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S E C T I O N  I

I N T R O D U C T I O N

I n a c o m p a n i o n  r e p o r t  [ 1 ],  t h e  st a t i c  a n a l y s is  of a

c o n i c a l  a n t e nna o v e r  a g r o u n d  p l a n e  is p r e s e n t e d . In t h i s

r e p o r t , t h e  an a l y s i s  is e x t e n d e d  to t r e a t  t h e  t i m e — h a r -

mo n i c  case  and to  i n c o r p o r a t e  a m o d e l  of  t h e  r e s i s t i v e

l o a d i ng of t h e  s t r u c t u r e .  The  r e s i s t i v e  l o a d i n g  is i n t e n d e d

t o  r e d u c e  t h e  e f f e c t  o f  d i f f r a c t i o n  f r o m  t h e  c o n e  ed ge a t

t h e  h i g h e r f r e q u e n c i e s .

If t h e  co ne has  no t o p c a p ,  t h e  a n a l y s i s  may  be co nsi-

de r a b l y  s i m p l i f i e d  and  a s i m p l e  i n t e g r a l  e q u a t i o n  f o r  t h i s

s i t u a t i o n  is d e r i v e d  in S e c t i o n  II and i m p l e m e n t a t i o n  of

a mome n t  m e t h o d  s o l u t i o n  is c o n s i d e r e d  in S e c t i o n  I I I .  In

S e c t i o n IV , an i n t e g r a l  e q u a t i o n  f o r t h e  c o n e  w i t h  a t o p —

cap is d e r i v e d .  P r e s e n t e d  in S e c t i o n  V a r e  n u m e r i c a l  r e s u l t s

in t h e  f r e q u e n c y  do m a i n  for currents on a loaded conical antenna

b o t h  w i t h  and  w i t h o u t  a t o p c a p .  In A p p e n d i x  A ex p r e s s i o n s

a r e  d e r i v e d  f o r  t h e  c o m p u t a t i o n  of  f i e l d s  f r o m  t h e  c u r r e n t s

a nd A p p e n d i x  B g i v e s  t h e  d e r i v a t i o n  of an a l t e r n a t e  i n t e g r a l

e q u a t i o n f r o m  t h a t  d e r i v e d  In S e c t i o n  IV.

I

.
~

?R~C~DI -

.. 

-- 
-

“ -
‘ 

-

- 

1 

- : 

~~~~~~~~~~~~~~~~~~~~~~~~ 

~~~



S E C T I O N  I I

FORMULATION OF AN INTEGRAL EQUATION FOR

A B I C O N E  W I T H O U T  E N D C A P S

For the symmetrically driven biconi cal structure of

F igu re  1, the current on both the cone and its image are

rad ia l l y  di r ec ted and hav e no c i r c um f e r e n t ia l  (~~) variation.

Hence the magne tic field tangent to the cone is I~—di rec ted

and the boundary conditions can be satisfied b y f ie lds  wh ich

~re ‘ransverse magnetic (TM) to r. Thus, the fields may

‘ipletely determined by a radially—dire cted vector

~lti a1 A A
r~ 

[ 2 ] .  In an ei g e n fu n c t i o n  s o l u t i o n  to

s u c h  p r o b l e m s , t h e  f i e l d s  a r e  d e t e r m i n e d  in t h e  b i c o n e

r e g i o n  f r o m  a v e c t o r  p o t e n t i a l  A r w h i c h  c o m e s  f r o m  a

h o m o g e n e o u s  s o l u t i o n  of  t h e  wave  e q u a t i o n .  In o r d e r  to

der ive an integral equation , how eve r , A
r 

mu s t b e e x p r e s s e d

in terms of the current on the bicone. In particular , a

fre e space Green ’s function is to be found fr ’ r t h e  v e c t o r

p o t e n t i a l  A r d u e  t o  a unit radially—directed current element.

A s u p e r p o s i t i o n  i n t e g r a l  then expresses the total vector

p o t e n t i a l  d u e  t o  c u r r e n t s  on t h e  c o n e .

Beginning with the assumption t h a t  t h e  m a g n e t i c  f i e l d

is d e t e r m i n e d  f r o m  A A ~~~,r

H = ~~ TxA

_________________________________ I 1 .-~~~~~
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a n d  u s i n g  M a x w e l l ’ s e q u a t i o n s ,

7x~~ = — j w ~~ i

Vx~ =

one readil y de termines by standard procedures that A satis-

fies the vector Helmholtz equation

VxVxA — k A  = LIJ r r - jw~irV~ (1)

w h e r e  ~ is a s c a l a r  s u c h  t h a t

= — jwA —

For a radially—dire cted unit current element ,

5 = J ~ (~~~
—

~~~~
t )

r

( 2 )
r ’2  sin e ’

Expa nding out (1) yields

2

[r
2
~~~n ~~ 

s i n  8 
~~~~~~ r 2 si~~~~ 

r 
— k 2

A ]  
~

2

~ 
{
~ ~~r~~~J ~ 

+ 
Cr s~~n 8

— ~~~~~ ~r 
r + — 

~~
-

~~
--- ~ + r si n ®  ~~ 

( 3 )

4

____________ — —- -—-- - —- — - —  —-~~ — -



from which it is seen that

~ r .
=

3 2 A -r
3~~~ r 

= (~~)

These conditions are automatically satisfied by the gauge

c h o i c e
_ _ _  

r (5)
i~~~~ a~

S u b s t i t u t i n g  ( 2 )  and  ( 5) i n t o  ( 3 )  l e a v e s  L - n e  s c a l a r

component equality

r 1 ci . , r 1 r
2 + 2 . 2 . 2r s in 8 r sin e ~~

+ k 2A =  - ( ~~-~~ ‘)  ( 6 )

w h i c h  c a n  be r e w r i t t e n  in t h e  m o r e  c o n v e n i e n t  f o r m .

(7 2 k k
2

) (  
~~~~ 

) = ~~~-3~~~~~~ ’)  ( 7 )

To obtain (7), one notes that

6 ( ~~— r ’)  6 ( r — r ~~)
r 

—

A solution of ( 7 )  which satisfies the radiati on condition for

c exp (j~ct) time convention nay b e written b y inspection of  ( 7 )

as

I



— j k f ~~ — r ’
- ~i r  e ___________

r 
— 4ir r ’ ~F — ! ’ J

and the general solution to ( 3 )  f o r  a d i s t r i b u t e d  s e t  of

currents is obtained by superposition:

• r - j k I~~-~~I
A ~ J ~ 

r e dV ’ ( 9 )r 4~O I r , —

J r r—r
V

T h i s  f o r m  of t h e  v e c t o r  p o t e n t i a l  h a s  a l s o  been  u s e d  b y

o t h e r s  [ 3 ] .  Fo r  t h e  s y m m e t r i c a l l y— e x c i t e d  c o n e  a n d  i t s

im a g e , 
—

J ( r ’)
= [~~e ’ _ e

~ 
- ~ ( O ’ _7T+O

0)] ( 1 0 )

where J is the bicone surface current density. Sub—sr

stitut ing (10)  i n t o  (9) gives the desired equation for the

v e c t o r  p o t e f l t~~a l :

2 rr  L
‘ ir  s in  ® o ( — j k R ~ e

_j k
~A J f ~ sr~~~

’
~ 

e 

R + 
— 

R 
d r ’d ~~’

0 0 ( 1 1)

wh e re

S
p R =  r + r ’2  — 2 r r ’ [s i n  8 s i n  8 0 c o s (~~—~~ ’ ) +  cos  8 cos  8 0 ]

The  p l u s  s u p e r s c r i p t  d e n o t e s  s o u r c e  p o i n t s  on t h e  u~’p er  b i c o n e
I

surface wh ii e the negative sign denotes source points on t h e

image surface.

6
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It is convenient to introduce the total axial current

: 1(r ’) 2ii r ’ sin ®
0
J (rfl (12)

so that (11) becomes

211 L

A ~j r  I I I ( r ’) e
_ jkR

~ e
_ Jk

~~ dr ’d~~’ (13)r 811 J J r ’ R R
0 0

The  r ad ial  c o m p o n e n t of  e lec tr ic f ie ld  i s now g iven  b y

1E = . --— — + k  A (14)r j w u c  2 r

The s i m p l i c i t y  of  ( 1 3 )  a n d  ( 1 4 )  c o m p a r e d  t o  t h e  u s u a l

vec tor potential representations should be emphasized at

this p o i n t .  One notes that in the usual representation , two

vec tor potential components , A r 
and A ® ,  wo uld be present.

Furthermore , the integrands of the potential integrals would

conta in somewhat complicated dependences on ang les between

observat ion and source points which arise from projecting

t h e  s o u r c e  v e c t o r  o n t o  t h e  p o t e n t i a l  c o m p o n e n t  vector for

p ea ch source and observation point. Finally, the express ion

f o r  t h e  r a d i a l l y — d i r e c t e d  e l e c t r i c  f i e l d  w o u l d  be  c o m p l i c a t e d

a n d  d i f f i c u l t  t o  h a n d l e  n u m e r i c a l l y  c o m p a r e d  t o  t h e  a p p r o a c h

to  be f o l l o w e d  h e r e .  T h e s e  c o m p l i c a t i o n s  i n d e e d  w i l l  a p p e a r

in t h e  f o r m u l a t i o n  w h i c h  i n c l u de s  a t o p c a p  on the bicone struc—

ture (Appendix B).
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An integral eq uation for the current is obtained by

a p p l y i n g  t h e  b o u n d a r y  c o nd i t i o n  t h a t  t h e  r a d i a l  e l e c t r ic

field must equal the impedance loading times the total

current density, i ,e. ,

Er 
Z ( r ) I ( r )

S i n c e  a l l  c u r r e n t 3  a n d  f i e l d s  are 4)—independent , it suffices

to  t a k e  a l l  observation points along the intersection of the

plane ~=O and the conical surface. Hence , we obtain finall y

jw~~ 
~~~~ 

+ k2J A r 
- Z (r)t (r) = 0, O < r < i , e=e o,4)=o

(15)

E q u a t i o n  ( 1 5 )  is an i n t e g r o— d i f f e r e n t i al  e q u a t i o n  f o r  t h e

i n d u c e d  c u r r e n t  on t h e  b i c o n e . As i t  s t a n d s , ( 1 5 )  d o e s  n o t

appear to conta in a driving term due to the applied

v o l t a g e  a t  t h e  bicone terminals. In the next section ,

h o w e v e r , t h i s  t e r m  a p p e a r s  as a “bo undary ” condition on

dA l d r  a t  r 0 .  O n e  a l s o  n o t e s  in  ( 1 5 )  t h a t  d i s c r e t e  o r

l um ped  lo ad ing m a y  be introduced b y allo wing Z (r) to be

r epr esen te d by  a p p r o p r ia t e ~5—f unctions ,

N
L

Z ( r )  
n~~l 

Z 1 ~~( r ~~r 2.~~)

f o r  X L l o a d s  w h e r e  E L is the impedance of the n th l o a d

located at r=r •Ln

8
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SECTION III

A P P L I C A T I O N  OF M E T H O D  OF M O M E N T S  10 A

B I C O N E  W I T H O U T  E N D C A P S

The u s u a l  p r o c e d u r e  in applying the method of moments

[~~] is to  first represent the unknown current as a linear

combination of an appropriate set of basis functions and

t h e n  “ t e s t ” t h e  resulting integral equation with a series

of t e s t i n g  f u n c t i o n s .  H e r e  i t  is c o n v e n i e n t  t o  r e v e r s e

t h i s  o r d e r  a n d  to  f i r s t  t e s t  t h e  e q u a t i o n  b e f o r e  e x p a n d i n g

t h e  c u r r e n t .  A s e t  of t e s t i n g  f u n c t i o n s  w h i c h  o f f e r  a

num ber of advan tages In  a num er ic al pr ocedu ’~~ are the p iece-

wise sinusoidal testing f unc ti ons:

sin k( .Ar—r)
• - - , O < r < ~~~rW ( r )  = s i n  k~~r —

O , Ar , < r ~~~ L

I sin k ( A r - j  r - r  ) -

w
m ( r )  s i n  k~~r 

r 1 < r < r +1

L , !r _ r l

m~ 2 ,3 ,. .,M (16)

where ~r L/ M , r ( m — l ) ~~r , m — l , 2 , . . . M

T h e s e  t e s t i n g  f u n c t i o n s  a r e  s h o w n  in  F i g u r e  2 .  An i n n e r

j  

p r o d u c t  is n e x t  d e r i n e d  as~~ 

_ _ _ _ _  

_ _ _
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‘4

< f (r), g (r) 
=j

L

f (

~~

)g (

~~

)

~~~ 

(1 7 )

a n d  ( 1 5 )  is s u c c e s s iv e l y tes ted with each of the w ,

m l ,2,. . .

j
~ K1~2 + k 2]  A r~ w>  

- 

<Z
( r ) I ( r ) ,  w

m>

0 , m 1 , 2 , . . . ,M ( 1 8 )

T a k in g ,  f o r  ~ be mo ment , m=l and integrating the first term

b y  p a r t s  t w i c e  r e s u l t s  in

+ k 2] A , w
l> 

- - sin ~~~~ r A ( r 2
)

k c o s
— — -- . — A  ( r  )

s i n  k.f~r r 2

w h e r e  A C r  ) = A . Note that althoughr m r r — r
m

8 8 o
A = 0 , ( 19)
r

A C r  ) is  n o t  z e r o  a l o n g  t h e  b i c o n e .  In  f a c t , o n e  n o t e s  t h a t
r 1

7
~

E • 
1 r

- 8 j~ n~cr 3r~~-~

a n d  t h a t  t h e  b i c o n e  v o l t a g e  a t  r 0  is j u s t

11 

- — --
~~



ii

v0=f E
®

rd® ~
r = O

• 80
11/2

~ A (r  )
= 

1 r d @ = _  
1 r 1

jul.1c ~ r~~9 r =0  ~~~~~
0o

w h e r e , u s i n g  ( 1 9 ) ,  o n e  sees  t h a t  3A r /~~
r = O  a t  ®~~ir/ 2 .

T h u s  f o r  m = l , (18)  b e c o m e s

r— cos kLi r A (r ) + A (r )1
J c i j~L E s i n  k~~r L r 1. r

- 
KZ ( r ) I ( r ) , w> -V

0 
(2 0 )

For m= ~~~~~~~~~~~~~~ integration by par ts twice in (18 )  re-

sults in

J W L . t s i n  k.~r 
[A r

( r
i~.i

) — 2 cos  k
~~

rA r ( r
m

) + A r (r l )1

• 
— 

KZ 
( ‘ ) I ( r ) ,  W

m>z  
o

m 2 ,3 ,... ,M

(21 )

N o t e  t h a t  t h e  choice of testing f unctions has resulted

i n  r e m o v i n g  a l l  t h e  derivative operations from the oper ator

• equations. T h i s  is  t h e  p r i n c i p a l  a d v an t a g e  o f  t h e  t e s t i n g

f unctions chosen.

12 
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I

A m a t r i x  e q u a t i o n  n o w  r e s u l t s  if  t h e  c u r r e n t  is

e x p a n d e d  in  an a p p r o p r i a t e  s e t  of  b a s i s  f u n c t i o n s .  A

c o n v e n i e n t  s e t  is  t h e  p u l s e  f u n c t i o n s  d e f i n e d  b y

( 1  , O < r < 2~r / 2
—

L 0 ,

1 1 , r — r  I <
Ip (r) • c

n 
~
> l r / 2

n

(see  F i g u r e  3)  a n d  t h e  r e s u l t in g  c u r r e n t  e x p a n s i o n  Is

‘4
1( r ) I p ( r )  ( 2 2 )

n 1

N o t e  t h a t  t h e  c u r r e n t  a t  t h e  b i c o n e  ed ge  r L  is auto—

m a t i c a l l i  z e r o  b y  o u r  c h o ic e  o f  b a s i s  f u n c t i o n s  ( F i g u r e  3 ) .

W h e n  ( 2 2 )  i s  s u b s t i t i t e d  i n t o  ( 2 0 )  a n d  ( 2 1 ) , ther e

r e s u l t s  t h e  ~ v s t e m  of  l i n e a r  e q u a t i o n s

~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ ~ ( r , ; r 2~~r 1+)]

- 
<Z (r)p

l
(r
~~
. w

i>) 
+

13
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j~~~~~~\~~ [- cos k~~r v ( r 1; r n _ , r n +) + v ( r
2 ; r n

_ , r n +)1

~~~~~~~~~~~~~~~~ 
w
1>)=  

-v 0

( 2 3)

a n d

s in k~~r [~
(r

m 1 ;r l,r i
+ _ 2 c o s  k~~r ~ (r ;r 1,r2)

+~~~
( r +1 ; r 1, r i+)

] 
— ~~~s

) p
l

(~~~~, w
a>)

sin  k&r [ 
r m _ 1, r n

_ , r n~~
) _ 2  cog  k A r

~~
( r m ; r n

_ , r n + )

+ P ( r +1 ;r ~~~~~r +)] 
— ~~~~ ( r ) p ( r ) , 

~~~~~>)
— O ,m 2 , 3 , . •

(24)

These equations may be  a s s e m b l e d  i n t o  t h e  m a t r i x

e q u a t  i on

zI • V

w h e r e

[-go

I —  , v — I  o

14
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\
\ •J ( 7 .

\ £ 7 ’\ r3/~~y’
\ j~~~/p (r)
~~r2~ ~~p2 Cr)

p 1 (r)

F~~;i re  3 .  P u l se  ex p a n s io ~i f u n c t i o n s  for t h e  : or r e n c
on t h e  c o n e .

.1 
_ _ _  
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a n d  the elements of the impedance matrix may identified

f r o m  ( 2 3 )  a n d  ( 2 4 ) .  The functions cY (r;r _ ,r +)  a r e

d e f i n e d  by
2 f f  r

fl + 
_jkR+ —jkR

~ ( r ; r _ , r~~~ ) = 
~~~2 

0 

— 
e 

- J d r ’ d4 ) ’ ( 2 5 )

w h e r e

R =  / r 2 + r ’ 2 
- 2 r r ’ ( s i n 2 8 0 

cos 4) ’ + cos 2 8 0
) ( 2 6 )

a n d  w h e r e

r ± = r + ~ r / 2
n n —

The evalua tion of the double integral in ( 24) is

simplified by analytically approximating the integration

w ith respect to r ’ . Th is m ay be a c c o m p l ished  b y not ing that

in general k(r +— r~~_ ) << 1, so that a few terms in a

Tayl or series expansion about some point r
n 

in the interval

[r 0~~~
r
~~+] 

sho uld be accurate. According ly, one wr ites

— j k R  — j k R ~ - .j k ( R — R ~~)
e e e

— j k R  + +
e [ l — j k ( R — R ) ]  ( 2 7 )

w h e r e  R~~~ R I r r • S u b s t i t u t i n g  ( 2 6 )  i nt o  ( 2 4 )  and listing

as a f o u r t h  a r g u m e n t  t h e  p o i n t  about which the expansion is

m a d e , o ne obtains

16
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~
( r ; r , r +

) d l J ( r ; r , r + , r n
)

= ~ir  
271 r ÷  1l+jkR~ 

-

8712 J J L ~ r ’ i~~ r ’
0 r

- j k R  1 + j k R  .

—e n 
r ’ R 

— 

~~r
’
~
’ ij d r ’ d 4 ) ’

- j k R ~ [l+ikR ~ r~~+ ( R  + r - r b ~~)
= —

~

- , ç e  r log  +
4~~ J I I r ( R  + r — r b )

O L L n n+ n -i-

r +n
— ]kZfl — —

-jkR r1+~kR - r ~~(R  + r - r b )
f t  n n n

— e  - l o g  -—

L r r ( R + + r - r +b )

2 2 

-jkin ~~~~~
]
~~~d4)’ ( 2 8 )

w h e r e  b =  s i n  ® o cos 
~~~

‘ ± cos In several situations ,

a p p r o p r i a t e  l i m i t s  of t h e  i n t e g r a n d  of  ( 2 7 )  need to be taken.

First , w h e n  t he so u r ce  is t h e  c u r r e n t  s e g m e n t  a t  t h e  b i c on e

t e r m i n a l s , t h e  i n t e g r a l  ( 2 7 )  r e d u c e s  t o  t h e  s i m p le f o r m

17
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r - j k r  R 1+ + r — b r
1~

= —

~~

--- 

~ 
e ( l + j k r ) l o g  ~~ + 

—_ d~~’
4r J R 1+ + r — b r 7+

0

( 29.1 17
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As t h e  o b s e r v a t i o n  p o i n t  r in ( 2 8 )  approaches the

b i c o n e  t e r m i n a l s , r -’-r 1 0, the limiting form of the inte-

g r a n d  c a n  be  i n t e g r a t e d .  The r e s u l t  is

- ~~~~ l o g ( c o t  —i) ( 3 0 )

a v e r y  i n t e r e s t i n g  r e s u l t  t h a t  is i n d e p e n d e n t  of t h e  s u b —

d o m a i n  s i z e  a t  t h e  b i c o n e  t e r m i n a l s .  F i n a l l y ,  a l l  t h e  s o —

c a l l e d  “ s e l f  t e r m s ” ‘?(r  ; r  , r + , r ) . n~~1, con ta in ann n— n n

integrable singularity. In fact one  e a s i l y  establishes

t h a t
r (R + + r _ b +r )

l og  ~~~~ — 2 l og  [~~~~
‘ I+ + r-~rr n

_ ( R
n + + r — b r + ) n

T h i s  s i n g u l a r  t e r m  is t h e n  subtracted from the integrand in

( 2 7 ) ,  r e s u l t i n g  in  a n o n — s i n g u l a r  i nt e g r a n d  w h i c h  is t h e n

n umerically integrated , The term

~~~2 f ~n J - ~ ’ !dp ’ = (Z n ~ -1)

is then added t o  t h e  r e s u l t  to  t a k e  c a r e  of t h e  p a r t  of t h e

integral contributed by the singularity.

18
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S E C T I O N  IV

FORMULATION AND NUMERICAL SOLUTION OF AN

INTEGRAL EQUATION FOR A BICONE WITH ENDCAPS

T h e  f o r m u l a t i o n  o f  t h e  i n t e g r a l  e q u a t i o n  f o r  a c o n e

rad iator over a ground plane with an endcap is considerably

more comp l icated than that for the case when the endcap is

n o t  p r e s e n t .  it is possible , h o w e v e r , t o  g e n e r a l i z e  t h e

a p p r o a c h  u s e d  f o r  t h e  b i c o n e  w i t h o u t  a topc ap and to trans-

form the derivatives appearing in the equations into har-

mo nic operators along the radial cone and topcap coordinates ,

as  is d o n e  in A p p e n d i x  B . This approach has the advantage

again that testing with p iecewise sinusoids allows the re-

plac ement of derivatives by a finite difference of potent ials.

However , to effe ct this trau sformation , an extremel y com-

plicated k e r n e l  m u s t  be  u s e d  ( s e e  A p p e n d i x  B )  w h i c h  c o n t a i n s

man ’i  s i n g u l a r i t i e s  o t h e r  t h a n  t h e  u s u a l  o n e s  w h e r e  s o u r c e  a n d

f ie l d  points coincide. While this approach has been used ,

it h a s  b e e n  f o u n d  t o  be u n w i e l d y  a n d  r a t h e r  i n e f f i c i e n t .

The  a p p r o a c h  d e s c r i b e d  h e r e  b e g i n s  w i t h  t h e  d e s c r i p t i o n

of  f i e l d s  in t e r m s  o f  t h e  m o r e  c o m m o n l y  u s e d  v e c t o r  m a g n e t i c

-~~ — 
a n d  s c a l a r  p o t e n t i a l s  e x p r e s s e d  in terms of the cone cur re nt s

and charge. However , it is f o u n d  t h a t  t h e s e  p o t e n t i a l s  a r e

singul ar at the bicone terminals which a-~ain creates an

unnecessar y comp lica t ion, In order to circum ”ent this ~-r o b 1 ern ,

t h e  c o n e  a n d  i m a g e  s u r f a c e s  a r e  i l l ow e d  t o  i a t e r s e c t  w i t h  a



s m a l l  “ w a i s t ” o f  r a d i u s  “ a ” ( F i g u re  4 ) .  I f  “a ” is very

s m a l l , there should be negligible difference in the input

impedance and currents found for this case and that for the

limiting case of a O .  For convenience , the cone coordinates

are def ined with respect to the projection of the cone sur-

face to a ti p ,  as in Fig ure 4. Furthermore , the d irection

of the unit vector and the positive direction of corres-

ponding vec tor components is taken to be towards the center

of the topcap, in the d irec ti on of d e c r e a s ing r
t
.

The  i n t e g r a l  e q u a t i o n s  a r e  o b t a i n e d  by s e t t i n g  t h e

radia ted field tangent to the cone surface equal to the

i m p e d a n c e  d r o p  p e r  u n i t  l e n g t h  due  t o  t h e  l o a d i n g :

~~~~~ ~~~c 
— = 0 , a /s i n  O

~~
< r < L  ÷ a / s i n  (3 1)

— 

~~~ 

— Z~~I~ = 0 , 0 <  r
~~

< L  s in  + a ( 3 2 )

where the tangential components of magnetic vector potential ,

A and A
r 

a r e  g iven byrc t

I-. . . +
I 2~r L+a/sin 0 —j kR jkR

0 pc — pc
I i  I cos 7, e cos~~ e

A — —u— i i i pc 
+ 

pc dr ’d~~’r 87121J J c R R e

L0 a /s i n  8
o

+ -2r  L s in 0  +a — j k R  ~

.
~
. I 1 0 c og  ~~~~~ 

P t  

+ 
cos  

~~~~ d r ’d~~’J J R~~~ R
~~ j 

t

0 0 p

p = c , t ( 3 3~
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~~~~ - - 

— -
~~ 

_5

F i g u r e  ~~~. t~eomet r of cone w izh an -ici~~.

‘I

I
I

-
- ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~



The scalar potential is given by

r 211 
— jkR~ -jkR

_____  c I e  e I— l  ~~
‘ 

J 

O d l  ~‘ pc pe

c— 
~ I dr  

— 

R 
J d r  d 4 ) ’

8ir j w c  
~
=‘ pc  pc i

L° a / s i n

— j k R ~ - j k R  
Ii

dl  / p t  p t \
t 1 e e÷ 

f17 
1

k s i n  0
0 +a 

d r
~ ~ R~ 

— 

R 
dr ~~d~

p t  p t  /0 0

P = c ,t (34)

The currents I and I are the total linear currents on
C t

the con ical and topcap surfaces , respect ively, and are r e—

l at e d  to t h e  c o r r e s p o n d in g  s u r f a c e  c u r r e n t  d e n s i t i e s  J a n d
c

J b y
t

I = 2~rr sin C J
c C 0 c

I = 2 rr r J ( 3 5 )
t t t

The d istance quantities are all of the form

/ ‘2 ±R - 
— r ÷ 2b  r + C , p , q  • c ,tpq q pq q pq

where

— 2
b - 

— — r sin
2
B
0 

cos 4)’ + r c03 0 — a c o t  0 cos  0 ( 1 l )
cc c C 0 0

2 2

— • .4 - -______________
- — -~~~~~~~~~~~~~~~~~~  

- _____



c ± r
2 + a 2cot B (1 1)2_ 2r a cos C cot 0 (1 1)cc C 0 c 0 0

sin cos 4)’

c~~~ — r 2 
— 2 r  co s  8 0 (a  c o t  8o~ 

L COS 8 o~ 
+ (a cot 0

~~
+ L c og  0 0

) 2

± — 2
b
~ 

= + L  cos 0~~— a cog O 0
co t 8

0 
— r t s in  0

~ 
COg 4)’

2
c = r 2 + ( L  cos  8 + a co t 0 )
tC t 0 —  0

— _ r
t 

c og  4)’

± 2 2 2 — 2
— r

t + L CO S

The angles between the so u r c e  c u r r e n t  e l e m e n t s  and the tan-

gential component of electric field at the observation point

are determined by

+ 2 2cog ~ — + cog  4)’ sin 8 + cos C‘cc — 0 0

CO S  ~ = ~ Sjfl 8~ COS

-- - - - ---

~~~~~~ C

cos ± cos

+ —
. c o g  ~ 

- — + cos  ~~~ s i n  8
- S t c  0

1 
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It is convenient to choose as testing functions the

pulse functions p shown in Figure 5. Thus , test ing (31) with

p 1 
r e s u l t s in

— ja <A t p i> 
— <~f~ ~ 1> 

— < Z t  ~1> = 0

Upon integrating by parts in the central term , and noting

that A
r 

is sl owl y v a r y ing over the interval and hence may

be approximated b y A ( r
1
), one obtains

_ jwA
r

(r
i
) 

~~~ 
- [(~~(r~~~+ ~ r / 2  ) — ~~(r

1
) ]  - < Z r  ~~ 1>= 0

But 
~

(r
~~i
) is just the bicone terminal voltage 

~~~~~ 

w i t h  res-

pect to the ground p lane. Hence ,

— 2~~ ( r
1

+ ~~r / 2  )— 2(Z t , P~) 
—2V

0 
( 3 6 )

For the remaining testing functions on the cone ,

testing of (31), integration by parts on the scalar potential

term and approximation of the vector potential by its value

L. _,~~~~~~ at the center of the pulse yield s

— j ~~ i r  A C r  ) — [~~ ( r  + ~ r / 2 ) — ~~~r — 2~r /‘)]c r  cm cm c cm c --

• C

— <z~~~ ‘ ~m) 
= 0 , rn — 2 , 3 , . .  . N — j  ( 3 7 )
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At the edge , the testing pulse consists of two parts ,

one on the cone surface and one on the topcap . Hence , both

a eq ua ti ons  (3l~ and (32) must be used. With approximations on

the two ve ctor potential components similar to that above ,

i n t e g r a t i o n  b y p a r t s , a n d  e n f o r c e m e n t  of c o n t i n u i t y  of

the scal ar potential at the edge , one obtains

_
~~~~~~ A

r
( r

N
) + ~~~ A~~~(~~~l)]

~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ 
- < Z I ,P

N )  
— 0  (38)

where I = 1~ or I~ as is a p p r o p r i a t e .  On t he  t o p c a p ,

on e h a s , a n a l o g o u s t o ( 3 7 ) ,

_jwal r
t
A
r

( r
tm
) — [

~~
(r

tm
_ t~ar /2 ) — 

~
( r
~~~

+ z
~
r
~~
/2)]

< Z I t ~N 1+m > 
= 0 , m = 2 . .  . , ,  N~~+l ( 3 9 )

The current is next expanded in the set of p ulse functions

p of F ig ur e  5,

N
- - — 

1~ l p ( r ) (~~O)
n 1

N +N

1~ ( r e ) 
nL 

m
nPn~~~t

) ~ 
1)

:6

- ~~~~~~~~~~~~~~~~ —• - -•-,----—•- — —



Note that th e current at the edge of the cone is the

same on both the cone and the topcap surfaces~ The d e r iva ti v e s

of the currents above are approximated by a finite difference

of ad jacent current pulses which is then assumed to be ex-

panded in its own set of “c h a r g e ” p u l ses  ( see  F ig u r e  6 ) ;

N -1d l  I — I
C ‘- n+ l  n ÷

dr  
- 

~ r ~~~~~~~ 
(-42)

c r i l

N fN ~dl c t I — It - n+l  n +
dr  ~ r 

(43)

t n N  t
C

w h e r e  1N +N +1 is t a k e n  t o  be z e r o .
C

Thus the vector potential quantities in (36)— (39’ may

be wr itt en as

A = — ~-
— I ~1’ (r , r , r +~~~r / 2 )r t 8712 ~ 1 pc  p ci  ci  c

N — l

+~~ I ~ (r , r —~~~r / 2 , r +~~~r / 2 )
n=2 ~ PC p cn C cm c

+ I
N

[IJ (r ,r N ~~~~~~~ N~~ 
+ 

~
Y 

~
(r ,r 1 ,

r
1
+ r / 2 ) ]

N + N

n p t p r t , n + L N
_ 

~~~~t
/ 2  

‘ 
r
t ,n+l_N

+ dr
~

/ 2  ))
p — c ,t ( d 4 )
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and the sc alar potential is

N — l 
~

= 

811
2

j w E  [n~~l 
1
1 1:1 ] 

~~~( r , r ,

N -i- N
~ ~ 1 n+l  

t n

n— N ~
r
t ~~~~~~~~ t ,n+L—N ’ r t n+l.,.N + 

~
r
~~
)

p = c , t ( 4 5 )

w h e r e

2 1 1  r , +
n+ -j kR

~f pq
( r

p~ r 0
_ ,  r ÷

) f ( c os  
7 ± f e pq 

d r ’

r
÷ _ i k R ~

+ ~ ~~~~~

— f e 

R p q 

d r ’ d~~’

p,q = c ,t ( - + 6 )

a n d
2 7 1  r • +n+ -j k R

4) pq
( r

p~ r~~_~ r
0÷

) = f  f  [ e 
R~~

-jkR 
-

pq
e ,dr  d~

R pq

p,q = c ,t (d7 )

2 9



The inner integral s in (46) and (47) can be approximately

a n a ly t i c a l l y  i n t e gr a t e d .  T h e y  a r e  a l l  of t h e  f o r m

r e.,. - j kR

j e d r ’ ( 4 8 )
J

r

w h e r e  R is o f th e f o r m

R = 
V
r~~

2
+ 2r ’b + C ( 4 9 )

Since the range of integration [r~~_ , r +J is small com-

p a r ed t o a w a v e l eng th , it is appropriate to expand ~~~~~~ in

a Tay lor ser ies abou t some point R
n 

which is the distance

from the observa tion point to a point r~ in the interval

[ r , r + ] .  T h u s ,

— j k R  -j k ( R - R 0
) _

~~kR~
e = e e

-jkR
— e fl

[ k ( R _ R
n

) — j sin k(R_R n )1

—jkR k (R—R )
e 

n
[1 2 

— j k ( R — R )

----- p
+ jk

3 ( R ~~R ) 3/6

The error in the real and imaginary part s is less than

k4(R—R )
4

Max — —
-

, 24  — 24
r c i r  — , rn n+
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where ~ r is the subdomain size. For five subdomains per

wav elength (~~r /~- = 1/ 5 ) ,  this results in a maximum error

of less than 1% in bo th the real and imaginary parts of

the integrand , The resulting integral should indeed be

m uch more accurate than this. With this approximation ,

- j k R — j k Re d r ’ e n (1
1

_ j~~2)R

r

w h e r e

1
1 

~ 
l—k 2 (R—R )2/2

dr ’
R

r
11-

k 2 R 2
~~ R + r  + b I

n I n+ j~~+
— 

[~
_ 

2 J ~ I ~~~ + r + b + k R  ( r  ~~~- r )
n nn —  n—

+ b  r + b  2 R +r + b I
_______ 

n c — b  n+ n+r~~ 
R~~ - 

2 n— 2
R ÷

n —  n —

a n d  w h e r e

r
~~ k(R—R ) — k 3 ( R — R  )~~/ 6

— i2_ f  R 
d r ’

r

I R  + r + bn+ n+ I 3~~ ’
• ( — k  R + k 3 R 3 / 6 ) 2 n  

~~ 
+ r + b + (k—k R/ 2 ) (r — r

n fl+ n—n n
n- 0—
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k 3 R r + b  r + b  (r b ’ 2 I ’ ~ + r  + b I ,
+ r_ n+ R - — R + 

• n+ n+
0

2 L 2 n~ 2 n R + r + b I Jn— n—

3 3
k 3 r~~~ — r

n b ( r  2 
— r 2 ) + c ( r  — r— 

~~~ 
[ 3 

- 
0+ n —  n+ n —  j

C o m b i n i n g  t h e s e  r e s u l t s , one  h a s , f i n a l l y .

r
n+ -jkR

f 
e 

R 
dr ’

r

~ 2 3 3
-j kR k R  k R

0 0
e 0

~~~[l + i k R  - 
2 - j  60

I k2 k 3R 2~~1 R + r + b
_____ n c—b 0+ 0+

- 
2 

+ f ~ 
{ ~~—J ~ Zn 

f R +  t
n
+ b I

— -
~~ (k 2 + j k 3 R ) { ( r  + b ) R  — Cr  + b ) R

n n+ n+ n-

3 r 3 + r 2 1j k  r ~~++ 
6 L 

- 

3~~~~~
- + b ( r

2
- r  )i0-

k 3 R 2 

~~~~~ )r — r+ {_Jk + k
2
R
0
+ 

~ 2 
+ 

6 j n+ n—

Eq uation (50) is singular i t-i ~~‘ if the observation point is

in  t h e  i n t e r v a l  [r  , r ] .  H e n c e , the integrals in (46) and
0—  0+
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-.7) n eed to be evaluated b y subtracting the singularity

f rom the integrand and adding its integral to the numerically

determined integral. If r is in the interior of the inter—
0

val , r < r < r , (50) behaves like — 2ZnH ’ n e a r  -
~~~

‘ — 0;
n— n n+

i f r r or  r = r , ( 5 0 )  b e h a v e s  l i k e  — Z n  ~~~~
‘ . The de—

n i- i— n n+

ta ils of the procedure parallels that described at the end

o f  S e c t i o n  I I I .
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SECTION V

N U M E R I C A L  R E S U L T S  AND C O N C L U S I O N S

Th is section describes numerical results obtained

from the comp uter code developed from the theory d e s c r ibed

in Section IV. The resulting code was written to model the

cone w ith or without a topcap . Hence , res ults from this

general code could be checked against those obtained from

the code based on the methods of Section III for the cone

without a topcap . For narrow cone ang les , the calculated

input impedance for unloaded cones for various frequencies

was also compared to the t h e o r y  of  S c h e i k u n o f f  [5 ]  a n d

found to be in very good agreement. Results from the general

code for moderate cone angles were also compared with those

computed by the method of Appendix B , which includes the

effects of the topcap . These comparisons were made to vali-

date the consistency of the various approaches and to com—

• pare with existing data. It was also established that

the input reactance at low frequencies could be used to

check the static capacitance calculated in the companion

report [1] for both the loaded and unloaded Case. Finally,

‘ it was verified that the computed results were almost

independent of the choice of the waist radius , a , of Sect ion

-
‘ 

I I I , provided a was chosen small enoug h .
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All the data in this section pertain to a conical

• antenn a with a vertical height of 40 meters and a cone

a n g l e of  4 2 .26 °. These parameters translate to a cone

slant he i gh t of 54.05 meters and correspond approximatel y

to the cone considered in [6]. The locations and values

of the lumped resistive loads used are listed in Table 1

and are taken from [6].

F igures 7—10 illustrate the current distribution on

the cone at a frequency of 825 KHz , approxima tely the first

resonan t frequency of the unloaded structure. Figures 11—14

illustrate the same results at 1.375 MHz , approx imatel y

half—way be tween first and second resonance of the unloaded

str ucture (see Figures 15 and 16). Two features of the cur-

ren t distributions are notable. First , the edge cond ition

[7] , which requires that the current at the ed ge has in-

f i n i te s l o p e , and the Continuity equation relating current

a n d  c h a r g e , w h i c h  r e q u i r e s  t h a t  t h e  t o t a l  c u r r e n t  a p p r o a c h

zer o with zero slope at the center of the topcap, co m b ine

to limit the amount of Current the topcap can support.

S e c o n d l y ,  the loading, wh ich increases to a maximum at the

ed ge , further limits current flow on the topcap.

Fi g u r e s  15—18 i l l u s t r a t e  t~~e v a r i a t i o n  w i t h  f r e q u e n c y

of  the input impedance of the conical structure for the van —

- - ous loading and topcap confi gurations. Again , the influence

of the copcap is f o u n d  t o  be n e g l i gible. The abs ence of

‘
~I 

3) 

— _ _



Table 1. Pos itions and values of loading
res istors on the Cone.

ARC L E N G T H  A L O N G  R E S I S T A N C E
THE CONE G E N E R A T O R

( M E T E R S )  ( O H M S )

12 .17  4 . 6 9

1 4 . 3 4  7 . 1 7

16.90 9.06

19.93 11.74

23.54 15.43

2 7 . 7 3  2 0 . 8 2

3 2 . 5 9  3 O . 3~~

38.41 50 .33

45.31 114.88

53.43 114.88

63.15 100.00

7 2 . 2 5  1 0 0 . 0 0

8 1 . 3 5  100 .00
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Fig ure 7. Current on unloaded cone with topC ap, L=5d .05 m .
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ARC L E N G T H  ALONG C O N E  G E N E R A T O R

F igure S. Current on unloaded cone without topcap,
L — 5 4 . 0 5 m , 9 cj = 42 .26 °, V

0 
1 Volt , f = 8 2 5  K H z .
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F igure 9. Current on loaded cone with topCap , L—5 4 .05m ,
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0 

1 V o l t , f • 8 2 5  K H z .

L. - - 
- — -



- ~~ROWITUOf .  K - IE~LI • - Ifl~OItffiIY

-4
-4

f = 8 2 5  KHz
D

0

~_.O
z
Li

(J
o

0

0

0.
‘0.00 22.60 45.20 67.80 90.40

ARC LEN GTH ALONG CONE GENERATOR

Fi gure 10. Curren t on loaded cone without topcap ,
L 5 4 . 0 5 m , 

~
‘
~~~~~

‘ 42.26 °, V
0
= 1 V olt ,

I = 8 2 5  M H z .
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Fi gure 11. Current on unloaded cone with topcap, L— 54 .05m ,

~~~~
= 42.26 °, V

0
= 1 Volt , f • 1 . 3 7 5  M H z .
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Fi gure 13. Current on loaded cone with topcap, L— 54 .O5m ,

~~~ 
4 2 . 2 6 ° , V 0 1 V o l t , f = 1 . 3 7 5  M H z .
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C
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‘0.00 22.60 45.20 67.80 90 .40

ARC L E N G T H  A L O N G  C O N E  G E N E R A T O R
— --5-

F igure 14. Current on loaded cone without top cap ,
L = 5 4 . 0 5 m , e • 42.260 , V

0 
1 V o l t ,

f — 1 . 3 7 5  M H z .
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t (M Hz)

Fi gure 13. Input impeda n ce of unloaded cone with topcap,
L = 5 4 . 0 5 m , 

~~~~
= 32.2 6 °. Encircled values of

i m a g i n a r y  p a r t  a r e  p o s i t i v e .
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Fi gure 16. Input impedance of unloaded cone without
t o p c a p ,  L = 5 4 . 0 5 m , 4 2 . 2 6 ° . E n c i r c l e d
val ues of imaginary part are positive.
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F j z u r e  17 .  I n p u t  i m p e d a n c e  o f  l o a d e d  c on e  w i t h  t o p c a p ,
L = 5 4 . 0 5 m . O

o
= 42.26 °. Imaginar y v a l u e s  a r e

n e g a t i v e .
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I
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f (M Hz )

F i g u r e  18. I n p u t  i m p e d a n c e  of  l o a d e d  c o n e  w i t h o u t
topcap, L=5 3 .OSm. 2.26 °. Imaginar y
val ues are negative.
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resonances in the loaded case can be attributed to the

effect iveness of the resistive loading in eliminating

r e f l e c t ions  f r om the c o n e  e d g e  wh ic h wou ld r e s u l t in

standing waves on the structure. However , o n e  wo u ld a l s o

expect the bicone input impedance to approach a ;alue of

5 6 . 5  + j 0 . 0  ohms , t h e  i n p u t  impedance of an infinite bicone

of  t h e  same c o n e  a n g l e , w i t h  i n c r e a s i n g  f r e q u e n c y .  I n s t e a d , t h e

impedan ce in Figures 17 and 18 seems to be approaching a value

n e a r e r  40 + j 0.0 ohms . Computations at higher frequencies

ind icate that the real par t of the impedance begins to increase

a t  a b o u t  3 . 0  M H z  a n d  a t  10 M H z  is a t  a b o u t  60 + j 8 ohms ,

sl ightl y above the infinite bicone impeda n ce. Repeating the

c o m p u t a t i o n s  w i t h  t h e  c o n ti n u o u s  l o a d i n g  f u n c t i o n  d e s c r i b e d

in [61 did indeed result in an input impedance which mono—

t o n i c a l ly a p p r o a c h e d  t h a t  of an i n f i n i t e  b i c o n e .  T h u s , i t

appears that some further adjustment in the valu ,. of the dis-

crete load ing resistors might be made in order to more closel y

approximate t h e  i m p e d a n c e  b e h a v i o r  of the infinite bicone.

Radiat ion patterns in the near—field reg ion of  the

load ed structure with a topcap (r = 100 meters and the

f r e q u e n c y  is 5 5 0  K H z )  a r e  s h o w n  in  Fi g u r e s  1 9 — 2 1 .  F i g u r e s

— 22—24 g ive the corresponding patterns in the far field

( r a lO~ meters). For comparison , far f ield patterns for

the unloaded structure are illustrated in Figures 25—27 .

Although resources did not p ermit a tim e—domain analysis

31 the response of the structure , such a stud y , w h ic h  co u ld

ir

~

clude .i s imple equivalent c i r c u i t  m odel of the puls er ,

49
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Figure 21. E radiation pattern for loaded cone
with topcap , L 5 4 . 0 5 m , 0

~ 
4 2 . 2 6 °,

V~~= 1 V o l t , f = 550 KHz , r • l O O m .

3 2

..~~ -5—-- - . — i!_ -~L-,~~~~ ~~~ = 5 - - -- - - -  - - —5- --- - — —



- PIRONI TUOt s K - RtM~t • - I1IRQ4 tffiI Y

C

-4

C

-4

C

Li
=

• LU
c
~ .
C

______ • -* 1

0.00 22.30 45.00 67.50 90.00
T H E T R

Fig ure 22. E radiation pattern for loaded cone
w~~th topcap , L 54- .05m , 0 — 42.26 °,
V — 1 Volt , f = 550 K H z ,°r lO 4m .

~~~~ 

.___._.p 0



- IiAQN ITUO (i K - I~RLs • - HIROINARV

C

C~)C

C

-4

C

C
‘-4

=
0~

‘ -4

C

C
C • • • • •  — - - •

C. _____________________________

0.00 22.50 45.00 67.50 90.00
THEIR

Fi gure 23. H radiation pattern for loaded cone
wi th topcap, L— 54.OSm , 0 • 42.26 0 ,

1 Volt , f 550  KHz ,
0r iO 4m .

54

-a.
- -—

S. 

~~~~~~~~~~~~

5_
~~

___
~ 

-—— - —-
~~~~~~~~~

—-
~~

.-- :~~~~__ 
. . — — - . . — —— . -—- —- - — —--— - - -  - -  _________________________



- ~~OWITUOC i K - t(RI a • - I f l RG I N A IY

j~ ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~

I ~ K~ * K K K * * K K K K N K K
0 /

7

-

Ii i i

‘0.00 22 .50 45.00 67.50 90.00
T H E I R

Figure 24. E radiation pattern for loaded cone
with topcap , L=54 .05m , 0

~ 
4 2 . 2 6°,

I Vol t , f • 550 KHz , r — lO 4 m .

55

___________ - ~~~~~~~~~~~~~~~~~~~~~~~ ~~~~~~ - -———~~~~~ —-S . ~~~~~~~~~~~~~~~ -  ___________- —



- ~AObI~ TU~Ws K - 1CRI s • - IflAGINM Y

C
.

0.00 22.50 45.00 67.50 90.00
THEIR

Figure 25. E radiation pattern for unloaded cone
w~~th topcap, L 54.OSin , 0 — 42.26 °.
V • 1 Vol t , f = 550 K H z ,°r — 1O” rn .
0

56

T - 
. -  

-



- tIAON~~TUO(~ K - 1EM.i • - I f lAGINM Y

0

‘/)
-4

C

cD
-4
_- 0
- -4

C-

-L

=

C
C

C I

‘0.00 22.50 45 .00 67.50 90.00
THEIR

Fi gure 26. H rad iation pattern for unloaded cone
w~~ch topcap , L=54.05m , O

~~
= 42.26 °,

1 Vol t , f — 550 KHz. r — 10 4 m .

57 

S ~~~~~~~~~~~~~~~~~~ . — ~~~~~~~~~~ ——— - -



- MOWI TUOCs K - RCR L i • - IMOINA1Y

‘0.00 22.50 45.00 67.50 90.00
T H E I R

Figure 27. E radiation pattern for unloaded cone
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w o u l d  be a logical extension of the present problem. To

be do ne efficiently, however , some i m p r o v e m e n t s in the

presen t computer code should be implemented. Specifically,

an adaptive integration procedure should be emp l o y e d  to

handle the in tegrations over the conical current sub—

d o m a i n s , w h o s e  r a d ii v a r y  dras tically from regions near the

f e e d  to th o s e  n e a r  the c o n e  ed ge. The presen t code uses a

f ixed order quadrature rule for all segments on the

str ucture. Addition al parameter studies can be carried out

using the present code to assess the effects of lumped vs.

d istributed loading and the effects of various load distri-

butions on the performan ce of the simulator A more

amb itious project would more carefully model the actual

w ire structure with loading.

One conclusion of this and the companion stud y [11

is that the addition of a top eap does not si gn ificantl y

change the electromagnetic parameters of the structure —

at low freq uencies , the static capacitance and effective

he ights are almost unchan ged and at the hig h e r  f r e q uen c i es ,

the loading and the sharp angl e at the ed ge tend to pre—

vent current fr om flowing on the topcap. This observa tion

m a y  h a v e  s o m e  i mp a c t  on t h e  d e s i g n  o f  f u t u r e  s i mu l a t o r s .  
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A P P E N D I X  A

CALCULATION OF RADIATED FIELDS

Once numerical values for the current d i s t r i h u t i J n

h a v e  been  d et erm ined , the fields radiated bY the bico ne

st ructure can readily be determined , Beca use of the

symmetry of th e structure and the excitation , the oni ;

non—zero components of the electric and magnetic fields

a r e  E , E , and  H . T h e s e  a r e  d e f ined in t e rms  of  t h er 0
v e c t o r  a n d  s c a l a r  p o t e n t i a l s  as

E = - j w A  -r r

1 ~~E 0 - j wA 0 - —

- —A + —.--~
. - •___.; . ( A - i )

~ r B ~r r 33

w h e r e  
~ 

A~.r + A
0~~

. A spheri cal coordinate system centered

a t  the bicone feed and with S measured from the z—axis is

ass umed. Since the fields are ~— indep end en t , a11, fields

are eval uated in the x—z plane where ~ = 0.  The  v e c t o r

po tential and scalar potential are given by

A ( r ,0 )  
~~~~ 

P ( r ,0 ,r
1 
+ ~ r / 4 )

+ I ~ ( r .0 ,r ) +n p c nn 2
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(r ,0 
Ar

+ 
c [ ~~ 

, L- ~~~ ) + 
~~~~

(r ,O ,rN +1 
-

c

N
p = r , 8 ( A - 2 )+ I ‘Y (r ,-0 ,r )n pt nn N  +2

C

c I —I
’
~ ~

‘r N  r

~p r ,9 ,r +1 n+l  nj  ~ c i

8 2 j 
~ 

A r c n 2 j
IT jui c C

N I I  -I 
1r , 0 

Arn+l n~~ t~

n N
~~

+l Ar~ -~ 

,r -  ( A — 3 )

where the currents and coordinates are defined in Section IV .

The  potential functions ~Y a n d  ~ are defined as

e

27r 
‘-j kR~ _ ikR ~~

)J( + e  q - 
_ _

~
i/
pq

(r .e~~r )A r cog + cos d~~’ (A— 4)
q q P~~~~~+ oq R

0 
q

2IT 
-jkR~ —jkR

-~~ (r,S ,r )A r I I e q e q 
~ d~~

! p r ,0; q c ,t (A—5)
q q qJ ( R’

~ 
— 

R

S ~ 
\ q

where
4

cos ~ sin B cos ~ ‘ sin 0
~ 

+ cos S cos
rc

COS C
~8c 

- cos 9 cos ~ ‘ sin — sin 0 cos

4 —
cog = -s- sin 0 cos

rt

cos • + cos B cos

and the rad ius vectors are al t of the form

+
R q r ’~~+ 2 b r ’ 4’ c

q q q
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with
+

b = — r cog ~~‘ sin B sin 0~ + r cos 0 cog 0
~ 

— a cot 0
0

4

c~ = r ± 2ra cos 0 csc 0
0 
+ a2csc 2 0

0C

+
b = —r sin O cos 4~
±
c 

2 
+ 2rL cos 0 cog 0

0 + L 2c = r

Assum ing a suitable choice for Ar and A0 , one may approxi—

matel’; compute the fields in (A—i) by finite difference

approximations;

E ( r ,S) = -j~iA (r ,3) - ,9~~~~~t ,0)
Ar

E
9
(r ,S) a ..j~~ (r ,3) — _____________

rAB

~AH~ = - ~A9(r ,0) 
A 9(r+Ar ,0)-A~~(r ,0)

Ar

A Cr , S+AO )_A
r ~~,

0)
- (A-6 )
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A P P E N D I X  B

AN A L T E R N A T E  I N T E G R A L  E Q U A T I O N  FOR

A CONE W I T H  T OF CAP

The purpose of this appendix is to show how a novel

identity involving the free space Green ’s f unc ti on may be

used to change the integral equation into a form where the

testing procedure of Section III is applicable. In ex-

change for simplicity in the form resulting f r o m  the tes t ing

pr o ced u re , h o w e v e r , one ob tains extremely complicated ker-

nels in the integral equation. Furthermore , the new ker—

ne l s  have  a n u m b e r  of s ing u l a r i t ies o ther  than  t he u sua l

one where ma tch points and field points coincide. These

compl ications make both the anal ysis and the numerical

treatment tedious. Nevertheless , numeric al results have

been obtained for several cases using the approach and the

resul ts are in good agreement with data obtained by the

me thod of Section III. For simplicity, we treat here only

the unloaded cone.

As a prelude to the integral equation derivation ,

we der ive a transformation of the formula for electric

p 
field components. Consider the x—component of electric

f i e l d  g i v e n  b y

jwi.i c E =

= k
2
A + -~-- (V•A )L X S x
2 ) A

• (
~— + k~~) A  + + Z (B-lix 3 x 3 y ,x~~z
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where the vector potential A in terms of current density

J i s  . —— ,
— 

~
s -jk r - r

• 
= 

U J ~ e 
— — , dv ’ ( B — 2 )
r — r

V

The  i d e n t i t y

2 — j kR  2 -jkR l

~ u~~v 
e 

R 
— —

~
—
~

- + k 2 
2 

e ( B — 3 )
LV~~

/ 2 2 2  ,where R — u +v +w can be used with u = x— x , v • y — y

and w = z—z ’ to rewrite (B—i) as

= !~~.. + k 2 f J - ~ 
(x—x ’)(y—y ’)

x 3x 2 J X 
~
‘ 

(y—y ’) 2
+(z—z ’) 2

V

— jkR

— ,~~ 

(x—x )(z—z ) e dv ’
z , 2 , 2 R

(y—y ) +(z—z )

• 1i~... + k
2 f ~ 

- 
(x-x ’) [9(y-y ’)+2(z-z ’ )~

3x 2 
(y-y ’) 2+ (z-z ’) 2

-jkR
e 

R 
dV ’ (8—4)

p The vector r— r ’— (,c—x ’)~ + (y—v ’)9 + (z—z ’)~ can be wr itten

as the sum

r— r ’ • (r_r ’ )
~~~~

+ (r_r ’)
~~

€

w h e r e

t 

. 
~~~~~~~~~~~~~~~~~~ 

— ~~~~~~~~~~~ —
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is just the component of r— r ’ along the direct ion of ~ and

(r_
~~

’)
~~~ 

= 
~~~

—
~~~~~

‘ —

is j u s t  t h e  c o m p o n e n t  of  ~~~
—

~~~~~
‘ t r a n s v e r s e  to ~~. T h u s ,

(B—4) can be wri tten as

j~~~c E 
a [

~~~~~~ + k
2]f 

~~. ~ - ~~~~
‘
~~t~~~~~~

’
~~x 

) 

~~~~~~ dv ’
( r — r  )

V

(B—5)

Since the choice of the coordinate system is arbitrary, we

may choose the x—axis parallel to some constant unit vector

~ and wr ite the component of electric field in the direction

o f  ~ to be

2 
________________j~~~C E

a 
a + k 

~ 
— 

— — , 2J (r—r
V

-jkR

~ dv ’

= + k2}JJ
. 
[
~ 

— ~ cot (~~~~
_
~~‘ )] 

e~~~’~~ dv ’

(B—6)

L. 
~~~ where now ~ denotes the d irection of the component of

• 
(r’- r ’) transverse to ~ and s deno tes distance along a line

in the d i r e c t ion of ~~ . Note that the integrand in (8—6) is

singular no t only when R— 0 , but also when the angle between

a and r—r ’ b e c o m e s  e it h e r  0° or 180°. Since in (8—6) the
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on l y  differential operator is the harmonic operator , th e n

a l o n g  a l i n e  in  t h e  d i r e c t i o n  of  ~~~ , t h e  t e s t i n g  p r o c e d u r e

of Section III wh ich uses piecewise sinusoids may again be

used to transform the harmonic operator into a finite dif-

ference operator. This is the advantage , ga ined at the

expense of obtaining a more complicated kernel , of em-

pl oying the transformation (B—3).

Re turning to the cone problem , we choose the direc tion

of ~ to be along the cone generator formed by the inter—

sect ion of the ~~~ plane and the cone surface , a n d  a p p l y

the boundary conditions. After some straightforward but
4’

tedious vector projection operations , one arr ives at the

in te g r a l  equa t i ons

• 1 
[ 

~~ 

+ k2) 
{
~~~~

÷ V
t) 

= - V
0

ó ( r
~~
_ 0

~~
),

O < r < L  (8—7)

1 
_ _ _ _  + k 2] 

[~~
tc~ ~ tt] 

0, O < r
~~

< L  sin (B-8)

where 2-ir L

= J f  I ( r ’ ) ( K ~~~+ K ) d r ’d~~’

2IT Lsin0

~~~~( r )  f  f  I ( r
~~

) ( K
~~~

+ K
~~~

) d r ’d
~~

’ ,

p c or t (B— 9)
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+
The kernels K in (8—9) are of the form

pq

K ( r  ,r ’ ,~~’)- D~ ~~~~
‘
~~~+

pq ~‘ 
q p q R — C (r ’ ,-~ ’ )

pq pq q

+
-jkR

e 
pq

x
4

pq

The dis tance between source points and field points , R q~

is of the f o rm
+ /~ 2 + +

R = r ’ + 2b r ’ + c ’S
pq q pq q pq

+ +

and b and c are as defined in Section IV with “a” set

* 
pq pq

eq ual to zero. The term C~~q 
may be expressed as

+ + +
C = e r ’ + f~pq pq q pq

+ + + +
The parame ters A • B , D , and 1 are defined inpq pq pq pq

Tables (B—1)— (B—4).

Tes ting Equations (B—7)and (B—8) with piecewise —

sinusoidal testing functions as in Section III results in

the eq ua t ions

j
~~~~

sinkAr
~ 

(_ coskAr
c

[V cc
( r

ci
) +

+ [V (r 2) + V ( r
2)]) 

= -V
0 

(B-b )
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T A B L E  B — i

DEFINITIONS OF PARAMETERS FOR THE KERNEL K

- ~~ 2 B 0[s
in

2
~~

’ + cos 2
O 0

( c os  ~~ 1)~~1 

cc

+

cc

+ 2
D a _ e a s i n B cos~~~ ’ + cos 0cc cc 0 — 0

f = rcc c

T A B L E  B — 2

DEFINITIONS OF PARAMETERS FOR THE KERNEL Kc t

+ 2 2 2
— cos  0 o cos  ~~‘ + s in  ~~‘

+ — 2
+ L cos 0

0 
sin B

o 
c o s

• —e = sin 0
0 

cos

+ — 2I - 
— r + L cos B

Ct C 0

1
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TABLE B — 3

D E F I N I T I O N S  OF P A R A M E T E R S  FOR THE K E R N E L  K
tC

A — sin
20 sin 2

~~’ + cos 20
tC 0 — 0

+ 2
B 

- 
— L cos  0

t C  0

= 
~~~ 

= s in  0
0 

cog

+
f — r
tC t

TABLE 8— 4

DEFINITIONS OF PARAMETERS FOR THE KERNEL K
tt

+ 2
— sin ~~‘

— 0

— e = cos

+
f — r
t t  t

‘1

— ~~~~~~~~~~~~~~~~~ 
- - . - , — -i—— . — . —:

~~



a n d
k 

([
‘1/

j~~i i c s i n kAr  ~~~
( r  ) + V (r 

,m+l~ ’c , m+l c t  C
C

— 2 c o s  kA r  [V ( r  ) + ‘I’ (r  ) ]c cc cm c t  cm

+ [V (r ) + V Cr  
— 

) ] )  0 ,cc c ,m— 1 c t c ,m 1

m 2 ,3 ,.. . ,N — l
C

( B — l i )

Tes ti ng a t the cone  ed ge w ith a piecewise sinusoidal testing

function which straddles both the cone and the topcap and

wh ich has  i ts p e a k  v a l u e  a t the c o n e  ed ge , one obta ins

k (_ cos kAr [V (r ) + V (r ) ]
jw~J EsinkAr C cc cNc Ct eNc

c

+ 
~
V cc

( r
c ,N _  ) + V (r

1 C t c

k+ (_ cos k~~r [V (r ) +
j~~~csinkA r~ ~ ~~ 

~ ( r  )1tt ti

+ [V  (r ) .s- V (r )])c t2 t t t2

_____ _____ _____ 
tc + 

t tcc + 
Ct I 

_ _ _  _ _ _~. 
~~~~P 1

+ 
jw~~c 3r ar I + ____  

~~~~~~ 1 
= 0

~
r
tc cj  

L ~ ~ tbr = r
C c N c

( 8 — 1 2 )

F in a l l y ,  tes ting on the topcap surface yields

k 

~ 
C[V ( r  ) + V (r ) ]

ji~ icsinkA r tc t ,m +L tt t ,m+l

- .
— 2 cos  k A r  [V ( r  ) + V ( r  ) ]  +

t tc tm tt tm
&
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+ IV tc
( r

t ,m_ 1
) ÷ V t t

( r
t ,m_ i ) ]  ) =

m a2 , B , . . . , N~~
+l ( B — l 3 )

Subst itution of the current expansions , Eqs. (40) and (41) of

Sect ion IV , in to (B— lO)—(B—l3)yields a matrix equation for

the determination of the unknown current coefficients. Be-

cause of the pulse expansion for the Current , the matrix

elemen ts involve integrals like (8—9) but with the current

in (8—9) equal to unity and the limits on the radial inte-

gra tion replaced by the limits of the corresponding current

subdomain. According to (B—l2), the term at the ed ge a l s o

requ ires the derivative of such integrals. In the following,

we presen t a procedure for approximately evaluating the

r a d i a l  in tegra tion , l eav ing the ~~‘ integration to be done

numerically. The required integrals are all of the form

r r

dr ’ + 
C ( A r ’

+B)] ~~~~~~ dr ’ (B-l4)

w h e r e , for convenience , all subscripts and superscri pts have

been suppressed. Since the number of subdomains should be

~---—-.— p
ch osen such that k1 r — r is s m a l l , we c h o s e  some po in t• n+ ~~~

-

r in the interval [r n+ ,tn_ ] and expand exp(—jkR) in a Taylor

ser ies a b o u t t he p o i n t r ’— r
n
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-jkR —j kR — jk(R-R )
e = e  e

-jkR
e ~~ [ i _ j k ( R _ R ~~) }  ( B — l 5 )

where R deno tes R evaluated at r ’ r .  The resul ting approxi-

ma te integral is

f K  
dr ’ e nf~~~

[D 
+ C ( A r ~~+B)][ 

l_ ik (R_R
n
)]d

,

-3 kR
= e (Ii, 

+ 1
2 

+ 1
3
) (8—16)

w h e r e
r

• _ ikf {D +
~~‘~J dr ’

1
2 

- D(l+jkR
n
) f

and
r

13 ( l + j k R n
) 

~~

‘

n- 

C ( A r + B )  d r ’

The f irst integral may be evaluated by substituting the

def initions for R and C in terms of b ,c ,e , and  f ;
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r n+

= - . + 2 2
2
~~ 

dr ’

ii 
3 kJ ( Aer l + (~~~~~~~~

t

(~~-e 
)r ’

r

F 2~~
n \ z~~~~~~

2
a — j k  ~~~1

(r  — r  ) + 
R 2 — c 

2

f l_  n-

~(l_e
2)r  +(b-ef)

+ F ~~
_

t an 1 
7 f

2~~~~~~~7~~

- tan~~ ~~~~~~~~(C_f
2)_ (b_e1)

~~~~~~ 

(8—17)ç ( i _ e ) r + ( b — e t )

w h e r e

a 0 +
1-e 2

F
~ 2(1-e )

F 3 
=

x ~(1-e~~)

The t a bu l a t e d  i nt eg  is Dw 160 .0 1 , 160.11, and  160 . 21 a id  in

.1-

the ~~~~~~~~~~~~ 
of  1~~ 1~ 

m a y  be eval uated 
using O w .  380.001

0+

as 

r

19 = D ( 1+ j k R  ) $ 4!—
n 

R

r

~~~~~~~~~~~~~~~ e ral5~~~~~
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= D ( l + jk R ) ~~n (B-l8)

The  s u b s cr i p t s  n , n+ , a n d  n — d e n o t e  q u a n t i t i e s  w h i c h  a r e

evaluated at r ’ r , r , and  r , r e s p e c t i v e l y.
n fl+ 0-

The evaluation of 1
3 

is facil itated by expanding it

in partial fractions and using the substitution

s i n h  ~ 
= ( r t + b ) /

/ c_ b 2 t o  o b t a i n

r

1
3 

a (l+ikR
)f 

C(Ar ’+B )  
d r ’

( 1 +j k R ) 
— id~d} 

(Ar ’+U d r ’

( i +j k R  ~ C n+ ____

= 
2 

n j (A c—b 2 sinh B + 3—Ab)

B
0-

~ 
/ C _ b 2 c o sh  ~ 

- e
/c_b 2

sinh 0 - f + b e

- ___ \ d e
/ c_ b 2 c o s h  B + e V’c_b 2 sinh 0 + f-be I

~~~~~~~ -;R 2 .451.2 and CR 2.431.4 , one finds the latt er integral
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R +r + b l
k R )  Ae n+ n+ i

2 ~ n I R  +r
13 

= ( l + j n 

[
l— e  J n — n—

______ 
I C R  — c ) ( R  +C )‘

+ A 
I ~~ ~~ n- n-

2 ( i_ e 2 ) (R — c ) ( R  +C )Jn— n— n+ n+

V
1 r n n+c—b 2(R -C )- (be—f)R +b 2-c

+ F , t a n ’S 
F r + b )—4

5 n+

/ b 2 (R — C ) - ( b e — f ) RC —

— tan~~ 
0 n—

F (r  +b )5 n-

~ b
2 (R +C ) + ( b e — f ) R  +b 2 — cC—

-tan 1 n+ n+
F ( r  + b )

5 n+

/ “ 2~~~~c — b ’ (R +C n_ ) + ( b e
~

5 f ) R n_ +b — c j
+ t an 1 n— ] (8-19)F ( r  -4-b)

5 n — )

w h e r e
( 5 - A b )  ( l -e 2 ) — A e ( b e - f )

F
4 

=

F
5 
(l-e

2
)

F
5 

= 
/ ( C _ b 2 ( l_ e 2 ) _ ( b e _ f ) 2

E q u a t i o n s  (B—17)— (B—l9) comp lete the evaluation of (B—1 6).

The der ivative terms appearin g in (8—12) require

evaluation of integrals of the form

r r

a — __________ _______C’ J K d r ’ ~ 
~ + 

C ( A r ’+ B )~ 
•jkRJ { 

R~~-C 2 
j  

R d r ’

r r
I i — 0—

( B — 2 O )
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where the unprimed variable r is r or 
~~~ 

as approp riate.

The two edge terms also have non—integrable singularities

at the ed ge wh ich cancel between the various terms. To

handle this situation numerically, the singularity must be

explicitly identified and removed for numerical integration.

T h u s  t h e  same k i n d  of a p p r o x i m a t e  a n a l y t i c a l  i n t e g r a t i o n  of

( B — 2 0 )  as u s e d  t o  e v a l u a t e  ( B — l 6 )  w o u l d  both eliminate one

i n t e g r at i o n  and  e x p l i c i t l y  i d e n t i f y the singular term. The

der ivative can be taken inside the integral if care is taken

to identify the singular terms. Noting that 3C/3r = 1,

3 (R ~ —C
2) / 3 r — 0 , and  3 A / 3 r  = 3 B / 3 r  = 0 , we h a v e

r r

K dr ’ =f - 
nc

Ar ’ +B / l  j k C 2 C 2 \1 —jkR+ 2 ~~~~~ 2 — —-~~~~j e  d r
R - C  \ R R /J

W i t h  t h e  a p p r o x i m a t i o n  of ( 8 — 1 5 ) ,  t h e  a b o v e  m a y  be written

as r 0~ 
— j k R

- • 

f ~~~ d r ’ e n ( 1 + 1
3 
+ 1

6 
+ 17 + 18

) ( B — 2 U

The var ious integrals appearing in (B—2l ) are defined and

evalua ted as follows:
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r r

14 
a _k

2J

m 

~~~~ 
dr ’ — _ k

2f 

D e ~~’ +f d r ’

- -k
2 
[De(Rn+

_R
n 

)- (be-f)Zn (8-22)

wher e Ow 380.001 and Dw 380.011 have been used .

n+

I k 2 R f (De—A)r ’+fD—B dr ’
5 nj  r ’ 2 + 2b r ’+c

r

I R
= k

2
R (De—A)~~n

R n—

fD—B—b(De—A) —l 
r
+
+b r + b

+ 
______ 

t a n  — t a n  ____

r~~~ 2 / 2 / ~~c — b  c — b  c — b

C 0 — 2 3 )

where Dw 160.01 and Dw 160.11 have been used. Using

Dw 300.003 and Dw 380.013 , one  ob t a ins
r

16 
= (1+JkR ) f  dr ’

l + j k R  I r
• 2 [ B — D f — b ( A — D e ) ]  •~.a± -

c — b  [, ~~n+

+ [b(B-Df)-c(A-De)] - (B- ~~~~)
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Aga in u s i n g  Dv 160.01 and Dw 160.11 , we h a v e

17 = _ Jk ( l +ik R
)f 

Ar

2

+3

2 
d r ’

r
11+

= — j k ( l + j kR ) f Ar ’+B d r ’
n 

(1_ e 2 ) r 1 2 + 2 ( b _ e f ) r l + c_ f 2

I R 2 C 2
= -jk(1+jkR ~ A 

2 
Z~i 

n+~ n+
fl 

{2 ( l _ e  ) 
~~~~~~~~~~

+ B (l-e
2
)-(b-ef)A r t an _ i (l-e

2) r
+
+b-ef?

(i-e )F
6 L F 6

_ c a n _ u [ _ e 2 ) _ _ e
~1I

( 3 — 2 5 )

w h e r e
/ “ 2 2F 6 

( l — e  ) ( c — f  ) — ( b — e f )

- • - 
- 

The rema in i n g  in t e g r a l  is

18 
a k

2
~~~

0;
01Ar

~~~B) {~ 
— 

R
2_C 2j

• k
2 r C ( Ar ’ +

~~~d ,
4 1 J r 

R(R —C )

81

- —  5- -
~~~~~~~~~~~~~~- - — - - -

~~~ 
-- - -5-— - --— -- - -— -5---—



r

a — k 2 f C ( e r ’+ f ) ( A r ’+B )  d r ’

J R ( R  -C
r
n—

r

= — k 2 f C LI Aer ’ 2 + ( A f + B e ) r ’ + B f ] d,

J R ( R  -C
r

Dividing R
2
— C

2 
(l-e

2) r ’ 2+ 2(b—ef)r ’+c—f
2 in to the

bracke ted term in the numerator of the integrand , we may

wr ite the integral as

r

1
8 

= _ k
2f 

~~ [l~~:~ 

+ 
(Af+:e±w)r ’+Bf+u1 dr ’

w h e r e

— 2Ae(b—ef)
2l — e

- 
A e ( c — f 2)

U 2
l—e

~xpand ing the second term in brackets in the integrand in

p a r t i a l  f r a c t i o n s , o n e  c a n  w r i t e  18 as

18 
1

8 + 18
”

w h e r e  r

18 ~~ 
iJ:

n_ 

er ’ +f d r ’

- 
-k 

[ e ( R +~~R )  + ( f - b e ) ~~n 
( + ~~~~ +b U
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a n d
r

— k 2 r~
4- 

~ 1 1 d r ’
18 

= 
TITJ 

[ ( A f + B e + W ) r ’ + B f + U ]  ~~~~~ —

r

The subs titution sinh B = (r ’ + b ) !1 2
c—b enables one to write

1
8
” as

en+ 
_____ k

2f [ ( A f + B e + W )
/ c_ b 2 si n h  0 + Bf+U—b(Af+Be+W)]8 2

0n—

/ ‘
— c o s h  0 —  e c — b s i n h  B — f + b e

_ _ _  _ _ _  
dO— 

1

V c_b 2c o sh B + e
/c_b 2s in h ~~ + f_ be I

U s i n g  GR 2 . 4 5 1 .2  and  CR 2 . 4 5 1 . 4 , we o b t a i n  f i n a l l y

I (R —C )(Rf + B e + W  ,, i n+ n+ n_ +C ) 4
_________ n—I “ ______________ _______________________________

8 
- -k 2 

fA 2 ( l _ e 2 ) 
~~ (R n_ -C ) ( R  +C ) I

n n+ n+

~ R +r + b i
+ e (Af+Be+W )~ I n+ ~+ I

(l—e
2
) 

n 
‘ R +rI n— n-

1/ 
~

— l 
c— b (R —C )— (be— f)R +b —C In+ n++ F

7 Lao ( r  + b ) Fn+ 5

V _ 2 7 )

— c b (R  —C ) — ( b e — f ) R  +b — c ~1 n— n — 0—— t a n
( r  + b ) F 5
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— l  
‘c _ b ( R 0++C 0+) + (be—f)R ~~~+b 2

— c~
- tan ( r~~~+ b ) F 5

/ ‘ 2c -b ( R  +C ) + ( b e — f ) R  +b -c 1
+ tan~~~~ ( r + b ) F  (B—27)

w h e r e

= 
[Bf+U-b (Af+Be+W) ] (l—e

2
)—e (be— f)(A f+Be+w)

7 ( l — e ) F
5

E q u a t i o n s  ( 3 — 2 2 )  t h r o u g h ( B — 2 7 )  c o m p l e t e  t h e  e v a l u a t i o n  of

the integral , (B-2l). Recall that the integral (B—2l) needs

to  be e v a l u a t e d  o n l y f o r  o b s e r v a t i o n  p o i n t s  a t  t h e  b i c o n e

edge (see Eq. (3—12)). For the source current pulse

assoc iated with the bicone ed ge , there results a non—

in tegrable singularity (with respect to ~~‘ integration)

which comes from the term 1/R
÷ 

in (B—24). Each of the

der ivative terms in (B—12) contains such a non—integrable

singularity, h o w e v e r , and they are of opposite signs so as

to cancel each other. For numerical integration , of  co u r s e ,

t h e  c a n c e l i n g  s i n g u l a r i t i e s  m u s t  be a n a l y t i c a l ly s u b t r a c t e d .

The in tegrals I~ thro ug h 1
8 

Contain integrab ie singu-

larit ies such as the usual one where source and field points

co incide (i.e., R O ) .  In add ition , h o w e v e r , there are als o

• integrable singularities introduced by the transformation

(3—6). These ar ise from current sources which lie along and

are d irected transverse to the line which passes throug h

the observat ion point and which is in the direction of the
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electric field component of interest. For examp l e , in

computing the tangential field component E on the cone ,

singularities arise from currents on the topcap and its

i-aage. While the many singularities complicate the numerical

p r o ced u r e , t h e y  can , in p r i n c ip l e , be handl ed. However ,

the unwieldiness of the functions appearing in the integrals

I~ th r o ugh 1
8 

m a k e s  the n u m e r i c a l  proc edure rather ineffi-

c ient and subject to error. For example , the computer code

der ived from the formulation presented here seemed to yield

reas onable results for moderate cone angles , but often

y ielded erroneous results for the very small cone angles

used to check the program. The comp lex ity of the formulation

beca me a considerable hinderance in determining the source

of these difficulties. Consequentl y, the final cal culations

were done using the formulation of Section III which was

developed as an extens ion of methods currentl y b e i n g  u s e d

to trea t flat plate surfaces.
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