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• AN I N V F N T ~)H1 PLANN I N ( ;  MODEL
FOR NAVY ENLISTED I~ERSONNEL

~~TRACT

The model specifies annua l accessions plus m i n i ~~:Lm .111’)-

c~itions to forma l and on—the-job training needed t n~~ i n ’~ i i n

‘~~ture inventories within specified limits of manpower re ~u 1r c -

ments. Plans are derived simultaneousl y for  ma ny sk i l l  c~~te jories

over several years. Restrictions are imposed on the size o~

annual inventories , flows between skill categories and smooth-

ness of flows into forma l training. Experience levels within

skill category are explic itly accounted for by allow in~i spec~~fi—

cation of up to 3 l e n g t h — o f — s e r v i c e  groups . The n~~ t h o~~e I e c ;y

~s linear programming , which can be extended to stn~ hast ic

programming to account for uncertainty in project i r ~:~s o r f~i’ure

requirements. Plans derived using actual Navy dat~ i~~e presen~ e~i.

INTRODUCTION

This paper presents an application of linear ~reiramm inq

~~~ i manpower and pe rsonnel p l a n n i ng prob lem. The ~~~~ is

bein~; conducted as part of an ongoing study at the C~~nt ~~ r

~~va l A na l y s e s , called the Enl isted Manpower and Por~ on~ eI

• Planning System (EMPPS) Study .1 The problem is to d ¶~~rm iTe

‘See reference 1. ~
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an efficient allocation of scarce resources (annua l Navy acces-

sions) to Navy ratings (skill groups) which meets the demand

(annual requirements) for each skill in each of the next seven

ye ars. An efficient allocation is one that meets requirements

at minimum cost.

The manpower-personnel system is not assumed to be in

s t ea d y  state. Annual requirements fluctuate , not only as to

the total number required within each rating , but also wi th

respect to the experience mix within the totals. For each

rating , the Navy specifies annual requirements for nine separate

experience groups , called paygrades .

Total accessions and authorized endstrength (inventory

si ze at the end of each planni ng year) are constrained by law

to be less than specif ied levels .  In recent years , authorized

endstrength levels have been less than total requirements. This

situation is expected to persist. Because of this , requ i remen ts

cannot be fully met. This gives rise to an alternate interpre-

tation of “meet ing ’~ requirements in which a manager specifies

how close he wants projected inventories to be to projected

r e q u i r e m e n t s, for each r a t i n g  (and aven for  subsets of experience

groups within ratings). This option allows full manning in

high priority ratings , and programmed shortages in others, and

reveals the impact of programmed undermanning .

2
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The problem is further complicated in that , for ~~~~

Ia rt , accessions into the Navy do not flow directly i f l t e

r a t i n g s ;  r a t h e r , they enter  one of two t r a i n i n g  p i p e 1 in ~~s ,

e i t h e r  forma l or on- the - job  training . The durations of these

pipel ines vary by type and rating . Generally, formal trai n ing

(rating “A1’ school s )  las ts  less than one year , somet irn s only

a few weeks, while on—the—job training usually takes in e x r e S5

of 2 years .

In our model , inventory flows are modeled after thesc observed

in the recent past. However , the model allows the user to easily

modify those flows to reflect planned or porposed sh ifts in

continua tion management policies during the planning horizon.

FORMULATION

The mathematical formulation of the linear program is

presented in appendix A. This section presents a non- t~~-hr~ical

descrip t ion  of the formulat ion.

The solution to the linear program represents i proposed

management plan for all ratings over the next seven ycirs.

For each rating and each year , the following quantities are

specified :

1. the size of allocations of accessions to formal
training

2. the size of allocations of accessions to on-the-
job training

3. the number of lateral transfers into the rating

- 
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4 .  the number of lateral t r a n s f e r s  out of the r a t i n g

5. the  number  of d i r e c t  i n p u t s  to the r a t ing  (f rom
sources other than training)

The quantities , along with the s t a r t i n g  inven to ry  and p roJ ect ed

cant  inua t ion ra tes , are then  used to der ive the inventory

expec ted  to r e s u l t  from following the proposed plan. The

all ocation schedule and resulting inventories are then summar-

ized for management review . This will be illustrated later

with an example.

Each type of con st r a i n t w i l l  now be d iscussed sepa r a t e l y ,

followed by a discussion of the objective .

Constraints

Constraints fall into one of two categories: those which

reflect “real world ” relationships beyond the control of the

manager  (u s e r) ,  and those which r e f l ec t  policies selected by

the manager (user) and can be f r e e l y  changed as desired.

The real world constraints are :

1. The total number of personnel in the Navy is bounded

above in each year. (These are called “endstrength” constraints.)

2. The total allocated to training , across all skills ,

cannot  exceed the m a x i m u m  f low out of r ec ru i t  t r a in ing  in

each year. (These are referred to as “recruit input” constraints. )

3. The sum of lateral transfers within specified subsets

of s k i l l s  m u s t  equal zero. Th is  means  t ha t  the sum of la te ra l

4
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i n s  must eq u a l  the sum of lateral outs within each qre iç. .

roup ings Wi 11 correspond to Navy practice wi th  rc qa rd ‘ e

co:.trol of l iteral flows . (These are called “lateral flo~~’

c o n s t r a i n t s. )

4 .  Flows in to  s k i l l s  via d i rec t  i n p u t s  and  l i t e r a l

t r a n s f e r s  are  bounded above in accordance w i t h  e m p i r i c a l l y

~ie r ived  m a x i m u m s .  (These c o n s t r a i n t s  are simple  upper  bour~~s.)

5. The al loca tion to formal t r a i n i ng in the f i r s t  y e ar

is predetermined and not subject to change. This is hec~~use

the long lead time required to reprogram resources in forma~

training precludes changing next year ’s allocation.

Policy related constraints include :

1. ‘ Inventory Flow” constraints are generated which

force projected rating inventories to be within a specified

percentage of requirements in each year. The procedure us€c~

to construct these constraints will be illustrated in the

next section . These constraints are applied not only tc .. t h e

¶.e tal in each rating, but to several experience groups wi t h in

ach rating simultaneously, as long as the groups are describable

in terms of intervias of LOS cells. (This will be illustrat ed

I a t  or in in example where plans are  d e r i v e d  w h i c h  meet  re pi iro~iien ¶

f o r  the total rating, t ha t  is for  LOS ce l l s  1 th rough 31, and

5
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a l s o  f o r  car e er i s t s  w i t h i n  t he  r a t i ng ,  which  are  de f ined  to be

hose in LOS cells 5 through 31.)

2 • ‘ Schoo l smoothing ” constraints requi re  tha t  alloca-

t~ ions to forma l training be smooth. That is , the inpu t  in

a year cannot differ from the i nput in the preceding year by

more than an amount specified by the user .

3 . The f low of l a t e r a l  trans fe r s  can be control led by

the ur ‘his means , for  exa mp le , tha t no la teral  t r a n s f e r s

w i l l  • .‘ d into a rating which is grossly in excess , and

no ~ i transfers will be allowed out of a rating which has

a significint shortage. This control is affected by appro-

priately setting simple upper bounds on lateral transfers .

4. Limits on the flows through OJT are controlled by

the user. That is , for each skill , an upper bound is specified

beyond which no further flow is either desired or can be

expected

The solut ion space described by a given set of constraints

may be empty . In this case , the user can selectively relax

constraints until feasibility is achieved.

Objective_Function

The objective function in the linear program represents

t he cost of meeting requirements as decided upon by the user.

6
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The s o l ut i o n  to the  l i ne ar  p r o g r a m  is the m i n i m u m  cost 1110-

c a t i o n  of new i n p u t s  which meets requirements as desired . At

* h e  current stage of development , meaning ful cost coefficients

h ive not - yet been derived for the objective function . In;tead ,

a substitute objective function is being used which repr~’n ent s

the total allocation to training over the plannin i years. A

solution to this problem gives that allocation which puts the

least number of people into training , while meeting r e I I l r m . n f s

is desired . In this version , broken service reenlisto nts and

lateral transfers are free goods , and are constrained fr

r e a s o n a b l y  a t t a i n a b l e  l i m i t s .

INVENTORY PLANNING MODEL

The linear programming routine , a long wi th t he  r o u t in e s

which preprocess and postprocess data , together comprise w h a t

w i l l  hi called the Inventory P l a n n e r .  This  model w i l l

e x : l a i n d Pc d e s c r i b i n g  the sequence of steps invo l ved in i~~s

use .  This  w i l l  serve to i l l u s t r a t e  the  i n t e r a c t i o n  Letwe ’~’n

t•he model an d  m a n a g e r  (user) , and also how the model can b

used to investigate and contrast the impact of pr o pon e l p o l i cy

ch i~~~n .

Sto~~~1: The user specifies deviations from current con—

t i n u a t i o n  m a n a g e m e n t  po l icy  he w ishes to i n v e s t i g a te  ( s u c h  iS

~ h an q es  in  bonus levels for  some r a t ings , or a change in

7
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enlistment cont ract length , t o .). If no changes  are des i red ,

h current p01 icy set will automatically he simulated. 1

S te p  2: For each ratinq , the manager identifies up to

three LOS groups hi is concern i abou t . LOS 1 through 31 includes

tb t o t a l ratinq , and is cenerally of interest. LOS 5 through

31 incl ides t hose usually referred to as “ca reer is t s . ” (These

two LOS c oups will be treated in the example to follow .)

Oth er LOS g r ou ps which may be of interest include LOS 3 through

7 a n d  LOS 11 throuqh 15 , wh ich comprise operators and super—

vls )rs in nuclear propulsion ratings .

Step_ 3: The user specifies how close he wants projected

inventories to be to projecto~d req uiremen ts for  each LOS group

within each rating . This is done by specifying an interval (or

bi n d , or funnel), about annual requirements totals within which

projecf d inventories must rem ain. This is illustrated in

fi~~jr 1. The solid line represents total requirements (LOS 1—31)

for one skill over the next s v n  years. The circle represents

the total iiiventory as of the nd of the last fiscal year. The

dotted lines represent a possible funnel about the requirements

U ric described by the following two 7-element vectors.

1lmbedding the effect of p o l i c y  changes in projected c o n t i n u a t i o n
r a t e s  is pe r fo rmed  by the VACATE mode l (see re fe rence  2 ) ,  wh ich

V is a ;rioirate model w h i c h  works  in concert  w i t h  the l i n e a r  pro-
gr irn rn inq m o d e l .  A f t e r  VACATE der ives  projected c o n t i n u a t ion r a t e s,
t h e  rates are us~’d by the  l i n e a r  p rogramming  model to der ive  the
management plan.

8
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Percentages of requirements for:

Year  1 Yea r  2 ’ i : r  3 Year  4 Y ear  5 Year 6 Y r - a r  7

bpcer  bound 1.05 1.05 1.05 1.05 1 .05  1 .05  1 . 0 5

l ower bound .85 .87 .89 .91 .93 .95 .95

The lower boundary of the funnel is chosen to force projected

i n v e n t o r i e s  to more c l o s e l y  align with requirements. In this

example , it miqht appear that the upper boundary of the funnel

is superfluous when using an objective of minimizing the cost of

staying within the funnel; however , other constraints , such as

those on the career part of the rating, might force the total

in the rating well above the lower boundary shown in some years ,

and even significantly above the requirements line. For ratings

that are overmanned , it is the upper boundary of the funnel which

will tend to drive projected inventories towards projected require-

mi n t s. When describing a funnel for an LOS group within some

rating, the manager is describing his indifference region for

that ;roup. In effect , he is saying that he is indifferent as

to the precise number projected to be in that group , as long as

it is within the limits described by the funnel.

Step 4: The user has the option of smoothing school inp ut .~

either by percentages  or by f i x e d  amounts .  I f  the pe rcen tage

method is selected, the user p rovides , for each year , a percentaoe

irto- -rcal , such as 90 percent , 105 percent , and c o n s t r a i n t s  ire

generated  w h i c h  r equ i re  i n p u t s  in a year  to be q reate r  t h a n  90



percent and leos t h a n  105 p e r -~~nt o~ t h e  :r ~ din g c~-ars ’ ir.q~~

i f  t h e  “fixed amount ” met l i I  is s e h c t  i~ . i . O S  o u s t  n rr)v:Th

for each year , wh ich  s p e c i f y  a n n u a l  s h r i n ka ~p -  ir. c e s ion 0 0 5-

sibl e within the year.

Step 5: The user may override aut oma t i~~ ill ’.’ lru ose s .

urc er bounds or controls on lateral transf ers. The 0 1’~ ‘~c 1l

automatically prevent lateral transfers lo t ” r a ’ i~~~:~~~~~o i c h  ar~

not undermanned , and also prevent lateral trannf rs u~ 
o. r 1~~1n;s

which are not overmanned . Simple upper bounds on such t h i n i s

as annual direct inputs , lateral flows , or inputs to On-Lhe— J ..L

training are preset to reasonably attainable limits , bit O i 5  be

alte red by the user as desired .

Step 6: The linear program then derives the minimum cost

schedul e of allocations to each skill which results in the pro-

jected inventories for each LOS group and each rating remaining

within the prescribed funnels , if this is possible. If ~t in not ,

‘he program indicates that the manager ’s desires cannot be

t 
accommodated without either

o Chang i ng some continuation management policy , or

o R e l a x i n g  the boundar ies  on one or more of t h e

f u n n e l s .

If a feasible (optimal) plan is derived , it is pr inted ou t f o r

the manager ’s rev iew. The plan includes the schedu le of
I.

V 
allocations to each r a t i n g , by type , and the i n v e n t o r i e s

11
.1

-V .  ‘~~‘ ~~~~~~~~~~~~~~~~~~~~~~~~~~ ~fl. V.- ~~__ -- .- . . V — ~~~~~~~ V _



of each rating w h i c h  are p r o j e ct e d  to r e s u l t .  If no f e a s i b le

p l a n  e x i s t s , the process reverts to step 1 , where the manager

is required to interact aqain.

EXAMPLE

This section presents an example which illustrates , in

part , the operation of the Inventory Planning Model. Sincn

t h e  focus of this  paper is on the l inear  program, c o n t i n u a t i o n

man agement  policy is assumed to remain unchanged over the p l a n n i n g

ho r i zon . (R e f l e c t i n g  changes in such policies as changes in

continuation rates is achieved L’y the VACATE part  of the Inven-

tory P l a n n i n g  Model , which is discussed in reference 2 . )

For the sake of simplicity , only 3 of the Navy ’s 82 ratings

are the number of ratings treated in the example. The strating

i n v e n t o r y  data  for  these 3 r a t i n g s  is actual  Navy data . C o n t i n ua t i on

f l o w  pa ramete r s  model f lows observed dur ing  f i sca l  year  1976.

Actua l requirements for these ratings have been adjusted here

to d e r i v e  a scenar io  of i n t e r e s t .  The example w i l l  demonstrate

how both excesses and shor tages  can be reduced whi le  maintain ino

smooth flows through training.

For each rating , two LOS groups (experience groups) are

planned : LOS 1—31 , r epresen t ing  the total ra t ing ; and LOS 5—31 ,

the “career ” part of the rating .

~1 12
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One of the 3 ratings is designated as having “priority

manning status ,” w h i c h  means t h a t  th i s  ra t ing  is to be m a n n e d

at least at 100 percent of requirements in all LOS groups (where

manning is defined as the ratio of inventory to requirements).

Manning in the ratings , as of the end of the la st f i s ca l

y ear , is as shown in table 1. Rating 2 is priority manned ari d

is overmanned in both total (110 percent) and careerists (110

nercent). Rating 1 is undermanned in total (90 percent) and

carc-erists (90 percent) . Rating 3 is neither overmanned or

undermanned. Aggregate manning across all ratings is 9~ per .ent

in both total and careerists.

An nual requi rements for the example ratings are shown in

table 2. The magnitudesof these values have been adjusted

TABLE 1

MANNiNG IN THE STARTING INVENTORY

Rating 1 Rating 2 Rating 3 Ag qr~,, ;o e

Total in rating
Re q u i reda 25 ,920 11 ,065 5,430 42 ,405

~ Inventory 23 ,342 12 ,146 5,431 40 ,)l’i
‘1a nning 90% 110% 100% 96%

( , a r e e r  par t
Requi red a 12 , 330 5 , 410 2 , 631 20 ,~~ 7 1
Inventory 11 ,090 5,9 39 2 ,616 19 ,645

~-1anning 90% 110% 100%

‘1Requirements adjusted to produce manning levels for illustration.
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4
sI i bit ly as r a n t  ioned  ea r l  i v r , however , the  a n n u a l  fluc tu i t V , T i S

r e f l e c t  those of actua l Navy projections for these ratings. ~i V h e

-~- ear-~~o—year chanqe is sli gh t f or a l l  r a t ings , and the last 3

e a rs  a r e  p ro jec ted  here to be the same as the f o u r t h  y e a r .  The

bo t tom row displays ~agoregate annual requirements across all

3 r a t  ings.

To illustrat e how plans are developed when authorize’l

en in tr e n o t hs are less t h a n  aggregate  r e qu i r e m e n t s , a u t h o r i zo d

e’idstr ength levels were arbitrarily selected to be 42 ,000 ira

each y e a r .  Th i s  will force the Inventory Planner to d e r i v e

a pla :. in which priority-manned rating 2 is manned at least. 1 +

100 per cen t in a l l  year s, and non-priority ratings 1 and 3 have

V to absorb all ensuing shortages.

Total Navy accessions for these 3 r a t i n g s  were l i m i t e d  to

10 ,650 in the first 2 planning years , 10 ,750 for the next 2 years ,

and  10 ,850 for the last 3 years. Attrition out of the Navy br fur

compi t ion of r e c r u i t  t r a i n i n g  was arbitrarily chosen to be 14

percent. This means that 86 percent of annua l accessions will ~

avail abl for assignment to training in one of the 3 r a t i n g s .

The Inventory Planner uses manning levels in the starting

inventory to) establish lateral transfer flow constraints for

each r a t i n g . Due ti) manning as shown in table 1, these f l ow .;

wer constrained as follows :

-
‘ o no lateral transfers are to be planned into overmanned

rating 2;



• o no l a t e r a l  t r a n s f e r s  are  to be p l anned  out of under-

manned r a t i n g  1;

o no lateral transfers are to he planned into or out of

proper ly  manned r a t i n g  3.

The user can overrid e or mod i fy these constra in ts, as

d e s i r e d .  Because of the  s i m p l if i e d  n a t u r e  of the example , the

o n i  lateral flow allowed is from rating 2 to rating 1.

In the example , flows into forma l tra ining in all ratings

are constrained to fluctuate no more than 10 percent from year

to year , and inputs in the first plannin g year are fix ed and

not subject to change by the manager or the planning model.

A good plan is one which efficiently reduces both over-

manning in rating 1 and undermanning in rating 2, while main-

taining rating 3 at its proper manning level , and does a l l  t h i s

within endstrength and recruit input limitations .

Be fo re  the Inventory  P lann er is run , the manager must

specify how he wants requirements “met ” for each rating. This

is illustrated for rating 1 in figure 2. The solid lines graph

the annua l requirements from table 2. The starting inventories

V 
for each LOS group are shown on the left—hand axis with darkened

circles. The dotted lines show the boundaries of the funnel

chosen for each LOS group . Since rating 1 is undermanned at

the start, the lower boundaries are chosen to force projected

inventories in both LOS groups nearer to requirements. The

16
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le ft-hand edge of the lower boundary is selected to be be low

the o t  ar t inq inventory level to allow derivation of a feasible

i lan. The riqht-hand portion of this lower boundary indicates

~h minimum manning level the manager will accept in this ra t i n g .

Th ‘ate at which the boundary approaches the requiremen ts

l i ne , starting a t V the lef t and mov ing to the r igh t, indicates

~h rr ln a V le r ’ s desired ra te  of improvement.

These boundaries for rating 1 result from selection of the

vectors displayed in table 3. The decimal fractions shown

specify how close the inventory projections must be to require-

m ents , given that the derived input plan is followed . Fractions

are shown here for all ratings , and are those used in the

e x V a r m ; l e .  Note t h a t  the lower boundary for  ra t ing  2 is selected

t e  be t V hO same as requ i rements because of priority manning

s t a t u s .

r~ie rating plans derived by the Inventory Plann ing Model

are presented in figure 3 throug h 5, and a 3—rating summary is

oresented in figure 6.

ire 3 contains the nput plan and projections for

V ra~~V i n ~ ; 1. I lanned inputs , by type , are listed at the bottom of

th f i o u r e  below the  year  for which they are planned . P r o j e c t i o n s

for both total and careorasts approach the requirements line as

desired . This improvement , particularly for the career LOS

group, is enhanced by the indicated lateral flows. This reduction

is accommodated without large fluctuations in the school input plan.
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TABLE 3

Ft)NN~VN , BOUNDARY SPECIFICATION VECTORS

Planning years

1 2 3 4 5 6 7

O a t i n q  1
To4 a l

Upper  l i m i t  1 .05  1. 05 1 .05  1.05 1.05 1 .05  1 .05
Lower l i m i t  .89  . 90 .91 . 9 2  . 9 3  . 9 4  . 9 5

C a  reer
Upi~~-r limit 1.05 1.05 1.05 1.05 1.05 1.05 1.05
l ( ~~~~~r l im i t  .90 .91 .92 .93 .94 .95 .05

I- 
~~q 2
t a 1
Op p e r  limit 1.10 1.09 1.08 1.07 1.06 1.05 1.05
Lower limit 1.0 1.0 1.0 1.0 1.0 1.0 1.0

l;oj)er limit 1.10 1.09 1.08 1.07 1.06 1.05 1.05
Lowe r limit 1.0 1.0 1.0 1.0 1.0 1.0 1.0

i n g  3
j’ (~~t~~1 I
Upper limit 1.05 1.05 1.05 1.05 1.05 1.05 1.05
,ciw ’ r limit .95 .95 .95 .95 .95 . 95  . 9 5

V a r ~~~’r
V U p p er  l i m i t  1.05 1.05 1.05 1.05 1.05 1.05 1.05

l owe r l i m i t  .9 5  .9 5  . 9 5  .95  . 9 5  . 95 -~~~~~~

I :
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FIG. 3: PLAN AND PROJECTION FOR RATING 1
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*

No o n — t h e — j o b  training is planned , which is not surpr ising,

beca’ise in general , those provided  w i t h  forma l t r a i n i n g  be:~~ ie

more oroductive , faster , and stay in the Navy longer. These

on lr . a c t V eristics are c a p t u r ed by the model and , under the objec t i v e

i-;ed , result in a clear preference for forma l trainin g .

F iniro - 4 shows the plan arid projection for rating 2.

NV ann In q w a ~; forced downward more towards requirements , as desired .

The lateral flows out of this rating were helpful in this r ecar i .

Not e, however , t h a t  maintainina career manning above 100 percent

in l at e r  years forced increased allocations to formal training

and  a lso  some a l l o c a t i o n s  tO on—the—job training in years 1

V a f ld  2.

Figure 5 shows the pl an and projection for ratin g 3. No

l i t  ral flows were planned. Inputs to forma l training are very

smooth , except for year 2 when the  l a rge  r e c r u i t  i n p u t s  needed

in Va t  ~;g 2 and the unp i r limit on total recruit inputs for e

tb riV 4x ;rrium all owed reduction in school input in ratinq 3 ,

10 p er cen t , between year 1 and year 2.

Figure 6 shows how the projected endstrengths (total

inventories) compare to arbitrarily selected endstrenqth

ato :or i zat ion levels , V tri d also how planned recrui t accession

t t  113 compare to arbi trari ly selected limits on accessions.

Projected endstrengths quickly approach the authorized l e v e l .

rn ‘ ach ./f ,Var except the last , the maximum number of accessions

21
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are used . In the last year , a lesser amount is needed becaus’-

V :fljstrength is not allowed to sharply increase , as was the

a c ase in preceding years.

It  is reemphasized that the usefulness of this plannin g

:-~e d l  does not end with the development of one plan. The mar-

gi n a l  cost of a proposed shift in continuation management ~~)l] (~”1P ,

such as bonus level , or non—cont inuation , can be derived through

comparison of plans developed with and without the proposed

shift. It is in this fashion that the manager can compare su~~h

things as reductions in accession levels possible through anpli-

cation of a reen l i s tment bonus , or perhaps the increase in acces-

sion levels implied by reduction in direct procurement prograr~u

(e.g., inputs from sources other than training).

E X T E N S I O N  TO ACCOUNT FOR UNCERTAINTY IN REQUIREMENTS

The problem structure allows direct extension from linear

t o  p r o b a b i l i s t i c  programming . The most worrisome uncertainty

lies in projections of future requirements. Probability dis-

tributions based on duration of projection can be estimated

using available historical data . In the linear program , t h V ~~~

projections appear on the right-hand side of the inventory

• 
flow constraints. Through application of chance constrained

programming , the manager ’ s aversion to the r isk of not m e e t i n q

f u t u r e  r equ i r emen t s  can be explicitly entered into the formul a-

I ~ tion . This is a topic for future work.
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A P P E N D I X  A

LI NEAR PROGRAMMING FORMULATION OF THE
I N V E N T O R Y  P L A N N I N G  PRO BLEM

l et

= allocation of type k, in year i , to ratira g j

re

1 = l ,...,7 (years in the planning horizon)

j = 1 ,. ..,n ( r a t i n g s )

0

k = 1 if “A” school

2 if OJT

3 i f  l a t e r a l  t r a n s f e r  into r a t i n g  j

4 i f late ra l transfer out of rating j

5 if direct input , such as broken service reenlistee

Then is a vector of allocations in year i to rating j, and

= (x  - x - x - )
V I lj, 2j , 7 j

is a vector of allocations to ratinu j  over all years in the
- “

V V j plannin g horizon .

A f t e r  i n s e r t i n g  s lack and surplus  var iables, the c o n s t r a i n t s

a re of the form

A-l

-- ~~~~~~~~~~~~~~~~~~~ 
- 

- V~~~ ~~~~~~~~~~~~~~~~~~~ ~~~~~~~~~~~~~~~~~~~~~~~~~~~ VV V~~~~ V ~~~V V~~ V V V V  ~~V - V -V V V
V -



— n

-~~~~ A — , - .A , so

B 1 . x
2

K V ‘-:

2 3

B 1 V 

V 

~
‘ r

L

—
1 V X U

V r s :~~~.~s .  
~~~ V I f l V I  ~ ~~ ~~~ ; a r l  columns in t he 3

th m T a t V r l : -~ . )

23 x n . ,  .21 n . - 35) I

rn x fl , 14 r

I 1) 1

x 1 x n. , ~l fl~ 
- 35

3 3

b~ 23 x 1

b 1 
x 1 , 14 

< 
m~ ~ -

~~~

C ~~~~~ a n ’ .;

( 7  A~ X~ 1 =

V ~r 
V

are ( 7 e  V a i l  (- ( r I l n a t i n g  co n s t r a i n t s, inc luding

V 

iV r r I~~
V ;t r e nq t i h c o n s t r a i n t s

0 lo c r u i t  i n p ut  c o n s t r a i n t s

o Lateral flow constraints

A-2

VA



V a n d

are ra ti ng spec if i c  cons tr a i n t s , inc luding

o One set of inve ntor y f low cons t r a in t s  for  each LOS

i n t e r v a l  s p e c i f i e d

o School smoothing constraints.

Vector i~ contains lower bounds which are preset to zero , and

vector U contains upper bounds which are preset to reasonably

a ttainable values under current policy. (For those variables

wh ich a re  not to be bounded above , s u f f i c i e n t l y  lar ge val ues ar e

inserted.)

Th i s  sytem of equa t ions  has the “staircase” s t ructure

wh ich len ds itself to acceler ated solut ion by decomposi tion

n thods  (see r e f e r e n c e  3 ) .

The development  of c o n s t r a i n t s  is as follows .

I n v V -ntory _~~~ow Constraints

• Le t

ak - 
m 

= f r action of allocation of type k , in yea r
1 , ] , - , i , to r a t ing  j that is or becomes des igna te d

in rating j and survives till the end of
year ~ and is in LOS interva l m at that time

where

k
i~~ J~ and k are  as above for  x 1 3 

and

9. =

m = 1,2,3

V-~~~~~VJ
V ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ 1V~~~~I~~~~~~~~~~V V V V V~~~~~_~~~~



Let

m 
= requirements in year 9. for LOS interval m in

rating j

( •  - V u - ) = interval of percentages which detines
1 ,m ~ ,m what consti tutes “satisfaction ” of

requirements for rating j

~ m 
= total in base inventory who are projected

- ‘ ‘ to survive until the end of year  2. and
be in  i n t e r v a l  m in rating j

Then , fo r  each year  2. = 1 ,... ,7, and each rating j = 1 ,. .. ,r

and each in terval m = 1 ,2 ,3 there is a constraint

b . - I - ak b
1 , V , m i ,~~,m ~~~~~ 

= 

i=l , .., 2 
i ,j, 2.,m i , j  = Uj p m  j,~~ ,m 

— 

~~~,
. 

~~

k = l ,. . - ,5
w h i c h  f o r c e s  new a d d i t i o n s  d u r i n g  the  y e a r , p lus aged a d di t i o n s

from previous years , to satisf y requirements.

S c h o l t - : t lu ng_ C o n s t r a i n t s

Let

f- = p r e d e t e r m in e d  inpu t  to “A” school  in ra t ing j in
year  1

Then , c o n s t r a i n t s

1 -

- 
= f~ 

=

J set the first year inputs to predetermined levels.

A-4 
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N

L e t

- = percentage change in “A” school input allowed
f o r  r a t i n g  j  i n  y e a r  i

V 
Then , constraints

( l  - s . - ) - V < (1 + s .  - ) -1 ,3 1 ,3  — i4- l , j  — 1 ,3 1 ,3

i =

I tee V u ri r ~~~u l  i n p u t s t o c h a n g e  no more  t h a n  s~~~ perc en t f r om

one “ear to the next .

Let

3 
= absolute ~alue of change in “A” school input

allowed for rating j in year  i

Then , con ztraints

1 — 1 1
- - S. - < X - - < x .  - +~~~I . -1 ,3 1 ,3 — 1+1 ,3 — 1 ,3 1 ,3 V

i =

fo rce a n n u a l  in p u t s  t o  c h a n g e  by no more  t h a n  s~~~ f rom o ne y ear

to the next. The user can select one or the other of these sets

of cons tra in ts.

I O i t e r : a i I l e s  Cons t r ~n t s

Let

R
~~
, (t =

he g ‘eabset s of ratings in which lateral transfers are authori :ed .

T:~~n , for each t = 1 ,.. . , g  , in each year I = 1 ,... ,7 , cons tra in ts

--a
~~ (x 1 - - x . )  = ()

j
~~

R t ‘ 
1

r e l u a r e  that net lateral transfer s within each of the g subsets

eq ua l s  :ero in each yea r .

A 5  :(
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V, r u  i t  i np ut t ’onst i a i n t  s

Let

rt 1 
= maximum flew out of recruit training expected

to be a ll o w a -’d in year 1

Thtn cons t ra I nt s

k
x - - ~ r t -  f o r  i = 1 ,... ,7

k = 1 , 2 ‘‘J — 1

f o r c e  to t a l  i n p u t s t o ~~~V \ ”  school and O.JT to be within the lim it

rt . in e a ch year i -

1 aid s a  V a~ t Ii b ust a a in t s

Since  o n l y  one i n t e r v a l  (1 ,31) is cons ide red , subscript

m is omi tt ed.

Let

i = 0 correspond to the base year. (This is
necessary in order to account for undesignat ed
personnel in t raining pipelines in the base
inventory.)

x~ - = total in training pipeline k for rating j in
the base inventory

ES 9. 
= authorized strength less recruit training

strength in year 9.

k
P . - = fraction of those who enter training pipeline

k in year i in rating j who will be in the
Navy at the end of year 2-

Then , for each year  9. = 1 ,2 ,... ,7 , cons t ra in ts

j = 1 , . . .  , r 
~~~
‘ -

~ 9.x~~~j 
+ j = 1 ,... ,r 

~~~~ ~~~~~ 
+

k = 1 ,2 k = 3 , 4 , 5
i O ,1 ,...,L I —

V 

V\~~~~() 
V
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~~. ES 9.
j = l , . . . , r

require that the total number of people  in the Navy at the  end

O f ~~ach r-ear he within authorized levels.

Flue dhi cc t i ~e I uu nc t ion

I e t

c~’ - the discounted cos t to recruit , t r a i n , a n d
1 ,3 maintain an input of type k , in year i ,

un til he becomes designated in rating

h - r~ , one  o b j e c t i v e  to be used durin g testing is to select that

se~ o f  new a d d i t i o n s  x~~~j i = i , . . . , ~ , j = l ,..., r , and

= 1 ,... ,5 which minimizes

k k
L c 

i n , - - 
— 1 ~3 1 ’)

j l , . . , r
, . .,,~

the cos t of a l l  new additions over all planning years.

\no ther objective is to select that set of i nputs to training

(“ V\ ”  and OJT), which minimi zes

k
2. x . -

i = l , .  , 7 1 ,3

k~~l ,2

t h e  t H t ; a l  input to training over the planning years. This ohicc t ive

f u n e t ion ~~V • ~~~~ u s ed i i i  the exanpi e -

V ~~~~~~~~~ ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ - ~~~ V ~~~
V V C  V V VV ~~~ V~~~~_ V -~~ -- V



fl~ :~~ I ~~~~~~~

Th Ilm en suorIs of the full constraint matrix depend on 2

~I cs: irst , the number of ratings , which can be between

1 and 8.2, m l  secend , the number of LOS groups  w i t h i n  each r a t  1

: V ~~~~ 1 n :  ~ lanned . For  a one rating , one LOS group problem , the

L ’0 f l 5 t 1 i l f l t  : a a t r  i x  Las  o n l y  37 rows and 35 columns , excluding slack

\- V i r l a b l e s  and u pper bound constraints . This matrix has a densi ty

of less than 7 percent. For h2 ratings and 3 LOS groups , the

full -uatrix has about 3,500 rows and 3,000 columns , and is

a n p r o x i m a t e l y  one pe r cen t  dense .

\ matrix generator has been written to derive the full

constraint ma trix as a function of the number of ratings and LOS

V~~
V QV 1 P 5, and also as a function of the upper bounds placed on

each - .- a r t i b l e .  For those variables given an upper bound of zero ,

h .  c o r re s n o nd in g  c o l u m n s  are deleted from the problem matrix.

Thu s red V - -s the number of columns by 10 to 20 percent.
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