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SUMMARY
Froblem
The problem which is investigated is the determination of the

cptimal open loop controls so that the torpedo's trajectory minimizes
the cost functional. The basic cost functional is the elapsed time
so that the problem is referred to as the time-optimal torpedo control
problem. For comparison of different computational methods, a fixed-
time problem of minimizing the miss distance was solved. The results
are restricted to the torpedo's motion in the horizontal plane, and
the equations of motion of a torpedo are simplified so that the equa-
tions are Tinear with respect to the control variable. The computa-

tioral technigues that were used to solve the problem are the Epsilon

Technique, the conjugate gradient method, and the method of linearization.

Results

The results show that the best controls for the time-optimal tor-
pedo control problem are obtained when the Epsilon Technique is ini-
tialized from the output of the method of linearization to the corre-
sponding fixed-time torpedo control problem. The basic problem
encountered is the computer limitation in the number of sample points
and basis functions able to be used on present-day computers due to
size limitations and roundoff and truncation errors.
Recommendations

It is recommended that different ways of implementing the com-
putational techniques be explored to determine how to increase the
number of sample points or of removing the need for more sample points

by a better choice of basis functions.
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Chapter One: Introduction

In this report, the results of applying several different
computational techniques to the torpedo control problem are presented.
The torpedo control problem is defined to be the determination of the
optimal open loop controls so that the torpedo's trajectory minimizes
the cost functional. In the fixed time torpedo control the cost
functional is the distance between the torpedo and the target aﬁd the
final time is fixed. For the time-optimal torpedo control problem the
cost functional is the final time and the tarcet's position is a final
endpoint condition that the state equation must satisfy. The motivation
behind choosing this problem is an attempt to answer the following
guestion. Given that the torpedo has a finite amount of fuel that is
expended at a constant rate, will the effective range of the torpedo be
significantly increased if the time-optimal pursuit trajectory is
followed? In order to answer the above question the time-optimal
nursuit trajectories of the torpedo must be calculated. Hence, we have
the time-optimal torpedo control problem. Since most computational
techniques are restricted to fixed time optimal control problens, the
fixed time torpedo control problem was defined to obtain a comparison
of different computational methods. Although this problem would appear
to have been investigated in the past, the author has not been able
to find any record in the literature, by contacting people at the
Naval Ocean Systems Center who have worked on torpedoes and torpedo
control systems for over twenty years or by contacting several professors
at the Naval Postgraduate School.

The computational techniques used to solve the torpedo control




problem are the Epsilon Technique, the conjugate gradient method and
the method of linearization about a known trajectory. The only method
which is directly applicable to time-optimal control problems is the
Epsilon Technique. A new method of applying the Epsilon Technique is
given. In solving the time-optimal torpedo control problem the Epsilon
Technique is initialized by using the results of the method of linear-
ization about a known trajectory applied to the fixed time torpedo
control problem.

Before proceeding further let us define some notational abbrevia-
tions that will be used throughout this dissertation. The dependence
of a vector on time will usually be implied, that is x = x(t), especially

when beina used as an argument. Partial derivatives will be denoted by

aH

a subscript, that is H e
u au

The Epsilon Technigue was first presented by Balakrishnan in
references [1] - [4]. Basically, the Epsilon Technique converts a
dynamic optimal control problem into a nondynamic optimal control
problem by incorporating the dynamic equation as a penalty function
added to the cost functional. Let

x(t) = f(t,x,u) (1.1)
be the dynamic equation where the state vector x(t) is continuous and
differentiable, the control vector is contained in a compact subspace of
C] and appropiate initial and final endpoint conditions are given. Ue

want to determine the controls u(t) that minimize the cost functional

I(tx,u) = o(te,x(te)) + fof L(t,x,u) dt (1.2)
The Epsilon Tecknique forms the epsilon cost functional
I (tau) = I(txu) + L obf |] & - f(txu)|? dt (1.3)
2
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and minimizes it over all admissible x and u subject to the initial and
final conditions being met. In this way one is no longer constrained to
satisfy the dynamic equation (1.1). However, the minimum of the epsilon
cost functional must satisfy the dynamic equation due to the huge penalty
incurred of the dynamic equation is not satisfied. Balakrishnan has
shown that the minimum of the epsilon cost functional converges to the
minimum of the original optimal control problem as epsilon goes to zero.
The Epsilon Technique has been applied to several different problems.
Balakrishnan in reference [4] and Taylor in reference [5] determined the
minimum time and trajectory for a supersonic interceptor to reach a given
altitude and velocity. The results compared favorably with the previous
solutions to this problem although the final times were sliahtly differ-
ent. Taylor and Constantinides in reference [6]-{7] applied the Epsilon
Technique to the Earth-Mars orbit transfer problem. The final time that
they obtained did not match the previous results. In reference [8],
Mikami solved the minimum time problem of a missile flying to a fixed
point by the Epsilon Technique. In reference [9], Mikami solved the
minimum time problem of a particle subjected to constant magnitude
thrust which is controlled by two angles. He compared the Epsilon
Technique to the conjugate gradient method using sine basis functions
and polynomial basis functions in the Epsilon Technique. Good agreement
between the three methods was obtained for the final time and the state
trajectory. However, the controls were different. The most recent
application of the Epsilon Technique was done by Hewett in reference

[10]. He developed a new penalty function to handle state constraints

and control constraints and states that the convergence of the method
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is improved if the second order terms in the Newton-Raphson iteration
are included. This method was applied to a missile intercept problem, a
climb performance problem and an air combat maneuvering problem.

The conjugate gradient method was first presented by Hestenes and
Stiefel in reference [11]. The method was expanded by Fletcher and Reeves
in reference [12]. Lasdon, et al, expanded the method to optimal control
problems in reference [13] and Pagurek and Woodside, in reference [14],
expanded the method to handle optimal control problems with bounded
control variables. Essentially, the conjugate aradient method is a
modification of the method of steepest descents that takes into account
second order effects to improve the convergence properties. Since there
is no way of presenting the method without going into specifics, discus-
sion of the method is deferred to chapter four. The nurber of optimal
control problems to which this method has been applied are too numerous
to mention.

The method of linearization about a known trajectory is a very old
method of solving nonlinear optimal control problems. Reference [15] is
one of many good books that discuss the method.

The arrangement of this dissertation is as follows. In chapter two
the torpedo control problem is defined. The equations of motion of a
torpedo are presented along with the cost tunctionals for the fixed
time torpedo control problem and the time-optimal torpedo control
problem. Then, the questions of existence of an optimal trajectory and
of controllability of the system are discussed. In chapter three, the
Epsilon Technique is presented for the general optimal control problem.

The Rayleigh-Ritz technique of expanding the state yector in terms of




known basis functions and the Newtori-Raphson technique for minimizing
the the epsilon cost functional are presented. Then the technique is
applied to the torpedo control problem. Finally, a discussion is
given of the basis functions which are used in the Rayleigh-Ritz expan-
sion and a comparison is made between the different basis functions.
The conjugate gradient method is presented in chapter four. The

method of linearization about a known trajectory is given in chapter
five along with a discussion on how the method is used to initialize
the Epsilon Technique. In chapter six both the maximum principle and
the epsilon maximum principle are applied to the torpedo control
problem. An explicit form is obtained for the optimal controls.

Chapter seven contains the results of applying the different computa-
tional methods to the torpedo control problem. First, the fixed time
torpedo control problem is discussed and then the time-optimal torpedo
control problem. Finally, in chapter eight, the conclusions are

presented.




Chapter Two: System Equations

In this chapter the torpedo control problem is presented as a
system of equations that are to be optimized. First, the equations of
motion of a torpedo are given in a state space formulation. Then, the
cost functionals are presented for the two problems that are considered,
the fixed time problem and the time-optimal problem. Finally, a discus-
sion of existence of optimal controls and of controllability is given.

The equations of motion of a torpedo are derived in reference [16]
and are presented in state space formulation in reference [17]. Since
our main concern is with determining optimal pursuit trajectories for
the torpedo only the equations that were used are presented and the
reader is referred to the references for their derivation. For our
purposes the control variables were chosen to be the position of the
rudders and elevators of the torpedo. It is assumed that they can change
positions instantaneously. With this assumption the state space for the
torpedo motion equations has twelve independent variables. The equations
of motion are nonlinear in both the state and control variables. By
assuming that the roll of the torpedo is always controlled to zero, the
equations of motion can be decoupled into a six dimensional system for
the horizontal plane and a six dimensional system for the vertical
plane. These systems are referred to as the yaw system and the pitch
system, respectively. Due to the lack of gravitational forces, the yaw
system is simpler than the pitch system. Therefore , in order to solve
the simplest system first our investigation is confined to the yaw
system. By making a minor approximation the yaw system becomes 1inear

with respect to the scalar control variable.
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Let (x,,x,) be the position of the torpedo in an inertial
coordinate system. Let (x;,x,) be the components of the velocity of the
torpedo in a body fixed coordinate system which is centered at the
center of buoyancy of the torpedo with the positive X-axis pointing
through the head of the torpedo parallel to its length and the positive
Y-axis being 90° counterclockwise from the positive X-axis. Let x: be
the angular rate of change of the torpedo and x, be the heading of the
torpedo in the inertial coordinate system with a positive angle measured
couterclockwise from the X-axis. Then the equations of motion of the

torpedo for the yaw system are:

x = f(x) + g(x)u (2.1)
where,
fi(x) = x: cos(xg) - x4 sin(xg) (2:2)
fa(x) = x3 sin(xg) + xy cos(xg) ({2530
fa(x) = c;x§ + Coxuxs + C3 (2.4)
fu(x) = cux3xy + CgX3Xs (2.5)
fe(X) = C7X3Xy + CgX3Xs (2516)
fe(x) = xs (2.7)
galx) = 0 7 = 12,346 (2.8)
9y (x) = cex3 (2.9)
gs(x) = cox3 (2.10)

The initial and final position of the torpedo are given and the control
u is constrained to be within the closed set [-U,U]. The values of the
constants used in (2.2)-(2.10) are given in Table 2.1. If one wishes
to consider a moving target then the state vector can be modified in

the following way. Let (xT,yT) be the position of the target in the




Table 2.1: Values of the Constants Used in the

Torpedo liotion Equations

__ Constant  Value .
o -0.005365516
<, 1.961174
c3 24.49011
c4 -0.06333694
Cg -0.08583888
s 0.,02323317
¢, -0.0009094651
Cg -0.2250926
Cq -0.0115848




inertial coordinate system. Letting x{=x,—xT, x§=x;-yT we obtain the
equations:

x{ = f1(x) - x; (2.11)

Xp = f2(x) - ¥p (2.12)
By redefining the state vector to be §T=(x{, Xty X ity Xy Xeh)
we have that the initial position is now the difference between the
initial torpedo position and the initial target position and the final
position is the origin. The two systems are identical for stationary
targets. The advantage of the above transformation is that for a moving
target the final point is the origin rather than a curve in the inertial
coordinate system. However, since most of this thesis only deals with
stationary targets we will confine our discussion to the unmodified yaw
system.

Since only the Epsilon Technique is directly applicable to time
optimal control problems a fixed time problem was considered as well as
the time optimal control problem. The cost functional for the time optimal
control problem is:

J(t,x,u) = te 2%li8)
The cost functional for the fixed time problem is

J(t,x,u) = 100.(xl(tf)-x]f)?'HOO.(x;(tf)-x(f)2 (2.18)
For some cases (2.14) was expanded to include all of the components
of the state vector. The problem is to determine the control u
which minimizes the cost functional J(t,x,u).

Before attempting to solve an optimal control problem one usually
shows that an optimal control exists and that the system is controllable.

Existence of an optimal control is usually shown by showing that the




system equations satisfy Filipov's condition. For our case one would
have to show that

[x,f(x)+g(x)u] <

(1 + ||x|]?) (2.15)
is satisfied for all admissible x and u. However, the above condition
is not true in general for our case since the left hand side contains
cubic terms. Several conditions are present that seem to indicate that
an optimal trajectory exists. If we assume that the torpedo varies its
thrust in order to keep x, constant then the dimension of the state
vector reduces to five, the state equations become linear and (2.15) is
easily satisfied. Also, for any constant admissible u there exists a
stable critical point X, Although the above conditions are not
sufficient to prove that an optimal control exists they do agree

with the intuitive feeling that an optimal control does exist.

A sufficient condition for controllability of a nonlinear system
is that the following matrix, [B,AB,...,A”B] have rank n+1 where the
,djmension of the state vector is n+l1, where B=g and A:fx +g.u are
e&a]uated at a critical point of the system. This condition holds
if we choose a critical point such that u # 0. However, if the
critical point has u = 0 then the above condition is not met.

Since the above condition is met for all critical points but one

it is my feeling that the system is controllable.
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Chapter Three: Epsilon Technique

The theory of Balakrishnan's Epsilon Technique has been presented
several times in the literature, references [1]-[3]. Since this thesis
is mainly concerned with applying the Epsilon Technique to the torpedo
guidance problem the presentation here will be confined to describing
the technique with regard to the epsilon cost functional, the Rayleigh-
Ritz expansion of the state variables and the modified Newton-Raphson
algorithm used to determine the coefficients of the Rayleigh-Ritz
expansion that minimize the epsilon cost function. The presentation
will be for a general optimal control problem. Then, the application of
the Epsilon Technique to the torpedo control problem is presented.
Finally, a least squares technique is presented as a method for com-
paring different basis functions for use in the Rayleigh-Ritz expansion
of the state variables and the results of the comparison for several
different basis functions are presented

First, a description of the general control problem is given.
The problem is to determine the control variables u(t) that minimize

the cost functional

J(tsx,u) = oltex(te)) + 75F L(t,x,u) dt (3.1)
subject to the state variables, x, satisfying the dynamic equation

x = f(x,u) (3.2)
where,

x(0) = x_» 5(tf)fG(5(tf))={the set of admissible final points}

f(x,u) is C! in x and continuous in u and u is contained in
the compact set U.

The Epsilon Technique reformulates the above dynamic optimal control

11
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problem as a nondynamic optimization problem by incorporating the
dynamic equation as a penalty function added to the cost functional.
The epsilon cost functional is given by,

J_(tax,u) = A(tax,u) + I5F || X - £(x,u)] |2 dt2e (3.3)

The epsilon cost functional is then minimized over all admissible

x and u where the set of admissible control variables has been
expanded to include relaxed, or chattering controls and the set of
admissible state variables is the class of absolutely continuous
functions that satisfy the initial and final end conditions. In the
Epsilon Technique one gives up satisfying the dynamic equation exactly
in return for satisfying the end conditions exactly. The minimization
of the epsilon cost functional is performed in two steps. Let us
define,

Hxou) = | x - £(x.u) |} (3.4)
First, I(x,u) is minimized with respect to u at each time step. Then
the epsilon cost functional is minimized with respect to the state
variables using the controls obtained in the first step. Let u; and
X be the controls and state vector obtained from the above two steps.
Balakrishnan has shown in reference [1] that as i increases the
sequences converge to an optimal state vector and an optimal control
vector that is dependent upon epsilon. As epsilon goes to zero the
optimal controls and state vector converge to the optimal controls
and state vector of the original control problem.

A Rayleigh-Ritz procedure is used to reduce the dimensionality

of the the system to finite dimensions. The state vector is represented

as a vector in a finite dimensional subspace. Then the problem is reduced

12
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to determining the controls and the coefficients ot the basis functions
that minimize the epsilon cost functional. Although several different
basis functions were tried and compared the following basis functions
were found to be as good or better than those tried and will be referred
to as the standard basis functions. Let

xj(t) = A; + A3°t/tf + ;Aj,i sin(int/tf) e =l e an) (3.5)
Then the end conditions are satisfied exactly by the choice of A° and
A°° since the basis functions equal zero at the end points.

Let A be the vector containing all of the coefficients which are
to be optimized. A modified Newton-Raphson technique is used to determine
the coefficients that minimize the epsilon cost functional. Let ti’
i=1,...,N be an equally spaced partition of the interval [O,tf] where

we define

=ty =, FER=1) (3.6)

e -
i3 ; i)-fj(ti,é,u))(A/z) e R T (3.7)
and

]l Lo
W= ooty ety 9(tu) /) (3.8)

Then the epsilon cost functional is approximated by;

J (t,x,u) = NTN (3.9)

The gradient of the epsilon cost functional is given by;

S O ¥
vA,Jf (tox,u) = 1 V5ﬁ7 W (3.10)
Neglecting second order terms the Hessian of the epsilon cost functional
is given by:

b a9, (taxsu) = (7T (v) (3.11)

Hence, the coefficients are updated by the iteration

13
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In using the Newton-Raphson algorithm described above it is not necessary
to compute the inverse of the Hessian of the epsilon cost functional as
shown in equation (3.12). It is sufficient to solve the linear equation

Cy =d (3.13)

for y where,

G = AA‘J!Z(t"X,y')
¥=Ai - 4
d = -\:AJ( (t,x,u)

Then, the new coefficients are given by;

A

8551 = A—i Iy (3.14)

Since C is very ill-conditioned we follow the suggestion given by
Luenberger in reference [18] and add a small constant to the diagonal
elements of C. Even with the addition of 0.01 to the diagonal elements of
the Hessian matrix C the condition number of the Hessian matrix was seven
or eight. The vector y is computed using a double precision routine
that decomposes C into a lower triangular matrix CL and an upper
triangular matrix CU such that C = CLCU. Then y is found by two successive
back substitutions.

For the torpedo control problem the dynamic equation has the form
x(t) = f(x) + g(x)u (3.15)
The cost functional for the fixed time torpedo control problem is
given by;

J(t,x,u) = IOO(x](tf)-x]f)f + ]OO(xZ(tf)-xzf)’ (3.16)
and for the time-optimal torpedo guidance problem the cost functional

is given by;

14




J(t.x,u) = tg (3.17)
Hence the epsilon cost functional is given by

& fe st ) + 2

1 1 f;flli-f(i)-g(yullz dt (3.18)

Since the epsilon cost functional is linear in the control variable u

an analytic expression exists for the control variable that minimizes
I(x,u) = [[x -f(x)-g(x)u]|? (3.19)

Taking the partial derivative of I(x,u) with respect to u and equating to

zero the following expression is obtained for the optimal control variable

(= Fu(x))gu (x) + (x5 -F5(x))gs(x)

9,(x)? + gs(x)?

Ug (3.20)

Since the second derivative of I(x,u) is equal to the denominator of
the above expression which is always positive u, is the minimum of
I(x,u).

In any application of the Epsilon Technique it is important to use
basis functions that can adequately represent the state vector over the
entire time interval.In order to determine whether the basis functions
given in (3.5) are adequate to represent the trajectory of a torpedo
and to obtain a comparison of several different basis functions the method
of least squares approximation was used to obtain the best coefficients
for the basis functions to approximate a known trajectory. Then the
trajectory obtained by using these coefficients can be compared with the
actual trajectory to see if the approximation of the trajectory is
adequate. In this way a comparison can be made between diffevent basis
functions. Now, the method of least squares approximation is presented.
Using the same partition of the time interval given before let D be a

matrix with the i,j th element being the value of the j th state variable

15
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at the i th time, B be a matrix with the i,k th element being the value of
the k th basis function at the i th time step and A be the matrix contain-
ing the coefficients of the basis functions with the i,j th element being

the j th coefficient for the i th state variable. The coefficients A are

obtained from the equation

Al = (87) '8™D (3.21)

In Table 3.1 a list of the basis functions that were tried is
given. These functions were first tried with the epsilon technique
for the general minimum time problem. The basis functions numbered
3 through 6 were rejected because the basis functions approach zero as
time increases and the trajectory of the torpedo converges to the straight
line connecting the initial and final points. The polynomial functions
shown as number seven didn't perform well at all. Therefore, only the
standard basis functions and the basis functions which were proposed by
Taylor in reference [19] and are numbered two in the table are compared.
Taylor modifies the standard basis functions by approximating the initial
and final conditions with a cubic instead of a straight line and by
multiplying each basis function by the term sin(nt/tf). The latter
modification causes both the state variables and their first derivatives
to be equal to zero at the initial and final times.In order to understand
the effect of each of the above modifications the case of the standard
basis functions with a cubic approximation to the initial and final end
point conditions was considered. The three cases that are considered for
comparison are; a maximun turn for 0.6 seconds, a maximum turn for 0.3
seconds followed by zero rudder deflection for 0.3 seconds and a maximum

turn for 0.3 seconds followed by 9.7 seconds of zero rudder deflection.
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The values of the optimal coefficients for the different basis functions
are presented in Tables 3.2 - 3.8. The values of the comparisons of the
basis functions with the actual trajectories are presented in Tables 3.9 -
3.11. The results show that the position of the torpedo is represented
adequately by all the basis functions, however the velocity components of
the state vector are approximated better by the standard basis functions.
There is no significant difference between the case where the initial
trajectory is a straignt line or a cubic. Therefore, the standard basis
functions with a straight line initial approximation between the endpoints
was used in applying the Epsilon Technique.

In applying the Epsilon Technique the value of epsilon is usually
decreased until no improvement is shown. For the torpedo control problem
the results were virtually identical for epsilon having a value of either
0.01 or 0.001. The results started to deteriorate when a value of 0.0001
was used for epsilon as a result of computational problems. Therefore,
the value of epsilon that was used in 0.001 although occassionally
epsilon has the value 0.01.

There are several computational problems in applying the Epsilon
Technique to the torpedo control problem. The epsilon cost functional
is approximated in (3.9) by evaluating it at a finite number of sample
points and treating the epsilon cost functional as a constant between the
sample points. At each of these sample points the gradient of the
epsilon cost functional with respect to A is evaluated. Therefore, a
large amount of computer storage is needed in order to apply the Epsilon
Technique to the torpedo control problem. For twelve basis functions

and fifty sample points over 100,000 words of computer storage are needed.
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Special techniques had to be used to obtain that much storage on an Univac

1110 computer system. In applying the Epsilon Technique to the torpedo
control problem it was determined that 50 sample points were needed for a
trajectory of 0.6 seconds duration and even then the solution was not exact.
On this basis 500 sample points would be needed for a trajectory of 6.0
seconds duration which would require more computer storage than is presently
available in one computer system. Present day computers are unable to
handle that amount of computer storage without elaborate, time-consuming
techniques. A second problem is that the number of basis functions is
limited. For 12 basis functions with a free final endpoint the dimension
the system of equations that has to be solved, (3.13), is equal to 77.

The number of steps needed to solve the matrix equation is proportional

to the cube of its dimension. The more steps that are used increases the
truncation and roundoff errors in the computational algorithm. Several
cases were tried using 14 basis functions but there was no improvement in
the results. Another problem is the slow convergence for the cases where
the initial point is fixed. This problem is typical of penalty function
techniques and the, see [18], Epsilon Technique is of the penalty function 1

genre. In order to try and increase the speed of convergence the method

of steepest descents was used for the first nine iterations and then the
Newton-Raphson algorithm was used. Another method was to apply Aiken's
method of increasing the speed of convergence of a convergent sequence.

Both of these methods didn't give any noticeable improvement in the results.

18
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Basis Functions

Sin(int/tf)

sin(int/tf) sin(nt/tf)

oot/ sin(it/t.)

LAY sin(int/t;) if 1 is odd

e~ %t te cos(int/t;) if i is even

e e cin(ut)

e—alt/t -azt/t

f sin(Ut) + e f cos(Ut)

(t/te) (te-t)

Table 3.1: List of the basis functions that were considered

for use with the Epsilon Technique.
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Chapter Four: Conjugate Gradient Method

The conjugate gradient method was developed by Hestenes and Stiefel,
reference [11], and expanded by Fletcher and Reeves, reference [12], to
be a rapidly convergent finite dimensional unconstrained minimization
technique. In reference [13], Lasdon, Mitter and Warren expanded the
conjugate gradient method to optimal control problems. Pagurek and
Woodside, reference [14], further extended the method to handle optimal
control problems with bounded control variables. In their paper two
separate algorithms were presented. The first is a direct extension of
Lasdon's algorithm. The second algorithm uses second order terms and
gave improved convergence in several sample cases. Therefore, the second
method was used for the torpedo control problem. The discussion here
will be confined to presenting the steps of the algorithm for the
general optimal control system that has the form of the torpedo control
problem. Let the,dynamic equation be given by

x(t) = flx,u) (4.1)
where,

x(0) = xo » ue [-U,U]

The cost functional has the form

J(t,x,u) = ¢(tf,§(tf)\ (4.2)
The Hamiltonian of the above system is given by
H(t,x,p,u) = ETf(ﬁ,U) (4.3)
where p is the costate variable defined by
!
b Bl A p(te)=ad(t,x,u) (4.4)

Let z(t) and c(t) be n-dimensional vectors and s(t),w(t) and e(t) be
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scalars and let us denote partial derivatives by subscripts, that is
f, means the partial derivative of f with respect to x. Then, the
c;ﬁjugate gradient method is given in the following six steps.
Step 1: Determine an initial control u(t).

Step 2: Solve the following equations forward in time;

x = fx,u) 5 x(0) = x, 5-1)

z=fz+fws ,z(0)=0 (4.5)
Step 3: Solve th;~f01]owing equations backward in time;

p = -Heo s plte) = J, (tex,u) (4.4)

£ = -ﬁi_ s Péu;si s clte)=d, (tex,u)z(te) (4.6)

and at the same time evaluate;

g = H, (4.7)
B 8
L Hug;rz— *HWSi t fu £ (4.8)
o sE
IVS = Jof weidi dt (4.9)
_ ot
ISS = Jof wsidi dt (4.10)
Step 4: Determine a new value of s by
Sis] = €5 * ByS; (391
where,
By = -IVS/ISS s S 6wl =0 (4.12)
Step 5: Determine a new control u from the equation
U=u-as, (4.13)
where « is determined by a one dimensional search to be the

value that minimizes J(t,x,u). During the search u is truncated to be |

within the limits of :U.

Step 6: After defining a new u, w is defined by

PRI 7
WS iu‘ < U

if
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Then set i equal to i+1 and go to Step 2.
The method is terminated when Step 5 yields no improvement in the cost
functional or when a preset number of iterations have occurred.

For the torpedo control problem the dynamic equation has the form

x(t) = £(x) + g(x)u (4.14)
Since the conjugate gradient method is not designed for time-optimal
control problems it is only applied to the fixed time torpedo control
problem. Therefore, the cost functional is given by

J(t,x,u) = ]OO(xT(tf)-x]f)2 + 100(x2(tf) - X2f)2 (4.15)
Since the dynamic equation is linear in u, Huu is equal to zero.

The integrations in Step 2 and in Step 3 were originally performed
using a four point predictor-corrector method which is known as the
Improved Adams or Moulton's method. Several of the cases were rerun
using the simple one point Euler method. Due to the small step size there
was no noticeable difference in the results. Therefore, in order to
save computer time the simple Euler method was used for integrating
the dynamic equations. The one dimensional search in Step 5 was done by
evaluating the cost functional at 20 equally spaced points and then
fitting a quadratic about the minimum of the 20 points. If the minimum
occurred on the first point and the value of the cost functional was
not reduced, a new search was performed in the interval between the
old point and the first point of the old search. If after reducing
the region of search several times no improvement is made the algorithm

is assumed to have converged.
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Chapter Five: Method of Linearization

The method of linearization about a known trajectory has always been
one of the most frequently used methods to solve nonlinear optimal
control problems. One advantage of this method is that a feedback
control is obtained. This method is only applied to the fixed time
torpedo guidance problem.

The trajectory x'(t) about which the trajectory is linearized is
a straight line between the initial and final end points. Let us define
z(t) = x(t) - x'(t). Then, for the torpedo motion equations which were

presented previously, the dynamic equation for the linearized state

vector is;
z(t) = Cz(t) + Du(t) (5.1)
where,
z(0) = 2z, , z(te) = 0, C = afi(x)| + 9g(x)u
T’ xE) Tax )
D= a(x) |, (¢)

Although in general C and D are time dependent, for the torpedo
control problem that we are considering with the initial trajectory

being a straight line C and D are independent of time. C and D are

given by;
0 =0 c?s(xé) -s1n(xé) 0 —xés1n(xé)
o 0 sin(x}) cos(x6) 0 x3cos(x6)
e T 0 0 0 (5.2)
g 0 0 ¢ xé csxé 0
0 0 0 C7X3 CgX3 0
0 0 0 1 0
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In order to insure that the constraints on the control u are satisfied

0 ) (5.3}

a penalty function of the integral of u is added to the cost functional
and the amount of the penalty is increased until the constraints are
satisfied. The cost functional is given by;
T te
ditz.n) =z £z 2

vhere E has non zero values only on the diagonal. Eii is equal to

utt)e dt (5.4)

100 if xi(tf) is fixed. Otherwise, Ess is equal to zero. The Hamiltonian
of the above system is;

H(t,z,p,u) = poru? + QTC; + pTUu (5:5)

Letting p, = -1/2 and setting the derivative of the Hamiltonian with

respect to u equal to zero we obtain the following relationship for u;

u*(t) = DTp / (5.6)
Hence, the optimal state and costate vectors satisfy the equations;

2*(t) = cz(t) + ‘o0p(t) )

p*(t) = -Cp(t) (5.8)
Let us assume that p(t)=R(t)z(t). Then we have

p(t) = R(t)z(t) + R(t)2(t) e

Using (5.7) and (5.8) in (5.9) we obtain
-cR(t)z(t) = R(t)z(t) + R(t)Cz(t) + [R(LIDD'R(t)2(t)  (5.10)

Since z(t) is arbitrary we must have;

R(t) = -C'R(t) - R(t)C - 'R(t)ODTR(t) (5.11)
ur(t) = 1OTR(t)z*(t) (5.12)
2%(t) = (C + 10DTR(t))z(t) (5.13)

Therefore, the optimal trajectories and controls are obtained by

solving (5.11) - (5.13) subject to the endpoint conditions on z(t)

S
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s

and R(t,.) = -E.

%
The method of linearization about a known trajectory is used as a
way of initializing the trajectory for the Epsilon Technique. First,
the fixed time torpedo control problem is solved using the method of
linearization for an approximate final time that is less than the actual
final time. Then, the method of least squares approximation is used to
obtain the optimal coefficients of the Rayleigh-Ritz expansion of the
state vector using the standard basis functions. The method of Teast
squares approximation is given in chapter 3. Finally, the minimum time

torpede control problem is solved by the Epsilon Technique using the

coefficients obtained above as a start off point.
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Chapter Six: Application of the Maximum Principle

In this chapter the formalism of the maximum principle is applied
' to the torpedo control problem to obtain the expectea form of the
optimal controls. Then the Epsilon Technique formulation of the
torpedo control problem is given and the Epsilon maximum principle is
applied. Since the only differences between the time optimal torpedo
control problem and the fixed time torpedo control problem is the

addition of the constant p., in the Hamiltonian of the time optimal

problem and the way of initializing the costate vector p(t), we will
confine our discussion to the time optimal torpedo control problem.
The dynamic equation for the torpedo contral problem is
x(t) = f(x) + g(x)u (6.1)

The cost functional is

Jtox,u) = ts (62}
The Hamiltonian of the system is aiven by
H(t,x,p,u) = p(t)Tf(x) + p(t)Tg(x)u +p, (6.3)
The costate vector p(t) satisfies the equation
Blt) = - 'H(F,xjp,u) (6.4)
1 X

Now, it is a necessary condition of the maximum principle that the
Hamiltonian is maximized for the optimal state vector x*(t) and the
optimal control u*(t). From (6.3) we see that the optimal control must
have the form

u*(t) = san(p*(t) g (t)) (6.5)
provided that p*(t)g(t) is not equal to zero for any interval of
time. If Hu(t,x*,p*,u*) = p*(t)Tg(t) = 0 over a non zero interval of

time then we have singular controls. For this to be the case we must
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have Ru(t,x*,p*.u*) = 0. Since (6.1) is autonomous we must have
H(t,x*,p*,u*) = 0 for the time optimal case by the maximum principle.
Using the above equations we can obtain expressions for PgsPs and Pg
terms of P12PysP3 and x*. If we take the above expression for Pg and
differentiate it with respect to time and try to equate it with the
expression for 54 we obtain four relationships that must hold.These
relationships are consistent only if u = Xqg = Xg = 0. Therefore, the
only possible singular control is u = 0 with the torpedo moving in a
straight line. Therefcre, the expected optimal controls are tU and O.
Now, let us consider the epsilon maximum principle. Define,

p (1) = I (1) - () - g(x)u) (6.6)
where x' and u are the state vector and controls that minimize the
epsilon cost functional

J‘(t,x,u) = J(t,x,0) + ? fg

Then, by the epsilon maximum principle,

£ iix - f{x) - g(x)ul]? dt (6.7)

Tim p' (t) = p(t) (6.8)
0

Define,

Ho(tax ap au') = p (0)T( F(x') + a(x')u') (6.9)
The epsilon maximum principle states that the epsilon Hamiltonian
should be a maximum at the optimal control and state vector. From
(6.9) it is clear that we should have

u' = Usgn(p (t) g(x")) (6.10)
Taking the derivative of the epsilon Hamiltonian with respect to

the control we have;

H (Esx" 5P su) = pagp(x') + pegg(x') = 0 (6.11)
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Using (6.6) in (6.11) and gathering terms we obtain

TR g
ut = Xg - F4)9 * (x5 - flog (6.12)
(]4 + 95

The above expression for u is exactly what was obtained in chapter
3 by minimizing I1(x,u).

Since the maximum principle gives the form of the optimal controls
to be either ‘U or 0, the Epsilon Technique and the conjugate qradient
method were tried with the controls restricted to be those aiven by the
maximum principle. The results of limiting the control in this fashion

will be aiven in the next chapter.




Chapter Seven: Results

The results of applying the Epsilon Technique, the conjugate gradient
method and the method of linearization about a known trajectory to the
torpedo control problem are presented in this chapter. All of the above
methods were applied to the fixed time torpedo controi problem. Only the
Epsilon Technique s applied to the time-optimal torpedo control
nroblem. There are two ways of usina the Epsilon Technique; one is the
standard way of assuming a straight line between the endpoints as the
initial trajectory of the state variables and the second way is to first
solve a fixed time torpedo control problem to obtain an initial estimate
for the trajectory of the state variables. The arrangement of this chapter
is as follows. First, definitions will be given of several terms that
will be used throughout the text. Then the fixed time torpedo control
problem will be discussed. The last part of the chapter is devoted to
the time-optimal torpedo control problem.

In the torpedo control problem the state vector is composed of Six
variables; the position of the torpedo in the inertial coordinate system,
the velocity of the torpedo in the body fixed coordinate system and the
angular velocity and heading of the torpedo. Only the first two components
of the state vector, those referring to the position of the torpedo, are
always held fixed at the initial and final endpoints. By the term fixed
endpoint we mean that the last four components of the state vector are
held constant and by the term free endpoint we mean that the last four
components of the state vector are allowed to vary in computing the
optimal trajectories. The term x-trajectory refers to the trajectory of

the state vector generated by the optimization nethod. The term
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u-trajectory refers to the trajectory of the state variables generated
from the controls given by the optimization method. A curve is defined to
be the trajectory generated by having the rudders of the torpedo at their
maximum value and a straight trajectory is the trajectory generated by
having the rudders with no deflection at all. The optimization methods

that are used are referred to by the followinu abbreviations:

SE - the standard Epsilon Technique

ME - the Epsilon Technique with the control restricted to be either
tY ar 0.

CG - the conjugate aradient method

MCG - the CG method with the contols the same as the ME method.
LIN - the method of linearization about a known trajectory between
the endpoints.
LSE - the method of using the output of the LIN method to initialize
the trajectory of the state vector for the SE method.
From the results of applyina the maximum principle to the torpedo control
problem one has that the optimal controls should be either +U or 0.
Therefore, several cases were chosen for comparison where the final
endpoint was obtained by a curve or by a curve followed by a straight
trajectory. In this way one can obtain an estimate of how well the
various optimization algorithms work in solving the torpedo control
problem. The cases that were chosen are:
case A - an 0.3 second curve.
case B - an 0.6 second curve.

case C - an 0.3 second curve followed by an 0.3 second straight

trajectory.




case D - an 3.0 second curve.
case £ - an 0.5 second curve followed by an 2.5 second straight
trajectory.
Now the results of the fixed time torpedo control problem are
presented. Each case will be discussed separately. Then the results will

be summarized for general conclusions. Table 7.1 and Figures 7.1-7.8

contain the results for case A. As could be expected, the ME method gives
an x-trajectory and a u-trajectory which are exactly the same as the
original trajectory from which the endpoints were obtained. The SE method
gives a very good approximation but the controls take too long to reach J
the maximum and hence the u-trajectory does not reach the desired
final endpoint. The CG method gives a good trajectory however the
control changes to +U from -U at the end of the run and this seems
to only affect the heading at the end of the run and not the position.
Several cases were run with the LIN method. For all of the cases the
controls decreased to zero and the resulting trajectories didn't
develop the proper curvature. Hence, the LIN method gives the worst
results for this case.

In addition to comparing the different optimization algorithms,

case B is used to compare different ways of implementing the algorithms.

The results are presented in Table 7.2 and Figures 7.9 - 7.22. There
are three separate cases that are considered; the torpedo initially
heading straight, the torpedo initially in a curve and the torpedo
initially heading straight with the aimpoint being the head of the
torpcdo instead of the center of buoyancy of the torpedo. First, we

discuss the case of the torpedo initially heading straight.In the SE
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method the buildup of the angular velocity is gradual and since the

controls depend upon the angular velocity the optimal controls are not
reached immediately. Therefore, even though the x-trajectory is almost
exact the u-trajectory is slightly flatter and doesn't reach the final

endpoint or the desired heading. If the final endpoint is fixed the

controls reach the maximum value sooner and both the x-trajectory and
the u-trajectory are closer to the optimal trajectory. The CG method

has good results for the position of the torpedo but the controls change
sign abruptly at the end of the run and the heading is slightly off.

If the final endpoint is fixed the control stays the same for the entire
run and the result is the exact trajectory. The CG method contains
several differential equations that are solved numerically. Case B was |
used to compare solving these equations by a four point predictor-
corrector routine known as Moulton's method with solving these equations
by the simple Euler's method. As can be seen in Table 7.2 and Figures

7.15 and 7.16 the results are nearly identical. Therefore, the simple

Euler's method was used in all further runs with the CG method to save
computer time. The ME method gives the exact trajectory. The LIN method

gives the poorest results due to the control decreasing in absolute

value to zero. For the cases where the torpedo was initially in a curve %
all of the methods tried gave very good results. This case was used to i
see if a noticeable improvement could be seen in the way we applied the

CG method over the simpler way of applying the CG method. No improvement

was noticed but since Pagurek and Woodside showed some improvement by

using the more complicated method we continued to use the second order CG ;

method. When we changed the aimpoint of the torpedo to be its head
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i~~tead of its center of buoyancy we found that the SE method gave almost
exactly the same results as the previous case where the aimpoint is the
torpedo's center of buoyancy. However, the CG method gives the exact
trajectory and controls. This seems to indicate that the trajectory of
the state variables are unique only when the aimpoint of the torpedo is

its head and not its center of buoyancy.

For case C the results are given in Table 7.3 and Fiqures 7.23 - 7.32.

The CG method gives a good estimate of the final position but the final
heading is slightly larger than desired. The controls are always greater
in absolute value than 0.15, that is the trajectory is more of a
continuous curve than a curve followed by a straight trajectory. The
MCG method gives the same results as the CG method gave in case B. The
SE method gives a good approximation of the x-trajectory but the controls
are too small and the u-trajectory is not close to the x-trajectory.
The ME method gives an x-trajectory that is close to the desired final
position of the torpedo but the trajectory is even more curved than the
trajectory from the CG method. The u-trajectory is the same as the exact
trajectory of case B. The LIN method gives an u-trajectory that is
almost identical to the x-trajectory. The final heading is about 0.05
radians less than the desired heading and the final point is about one
foot away from the desired final position. The best x-trajectory is
obtained by the SE method and the best u-trajectory is obtained by the
CG and LIN methods.

Table 7.4 and Figures 7.33 - 7.37 contain the results for case D.
The CG and the ME methods give very good results for both the x-trajec-

tory and the u-trajectory. The SE method gives a good approximation of
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the x-trajectory but due to the slowness of building up a large angular
velocity the controls take too long to reach the stops and u-trajectory
is not close to the x-trajectory. The LIN method gives very poor results
when R is held constant and not much better results when R is exact.

The x-trajectory in Figure 7.36 exhibits too sharp of a turn in the
middle of the trajectory. Therefore, the LIN method does not give good
results for cases of long periods of turning.

In case E the time interval is the same as in case D but the amount
of turning is much less. The results are given in Table 7.5 and Figures
7.38 - 7.43. The head of the torpedo is the aimpoint except for the
LIN method. The SE method gives an x-trajectory that is more like a
continuous curve than Tike the exact trajectory and its final position
is close to the desired final position. The u-trajectory is almost a
straight line along the X-axis. The CG method didn't converge at all.
When the initial trajectory was given to be a 0.4 second curve followed
by 2.6 secs. of straight trajectory the CG method converged in one step
to almost the same controls. Instead of no rudder deflection for the
last 2.6 seconds a small deflection was given, just enough to almost
reach the desired final point with a slightly larger heading. The ME
method yields an x-trajectory that turns slowly and doesn't reach the
final point or heading and an u-trajectory that turns too much and
misses the desired final position with too large of a heading. The
x-trajectory and the u-trajectory of the LIN method are very close to
one another. The final position is close to the desired position only
the final heading is larger due to the slower turnrate and hence

longer time before the torpedo starts travelling in a straight line.
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The LIN method gives the best results for case E.

From the above results it seems that one can formulate the rule that
for the fixed time torpedo control problem the best results are obtained
by the ME method or the MCG method if the torpedo is always in a maximum
curve but if the trajectory includes periods of straight trajectories
then the LIN method is the best one to use. We used the LIN method for
Tonger periods of time but since these cases were used with the LSE
method for the time-optimal torpedo control problem the results will be
presented later in this chapter.

Now the results for the time-optimal torpedo control problem are
presented. The only method which is directly applicable to time-optimal
problems is the Epsilon Technique. Therefore, the only two methods used
in the time-optimal torpedo control problem are the SE method and the
LSE method. Originally, the geametry of the problem was as follows;
the torpedo is located at (-1000,0) in the inertial coordinate system

heading straight down the X-axis and the target is located at the origin

heading straight up the Y-axis.The aimpoint was the point of intersection.

For these runs the transformation of the state equations changing the
desired endpoint from a point on a known curve to the origin as given in
chapter two was used. A few of the cases are presented in Table 7.6 and
in Figures 7.44 - 7.47. If both the initial and final endpoints are

free then converges in very few steps to the torpedo heading straight

to the intersection point. If the initial endpoint is fixed then the SE
method gives good results only if the target is stationary and the tor-
pedo is facing the target. When the target was moving the SE method

generated a good x-trajectory as in Figure 7.45 but the u-trajectory
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barely leaves the X-axis. Therefore, in an attempt to understand why the

SE method was failing to generate the proper controls to coincide with

the x-trajectory cases A - D were tried.

l The results for case A are given in Table 7.7 and in Figures 7.48 -
7.53. Initially, the final endpoint was fixed. We found that it is
necessary to increase the number of sample points in order to obtain

a good x-trajectory with reasonable controls. then the final endpoint
is allowed to be free the x-trajectory is almost the same as when the
final endpoint is fixed but it takes much Tonger for the angular veloc-
ity to increase and the controls to reach the proper value. The ME method
gives a very close approximation of the exact trajectory with its x-
trajectory and the controls and u-trajectory are exact. The LSE method
gives a good approximation and is slightly better than the SE method in
that the final heading is closer to optimal. The SE method slightly un-

derestimates the optimal time and the LSE method slightly overestimates

the optimal time. Comparing these results with those from the fixed time
torpedo guidance problem we see that the SE method and the ME method

give the same results.

: In Table 7.8 and Figures 7.54 - 7.63 the results for case B are
presented. The results for case B are similar to the results of case A.
For the SE method the fixed final endpoint case gives better results than
the free final endpoint case. If the torpedo is initially in a curve

then the SE method and the ME method give exact controls and almost exact
i x-trajectories. For the case of free final endpoint the method proposed
by Hewett, in reference [10], of including the second order terms in the

| Newton-Raphson step was tried. There was no improvement in the results.




Another modification that we tried was letting X35 the velocity of the
torpedo parallel to its length, be constant. For this case the system i§
known to be controllable and an optimal control is known to exist. The
results are very close to the cases run with no constraint on X3 and
there is no improvement in the value of the cost functional or the number
of steps needed to converge. A case was run where the coefficients of
Rayleigh-Ritz expansion of the state vector were initiallized to their
optimal values but the final time was not correct. The x-trajectory is
identical with the previous case but the controls and the u-trajectory
are much closer to the optimal controls and trajectory. The LSE method
g.ves very close agreement between the u-trajectory and the x-trajectory
and both of these trajectories are very close to the x-trajectory given
by the SE method.

The results for case C are given in Tabie 7.9 and Figures 7.64 -
7.72. For the SE method all of the x-trajectories are close to optimal
with the free finil endpoint case having a slightly lower heading than
desired and the fixed final endpoint case having a larger heading than
desired at the end of the run. The only case where good controls were
obtained was when the coefficients were initiallized to the optimal
values. In one case the method of steepest descents was used for the
first nine iterations but no improvement was obtained. The LSE method
has good agreement between the x-trajectory and the u-trajectory. The
final heading is slightly larger than the desired heading and the
contrcls are the best obtained. The ME method aives the same controls as

for case B.

The results for case D are presented in Table 7.10 and Fiqures 7.73




- 7.78. The SE method gives a good approximation of the exact trajectory
with the x-trajectory but the u-trajectory is not very close to the
x-trajectory as can be seen in Figure 7.74. Increasing the number of
sample points doesn't give any improvement in the results. This is
probably because the number of sample points would have to be increased
by several hundred points before any improvement would be noticed. The
ME method gives perfect controls but the final time was too short and
the x-trajectory is not good. The LSE method gives a good approximation
of the controls, the x-trajectory and the u-trajectory.

From the above discussion we see that the LSE method gives the best
results for the general time-optimal torpedo controi problem. Therefore,
the LSE method was applied to several cases with longer ranges. The cases
are; case E with the initial estimate of time being slightly less than
exact and with the initial estimate of time being exact, the target
being the origin with the torpedo located at (-500,0) with initial
headings of 0.1, 0.2, 0.3, 0.4 radians and with the torpedo located at
(-750,0) and (-1000,0) with an initial heading of 0.1 radians. The
results are given in Table 7.11 and Fiqures 7.79 - 7.94. The results of
the LIN method applied to the fixed time torpedo control problem are
presented along with the results of the LSE method applied to the time-
optimal torpedo control problem. As can be seen in Figures 7.79 -
7.94 the SE method applied after the LIN method did 1ittle more than
increase the final time to be sufficient for the state vector to reach
the final endpoint. The LIN method gives a trajectory that reaches the
final endpoint but it is not the optimal trajectory of a maximum turn

until the torpedo is facing the aimpoint and then a straight trajectory
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to the final endpoint. It is the feeling of the author that the reason
for no improvement is the inability to use a sufficient n<ns1:XMLFault xmlns:ns1="http://cxf.apache.org/bindings/xformat"><ns1:faultstring xmlns:ns1="http://cxf.apache.org/bindings/xformat">java.lang.OutOfMemoryError: Java heap space</ns1:faultstring></ns1:XMLFault>