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SUMMARY

In this paper ~we deriveS the stationary probability distribution

for the inventory position at each location in a two echelon inventory

system. The inventory system consists of a depot and a set of bases.

All system demands are assumed to originate at a base in tha second

echelon . Bases are resupplied as necessary by the depot, the first

echelon ; the depot is resupplied by an external supplier. Each loca-

tion is assumed to follow a continuous review (S,s) policy. All

excess demand is assumed backordered. Furthermore , the process

generating demand at each base is assume d to be a Poisson process .

A simple queuing analysis is used to obtain the probability distri-

bution for inventory position . In the case where all bases have

identical arrival rates and follow the same (S,s) policy ,’ we~show~ ,

that the random variables describing the inventory position at each

location are uniformly distributed and are independent.

13.
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I .  INTRODUCTION

In t h i s  paper we derive the s ta t ionary probabil i ty d i s t r ibu t ion

for the inventory position at each location in a two echelon inventor y

;ystem . By inventory position we mean on-hand plus on-order inventory

minus hackorders . Once this distribution is known , the stationary

~~~~~~~~ ~1i ty distributions for both backorders and on-hand inventory can

ic found for each location in the system . These distribution s can then

b.~ used to find the optimal values for the inventory policy variables.

The two echelon system we will examine consists of a depot and a

set of bases . The depot is the first echelon , and the bases are the

cecond echelon . All demands are assumed to originate at a base in the

second echelon . The demands , for example , could be for a replacement

part for an aircraft. The bases are resupplied as necessary by the

depo t ; the depo t , in turn , is resupplied by an external supp lier . The

flow in the system is displayed in Figure 1.

Depot

Base 1 Base 2 . . . Base n

Inventory Flow

Figure 1

- . .
~~ 

. . .. ..
~~~~ ~~~~~

. .- —
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We also assume each locat ion follows a continuous review (S ,~;)

no l icy ; that  is , whenever the inventory position at a locat ion f.~ 1 1;

below s+1 , an order is immediately placed for an amount s u f4 ic i e n t

to raise that location ’s inventory position to S. Furthermore , if

on-hand inventory at a location is i n s u f f i c i e n t  to satisfy a customer

order , we assume the excess deman d is backordered.

The s ta t ionary  probability distribution for the inventory pos i-

t ion  has been derived by many authors for single echelon systems

operat ing under various continuous review policies 11,3 ,5 ,7 ,8]. This

d i s t r i b u t i o n  has also been obta ined for two echelon systems in which

all bases follow continuous review ( S ,S-i)  policies [2,6].

The rema inder of the paper is divided into two major  parts . In

the next  section we show how the probability distribution for the

inventory  posi t ion can be obtained for each base and the  depot.  A

simple queuing analysis is used to obtain the results. In Section

III we restrict attention to the situation where all bases have the

same arrival rates and follow identical (S,s) policies. In this

case , the random variables describing the inventory position at each

location are uniformly distributed and are independent.



I I .  CASE I: UNEQUAL ARRIVAL RATES

AND POLICY VALUES AT THE BASES

Suppose the  inventory system consists of n bases and a depot .

Also , we assume in the remainder of the paper that the process gen-

e ra t ing  demand at each base j is a Poisson process with ~‘ate A .,

= 1,... ,n. We let S. and S
1 

represent the values of the

inventory policy variables at base j, j 1,... ,n; S0 and

denote the values for the depot policy variables ; re1~resents the

i nventory posit ion for base j, j = 1,... ,ri ; and Z0 deno tes the

depot inventory position . Our objective is to derive the station2ry

di stribution for Z
0 

and = 1,... ,n.

The distribution for Z
1 

has been derived by many authors.

Usinc~ either a queuing argument or some results from renewal theory

we can easily show tha t Z . follows a discrete uniform distriLut~ onJ

ove~ the values s.+l, s .+2, ..., S. [1,3,5,7].

Suppose all bases follow an (S,~~-1) policy. Then th~ depot

demand process is also a Poisson process with ral ’ ~ \ . .

quently . ~~ also has a un i form distribution in t h i s  i se .  linwever ,

if the  bases follow arb i trary (S ,s)  p o l i c ie s , 
~~~ 

may not • C

un i formly d i s t r i b u t e d .  To study  ih is re~i eril c t . ~ we u -e a . iu e u i n ~’

type ana ly s i s .  This approach relies on th e i :s;umption thai t h e  under-

lyin g process generat ing demands ~ t t i e  baser is a ~ o i - nii ~~~~~~~~~~~~

—---

~

.- -  ~~ - -- -._____
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We define the state ~f the system by an (nl-l)-tuple 
~
‘‘~ l’”~ 

‘
~ n~

wh~~r~ i represents the depot  inventory  pos i t ion , and 1’ . r e rr ~s-’ n~

the eumula t ive  number of demands p laced a t base since that  base

r r cv ious ly  requested resupply . Then

ic {s 0
i-l ,s0+2 ,. . . ,S0

} and

k.c{O ,l,... ,S.-s .-l}, j = 1,. .~~ ,n .

Next let 0 represent the set of (n+l)-tup les ( i ;k
1
,. . . ,k). Further-

more , membersh ip in 0 is limited to those (n÷l)-tup les whose firs t

component represents a depot inventory position that is realizable ~ i v r

the system begins when the depot inventory position is S~~. For exan~le ,

suppose there are two bases in the system and they follow (5 ,3) and ( 7,b )

~o1icies , respe ct ively. Then each order placed on the depot by ba se 1

For two units and each order placed by base 2 is for three u n i t s .

Consequently , if the depot inventory position is S
0, 

then in the future

the depot inventory position will never be S
0
-l. If, for examp le , the

depot follows an (8,L~) policy , the realizable depot inventory positions

are 8,6, and 5.

le t us now write the transition probabilities for 0. Let

Q. = ~~~ . -s ., L {j:k . 0}, and P((i;k1,...,k~~~;t) represent the  r~-

i h i l i t i  the system is in state (i;k
1
,...,k~~~ O at t ime t. Since  t i n

arr i val process at each base is a Poisson process , it follows ~~~

_ _  _ _  _ .~~~~~~~~~~~~~~~~~~
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r( (i;k1,...,k ); t+At) =

+ 
j=l 

P((i;k
1
,... ,k .-l ,...

+ o(~ t) , whenever L 0;

~( ( i ;k1,...,k );t+~ t) P((i;k1,...,k);t)•(1-~ A .;At)

3

+ 
.
~~~ F((i+Q .;k

1
,...,Q.-l,...,k);t)~ A .At

1cL

1- ~ P ( ( i ;k 1,. .. , k .-l , . .. , k ) ; t) A .L~t

+ o(At ) , whenever L ~ md i — S~~; ani

Q .
+ ~~~~ P((s0

+r;k
1
,.. . ,fl. -l ,...,k ) ; t  )A .A t

jcL r l

+ ~

j~ L 
]

+ o ( A t )  , whenever L � 0.

The set L refers to the state of the system at t ime t + 1st .

These equations describe the possible transition s in a coot i l uolr

parameter Markov chain having state space 0. Since the statn sj lce
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is f i n i t e , the chain is irreducible~ and the transition probability

Susc t~ ons are homogeneous , the s ta t ionary d i s t r i bu t i on  ( long-ru~. di styi-

h-ut ion ) exists for the Markov chain .

The stat ionary distr ibution for the depot inventory position can

be obtained using the above equat ions.  Denoto the stationary probab i l i ty

for state ( i ;k
1, ..  .,k ) cO by p ( i ; k 1, ...  ,k ) .  It is easy to see that

the stationary probabilities satisfy

( 1)  p ( i ;k
1
,. .. ,k )  

j~ l 
~~~~~~~ 

p (i;k
1
,. .. ,k .-l ,. . .

whenever L 0;

(2)  p ( i ; k
1
,... 

~
k
n
) = 

j~ L ~~~~~~~ 

p (i+Q.;k1,... ,~~~ l,.. . ,~~
)

+ 

~ 

(
~~

) p (i;k1,.. . ,k .-l ,. .. ,k )
whenever L / 0 and i < S

0;

( 3 )  p ( S
0

;k
1, ..  ,k )  = 

j~ L r~1 
s0~~~

;k1,. .. ~~~~~~~ . ~k~~) (
~~

)

+ 

j~ L 
(
~ Am) 

p (S 0 ;k 1, . . . ,k .-l , .. ., k~~

whenever L / 0; and

_ _  _ _ _  ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ 
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S
0 

Q
1
-1

(L i )  ... 
~~ p (i;k

1
,.. . ,k )  = 1. The set L in ~a c .

1 s + l k O  k = O0 1 n

case refers to the state on the left side of the equation .

Now let

Q
1
-1

= ... 
~ p ( i ; k 1,... ,I c )  for i = s0+l ,..  . ,S0 .

k 0 k= O1 n

Thor. i~~. rneasures the stationary and long-run probability that the

derot inventory position is i. Thus we have shown how to determine

the stationary probability distribution for depot inventory position .

As an illustration , let us find the stationary distribution for

the base and depot inventory position for the following situation .

Suppose the system consists of a depot and two bases . Furthermore ,

suppose Q
1 

= 1, Q2 = 2, S
1 

= 2, S
2 

= 3, s0 
0 , and S0 = 2. Also ,

let ’s assume the deman d rate at base two is twice the demand rate at

base one ; tha t is , 2A
1 

A~~ Then

0 {(2;O ,O), (2;O ,l), (l;O ,0), (1 ;O ,l)}.

As we observed earlier , the inventory position at each base is

uniformly distributed over the values s.+l, . . .,  S .. Thus the prob-

ability is 1 that the inven tory pos i tion is 2 for base one , and

the probabi l i ty  the inventory posit ion at base two is 2 or 3 is

1/2 . 

V ~~~~~~~~~~~~~~ V~~~~~V V  - ~~~~~~~~~~~~~~~~~~~~~~~~~~~
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The probability distribution for the depot inventory position car

he found using equations (l)-(5). For this case the equations are

p ( 2 ; 0,O) + p ( 2 ; 0 ,l) + p (l;0,0) + p ( l ; 0 ,l)  1

+ p 2;0,l + p 1;0 ,0 + A
1
+A
2 
p(~~~04) 0

V 

A 1+A 2 
p ( 2 ; O ,O )  - p (2 ;O ,1) + 

~1
+
~ 2 

p ( l ; O ,l)  = 0

A 1+X 2 
p ( 2 ; O ,0)  - p ( l ;0 ,0)  = 0

A A
p(2;0,l) + ~~

.—
~
-

~
-- p(l ;O ,0) - p ( l ; 0 ,l)  0 ,

= p (l;0,0) + p (l ; 0 ,l) , and

11
2 

= p(2;0,0) + p ( 2 ; 0 ,l) .

The solution to this set of equations is p(2;0,0) 3/8,

p (2;0,l) = 5/16 , p(l ; O ,O) = 1/8 , p ( l ; 0 ,1) 3/ 16 , 11
1 

= 5/ 16, and

iT 11/16. 12

I

V V 
_ ___________  - -
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lfl the pTh V j M l l S  section we dove loped a method sP nd  ~r ic ~~~ —

a - 1i t V ~
. 

~r~butiss f a r  t h L  depot inv l i t o r y  pesi t :clr i  when the

r i t e  — 
~nd f V O t  icy values were not necessar i ly  the V~~~~ a~ all t h l aces

We y i l  I d i e w  in this -r e t  ion tha t  t h e  crob d i i i  ty dic  t~-ihut ar. ~r

~nv f l t n r v  sos i t i a r i  i i  a un i  form d i  t n :  u i - ion  when b o t h  tr i o derrjnd rate-~

et is Vd1U~:V 5 ire equal at all Uas cs

i .~t us now ~s:--j rn e t ha t  S.  = 5, s. = s , f~. = S— s = Q, ~r d  ~- .

c-sr al l  bases ~ = I , . ..  ,n .  Then k . c (0 , . . . , Q — l } , ~ = 1,.. .,s. As a

5onsequence of these assumptions we can make a n umber of o b s e r v at i o n sr

1. Since  all bases order ~ units  each t ime they p lace a de~s - t

coder , the b oot inventory pos i t i on  always equa l s  one of the values

~~~~~~~~ s~~+2 Q,  ..., S~~. in t h i s  case it also follows that  S~ and

h-~: i l - l  be m u l t i p l e s  of Q.

2 .  The t ime h -w e -rn events ( the arrival of a demand at some base

H the sy st em ) is exponent ia l ly  d i s t r ibu ted  with parameter n A . 5ij r th -  e-

so re , the crobab ili by t ha t  the  next  event occurs at  base ~ is

_ _ _  
1 . 

V

— , for ~ = l ,... ,si.n n

3. ~-ince all bases have identical demand rates and the same pe1 icy

vi lu e . :

o (i;k
1 

, k ,. . . ,k ) = p(i;k
1 

,k~ ,. . . ,k )
~ 

n1 2 ~2 2

V 

- -  _ _ _  -

~~~~~~~~

V- - - - -V

~~~~~~~~

V ~~~~~~~~~~~~~~~~~~ 
__ 4
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)

wbi  — S I -ver the ri:oil cr of h i :  s nov ng k . = 0 ~~ n
0
, l~ . = I

11 1

and k . = Q—l is m Q 1 . and the n umber sf o s - i  h~av i n ~
1

= 0, k. = 1, .. ., Ic . ~-l is also m
0, 

m
1
, . . . ,

r o o st  ivelv , and i = 1,... ,n.

0 . bef ine  a state (i
1

;k
1 

,. . . ,k ) to be a ne ighbor of stato
1 1

( i ~~~k 1 ~. . . , k ) if state ( i
1;k

1 
, . . . ,k ) can be reached when a I-V 

2 
n2 1

transition occurs (a demand occurs at a base) and the state of the

system is (i
2
;k
1 

, . .  .,k ). Then another observation we can make i-
2

that all totes have the same number of neighbors . Tn fact , the num-

ber e: neighbors is equal to the number of bases in the system .

The assumptions and observations imply that the arrival ra~ e

i n t o  a s tate from its neighboring states is the same for all s ates ;

furthermore , the departure rate is the same for all states , arid , of

course , is equal to the arr ival  rate . Comb ining th is  res’~1t Wi

fac t  t ha t  the  d i s t r ibu t ion  of the time between arrivals to  t h e -  V • -

does riot depend on the state of the system , we conclude t h a t  t h e  :r~~

s ar t ion  of t ime the system spends in each s t a te  is the soon [0].

Sor r s ;p ond  ir.~~ to each realizable depot inventory pos i t ion I th re

ar -c T~ possible sta tes  ( i ; k
1,.  . ., k). Sjnc~ the system i i

1 i k i t i  to be in each s ta te , the depo t inventory p o s i t i o n  Is  a I s o

- : - i i i L i y  l i~~ol y to I --c in any one of the s tates i = 50 , h~ — Q , . . . , _ s
0 +~~.

Thu s  p( i ;k 1, . . ., k~~ = --a—- and = 
‘ 

for

- t u b k.c{C1 ,...,’)_ i} , 1 , . . ., ri , whore M ( S 0 — s 0 ) / Q .

—V-V_ -V - _____
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We i l l u s t r a t e  these ob ;ervat ions us ing the f o l l o w i n g  examLIIr .

O U t M U S O  the inventory system consists of a depot and two l oses. in!--

thermore , assume S—s = Q = 2 and S0 —s 0 = 0 = 2~ Q; t h a t  is , ~~ 2 .

Since the arrival rates are the same at  each base , the probabi l ity

tha t  the next arrival to the system occurs at e i the r  base i 1/2 .

Thus the following mat r ix  is the t rans i t ion  m a t r i x  corresponding t

the embedded Markov cha in .

( S
0 ;0 ,0) (S

0 ;l ,0 )  ( S0 ;0 ,1) (S
0 ;l ,1) (S

0
-2 ;0 ,0)  (s

o
_ 2 ; 1 , -~

) ( S
0 -:;~ , 1 1 (5~~-2 ;l , )

1/2 1/2

(5 ;1,0)  1/2 1/2

(~‘,., ;0 , l)  1/2 1/2

(S~~;l , l)  1/2

(s~ _ 2 ;o ,o )  1 . 1

1/2 p

(r ~~—2 ;0 , l)  1/2 ‘
-
I.

(t ~~_ 2 ; l , l)  1/2 1/2

Observe that  the number of nei ghbor s ta res  for a g v - u i  S t  i t - - a r t -

number of states for wh i ch a g i v e n  s ta te  i ;  a r i e i : t i h - r -  i i  i - h -  - ; ir ’

equal to n .  Furthermore , observe t ha t  t h i s  trios i t ion m i  tr  i x  is

doubly stochastic. (This i also 1h s it u a t i o n  for a l l  p c - s  ible  v i 1 ~~er

_ _ _ _  
V - V . ----- -V~~~~V_ - V
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ass i sned to (~~, M and n.) As is well known , when t h e  t i - - i n s  i t i - n

.V i i t r ~~ iX  is doubly s tochast ic , the p r o b a b i l i t y  t ha t  H i -  system i in

e i~ h st at e  is the same . ( T h i s  provides an a l t e r n a t i v e  method of

r ’-~vir i p t h a t  for arbitrary values of Q, M , and n the p r o l - i s  I I -

i t .- the sy st em  is  in each state is the same. )  in th is  o~~~q~~~-~~ - - t i e

: - u c d - - 7 i i i t v  t h e  sys tem is in each s t a te  is 1/8. Further-more , t h e

: r ~ b . i t  i l i ty  tha t  the depot i nventory pOsition is either S~ or

i .  1/2 .

We conclude this section by observing that the random var i -il ic-

~~~ Z
n 

are independent. Since P(Z. 5-k.) , I

j r r - b  P ( Z  1) = , P ( Z  i ) ~ P (Z S-k ). ~P ( Z  S-k ) =0 M 0 1 1 n n ( Q n M)

howe ver , a s  shown earlier , this is also the loint probability of ~~~

-sven t (z = i ,Z S-k , .  . . ,Z =S— k ). Hence the random variables0 1 1 n n

Z~~, Z1, . . . ,  Z are independent .

- --V-- V— V.- ~~ V. -V V
~~~~~ ~~~~~~~~~~~~~~~~~~~ 

-.
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