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ABSTRACT

Exgressions for a generalized Modified
Transitional Butt2rworth-Chebyshev (MTBC) filter are
derived. The characteristics of this filter as applied
to digital filter design are investigated. It is shown
that Lty adjusting location and order of the inserted
zeros, the cut-off slope rate of the filter can be
traded for maximum attenuation in the stop-band.

The performance of this MTBC filter is compared to
that of Butterwortha, Chebyshev, transitional
Butterworth-Chebyshev filters together with these
suggested by other investigators [1]-{3]. It is shown
that the stcp-band attenuation can Dbe significantly
increased without great sacrifice of cut-off slcpe
rate.

Step response of this MTBC filter is also obtained
and compared with other filters. Various tabulaticns
as well as grapans of this filter are given for design
purposes. A computer program is developed for the
design of this filter.
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I. INTRODUCTION

The digital filter is, as defined by Rabiner et al [10],
" a computational process or algorithm by which a digital
signal or sequence of numbers (acting as input) is
transformed into a second sequence of numbers termed the

output digital signal'".

The area of digital filtering can be divided into two
major subdivisions as Finite Impulse Response (FIR) filters
and Infinite Impulse Response (IIR) filters.

During tte development of digital signal processing, the
interest ci the investigators in IIR and FIR filters varied.
Before the introduction of the FFT algorithm by Cooley and
Tukey (1965) IIR filters were much more efficient than FIR
filters. Stccham's work [13] on the FFT method of
performing convolution indicated that implementaticn of
high-order FIR filters could be made extremely
computationally efficient ; thus, comparison between FIR and
IIR filters are no lcnger strongly biased toward the latter
£95 3s Because PIR filters require very high orders to
produce a sharp attenuation shape, they are not often used
for real-time filtering of waveforms. Recently, due to the
increase 1in computing capabilities in digital signal
prccessing and the availibity of long charge transfer device
(CTD) tapped delay lines(TDL), FIR filters are favored over
IIR filtezcs. However, in applications 1like design of
digital ccmb filters IIR filters are the unigue alternative.

There are three basic design techniques of IIR digital
£ilkters (5],

12




First method is the direct design, which is,
appropriately placing poles and zeros to approximate
required frequency response.

A seccnd method is to use an optimization procedure to
place the rfoles and zeros to match arbitrary frequency

response specifications.

Finally the third technigue makes use of highly advanced
art of «continuous filter design. This technique of
designing digital <zfilters from continuous filters by means
of mathematical transformations 1is the @most popular IIR
digital filter design technique.

Standard Z-transform,Bilinear Z-transforn and the
matched Z-transform make possible direct transformation from
S-domain to Z-domain, preserving essential caaracteristics

of analog frequency response.

Existence of frequency transformations reduces the
problem to design a freguency normalized prototype low-pass
filter.Then using appropriate £frequency transformation, this
prototype may be convertead into desired band-pass,
band-reject or high-pass filter. Popular prototype filters
are Butterworth, Chebyshev, elliptic and hybrid transitional
filters. Frequency transformations for digital filters are

discussed in various literatures ( (6] and [7] ).

The problem of designing low-pass prototype filters,
which pcssesses better stop-band attenuation and cut-off
slope characteristics than existing prototypes has always
attracted the researchers in the signal processing area.

Budak and Aronhime suggested [1] modification of

maximally flat rational functions by introducing a pair of
finite transmission zeros such that the maximally flat

13
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characteristic is maintained but the cut-off slope can be
made steeper without great sacrifice of stop-band
attenuation.

Dutto Roy [2] investigated a more general case allowing
insertion of mwmultiple pairs of transmissicn zeros, either

coincident or distinct.

Introducing mnultiple pairs of jw-axis zeros in all pole
Chebyshev transfer functions are investigated by Agarwal and
Sedra [3].

The most attractive feature of these finite zero filters
is that they offer the filter designer a great degree of
freedom in choosing the location and order of the zeros to

trade cut-off slope for stop-band attenuation.

In this thesis, a modified Transitional
Butterworth-Chebyshev filter is developed, which is a more
general case, introducing finite <coincident or distinct
multiple pFairs of transmission zeros in transitional
Butterworth-Chebyshev filter.

Trade-off's between the order of the filter, the order
of transmissicn zeros, stop-band attenuation and cut-off
slope are pointed out. Graphs helpful in the design of such
filters are cctained.

Perfcrmances of Butterworth, Chebyshev, Transitional
Butterworth-Chebyshev filters and the designs suggested in
references [2] and [3] are compared with those represented
in this thesis for the orders of three through eleven. A
computer program is developed to implement the filters
mentioned above.

In addition, the time-domain response of digital filters

14




is studisd. There are many applications, such as digital
MTI filters, for which one is interested in the transient
responses cf filters that are specified in the fregquency
domain. Stef responses of the filters that are discussed in
this report are plotted and compared.

15




II. DERIVATION OF MODIFIED TRANSITIONAL
BUTTERWORTH-CHEBYSHEV FILTERS
A. INTRODUCTION
-—
The @most popular technigue for designing IIR digital

filters is to digitize an analog filter that satisfies the

design specifications [5]. There are many technigues for
designing analcg low-pass prototype filters. Among the well
kncwn analcg filter classes are the wmaximally flat
(Butterwerth) and equal ripple (Chebyshev) filters.

Butterworth filters are simple, excellent in the
pass-band and monotonic in both pass-band and stop-tand. The
Chebyshev filters are superior at and near cut-off freguency
and at stcp-tand.

The transitional Butterworth-Chebyshev (TBC) filters
combine the desirable attributes of these two filters in a

single apprcximaticn that is given by

2
Rl e = Cotie(w) 5

where

k= Weighting factor

n= Order cf filter

C‘_k(u)= (n-k)'ts order chebyshev polynomial.
|F (jw) 12 is with the Butterworth
|F(jw) |2 is identical with the Chektyshev

When
function. Wwhen k=0,

k=n, identical

16
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function. With a varying value of k, a TBC filter fossesses
scme characteristics of each. As k approaches to n, a TBC
filter behaves more 1like a Butterworth filter, as k
approaches to zero, it behaves more like a Chebyshev filter.

In this chapter, modification of TBC filters by
introducing finite coincident or distinct ﬁultiple pairs of
transmission zeros will be discussed. It will be shown
that, using a weighting factor k, and the location and order
of inserted zeros as parameters, attenuation in the
stop-band may be traded for sharpness of the cut-off

characteristics.

Expressicos for the cut-off sloge and minioum
attenuaticn in the stop-band are derived in terms of order
of the filter, weighting factor, 1location, and order of

inserted zercs.

B. MODIFICATION OF THE TBC FILTERS WITH COINCIDENT
TRANSMISSION ZEROS

Intrcducing m identical pairs of transmission zeros at

tjw, to egq. (z-1), we have

I:F()w) J 2 . ( (Wel~ LQ’-)‘?'m (z-o)

w.‘-w‘)z'“ + K g5 UJZ‘L C:_h_<w)

In order to normalize |F(jw) {2, i.e. to force [F(jw) |2 to be
equal to 1/2 at w=1, the constant K should be

Ko ST @)

17
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Then eq. (2-1) beconmes

' Fljw) l“___ (Wo?- w?) 2™ Q")

(0-w)*™ + ()™ w2 ey (W)

where n>2m, tecause of the low-pass characteristics of the

function, and the Chebyshev polynomial C2 (w) is defined by

Cos® (n Cos'w) » wil (2-5‘)

2
Cp (0) = g g
Cosh? (n @os\\"w)"-’- T i Wyl <2-6)

1. Slope at cut-off frequency

Substituting eq. (2-5) into eg. (2-4), we obtain

(UM}-LQZ)Zﬂ\
(st w2) H My (Wi ()t 2% 0,8 L(n-) oS 0]

)

f(w)= (wd- )i (z-a)
hlw)= w?® Gof [(n-k) G5 ] (2-9)

| F(J'w)lz“

Using these values, eq. (2-7) beconmes

2 {(w)
Rl = e s )

18
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Taking the derivative or eq. (2-10) with respect to w, we
get

(we-t) tm [«F '(w) h(w) - F(w) W (uo_)]_ (2 “)
2[FGo)| [£w) + (o -1) ™ h(w) " j

[Fe) | =

At the cut-off frequency, w=1, we have

Flw) = (wo- 1) (2-11)

£'(w) = -4m (wa-1)2m (23)

h(w)= 4 (2-14)
W (w)= 2+ 2(n-2)? (1)

[FGw)| = 4/72 (2-1)

Sukstituting these values into eg. (2~11) and simplifiying,

we obtain

: k+ (n-k)*
F()'-O)I = ﬁ.-' (::ol-l) + 2_\;12_7 (z-:})

For k=n, the result agrees with the cut-off slcpe of MB
function, which is derived in [2]. For k=0, the result

agrees with the cut-off slope of MC function as derived in

(31

2. Stop-band characteristics

e mm e m i e —— e e ——

In general, stop-band characteristics of finite zero
filters will ke of the form shown in FPIG.1¥.

% Because of the inherent limitations in the plotting
subroutine utilized to provide the graphs in this thesis, it
was necessary to add supplementary axes to show proper

scaling for scme of the graphs.
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GENERAL STOP-BAND CHARACTERISTICS OF THE FINITE
ZERO FILTERS




The zeros introduced will cause a peak in the stop~-band, at f
a frequency Wp>W, . The minumum attenuation in the stop-band
may be defined as

MMTSC = -ZO 103 ¥P G'lx)
where
Fo=|F(juwe) (211)
In the stop-tand eq. (2-4) beconmes
2 (w |__ \-u) 3)2"\
G| = — (¢22)
Qo 5™ g (g o g2t wit
Let
flu) = (o wr)®™™ (2-2/)
: Z(D\-t)-f 2n
h(k)p): 2 \.Jr (2-21)

Taking dJerivatives of these values and substituting them
into eg. (2-11) results in

(o)™ gt Betrn 3o s Gatod) 20 ]
2 IF(j‘”r), [(wom’w;. 2m+ (\«)."-4)2'“ 2z(n-\-)-z ufzn._]f-

Gy

Combining eg. (2-19) and eqg. (2-23), we obtain |

‘Df,= L Wo sza

| F(jwe) l 2

n

Ts (wo,,-l)lm Dzz(n—w\—k-l) n ‘doq.(n-2m)

(n_zm)n-lw\ mZm
®

21
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And minuamum stop-band attenuation will be given by

Kutge = I0n )-03 (-n_f;_;n—> +20 m )'09 (wo)

+20 m los["'fm ) w::': + 6(n-m-k-1) (1-29

Plots of stop-band attenuation and cut-off slope of
MTEC filtezs with two coincident transmission zeros, for
orders 3 thrcugh 11 are given in figures 2 and 3.

C. MODIFICATION OF TBC FILTERS WITH DISTINCT TRANSMISSION
ZERCS

Consider ' the n'th order TBC <function with m pairs of

finite distinct zeros attjw; , where i=1,2,...,m and w >1.

The wmagnitude sguared function of TBC function w.th
distinct transmission zsros will be given by

|FG)|* = s, ()
T (wzw)* 7{<w L) Wt Gl

=

glw) = -ﬁ_ Cwiz 4)
h(w) = ‘_ﬁ' (wit- W92

Putting these values into eg. (2-27) results in

7] : e
3+

9lw) W O Ly (w)
h(w)
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1. Stop-band and cut-off characteristics

The frequency wp at which the stop-band peak will
occur, is given by

[Fego | =0 (229
m=wr
Using eq. (2-6) and taking derivative of eg. (2-28) with

respect tc w, we oktain

. . o 4(w) _chn-k)-z L2 [.’Ln. hiw) - w W (W) ] :
I F<Jw)’ a'L!F(juD)J h*(w) [l-\- §(w) g e ;\‘2:) ]7' @39

Ccmbining eq. (2-29) and eq. (2-30) the -equation to be
sclved for Wwo may be found to be

= 2.3
3wy E 4 I ( )
P V=) <L¢)i7‘-u);')2' E

which agrees with eg. (2-24) when w; 's are identical. Using

real soluticns of eg.(2-31), stop-band attenuation peaks

may be fcund to be

where

‘F’o; = /‘F(.)wp‘), Q’Ii?fa

and minimum stop-band atttenuation is given by

X i = max %o('.g (239
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Using eg. (2-5) and differentiating eq. (2-27) with respect
to w, the cut-off slope becomes

! m
F (3 I o’ 1 2 4
l (w) YAl k+ ( n-k) + & E_‘ el <4,35-)
which agrees with eg. (2-17) when the w;, 's are identical.

Plots of cut-off slope and stop-band attenuation of
MTBC filters with two distinct transmission zeros, for

orders 3 thrcugh 11 are given in figures 3-17.
D. SUMMARY

The Transitional Butterworth-Chebyshev filter combine
the best features of the Butterworth and Chebyshev filters.
A Modified Transitional Butterworth-Chebyshev filter,
obtained by introducing finite transmission zeros to a
Transitional Butterworth-Chebyshev filter, possess2s cut-off
slope and stcp-band attenuation, which are dependent on the
modification parameters wo, and m. The closer ths w, is to
unity, the steeper the cut-off slope. However, this
improvement in the cut-off region results in degradation of
stop-band atteruation. Thus, using w, and m as parameters,
an advantagcous trade between attenuation in stop-band and
sharpness of the <cut-off characteristics can be made.
Graphs are given to serve as guides in trading cut-off slope :
for stop-tand attenuation.
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III. COMPARISON OF MIBC FUNCTION WITH B,MB,C,MC AND TBC

—— e e - o —— —— ——— - ——

— ——— e —

A. INTRCDUCTION

In chapter 2, derivation of MTBC filter is given. It is
shown that, stop-band attenuation and cut-off slope rate of
this filter depend on modification parameters m, k, and wo.
So the filter designer have the flexibility to trade cut-off
slope for stop-band attenuation by changing these
parameters, without changingj the order of the filter.

In this chapter, performance of MTBC filter is compared
with B, MB, C, MC, and TBC filters.

Formulas for stop-band attenuations and cut-off slopes
of all these filters are given in Table I.

B. MTBC FUNCIION V.5. B FUNCTION

Cut-off slope of MTBC function is given by

=N ' k(k+1-2n) i
?Sm'ac. \654— w g’no’-() oo -—-.a_ﬂr—z_'——- (3 J.)
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From eg. (3-1) ratio of «cut-off slopes of these two
functions may be found as

.S N 12 m L k(ln-2n) (3-4,)

ARG SRE P
TeC /8

se/ '63 ﬂ(w&=l) n
Tuisc/s v.s. w, for n=3 through 11 and m=1,2 are given in
Figures 18 and 19. Stop-band attenuation of MTBC may be
written as

X urae = Xg+ b(n-m-k-1) 4+ L0 m )_03 n-:m .\d::.l,l (3.3)

Then the difference between stop-band attenuations is given
by

dutsc/a = Xuree - Xg = 6(n-m-k-1) +.i’.0m\oa {-ﬂ’f\"‘ _ UJ;J

(64)
Plots of du1u#8 Vo.s. Wo for n=3 thrcugh 11 and m=1,2
are given in FIG 20 and 21.

Figures 19-21 indicate that, MTBC filter can be made 10
times steeper than B filter still having 40 dB @more

attenuaticr at the stop-band.
C. MTBC V.S. MB FUNCTION

Using Table I, cut- off slope ratios of MTBC and MB
filters may ke found as

_ Im+ (wetd) [ (n-k)%+ k]
Furac jus = 2m +n (Wot-4) Q-é>
2 are

Plcts of ¢

uruﬂhs v.S. W, for n=3 through 11 and =1,

given in figures 22 and 23.
The difference between the stop-band attenuations of MTBC

4y




and MB is given by

dMTeC/MS - 66""k—‘4)

Equation (3-7) indicates that, stop-band attenuation
difference betweea these filters doesn't depend on W,. FOC
n=10, m=1, k=1, with 48 dB more attenuation, cut-off slope
ratio may te changed from 2.5 to 8.0 by changing we from
1.00 to 2.4.

D. MTBC FUNCTION V.S. C FUNCTION

The ratic of cut-off slope of MTBC function to cut-off

slcpe of C function is given by

Im o k (kt+i-24)

Y, =
utec/c = 4 + 7T o l) e

Plot of rnnmyk VeS. W, for n=3 through 11 and m=1,2 are
given in Figures 24 and 25. The difference between
stcp-band attenuations of MTBC and C functions is given by

1
s = =6 k) + 20 Log [0 LT

Plcts of d"mqb v.s w, for n=3 through 11 and @m=1,2 are
given in Figures 26 and 27. The Chebyshev filter is known
to provide much steeper cut-off slope than the corresponding
B and TBC filters. Figure 25 shows that the cut-off slope
of the MTBC filter can be made 1.4 times steeper than that
of the Chebyshev filter, with n=5, m=2, and we=1.06.

E. MTBC FUNCTION V.S. MC FUNCTION
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The ratic of cut-off slope of MTBC filter to cut-off
slcpe of MC filter is given by

k(k41-2n) (Wet-14)
2m + at(we-1) <3-lo)

Plcts of rnnu/uc V.s. W, for n=3 through 11 and m=1,2 are

Metec /e = i+

given in Figures 28 and 29.
The difference between stop-band attenuations of MTBC and MC
functions is given by

daﬂlLﬁMC = -6k C}q)

For a given k"%uu#uc is allways constant.
F. MTBC V.S. TIBC FUNCTIONS

The ratio of the cut-off slopes of MTBC and TBC
functions is given by

2m
4 = -
Nutee /T8¢ 1+ (Wold) [" 24wk \—2r\)1 (.’1’ n.)

Plots o:f rknuhic VeS. We for n=3 through 11 and m=1,2 are
given in Figures 30 and 31.

The difference between the stop-band attenuaticns of

these two functions is given by

durec/rac = — bm + 20 m Log [ b | Meed ] (2-@

n Wek

Plots of d“1~q&3¢ V.s. Wo for n=3 tarough 11 and m=1,2
are given in Pigures 32 and 33.
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G. SUMMARY

Using the 1location and the order of the inserted zeros
and the weiglting factor as parameters, the characteristic
curve of the MTBC filter can be made steeper than that of
the conventional all-pole filters without greatly
sacrificing either stop-band attenuation or flatness in the
pass band. A Modified Chebyshev filter provides slightly
better performance than the MTBC filter, at the expense of
sukstantial degradation of the pass-band flatness. Grapas
are given to help in the comparison and in determining the

numerical advantages gained by increased complexity.
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Figure 18 - RATIO OF CUT-OFF SLOPES OF MTBC AND B FUNCTIONS
VeSe § (M=1)
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