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Oscillato ry Indirect Interact ion Between Adsorbed Atorns*

K. H. Lau
t and W. Koho

Department of Physics

University of California, San Diego, La Jolla, California 92093

Abstract

The oscillatory part of the indirect interaction between two

adatoms on a metal surface , separated by a large distance R, is

examined for the j ellium as well as for  the tig ht-binding model . The

asymptotic form of the interaction is derived from the singularity of

its Fourier transfo rm at wave numbe r q = 2 k F . For a substrate

with a spherical Fermi su rface , the interaction energy is proportional

to cos(Z k FR ) / R 5 . The fall-off is  faste r than the corresponding oscil-

latory interaction between two impu rities in the bu lk , which varies as

cos(2 k FR ) / R 3. For substrates with a partially filled su rface band ,

the inte raction energy falls off much more slowly. Under  simple

assumptions, the interaction behaves as cos(2 kFR ) / R 2 . Compa ri-

son s are made with the numerica l calculati ons by Ein stein and

Schrieffe r . The expe rimental results  of Tsong on Re atoms adsorbed

on W using field-ion microscopy is also discussed.

* .Supported in part by the National Science Foundation and the Office

of Naval Research.

1~IJ ~M graduate fellow. 
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1. Introduction

4 In ear l ier  papers , we examined t he subst ra te -modi f i ed  di pole-

dipo le int e rac t ion W and the phonon-mediated elast ic  in teract i on~~~

due to two atoms , A and B, adsorbed on t he surface of a metal ,

and separated b y a lar ge distance R. Both of these are non-oscilla-

tory  and vary as R 3.

The osci l latory indirect  interact ion between adsorbed atoms

has been discussed earl ier  by Grimley, (4 )  
Gri mley and Walker , 

(5)

and Einstein and Schrieffe r , (6) 
and Tsong~

7
~ re ported expe ri mental

evidence fo r the osci l latory in terac t ion  b etween  Re atoms adsorbed

on W . These papers will be discussed in Sec . V .

An exact expression for  the static density re sponse function

K ( r , r ’ ) for  a sine-wave gas has been derived by Rudnick. (The

electrons are confined to the half-space z � 0 by an in fini t e potent ia l.

The response function is given by

K( r , r ’ ) =  _ k
~~F rrk F ( — ~ i l (2 k

FR ) +~L2 i l ( 2 k
F R

~
) _ -

~ - i l [k F
(R

~~~
R

~ i 1)

( 1.  1)

where k F is t h e Fer mi wave  nu mber ,

/4 Me
Z k

kTF / 2 
F 

is the Thom a s - F e rm i wave vec tor ,

, Z 1/2R [ (x - x  ) -
~ 

( y - y ) + ( z - z  ) 

]2
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R. [ ( x -x ’ ) 2 
+ ( y - y ’ ) 2 

+ (z+z l )
2
]
1/2

sin x  cos xand j  (x) = -
1 2 xx

is a sphe rical Bessel function of f i rs t  order .

We have expanded this  function K ( r , r ’ ) for  the case where

bot h r and r ’ are near the surface and the separation

1 2 . -l
R = [ ( x -. x ) + ( y - y  ) ] is large compared to k F . After some

st rai ghtforward algebra , one find s the following expansion in inve r se

powers of R:

2
z z cos(2k R)

K ( r , r ’ ) = _44F TTk
~. 

R 5 
F 

+ o(~
._
~ ) . ( 1 .  ~

)

This is in contrast to the R 3 dependence of the Rude rman-

Kittel  type interaction between two point impe rfect ions in the bulk of

a free electron gas .

In this pape r , we also examine the indirect interaction between

two adatoms under more general  assumptions. In Sec. II , we use the

je l l ium model for  the metal su rface in which the e lec t rons  extend be-

yond the jel l ium ed ge , and in Sec . III , we use the ti g ht—binding model

for  both the metal and the adatoms. We shall show that the Fou rier

t rans form of the inte raction energy has a singulari ty at wave vecto r

q I = 2 k F , whe re q is paralle l to the subst ra te  surface and 2 k F

is the appropriate diameter  of the Fermi surface , and that thi

s3
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singularity is responsible for  the oscillatory inte raction at large di s-

tances.  If we assume that the metal has a spherical Fe rmi surface ,

then we find that the interaction energy is proportional to cos (2k ~~R ) / R 5.

In the vicinity of a surface , the amplitude of the relevant wave -func-

tions tends to zero as R tend s to infinity. This weakens the singu-

lar i ty  of the response function compared to that for  the bulk electron

gas , and causes the interaction to fall off more rapidly.

In Sec. IV , we consider the case where the substrate has a

partially filled surface band . Virtual excitations and de-excitations

of the substrate electrons in the su rface band contri bute to the inter-

action energy which falls off much more slowly, so that it will be the

dominant part of the interaction between the adatoms when they are

far  apart . If we assume that the Fermi surface for the  energy band is

cy lind rical , then asymptot ical ly, the interact ion falls off as R 2 .

II . Interaction Energy: Free Electron Model

We conside r a non-interacting elect ron gas in a je llium back-

ground , occupying the space z � 0. The adatoms A and B, at LA

and L B respectively, are represented by an exte rnal potential of the

form

= I~ EA ’ 
+ CP B

( I~ 
- L B I )  . (2 .  1 )

The correction to the ground state energy of the electron gas is , by

second-order pe rturbation theory ,

4
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= > I ( i I o ) 1 2 
. ( 2 . 2 )

The mutual interaction between atoms A and B, z~ E. , is obtain ed
m t

by subtracting from (2. 2) the correspondin g expression in which A

and B are infinitely far  apart :

( O l c p
B

l i ) ( i  I~~~~A
I 0 )

~~~ E . = — + c . c. (2 . 3)
E - E.

1 0 1

where 0) is the g round state and I i )  the excited state of the elec-

tron gas.

(a) Electron wavefunction

The no rmalized ground state 10 )  and the excited states ) i )

are Slater determinants  of one-electron wavefunct ions

(4 3 )
_ l I Z  

e1
~ ~ f ( z ;  k ) .  (2 . 4 )

p and R are two-dimensional vectors

p = ( k , k ) ,  R~~~(x , y ) ,  ( 2 . 5 )
-~ x y

and f ( z ;  k )  satisfies the equation (in atomi c uni ts ) ,

( + + v 1
(z)  - ~~k 2) f ( z ;  k )  = 0 , ( 2 .  6 s

where  v (z )  is the effect ive potential.  ( 10) v ( z )  vanishes in the
e lf  elf

in ter ior  of the metal and rises rapidl y to a constant valu e ~~ø outside .

~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~
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z is a point near  the metal su rface such that , effectively, V
eff

( Z )  = 0

for z ~ z ( Fig. 1).

We shall consider only small values of k , since these give

the main contribution to (2 . 3) . In the inte rior of the metal, we have

f ( z ;  k )  = sin(k z — ~ (k ) )  , (2 . 7 )

where ~ ( k )  is the phase shift . For z >  z , we can drop the term

from (2 . 6) since it is small compared to ~~~~~~~ and obtain

f ( z ;  k )  = A(k ) f ( z )  . (2 . 8)

A(k ) is chosen so as to match both the phase and the amplitude of the

interior function (2. 7)  at z = z and f(z ) is the solution to the equa-
0

tion

/ 2

+ v ( z ) )  f ( z )  = 0 , ( 2 . 9 )
~ 2 2 effdz

with the boundary conditions 1(z) 0 as z -~ and f ( z )  = z + constant

for z near z .  With this choice of 1(z), we find that A(k ) is equal

to k , so that , for small k and z � zz z 0

w ( r )  = (41r 3) h / 2  e1e ~ k f ( z )  . (2 . 1 0)k~~ z

The matrix element < i ~ ~~ 
I 0)  , where a = A, B , 10 )  is the

g round s ta te  of the system and ( i  ~ the excited state consi sting of an

e lect ron-hole  pai r of wave vectors k (p, k ) and k ’ (p ’ , k ’ ) is
— — z — — z

giv ’n by

6
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K i  
a

10 )  = 1f d
3r e ’~~~ ~ f ( z ; k ’ )~~ JI~~~ R I  

2 + ( z ~ z )~~e~~ ~~f ( z ; k )

cc

iq~~~R ç r
- ___  e~~ ~ a I d z f ( z + z  ;k  ) f (z +z ; k ’ ) J d 2 R e ~~~~~~~ (j R 2

± z
Z ) ,

3 j  a z a z~~ ~~‘ a
- cc

(2 . 1 1 )

where

q p - p ’ . (2 . 12)
—

The energy denominator in eq. (2. 3)

E - E. = -+  (q 2 
+ Zp q + k ’2 - k

2
)

vanishes for p~ q = -~~~q 2 and k = k ’ 0, so that the main contribu-

tion to (2. 3) comes from p, k and k ’ near  these values. Hence we
p ’ Z Z

shall consider only small values of k and k ’ and w ri te
z z

<~~~~ a I 0 >  ~~~~~~~~~~~~~ k z k
~~

1a
(Z

a
) , (2 . 13 )

where

1 ( z ) = fd z ( f ( z  +z )) Zfd
Z R e~~~ (~~~~~+z

2 )

(2 . 14)

The mutual inte raction between adatoms A and B is t h e n

2 1 2 
iq .  

~~~~~~~~~~AE .
~~ ( 3) 

I A (z
A

) I
B

(z B )J 
d q e G(q ) + c . c .

(2 . 15)  

_ . - _ -_ -~~—-  ----



where the fac tor  2 takes  sp in into account and

kI ~_ o k 2 k ’2
G(q ) = - J d

2
p dk 

J 
dk ’ -

~ ~~ 

2 2
2 2 2 “ z Z _(q 4

~+2k q +k 1 _ k )
P + k z

�k
F 0 2 x z z

k �Ø
z ( 2. 1 6 )

A cutoff k has been introduced in the integral to avoid divergence ,

but as we shall see later , the precise value of k is immaterial.

(b) Evaluation of the integral

The asymptotic fo rm of the interaction is derived from the

singularity of G(q ) at 2 k
F . Thu s we shall retain only the part of

G(q ) that is non-analyti c at q = 2 k F and drop the remaining part .

The singularity of G(q ) is very weak . In fact , G(q ) and the first

three of its derivatives are continuous at q = 2 k F and only the

fourth and higher derivatives are singula r . In order to extract thi s

singularity mo re conveniently, we differentiate G(q ) with respect to

q four times.

For q >  2 k F ,  the denominato r is always po sitive . Diffe r-

entiating G(q ) fou r times and integrating ove r dk and dk ’ we

obtain

4 2
d

4 
2 2 

8(q +k ) 6 ( q + k
~~~~~ G(q ) _96Jk k ’ 

(q
2

+2k q+k ~~~ -k
2

)
5 

- 
(q

2
+2k q + k l Z  _k Z )4

- 
1 

dk dk dk dk ’
(q 2 +Zk q+k ’2 -k 2 ) 3 X y Z Z

8
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- 5(q + k  ) 4 6(q + k  ) 2

= _ 6~ fk~~(k~~ - k~ - k
~~

) ’ 
/2  

(c!
Z

+2k q~ k Z ) 7 /2 
- 

(q
2

+Zk q -k
2

)
5 ~~

+ 

( 2 +Zk k Z ) 3/ Z ]  
dk

x
dk z (2 . 17)

The cutoff k is no longer  necessary  since the in tegra l  is now con-

ye rgent.

For q 2 k F , the main contribution to (2 . 17) comes from

k -k and k 0. Putting k P cos e and k = P sin ~ a~ndx F z x z

expanding around ~ = u , the f i rs t  term of (2 . 17) becomes

k
F (k 2 

- p2 ) 1/2

-30~ 
/ 

dP fde  (q + P cos e )
4 

sin 
cos 8-P

2 
sin

2 e ) 5 / 2

-30~ 
JF dp(q - P) 4 (k~~ - p

2
)
1 /2  

P
3f 

[q
2 _ Z p q + (qP~ p2 )u Z

~~
5/ 2

-~~ k 2 JF 
(k~~ - p2 ) 1/2 

dP

F (q - 2P)

4 1 sin
2 c4 d P

= .. rr k 
2J (q _ Zk~~~cos~~ )

= -~~k~~ [ ~ 3/Z 
(q - 2 k

F
) ’

~~~ 
- - (2.  18)

()
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I
for  q 2 k

F . Hence , for  q 2 k F ,  the singular term in (2. 18) is

- ~~~~ 2
k

5~J2
(q - 2 k

F
) h / 2

. The o ther  two term s in (2. 17) give te rm s

which are less singula r than the f i r s t  and can be neg le cted.

For q < 2 we fi rs t  take the principal valu e of the in tegra l

ove r dk’ in ( 2. 16) to obtainz

G(q ) [k 2k dk dk dk
J z o  x y

— L ( k 2 (q 2
+ 2 k  q ~ k 2 ) h / 2 dk dk dk . (2. 19)2

~~~ ~‘ 2 Z X Z x y  z
q +2k q - k  �0

x z

Then , differentiating G(q ) with respect to q and proceeding as be-

fore , we find that the leading term in (q - Zk
F

) is also less singular

than ( q _ 2 k ~~) h / 2
.

Thus , the mo st singular term of G(q ) is given by

d~~ G(q ) = ~~~~~~~~~~~~~~~~~~~~~~~~~ 
~ (q - 2k v

) ,  (2 . 2 0 )

dq

whe re

0 x < ~ 0

f l (~~~) = (2 . 2 1 )

I x~~~0 .

For large 
‘~~ A - ~~B ’’  we can evaluate the integrai U l )  3 
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i

fd
2q e~~ ~~~~~~~~ G(q)  = -~~

3k~~ 
c o s (Z k

F
R) 

÷ o(~~ )

(2 . 22 )

where R 1
~~ A ~~B 1 ’ so tha t  the interact ion energy is given by

3k F cos(Z k F
R)

- 
3 

IA (z A
) I B (z B

) 
5 

. (2 . 2 3)
R

(c The s t rength of the interaction

We ca lculate the in teract ion energy  between two c har ges , Z
1

at 
~ A and at , on Al , treating the substrate as a jellium,

With r
5 

= 2 . If we neg lect screening, we obt ain 
~~

E°
~~ 

by taking the

externa l potential to be

z z 2A~P° ( r ) = + (2 . 2 5)
I r - r  I I r - r  I-

~ “A ~“

To take screening into account , we note that since the interaction

energy involves interaction between electron -hole pairs of wave nu m-

be r q 2 k
F , the effect of screening can be approximated by using a

sta tic su rface dielectric function 
~ s at q = 2 k F .  so that

A E . = 
in

irit

For r = 2 , the bulk die lectr ic  function ~ corresponding to

q Zk F has a valu e of 1. 15 , ~~2 )  
onl y sli g htl y d i f fe ren t  from 1.

11
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The su rface dielect ri c function is not known at thi s time but it  is

clea r that it will also di f fer  onl y by very  little f rom uni ty ,  in what

follows , we set

The interaction ene rgy  (from eq. (2 . 23) ,  2. 14), ( 2 . 9 )  and

(2 . 25 ) )  is plotted in Fig. II. For defi niteness, we have taken r = 2 ,

Z
A 

Z
B 

= (2 k F
) ’ ( 0.52  atomic uni ts)  and Z 1 1. For other

values of Z
A 

and z B’  the amplitude of th e interact ion is ob t ained by

scaling by the ratio of the product I(z A
) and I(z B

) , which are given

in Table I.

III. Interaction Energy: Tig ht- Binding Model

In this section , we deal with a tig ht-binding, simple cubic

semi -infinite solid with a (100) face. The adatoms A and B, each

with a sing le energy level E , sit on top of the substrate atoms at

surface sites 0 and ii respectively. The Hamiltonian of the system

is taken to be

H = H 0 + H 1 + X H 2 . (3. 1)

is the Hamiltonian for the solid, and has nearest  neig hbo r matr ix

elements only, which are denoted by T, so that the bandwidth of the

solid is 12 T, centered at zero energy.  H 1 is the Hami ltonian for

the adatorn s , with eigenvalue E .  A H 2 r ep re sen t s  the in te rac t ion  be-

tween the adaton-i s and the solid. Ets only non-zero  ma t r ix  elements

12
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are VAO V 8 V
~ A 

V
B = V. )~ is t r eated a s a sma ll paramete r ,

but will eventually be taken as unity.  Sc reening is neg lected since ,

as we saw in Sec. II , i ts  effe ct is small.

To obtain the indirect interact ion energy  bet ween adatoms A

and B, we have to pe rfo rm a pe rtu rbation calculation to f o u rt h - o r d e r

in A H 2 . More conveniently,  we can use the method of canonical

transfo rmation, 
(13)

~- - iX S  l A SH e He . (3. 2 )

S is chosen so as to remove to lowest order in A the mat r ix  elements

of which t ransfer electrons between the adatorri and the substrate

atoms:

H 2 + i [ H
~ 

+ H 1, ~~ = 0 , (3. 3)

or

K f a I H  I~’a~’)K ~ a I s  I ?a ’) = -i E~, /~ Ef 
for  ~ 

/

a a (3. 4

and K f a f S f ~~a ’) = 0 ,

whe re ! f )  and I~ 
‘) are eigenst a tes  of l-1

~~
, which are Slater deter-

mninants  of sing le-particle ei gen state s ~k )  . I a )  and Ia ’) are

ei genstates of H 1 and are of the fo rm ln A~ ~~~ 
where  

~A’ n B 0

or 1.

With thi s hoice of S, we have

13
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H H0 + H 1 
+ ~ ‘ ( 3 . 5 )

where the relevant matrix element of H
2 is now given by

K~
’a’ l ~~ I~ a)  

1 
~ (

~
‘a I H  I~ ”~~

) (~“a ” I H 2 I 1 a )2 i
,, ,, 2

~ (E
’

E —
~ E~ _ E

f /, ,,)~~aa ’ . ( 3 . 6 )

We have two cases , depending on whether  the unpe rturbed

eigenvalu e E 0 is greater  than or less than the Fermi level E
F . For

the case E0 < EF , eq. (3. 6) describes a virtual excitation from the

ground state I~ , a)  to the excited state I~ 
11a ”) , in which the electron

on one of the adatoms is t ransfer red  to the conduction band above the

Fermi level. The state ~l ’ , a) is fo rmed when anothe r electron in

the conduction band below the Fermi level is then t ransfer red  to the

adatom , creating an electron-hole pair. The situation is similar for

the case E0 > EF .

The single particle eigenstate s 1k )  of H0 are of the form

= J ~
I ~~ e’B ~~ sin(k (m + a ) ) I  ~~) ( 3 . 7 )

wh rc m)  is a localized wavefunction centered at m • m is the-~~ z

component of rn pe rpendicular to the su rface , and m = 0 for su r-

face sites . N is the numbe~ of lattice atoms , a is the lattice con-

stant and k - (p, k ) .

14
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By second-order per tu rba t ion  theory ,  treating the term A H 2

as the perturbation, we have

— 16J VJ4 A
4 

~~ . 
i (p ’- p ” ) na

~~~~ - 

2 sin (k a)  sin (k a )  ein N k ’ k ” Z z

Ek~~~ 
E F

1 1 1
x ( E , _ E

0 
* E~~~~ E )  Ek I~~

Ek f/ 

. (3. 8)

When E0 = EF ,  eq. (3. 8) becomes singu lar and we have a

resonance . This corresponds to virtual t ransfe r of electron s be-

tween the adatom and the conduction band , leading to a very strong

interaction. If E0 i s not too close to EF .  and EF is near the bot-

tom or the top of the energy band , so that the Fe rmi su rface is nearl y

sphe rical , eq. (3. 8) can be evaluated in the same way as (2. 16) to

give (putting X 1),

AE . = 16J vj
4 (Na~~) 2 

a4 Re (d~ k’ d 3k ” ( ~~~~~~~~+ 
i

m t  N 2 ( Zir ) 6 j  .-

~

‘ — \E~~, - E 0 Ek // - E
0 1

,2  ,, 2 i (p ’ - p ” ) .
k k e -“

- k ” ) + k ’ 2 
- k~~2]

4 = ÷ ~ 2 

(k F a)
3 cos ( 2 k F

n a)  
2 T  , ( 3 . 9 )

T (E F~~
E o

) n

15
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where na is  the dis tance between adatoms A and B.

Plot s of ~~E . for  I v  I = T and different values of E and

E0,  are given in Fi g. ill. The re sult s of Einstein and Schrieffe r~
6
~

are also given for comparison .

For EF in the range -2 T to 2 T , the Fermi surface inter-

sects the zone boundary and has saddle points . The method used in

Sec . II to evaluate the interactio~ energy would not be valid, because

of the different geometry.  ( 14)

IV . Interaction Involving Su rface Band s

If the substrate has a surface band that is partl y filled , vi rtual

excitation s and de-excitations of electrons between empty and occupied

state s in the band due to the presence of the adatoms will contri bute to

the interact ion energy.

We assume that the Fermi surface for  the su rface band is

cy lindrical, so that the energy denominator in (2. 3) is given by

1 2 , ZE0 - E . = 
~ 

(p - p
Zm

= - 
2rn 

(q 2 
- 2 q • p) , (4 . 1)

whe re m~ is the effective mass , p and p ’ are two-dimensional

wave vec tors  parallel to the surface and

q p - p ’ . (4 . 2 )

1 6
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The wavefunct ions ~ ( r )  a r e  periodic in the x- and y-direc-

tions but damped in the z-direct ion on both sides of the su rface.

.kna logou s to (2 . 11), the mat rix element ( j  k 1 0  ) is given by

K i  I~ ~0 ) = ~~~ ~ V(q ) , (4. 3)

whe re V(q ) has the same fo rm as (2 . 11) except that the wavefunctions

f ( z ;  k )  are replaced by damped waves. As befo re , the onl y relevant

matri x elements in the summation in (2. 3) involve momentum t ransfe r

q 2k ’~, whe re k , is the Fermi wave number for the su rface band ,

so that V(q ) can be replaced by V 0,  evaluated at q = 2k , . Equa-

tion ( 2. 3) then becomes

~~~
-‘ < 0 I p B I i ) ( i I t p B I O )

~~E . = L + c.c.
m t  . E - E

1 0 1

iq~~ R2 ~. e , ~= 2m 1V 0 1 L 1 2
k,q,spin --~-(q -2q .p)
— _._I - ‘I ~I

Z m  1V 0 1
2 ()~~~~ fd

2q e~~ ~~ G(q ) , (4 . 4 )

whe re

I 2 1
G (q) = J 

/ 
d k 

~ 2 (4. 5)
( k I � k F ~~~~~ - Z q p )

A is the surface a r ea  of the substrate and the facto r 2 takes spin into

accoun t. As in Sec . 11, we d i f f e ren t i a t e  G(q ) with respect to q and
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evaluate the leading t e r m  in (q - 2k ~,) .  We find that the most singular

t e rm is given by

G(q ) = ~~ k /~~~ ’2 
~q - 2k , 8(q - 2k ,) , (4 . 6 )

( 11)so that

f c o s ( Zk ’

J 

d 2q e1
~ ~ G(q ) = 

F 
• (4 . 7 )

R

and

~~ E . - 
m I V 0 1

2 A2 c o s ( 2k ~~R) 
. (4 . 8)

m t  2 
R 2

The interaction falls off like R 2 
, as compared to the R 5

behavior for the bu lk band . Thus , when a surface band is present and

the Fermi level lies inside the band , its contri bu tion to the interaction

will dominate at large distances.

To determine the magnitude of the inte raction, we need the

value of V 0 . We assume that the wavefunction W ( r )  is pe riodi c in x

and y and damps exponentially away from the su rface. Since typi-

cally the surface wavefunction damps much mo re quickl y on the vacuum

side , we just  cut it off on thi s side for  simplicity. The no rmalized

wavefunct ion is approximated by

W ( r )  = (
~~~

)

1f2  
e~E ~~ e~~~ 8 ( - z )  , ( 4 . 9 )

18
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where K is a positive constant. For a bare charge at £ (0 , z )

we have

V(q ) = 
~~~ 

f e~~~ ~ e~~~ (R 2 
+ (z - z0

) 2 ) h / 2  d 2
R dz

z � 0

= ~~~~2u / d z  e
ZKZ 

J J ( q R )[ R
2 + ( z _ z

0
) z

J
h / 2  

RdR

4nK I 2Kz -1 -q~~z - z )
= 

A J e  q e dz

-qz

= 
4rr K e ° 

(4. 10)Aq 2 K + q

At q = 2 k ~~~, we have

-2k ’ zF o

0 A k ( k , + K )  . 1

If k , is sufficiently large , we may neg lect screening as in Sec. II ,

so that the interaction energy is given by

~ 
- 4 k . Z 

cos (2k ’ R)
E~E . = 

m e 
_ _ _ _ _ _  

F (4 12)m t  k~~ ( 1 + ( k , /K ) ) 2

Thi s is shown in Fi g. IV , with r 2 and z = (2k
F

) ’ as in Fi g. 11.

For simplici ty,  we have taken m* = 1, k~ , k F and (k ./K ) = 1.

19
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V . Discu ssion

Grimley~
4
~ has de rived expressions for  the indirect interact ion

between chemisorbed atom s on bcc and fcc c r y s t a l  surfaces. Assuming

that the Fermi su rface is spherical , he obt ained two cases , depending

on the direction of the vecto r R jo ining the su rface sites to which the

adatom s are bonded. In the critical di rection , i. e. R T = 0,
-‘, -~0

where r is one of the three primitive translation vectors which is

an element of symmetry lost in going from the infinite to the semi -

infinite crystal, he obtained an oscillatory interaction that varies as

R 5. In othe r direction s, he had again an oscillatory int er action , but

varying as R 3. We have rederived his formula8 for the interaction

energy but found that it varies as for  all directions of R , in

agreement with the re sult obtained in Sec. 11.

Einstein and Schri effer~
6
~ calculated the indi rect inter-

action between adatoms on “cubium ” for various values of the parame-

ters  V , EF and E0 .  They found the interaction to be oscillato ry ,

and ove r thei r range of calcu lation they fitted it by an exponential

form . They also conjectured that asymptotically the interaction amp-

li tude should vary as R 5, but felt that the asymptotic power behavior

was not applicable to the relatively small separations they considered .

Our own theory does indeed yield an R 5 behavior and we

find thi s asymptotic fo rm fits the numerical  re su lt s of Einstein and

Schrieffe r ra ther  well . Some of thei r  re sults are shown in Fi g. 111.

20 
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The agreement with the present  work is very  good in one case , and

somewhat worse in the other .  The reason is pre sumabl y t hat in t he

second case , the Fermi surface is quite an iso t ropic , and re p lacing

it by a sphe rical su rface is not a very  good approximation .

Tsong, 
( 6 )  

us ing  f ield ion mic r oscopy , observed that the inter-

action be tween Re atoms on the ( 1 10)  face of W is osc i l la tory ,  wit h

a pe riod of about 5 A~, and falling off slowl y with distance , approxi-

mately as R ’. The in teract ion can be fitted by an expression of the

form

cos (~~k R)
L IE . = -c — ° (5 . 1

m t

with C = 0. 95 x io 2 
and ~~k = 0. 665 atomi c uni ts . Because of the

complexity of the W Fermi surface , we have not at tempted a detailed

calculation fo r  this system. We wish , h oweve r , to make the follow-

in g observati ons which we believe to be re levant  for  this  system .

The W Fermi surface cons is t s  of an e lectron “jac k”  at the

cente r of the Brillouin zone and hole “oc tahedra ” at t he co rne r s  H ,

with portion s of rathe r flat , para l le l  faces  normal  to the ( 1 1 1 )  and

-, - 1 ( 1 5 - 1 7 t
equ iva len t  di rec ti on s , approximately 2m k - 1 . 0 A apa rt .

For vi rtual excitations of the substra te  e lec t rons  of wave vector  q

in t he T l l t  di rection (par a l le l  to the subs t ra te  ( 1 1 0 )  f a c e t , t hese f la t

faces provide large reg ions a round the Fermi  su rface for  which the

ene rgy denomina to r  in (2 .  3) is  nea r l y zero , and hen e give the m a j o r

21 
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cont ribution to the interaction energy .

We pe rfo rm a model calculat ion with a Fe rmi surface defined

by two exactl y parallel planes , ~~k apart , perpendicula r to the ( 1 1 1 )

direction (taken as the x-direct ion) .  The zone boundaries in the

othe r two directions are adjusted so as to give the correc t  volume in

k-space . Thi s gives a rectangular box of dimensions 2 i k  x k X k

with ~~k = 1 . 0 and k 0. 69 A ’ . The ene rgy denominator in

‘3 .8)  is given by (k Z
~~k l Z )/2m * whe re rn~ is the effective mass.

Afte r integrating ove r k and k ’ , ( 3 . 8 )  becomes
z z

4 l V i 4 a6 4 * 2 f i q R

~~E . = -  — . ~~~~~. 2 m  k I d k dk dk dk ’
m t  ( Zrr ) 6 (E - E  ) 2 o 

j  
x y y y q(q~~ 21e )

F o

4 6 * 2  i . 1

= - 

lvi a m k ( 2  smn 1k Y) 

‘ —~-- ln q j~~ k i~ x~~
2T

~
6(E F~ 

E ) 2 ~ y I J 2q q - L~k 
q

4 6  ,1e 2 . 1 2

= - 
l v i  a m k 

(2 
sin j -k y) 

~ co s (~~kx) (5 . 2)
Ak l x i

The pair correlation function for the adatom s is given by

g ( R )  = e x p [_ A E .~~~
(R ) /k

8T1 . ~~~~~

At high tempe ratu re (k
BT > >  A E .~~~

( R ) )  the spatial dependence of the

interaction ene rgy can be obtained by averag ing (5 . 2)  ove r all angles.

Since AE 1~~ 
is proportiona l to (xy 2 ) 1 , we expect that the angular

22
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ave ra ge should va ry  as R 3

At low temperatu re , t he adatoms a re  “f r o z e n ” at sites of mini-

mum energy ,  cor responding  to y = 0 and cos A k x )  = 1. Thu s ,

. 4 6 ‘~~4
l~~I a in k

0 co~~ A k x )
m t  2 ,-i 5 (E - E ) 2 Ak  l x iF o

= -c ’ cos( A ( 5 . 4
l x i

Thi s has the same fo rm as (5 .  1) ,  fa l l ing off as l x i  
-l  and wit h a

period of oscillation given by ( 2 i - r / A k )  6. 3 A, compared to the

observed pe riod of 5 A .

The valu e of C ’ in ( 5. 4 )  can be es t imated  as follows. The

substrate , which  is simple cubic , is assumed t o ha ve t he same

density as W. Since W is bcc , wit h lattice constant  = 3. 16 A

this  gives

a 3 . 1 6 A X 2 ~~~~~~~~2 .5 1 A . (5.5t

m ’
~~ 1

( 1 7 )  
and k 0.69  A~ . The value of (E - E  ) is deter-o F o

mined by assuming that the energy  band of W is formed by t he

broadening of t he Sd e l ec t rons , wit h a ba ndwidt h W b = 12 T =

10. 5 eV , 
( 1 7 )  

cente red at the Sd atomic level . Since t he re are fou r

Sd e lec t rons  in W , E F is at 0. 35 T below the cente r of the band .

E is assumed to be at the 5d level of atomic Re. The Sd levels of

23 
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W and Re are at -0 . 684 and -0 . 781 Rydbe rg respectivel y. 
( 1 8)

These give ( E
F 

- E )  0. 71 eV csee  Fig. V).  To obtain a value of

C ’ L 9 5~~~i~ a . u . ~~~~~~~~~~~ we need V — I . 5 7 eV .ö 1.

1 ns ~~ ..u’~e reai-un ihie , ~n ‘ii-~
-.~ of the fact  that Einstein  and

SLhrieffe r estimated that V / T  be rou ghl y in the range of 3 to 5 fo r

most chemisorption systems.

~n Tsong ’s expe riment , the in te ract ion energy i s of the orde r

of 30 meV (— 350°K) and the experiment was performed at 320°K , so

that the temperature is in the inte rmediate range. Neither  of the

ext reme cases considered above is the refore applicab le , but the

experimental observations appear to be qualitativel y consistent with

the effects discussed in thi s paper .
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Table I. The factor  1(z ) in the matri x element ( i  k~° t °~
for r = 2

z (in units of 1/2 :
F

) 
~~ ° 1 3 4

1(z) (in atomic units) 8. 727 4. 882 3. 060 1. 232 0. 5677 0. 2 513

z is measu red from the je llium ed ge , with the jel l ium on the left .
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FIGURE CAPTION S

Fig. I Effective one-electron potential veff (je llium model;

r = 2) .
S

Fig. II Interaction ene r gy between two bare charges near the jellium

— 1surface (r = 2). The charges are at a di stance (Zk
F

) from

the je llium edge.

Fig. Ill Comparison of the interaction energy in the tight -binding

model with the calculations of Einstein and Schri effe r

(open circles).

Fig. IV Interaction energy involving surface bands.

Fig. V Schematic diagram for the energies in the Re/W system.

All energies are in eV .
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