—

"AD-AO42 357  CORNELL UNIV ITHACA N Y SCHOOL OF OPERATIONS RESEARC==ETC F/G 12/2

| o ON THE PROBABILITY DISTRIBUTION FOR INVENTORY POSITION IN TWO E==ETC(U)
JUN 77_ J A MUCKSTADT NO0014=75-C~1172

UNCLASSIFIED TR=-336 NL

ADADA23S7
END
DATE
FILMED
8-77




B o ARSI T A sl e d .
g — e e i S Al W A 15 b 5 S5,

ADAG42357

T —

ADNo.
DDC FILE CcopY

r

o
SCHOOL OF OPERATIONS RESEARCH
AND INDUSTRIAIL ENGINEERING
COLLEGE OF ENGINEERING Y
CORNELL UNIVERSITY
\ TECHNICAL RQP@RTyﬂo. 336
5 mmi——" i

;’/[ June 1977 ;:Z//_ e

i/ ) -—‘_’/
| = - - - S s e /

o ; On the Probability Distribution {
for Inventory Position in i
1

Two Echelon Continuous Review Systems s |

by

"r;//// John A.fMuckstadt

This research was partially supported by the 0ffice of Naval
Research under Contract NOODIN-75- (-1172 Task NR 0u42-335.

e




TABLE OF CONTENTS

SUMMARY ii
Section
I. INTRODUCTION . . S oo oate - S T e s L AR il g
i
b
T CASE 1: UNEQUAL ARRIVAL RATES AND POLICY E
VALUES AT THE BASES....... e e S g e L ek L e B 3 3
|
I[T. CASE IT: EQUAL ARRIVAL RATES AND EQUAL |
POLICY VALUES AT THE BASES..... L e O ek hooes fng 9 :
|

REFERENCES...... e b i ey o g (S L e W el s erae 3

ST T - :
WS Wiiie Seclim
il Buft Sectwn [0
UL ULCED ]
JUSTIFICATION. .oovvsreerscscvrnes WA
BY

DISTRIBUTION, AVAILASILITY i

Disl. AVAIL asd e 8E 0

.
:'

]

|

\

|

| |

%.

|
{
]

i




SUMMARY

In"this paper we derivesthe stationary probability distribution
for the ;;ventory position at each location in a two echelon inventory
system. The inventory system consists of a depot and a set of bases.
All system demands are assumed to originate at a base in the second
echelon. Bases are resupplied as necessary by the depot, the first
echelon; the depot is resupplied by an external supplier. Each loca-
tion is assumed to follow a continuous review (S,s) policy. All
excess demand is assumed backordered. Furthermore, the process
generating demand at each base is assumed to be a Poisson process.

A simple queuing analysis is used to obtain the probability distri-
bution for inventory position. In the case where all bases have
identical arrival rates and follow the same (S,s) policy:ﬁwéfshowk\
that the random variables describing the inventory position at each

location are uniformly distributed and are independent.

11

—




I. INTRODUCTION

In this paper we derive the stationary probability distribution
for the inventory position at each location in a two echelon inventory
system. By inventory position we mean on-hand plus on-order inventory
minus backorders. Once this distribution is known, the stationary
probability distributions for both backorders and on-hand inventory can
be found for each location in the system. These distributions can then
be used to find the optimal values for the inventory policy variables.

The two echelon system we will examine consists of a depot and a
set of bases. The depot is the first echelon, and the bases are the
second echelon. All demands are assumed to originate at a base in the
second echelon. The demands, for example, could be for a replacement
part for an aircraft. The bases are resupplied as necessary by the
depot; the depot, in turn, is resupplied by an external supplier. The

flow in the system is displayed in Figure 1.

Depot

Base 1 Base 2 . e e Base n

Inventory Flow

Figure 1
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We also assume each location follows a continuous review (S,s)

policy; that is, whenever the inventory position at a location falls
below s+l, an order is immediately placed for an amount sufficient
to raise that location's inventory position to S. Furthermore, if
on-hand inventory at a location is insufficient to satisfy a customer
order, we assume the excess demand is backordered.

The stationary probability distribution for the inventory posi-
tion has been derived by many authors for single echelon systems
operating under various continuous review policies [1,3,5,7,8]. This
distribution has also been obtained for two echelon systems in which
all bases follow continuous review (S,S-1) policies [2,6].

The remainder of the paper is divided into two major parts. In
the next section we show how the probability distribution for the
inventory position can be obtained for each base and the depot. A
simple queuing analysis is used to obtain the results. In Section
ITI we restrict attention to the situation where all bases have the
same arrival rates and follow identical (S,s) policies. In this
case, the random variables describing the inventory position at each

location are uniformly distributed and are independent.




ITI. CASE 1: UNEQUAL ARRIVAL RATES
AND POLICY VALUES AT THE BASES

Suppose the inventory system consists of n bases and a depot.
Also, we assume in the remainder of the paper that the process gen-
erating demand at each base j is a Poisson process with rate Aj’
J = Loy We let S_j and Sj represent the values of the
inventory policy variables at base j, J = 1l,...,n; S0 and Sy
denote the values for the depot policy variables; Zj represents the
inventory position for base j, j = 1,...,n; and 2y denotes the
depot inventory position. Our objective is to derive the stationary
distribution for ZO and Zj’ g B e o 1S

The distribution for Zi has been derived by many authors.
Using either a queuing argument or some results from renewal theory
we can easily show that Zj follows a discrete uniform distribution
over the values sj+l, sj+2, 353y Sj [1,3,5,7].

Suppose all bases follow an (S,5-1) policy. Then the depot

n
demand process is also a Poisson process with rate z \i. Conse-
j=1

quently, Zo also has a uniform distribution in this case. However,

if the bases follow arbitrary (S,s) policies, 2, may not be
uniformly distributed. To study this general case we u.e a queuing

type analysis. This approach relies on the assumption that the under-

lying process generating demands at the bases is a Poisson process.
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We define the state of the system by an (n+l)-tuple (i;kl,...,ln)

where 1 represents the depot inventory position, and kj represents
the cumulative number of demands placed at base j since that base

previously requested resupply. Then

£2 08 Liand

1e{so+l,s o

0

kie{O,l,...,Sj-sj—l}, SRS St

Next let Q vrepresent the set of (n+l)-tuples (i:k "kn)' Further-

10
more, membership in @ is limited to those (ntl)-tuples whose first
component represents a depot inventory position that is realizable given

the system begins when the depot inventory position is S For example,

0°
suppose there are two bases in the system and they follow (5,3) and (7,4)
policies, respectively. Then each order placed on the depot by base 1
is for two units and each order placed by base 2 is for three units.
Consequently, if the depot inventory position is SO, then in the future
the depot inventory position will never be So-l. If, for example, the
depot follows an (8,4) policy, the realizable depot inventory positions
are 8,6, and 5.

Let us now write the transition probabilities for Q. Let
Qe = S'_Sj’ b= {j:kj=0}, and P((i;kl,...,kn);t) represent the prob-

ability the system is in state (i;k ,...,kn)eQ at time t. Since the

1

arrival process at each base is a Poisson process, it follows that
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The set L refers to the state of the system at time t + At.
These equations describe the possible transitions in a continuous

parameter Markov chain having state space . Since the state space




is finite, the chain is irreducible. and the transition probability

functions are homogeneous, the stationary distribution (long-rui distri-
bution) exists for the Markov chain.

The stationary distribution for the depot inventory position can
be obtained using the above equations. Denote the stationary probability

for state (izk .,kn)sQ by p(i;kl""’kn)' It is easy to see that

g

the stationary probabilities satisfy

n N
g - J s .
(1) p(l;kl,...,kn) = jgl (IE—;;> p(l,kl,...,kj-l,...,kn),
o
whenever L = {;
A,
oy _ j : X
(2) p(l,kl,...,kn) = ng Z—)\-) p(l+Qj,kl,...,Qj—l,...,kn)
som
A.
) (5—3— p(i;kl,...,k_j—l,...,kn)
jEL A
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whenever L # @ and 1 < SO;
Qj A
.
(3) P(Syikysenesk ) = .Z Z p(so+r;kl,...,0j—l,...,kn)( ! >
jel r=1 Z Am
ot
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Ql—l Q-1

n
(%) Z Z RS Z P(i;kl,---,k ) = 1. The set L in each
i=2,+1 Kk, =0 k_ =0 n

case refers to the state on the left side of the equation.

Now let

n
(5) Ty B F. mes Zp(i;kl,...,k) Fop G = 8 HLs.e.,8
= =0 15

Then m. measures the stationary and long-run probability that the
depot inventory position is 1i. Thus we have shown how to determine
the stationary probability distribution for depot inventory position.
As an illustration, let us find the stationary distribution for
the base and depot inventory position for the following situation.
Suppose the system consists of a depot and two bases. Furthermore,

=858, = 05 and -8. = 2. Also,

suppose Q 0 0

= & Q2 =2, 8.2, 8
let's assume the demand rate at base two is twice the demand rate at

base onej; that is, 2X, = A Then

1 2

S =200 e (2 0TS CT s 005 (10 T

As we observed earlier, the inventory position at each base is
uniformly distributed over the values sj+l, oy Sj' Thus the prob-
ability is 1 that the inventory position is 2 for base one, and
the probability the inventory position at base two is 2 or 3 is

1/2.
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The probability distribution for the depot inventory position can

be found using equations (1)-(5). For this case the equations are

p(2;0,0) + p(2;0,1) + p(1;0,0) + p(1;0,1) = s
XQ Al AQ |
-p(2;0,0) + ——=— p(2;0,1) + —=— p(1;0,0) + ——— p(1;0,1) = 0 , | 4
h, A, A, |
i.
)\2 )‘l
| o P(2:0,0) - p(2;0,1) P 0,00 = 0
1 2 i
I
| A
i X—:i—'p(Q;0,0) - p(l;0,0) = 0,
f e

A A

1 2
i ——— p(2;0,1) + ——— p(1;0,0) - p(13;0,1)
! Xl+k2 X1+X2

"
(@]
-

p(1;0,0) + p(13;0,1), and

=
1]

p(2;0,0) + p(2;0,1).

—
"

The solution to this set of equations is p(2;0,0) = 3/8,

- — e

p(2;0,1) = 5/16, p(1;0,0) = 1/8, p(1;0,1) = 3/16, m, = 5/16, and

ﬁ -
; m, = 11/16.
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ITI. CASE II. EQUAL ARRIVAL RATES AND
EQUAL POLICY VALUES AT THE BASES

In the previous section we developed a method for finding the prob-
ability distribution for the depot inventory position when the demand
rates and policy values were not necessarily the same at all the bases.
We will show in this section that the probability distribution for depot
inventory position is a uniform distribution when both the demand rates

and policy values are equal at all bases.
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Let us now assume that Si =Sy 5. =85, 0, = 5=8

1]
=
“
-
|
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for all bases i = 1,....n. Then kﬁE{O,...,Q-l}, j

consequence of these assumptions we can make a number of observations:
1. Since all bases order Q units each time they place a depot

order, the depot inventory position always equals one of the values

s +0. s . i ~ = =
oq+u, sO+?Q, P SO. In this case it also follows that SO and Sy

should be multiples of Q.
2. The time between events (the arrival of a demand at some base

in the system) is exponentially distributed with parameter n). Further-

more, the probability that the next event occurs at base j is

A 1 3
- e for J = Ljeaeslie
I A
i=1
3. Since all bases have identical demand rates and the same policy
values,
D(i;kl ,k? ,...,kn = p(i;kl ,k2 ,...,kn )
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whenever the number of bases having k, =0 is m_, k., =1 Iis
] 0 j
il 1
‘ M ey anid il SR a RS S mQ 10 and the number of bases having
| 3 e
mj? = 00, ka R LA Ee ka = Q-1 1is also mo, ml, e mQ-l’

respectively, and j = 1;....0.

L. Define a state (il;kl ,...,kn ) to be a neighbor of state

1l I

(i_:k «o.5k ) if state (i.3k. ,...,k ) can be reached when a
201, n, i ll n,

transition occurs (a demand occurs at a base) and the state of the

system is (12;}(l s-++5K_ ). Then another observation we can make is

2 b
that all states have the same number of neighbors. In fact, the num-
ber of neighbors is equal to the number of bases in the system.

: The assumptions and observations imply that the arrival rate
into a state from its neighboring states is the same for all states;
furthermore, the departure rate is the same for all states, and, of
course, is equal to the arrival rate. Combining this result with the
fact that the distribution of the time between arrivals to the systen
does not depend on the state of the system, we conclude that the pro-
portion of time the system spends in each state is the same [4].
Corresponding to each realizable depot inventory position 1 there

Q" possible states (i;k

avre .,kn). Since the system is egually

1>
likely to be in each state, the depot inventory position is also

equally likely to be in any one of the states i = SO,S Qi ey

0
) ‘. B 1K el S 3
Thus p(1,kl,...,kn) = ;ETE- and Ty B3 for 1C{SD—UO+Q,...F
and kie{ﬂ,...,o—l}, = Lo vty wWhepe M = (So—no)/Q.
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We illustrate these observations using the following example.
Suppose the inventory system consists of a depot and two bases. TFur-

thermore, assume S-s = Q = 2 and So-so =3ls 20 that is, M= 2.

AP Ny A i

Since the arrival rates are the same at each base, the probability
that the next arrival to the system occurs at either base is 1/2.
Thus the following matrix is the transition matrix corresponding to
the embedded Markov chain. !
(5530,0) (5,31,0) (S,30,1) (8531,1) (5,-230,0) (S,-231,0) (S,-250,1) (S,-231,1)

A r —
'_ €5, 39,00 1/2 1/2

(S@;l,O) 1/2 152
S~30:1) 1/2 1/2

(S3moalan) 1/2 172

(S =21l 1/2 1/2

Observe that the number cf neighbor states for a given state and the
‘ number of states for which a given state is a neighbor is the same and

equal to n. Furthermore, observe that this transition matrix is

doubly stochastic. (This is also the situation for all possible values




assigned to Q, M and n.) As is well known, when the transition
matrix is doubly stochastic, the probability that the system is in
each state is the same. (This provides an alternative method of
proving that for arbitrary values of Q, M, and n the probabil-
ity the system is in each state is the same.) In this example the
rrobability the system is in each state is 1/8. Furthermore, the
probability that the depot inventory position is either SO or

'50 A [y

We conclude this section by observing that the random variables

Lyt ot ; : ” ot SN
Tgs Pys eees 7 are independent. Since P(Zj—S—kj) =5 ] =y
and P(Z =i) = L, P(Z =1)-P(Z.=8-k s -P(Z =8k ) = —

0 M 0 1 1 n B (Q"-m)

However, as shown earlier, this is also the joint probability of the

event (7 =i Zt=S oS = QS ) Hence the random variables
0 1 0 n n

7 ~
<

Zogs Dys eees Zn are independent.
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