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SUMMA RY

An iterative algorithm for solving nonlinear inverse problems in remote

sensing of ocean density profiles by using acoustic pulses is developed.

The basic idea of this new algorithm is that first , the original pulse

problem in the time-domain is reduced to a continuous wave problem in

frequency-domain and then the nonlinear inverse probl em in frequency-domain

is solved by a hybrid of a Newton-like iterative method , Backus and Gilbert

linear inversion technique , and the finite difference method. This new

computational algorithm is tested by numerica l simulations with given data

from ten different frequencies and is found to give excellent results. The

effects of taking data from various frequency ranges and of the contaminati ng~

instrument and ambient noise on the accuracy and efficiency of numerical

computation are investigated . It is found that the low frequency data are

preferred over the data from the high frequency spectrum. Under favorable

conditions , the maximum pointwise numerical error of the density profile p(x)

is less than 5% of the total variation of the density profile ,

~tv 
Max. p(x) — M m .  p (x)I . Better result can be achieve d if larger

x
number of data are available and more efforts are made in  the nume rical

computation. The velocity profile ~an be obtained from the inferred density

profile through a known equation of state .

I. .~~~. • .  ~. .~~~~~~~~~~~~ ~~~~~~~~~~~~~~~~~~~~~~~~
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INTRODUCTION

Ocean density profiles can be computed from a finite number of experi-

mental data obtained through acoustic remote sensing techniques as opposed to

in situ measurement. Often this type of remote sensing problems can be form-
• ulated as “improperly posed” linear or nonlinear inverse problems of partial

differential equations in mathematical analysis , and usually the solution of

an inverse problem is not unique and does not depend continuously on the

given data . To solve linear or nonlinear inverse problems is equivalent

to constructing approximate solutions of linear or nonlinear operator equa-

tions from inadequate data with or without statistical measurement errors.

While the computational methods for solving the traditional direct proble as

of partial differential equations , e.g., the finite difference method , the

finite element method , their hybrids , etc., are quite well developed , the

numerical methods for solving inverse problems are still in their infancies.

Hence the need of new developments in the computational methods for solving

inverse problems is definitely in order.

• Recently, several iterative algorithms for solving inverse problems of

nonlinear operator equations in Banach spaces have been developed by Chen and

Surmont {1L [2], and they have been used for solving a nonlinear radiative

transfer problem in the remote sensing of atmospheric temperature profiles [3).

These algorithms are basically hybrids of Newton ’s iterative methods in Banach

spaces [4) and the linear inversion technique of Backus and Gilbert (B & G)

[5],t6),[7]. Of course s many other linear inversion techniques , e. g., the

regularization method of Tihonov [8), the Moore-Penrose pseudoinverse method

[9], etc., can be used just the same . But , the B & G method is : erred
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here for the  reason t h a t  it not onl y provides an inversion technique ,. but also

can be used as a diagnostic tool for testing the intrinsic resolution of a

given set of data for a given problem (or mathematically, provides a sort of

pointwise error estimates). More recently, Tsien and Chen [10] has intro-

• duced a hybrid of the above -ment ioned i terat ive algori thms and the finite

difference niethod to infer the ocean density profiles by using low frequency

acoustic continuous wave (C W ) measurements with success; the frequency range

is such that the ocean depth is in the range of one to four wavelengths.

Now , a numerical algorithm for solving nonlinear inverse problem in

remote sensing of density profiles of a simple ocean model by using acoustic

pulses is developed in this paper. Here the adiabatic sound velocity is

assumed to be proportional to the inverse square root of the density function.

The basic idea of this algorithm is that the incident and reflected acoustic

pulses are assumed to be known at the surface of the ocean; through Fourier sine

or cosine transform wi th respect to time t, the original pulse problem in

time-domain is reduced to a CW problem in frequency-domain. Hence the

numerical method of [io] can be applied. This new computational algorithm

is tested by numeri cal simulation and it is found to give excellent results.

The effects of taking data from various ranges of the frequency spectrum

as the input to the numerical algorithm on the accuracy and efficienc y of

computations are thoroughly studied ; the enti re frequency range is such that

the ocean depth is in the range of 1 - 320 wavelengths. Moreover, the

effects of the contaminating instrument and ambient noise on the accuracy

of the numerical results or the intrinsic resolution of a given set of r:ea-

sured data are carefully investigated. Finally, a comprehensive discussion
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of the numerica l results and their implication in actual implementing this

computational algorithm is given.

It should be pointed out that there are two basic differences between the

new numerical algorithm here and the conventional approach ([ii] - [18]) for

solving inverse Sturm -Liouville problems . First , a precise knowledge of

complete sets of eigenvalues of a particular Sturm- Liouville problem and its

associated problems is needed to solve the inverse problem uniquel y in the

conventional approach , but no such knowledge is needed in the new numerical

algorithm here . As a matter of fact , here the chioce of the discrete valu es

in frequency-domain ~~~~ I = 1,2,..., I , (not the square roots of the eigen-

values) is completely arbitrary . Hence they can be chosen for practical and

computational conveniences . Secondly, the concept of the uniqueness of

solutions which is a major concern in the conventional approach is replaced

here by a weaker but more practical one , “the closeness of different numerical

solutions to a solution. ” In the new numerical algorithm here , each iterative

calculation with different initial i terate will converge to a different but

unique numerical solution [2], nevertheless this non-uniqueness poses no real

difficulty for practical problems . If several different numerical solutio n s

are all close enough to the exact solution , then in practical sense any one of

them will be an acceptable good solution. Hence in the new numerical

algorithm here , the major concern is the closeness of different numerical

solutions to the exact solution. In general , the “closeness ” is characterized

qualitatively by the “spread of the averaging kernel” , i. e., the smalle r the

spread , the closer of the numerical solution to the actual solution .

— ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ . . - - ——— -~~~~~~~ 
. —~~~~~— - -
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This is because the “spread” charac terizes  the “closeness ” of the nu meri cal

solutions of the indivi dual interate - linearized proble m and the ncn1 numer ical

algorithm here can be shown to be a Newton-l ike iterative method whose accuracy

is in direct proportion to the numerical accuracy in computing the individual

iterate [2] . The “sp read ” is a by-product in the process of computing the

numerical solu tion. The quantitative information on the closeness can be

obtained by performing simple numerical simulations.

FOR M ULATIO N OF PROBLEM

The hydrodynamic structure of the ocean is assumed to be a compressible ,

inviscous and stratified fluid l ayer above a rigid plane (Fig. 1). The

linea rized governing equations in remote sensing of ocean density profiles

by using acoustic pulses are [19]

= - p ’ ~p/3x , 0 < x ~ H (1)

= - pc2 aui~~x , o < t

with initial conditions u(x ,O) = 0
(2)

p(x,O ) = O ,

and boundary c” H tions u(H ,t) 0
(3)

p(O ,t) = f ( t )

where p is the p’essure , u is the part ic le velocity , p is the equilibrium

density , c is the adiabaticsound velocity related to p throu gh the known

equation of state c = (p KY~ [20], K is the compressibility coefficient

which is assumed to be constant , and f(t) is a pulse function with a ~jiven

duration which corresponds the incident pulse.

The mathematical problem in remote sensing of ocean density profi les

is to determine the density function from Eqs. (1),(2),(3) and ~p/~xJ

- - .~~~~ ~~~~~~~~~ . -. ~~~~~~~~~~~~~~~~~~~~~ . _ _ _ _
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To transform the above -mentioned pulse problem in the time-domain to its

corresponding CW problem in the frequency-do main , Fourier transform wi th

respect to t is needed. In particular , due to the homogeneous init ial

conditions Fourier sine transform is applied to Eqs. (1),(2) and (3).

Upon eliminating the Fourier sine transform of u , Eqs. (1),(2) and (3) leads

to a Sturm-Liouv ille type of ordinary differential equation for ~~~~~~ the

Fourier sine transform of p,

d/dx (p~~dp/dx) + = 0

- p.(O ,w) = 11(u)) , (4)

dR(x ,w ) /dx I X_ H = 0

where f(u)) is the Fourier sine transform of f(t) and u is the an gu la r  fre quen cy.

Upon normalizing K to unity and introducin ~, the dimensionless variables ,

x ’ = x/H , p ’= pjf(u)), p ’ = p/p (O), and u~
’ = c,iH/c(O), Eq . (4) becomes

d/dx (p ’4d2/dx) + = o
p (O,w) = 1 , (5)

dp(x ,w) / dx !~ . 1  = 0

where ~(O) and c(O) are the values of p (x) and c(x) at x = 0 and they are

assumed to be known .

Here the primes are dropped for convenience.

Now , the inverse problem is to determine p (x) from (5) and the known

values of dft(O ,w ) /dx for a set of {u~~~} ,  i = 1, 2,... ,I. Although Eq. (5) is

a linear ordinary differential equation , the invarse robl~ m 4s noni i aea ’

in nature. 

-- - . •~~ ---~~~~ - - _ _



r. —
-— RIl!~~ 

-

~~~ 
-
~~~~~~~~~

6

N U M E R I C A L  A L G O R I T H M

In general , a nonlinear inverse problem can be solve d by us i n g the

iterat ive algorithms of [1] — [3] . For the nonlinear inverse problem

here , a va r iant  of the above-mentioned iterative algorit ims i6 used arid it

is ore~ented in the fol lowing.

Let = p~1 + ~~ , 

~n+1 
= + 

~~n ~ = 0 ,1,2 (6)

be the (n+ 1)th iterates of a and p such that  < JPn I ’  ~ nl <

and ~
pn (O) = 0 . The p

~ 
and p

0 
are the initial guess. Upon substituting

(6) into (5) and neglecting terms of Of (5~~)
2}, O{(

~
5p n )

2} and higher , one

obtains 2d/dx(p~~dp~/dx) + ~ 0 ,

p~(o ,~) = 1 , dp~(x,u))/dxI~ .1 = 0

and
d/dx(p~~d5p~/dx) + = d/dx (p~

26p 1~ dp~/dx ) 
(8)

= 0 , d~p~(x,w)/dx~~.1 = 0

By using the method of Green ’s function [21] , a f t e r  consi derable amoun t

of manipulation one obtains a Fredho lm integral equation of the f irst k i n d

which relates ~~(x) to d
~p~

(x ,u)/dx I~~o,

f {p~~~(x ’) dp~(x ’ ,u))/dx ’ } 2 o~~(x ’ ) dx ’ = 
~~~~~~~~~~~~~ 

(9)

Now the inverse problem is reduced to for each i teration the deter m ination

of ~p~ (x) from a set of measured data {d (O ,:~1 )/ dx~ , i 
-
~ 1 ,2,3,... ,I. These

measured data are used as the input data to the right-hand side of Eq. (9)

for the purpose of accelerat ing the rate of convergence. T h i s  inverse

prob lem can be solved by the linear inversion technique of B & G [5] [ 7 .
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I
It starts  ~iith ~~~(x )  = 

~ 
a~~(x) d5p (O, 1 )/dx . (10)

i=1

Upon subst i tut ing Eq. (10) into Eq. (9),  one obtains the integra l exp ress ion ,

1
= f A~ (x , x ’)~ n~ (x ’) dx ’ 

‘ (11)
0

where I
A~ (x~ x ’) = 

~ 
a
~~

(x) Co~
1(x ’) dp~ (x ’ ,~~ )/dx ’ } 2 

, (12)

is known as the “avera g in g kerne l”  and is subjected to the normalization

condi t ion , 1f A,.~(x , x ’) dx ’ = 1 . (13)
- 0

The “spread of A~ from x ” is defined by

Q~(x,A~) 12 f (x-x ’)2 A~ (x , x ’) dx ’ . (14)

If the measured data are error less , the set of unknown functions 
~

a in(x ) } ,

i = 1,2,3,... ,I , shoul d be chosen such that the averaging kernel A~ resem b les

the Dirac delta funct ion 6 (x ’ - x) most closely or equivalently, the positive-

defin ite quadratic form of {a
~~(x)}, 

j 1 ,2,3,... ,1 , Qn (x ,An) is m inimized

subj ect to the constraint (13). Hence the method of Lagrange multipl iers

is used .

If the measured data contain errors , then  the variance of the density

error o~(x) incurred at x due to random measurement errors can be f o u n d

from Eq. (10) to be “
o~(x) = A~(x) E .A~(x) (15)

where the vector AnN) fa
~~

(x)}, i = 1,2,3,... ,I , E is the covariance tensor

for the random errors of {dp (O ,~~)/dx}, i = 1,2,3,... ,I , and the means of the

random errors are assumed to be zero. 

--~~ -~~~~~
_ _ _ _  - ~~-- - --~~~ -~~~~~~ -~~~-



— —-~~~~~~~~~~~~~~~~~~~~~ ,~ ~~~~~~~
-

~~~~
--

~~ T~~. i..

8

Ideall y, one wou lJ like to be able to choose A
11
(x) such that both

and Qn(X ,A n ) are mini m ized. However , this cannot be done , but it is possible

to minimize a linear ’ combination of e~(x) and

(1 - 

~)QnN,
t
~n) 

+ s o~(x) . (16)

By vary ing the para;~cter s between zero and unity , the emphasis can be

sh i f te d from min im i z a t i o n  of the spread to minimizat ion of the error. Thus ,

there is a tradeoff between intrinsic resolution and the accuracy in the

presence of measurement errors . The best choice for s must be determined 1 y

the particular problem .

Now , for a given value of s the minimization of Gn subject to the

constraint Eq. (13) gives

A~(x) = W~~(x ) B~ / B~~w~~(x ) . B~ , (17)

where the matrix Wn(x) is defined by

W~(x) = (1 - s ) Q~ (x )  + s E (18)

with the elements of

q 1~~(x) = 12 f (x-x ’)2fp (x’)d~~(x’ ,wi)/dx ’}

dx ’ , (19)

i , j = 1 ,2,3,... ,I

• and the components of 8r-~

bi~ 
= f { p~ 1(x ’) dp41(x ’ ,~~ )/dx ’ }  dx ’ , i = 1 ,2 ,3 , . . .  , I .  (20)

Finally for each i terate , once A nN) is known from Eq. (17) ,  ~ ,1(x) can be

calculate d from Eq. (10). 

— -~~~~~~~~~~~~~~~~~
• 

~~~~~~~~~~~~~~~~~~~~~~~~ 
- -  -
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PROCE DURE FOR NUNERICAL SINUL ATIO N

In order to test the feasibi lity and to stud y the general characteristics

of the new computational algorithm without the real measurement data , a

numerical simulation must be carried out. The procedure is:

I. F i r s t , a typical density profile of the ocean [20~ p*(x) is assumed

to be the correct density function. The corresponding pressures

are obtained from Eq. (5) for a set of angular frequencies

i = 1,2,3,... ,I , by solving the two-point boundary value problem.

Then by a f in i te d i f ference a pp rox imat ion , {dp.*(O,u)1)/dx}, i = 1 ,2 ,3 ,... ,I ,

are obta ine d as the equ iva lence  of the measure d data .

II. The measurement errors can be simulate d by multiplying the data ,

i = 1,2,3,... ,I , by correspondin g factors ,f(1 + k R
~
)},

i = 1,2,3,... ,I , where k is the amplitu de factor (k = 0.001 used here)

and Ri ’s are the ran dom num bers generated by a ran dom num ber generator

sub-routine [22]

I I I . Next , p0(X) is assumed. Then {R0(x ,w~)} and ~dp0
(O ,w1)/dx},

i = 1,2,3,... ,I , are determine d from Eq. (7) by using the same numerical

metho ds as those of Ste p I .  Next , the non-homogeneous term of Eq. (9)

can be computed as d
~p0

(O,w
~
)/dx = (1 + kR j)da*(0,wi )/dx - dp,0(O ,wj )/dx.

IV . Finally, gp0(x) is obtained from Eq . (9) and the data

i = 1,2,3,... ,I , by us i ng the l i n e a r  invers ion  tech n i-

que of B & G r~i - [7] , describe d in the previous section. Hence

from Eq. (6), p1 (x) is obtained.

Other than the truncation , roun d--off and numerical integr ation errors ,

the L2 norm H p *(x) - Pn N ) l I  can he use d as a cri t e r ion for e~ali~’tirvj the 

~~~~~~~~~~~~~ • •  - _ _ _ _ _ _
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• performance of the nume rical algorithm consistin g of steps III and IV.

Althou gh only con~~n uous func ti ons are cons idered , L2 norm is use d here

because of its integrated effect. If the desired accuracy is not uet , then

one can repeat steps III arid IV until the desired accuracy is achieved.

The proof of the convergence of this iteration niethod wil l  be shown

else~ihere.

Steps I and III involve solutions of the two-point boundary value problem

of the Sturm -Liouville type of ordinary differential equations. In general ,

a two-po int boundary value problem can be solved by using shooting methods

[23] with the help of a sophisticated ordinary differential equations solver ,

GEAR al gorith m {24],[25]. However , in the range of u) = 1 to w = 30 , the

GEAR algori thm is not as efficient as the simpler finite difference method

with second or der accuracy , e. g., the center difference approximation .

In the ran ge of ~ >1 ,000 w here the o s c i l l a t ion of t he so lu t i on is emtre m el y

hi gh , again the GEAR al gorithm becomes inefficient. It is easier’ to obtain

the asymptotic solution of the two-point boundary value problem by using the

WKBJ method [26],~ 27J (Ap~ midix A).

NUMERICAL RESULTS WITH ERRORLESS DAT A

Numerical simulations are carried out for severa l p (x) with errorless

data in the ranqe of angular frequency , 5 < ~ < 2,000. In performing

Step IV , Sim~son ’s rule is used in the numerical integration. The numerical

results and their relev uit information are given in Table I and Figs. 2 -

Three typical oscillatory {~~1( x)  dp~ (x , 1 )/dx )2 are plotted in Fig . 10.

The avera ging kernels A(x~ , x)  at four d i f feren t x0 are shown in Fig. 11.

-—- — - --- — -- ------ — ---—----- —--- - - — -
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The primes of the in dependent and dependent variables are reinstalled in all

tables an d f i gures.

Fig.1 {
~~

} p~ (x ’) n , No . of Method Used ‘~~ 
‘I ?

Iteration in Steps I
________ ___________ ___________ _______ 

& I I I  
________

2 6.98 , 8.72 , 10.12 , 11.R6 , Smooth 3 Implicit 2.1802
13.26 , 15.00 , 16.40 , 18.14 , çJ*~ p~~~~ Finite
19.54 , 21.28 = 15.175 Difference
_______________________________ _________ _________ 

Ax ‘ =0 . 00625 
______

3 Same Zigzag, 4 Same 8.9106
as Above I IrJ~-~~I 2 j as Above

__________________ 
= 

_______- ____

4 Same Smooth 2 Same 10.009
as Above Hc~*

_ p I j~ 
I as Above

— _ _ _ _ _ _ _ _ _ _ _ _ _  
= 1 ,3 0.4 __—

~~~~ 

_ _-_ _ _  _ _

5 100 , 110 , 120 , 130 , 140, 150 , Same as 2 Shoot~ng 23.1 21
160, 170, 180, 190 Above Method ,
___________ _____________________ _________ _________ 

“GEAR ” 
________

6 210, 215 , 220, 225, 230, 310, Same as 2 Same 25.660
315 , 320, 325 , 330 Above -________ as Above

7 410 , 415 , 420 , 425 , 430 , 435 , Same as 2 Same 54.434
— 

440, 445, 450, 45 5 Above 
________ 

as Above 
— —— _______

8 10, 20, 30, 40, 60, 460 , 550 , Same as J 2 Same 21.241
640 , 730 , 820 Above 

_____ 
as Above 

______

9 1100, 1200 , 1300 , 1400 , 1500 , Same as 2 WKBJ Method 601.92
1600 , 1700 , 1800 , 1900 , 2000 Above j 

_____ ________ 

______j
TABLE 1 . Squares of nor:~ are expressed in

units of io_8.
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N UMERICAL RESULTS WITH ERRONEOUS DATA

In t h i s  section , the effects of the contw ;inatin g instrument and

ambient  no i se on the accuracy of t he n u m e r i c a l  r e su l t s  or the irr ~rins ic

resol ution of a given set of measured data are studied. The measur’e~c-nt

errors are simulated by the pro cedure described in Step II. The co—

variance tensor of th e measurem ent errors C i s assumed to be a di agonal

matr i x w i th elemen ts

e1. = (0.001 R 1 d~* (O ,~~ )/ dx } ? = 1 ,2,3,... ,I . (21)

In consistence with the study of the e f fec ts o f error le ss da ta frc~: v a r i o u s

ranges of the fre quenc y spectrum on the accu racy of th e nume r i cal r e su l t s  in

the previous section , the example of Fig. 4 is used for ~he study here .

The effect of the weight parameter s on the accuracy of the numerical

result is shown in Fig. 12 and the numerical result p2 (x) for the case s = 0

is plotted in Fig . 13. The tradeoff curves vs. s curves) for many

ocean dep th x 1 = 0.00625 , x 2 0.10625 , x 3 = 0.20525 , x4 = 0.30625,

x5 
= 0.40625 , x6 = 0.50 525 , x7 = 0 .60625 , x8 = 0 .70625 , x9 = 0.806 25 ,

and x10 = 0.90625 are shown in Fig. 14. F i n a l l y , the averaging kernels

correspondi ng to s 0 at four different ocean depth are plotted in Fig. 15.

Again the primes of the independent and dependent variables are reinstalled

in all fi gures.

— -  ___
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DISCUSS IO~l

For the case of errorless data , all of the numerical results in Table I

an d Figs . 2 — 9 ind i cate tha t cur numer i cal al gor i thm has better  resolu t ion

near the ocean sui’fuce than that near the ocean bottom , i. e. the nu~m er i cal

so lu t io ns in  genera l are more accurate in the upper region of the ocean t ha n

other regions. This conclusion can also be drawn by careful ly exa m ining the

averaging kernels  i n Fi g. 11 where the avera gi ng kernels  resemble the D i rac

delta—function most near the ocean surface.

The numerical results in Table 1 and Figs. 2 - 4 suggest that the closcr

the initial guess p0(x) to the exact solution 
p*(x), the more accurate the

numerical  solu t ion w i l l  be. Ho~-.-’ve r , i t can be shown that due to the small-

ness of the num ber (inadequate~ of data , the limit of the iterates differs

from the exact  so lu t i on  an d depends on the in i t ia l  i terate . The de t a i l  of

this has been discussed in [2]. Hence in the real computation , the initial

guess should be made as close to the exact prorile as possible.

The numerical results in Table 1 and Figs. 4 — 9 exhibit the fact that

data from l ower frequency ranges give better numeric al accuracy than those

from hi gher frequency ranges. This outcome is not surprising at all ,

because in the steps I and III of our numerical simulations the ordinary

differential equations solvers used here are inefficient in the high

frequency range. At the same time , in the step I V of our numer ica l

simulations the kernel of the Fredholm integral equation of the f i r s t  kind

Eq. (9) is much less oscillatory in the l ower frequency range than that in

the higher frequency range (Fig. 10). This means that the numeric al solu ti~

of Eq. (9) obtaine d by using the same size of the integration sub-inte rval

Ax and the same quadrature formula is more accurate in the l ower frequency

-

~

-- - --- ---— _— - - - -  -• -- --~~~~~~~_ - -  - —-- --— —-- ----- ~ - —

. 

-~~--- -- -
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range than in the higher frequency range; larqe reduction of the size of

Ax for the case of high frequency will not only make the quadrature f o r ~ mla

more ine ff i c i e n t  but  a l so  w i l l  gre at l y increase  the g lo be roun doff erro r

in th e numer i ca l com pu t a t i o n . Hence i n ac tual  comp u ta t i on , low frequency

da ta are muc h more pref er red t han  those in  hi gh f re quency ran ge . Mo reo ver ,

there are severa l other a dv an tages for u s i n g data from the low fre quenc y

range and they will be discussed later.

For the case of erroneous data , F i g . 12 shows t h a t  the accurac y of the

numerical result decreases as the parameter s increases. Even when S = 0

(Fig . 13) corresponding to the minimization of the spread alone , the accurac y

is poorer than the analogous case with errorless data. Thi s  means th a t

no matter  how sma l l  the con tamina t i n g ir s t rumen t an d am b ien t no i se can be ,

they w i l l  l ower the performance of the numer i cal al gori thm.

The gross behavior of the tradeoff curves (Fig. 14) is the same for

all x . The random error decreases monotonically with increasing spr-r~ d.

The decrease is rapid at small values of the spread , followed by a rather

abru pt leveling off with increasing spread. The end point of the curve

correspondin g to minimum spread and maximum random error corre s ponds t c~ s 0

while the opposite end of the curve corresponds to s = 1. In actual cc~-

puta t ion , a ha ppy compromising choice of s is in the range of s corresrc~ iir- ~

to the neighborhood of the bottom of the steep portion of the tradeoff

curves (O.5~ (1-s)•1O~~1). In this way , the effect of random error is a it rost

minimized , while the spread is a l so  near i ts  m i ni m um. Moreover , upon e : i ~~in-

in g the tra deoff curves for  d i f f e r e n t x , one finds that in contra ry to the

case of errorless data where the numerical algori thm has the best reso 1u~ i on

near tire top of the ocean layer , the random errors - in the data have c h i f ted

the maximum resolution of the num erical algorithm to somewhere in the m i~ Jle
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— of the ocean layer. This fact has a l s o been horn ou t f rom the s tud y of t he

averaging kernels for dif ferent x in Fig. 15.

In real si tuat ion , t h e r e  are three major’ reasons favo rinq the use

of the low frequency data other than the accuracy of the nnmcr ic~ l al goH t h -i .

Firs t , the low frequency component acoustic waves are less ser s~ tiv e to the

ocean bottom i r requ la rj - t ies end other scattering no rine objects tha n the

high frequency component waves.  For example , if the ocean depth is 5,00~ i i

and the avera ge soun d ve loc i ty  is 1,500 m/sec , then the normal ized an quLr

frequency range 5 < w ’ < 50 corres pond s to the real frequenc y ran~je

0.239 Hz < f < 2.387 Hz wi th wavelen gth X in the ranqe 620 in 6,201 in

Hence it is conservative to say that our numeric al algorith ::i with re as ur c~

data in the above -mentioned low frequency range w i l l  not be sens iti ve to ~n

i rregulari ty with size less than 500 ni

Secondly, the low frequency component acoustic waves expe rienco less

dam ping due to viscosity when propagate through a fixed distance in the ocecn

than the h i gh frequency waves , so the received ref lected signals wi l l  not be

drowned out by the contaminat ing instrument and ambien t noise.

Thirdly, low frequency components of both incident and reflected acoustic

pulses contain more energy than the high frequency components . Hence in

practice , the adverse effects of the contaminating instrument and ambient

no ise are minimized. To just i f y the statement about the spectral enerry ,

a numerical  s i m u l a t i o n  of a short  acou s ti c pu ls e p ro pag a t in g th rou gh an oc ea n

layer w i t h  the exac t dens i ty p rofi le c~~(x) is performed in A ; :c n:J ix B

This third advantage of low over high frc-q uenci c can he o - -~~- -. m e  by pro; -~ r

choice of hardware designs , e.g. transduc ers.

To obtain a more realistic but con servative -~a~ uat ion ~f the per-

formance of the numerical algori thm in t h s  paper w ia i  data in the low frt-

quency rdn ge , the- maximum po iri tw i se n u * r i c a l  erra r should be used as the 

-- ________ -_ _ _ _ _ _ _ _
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evalua tion criterion. Upon introducing the total variation of the density

profile , 
~tv 

= j Max.  ç i (x) - M m .  p(x)  
~~
, which equals to 0.00385p(0) here

o<x<H o<x<H
and is less than ~. d 0 4 0 ( 0)  in any real situation [20] , our num erical resu lt s

are g i v e n  in  Table  2 . 
-

Fig . Thax. IP~TXY- P T[ xj~
Tx)- o

~~~Th ~~~O~tao<x<I1 o<x<H

0.1 3 ~~~~~~~~ ~~~~~ p~~ ~~ro rl e~~~~~~~~
3 0.64 

~tv 0.13 ‘~tv - errorless
— 

1.00 0.16 
~tv er ror less

13 1.00 0.18 with random errors

Table 2.

The numerical results indicate that if the low frequency data are errorless

and the init ial density profile is close enough to the true profile , the

maximum possi b le po i ntwise  numer ica l  erro r i s less than 5~ of the total

variation of the density profile. The accuracy of the numerical algorithm

can be great ly improved if there are more measured data ava i lab le and im-

provements in the numer ical accuracy are made for each individual step of

the numerical algorithm . However , in this way the expense incurred in the

numerical  com pu ta t ion  w i l l  be greatl y increased . Hence in p rac ti ce , a

priori decision on how to tradeoff must be made for each problem .
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APPENDIX A

For ~ > >  100, the solution of the two-point boundary value probl em Eq. (7)

becomes highly oscillatory . Hence the GEAR al gorithm ecrjmes i ne f f i c ien t .

An excel lent method to ci rcumvent this d i f f icu l ty  is to construct the asy mptot ic

solution of the two-point boundary value prob lem for l a rge  w by using the ~- IK33

met hod [26] , [27 j . Again in this and next appendixes , the  p r imes  are dropped

for conven i ence .

Firs t , u pon s e t t in g v 11 (x ,w) = r~~(x ,~ )/e~ (x). Eq. (7) is transformed into

v~ (x ,~) + J~ (x ,w) vn (x,~
) 0

Vn(O~
)) = 1 , 

- 

(Al)

V~(1 ,w) + ~ ~~(1) p~ (l) vn (1 ,w) = 0

where ~1~ (x ,~ ) = ~p~~
1(x)~~~(x ) - (374)(~~~(x)p~(x))

2 
+ on (x):~

2 (A2)

and d/dx . If 
~n(x) / 0 for ’ all x and ,~~(x) is continuous which is the

case here , the the asymptotic solution of Eq. (Al) is give n by

v~(x ,w) 
J_ ’?(x,~ )fa n((~) COS n~~’~~ 

+ b~(~) sin ~n
(x ,4} , (J\3)

x
where ~~(x ,w) = J J~ (c ,) d~ , (A4 )

a~(w) = J~ (0 ,m) , ( A 5 )

and b~(~) = {J~(l ,w)J~(0, )sin 
~n
(1 ~

) + ‘2u 1~(1 , -)u~~’(1 ,-.)J~ (O ,~ )cos ~~~~ - )

- 

- p ~~~~~~~~~~~~~~~~~~~~~ :~
( l , ) }  / (A6 )

{J~(1 ,~)cos :~ (i~~) 
- r2d~(1,~ )J (l,J sin :,~

(1 , . )

+ ‘~p
1 (1); ~

( 1 )J~”( 1, - S )sin ~~(i , 
~-)  } -

Then p~(x ,~ ) = v~ (x ,.)~ ~(x )  is the asv lOtot ic solution of Eq. (7)  and it is

used in the integrand of Eq. (9).

______
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A P PE UDJ X B

The propagation of a short acoustic pulse throu :h the ocean l ayer with t he

density profi le p* (x )  is described by the so lu t i on of the fo l l c - -~ing initial

boundary value problem of the l inear h’’ ; - :-rbol ic systrm .

= — p*~l(x) ~p/~ x , 0 < x < 1
( B I )

= - ~uJ~x , 0 < t ,

wi th in itial conditions u(x ,O) = p (x ,0) = 0 , (B2)

and boundary conditions u (1 ,t )  = 0
( B3)

p (0,t )  = 100 ~1 - cos(203~rt) } , 0 t 0.01

= 0 , t>0 .01 .

To damp pu t  the stable numerical oscillations (Gibb’ s phenomenon) in the

neigh borhood where the solution has either a disco ntinuit y or a steep gradient ,

an artificial viscosity term v~
2u/3x 2 i s adde d to t he ri ght hand s i de of the

first equa tion of Eq. (B l) 128J . Along with it , an extra boundary condition ,

- 20 ,000ir sin (200~ t) for 0 < t < 0.01 and 0 for t > 0.01

must be added to Eq. (B3).

The above system is solved numeric ally by using a method which is based

on the me thod of lines with the space variable x discretized by a finite ele -~er t

collocation scheme and the integration of time by the GEAR algorithm {29~

In particular , the Fourier cosine transform of u(O ,t) is com puted by usin o a

fast Fourier trans form routine [30] and is plotted i n  Fi g. 16. It is obvious

that the low frequency spectrum contains more energy than the high frequency

spectrum . If the pulse has longer duration , then this phenome non will be- even

more pronounced.

~ -~~~-~ —-.
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Fig. 1 Ocean layer with a rigid bottom .

Fig . 2 Comparison of the calculated and the exact no im li zed d -nsi tv p rofil es.
with smooth p~ (x ’), sma ll — ,

-
~~~~~ , and erro r less dc~ a in

6.5 < < 21.5.

Fig. 3 Comparison of the calcul ated and the exact norma lized densit y profiles ,
with zigzag p~ (x ’), sm a l l  j a ’

~ 
— , and errorless data in

6.5 < < 21.5.

Fig. 4 Comparison of the ca lcu la ted and the exact norm a l ized density pro f i les ,
w ith sniooth ~~(x ’ ) ,  large ~~p~~~ * — 

~~~~~~~~~~~ 
and error less dais in

6.5 < < 21.5.

Fig. 5 Comparison of the calculated and the exact norm alized density profiles ,
wi th smoot h ~~(x ’), larg e o ’~ — , an d er ror less  da ta in
100 < < 193. _______— 

p
I*

; — — c~~.

Fig. 6 Comapris on of the ca lculated and the exact normalized dan sity pro lil co ,
wi th smooth - -~ (x ’), l a r g e  p

1* - p~~~j , an d er ror less  d a ta i n
210 < w ’ < 33P . 

— — p
l*

; — 
p~~~; 

Fig. 7 Comparison of the calculated and tho exact norm alized density prcf~ies ,
with smooth .- ,~,(x ’ ) ,  large I ~ — , an d er ror less  da ta in
410 < < 45~ . ________— p

I* ; 

— — 
p~; p~~~.

F i g . 8 Com par ison of the c a l c u l a ted an d the exac t n o r m a l i z e d dens ity p ro fi la s ,
w it h smoot h ,-~ (x ’), large i~~ l* - e~ j I ,  and errorless data in
10 < W ’ 820. 

______ 
p
1* ; p~~.

Fig. 9 Comparison of the cal colated and the exact rormalizo d densit y prof iles ,
with smooth i~~(x ’j , l a rge  -~~~~~ — 

~~ , and er ror less dat a in
1100 < W

1 
< 2 °OO. 

_______ 

~~l* ; 
—— — 

p~~~; 

Fig . 10 Ty pi cal ~~1(x ’) dp~(x
I ,. l ),/dx I } 2 as func tion of x ’ show n for  three

d ifferent values of U ) .

Fig. 11 Typical averagina kernel A(x ’ , X I)  8 5 function of x ’ shown for four
d i f f e r e n t  x~ wi th error less  ~ata i n 6.5 < w ’ 21.5.

fig . 12 With erroneous data in 6.5 < 21.5. the n in m ~rjcal error of the
example in Fig. 4 , character ized by 1 , 1* - o~ 

? , shown to be a
monoton ic  inc reas i n g func t ion of 5.

Fig. 13 Comp arison of the calculated and the ex act  norma l ized de risi ty p ro f i l e s
of the example in Fig. 4 wi th erroneous data in 6.5 ~~

- ‘ 21.5
and s = 0. -
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Fig. 14 With erroneous data in 6.5 ~~
‘ < 21.5. tradeoff curves 1, 2 , 3 ,... ,

I and 10 correspond in~ to ~ O.O0~:?5, o .lpc25 , o.~ ~~~ 0. 30025 .
0. 4 0075 , 0 . 5 0 6 2 0 , 0.00025 , 0 .7 3025 , 0.7 0325, a n d  0 .30025 res ;JeLt i~ ci /
shown. The top and bottcm end pain s : correspond to s 0 a rd S = 1 ,
respect ive ly .  x denotes s = 1 — 1Cr ’ and ~ denotes
s = 1 - O.5x iO~~ .

Fig. 15 Typical averaging kernel as f u n c t i o n  of x ’ shown for four di f fere nt
x~ with erroneous data in 5.5 < w ’ < 21.5 and s 0.

Fig. 1.6 Fourier cosine transform of u (0 ,t) plotted as function of U) ’ .
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