpedo ,

uj ~,~tory 98

7. -hi ; Fixed - l’itiie Torpedo Contro l Problem

Case E: CG Method , Aimpoint Head of Torpedo , Initial

Trajectory , 0.4 Sec. Curve , 2.6 Sec. Straight 99

7.41: Fixed-Time Torpedo Contro l Problem

Case E: Me Method , Aim point Head of Torpedo 100

1.4Ff : Fixed -Time Torpedo Control Problem

Case E: LIN Method , ‘
~ 

= 60000 101

/.43: Fixed-Time Torpedo Control Problem

Case E : LIN Method , A = 30000 102

7.44: Time-Optima l Torpedo Contro l Problem

Free Initial and Final Endpoints. Moving Target

6 Ba s is Func ti ons , 1 0 Sample Po i nts 104

7.45: Time -Optimal Torpedo Control Problem

Free Fin di Endpoint , Mov ing Target, 6 Bas i s Functions ,

1 0 Sample Poi n ts 105

V i i i

- . . , ,  ‘~
, -

. ~~~~~~~~~~~~~~~ ____  ~~~~~~~~~~~~~~~~~~~~~~~ . ,~~~ , - -
~~~



=“—. ~~7 ” T I - -

FIGURES (Cont’d)

Page

7.46: Time-Optima l Torpedo Contro l Problem

Free Final End point , Movin g Target, 3 Basis Functions ,

10 Sample Points 106

7.47: Time-O ptimal Torpedo Contro l Problem

Free Fi nal End poi nt , Moving Target , 1 1 Basi s Funct ions ,

10 Samp le Points 107

7.48: Time-Optimal Torpedo Control Problem

Case A : SE Method , 10 Basis Functions , 30 Sample

Points 109

7.49: Time-Optima l Torpedo Control Problem

Ca se A : SE Method , 10 Basis Functions , 50 Sample

Poin ts 110

7.50: Time-Optima l Torpedo Control Problem

Case A: SE Method , 1 0 Bas i s Funct ions , 50 Sample

Po i nts , Free Final Endpoint 11 1

7.51 : Time-Optima l Torpedo Contro l Problem

Case A : ME Method , 12 Bas i s Funct ions , 50 Sample

Points , Free Fi nal Endpoint 1 12

7.52: Time-Optima l Torpedo Control Problem

Case A: LSE Metho d , 1 2 Bas i s Func ti ons , 50 Sample

Points , Free Final Endpoint , Short Ini ti al Fi nal

Time 113

ix

-- , -— —~~~~~~~ 
‘ 

-~~~~“-- .‘

L ‘ ‘ — ‘  
~~, , —__ ~

_ .  —‘  ‘— ‘ “  —. ‘
~~ 

—‘



FIGURE S (Corit’d)

Page

7.53: Time-Optima l Torpedo Contro l Problem

Case A : USE Method , 12 Basis Functions , 50 Sample

Points , Free Final E’.5~, oint , Exact Initial Final

Time 114

7.54: Time-Optimal Torpedo Contro l Problem

Case B: SE Method , 12 Basis Functions , 50 Samp le

Points , Free Final Endpoint 117

7.55: Time—Optima l Torpedo Control Problem

Case B: SE Method , 12 Basis Functions , 50 Samp le

Points 118

7.56: Time-Optimal Torpedo Contro l Problem

Case B: SE Method , 12 Bas is Functions , 60 Samp le

Points , Free Final Endpoint , Torpedo Initially in a

Curve 119

7.57: Time—Optimal Torpedo Contro l Problem

Case B: ML Mt,~Lnud , 12 Basis Functions , 50 Sample

Points , Free Final Endpoint 120

7.58: Time-Optimal Torpedo Control Probl em

Case B: ME Method , 12 Basis Functions , 50 Sample

Points , Free Final Endpoint , Torpedo Initially in a

Curve 121

7.59: Time-Optima l Torpedo Contro l Problem

Case B: SE Method , 12 Basis Functions , 50 Sample

Points , Free Final Endpoint , Second-Order Newton-

Raphson Technique 122

x

- 5—— “— ‘ . ,-~ ..-. -.—-- ,-~ 
:‘

S 
— — 

“— -, —— — 
..‘—.——- -‘—-_—- ‘— ‘—— — —‘— — ‘———K- s_A

~~~



FIGURE S (Cort’d)

Page

7.6u: Time-Optima l Torpedo Control Problem

Case B: SE Method , 12 uasis Functions , 51) Sariip~e

Points , Free Final Endpoint , Constant Forwa rd

Veloc i ty 123

7.61 : Time-Optima l Torpedo Contro l Problem

Case B: SE lethod , 12 Basis Functions , tiO Sampl e

Points , Optima l Initial Trajector,.’ , Short Initial

Final Time 124

7.t~2: Time -Opti iii al Tur~iedo Control Problem

Case B: USC Method , 12 Basis Functions , 51 Sampl e

Points , Free Final Endpoint , Short Initial Final

Time 125

7.o3: Tim e-Optima l Torpedo Contro l Problem

Case B: USE lethod , 12 Basis Functions , 51 Sample

Point , Free Final End point , Exact Initial Final

Time 126

7.64: Ti .ie-Optima l Torpedo Contro l Problem

Case C: SE Method , 12 Basis F .ncti ons , 60 Sample

Points , Free Final Endpoint 129

7.65: Tirtie-Optima l Torpedo Contro l Problem

Case C: SE Method , 12 Basis Functions , 60 Sample

Points , Free Final Endpoint , Torpedo Initially in a

Curve 130

7.66: Time—Optimal Torpedo Control Problem

Case C: SE Method , 12 Basis Functions , 50 Sampl e

Points 131

x i

__ __ -



-
~~
--

~~
-‘ ‘

~~~~

-

FIGURES (C~nt’d)

Page

7.67: Time-Optimal Torpedo Control Problem

Case C: ME Method , 12 Basis Func ti ons , 50 Sample

Points , Free F inal Endpo i nt 132

7.68: Time—Optimal Torpedo Control Problem

Case C: SE Method, 12 Bas i s Funct ions , 51) Samp le

Points , Method of Steepes t Descent Used for Nine

Iterations , x-Trajectory 133

7.bY : Time-Opti ma l Torpedo Contro l Problet i

Cas e C : SE Method , 12 Bas i s Func tions , 50 Sample

Points , Free F i na l Endpo i nt , Opti m al Initial Trajectory,

Short Initial Final Time 134

/ .7 :  Time-Optima l Torpedo Control Problem

Case C: ~L Method , 12 Basis Functions , 50 Sample

Points , Optima l Initial Trajectory , Sho rt In i tial

Final Time 135

7.71: TiI e_U~tiIua l Torpedo Control Problem

Case C: LS[ lethod , 12 Basis Functions , 50 Sample

Points , Free Final Endpoint , Short Initial Final

T iii e 136

7.72: T’ t e-Optimal Torpedo Control Problem

Case C: LSE Method , 12 Basis Functions , SO Samp le

Points , Free Final End point , Exact In i t ial Final

T i e  137

x ii



FIGURES (Cont’d)

Page

7.73: Time-Optimal Torpedo Control Problem

Case 0: SE Method , 12 Basis Functions , 60 Sample

Points , Free Final End point , Tor pedo Initially in a

Curve 139

7.74: Time-Optimal Torpedo Contro l Problem

Case 0: SE Method , 1 2 Basis Functions , 50 Sample

Points , Free Final Endpoint 140

7.75 : Time-Optimal Torpedo Control Problem

Case 0: SE Method , 12 Basis Func tions , 60 Sampl e

Points , Free F inal Endpo int, x-Trajectory 141

7.76: Time-Optimal Torpedo Contro l Problem

Case D: ME Method , 12 Basis Funct ions , 50 Samp le

Points , Free F inal Endpoint 142

7.77: Time-O ptima l Torpedo Control Problem

Case 0: LSE Method , 12 Bas i s Funct i ons , 51 Samp le

Points , Free Final End point , Short Initial Final

Time 143

7.78: Time-Optimal Torpedo Control Problem

Case 0: LSE Method , 12 Basis Functions , 5) Sample

Points , Free Final Endpo int, Exact Init ia~ Fina~

T ime 

L 

7.79: Fixed-Time Torpedo Contro l Problem

Case E: LIN Method , Short In itial Final Time ,

A = 60000 149

xii i

S
’

- -

”’ 

~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~



FIGURES (Cont ’d)

Page
/ . , ;i : line -Optima l Torpedo Control Problem

1~~ L: LSE Method , 12 Basis Functions , 51 Samp le

Points , Free Final Endpoint , Short In i tial Final

150

F1A ~ i-T i’~ Torpedo Con tro l Pro b lem

ise C: IN Method , A = 60000 151

7 ~~ 
- 

~~e - O p t  ~- i il Torped o Control Problem

~~se L :  L~E Method , 12 Basis Functions , 51 Sample

inK , rt~e Final Endpoint , Exac t  I n i t i a l  F i n a l

c 152

i ,,,‘~ - T i i~-’ urpedo Cont ol Problem

~r i t i a ~ ~~~~~~ 51)0 f t . ,  Init ial Heading, 0.1 rad., LIN

— t~QOOO 153

: ~~~‘~l’j t it ~ I Torpedo Contro l Problem

~niLial 2~nge , 500 f t P.. Initial I-leading, 0.1 rad.,

~ ~~~~~~~~ 12 Ba~ ~s Fi~r~ tions , 51 Samp l e Poin ts ,

Free F I ,  rHp oir I 154

~eJ-T ii e Terpedo Cn rtro l Problem

Initial Range 500 ft., Initial Heading 0.2 rad.,

L IN Method , = 60000 155

1.86 : l ine-Optimal Torpedo Control Problem

~r~i t i o i  Range 5’O ft., Initial Heading, 0.2 rad.,

LSE Met hod , 12 Basis Func t ions , 51 Samp le Points ,

Free Final End point 156

x iv



- -

FIGURES (Cont ’d)

Page

7.87: Fixed-Time Torpedo Control Problem

Initial Rnage 500 ft., Initial Heading 0.3 rad .,

LIN Method , A = 60000 157

7.88: Time -Optimal Torpedo Control Problem

Initial Range 500 ft., Initial Heading 0.3 rad., LSE

Method , 12 Basis Functions , 51 Sample Points , Free

Final Endpoint 158

7.89: Fixed-Time Torpedo Control Problem

Initial Range 500 ft., Initial Heading, 0.4 rad.,

UIN Method , A = 60000 159

7.90: Time-Optima l Torpedo Control Problem

Initial Range 500 ft., Initial Heading, 0.4 rad.,
-
‘ LSE Method , 12 Bas i s Func ti ons , 51 Sam p le Po i nts , Free

Final Endpoint 160

7.91 : Fixed-Time Torpedo Contro l Problem

Initial Range 750 ft., Initial Heading 0.1 rad.,

UIN Method , A = 60000 161

7.92: Time-Optima l Torpedo Control Problem

Initial Range 750 ft., Initial Heading 0.1 rad.,

LSE Method , 12 Bas i s Fu nc t ions , 50 Samp le Points ,

Free Final Endpo int 162

7.93: Fixed-Time Torpedo Control Problem

Initial Range 1 000 ft ., Init i al Hea d ing 0.1 rad. ,

LIN Method , A = 60000 163

xv

, : ~~~~~‘T:~~
_

~~~ _ _ _



FIGURES (Cont’ d)

Pa ge
7.94 : Time—Optimal Torpedo Control Problem

Initial Range 1 000 ft., In itial Heading 0.1 rad.,

LSE Method , 12 Bas is Func t ions , 51 Sampl e Points ,
Free Final Endpo int 164

xv i

_ _ _ _ _ _ _ _  - -  



__________ _ -~

TABLE S

Page
2.1: Values of the Cons tan ts Used i n the Tor pedo Mot ion

Equat i ons 8

3.l : List of the Basis Functions that were Considered for

Use with the Epsilon Technique 19

3.2: Basis Funct ons are Type No. 1 with Straight Initial

Approximation. Trajectory was 0.3 Sec. Curv e, 0.3 Sec.

Stra i ght. Twe l ve Basis Functions were Used 20

3.3: Basis Functions are Type No. 2 with Cubic Initial

Approximation . Trajectory was 0.3 Sec . Curve , 0.3 Sec.

Straight. Twelve Basis Functions were Used 21

3.4: Basis Functic ;5 are Type No. 1 with Cubic Initial

Approximation . Trajectory is 0.3 Sec. Curve , 0.3 Sec.

Stra i ght. Twel ve Basis Functions were Used 22

3.5: Basis Functions of Type No. 1 with Straight Initial

Conditions. Traje ctory was 0.6 Sec . Curve. Twelve

Basis Functions were Used 23

3.6: Basis Functions are of Type No. 2 with Cubic Initial

Approximation. Trajectory is 0.6 Sec . Curve. Twelve

Bas i s Func ti ons were Used 24

3.7: Basis Functions are Type No. 1 with Straight Initial

Conditions. Trajectory is 0.3 Sec. Curve , 2.7 Sec.

Straight. Twelve Basis Functions were Used 25

3.8: Basis Function s are of Type No. 2 wi th Cubic Initial

Approximation. Trajectory is 0.3 Sec. Turn , 9.75 Sec .

Stra i ght. Twelve Basis Functions were Used 26

xvi i

.

5 
5 ‘ 5 - ’  ,~~ , i:-~~- ~~-:i ~~~~~~~~~~~~~~~ ,,



-- K-

TABLES (Cont’d)

Pa ge

3.9: Comparison of Values for 0.3 Sec . Curve , 0.3 Sec.

Stra i ght Generated by Optima l Coefficient 27

3.10: Comparison of Values for 0.6 Sec. Curve Generated

by Optima l Coefficients 29

3.11: Comparison of Values for 0.3 Sec. Curve , 9.7 Sec.

Straight Trajectory 31

7.1: Case A: Fixed-Time Torpedo Control Problem 53

7.2: Case B Resul ts 62

7. 3: Case C Results 78

7.4 : Cas e 0 Resul ts 90

7. 5: C ase E Results 96

7.6: Time Optimal Torpedo Contro l, Long Range 103

7.7: Case A: Time Optima l Torpedo Control Problem . . .  108

7.8: Case B: Time Optimal Torpedo Control Problem . . .  115

7.9: Case C: Time Optimal Torpedo Contro l Problem . . .  127

7.10: Case 0: Time Optima l Torpedo Control Problem . . .  138

7.11: USE Method Applied to Long Ranges 145

xv iii 

_______
~~4 -

~~~~



Chapter One: Introdu ction

In this report , the results of applyin g several different

i ’O p L it a t ion a l t,Oi hniques to the terpedo contro l r u ble: are presented .

Tne torpedo contro l prot lem is def ined t u  be t,Ie  detrn’ ination of the

opt i ’ ~ 1 open loop i r t  rol s so t h a t  the t or~edo ‘ S t r~ k- to’-’ , ni n ini  zes

the cost funct ional - In the f i  ~ud  tine to r edo control the co r ,t

funct ional is the d is tanc e b t t c ~~ii i  lie Nir ,’do dnd the tar t and the

final t in e  is f ixed . Fur the t it o—o p t  n:aI t o P p le Lo i lt ro l problem the

cost tuni t iona l is th e f ina l  t ine and ~he tar - i t s  pos i t ion  is a f inal

endpoint condi t ion that the ‘ t a t e  equat i on ru s t ‘ r ’ isf y. The r’ c i t i v a t ion

beh ind  c heus i n e this urob let ’ ’ is en ut  I e ’ ’ ~~ I t ’  an~,~,’ r  ne m l  low ing

q uest ion . G i v ’ r i  that the torpedo Ites a f i n i t e  c ou nt el fuel that . is

ex ee nded at a ur is~ nit rate , w i 11 the et f e t  ti ye r d r u : e  of the to t - t edo be

si un i fi cant ly Inc roe ~ ‘d if t h I im e—opt ima 1 pursui t  tre j ec t o r i  is

fo l1e~’.’ed ? In order to answe r t e  above question the tine -optimal

‘ L r s u i t  traj ectories of the torpedo ni st he calculated . Hence , we have

the tine-opti m a l tori’edo control prohiun . Since most computat ional

techni ques ere restricted Ic fixed time optima l control probl eri s , the

fi ‘5ed t i e  torpedo contro l probl ei t was defined to obta in a comparison

of different computational methods. Although this problem would appear

to have been investi gated in the past , the author has not been able

to find any record in the literature , by cont actinq people at the

Naval Ocean Systems Center who have worked on torpedoes and torpedo

control syster s for over twenty years or by contactin g several professors

at the Naval Postoraduete School -

The cor putational techni ques used to solve the torpedo control

- - ‘
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problem are t he  Epsilon Technique , the conjugate gradient method and

the method of l i near iza t ion  about a known trajectory . The onl y method

which is directly applicable to time-optimal contro l problems is the

Epsilon Technique. A new method of applying the Epsilo n Technique is

g iven. Iii solving the time-optimal torpedo contro l problem the Epsilon

Technique is initialized by using the results of the method of linear-

ization about a known trajectory applied to the fixed time torpedo

:ontrol probl em .

Before proceeding further let us define sonic notational abbrevia-

tions that will be used throughout this dissertation. The dependence

of a vector on ti iir e will usually be implied , that is x x (t), especially

when being used as an argument. Partial derivatives will be denoted by

a subscr ip t ,  t hat is 
~~

The Epsilon Technique was first presented by Balakrishnan in

references [1] - [4]. Bas ically, the Epsilon Techni que converts a

dynam ic optimal contro l proble m into a nondynan ric optima l contro l

proble m by incorporating the dynam ic equation as a penalty function

added to t he cost  funct ional  . Let

~( t )  = f(t,x ,u) (1.1 )

be the dynamic equation where the state vector x(t) is continuous and

di f ferent iable , the control vector is contained in a compact subspace of

C1 and appropiate initial and final endpoint conditions are given. We

want to determine the controls u(t) that minimize the cost functional

J (t ,~~,u) = ‘:(tf~x (t f ))  + ,:~ f L(t ,x , u) dt ( 1.2 )

The Epsilon Techni que forms the epsilon cost functi onal

J (t ,~ ,u) = J(t ,x ,u) + 1 - f(t ,x ,u)~ ~ dt (1 .3 )

2
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and minimizes it over all admissible x and u subject to the initial and

f inal condit ions being met. In this way one is no longer constrained to

satisfy the dynamic equation (1.1). However, the minimum of the epsilon

cost functional niust satisfy the dynamic equation due to the huge penalty

incurred of the dynamic equation is not satisfied . Balakrishnan has

shown that the minimum of the epsilon cost functional converges to the

m ini m um of the original optima l contro l problem as epsilon goes to zero .

The Epsilon Technique has been applied to severa l different problems .

Balakrishnan in reference [4] and Taylor in reference [5] determined the

minimum time and trajectory for a supersonic interceptor to reach a g iven

altitude and velocity . The results compared favorably with the previous

solutions to this problem although the final times were slightly diffe r-

ent. Taylor and Constantinides in reference [6]—[7] appl ied the Epsilon

Techni que to the Earth-Mars orbit transfer problem. m e  final time that

they obtained did not match the previous results. In reference [8],

Mikami solved the minimum time problem of a missile flying to a fixed

point by the Epsilon Technique. In reference [9], Mikam i solved the

m i n i m u m  time probl em of a particle subjected to constant magnitude

thrust which is controlled by two angles. He compared the Epsilon

Techni que to the conjugate gradient method using sine basis functions

and polynomial basis f u n c t i o n s  in the Epsi lon Tec hn i que . Good agreement

between the three methods was obtained for the final time and the state

trajectory. However , the controls were di f ferent.  The most recent

ap o l ica t ion  of the Epsilon Technique was done by Hewett in reference

[10]. He developed a new penalty function to handle state constraints

and control constraints and states that the convergence of the method

3
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is improved if the second order terms in the Newton-Raphson iteration

are inclu ded. This method was applied to a missile intercept problem , a

cl imb performance problem and an air  combat maneuvering problem.

The conjugate gradient method was first presented by Hestenes and

Stiefel in reference [11 ]. The method was expanded by Fletcher and Reeves

in re ference [12]. Lasdon , et al , expanded the method to optimal contro l

problems in reference [13] and Pagurek and Woodside , in reference [141- ,

expanded the method to handle optima l control problems with bounded

control variables. Essentially , the conjugate gradient method is a

inod i f f t e t i on  of the method of steepest descents that takes into account

second order effects to improve the convergence properties. Since there

is no way of presenting the method without going into specifics , discus-

sion of the method is deferred to chapter four. The number of optima l

control proble m s to which th is method has been applied are too numerous

to mention.

The method of linearization about a known trajectory is a very old

method of solving nonlinear optima l contro l problems. Reference [15] is

one of many good books that discuss the method .

The arrangement of this dissertation is as follows . In chapter two

~he torpedo control problem is defined. The equations of motion of a

torpedo are presented along with the cost tunctionals for the fixed

t i m e torpedo control problem and the time -opt ima l torpedo control

problem . Then , the questions of existence of an optima l trajectory and

of controllability of the system ere discussed . In chapter three , the

Epsilon Technique is presented for the genera l optim a l control problem .

The Raylei gh-Ritz techni que of expanding the state vector in terms of

4
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known basis functions and the Newtor-Raphson technique for minimizing

the the eps i l on  cost functional are presented. Then the techni que is

appl ied to the torpedo contro l problem . Finally, a discussion is

g iven of the basis functions which are used in the Rayleigh -Ritz expan-

sion and a comparison is made between the different basis functions.

The conjugate gradient method is presented in chapter four. The

method of linearization about a known trajectory is given in chapter

five alon g with a discussion on how the method is used to initialize

the Epsilon Techni que. In chapter six both the maximum principle and

the epsilon maximum principle are applied to the torpedo control

problem . An explicit form is obtained for the optimal controls.

Chapter seven contains the  results of applyi ni the different Lomputa -

ti on~ l methods to the torpedo control problem. First , the fixed time

torpedo control problem is discussed and then the time-optima l torpedo

contro l problem . Finally, in chapte r eight , the conclusions are

presented .

5
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Chapter Two : System Equations

In this chapter the torpedo control problem is presented as a

system of equations that are to be optimized. First , the equations of

motion of a torpedo are given in a state space formulation . Then , the

cost functionals are presented for the two problems that are considered ,

the fixed time problem and the time -opt imal problem . Finally, a discus-

sion of existence of optimal controls and of controllability is given .

The equations of motion of a torpedo are derived in reference [16]

and are presented in state space formulation in reference [17]. Since

our main concern is 4ii th determining optimal pursuit trajectories for

the torpedo only the equations that were used are presented and the

reader is refer-red to the references for their derivation. For our

purposes the control variables were chosen to be the position of the

rudders and elevators of the torpedo . It is assumed that they can change

positions instantaneously. With this assumption the state space for the

torpedo motion equations has twelve independent variables. The equations

of motion are nonlinear in both the state and control variables. By

assuming that the roll of the torpedo is always controlled to zero , the

equations of motion can be decoupled into a six dimensional system for

the horizonta l plane and a six dimensiona l system for the vertical

plane. These systems are referred to as the yaw system and the pitch

system , respectively. Due to the lack of gravitational forces , the yaw

system is simpler than the pitch system . Therefore , i n order to solve

the simplest system first our investigation is confin ed to the yaw

sys tem . By making a minor approxim ation the yaw system becomes linear

with respect to the scalar contro l var iab le .

6 
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Le t (x 1 , x :) be the position of the torpedo in an inertial

coordinate system . Let (x3,x4) be the components of the veloc i ty of the

torpedo in a body fixed coordinate system which is centered at the

center of buoyancy of the torpedo with the positive X-axis pointing

through the head of the torpedo parallel to its length and the positive

Y— ax is being 90 counterclockwise from the positive X-axis. Let x , be

the angular rate of change of the torpedo and x , , be the heading of the

torpedo in the inertial coordinate system with a positive ang l e meas ured

couterclockwise from the X-axis. Then the equations of motion of the

torpedo for the yaw system are :

f ( x )  + . j (x) u (2 .1 )

where ,

H x .  c o s ( xj  - x - sin(x , ) (2.2)

x~ s i n ( x ~ ) + x . cos(x , ) (2.3)

f~ ( x )  c~ x -~ + c ;x ,x 5 + c 3 (2 .4 )

f ,, ( x )  c , x - x  + c x  x r~ (2.5)

f 5 ( x )  c x  .x , + c x  x (2 .6)

f~ (x)  x 5 (2.7)

g 1 (x) 0 , i 1 ,2,3,6 (2.8)

gL,(x )  c x- ~ (2.9)

g5 (x) = cqx~ (2.10)

The initial and final position of the torpedo are g iven and the control

u is constrained to be within the closed set [-U ,U]. The values of the

constants used in (2.2)—(2.lO) are g i ven in Table 2.1. If one wishes

to consider a moving target then the state vector can be modified in

the fo l lowing way . Let (x~~y~ ) be the posit ion of the target in the

7
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Ta b le 2.1: Values of the Const ant -~ Used in the

Torpedo Motion Equations

C o n s t a n t  Value

c 1 -0.005365516

c 2 1 .9611 7 4

c 3 24 .49011

C
4 

-0.06303694

c 5 -0. 08583888

c 6 0.02323317

c 7 -0 .0009094651

c8 -0.2250926

c 9 - 0 .O l l~~ 485

8
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inert ial coordinate system . Letting xi=x l_ x T, x ’ =x _y
~ we ob ta i n the

equations:

= - (2.11)

= 
~~~~~~~~~~~ 

- (2.12)

By redefining the state vector to be x T =(x j ,  x

we have that the initial posit ion is now the difference between the

initial torpedo posi t ion and the init ial target position and the final

posit ion is the ori g in. The two systems are identical for stationary

targets. The advantage of the above transformation is that for a moving

target the final point is the orig in rather than a curve in the inertial

coordinate system . However , since most of this thesis only deals with

stationary targets we will confine our discussion to the unmodified yaw

system .

Since only the Epsilon Technique is directly applicable to time

optima l contro l problems a fixed time problem was considered as well as

the time optima l contro l problem . The cost functional for the time optima l

control problem is:

J (t ,x ,u) = t f (2 .13)

The cost functional for the f ixed time problem is

J (t ,x ,u) = l00. (xI (tf)-x~f)-+l00 .(x 2 (tf)-x f
)2 (2.14)

For some cases (2 .14)  was expanded to include al l  of the components

of the state vector. The problem is to determine the contro l u

which minimizes the cost functional J (t ,x,u).

Before attempting to solve an optimal control problem one usually

shows that an optimal control exists and that the system is controllable.

Existence of an optima l control is usually shown by showing that the

9
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system equat ions sat is fy Fi l ipov ’ s condit ion . For our case one would

have to show that

[x ,f(x)+~(x)u] c (l + x 
~ ) (2.15)

is satisfied for all admiss ible x and u. However , the above condition

is not true in general for our case since the left hand side contains

cubic terms . Severa l conditions are present that seem to indicate that

an optima l trajectory exi sts. If we assume that the torpedo varies its

thrust in order to keep x 3 constant then the diniension of the state

vector reduces to f ive , the state equations become l i rea r  and (2.15) is

easi ly  sa t is f ied .  Also , for any constant admiss ib le u there ex is ts  a

stable critical point x0. Although the above conditions are not

sufficient to prove that an optima l control exists they do agree

vn th the in tu i t ive  feel ing that an opt imal co n trol does ex i s t .

A sufficient condition for controllab ili ty of a nonlinear system

is that the following matrix , [B,AB ,. . . ,A~B] have rank n-r- l where the

ujj :mens jon of the state vet tor is n+l , where B=g~ and A=f + 

~-x ” 
are

evaluated at a critical point of the system . This condition holds

c e  choose a c ,- iti al l o i n t  ‘ -mu ch  t hat  u / 0- However , if the

critical point has u = 0 then the above condition is not met.

Since the above condi t ion is met for all critical points but one

it is my feeling that the system is controllable.

10
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Chapter Three : Epsilon Technique

The theory of Balakrishnan ’ s Eps i lon Techn iq ue has been p resen ted

several times in the literature , references [l]-[3]. Since this thesis

is mainly concerned with applying the Epsilon Technique to the torpedo

guidance problem the presentation here will be confined to describing

the technique with regard to the epsilon cost functional , the Rayleigh-

Ritz expansion of the state variables and the modified Newton-Raphson

algorithm used to determine the coefficients of the Rayleigh-Ritz

expansion that minimize the epsilon cost function . The presentation

will be for a general optima l control problem. Then , the application of

the Epsilon Technique to the torpedo contro l problem is presented .

Finally, a least squares technique is presented as a method for com-

paring different basis functions for use in the Rayleigh -Ritz expansion

of the state variables and the results of the comparison for severa l

different basis functions are presented

First , a description of the genera l control problem is given .

The proble ni is to determine the control variables u (t) that minimize

the cost functional

J (t ,x ,u) = :(t f~x(tf ) ) + I~f L(t ,x ,u) dt (3.1)

subject to the state variables , x , satisfying the dynamic equation

= f(x,u) (3.2)

where ,

x(0) = x 0, x (tf)rG(x( tf)) {the set of admissible final points}

f(x ,u) is C1 in x and continuous in u and u is contain ed in

the compact set U.

The Eps i lon Te chnique re formula tes the a bove dynam i c opt imal con trol

11
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problem as a nondynamic optim ization problem by incorporating the

dynamic equation as a penalty function added to the cost functional.

The epsilon cost functional is given by,

J ( t ,x ,u) J(t ,x ,u) + ~f , - f ( x ,u)~~
2 dt/ 2 (3.3)

The epsilon cost functional is then minimized over all admissible

x and u where the set of admissible contro l variables has been

expanded to include relaxed , or chattering controls and the set of

admissible state variables is the class of absolutely continuous

tun~tions that satisfy the initial and final end conditions. In the

[psi on Technique one g ives up satisfying the dynamic equation exactl y

in r~~turn for satisfy ing the end conditions exactly. The minimi zation

uf t~m~ epsilon cost fu n ctional is performed i n  two steps. Let us

de t i rue ,

I( c , u )  - - x - t ( x ,u) - ‘ (3.4)

First , I(~~,u) is mini m ized wi fe respect to u at each time step. Then

the epsilo n cost furm , ional is minimized with respect to the state

variab les usin g the controls ob tained in the first step. Let u~ and

x .  t o  the entro ls ~rmr1 ~~u t -  v e c t o r -  obtained f r-on the above two steps.

Balak rishn an has shown ii reference [1] that as i increases the

sequences converge to an optima l state vector and an optima l control

vector tha t is dependent upon epsilon. As epsilon goes to zero the

optima l controls and state vector converge to the optim a l controls

and state vector of the orig inal control problem .

A Rayle igh-Ritz procedure is used to reduce the dinrensiona lity

of the the s yste m to finite dimensions. The state vector is represented

as a vecto r in a finite dimensi onal subspace. Then the problem is reduced

12
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to determining the controls and the coefficients of the basis functions

that minimize the epsilon cost functional. Although several different

basis functions were tried and compared the following basis functions

were found to be as good or better than those tried and will be referred

to as the standard basis functions. Let

x~ ( t ) = A~ + A~°t/ t f + ~A~~ 1 s in( i  t/ t f ) j=l ,...,n (3.5)

Then the end conditions are satisf ied exactly by the choice of A° and

A°° since the basis functions equal zero at the end points.

Let A be the vector contain ing all of the coefficients which are

to be optimized . A modified Newton-Raphson technique is used to determ i ne

the coefficients that minim ize the epsilon cost functional. Let t~.,

i = l,...,N be an equally spaced partition of the interval [0.tf] where

we d e f i n e

- t~ f 1 - t i  = t
f 

/ ( N - 1 ) (3.6)

Let us define

= (~~~ (t~ )-f~~(t~ ,x ,u) )( ‘\/i ) 
~~~~ i l  ,. . ,N , j 1  ,. . ,n (3.7)

and

w
T 

= ( W l l~~
..,W N ~~~~~~~~~~~~~~~ 

) (3.8)

Then the epsilon cost functional is approximated by;

J (t ,x ,u) = w
T
w (3.9)

The gradient of the epsilon cost functional is given by;

7A ~ (t, x ,uj  = (

Neg lecting second order terms the Hessian of the ep silon cost functional

is g iven by;

A ~ (t ,x ,u) = (vAw)
T(V Aw) (3.11)

Hence , the coefficients are updated by the iteration

13
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(3.12)

In using the Newton-Raphson algorithm described above it is not necessary

to compute the inverse of the Hessian of the epsilo n cost functional as

shown in equation (3.12). It is sufficient to solve the linear equation

Cy = d (3.13)

for y where ,

C = u
~A
J ( t,x,u)

y =  
~i+l 

- A 1

_V
AJ ( t,x .u)

Then , the new coefficients are given by;

= + y (3.14)

Since C is very ill-conditioned we follow the suggest ion g iven by

Luenberger in reference [18] and add a small constant to the diagonal

elements of C. Even with the addition of 0.01 to the diagonal elements of

the Hessian matrix C the condition number of the Hessian matrix was seven

or eight. The vector y is computed usin g a double precision routine

that decomposes C into a lower t r iangular matr ix  CL and an upper

tr iangular matr ix C~ such that C = C
L
CU. Then ~ is found by two success i ve

back substitutions.

fo r  the torpedo contro l problem the dynamic equation has the form

~( t )  = f ( x )  + ~(x ) u (3.15)

The cost functional for the fixed time torpedo control problem is

given by ;

J(t , x , u) = l00(x 1
(t f

)_ x 1f )2 + 100(x2(tf
)_x

2f
)? (3.16)

and for the tim e-opt im -~n~ torpedo guidance problem the cost functional

is gi ven h/ ;
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J(t,x ,u) = tf (3.17)

Hence the epsilon cost functiona l is given by

J (t ,x,u) J(t,x ,u) + IL ftf1 ~-f(x)-~(x)u~ dt (3.18)
E

S ince the eps i lon cost func ti onal i s linear i n the con trol var ia b le u

an analytic expression exists for the control variable that minimizes

I(x ,u) = ~ -f(x)-g(x)u~~
2 (3.19)

Taking the partial derivative of I(x ,u) with respect to u and equating to

zero the following expression is obtained for the optimal control variable

( - f ~ (x ) ) g~ (x) + (
~~ -f5(x))g~ (x)

u 0 -—— __________________ ___________- (3.20)
g~(x)2 + g5 (x)

Since the second derivative of I(x ,u) is equal to the denominator of

the above expression which is always positive u0 is the minimum of

I (x ,u).

In any application of the Epsilon Technique it is important to use

basis functions that can adequately represent the state vector over the

entire time interva l .In order to determine whether the basis functions

given in (3.5) are adequate to represent the trajectory of a torpedo

and to obtain a comparison of severa l different basis functions the method

of least squares approximation was used to obtain the best coefficients

for the basis functions to approximate a known trajectory . Then the

trajectory obtained by using these coefficients can be compared with the

actual trajectory to see if the approximation of the trajectory is

adequate. In this way a comparison can be made between diffeb-ent basis

functions. Now , the method of least squares approximation is presented .

Using the same partition of the time interval given before let 0 be a

matrix with the i ,j th element being the va l ue of the j th state variable

15
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at the I th time , B be a matrix with the i ,k th elemen t being the value of

the k th basis function at the i th time step and A be the matrix contain-

ing the coefficients of the basis functions with the i ,j th element being

the j th coefficient for the i th state variable. The coefficients A are

obtained from the equation

AT = (BTB)~~~BTD (3.21)

In Tabl e 3.1 a list of the basis functions that were tried is

given. These functions were first tried with the epsilon technique

for the genera l niini nurn time problem . The basis functions numbered

3 through 6 were rejected because the basis functions approach zero as

time increases and the trajectory of the torpedo converges to the straight

line connecting the initial and final points. The polynomial functions

s hown as number seven did n ’ t perform well at all. Therefore , only the

standard basis functions and the basis functions which were proposed by

Taylor in reference Hg] and are numbe red two in the table are compared .

Taylor modifies the standard basis functions by approximating the initial

and final conditions with a cubic instead of a strai ght line and by

multiplying each basis function by the term sin (-rTt/t f). The la tter

modification causes both the state variables and their first derivatives

to be equal to zero at the initial and final tinies .In order to understand

the effect of each of the above modifications the case of the standard

basis functions with a cubic approximation to the initial and final end

point conditions was considered. The three cases that are considered for

comparison are ; a niaxir iur i turn for 0.6 seconds, a maximum turn for 0.3

secon ds follow ed by zero rudder deflec ti on for 0.3 secon ds and a max imum

turn for 0.3 seconds followed by 9.7 seconds of zero rudder deflection .

L - - 
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The values of the optima l coefficients for the different basis functions

are p resente d in Ta b les 3 .2 - 3.8. T he valu es of the com par i sons of the

basis functions with the actual trajectories are presented in Tables 3.9 -

3.11. The results show that the position of the torpedo is represented

adequately by all the basis functions , however the veloc ity com ponen ts of

the state vector are approximated better by the standard basis functions.

There is no significant difference between the case where the initial

trajectory is a straig ht line or a cubic. Therefore , the standard basis

functions with a straight line initial approximation between the endpoints

was used in applying the Epsilon Techni que.

In applying the Epsilon Techni que the value of epsilon is usuall y

decreased until no improvement is shown . For the torpedo control problem

the resul ts were virtually identical for epsilon having a value of either

0.01 or 0.001 . The results started to deteriorate when a va l ue of 0.0001

was u se d for ep s i lo n as a resul t of con~uta ti onal prob lems. Therefore ,

the value of epsilon that was used in 0.001 althoug h occass ionall y

epsilon has the value 0.01 .

There are severa l computational problems in appl ying the Epsilon

Technique to the torpedo control problem. The epsilon cost functional

is approximated in (3.-s) by evaluating it a t a finite number of sam p le

po i nts and trea ti ng the  epsi lon cos t f unct i onal as a cons tant between the

sam p le po i nts . At each of these sam p le points the grad ient of the

epsilon cos t func ti onal w i th res pect to A i s evaluate d . Therefore , a

large amount of computer storage is needed in order to app l y the Epsilon

Technique to the torpedo contro l problet i . For twelve basis functions

and fifty sample points over 100,000 words of computer stora ge are needed.

17

- - - 5 5 - - - -  
55 - - ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ ~~~~~~~ - — -



-

Special techniques had to be used to obtain that much storage on an Univac

111 0 computer systeiii. In applying the Epsilon Technique to the torpedo

control problem it was determined that 50 sample points were needed for a

trajectory of 0.6 seconds duration and even then the solution was not exact.

On this basis 500 sample points would be needed for a trajectory of 6.0

seconds dura tion which would require more computer storage than is presently

ava ilable in one computer system. Present day computers are unable to

handle that amount of computer storage without elaborate , time—consuming

techniques. A second problem is that the number of basis functions is

limited. For 12 basis functions wi th a free final endpoint the dimension

the system of equat ions tha t has to be solve d , (3.13), is equal to 77.

The numbe r of steps needed to solve the matrix equation is proportional

to the cube of its dimension. The more steps that are used increases the

truncation and roundoff errors in the computational algorithm. Severa l

cases were tried usin g 1 4 bas i s functi ons but there was no improvemen t i n

the resul ts. Another problem is the slow conver gence for the cases where

the initial point is fixed . This problem is typical of penalty function

techni ques and the , see [18], Ep s i lon Techn iq ue i s of the penalty function

genre . In order to try and increase the speed of convergence the method

of steepes t descent s wa s us ed for the f i rst n i ne i tera t ions and then the

Newton—R aphson algorithm was used. Another method was to apply Aiken ’s

method of increasing the speed of convergence of a convergent sequence.

Both of these methods di dn ’t give any noticeable improvement in the results.
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No . Bas i s Functions

1 sin(i’nt/t f)

2 sin (iTIt/t f) sin(-rr t/tf)

3 e~~
tI’tf sin (i~ t/tf)

4 e~~~l
t/’t f sin(i rrt/t f) if i is odd

e~~2
t/’t f cos(i Ut/tf) if i is even

5 e~~
tI’tf s in(U t )

6 e~~ltI’tf sin(Ut) + e~~2
t/tf cos(Ut)

7 (t/t
f)

1
(t

f
~ t)

Table 3.1: List of the basis functions that were considered

for use with the Epsilon Technique.
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Chapter Four: Conjugate Gradient Method

The conjugate gradient method was developed by Hestenes and Stiefel ,

reference [11], and expanded by Fletcher and Reeves , reference [12], to

be a rapidly convergent finite dimensional unconstrained minimization

technique . In reference [13], Las don , ~it ter and Warren expanded the

conjugate gradient method to optima l control problems . Pagurek and

Woodside , reference [14], further extended the method to handle optima l

control problems with bounded control variables. In their paper two

separate algorith !’s were presented. The first is a direct extension of

Las don ’s algorithm . The second algorithm uses second order terms and

gave improved convergence in severa l sample cases. Therefore , the second

method was used for the torpedo contro l problem . The discussion here

will be confined to presenting the steps of the algorithm for the

general opti mal con trol system that ha s the form of the torpedo control

problem . Let the dynamic equation be given by

= f (x ,u) (4.1)

where ,

x(0) = x ,, u~ [-U,U]

The cost func tional has the form

J(t ,x ,u) = q (tf,x(tf
)’~ (4.2)

The Haniiltonian of the above system is given by

H(t ,x,p,u) = ~
Tf(x u) (4.3)

where p
~ 
is the costate variable defined by 

I

~(t) = - CH (t,x,~ ,u) 
, ~(t f)=~J (tIx C u) (4.4)

-
~x(t)

Let z(t) and c(t) he n-dimensional vectors and s(t),w (t) and e(t) be
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scalars and let us denote partial derivatives by subscripts , that is

f means the partial derivative of C with respect to x. Then , the

conjugate gradient method is given in the following six steps.

Step 1: Determine an initial control u(t),

p,1: Solve the following equations forward in time ;

= f(x,u) , x(0) = x0
= + fws , z(0) = 0 (4.5)

Sl~ p~~: Solve the following equations backward in time ;

= -H~ , p(t~ ) = JX (tf,x ,u) (4.4)

= _ fT~ - H z  - I
~
’xu WS j c(t

f)J ~~ (tf ,x ,u)z(tf) (4.6)

and at the same time evaluate ;

= H (4.7)

d - = H z + H ~~~
, + fT c (4.8)

we.d . dt 

- 

(4.9)

‘SS 
f~f ws .d. dt (4.10)

p_~: Determine a new value of s by

s1,~1 
= e~ + Hs

~ (4.11)

w here ,

= 
~~~~~~~~~~~~~~~~~~ , s0 e0 ,~~~~~ = 0 (4.12)

Step S: Determine a new control u from the equation

u = u - .s 1 (4.13)

where I is determined by a one dimension al search to be the

value that minimizes J (t,x ,u). r’Iring the search u is truncated to be

within the limit s of -U.

S~~p~~: After defining a new u , w is defined by

= {
Q if ju = U

1 if u U
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Then set i equal to i+l and go to Step 2.

The method is terminated when Step 5 yields no improvement in the cost

functional or when a preset number of iterations have occurred .

For the torpedo control problem the dynamic equation has the form

~(t) = f(x) + y (x)u (4.14)

Since the conjugate gradient method is not designed for time-optimal

control problems it is only applied to the fixed time torpedo control

problem . Therefore , the cost functional is given by

J(t ,x ,u) = 100(x 1 (tf
)_x

1f
)2 + 100(x2(tf) 

- x2f) (4.15)

Since the dynamic equation is linear in u , Huu i s equal to zero .

The integrations in Step 2 and in Step 3 were originally performed

using a four point predictor-corrector method which is known as the

Improved Adams or Moulton ’s method . Severa l of the cases were rerun

using the simple one point Euler method . Due to the small step size there

was no noticeable difference in the results. There fore , in order to

save computer time the simple Euler method was used for integrating

the dynamic equations. The one dimensional searc h in Step 5 was done by

evaluating the cost functional at 20 equally spaced points and then

fitting a quadratic about the minimum of the 20 points. If the minimum

occurred on the first point and the value of the cost functional was

not reduced , a new searc h was performed i n the i nterval between the

old point and the first point of the old search. If after reducing

the regi on of searc h several ti mes no improvemen t i s made the al gori thm

is assumed to have converged.
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Cha pter Five : Method of Linear i zati on

The method of linearization about a known trajectory has always been

one of the most frequently used methods to solve nonlinear optima l

control problems. One advantage of this method is that a feedback

control is obtained . This method is only applied to ii e fixed time

torpedo guidance problem.

The trajectory x ’(t) about which the trajectory is linearized is

a straight line between the initial and final end points . Let us define

z(t) = x (t) - x ’(t). Then , for the torpedo motion equations which were

presented previously, the dynamic equation for the linearized state

vector is;

~(t) = Cz(t) + Du(t) (5.1)

where ,

z(0) = z0 , z(tf) = 0 , C = ‘f(x)~ +

, 4x x ’(t) lx  x ’(t)

0 =

A l thou gh in general C and D are time dependent , for the torpedo

control problem that we are considering with the initial trajectory

being a stra i ght line C and D are independent of time . C and D are

given by;

0 0 cos(x~) -s in (x~) 0 -x~sin(x~)

0 0 si n(x~) cos (x~) 0 x~cos(x~)

C = o 0 2c1 x~ 0 0 0 (5.2)

O 0 0 c4x~ c5x~ 0

0 0 0 c7x~ c3x~ 0

0 0 0 0 1 0 
—
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= C 0 0 0 c6x~2 c9x~ ’ ü ) (5 .3)

In order to insur e that the constraints on the control u are satisfied

a penalty function of the inteqral of u is added to the cost functional

and the amount of the penalty is increased until the (‘url str a int s are

satisfied . The cost functional is g i ven by;
t

J ( t ,z ,u) = z Ez + 1 0 u(t)-
’ dt (5.4)

where E has non zero values only on the dia q ona l . E 1~ is equal to

100 if x i (tf) is fixed . Otherwise , E~ is equal to zero . The Ha nii lton ia n

of the above system is;

H(t ,z,p,u) = p .\u 2 + ~
T
c~ ~

T
u0 (5.5)

Letting p, = —1 /2 and setting the derivative of the Ha rn iltonian with

respect to u equal to zero we obtain the following relationship for u;

u*(t) = D
Tp I ~ (5.6)

Hence , the optima l state and costate vectors satisfy the equations;

= Cz (t) + 
i
~ DTp( t ) ( 

~
)

= -Cp (t) (5.8)

Let us assume that p (t)=R(t)z(t). Then we have

~(t) = ~(t )z( t ) + R( t )~ (t) 
(5.9)

Usin g (5.7) and (5.8) in (5.9) we obtain

-C TR( t )z( t ) = ~~( t ) z ( t )  + R(t)Cz(t) + ~‘R( t)DD
TR( t )z,(t) (5.10)

Since z(t) is arbitrary we must have ;

~(t) = ~C
TR (t) - R (t)C - IR (t)DDTR(t) (5.11)

u*(t) = ~D
T
R (t)z*(t) (5.12)

= (C + ~,oD
TR(t))z(t) (5.13)

Therefore , the opt imal trajectories and controls are obtained by

solving (5.11) - (5.13) subject to the endp oint conditions on z(t)
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and R(tf) 
= -E.

The niethod of linea rization about a known trajectory is used as a

way of initializ ing the trajectory for the Epsilon Technique. First,

the fixed time torpedo control problem is solved using the method of

linearization for an approximate final time that is less than the actual

final time . Then , the method of least squares approximation is used to

obtain the optima l coefficients of the Rayleig h-Ritz expansion of the

state vector using the standard basis functions. The method of least

squares approximation is given in chapter 3. Finally, the m inimum time

torpedo control problem is solved by the Epsilon Technique us inn the

,oef ficien t s obtained above as a start off point.
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Chapter Six: App lication of the Maxi ulullI Principle

In this chapter the forillal islu of the m ax iCl u llI ‘I- inc iple is applied

to the tor pedo control prob lel’I to obtain the expecteci form of the

optima l controls. Then the Epsilon Techni que form ulation of the

torpedo control proble m is g iven and the Epsilon maximum pr inc ip le is

applied. Since the onl y differences between the time optima l torpedo

control problem and the fixed time torpedo control problem is the

addi t ion of the c onstant  p, in the Ha m i l ton ian  of the time optima l

problem and the way of i n i t i a l i z i n g  the cost a te  vector  p ( t ) ,  we w i l l

confine our discussion to the tioe optimal torpedo control prob leui.

T he dyna u i c equat i on fo r the torpedo control problem is

= f(x ) + y ( )u (6.1)

The cost function d i is

J(t ,x ,u ) =  ‘
~~~ 

(6,2)

The Ham i 1 toni in of f “~y - ~ tell) i ~ I )  yen by

H(t ,x ,p,u) = p (t )T~ (x) 
~~ 

)Tq (x)41 p (6.3)

The costate vecto l - p(t) sat i sfies HI: I lq u a t i o l l

~(t) = - 
.H (t ,~ 4) ,U) (6.4)

Now , it is a Ileu essary condi tion of the maxi ~ium p rinciple that the

Ham ilton ian is m a xi ll ized for the optima l state vector x*(t) and the

optimal control u*(t). From (6.3) we see that the optima l control m u s t

have the form

u*(t) = 5qn (p *(~ )
Tg(~~)) (6.5)

provided that p*(t)y(t) is not eoual to zero for any interval of

time . If H (t, x*,p *,u*) p*(t)Ty (t) = 0 over a non zero interval of

tine then we have singular controls. For this to be the case we (‘(list
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have i~ (t,x*,p ’k,u *) = 0. Since (6.1) is autonomous we must have

H(t ,x*,p*,u *) = 0 for the t ul le optima l case by the maxi uium principle.

Using the above equations we can obtain expression s for p4,p5 and p6 in

terms of p1,p 2,p 3 and x*. If we take the above expression for p4 and

differentiate it with respect to time and try to equate it with the

expression for we obtain four relationships that must hold.These

re lat ion ’hi ps are consistent only if u = x 4 
= x 5 = 0. Therefore , the

lu l l possible singular contro l is u = 0 w ith the torpedo moving in a

str ai qht line. Therefc re , the expected optima l controls are ~U and 0.

Now , let us consider the epsilon maximum princip le. Define ,

p ( t )  = 
~~~~~~~

‘ ( t )  - f ( x 4 ) - g (x ’ )u 1 ) ( 6 . 6 )

where x ’ and ci ’ are the s ta te  vector and contro ls  that min i m ize the

epsilon co st functional

d (t ,x ,u) = J( t ,~~,u) 4 ~ - 

~~ ‘~~ x - f ( x )  - g (x )u~ dt (6 .7 )

Then , by the epsilon maxi nlu r l i p r i n c i p l e ,

11111 p (t) = p( t )  (6 .8 )

Define ,

H ’ (t ,x 4 ,p ’ ,u ) = 
~ 
(~~)

f
( f(x ’) + g (x )u

’ ) ( 6 . 9 )

The epsilon maximum principle states that the epsil on Han iilto ni an

should be a maximum at the optima l control and state vector. From

(6.9) it is clear that we should have

ci = Usgn(~ (t)Tq (xI )) (6.10)

Taking the derivative of the epsilon Ham ilt onian with respect to

the contro l we have ;

H (t,x ’ ,p 4’ ,u) = p4g4(x
’ ) + p5g 5 (x 4 ’ ) = 0 (6.11)
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Usin n (tC ,tI ) in (t 1 1 )  drl ’j ‘1~~Ur ( ’ r l f l ’4  tI l l. ’, ).~ ( I  obt in

U ’ = 
- ~~~~~~ + (

~~ 
- t 5)q5 (6.12)

The above I’ \ p r ’ 1’
~ s lo n  t ’ r  u is  4 1 , ’ , , i C  t ly  ~-.‘ r ra ~ m i s  OPt  1144 ’ ( l  in C hapter

3 b-i tIll lii lIt I Z i ~q I(

Si r r r  e t ho m d x  i l Ium pci ro. i pie qi yes till fui ‘41 of the (‘C t , l I d  I cont ro ls

to be e i th e l -  ‘U or 0 , the Ep silon Techn ique and the conj u d t e  g radient

I :ethod mo p- ,’ t ci lId with the con t rol s res tr ~i ted to he tho ’~e cii yen by the

na x ilt u4 , l C I I  nc 1 1)1 I’ - he rOSU 1 t s of 1 imi t i l l ’ )  t he C C CI I ’ cci i in th is fashion

w i  11 he c t i ven in the nex t  cha f e r .
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Chapte r Seven: Resul ts

The results of app lying the Epsilon Technique , the conjugate gradient

method and the method of linearization about a known trajectory to the

torpedo control pr oble i’ are presented in this chapter. All of the above

methods were applied to the fixed tine torpedo control problem . Only the

Epsilon Technique is app lied to the t ime-optima l torpedo con trol

:,rcItCl eIu . There are two ways of u~ inn the Epsilon Technique; one is the

standard way of assuriing a strai ght line between the endpoints as the

initial trajectory of the state Val ’iab les and the second way is to first

solve a fixed tine torpedo control pri C f”l e lII to obtain an initial estimate

for the trajec tory of the s t a t l- variables. The 1irranoennent of this chapter

is as follows . First , dl ’fi :Ii t ions w i ll be -iiven of several terms that

I - J ill be used throughout the te:’ t . Then the fixed time torpedo control

problem will be di scussec . TI) ’ l i st p art of the chapter is devoted to

the t i t o  -optima l torpedo control problem .

In the torpedo contro l pr ob lel ’ the state vector is composed of six

variables ) the position ct the t o rpedo in the inerti al coordinate system ,

the ve locity of the torpedo in the body fixed coordinat e system and the

angular veloc i ty and heading of the torpedo. Only the first two components

of the s t a t e  vec to r , those referring to the i’o~ i tio n of the torpedo, are

always neld fixed at the initial and final endpoint ’ - Dy the term fixed

endpoint we mean that the last four components of the state vector are

held const ant and by the tern free endpoint we I lCO-I l l  that the last four

components of the state vector are allowed to vary in cot ’ lputirq the

optimal trajectories. The term x-tra ,jectory refers t-o the tra jec tor y of

the state vector generated by the optimization method . The term

4
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u-traject or ’~ r o t e ’ s  to the tra il ” t o t - of the state variables enerated

from the contrn is ti von by the ci t. it Ch za t~ I or~ i;e t hod . A curve is defined to

be the t ra j i -Ci t o ry  C1 (’tl(’I -dt l’d by hay inn the r C 4,1 tI’ r s ot the torpedo at tilel r

maxi rlul ’ )  val UI’ and a strai ght t rajc ( tory is the t r i l l )  to r i  aenerated by

havin g tile rudde,-s wit .h no d o t i&o  t In at i ll .  The Op tim i zation methods

that are used are ,- ef  I rl-ed t.o b , th e foil 01-,’ i c :  alib i ‘via ti ons

SE - the standard Epsilon Techniqu ’

ME — the [psi lou Techni que vii th the cont ro l  restricted to be either

-U or 0.

CG — the conj uro te ‘o-adi ent 1)10 thud

- the CD method with the contols the same as the ME method.

UN - the method of linearization aboot a known trajectory between

the endpoints.

LSE - the method of us i ng the output of the LIN method to initialize

the trajector y of Tne state vector for the SE method.

Fr ’or ; the re ; ll lts of appi /ino the n axi ri C il I princi p le to the torpedo contro l

oroblet’i one has that the opt i l a l  c o n t r o l s  s h o u l d  he ei ther  ‘U or 0.

Therefore , several cases C-lOP ’, ’ chosen for comparison where the final

endpoint was obtained Lv a curve or by a curve followed by a straiaht

trajectory . In t h i s  via , one can obtain an estimate of how well the

various optimization algorithms work in solving the torpedo control

problem. The cases that were chosen are :

case A - an 0.3 second I u r v e .

case 8 - an 0.6 second c l iP - j o .

case C - an 0.3 se mu d urve followe d by an 0.3 second stra i ght

t rd ( o (  to r i .
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case D - an 3.0 second curve .

case E - an d.s second curve followed by an 2.5 second straight

trajectory .

Now the results of the fixed tinle torpedo control problem are

presented . Each case will be discussed separately. Then the results will

be summarized for general conclusions. Table 7.1 and Fi gures 7.1-7.8

contain the results for case A. As could be expected , the ME method gives

an x-trajectory and a u-trajectory which are exactly the same as the

original trajectory from which the endpoints were obtained. The SE method

g ives a very good approximation but the controls take too long to reach

the lhl aximu ni and hence the u-trajectory doe s not reach the desired

final endpoint. The CG method gives a good trajectory however the

contro l changes to +U from -U at the end of the run and this seems

to only affect the heading at the end of the run and not the position.

Several cases were run with the LIN method. For all of the cases the

controls decreased to zero and the resulting trajectories didn ’ t

develop the proper curvature . Hence , the LIN method gives the worst

results for this case.

In addition to coniparinu the different optimization al gorithms ,

case 8 is used to compare different ways of implementing the algorithms .

The results are presented in Table 7.2 and Fi gures 7.9 - 7.22. There

are three separate cases that are considered ; the torpedo initially

heading straight , the torpedo initially in a curve and the torpedo

initially heading stra i ght with the ai tnnpoint being the head of the

torpr d-~ instead of the center of buoyancy of the torpedo. First, we

discuss the case of the torpedo initially heading stra i ght. It~ the SE
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method the buildup of the angular velocity is gradual and since the

controls depend upon the angular veloc i ty the optima l controls are not

reached i niniediately. Therefore , even though the x-trajectory is almost

exact the u-trajectory is slightl y flatter and doesn ’ t reach the f i nal

endpoint or the desired heading. If the final endpoint is fixed the

con trols reach the maximum value sooner and both the x-trajectory and

the u-trajectory are closer to the optimal trajectory . The CG method

has good results for the position of the torpedo but the controls change

sign abruptly at the end of the run and the heading is sli ghtly off.

If the final endpoint is fixed the control stays the same for the entire

run and the result is the exact trajectory . The CG method contains

severa l differential equations that are solved numerically. Case B was

used to compare solving these equations by a four point predictor -

correc tor rou ti ne known as Moul ton ’s method with solving these equations

by the sim ple Euler ’ s method. As can be seen in Table 7.2 and Figures

7.15 and 7.16 the results are nearly identical. Therefore , the simple

Euler ’ s method was used i n all fur ther runs with the CG method to save

computer time . The ME method gives the exact trajectory . The LEN method

gives the poorest results due to the contro l decreasing in absolute

value to zero . For the cases where the torpedo was initia lly in a curve

all of the methods tried gave very good results. This case was used to

see if a noticeable improvement could be seen in the way we applied the

CG method over the simpler way of applying the CG method . No improvement

was notic ed bu t si nce Pagurek and Woodsid e showed some improvemen t by

us i ng the more compl icated method we con ti nued to use the second order CG

method. When we chan ged the aimpoint of the torpedo to be it s head
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i” tead of its center of buoyancy we found that the SE Illethod gave almost

exactly the same results as the previous case where the aimpoint is the

torpedo ’s center of buoyancy. However , the CD method gives the exact

trajectory and controls. Th is seems to indicate that the trajectory of

the state variables are un ique onl y when the aimpo int of the torpedo is

its head and not its center of buoyancy.

For case C the results are given in Table 7.3 and Figures 7.23 — 7.32.

The CD method gives a good estimate of the final position but the final

headin ci is sli ghtly larger than desired. The controls are always greater

in absolute value than 0.15 , that is the trajectory is more of a

continuous curve than a curve followed by a stra i ght trajectory . The

MCG method gives the sante results as the CD method qave in case B. The

SE method gives a good approximation of the x-trajectory but the controls

are too small and the u-trajectory is not close to the x-trajectory .

The ME method gives an x-trajectory that is close to the desired final

posit ion of the torpedo but the trajectory is even more curved than the

trajectory from the CD niethod . The u-trajectory is the same as the exact

trajectory of case B. The [ I N  method gives an u-trajectory that is

almost identical to the x—trajectory . The final heading is about 0.05

radians less than the desired heading and the final point is about one

foot away from the desired final position. The best x-trajectory is

obtained by the SE method and the best u-trajectory is obtained by the

CD and LIN methods.

Table 7.4 and Figures 7.33 - 7.37 contain the results for case 0.

The CD and the ME methods g ive very good results for both the x-trajec-

tory and the u-trajectory . The SE method gives a good approximation of
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the x-trajectory but due to the slowness of building up a large angular

veloc ity the controls take too long to reach the stops and u-trajectory

is not close to the x-trajectory . The [IN method gi ves very poor r e su l t s

when R is held constant and not much better results when R is exact.

Thc x-trajectory in Figure 7.36 exhibits too sharp of a turn in the

m iddle of the trajectory . Therefore , the [IN method does not give good

resul ts for cases of long periods of turn i ng.

In case E the ti me i nterval i s the same as i n case 0 but the amount

of turnin g is much less. The results are given in Table 7.5 and Figures

7.38 - 7.43. The head of the torpedo is the aimpoint except for the

LIN method. The SE method gives an x-trajectory that is more like a

continuous curve than like the exact trajectory and its final position

is close to the desired final positi on. The u-trajectory is almost a

straight line along the X—axis. The CG method didn ’t conver ge a t all .

When the initial trajectory was given to be a 0.4 second curve followed

by .6 secs. of straight trajectory the CG method converged in one step

to almos t the same controls. Instead of no rudder deflection for the

las t 2.6 seconds a small deflection was given , just enough to almost

reach the desired final point with a slightly larger heading. The ME

method yields an x-trajectory that turns slowly and doesn ’t reach the

final point or heading and an u-trajectory that turns too much and

misses  the desired final position with too large of a heading. The

x- trajectory and the u-trajectory of the LIN method are very close to

one a n o t h e r .  The final position is close to the desired position only

the f i nal head i ng i s larger due to the slower turnrate and hence

longer time before the torpedo starts travelling in a straight line .
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The LIM method g ives the best results for case E.

From the above results it seems that one can formulate the rule that

for the fixed time torpedo control problem the best results are obtained

by the tIE method or the MCD method if the torpedo is always in a maximum

curve but if the trajectory includes periods of straight trajectories

then the [IN method is the best one to use. We used the [IN method for

longer periods of time but since these cases were used with the [SE

method for the time-optima l torpedo control problem the results will be

presented later in this chapter.

Now the results for the time-optima l torpedo control problem are

presented. The only method which is directly applicable to time-optima l

problems is the Epsilon Technique. Therefore , the only two methods used

in the time-optimal torpedo control problem are the SE method and the

LSE method. Originally, the geometry of the problem was as follows ;

the torpedo is located at (-1000 ,0) in the inertial coordinate system

heading straight down the X-axis and the target is located at the origin

heading straight up the Y-axis.The aimpoint was the point of intersection .

For these runs the transfor tll ation of the state equations chang ing the

desired endpoint from a point on a known curve to the origin as given in

chapter two was used . A few of the cases are presented in Table 7.6 and

in Figures 7.44 - 7.47. If both the initial and final endpoints are

free then converges in very few steps to the torpedo heading straight

to the intersection point. If the initial endpoint is fixed then the SE

method gives good results only if the target is stationary and the tor-

pedo is facing the target. When the target was moving the SE method

genera ted a good x-trajectory as in Fi gure 7.45 but the u-trajectory
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barely leaves the X— axis. Therefore , in an attempt to understand why the

SE method was failing to generate the proper controls to coincide with

the x-trajectory cases A - 0 were tried .

The results for case A are g iven in Table 7.7 and in Figures 7.48 -

7.53. Initially, the final endpoint was fixed . We found that it is

necessary to increase the number of sample points in order to obtain

a good x-trajectory with reasonable controls. When the final endpoint

is allowed to be free the x-trajectory is almost the sanie as when the

final endpoint is fixed but it takes much longer for the angular veloc-

ity to increase and the controls to reach the proper value. The ME method

gives a very close approximation of the exact trajectory with its x-

trajectory and the controls and u-trajectory are exact. The [SE method

gives a good approx imat ion and is slightly better than the SE method in

that the final heading is closer to optimal. The SE method slig htly un-

derestimates the optima l time and the [SE method slightly overestimates

the optima l time . Comparing these results with those from the fixed time

torpedo guidance problem we see that the SE method and the ME method

give the same results.

In Table 7.8 and Figures 7.54 - 7.63 the results for case B are

presented. The results for case B are similar to the results of case A.

For the SE method the fixed final endpoint case gives better results than

the free final endpoint case. If the torpedo is initially in a curve

then the SE method and the ME method give exact controls and almost exact

x-trajectories. For the case of free final endpoint the method proposed

by Hewett, in reference [10] , of includin o the second order terms in the

Newton-Raphson step was tried. There was no improvement in the results.
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Another modification that we tried was letting x3, the velocity of the

torpedo para llel to its length , be constant. For this case the system is

known to be controllable and an optima l contro l is known to exist. The

resul ts are ver y cl ose to the cases run wit h no cons tra i nt on x3 and

there is no improvement in the value of the cost functional or the number

of steps needed to converge. A case was run where the coefficients of

Rayleigh-Ritz expansion of the state vector were initia ll ized to their

optimal values but the final time was not correct. The x-trajectory is

identical with the previous case but the controls and the u-trajectory

are much closer to the optimal controls and trajectory . The [SE method

g ves very close agreement between the u-trajectory and the x-trajectory

a i d both of these trajectories are very close to the x-trajectory g iven

by the SE method.

The results for case C are given in Table 7.9 and Fi gures 7.64 -

7.72. For the SE method all of the x-trajectories are close to optimal

with the free fin’i l endpoint case having a sli ghtly l ower heading than

desired and the fixed final endpoint case having a larger heading than

desired at the end of the run. The only case where good controls were

obtained was when the coefficients were initial l ized to the optima l

values. In one case the method of steepest descents was used for the

first nine iterations but no improvement was obtained. The [SE method

has good agreement between the x-trajectory and the u-trajectory . The

final heading is sli ghtly larger than the desired headin ci and the

controls are the best obtained . The tiE method cives the same controls as

For case B.

The results for case 0 are presented in Table 7.10 and Fi gures 7.73
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- 7.78. The SE method gives a good approximation of the exact trajectory

with the x-trajectory but the u-trajectory is not very close to the

x-trajectory as can be seen in Figure 7.74. Incr easing the number of

sample points doesn ’ t give any improvement in the results. This is

probably because the number of sample points would have to be increased

by several hundred points before any improvement would be noticed . The

ME me thod  g ives perfect controls but the final time was too short and

the  x-trajectory is not good. The [SE method gives a good approximation

of the controls , the x-trajectory and the u-trajectory .

From the above discussion we see that the [SE method gives the best

resu l t s  f or  the  general time -opt imal torpedo contro l problem . Therefore ,

the [SE ‘lethod was applied to severa l cases with longer ranges. The cases

are ; case E with the initial estimate of t i m e  being s l igh t ly  less than

exact and with the initial est i: :ati” of time being exact, the target

being the or ig in w i t h  the to rpedo located at (-500,0) with initial

headings of 0.1 , 0.2. 0.3, 0.4 radians and with the torpedo located at

(-750 ,0) and (-1000,0) w ith an initial heading of 0.1 radians. The

results are given i n  Table 7.11 and Fiqures 7.79 — 7.94. The results of

the [IN method appl ied to the  fixed t 1 - 0  tor pedo control problem are

presented a long w i t h  the resu l t s  of the [SE - i ’ thod appl ied to the time—

optima l torpedo contro l proble m . As can hi’ seen in Figures 7.79 -

7-94 the SE method applied after the [IN method did little more than

increase the final tim e to be sufficient for the Stat l :’ vector to reach

the f inal  endpoint.  The [IN method gives a trajet tory that reaches the

final endpoint but it is not the optima l trajector ,y of a maximum turn

until the torpedo is facing t he  aimpc iint P I l l then a straight trajectory
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to the final endpoint. It is the feeling of the author that the reason

for no improvement is the inabil ity to use a sufficient number of

sample points in the SE method . The [SE method is an improvement over

app lying the SE niethod alone in that the SE lilethod didn ’ t generate

controls that guided the torpedo to the desired final endpoint.
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Figure 7] - Fixed-Time Torpedo Control Problem. Case A: Exa ct Torpedo Trajectory~
ME Method , u -T rajectory .
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Figure 7 4  Fixed-Time Torpedo Control Problem. Case A: ME M e t h o d , x-Traje ctory .
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Figure 784 . Time-O ptima l Torpedo Co ntr o l Problem. Initial Range , 50 ft , Initial Ileading,
0,1 rad , LSE Method , 12 Basis Functions , SI Sample Points, Free Final Endpoint,
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Figure 7.85. Fixed’Time Torpedo Control Problem. Initial Range , 50 ft , Initial Heading, 0.2 rad ,
lIN Method , A = 60,000.
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Figure 7~~S . Time-Optimal Torpedo Control Problem, Initial Range, 500 Ii , Initial Heading,
0,3 rad , LSE Method, 12 Basis Functions , 51 Sample Points , Free Final Endpoint.
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Figure 7~~(I f ixed- Time Torpedo Control Problem, Initial Range, 500 ft . Initial Heading, 0,4 rad,
LIN Met hod, A = 60,000.
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FIgure 7 90. TIlne-Optinla t Torpedo Control Problem. Initial Range . 500 It , Initial Heading,
04 rad , LSI: Method , 12 Basis Functions , S I Samp le Points , Free Final Endpoint.
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Chapter Eight: Conclusions

In th is dissertation , severa l computational techniques are

applied to the torpedo contro l problem . The SE method gives a good

x- trajectory but the u-trajecto ry is unsatisfactory in many cases. The

ME method and the CO metho d yi el d good resul ts for cases A ,B and 0 but

not for cases C and E. The LIN method yields poor results for cases A ,

B and 0 and fa i r results for cases C and E . T he LSE method gi ves good

resul ts for all of the cases . There i s close ag reement between the x-

trajectory and the u-trajectory and the final endpoint is always

reache d. Therefore , the feasibility of using the LSE method to solve

the torpedo contro l problem has been shown . It is possible that the

LIN method is not the only method that could be used to initialize the

trajectory of the state vector in the Epsilon Technique to obtain

adequate results .

The computer limitations of limited computer storage that was

di scusse d at the end of cha pter three severel y limit the opt imal ity of

the resul ts of the SE method and the LSE method to the time-optimal

torpedo control prob lem for the cases where the trajectory i s of a

time duration greater than two seconds. It is our conclusion that the

results woul d be closer to optimal if a sufficient number of sample

points and basis functions could be chosen.
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1
Appendix A: Computer Programs

In th is appendix a brief description of the different main

programs and subroutines is given followed by a listing of the

computer programs . In most cases the names of the variables that were

used in the text are used i n the computer programs .

MAIN

Th is is the main program used for applying the Epsilon Technique.

The order of the program is to define the initial conditions. Then ,

the eps i lon cost fu nct ional , it s grad ient and Hess ian is computed .

Then , system (3.13) is set up and solved to determine the new vector

A. Finally, the eps i lon cost func tional is aga in evaluated to determine

if the method has converged . If not, the i teration is started again .

Subroutine FCT

This subroutine is used by MAIN to calculate the state vector,

its derivative with respect to time , and the derivatives with respect

to A us ing the Rayleigh-Ritz expansion.

Subrou tine DFCT

This subroutine is used by MAIN to calculate f(t,x ,u) and the

partial derivatives of f(t,x ,u) wi th respect to x. The optimal value

of u i s calculate d in this subrout i ne .

Subrout ine COST

This subroutine is used by MAIN to calculate the cost functiona l

and its derivative with respect to the time step.

Subrout ine RDLU

Th is subroutine is used to calculate the solution of the equation

Cx = y by a LU decomposition and back substitution using double
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precision arithmetic . This subroutine can also be used to compute

the inverse of C. This subroutine is used by all of the different

methods.

CONGRA

Th is is the main program used in the conjugate gradient method .

Steps 1 - 6 gi ven in cha pter 4 are implemented.

Subrout ine FCT

This subroutine is used by CONGRA to calculate f(t,x ,u) and its

derivatives with respect to x and u.

Subroutine COFCT

This subroutine is used by CONGRA to calculate all of the

variables given in Step 3 except for and ~~~

MN LNRL

Th is is the main program used to apply the method of lineariza-

tion about a known trajectory as given in chapter 5.

Subroutine COEFC

Th is subroutine is used by MNLNRL to calculate the constants

used in the equation s of motion of a torpedo ,

Subroutine FC

This subroutine is used by MNLNRL to calculate f(t,x ,u).

L 

Subroutine FCEV

Th is subroutine is used by MNLNRL to calculate the Riccati

equation for the method of linearizati on about a known trajectory .

MNLF4EP

Th i s i s MAIN mod if i ed to call MNLNRL f i rs t and to use the output

of MNLNRL to in i t ial i ze the state trajectory in MAIN.
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Subrout ine CALLIN

This is the main program MNLNRL modified to be a subroutine of

M N L N E P .
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C A L L  COS T t O T  ,NP , G . D G O T  ,~~ .X P P  ,N(
CV .Cv .G’G
I FI C V . L T 1CVO )GO TO 153
COEF .COEr/h I .
00 158 1 .1,102

(58
GO T O 16

~S3 CONTINUE
PR) NT (04., Lot 1 ) , I .I  ,N)
PRI NT IO’$ .) A O C I I ) ,I.I,N)

) O ’~ P O R M A T I I N  , 3 t 2 0 . 1 5
O E u C v . G S G
TF.(i~P—I ).0t
( L O O P .  I LOOP .
P R I N T  IOO,IL O O P ,TF ,Cv,OE

100 F O R M A T I S H  I • ,14) ,28 ,SH TF • ,E 1;.5.2X,S HCV • .t15.S,2 X .SMDC •
SE 1 5 . 5 )

00 ( 6 0  ( . 1 , 1 02
1 60  A ( S ) !  , I L O O P ) . A !  ( 1 )

1 r ( I L O O P . L T .3 0  ) GO T O 20
00 l b Z  1 .1,28
00 1 6 )  . J . I , 1 0 2

I A )  * I P ( J , 1 ) u * ) S t J , I ) . ( ) A ) S I ~J ,).( ) * j S t J ,lI  ‘ . S 2 ) / I A I S I J . l .2)
I 2, .A I S I j ,  1.1 ) . 6~~5~~,j , )

00 163 ~ •t ~~~
DO (63 L . ( , M

163 L ( k , L ) u A l P I k . M . M . L ,I
162 PR I N t  1 0 3 , H A ) K ,LP ,L.) .M ), K. I, N)

PR ( N T  ) 6 S , ) A ) P ( !  02 ,~~) .1 • I ,28)
) A S ~~~O R M 6 t ( 7 H  A)P • , I T S , f ( S , I 0 ) )

T P P . , O I
T .0.
Q T . T ç / )  317,
00 120  t . I , N

120 x I I J . * O t I )
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L.NP.)
00 (21 1 .1,1377

I. GT. I TEST I L.L.1
IPI L.L( ,NP.NPS)! TESTO.3
IFIL ,GT.NP .N PS) I T (ST D . ) 53
( F ( I.G T , I T E S T ) I T E S T . I T E S T . I T C S T D
CALL DFC1 P ,x ,XD ,DFD 8 ,L. ,N ,DT ,DEL.NP ,XT0 ,VTDl
00 (22 ~).1,N

( 2 2  X (J) .X I J) .OT .FtJp
t.T.OT
)F t T ,LT,TPP)GO TO 12 1
1’ PP • T PP. . 0 1
PR INT I 2 3 ,T ,I~~ ) J ) , J . I , N I

( 23 F C R P d L T ( 5 M  T •
( 21 C O N T I N U E

CA L L  O PNP LT
CALL XY EPLT
C A L L  L I NPL I(  X P LT ,Y P L T ,N P P
CA LL C U R V E ( X P T G , Y P T G , Np, O l
CA LL E N 0 P L ( I
GO T O 2 1

2 30 C O N T I N U E
S t o p
E N D
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F C T

SuPRo U’l~~r FC T~
SN , M , NP , UT , LLP$& , LOP

D I M E N S I O N  X I N )  ,* D ( N  ,DX fl A ( N .M) ,D *CDA IN .’.) .0* 0*0 (N) ,rxDD *O (N),
SUX OT I N )  , D * D O T (  I , A~ N , M )  , L O I N )  , L~~0 ( N )
I, LOP ( N J
D E F I N E  D II  ).Sj~~ I.PI .T,T FI
DEF IN E DD (I (.I .Pf/TP.CO S (I.p1.~~,T,r c
P . 3 ,  I” 35926536
RL.L
1 . C ’ T.( L — I  •
T F . (  N~~~ I •
DO I J .I, N

* C _ i  1.0.
*0 1_H .0.

~ 0 2 I . L ,~
0 * 0 *)  _j , ( ( . D l l )
0* 0 0 * 1 _ i ,  I 1 . 0 0 1 1 )
* 1 _ i )  •X I _ i  I •L I .) • 1 )  . 0*0 *  ( _i • I

2 * D ( _ i ) . x O l J ) . * ) _ ) , I  ( . 0 *0 0 * I ) ! )
* l _j I . A O I J I . * 0 O ( J J I T / T F . X ( J (
* 0 )  .11 1*001 4 )  / TF • *0 1  j I
D * D A C ( , J ) . T / I F
0 * 0 0 * 0 ( 4 )  • •
0 * 0 1 ) _ i  .0.
0 * 0 0 1 ) _ i l  . — X O )  _ i l /Oi
C O N T I N U E
R E T U R N
EPI C
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O F CT

SU RR O UnPIr OF C IIF ,* ,*D ,0i DX ,L ,P. ,DT ,0 E L ,N P ,XT0 ,YT D)
D I M E N S I O N  F I N )  ,X I N ) ,X D ( N ) • D F O X I N ,N ) , D E L I N P )
COMM ON/ * /OFDUX Ib ,6.6),DUTEST
RM.25.

RMO .2.
RL .l5 .
D M A X . l 5 . / S 7 .2 1S 1 8
xTL .— 7.5
R K .l .07/ 2,)
O~~u .  IS
RF.R l_ / (  I • I 2 8 . 5 I~R 1 I L L ) )
R K  I • .6 5. R r . .  — . 4 .9
R K  2. • 7 3 . R F  S.  1 1 3 9
R M L . * D C . S l I . R K 1 ) / 3 7 , 2

P M T . Q O O , S l I . R K 2 ) / 3 7 . 2
R K P . .M 2 . R r . . .3 3 1
R 4 2 u 4 . O O .  .34 . 0 .  .~~~ P
R L T A P . 2 . S
TIIRU ST.IRWO /2 . I s A * . D P . 6 7 . 5 6. 8 7 ,5 6
).I Q . I R I 4 O / 2 . ) S A A . R L T * P

e l u C a S  I (6) )
8 2 . — S I N I  X C L )  I
8 3 .— 8 2

RMOH .RHO/2.
HI .RHOH .L* .DP

. R H O H  S A A

H3 .R,~0H .A*.PLS .3
IR IIC /2 . ) A .

I 4 7 u P P 4 O H ~~ A * . R L . ~~ L u I , 2 )
IOC .  300
IO C .o O O
K .L
I r L • 01 • NP I K . L — N P
I F ( L , G T . NP I G O  TO S
I F ( L , E Q . 0 ) G O  ~0 2
*.XD (&4I.X13I .CII S ) . (-.3 . R ML)..s2.*).,I. ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~

~
u. H S I P K . X ( 3 ) S X ) 3 ) / R N T

C u *O S I . ) H 6 I X ) 3 l . X ) 4 . J .P d7 s X ) 3 I .v I S ~~~ M 8 . X T A S X I 3 ) . ) * H I ) . X T A S * ( 6 I ) )
S ~‘R _i~

0u M 8 . R K S X T *~~X l 3 J .K I 3 ) , R J Z
DEL )k). )*SB .C D)/IB.8.O.DI
I F )  L8 S ( U E L (K I I . G T . D U T C S T ID E L I K  I . S I G N I O M A X  , D E L ( K )

S CONT INUE
V l.X 4I ~~X Y * . X ) S ) . R K . x I 3 I .OtL I K ,
GO T o  3

2 I c I N D . L E . I O C  IVT .*t4. ) .XT &,* 5 ) . P y u * )  3I .D A X
I PC PIP .G T ,IOC )V Tu X I 4 . I .x , * . X I S )
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3 CON’ (NUE

r (3).) R M T . x  I 4 * 1 5 1  •Tp,RUS T H •* 1 3 1  •X I 3) / R P~L
F J 4 . .Z I 3 . I X I 5 I S I H 3 _ P M L J _

~~2 . X I ~~~
_ , , 8 .V T ) , R M T

F ) 5 ) u lH 6 1 * I 3 ) •~~ I4.) .N7.X
)3 I . X I 5 I .  X T * s .’ * .x )3 1 .V T , ,R _ i Z

P I e )  a X ( S )
l F ) L , G 1 . N P I R t T i * ~
IF )L . E Q .O IR( i~~9N

OFO X I I .3 1.51
O F D X )  1 , 4 . 1 . 8 2
D F D X ) 1 , 6 I u B 7 . ~~~~ 3 — 8 l . x ) 4. I
DF D X ( 2 , 3 .83
O F O X 2,~ I .8’
OFO * 1 2 , 6 I uS I • * 3 ) • 8 2 .  X ~~

D F 0 * ) 3 , 3 ) u 2 .~~~~ l . X ( 3 I / R ~~ L
D P O X  ( 3 , 4 . 1 . 1 ) 5 )
OF D X  ) 3 , S )  ul 4 4 )

D F D X I M , 3).F(4.)/ *1 3 ), M 8 .RK.OE L )L )s1 (3I/PMT
D FD X ) 4 4 ,4.).).~~7 .*l 3 J. ~8.X I 3 l ) / R ’~~
C F 0 X ,5 ) . ) X

~~~~I5 I . ’ 3 . 9 ML ~~~ M5.XI3 ) S X 1 L ) / R 4 . 4 1
D P 0 X 1 5 ,3 ).H’6.X(4.J.Pq1.X)5 )— XIA.H8.(Y I’_ X (3ISRKSOC I. (L))P/P .jZ
C F C X ) 5 , 4 . ) . I~~ b 5 * l 3 I X IA S H P . X ) 3 I ) / R _ i 2
D~~OX ~~5 ,S) u I I l 7 S * ) 3 I  X T A . M 8 u 1 3 I . X T * . / R _ i Z
0 F 0 X 1 6 , S I u l ,

D F D C X J I , 3 ,b).82

D f D C x )  I ,‘4 ,6 )u— ~~1
0 P 0 0 r I I , 6 , U .~~7
D F D O X I I , 6 , 4.)u 8I
DFDDX I 2 , 3 , 6) u P I

.12

OF 0 0 * 1 2 , 6 ,3 u P I
0 F C D X ) 2 , o ,~~ ) . B 2
0F C ~~r 1 3 , 3  , 3 .—2.
Dr 0 C X l 3 , 4.,S )uR~~1/ RM L
OF DO * 13 ,S ,4.
O F O O X  C~~ , 3 ,3 ) . H P S R K . D ( L ) K ) / R M T
C F 0 0*  I 4. , 3 , 4. I . I • 4~ 2— ‘~ 8 / p M

o r o o x  1 4 4 , 3 , 5 )  • I P~3 R ML .l.,9• X T *  I
0 F D D x  (4.~~M~ 3 ) .  C — M 2 — 4 4 9 ) ,pM~
0 F C D K I 4 . ,S,3).)~~3.1’~L— ~~8’X TA ) / P ’ 1
o r C D x I S , 3 , 3 .2..x T* .N8s R

~~.DEL IK, ,RJZ
o r c D x I s , 3 , 4 . ) u I M o _ X T L . M 8 1 ,R _ i z
O r D O x I S  ,3 ,c .c H 7 . X T  A .  X T~ .H5) ,RJz
D F D DX  5 , 4 4 , 3 )  • I ~~~~~~~~~~~~~~~~~~~

D F O D X ) 5 , S , 3 ) u ) M 1 . X T L . x , A . H 8 ) / R _ i Z
R E T U R N
END
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_ _ _ _ _ _ _ _ _  
_ _ _ _ _ _ _ _ _ _

COST

S UB R O U T I N E  COS ’IOI ,NP ,G•DGOT ,x ,1~~P , N )
DIMENSI ON 1(N) ,x F p t N )
GuS~~RT I 

(NP.) • 1.011
DGDT .I NP I. li t 2. .41
RETUR N
END
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RD L U

S U B R O U T INC R O L U I * ,* IP . I,C V E C T R ,X ,NC * P ,M O r A , I N V F G )
D I M E N S I O N  A ( N C * P 1 NC A P I  , A I N V ) N C A P .N C A P I  , C V C C T R ) N C A P )  , X I N C A P )
D O U SL E  P R E C I S I O N  * ,*I N V ,CVE C T R ,X
DOUBL E P R E C I S I O N  O ( T R ,O C Q N D , O E T I
DO UBLE PR ECISIO N MA X P I V , F L T T S ,TSC .P ,M I N U S I  ,N T S J G N ,O C H K M X ,~~Cp4KM~J

C . • . . . PROGRA M MED 8~ OO N BARA C 44 NUC— SO CODE 601 . • • . •
C . . . . MA XP )V , M IN U 5 I , N T SIG N MU ST SE TyPC0 PEAL FOR SIN GLE PREC ISIO N

DIMENSION R0w 1200)
IN TE GER RO~
C OM M O N / VA L D E T / O C T R ,OCT)
C O M M O N / O E  C O N D , 0 C O ’ ~r1
O t T  1.0.0

C . • . . . SOLUTION OF THE SYSTEM *1.8 FOp x I INVFG .O)
C OR COMP UTE I INV E RSE I INV F4.I I

M I N U S ) . .  I .0
N T S I S N u  1 .0
M DFu OF*
L IM O . )
I F I I N V F G , E Q .I  I L I M O u N CA P
00 525 11 .1, L I M O
IF ( I NV F G .C Q .O )  60 10 2 2 S
DO M IS KK u I ,  NC& P

44)5 C V E C T R ) K K I u O . O
CV E C T R )  111.1  ,U
HOP.)

~P t t % , t ~~.t ( ,4.0 ’O
22 5 I F ) M D F . E 6 , l  I 40 TO 65

C a • • . . D E C O M P~~SF IM E 4 4 A T~~1X * I N T O  L O w E R  AN D UPPER T R I A N G U L A R  M A T R I C E S
c w~4 E 1E A uLU lw(1, . ,  C O L U M N  P I V C T I P I G I
C . S • • . T H E O R I G I N A L  A MA T R IX  IS 0 E S T R O Y E O

DO I I.), N C *P
I R O w I I ) . l

M * X P I V . ) ,0
NP ) VOT u )
00 4. 1.), N C A P
PLTIS .D*SS) A t ! . I  I I
I F I M A X P I V , G T .P L T ~~5 I  60 ‘0 4.
M * X P I V . F L T T S
N PI vOT .I

~ CC ’N IINUE
P R I N T  119

~~~ FOR M A T )  IN ))

L • i
15) FO RM A T ) I 3 , 2 X ,PHM *X P IV •,D I S , b )

IF ( M A * P IV  •EG . 0. ~ 40 to  ozs
O C H K M X .M A X P I V
DCHK M N. M *X PIV
I F C N P I V O T , E Q.I ) GO T O 7
N T S I G N u P T S I G N.M INUS)
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NTEM P .ROW ) I I
R O W ) )  ) u R O W ) N p ) V O T I
ROW I N P I V O T  I .NT E MD
JuPI P I VO T
DO A I u I ,  N C * P
Y S C u L )  1,1 1
A (1.1 ) uA ( 4 ,1 )

6 A I J , I ) . T S C
7 P u l . ~~0 O / A l )  , I  I

00 8 1.2 , NCA P
S L ) I , I ( uP S * ) I , I )

00 55 L.2, NC* P
M A X P  IV — l  .0
K u L I
D O  25 I u L ,  NCA P
DO IS J I ,  K
A )  I ,L ~~~ I ,L) .* I J , L J . A )  1 , _ i )
F L T T S .O *B S IL )  I ,L ) I
( F J M * X P I V . G T ,F L T T S )  60 T 0 25
A X P I V . FL T T S

- P I V O T .  I
25 C O N T IN U E

IF I M A X P I V  . E Q .  0. I 6 0 T O  6 25
I F ) M A X P I V , G T .OC HKMX I DC H KM X .M *X P I V
(F )M A X P I V . L T .DC H K HN )  DC M K M N . MA * P I V
I F I N P I VOT .E6.L I GO TO 2~
PITS I GN.’~1’5 I GN.’~ I NUS I
NTEM P .RO,4 I L )
ROW ) L 1 .ROW) NP I V C T)
ROw ) NPI v O l  I
_ i .N P  I V O l
DO 27  1 . ) ,  NC * P
T S C u A I L , I  I
A I L , I ) .A ) J , I )

27 L C _ J , I I . T S C
28 P. l . O  / * ( L , Ll

K~~L• I

I F I L , E~~, N C * P )  GO TO ss
DO 4 4 5 uK , N C * P
00 35 4 . 1 ,  M

35 A I~~~, I I u * ) L , I I . A ) L , _ i ) . A ) J , I I
‘45 ~~~~~~~ I u P . A I L , I I

C C O N T I N U E
DCON O .DLOG IO I D C H K M X ) _ D L O GIO OCH KMN )
OE T R .A ) I ,))
00 2o5 1.2, PI CA P

205 DETR .DCTQ .*I 1, 1 )
DCTR .DE TR .NTS IGN

C • ~ a . u USES * R I G H T  HA N D S I D E  S AN D SOLVES FOP TNt UN KN OWN x BY tWO
C SUCCESSI VE B A C K  SU BS T ITU T ION S L IuB AND U xul

65 DO Cc l u l ,  NC A P
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66 *111 .0.0
,JuROw) ) l
X I I  I . C V E C T R I J I / A I  1 , I )
DO 8~ 1.2, NC * P
ju RO~~I I )
K u).)
DO 7~ L u l .  K

75 X I )  ).X) I a L l  I ,L I S K I L )
PS X I I  )u)C V ECT RI J ).* ) T I  )i*~ I .1)

K u N C  A P..
DO I~~5 1.1, K
JuNC A D —  I
‘..NC *P

D O  95 L u I ,  I
X l J ) . X ) _ i ) X 1 P ~) u A ) J ,P4I

95 M a N .1

1-OS C O N T I NUC
I F ) I N V F G . C Q . C I  GO TO S2~C . • • • • LOAC S T”t INVE R SE OP THE M A T R I X
00 ‘~2 O L L u I  , N C A P

‘42 0 A I N 1 ) L L , T J I n x ) L L )
S7~ CO N T IN U E

RE T U R N

6 2 5  P R I N T  6 2 6 , L
e2 6 rOR M &T ) S 1 N G L L A R  M A T R T X  . — COLUMN , A LL ZEROS ’

STOP
E N D
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CONG RA

PAR A M E TER N u 6 ,N Pu 3 01
DI M E NS ION DFDX N ,N,NP),X)N ,Np) ,OFDU (N ,NP) ,DCL (NP ),P)N .NP) ,

% P P ( N ,NP) ,G I N P ) , D H X X ( N ,NI ,DI IX U IN ,NP) , w ( N P ) , Z ( N ,NP) ,C I N ,NP) ,0 ( N P ) ,
$C FI N ,NP) ,S)NP) ,DEL I( NP), AL P (3, ,DEL2INP) .Q13 ,3 ( ,COEF (3) ,VEi.1 3)
CIMENSIO N YVAL ) (01 ,QI(3,3)
DIMENSION V LL (20I ,D&L(20(
DIM ENSION F (N,NP),!r(N.NPI ,V FINP ),V(N PI,VS F (NP ) ,SSFINP ) ,V SIIN P ),

I S S I  (NP)
NPI .NP—I

TF u ,A

DT.Tc/ (NP.) • I
El .) 00.
(2.100.
OP Al . 15,/Si .29575
1 ) 1 , 1  ).—I000.
1(2,1 1.0,
1(3 ,1 .67 .56
1)44 ,) (.0,
1 (5,1 .0,
1)6,1 (.0.
DO 32 1.1 ,50

32 DEL ) IIu.DMAX
DO 3j  I.I,NPI
L. •1•1
CALL FC T IF ,DrDX ,X,N ,I,p PpU ,140,Dt)_ )
DO 2~ J a I , PI
X l  J.L .1 I J ~ 1) . D T . P l _ i ,  II

29 CONT INUE
GO TO 3 )

50 00 51 J.), M
SI XIJ,L )aXIJ ,I ).OT.I5S, .Fl ,J,1)—S,,.F (J ,I.I (.3 1,SP(,J ,1.21

S .9 , . F ) J , I — 3 )  1 / 2 4 4 .
CALL FCT (F ,DPDX ,* ,N ,L,D F O U ,Np ,DCL )
DO 3~ ,j.I,N
X (J , l_ ) u X ( 4 ,I ).DTII9, .F( _i ,L( .I9,SF)J,1) .5,.F)J ,I.l).F )_ i ,I .fl)/24. ,

30 CO N T INUE
3) CONT INUE

ON uS ,
(A ~NP)

X I  F .x I I ,NP )
12 Fu * (Z, N P)
XI FuXII,N P) .0N SCOS IIA Fp
XZ Fu x I2 , NP I .ON .SIN(XAF
13F.113,NP)
IMFux 144 ,N~ I
X SF u * (S , NP P
PR INT 100,1 DEL (11, 11) • 1 1 ,112,1 , ,1 t3 ,) 1 ,1 R , ) ) , x l S , 1 )  ,1~ 4 , ) ) ,  I

S I . )  ,NP .S P
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TFI .,4
IF) u3 ,

FF0 .— .0)
DO 52 M u ) , ?
FuT ~ I • (N.) • I ~T F D

DO 33 1.440,50
33 OEL (I).O.

10.0,
00 II I.(,NP

IS W I I ) u I ,
I LOO P.0
D I u T F / ( N P . I .1
PR INT ) 0 6 ,M ,Tr ,D t

106 F O R H A T I I I I I , SI4 H • ,I5 ,51 1 5H TP • ,E I 5 , I 0 , S X ,SM OT • ,E I 5 . 1O l
DO 544 I.I,NP

5” 5 ( 1 1 . 0 .
BET .C.

IS DO là 1 .1, ?)

lb 2 1 1 , 1 1 .0 .
vA L O . O ,
DO I I.I ,N PI
11.1.)
CALL FC TI F ,DrO X ,x,N , I ,0~~DU,NP ,DEL (
DO 3~ _ i .l,N

Z F I J , I (uDF0U)J, I I•W ( I p, S 1 I )
DC 3’~ K . ) , N

344 Zfl J ,I )I Z F I_i,I).OFD X (J ,k ,IP .Z CK ,T I
DO 3o J . )~~ I’d
I I_ i .  11 )11 C 4,1 1 .01SF ) 4

36 Z ( _i , I I ) 5 Z )_ i , I l .D T I Z F I J ,I
GO IQ I

35 DO 37 JS ), N

X l _ i , 1 l ) uXIJ,I)aDTSlSS,. F J ,I ..59, .Fl_i,I .IJ.31 ,.F _i,I.2l.9..TlJ,Iu3

37 2 14,) )  152 (4,1 P DT S ISS.. Z F I J , I 1 59,.ZF )J, I~~I I~~37. .ZFI_i ,7.2).
I9..Z p i_ i , I .3 1 ) / 2 M ,
CA L L  FCT)F ,D F D X ,X, N , I I ,D F D U ,NP ,DELI
DO 38 J .I,N

1.1 ,1 1 )  u O F D U  I _ i , I I )  SW l I i) .S )III
DO 3p K. ) , N

35 Z P l J , II ).?FI_i,I1).Dr0X ) J ,K ,II).7 (K , II P
DO 39 J . % , N

39 1I_i,I !iu Z )_i,fl .D7 ’ (,..ZF I _i ,11I.I,..ZFI_ i,Ip. S ,.Tr I_ i,I _ )l.ZFIJ,I .2l

I C O N T IN U E

PR I NT 100, 1 DEL (II ,X(1 .1 .1)2 • I ) ,X 1 3 , 1 1  ,X ( ‘I,!) ,X (5,1) ,K (4,11 .1
S I • I, NP , 5)
VALO.(I I X I I , NP).XIF)u.2 .E2. (X(2,NP).XZF )..2

~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~
5 )  .X~~F ) I S 2
V A~~Os V AL O .  IF
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V V A L  N I s V A L O
C (1, NP )52. .El .Z (I , N P )
C I2,NP)u2 ,.C7.Z (2 ,NP)
C) 3 ,  NP P.O.
C l ‘4~ N P .0,
C (S,N P).O.
C IA, NP I .0.
PII,NPIu2 ,.E I .I l(l ,NP161)FI
P I I , N P ) u 2 , . E I .I X C I ,N P P _ 1 l F . D N 5 C O S I X I A , N P P ) P
P 12,NP )u2. .E2’(*(2 ,NPP .12 F 1
P (2,NP)u2,*t25IX 12 ,NP).XZF.DN . SI N I X I A , N P I I )
P I 3, NP 1.0.
P 144 , NP .0
P15, NP 1.0.
P(4,NP)SD.
P (A,NPPu D N .)P12 ,NPI.C05 (X (A, N P P I _ P I l ,NP ).SINIX(4, NP)))
D E L I N P P u O E L I N P I
CALL FCT (F ,DTD X ,X ,N ,WP ,DFDLJ ,NP ,DtL)
ITE .o
YSI NP).O,
551  ) N P ) . D •
DO ~‘ I.NPI, I,.l

CA LL CO FCTI X ,P,PF ,G ,DNX X ,DH X U ,7,C ,D ,CF ,N ,L ,N P ,OFDX,DFDU ,W ,5,DEL)
y5F (LP .W II).GIL).GI L (
SSFIL ).IIIP.SIL).D IL
DO 3 ,J.) ,N
P)J,I)S P)_i,L 16OT.PFiJ,L)

3 CIJ ,I).Cl4,LI—DT.CF(J,L )

YSI (~ ).V51 IL).D?.VSF(L)
551 (1).SSI lL.l.0~~.SSFIL)
40 T O “

440 DO ‘
~I ,J I, N

P 1 J , I ( uP I _ i ,LI.0T.(65•.PT (J ,Ll..59..PF(J,L.)).37.PFlJ,L.2).
SQ ..PF I J.L.3) 1/244.

RI C l J . I  )aC P4,L16DT .ISS.. CF I_ i ,LP .S,, .CFIJ , L.)).37, .C Fl_ i,L .2P _
19. .C~ ( ‘.1 ,L .311/2’I ,
V S I I I ) u V S I I L ) . D t I (5 S . .V S F I L ) u S 9..y5F(L.)).37..VS FIL .2).,..y5F)L.31

11/2 ” ,
SSII :).SSIIL P .D T .lS s. .s fF (L.,.;,,.SSF (L .I,.37..S5FIL.z).9,.5sr(L .31

11/2 4..
C ALL. CO FC TI X ,P ,PF,G ,DHX X ,D N X U ,Z,C,D,CF ,N ,I ,NP ,OFDX ,D F D U ,w ,5,DEI.
5SF !) ).W( 1 — 1 1 u 5 1 3 1 . 0 1 1 1
VSF I ).W( I I  ).GI 11 .011 )
DO ‘

~2 
Ju I , N

~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~
1/244.

44 2 C l _ i , )  IuC (_i ,L16DTI( 9 ..CF (J,I ).I9,.CFI _ J,L P_ 5, .CFIJ,L .I )‘CrIJ,L.2) P
1/244.

V S I I I P u V S I I L ) u D T • I 9 . . V S F )Ip.)9, .Y SF IL )u ,.V SF(L . )) .V SFIL .2)p,2 ,(.
44 CONTINUE 

-
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CALL CO FCTIX ,P,PF ,G ,DHX *,DMXU ,Z,C,D ,CF ,N ,l; WP ,DFDK ,DFDU ,W ,5,DEL )
PRINT 10 ). (PC I ,JP ,I.g ,6),J,_i.I .N P ,lO )
PR I N~ 102 ,1 6 1 1 )  . 0 1 1 1  ,WI ) 1 .511 ) , 1.1 ,NP ,(Op

132 FORPIATI5 H G u ,IT7 ,III E I S,)O ,21),ISH
I F I I L O O P .(Q .O)GO TO~~~~
BETuV S ) I) I/VSOLO

55 CON T INUE
VSOLD .VS II ))
DO S I.I ,N P I

S SI I ) .GII .BET.Sl I)
00 2~ 1.1.20

2) DAL III .I5 .I
)2 DO S K.I ,20

VA!. I K 1.0.
DO A I.I ,N P
D C L I I I )  SDEL I l l — D A LI K ‘5(I)

A I F I A B S I D E L I I  II ).GT .DM AX )DELIU .SIGNID MA X ,DELI (II)
DO 7 I.I ,NP I

• 1.1.1
CALL FC T I F ,DFD X ,X,N ,I ,DFDU ,p~P,0EL I I
DO 4 4 4 4  J u I , N

~ 4. X Ij, II ).X )J,I )~~DT.F(,j,j
)

GO To 7
93 DO 445 Ju~~~N
RS X ) J , I I 1 6 X ( J ,I) DTII55,.F (J,1)_ 5 9,,F(J,I_ )).37,.FlJ,Iu2 ~~

_
S,..F1_i,I—3 )I/24.
CALL FCT(F ,Dc~DX ,x,N ,II , OF~DU ,NP ,D(LI)
DO ~e

446
1 CO NTINU E
S V A L I K ).E l.IXI 1 ,N P).DN ,COSIXIA ,NP) ).X )P)..2.YF .
I E2.1 112 ,NP).DN.SIN)x(b,NP) )u 12Fp .’2
Lu l
V E L (2 )uVA L ( I )
DO 22 1.2 ,20
IF ( V AL I I I , G t , V E L ( 2 ) )G O  

~D 2 2
VELI 2 ).VA L I II
L.I

22 CONT INUE
IF1VELI 2 ) .GT .VA LO PGO 10 23
IFIL. E Q.l (GO 10 21
yEL l ) ).VALIL .I I
VEL I3 ).V A L I L . l  I
ALP I ) )  .DAt. I L — I l
ALP 12 ) .DAt. IL )
ALP I 3).DAL (L .I I
40 TO 244

27 V E L I I J S V A L O
VEt. 13 1 .VAL (2)
AL PI )I.O,
LLP (2).DALI I)
ALP (3 ) .DAL (2 )
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40 TO 244
73 ITCu ITE •)

DO 25 1.1, 20
2S DA L (I16DAL II)/2 0 .

IF (lTt, ’~’.S)GO TO ZA
40 TO $2

PA PRINT l )O, V A LO
))O FORMA ’I FUNC TION CONV ERGED TO ‘,E20,)SP

60 T Q 52
2’ CON tINUE

PRI NT I03,VA LO ,I V C L I I I ,!.),3)
I03 FOR I4A TI1$ VAL a ,E );,)O,3151,C)5,)O)p

I F IA B S ( VA L O — V EL (2l) .LT ,.00 ))GO T0 52
41 ),)).),
Q(2,))•l.

Q(l, 2 ).AL PII )
Q(2,2 )uA LPI2 )
413 ,2 )u*LPI3 )
4(1 •3 I S A LP I I ‘‘2
412,3).AL PI2)5’Z
41 3,3).ALPI 3)’’2
O ).VEL II ).VELI2P
D2.VEL)2) — V E L 13 )
JFI ABSID)),Lt ..0000001160 10 19
IFI ABSID2I.LT..000000l)fO TO 1 9

~O TO 20
), A L POP .A L P I Z P

GO tO 13
20 CALL RDLU I4, QI,V EL ,COCF,3,O ,Q)

PRINT I05, I AL P ) 11,1. 1 ,3),ICOC F I I ),16) ,3)
105 FORM *T 1714 A LP • ,3IEIS, I0,2 1 ,3 (C12 .7, ) X p )

ALP O Pu.COEr(2)/l2 ..COEF 13 ))
PRI NT )044,ALPOP ,(COEF13 ),I.I,3 )

l0’4 FO PM A TI7 H ALP • ,SIE)S, lo,Sx ))
I) DO 144 ).I,~4P

DC L I I )  uD(L I I I  .ALPOP .5)))
w ill . !.
I F I A P S I D E L I I ) ) .G T . DM A X ) W I I I . 0 .

I’4 I F I A B S I D E L ( I )  ).GT.D M *XP DE L I I ) .S IGN IDMAX ,DCL I I) )
ILO OP. I LOOP.)

100 FOPM At (11H DEL • ,ElS,!O ,eI2X ,E )3.RP ,2x,I5 ))
10 ) TORMAT (SH P u ,117 , A l E l S.)O, 21) ,I 5 )

!FIILOO P ,LE.20)GO 10 (5
52 CONt INUE

PRINt 53 ,IM ,VV A L I M )  ,Ms ),)0P
53 FORN A T I)O (SH N • ,I5 ,Sx ,EIS,lO, ,)p
200 FOR MA T(ISI~ I • ,I5 ,Sx ,A HDEL • ,CIS.IOI )

STOP
END
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‘Ct

SUPROU TIN E FCT )F ,OFDX ,x,N ,M ,DFDtj,N P ,DCL )
D7M E NSION DF DX IN ,N,NP ,XI N ,NP),DçDU IN ,NPI ,DELINP (,FIN .NP)
COMMO N CI ,CZ,C3,CM ,CS,C 9,C? ,CS,C,
BI u C O S I I I A , M))
82.—SI NI I 16 ,44) 1
11.1!) ~M )
*2.1(2, ”)
13.11 3,M )

X I I u X ( N ,N)
X5.X IS,HI
I u M • I

I.51l 13.82
F12 , MI”B2’X3.B )’X4.
Ft 3, M ).C).X3.X3.CZ’X5.X~~.C3
)r l44 ,M )uC M.13.lw.C5113.XS.CA.13.13.DEL(NI
FI5, ,~).C11X3 .I44.CS5X3.X3.C9.X3SX3 .DLL.IM )
rl 6,p Iu X S
D FDX )l, 3,M )uPI
DFD X I I , 44,M).82
DTD X I 1 ,A ,M).B2’X3 .8).XM
Dro ll
D F DX I2, ’4,MI .Pl
DFDX 12 , 6 ,M 1.8)113.82.144
DFDXS3, 3,M .2, S C I ’ 13
DFDX I3 , 44 ,M ).C25X5
DFD X (3,5 ,Ml.C2’X’I
DFDX) 44,3,MI.C MaXlI.C5 .X5 2..CA .X3 .DCLINP
OFDX ) 9 ,’4 ,P’).C44S X 3
DFDX ~ ,S ,~~ )uCS’X 3
DFDXIE.,3 ,~~I.C7~~X44.CB .XS 2..C9.X3 .DtLlM)
0rD X I S , ’I ,N).C1SX3
DFD X IS ,S ,M I.C PSX3
D FD X (A ,S ,“ I.)
O FDUI 44,M).CA.13•13
DFD U S ,”l u C 9.K3’13
RETURN
(ND
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C OF CT

S U B R O U T I N E  C O F C T I X , P ,P F , G , D H X X ,DII X U , Z , C , D , C F , N ,M ,N P ,D F D X , D F D U , W .S ,
I D E L )
DI MENSION Xl N ,NP ),P(N .NP),PFIN ,NP ),G INPP ,OHXX(N ,N ),DHXU (N ,NP)

5,Z(N ,N P I ,C (N ,NPI ,D( Np l ,eF (N ,NP) ,DFDXt N ,N ,NP ) ,DFDUIN , NP) ,S I N P
S,W I N P P  ,D E L I N P P
COMMO N C) ,C2,C3,C14 ,CS ,Cè ,C7 ,C5,C,
DAT A IND/O/
IF ) IND,E4,O )PRINT (D,C ) .C2 ,C3 ,C44,CS,CA,C7,C8,C9

IO FOR M A T ( 4 4H C .  ,/,)X ,9(E!2,7,I x p p
P).P (),M )
P2.P (2 ,~~)
P3.P 13 ,M )
P44.P (44 ,M p
PSu P)5, P4 I
PA.P (b,~~

)
11.1) I,~~

)
12.1(2 ~N)
13 .1) 3 , 4 4 )
144.1(44 ,M )
X 5 u K ( S , M ?
X6.Alb ,M)

el .CO Sl Xb)
52..SIN 116)

P F I 3 ,M lu—P).811P2182 .2,’P3.C ).X3.-P44.(C44.144.C5.X5.2,.CAIX3.DEL(L))
5 uPS.IC7.XM .CS’XS.2..C 9,13.DEL)L)l
PFI44 ,MI.—PIIB2—P215) .P3’C2,XS .PM.CIISX3.P5.C7,13
PP ( 5 ,141..P 3.C 2’X ‘I.PM ‘CS x 3.P5.C5. X3uPA
P F I A ,MIu.P ).131B2.PI.K4.’BI.p2IX3IBI.Pj.Xq.52
DHXU )3 ,M).2..1351P4..C6.P5.C9)
41N1.) P4.,CA.PS’C9 I. 13.
I F ) I N D , E Q , 0 ( S U 1 ) u G I M )  

-

Ir( M.Ea.2, I NDu2
D#4X 113 , 3).2.11P3.C1.IP44SCA .PS.C9).DEL I L I p
DM11 13 .9 I.”I.C44.PS.C7
0441
OHIX ) 3,A ).Pl.52.P2.Bl
DM1 1 )9 ,3)1DI4 1113 ,’4p
D ’41*) ’4,S).P3 .C2
D44xXI 44,A(. .P1.SI.P2.52
D 44X1(S, 3 ) . D M X X I 3 ,5)
0441115,44) aD NII (44,5)
DW * X I A , 3).DH XX)3 ,A )
DHI X I A , 9).OH K X I M ,6)
DNR X A ,6).—PI’113’Bt.144152p .P2.1 13.B2.xM,5))
DO I 1.3 ,6
C III ,M).O,
DO 2 J.),N

P C F l l ,N)sCF (I ,N).DFDXIJ,!,M).C(J ,M)_ D$~~~I~~,Jp.p (J, p~)
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I C F I I .M )uCIII ,M).DMXUII ,M )SWIL).5)N)

R E T U R N
(ND
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MNLNRL

COMP IL E R I X H u I I
PARAMETE R N P.ISOt, NPI .NP.I.NL.tSO
D I M E N S I O N O (NL) ,V I N L I
COMM ON P 1 6 ) ,A l A ,61 , B)A )  .1 16) .6(6 ,6) , UIe) ,PI6 ,6) ,RD )A ,A I  .10 (6) ,

S U I N P I , PS) 6,6 ,NP I , XPL IC ,N L ) .1 1 1 6 1 , ID IF (6 ,NP I , X E ) o P  , XD FS I NP )
C ALL CO CF C IC ,C2 ,C3,C ’4,C5,CA ,C7 ,Ce, C QI
13.67 .56

50 READ I, I X I I I ,Iu I ,6P ,UP ,UIND
F O R M A T ) P F ) O , S I
RE AD I, I x r I I I , 1 .I, 6) ,TF
UP.UP1 I 000.
PR IN T 33 ,U INO

33 PDRP ’aTI’ U1ND •
PRIN T 20, 1 * 1 1 ) .).) ,b ) .1 1( 11 ,I’( •6P ,UP

2O F O R N A T I S N X .  ,AI E )5,(O,5 X ) ,/ ,6 N I P .  ,6 I E 1 5 . I 0,~~X ) ,, , 6W IjP .
SF1 0 . 3,//)

DO 13 1.1, 6
I ) X I I I u X I I I

X 6 uA T*N 2 ( IF 12 1— 1( 2) ,XF I 1 1 — 1 ( 1 ) 1
A ) )  ,3) .COS 1161
LI 2,3 1.5 I NI 16 I
Al3,3).2..C).13
A l L  ,44 ). A)  2 .31
A )2 , 4 . ) . A l  1, 3)
A 1 4 4 , 4 4 )  .C4..13
A ) 5 , 4. )u C 7 l X 3
A ( 4 4 ,5) .C5.13
A ( 5 , 5 )  .C 8.13
*16,51 .1
L ) I , 6). 13 .A)2, 31
A I 2 , 6).13 .AI), 3)
9l44I .CAIX3.13
8151 .C R I X 3 IX 3

* 1 ) 1 .0 .
1121 .0,
* 13 1. 1 )3 1— 1 3

* 161. 1)6 I— X e

1.0.
XDFI .O,
DO 22 1 .1, 2
61 1 , 1  I. 100.
R S I I ,I, NP P.. 100.

22 CONT I NUE
IPL’O
PA I N? 2A ,C I ,C2 ,C3,C’s ,C5,CA ,C7 ,C.,C9

26 FO R M A l I S M  C • ,9IE I3 .p ,)z I
PR INT 25 ,II A I I ,J P . J u I , A ),I.),A , ,lp l I ) , I . ),6)

25 FOPM A T ISH A .  ,6 I T A ,A(EI5, )O,Sfl ,/),,,,5 4 4 p  • ,AIEIS.)O,SXI, /,)
.4 .11 / I NP.I • I
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IPSO
00 2 I I u ) , N P 1
K.N P.I I
M a K • )

DO 44 1.1 ,6
DO ‘4

44 R I I , _ i ( u R S I I , J, M I
CA LL ICEv I A ,B.UP ,RD ,R I
DO 3 1.1 ,6
00 3 4.1 ,6

3 P51 I , J , K ) . R5 l I ,J ,M ( N.RD I 1 ,4)
IP. IP. I
I F I I P , L T .S0)GO T O  2

344 CO N T INUE
P R I N T  21 , II , K , C l  R th I I  .4 • 

K . 4.1  .61 , I • 1:6) • ((RD II .4) .4.) • 6) • I • 1 • A l
21 FO RHA T I644 II • .15 ,5w K S  ,IS ,/ ,6)A)SX ,t I5.IO ) ,/ ) ,//,A I 6 (SX ,CI5,tO

L I ,I ) )
IP.O

2 CO NT IN UE
I F ) U I N D ,G T .I. l G0 ‘0 32
DO 31 1 u 2 , V4 P
00 3 1 1.1,6
DO 3) J~~l , b

3) PSI I ,j , K I u R S I  1 , 4 , 1 )
32 CO NT INUE

I Pu C
DO 5 3 u % ,N P )

1 1. 1. 1
0111 .0,
CO A 4.1,6

6 0111 .0 )) l.XI. J I.(P S I 44,4,1 )•B(”).R5 (5,j,I ‘S CSI  )/UP
00 7 _ i .I,6
X D I J I .B )4I .U )II

DO 7 K.I ,~~
7 X D I J I . X D I J I . A ) J , K ) I X I K )

UC .U I I)
DO )9 J u ) , 6

)9 PIJ ) .X)J).X I(J )
C A LL FC I P ,*C ,C I ,C2 ,C3 ,C 44I CS ,C 6,C7.Ce .C 9,UC I
DO 2$ 4.1,6

25 IOIF( J ,I).X EI J I .X 0 )J I
iOPS I 1 1.0.
DO 29 4 5 1, 6

7’ x D FS (  ) l . X D P S I  I I .XD) F )_i ,I P p . 2
IDF I .1DV ’ I . H . IDT S I  I l
00 I 4.1 ,6

S XI J P . 1lJ ).N ’XOI ,J)
I P .1 6.1

I V I I P ,CQ ,IO )GO T Q 9
GO ,O S

9 IPL .IPL •l

193

__________________________  _______ - __________________ ______— - _____



PRI NT )O ,U l I ) ,I X I J) ,J.),6),1
DO )) J u ) , A

I I X P L I ,J, I’L )IXIJ )’XI )JI .) XF 1 4 1 — 1 1 1 4 )  s T / IF
P R I N T  )8,’,I IP L I J , I P L ) ,J.),e)

IS PO R M A T I S M  T IME • ,E(O.5,A 121 ,E15.jOI)
I P.O

IO FOR M A T I e M U u  ,E lS.)0 ,3 1 ,6I()5.)o , I * ) ,I5(
S CONTI NUE

0 114.1.0.
DO 27 I.I, N PL

~7 UI NT .U INT .U III 1N
PR INT 30 ,U INT ,X O F I,I I,I 0 F S I  II ,I X D I F IJ ,)  1 , _ i . )  .61 ,1.1 ,NP),(0)

3O F O R M A T ( B H UI N T u ,E IS . I O ,IH X D F I • ,E S. IO, ,,ew x DI r . ,/,I I I ,IB,
S IX ,7 E  )S. 10,21) P I
IPsO

I P L u O
00 I? I u l , N L
0)1 1 .IP). II ,1

12 V ) I I . I P L I 2 , I I
C ALL CPNPLT
C A L L  X V E P L T
C ALL L I N P L I I O ,V ,N L )
DO ~~ 1 .1,6

)44 1 1 1 1 . 1 1 1 1 )

DO IS Iu ),NPI
UC.Ul II
CALL FC ( X ,XD ,C l, C 2 ,C3 ,C ’I ,C5,CA,C 7,C5 ,C 9.UC)
DO Ia 4 l , 6

6 X )J ).XIJ).N.XD (Jl

I PuI P .1
I F I I P.EQ.)O)60 To ll
GO TO IS

t’ I PL .IPL~~l
P R I N T  10 ,0 1 1 1 ,1 1 ) _i) .4.) .61 •I
01 I PL (.XI II
V )I Pt.). * 12 )
IP u C

IS CON T I N U E
CA L L  CU PV E IO ,V ,NL ,0)
C A L L  E N D P L I I )
SlOP
E N D

L ~~~~~~
, 
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CO EFC

SU B RO U T I N E  c O E r C I C I  ,C2 ,C 3,C44 ,CS C 6,C 7,CB C9)
RM .25.

RNO .2
Pt. .15.
‘ITAu.i .5
RI u l , 07 / 2 .  I
DP.•)S
R Fu R L / ( 1 , 1 Z B u 5 O R T 1 A A ) 1
R K I u . 6SSRF .. I — I .  14 9 1

R K 2 u , 73 .RFs. I. II 3 9)
RHL .,00..l),.RKl)132.2
RHTu $0O , .l),.RK Zl / 32, 2
REP. ,lI2SPFs. ,3 3 1
RJZ54400,.34.0,,RKP
R L T A P u2,5
T W RU S T. IRI .40/2, ).AA .Oe so i ,5A.ol.56
,4e.IRNO/2, )SA A . RL IA P
H2.I R4IO/2 . I.AA
H ) .M2.DP

H3.’~2.RL. • 3
ML uu I . 3 s H 2 u R ~ .
Mi.’, 2.H25RL .RL

C l u — M I  /~~M L
C2 u P M I/ ’ M L
C 3u T w Q U 5 T/ P~)L
C’. I w2.H5 I
C 5 .IN3 R M L — M S . X T A ) , R H T
C 6uN S .Rk / P M T

Cl . )  4 4 A ” X T A S M S  I / R _ i~
C8 .I W7 X T A S X T A . M S ) ,R J Z

C 9 . X TA . NS . R K/R_ i Z

R ETURN
END
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P C

S~J B R O U ’ I ~.t FC IK ,X0 ,C I  , C l ,C3 , C4.,CS .C6 ,C7 ,C8 ,C9 ,UI
D I M E N S I O N  1 16 )  .10 16 )
XD)I). * (3 I 5 C O S I X l C ) ) ~~X I 4 4 I s S I N I I)6I )
X D ) 2 (. X )3 I I S IN ) X 1 6 )I . I ) 44 1 .CO S 1fl6I )
ID) 3I .C ) .X131152.C2 .x I ‘~ 1.x Sl .C3
1 0 1 4 4  I .C44’X13 (’k(’4I.CS.113 I l~~(5 1.06 .1131 .113) l u
*0IS Iu C 7 . x 1 3 I . X I ~, ) ~~~~~ 

C 3 .1 (5 1.091*13) ‘113 C
ID)  6 )  .115)
RET U R N
(NC
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4 C( V

S~.PK~~L ’INE FC(. IA .B,~~P R~~,R I
D IM(~- iS lC ’ N
~‘O 1 (.1,6
DO I 4.1,6

~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~
DO I 1.1,6
P D)  I , jl u R ”~ I ,J )— A ) K , I I.’IK ,)I~~R ) ,K I . A I K  .4)RE ’ ~ N

(NC
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M N L N C P

C C W P I L ( R I  X M . l  I
DO UBLE P R E C I S I O N  44GR~~D ,

H6Rw I
DO UBLE PREC I S ION D ,C,t2
DO UBLE P R E C I S I O N  C00,CO N .CCMI ,C 0 0 0
C OUB LE P R E C I S I O N  HGR44,H DMC ,HDM D
PA R A M E T E R  NO Pu( 3
P A R A M E T E R  N 56 , M u 1 2 .NP. 5) ,I D I u N 5 N P . I , I 0 2 s 1 4 1 5 .5 ,N2uN.. 2
D I M E N S I O N  El I 0 2 1 ,E Z I I D Z I
CI P’CN S ) ON IPL T I N P )  ,Y P L I IN P ) ,XPTG )NP I ,Y P T G IN P )
COM ~’0 N / L , D F D D X l 6 ,b ,6) ,DUT (ST
C C CN /CA L L /T4
CO’~M ON Z I N I  ,X I N ) N )  ,X P L I N ,I 8OI ,X D I N I ,A D (N) ,A O D I N I ,D X D A I N .M) ;F) N)

S C X O C A I N ,M )
~~O X D A O l N ) ,D440DTI NP ,NI .A 1 N ,M I ,CEL )N P), 0 W l D * I I I 0 I ,ID2 l,

I D X D D A O IN ) ,D X D’ (NI ,DXDD T (NC ,DFb X) N ,N)  • W IN P ,N I ,W I ( ID) l ,A I I I D 7 )
S C S D A I N P  ,N ,N l ,OW DA O I N p  ,N .8) ,W G R N I I O 2 ,  102 1 , 440 M C 1 1 D 2 ) ,MDM D) 102 ) .
S P I G R W I I I O 2 , ID2 I ,O I I C 2 I ,0PDT )N ) ,X FP )NI , A 0~ (N) A I O I 1 D 7 I ,A IS ) 102 .301
5* IP I I D 2  , 28 I ,0 0 0 A 1 I D 2 )  ,C 0(IN , 180) ,00B) ~~~, I 8 O I , COD(M( ,COH)M ,N (

SC ONI M ,’),CODCl ~~ I ,C O G I N , M )
INC .
X F P I  11 .0,
X F P  1 2 )  •C .

PI.3,I’I15926536
C 0 E ~~.I
DN.8

22 r O R M ~~TI8PI0,’4)

PR I NT 23 ,00EF ,ITD ,YT D ,L L P H A
23 F O R W A T I S M  COEF • ,P10.4. ,6HXTD • ,FIO .’4,2X ,oMY TD • ,F IO, 44 ,21 ,F)0,71

ZETEST.S QRT 13 .1/2.
C O E F O u C O E F
DUTE 5t. , 0002
OMA X . IS ’/Si . 79578
O U T  ES T.DM A X

2 1 CALL CA L L IN
DO 13 I .I, N
F ) 11.0.
010*0 )IIu C.
0 1 00 *0  1 1 1.0.
0 1 0 1 1 1 .0 ,
01OCT 11 ).I~.
00 1 4 4  ju l . ”
010* 11,41 .0 .
D * D D A I I , J ) . 0 .

I~~ COGII, J I. 0,
*0 111. 0 .
AO l ) 11.0.
XF P I 11.0.
DO 25 k u ) , N

2~ 0 F 0 1 1 I , K IuO.
1 3 DFO TI 1 1.0.
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DO I S  I.(,M
000)II.0.
0000 1 1 )  .0.
C O IS , J u j , M

I S  C 0 4 4 1 ( 1 ,41.0.
00 to I u I , NP
DEL II (.0,
00 (6
D W O O T (  1,91 .0.
.11 .4 1.0,
DO (7 X .I .S

I’ D 4D *0 (I,J , X).0.

~ C (6
(~-0 l b  Lu l  • M

l b O b . D A I I , J ,K ,L ).0,

00 18 1 .1 , 1 0 2
0006 1 11 .0.
A l l  1021 .0 .
w D l C l  1 02 1 . 0 .
M O N O )  1021.0.

0 11021 .0.

DO 2 ’~ _i~~l , 2B
A l  S I  I , 4 s O .

74. L I P )  I ,4).C’,
*1 5 (1  .291.0.
A IS ) I, 3C .0,
*10 (1 1.0.
C’O lB J~~I . I D 2
H O R U l  1, 41.0.

I I  s GR ~~J l I , j I . O ,
00 19 1 .1,1 0 1
.11 1 0 1 1 .0 .
00 19 4 .1,102

)9 0 4 4 1 0 6 1 1 1 ,4 1 — 0 .
0 T . T P /  17 9 .
DO ~8 1 .1, 6
*0 ) 1 1 . 1 1  N I l l

~ P A O C I I C ) . % I 1 l — ~~IN l I I

DO ‘~2 
1.1 ,180

1.11.1 • (.0)
00 ‘43 J u l , N

443 CO C (9 , K ).IP L , K ( — A D I J ) — A 0 D 1 J I , -~,TF
DO 4444 4.),M

4 4 4 4  C O B I J , K (.SI NI .l.P1’T,IF
442 CO N T IN UC

00 ‘45 1 .1, 14

00 445 J .) , M

CO MI 1,9 1 .0 ,
DO 4.5 1.1,1 80

MS COH I I , J ).COM)I, 4 I . C O S I I ,X ) . C O B l _ i ,k)
C A L L  R D L I J I C O M ,C OM I ,C O D ,C0 0 0 ,M ,0 0 II
DO 

~b I • t , ”

1 99
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DO ‘4 6 ,J S I, M
C O O ’  I , - J ) • O ,
00 ‘4ó K

~~l ,180
•6 C O G I f , . J I . 0 0 0 I I , J I . C O C I Z , K ) . C 0 8 1 _ i , k )

DO ~4 7 I .l, N
DO 4.7 9.1, 14

A l  1,91.0.
00 ‘47 K .t , M

447  A l l  ,_ i ) s A )  I ,J I . C O G l  1 ,1 (.00)1 1 )K ,J)
DR IN T I0S ,T F , (AO l I I ,).I,S) , I A O O I  1 1 , 1 . 1 , 5)
DIuTF / I N P — l  • I
0 l A G u ,  I
(PS. .01
EPS— .CO I
1L0~~.O

440 ILO P. ILC P. I
I LO  OP .0
O I A G u C I A G / l O .
P R I N T  4l, (PS ,C I A G

W I  roR p ’,Tl7H (PS • ,E 2 0 . 1 S . S X ,6 H O IL • . E2 0 . I S I
170 F C R ’ 6 T 1 1 4 4 2 0 , l 0 I

PR I N T  IO3 , I I A I C ,-.I l ,_ i~~1 
M 1 1’) ,N )

2
_• S~~DE.S Q~~T~~DT,E~~S I

C O S a C  1.I , 0 2
D O  500 9.1 ,1 02

S O C  I I G R M ( I , _ i l u O ,

IT A PO. 1000,
YT A RG .D.
00 I L u )  ~N P
CA LL FC T I X ,X D, A • A 0 ,A C O O X O A DXD DA D X O A 0 , D X D DA O CXOT DX~~0 T L N M N P

S ,DT , A L P H A , *04)
CA LL 0401)4 ,1 ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~
X P L T ( L I . X I I I . % T A R G
YPLI II. 1. 1 12  I. Y T A R O
I PT O I L  . X i A IG

YPIG ( L I  s y l  L A G
90 C O N T I N U E

C C  2 J u I ,-
00 2 K u t ,N
00 2 1 .1 ,14

DWD A IL ,J ,r ,11 ..DFDY I _ i , K I 5 0 X O L I K ,I).SOCE
2 (F(J ,CG.K D jO A I L ,J ,K ,I ) u D ~~0 a (L ,_i, K , I ) . C X 0 D A ) J ,II .5 0DE

00 65 4.1, 44
00 66 K u I , N 2
DW OA C IL,J, K I..CF DXI_ i,K.2 1 .D *O *Olk. 2 1 .SQDE

66 I F) J . (~~.K~~2 I D W D A O l L , J , 1 ) . D W D A O I L , J , K I . S~~D ( . DX D C A D IJ I
e~ C O N T I NUE

00 87 4u ) , N
010119 1.0,
DO 87 1 .1, 44

e7 DF 0 T l J l u D 4 D I I J I .D F C X I . l ,I 5 D I D T I I I
00 3 .jsl ,N
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WI L , 9)S) ID) 4)— ~~I J I 1  .SGD~
3 D.DCT I L , J ) u u I L . _i I / 1 2 , .O Y .ID *O O T ) J I _ 0 F 0 1 1 _ i I  Is SODE

T I M ( . I L — I .  )s’’
oo ¶0 S39
I F I I L O O ’ , L T , S I GO ~O 509
00 SO) ) Z . l , N
00 SOt I’4.),

• I 2.M M* 1 44

00 S O? I3 u )  ,N

00 S02  IS .t, ”
_ i2 u I 3 S M M~~ IS
C C  5~~2 I I .l , N

SC? MGR W(.J I ,421 .NGR M I 4 I  ,92I 0400XI1 I • 1 2 ,1 3 I .D I O L )  l2 , l44 ). O X C A I  13, 15) .
t $~~0E..IL , 1 ) 1

00 503  1 3. 1 , 44

IS.N.M. 13
D O  SC S I I • I ~~ 4

SOS w~~R s ( J~ ,J 3 I S M G R W 1 J I , 4 3 ) .O FD DX II I, 12,I3 1 .D *DAI l 2 , I 4 4 I .D X O A O I I 3 I . S Q O E
I L  • I I I

SC3 M G R W )43,4l I.V4CI W I J l , 9 3 l
DC S:~ 

l l u ) , N
S044 NGRW JI ,I0 2 1 .440R441_ i1 , I D ? I .IDW 0 A IL , I I • 1 2 , I M , I2 . . 0 y P .O x D O 1~~~~~,I..

SSi~0 (/OI I .W ) L , I I I
SOt HG~~~.I  102 ,41 )— ~~

G1 W I J l  • 1 02 )
00 506 92.1, 44

9 3.). . ‘4 92
00 SC~ 1161,44

507 w G R b l J 3 , I O 2 I s H G R W I J 3 , I o 2 ) . l o W C * o (L , 1 l , I 2 I , I 2 . .OTl_ o *Do A cL~2sz).
SS~~DE ,D 1 1 .441 1. , I I I

S06 wO R W I  10 2 ,_i 3 ) . w G R w ) _ i 3 , I 0 2 I
DO 50 8 l Iu l , N

SOP N G Rw l l D 2 , 1 0 2 I u w G A , I I D 2 ,IC2I . (S~~D (.XDll ) (— s(L , Il  I,’4.I..IL,III,DT/DT
SO~ C C N T I N UE

PR I ~ T I OS ,TI M( ~ I I I I I  , I • I , 6 I , I xC I I )  , I • I , 6 I , 14 I I I  , I • 1 :6 I
105 FO R M A Y I S M  T • ,F I O ,6 ,’4NX u ,6(lS.5,/ ,6M ID • ,6E2c,S,,,SH F

1 6(20.51
I TA R G u X T A PG . X T 0 .O ~
V TARG .YT *PG .Y TC .01

I C C N T I N U C
PR IN T 50 ,)I ,D EL I H ,I.l. Np I

5’, F0R~~A T )S~4 I • ,I 3 , 2 X , 6 M D ( L  • ,E 2 0 , 1 5 I
~.S01’ I I N~ I • 1 .011
D G D T u G /  I ? .  .Dll
00 44

00 ‘4 l u I , M
44 A I (J. 4 ’M .IIu A I J , I  I

A ) )  102 ).DT
DO 67 1.1, 44?
A 1 I P ~.M.Il. AC O l I . 2 )

è’ CON T INUE
CO E F .COCFO
00 144 9 Iu ) , l D 2
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I 44~ *1 0 (1 ).A 1 I I )
00 5 J.),44
00 5 L u l , NP

S 44 I i J S N P’~44P.L).W)L,J)
W I C l o t  l u G
00 6 ,Jut ,N
DO A L .t ,NP
DO 7 K.l ,N
DO 7 I.),M

7 DW ID A IIJ• N P— NP •L ,K.N.44.I Iu DW D A IL ,J , K ,II
DO 68 1.1, 142

68 DWI0* )1J.NP~~N P•L ,N.M. XI•OWD A OIL ,J,KI
6 044 1 0 * 1 lJuNP — N P .L , 1 02 ) DWD DI(L .J)

0 4 4 1 0 * 1 1 1 0 1 ,  l02).DGOT
00 9 1.1 ,102
DO S 4.1 ,102
DO 8 K u ) ,10I

S )4~~RW ) I , j I .M GR W ) l  ,J).bw 1 0*1 11, 1 )1044 )0*111 , 9)
H0MC I 1 1.0.
00 9 K u l ,I01

9 )IDMC I I I  .MDNC I I I  — O W t O A  11 1 ,1) ~W I (1)
Cv.O.
DO 12 1 .1, 101

)2 CV uC V.WI III..2
1 1.0
cvO .Cv
PRINT IO2,ILOO P ,CVO

)O2 F O R N A T I S H  I .  ,lS, 21 ,E2 O ,I5 ,
DO 344 1 .1,102

344 b4GRW) I • I) u M G R W ) l ~~ j).Dl AG
GO T~ ‘403
DO 4402 (.1,102
DO “o2 4.1.102

~O2 W G R w I (1 , J I u N G P W I ( , J I
CALL TR(D)II DZ,102 ,HGRW I ,O .(,EZ,
CALL IMT QL )1I02 ,D,E ,IE p R l
P R I N T  4400, I(RP . CD I  1 1,1 .1 ,102 )

4 4 C’~ FDRMAT (1HI(P • •I5 ,’IHD • ,I O O l T l e , E2o. )S.,II
‘iQ3 C ON T IN U E

C ALL RDLU )MGPW ,HGR W I ,MD ”C ,140140, ID? ,O,OI
îØ 76

75 00 744 1.1, 102
744 )40140(1 )uM)3M C lI)
76 CONT INUE

DO 10 I u I , 1D 2
* l i i i u A  I I I  I .COFT.NDMD I I ~I)~ CO NTINUE
00 11 J.),N
DO II I .I, M

II A )4, I ).AI (J.N—N.I I
DO 69 I .l , N2
A DDII .21.AI( NI TM’ I )
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6~ CON T INUE
D T u A l I  ID?)
l C 1 D ~~,L T .O. 1015.01
PR INT l03 ,I l A I I , , J ) , J u ~ •

M j •I.I ,N I
103 F O R M A T ) 6 l I M  ,AE2O .IS,, ,T 3,6(20.)5,/)~~,,l

Cvu 0~
DO 151 L u l , NP
SOOFu S QAT 101/EPS)
CALL ICT I X ,XD, A ,AO .A00 0 D10* O OX O DA ,OX D LO,D IDDA O, OIOT ,O X DDT ,L,N .M ,44P

1,01 , AL P H A  • A OF I
C ALL DFCT)4 ,X ,XD ,0101 ,L,44,DT ,DEL, NP ,XTD.ytD)
00 15 1 J•l, N
w I t .  ,J I.IX ~~’ I— F ) 9
C V u C V . W I L , J ) . .2

IS I CONT I NUE
G.SQ RI II NP .1 , I sOT I
CV .Cv .G•G

G O Ic 153
I F I C V . L T , C V O I G C  ¶0 153
COE F .COEF,M .
00 58 1 .1 ,102

15 8 A l ( l ) u * I O I I I
1 1.11.1
I F I I T ,G I .SIG C’ 10 153
GO T O 76

153 C O N T I N U E
PRI NT lO44 ,t LO)I~~,I.I, N I
PR IN T  1044 , 1 * 0 0 1 1 )  ,1.I ,44 1

IO’ 4 FORM A T ) I H  ,oE20.lSI
D E u CV — G • G
IF.) N P I. ‘01
IL0OP .ILOO P.I
PA I N T  )OD ,ILOO P ,TF ,CV ,OE

10 0 FOAM AT )SM 1 • ,I4.,2X ,5N T F • ,EIS.S, 2i ,S-’CV • ,E IS .S,2 X ,5H0E • •
St 15.5 1
DO )óO 1 .1,102

1 60 *IS I ,ILOO P) .*I I I I
1 F IA B S I C V O .CV I . L T , .000I )G0 10 4470
I F I I L OO P ,L T .ISIGO 10 20

4420 ILO PZ .ILOO P—2
1 65 FOR P’ A I I l M  A~~P • • (TS ,El S , I O I I

T PPu • 0)
1.0 s

0 1. . 00 1
DO 120 t .I,N

120 * I I I . L O I I I
L.NP. I
L 1’ .TF/,OOI
XPTG( 1 1 . 1 1 1  l.XTA R G
YPIG(I ).X)2l.YT *RG
TIE ST.Tl /INP— ) • I
TT(STD .TTEST
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PR IN T 123, T ,IIIJ)  •9a) ,44~
00 1 2 1 I.1, L I M
IF I T.GT. 11(51 lL.L.)
III T .GT.T TESI)IPTG L_ N p ) u X I I ) . I T A R G
)FlT • GT • TIEST ) V PII 3 IL — N p l u X ( 2  I. VT LAG
IF ( 1, 61. TTESTITTEST.TT (ST.TTESTD
C A L L  DFCT (F ,x ,XD ,OFDX ,L ,N,Dt ,DtL. NP ,XTO,Y TD%
DO 122 9.1,44

122 *IJ ) .XIJ l.DT .FlJ)
tuT .O T
1 11T ,LI,TPP)GO 10 12 1
T PP . 1 PP. .01
PR IN T 123 ,T 4 1 1(91 ,9.) ,44 1

I2~ F0R~~&TIS M I • ,F)O ,3,oEl5.jo )
12 1 CON T INUE

XP TG (N P ) .XIII.XT A RG
IPTG)NP).1(2).YI*RG
PR IN T 123 ,1 , (X) 9 ,J.),6 I
C A LL OPN PLT
C A LL IV E PL I
CA LL.  L I PV PLTIX PL T ,YPLT ,NP ,
CALL CUR VE) *PTG ,YPTG, Np ,Q I
CALL END PL I II

~ ) CONT INUE
50 TO 2 1

230 CONT INUE
STOP
END

204
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CA LL IN

COM PILE R 1 1 1 4 . 1 1
S U BROU TINE C A L L I N
PA RAMETER N P .lS0I •NPl .44~~.l ,NL.I80
CO MMON /CALL/ TI
DIM (NSION O )NL ) ,V )NL
COMM ON *1)6) ,II (6) ,XPL.)6,NL 1 ,LI 6,61 .8)61 .1( 6 ) .5(6 .6) ,PI A I  ,R I A .A I

1A0l6 ,A I ,Xr~)6 ,4I N P l ,QS 1A ,6 ,NP) ,1OIF )6, NP ),XE ) 6),xDF5lNP)
C A LL COEFC )C I •C2 ,C3,CII ,C5,C 61C7 ,C8,CQI
*3.67.56

50 RE AD I, 1 * 1 1 1 , 1 .1 ,6) ,UP ,U IND
FO R NA T I S F I O . 5 )
RELO 1, 1 1 4 ) 1 1 ,1.1,6) ,TF
U Pu U P S  1000.
PRINT 33 ,UIND

33 FO R M A T ) ’  UIN D • ‘,FlO . S ,//I
PRI NT 20 , (III )  , I • I ,eI , 1 1 1 ( 1 )  , I • I ,ol , UP

20 F0AM A T I S H X u  ,61El 5.)0 ,Sxl ,,,bW XF . ,6(EI5 ,IO ,SII ,/,AM Up . •
II 10. 3 • / / I
DO 13 1 .1, 6

1 3  I I I I ) u X I  I I
1 6.A TA N 2 1 1 8 1 2 ) — I  (2) • X F (  1 1 — 1 ( 1 ) 1
A l )  .3) .005 )16)

*12 ,3 ) .SIN 1 * 61
A l ~~ ,3 ).2..C).X3
A ( I , 4 4 ) s — & 1 2 , 3 )
L) 2 , ’4I .L lI, 3 )
* 144 ,44 1.044.13
A IS,44).C7.13
A ) 4 4 ,5I.CS.13

* 15,51 .C8. *3
A (A,5 ). I.
A l ) , 6 ).—13 5A 12 ,31
L I ? ‘6 l.1 31AI(, 31
5 (44 ).CA SX 3.13

1 111 .0,

* 121.0,

*13 .1) 3 1.13
1 ) 6) .X I A )  — I A
T uO.

*011.0.
DO 22 Iu I , 2
G I l ,  I 1.100.
PSI I , I ,NP I u— I 0 0 .

22 CONT INUE

PRINT 26 .C (0C2 , C3,C4.,CS,C 6,C7 ,C$ .C9
2e rO P M A f l S N C u  •~~IE I3.S ,t1)

PRI N T 25 , II A (I • 9 I 9. I .6 I , I. I , 6 I • I B ( L i  , I • I .6 I

205

- 

- -- - - - -_ --.. --—-—--— -

. 

~~~~~~~~~ 
- -



_ _  • 1

25 FOR MA lI SM A .  ,6I1 6,AIEIS. 0,Su.,),,,,SW S U  . Al E I c .)C .SXI ,//I
44utF/ I N P— )  • I
IP.O
00 2 I I u ) , N ’I
1.441.1)
M ul l )

DO ’) I u I , 6
DO 44 ,J.),A

‘4
CA L L  1C tv1 * ,B, U P ,PD, RI
00 3 1.1,6
DO 3 9.1,6

3 RS I I ,J,*)uRS II , J ,MI.M.A0 l1 ,,J )
IPu I P .1
I8 lI P, LT .5OIGO TO 2

344 C O N T I N UE
P A I N T  2 ), I1 ,K ,I ) R S I I ,J .1 I, 9.1 :AI ,).I:6 I , I ) R O ( I ,4) ,J .I,bI ,I.I .A l

2) FORMA T IoN I I .  ,IS ,5 H 1  • ,l5 ,,.61615* ,E I5.lO ,fl ,/,.AI 6ISX ,EI S . I O
1 1 , / I )
IPsO

2 C O N T I N U E
I F I UIND .GT .I. )GO T0 32
DO 31 K.2 ,NP
00 31 1 .1, 6
DO 3) 9.1,6

3) A S 1 1 ,9,1 1 .RS II  09 ,1 )
32 CO NTINUE

11.0
DO S 1u 1 , NP I
11 .1.1
Ul I  1.0.
006 9.1 ,6

A U)1 ).U)IleX) J )slRS I ’4,.J ,I 16SI44I.RSIS, J ,II .SISI,,U p
DO 7 9.1,6
x0( J , u B (J I .U I l I
DO 7 1.1,6

7 IO ) . I ) . I D IJ ) . A I J , k ) ,X I X I
UC u U I  I I
DO )9 9.1 ,6

I’ Phj).))JI.X I I J (
CA LL ICC P ,xE ,C l  •C2 ,C ).C” ,CS .C6,C7, CB .C9,UC I
DC 28 9.1 ,6

28 IDIF (J, I).XE(JI .10 )jI
IDISI 1 1.0.
DO 29 Ju ),A

2, *08Sl I ).XDFSI I 1.101419 ,1 ‘‘2
X D F I . * O F I . M 5 I D F S I I )
00 • 9.1,6

8 1)91.11 J) .$.10I41
1 1.16.1
TuT.p.

IF I I P . (G.IO )GO TO ,
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U-

40 ¶0 S
~ I~~L .IPL~~)

PRINT 10 ,U (1) ,I X I J )  ,-J• I .61 • I
DO II 9.1,6

I )  I P L I J . I P L I u X I J ) I X I I J I . I X F I J I .N I , J ) 1 .1/IF
PRiN T I 8 ,1 , I IPL 1 9, IPL I ,J.) ,~ I

II F O R M A T I I M  T I M E  • •~~~0 .S.eI2x,EI 5,IO~~
‘P.O

10 IO R M A T I A M  U • ,CIS.)O,3* ,A )EtS.)0 , 11) ,l5)
S CONT I NUE

UINT.O .
DO 27 Is) ,N P I

2~ UI N T .U IN T . U I I ) . N
PRIN T 30 ,L,I N r .*OFI ,l I ,X D F S I I ) ,I X O I F ) ,j,II ,J.I, 6),I.I, NP I,)OI

3O ,ORN LT)SW U INT • ,ElS.I O ,SH *0P 1 • ,EIS.)O ./,8w *01, • .1 , 1) 1 . 1 8,
1I1 ,7 1E15.)0 ,211 )I

1 1.0
IPI...0
00 12 I .I, NL
O I l  ).XPLI 1 , 1 )

I? V I I ) .I P L (2 I I
CA LL OPNPLT
CA LL x,EPLT
CA LL LIN PLT)O ,V ,l4.L l
DO 144 1 .1, 6

1’4 I I I I . I I I I )
DO IS 1 .1 , 441)
UC .U ) l )
CALL. 8C IX ,XD ,C I ,C2 ,C3,C’),C5 ,C6,C7,CS .C9,UC)
DO (6 JU l , A

)A IIJI.IIJI.N .IDIJ )
IFu IP.)
IFII P ,EB.)O lGD 10 17

~O TO 15
)7 IPL .I1L’)

PR INT ‘10 , U II I • I 1(9 ) .9.1 ~ 
I , I

01 IPL l u l l ) )
VI IP).l.K(21
1 1.0

IS CONT IN UE
CA L l. CUA VE 10 , V ,NL , CI
C A LL EN DPL I I )
RET URN
(ND
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