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1. Information storage and retrieval, The problem of 1nformation

storage and retrieval is & companion of any civilization. Any civilized
society likes to preserve its knowledge and information for its future
generations. In fact to ensure that such information can be used by the
posterity, it has. to be classified and stored properly. Today's knowl-
edre will be available tomorrow only if we can store it in a manner that
will permit rcady retriceval, As the pool of human knowledge grows, rc-
trieval of pertinent information becomes more and more difficult, If
information is not stored efficiently, it may turn out to be easier to
rediscover information<qp\a certain item than to retrieve it, However
this need not be the case:\BMathematical techniques can be used to devise
efficient information storage and retrieval systems that allow for quick
retrieval of information pertinent to a given query. The problem of
storing information in a computer has many combinatorial aspects. In ¢
this paper Qe—try)to develop some efficient information storage and re-
trieval systems by using methods of Combinatoriel Mathematics. Combi-

natorial configurations have been used for constructing filing systems
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by Abraham, Ghose and Ray-Chaudhuri [1], Ray-Chaudhuri [3] and Bose [2].

2, Description of a file, Any information system (also called a

filing system) is concerned with a large collection of units (also called
items, individuals, documents) and information sbout these units on a
number of variables, These variables might be called the informatiofi
variables, The totality of the information variables, the collection of
units and information about them constitutes a file, To give an example
of a file, there may be a file for all the pilots of the Air Force of a
country. The units in such a file are the pilots and some of the infor-

\
mation variables may be (1) the age of the pilot, (2) the number of

combat missions flown by the pilot, (3) whether or not the pilot is a
veteran of a past war and (4) whether or not the.pilot is married. 1In

a file for the employees of a company, units are the employees, Some of
the information variables might be (a) whether or not the employee

worked for the research division of the company, (b) whether or not the
employee worked for more than 5 years, (c) whether or not the employee
published more than 5 scientific papers and (d) whether or not the em-
ployee is married, In a file for research publications on copper units

are the research papers., Some of the information variables could be

(a) whether or not the paper is relevant for aluminium alloys, (b) whether

or not the paper is pertinent to cryogenics, (c) whether or not the paper

is written in English and (d) whether or not the paper mentions steel, ‘**ﬁ

etec. In a file for publicetions on nuclear engineering, some of the ¢ Yociiee 5”/,
Seciisé

variables could be (1) proton accelerators (2) bevatrons (3) cyclotrons C

(%) linear accelerator and so on, In many situations, the information
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variables are binary and they are variously called as attributes, terms,
descriptors, clue words, or locators, If there is a nonbinary infor-
mation variable, it is possible to replace it by artificially created
binary valued information variables. One of the most important re-
trieval problems is the following: We are given a subset of the set of
all attributes and we like to know the set of individuals who satisfy

the given subset of attributes, For instance in our example of the file
for the employees of a company, we might like to find out the subcol-
lection of employees who a{e married and published more than 5 scientific
papers. In the file for réﬁearch publications on copper, we might like
to find out all research publications on copper which deal with aluminium
alloys as well as cryogenic methods, In a file usvally each individual
is given an identification which may be a name or a serial number. The
identification of the individual and the values of the information vari-
ables for the individual constitutes his record.

Large files nowadays are stored in computers. In most computerized
filing systems the records are stored in some comparatively slow permanent
nemory, for instance, in a tape. The address of the permanent memory for
a record is called the accession number of the record. Obviously, the
accession number is usually much smaller in size than the complete record.
A set of addresses of the comparatively faster memory is reserved for
storing the accession numbers,

3. Formal definitions of a file, storage rule and retrieval rule

and inverted filing system, For any set X, P(X) will denote the set




of subsets of X and X! will denote the cardinality of X, A file
F is a triple (I,A,f) where I is the set of individuals (also
called documents or items), A is a set of attributes (also called
descriptors or locators) and f is a wmapping from I to P(A). For
ieI, £f(i) is the set of attributes possessed by the individual 1,
If A is a set of v attributes, f(i) can be represented &s a binary
v-tuple, A computerized file is a pair (F,a) where F is a file and
& is an injective mapping from I to integers, For i €I , a(i) is
called the accession number of i. The accession number is usually the
address of the permanent gbmputer memory location where the identification
of the individual i and the corresponding record f(i) is stored., For
the sake of brevity, let I* = (a(i): i € I}). I* is the set of acces-
sion numbers of the items of the file, A storage rule for the file F
is a tuple (I,M,s) where I is the set of individuals of the file
F, M is a set of fast computer memory locations and s is &a mapping
from I to P(M) such that for £ , J€X , 1#5, s(l) and &(J)
have no element in common., The accession number of the individual i 1is
stored at each of the memory locations belonging to s(i) . If for each
ie€1, s(i) contains only one element, we say that the storage rule
admits no redundancy. For A’ CA,let I(A')={1:i€1,2(i)24').,
A retrieval rule is a triple (¢, I",r) where g is a subset of P(A)
and r is a mapping from @ to P(I¥) such that

VA' €d, r(A') = {(a(i): 1 € I(A")) seces (1)

The file F , together with the accession numbers, storage rule and
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retrieval rule constitutes an information system, (also called a filing
system), The elements of @ are called queries, The equation (1)
requires that for any query A' and i € I(A'), r(A') contains the
accession number of each item i which satisfies all the attributes of
A' . The most prevalent computerized filing system is the inverted
T11ing system (also called coordinale indexing). Storage rules and
retrieval rules of inverted filing system can be described as follows,
Let A = [al, 85 eees av) be a set of v attributes, The set of
storage addresses M is partitioned into v disjoint subsets Mal,
Mae oo e Mav called buckets, An individual's accession number will

be stored in the bucket Ma if and only if the individual satisfies
the attribute aj » 1< sév « In other words s has the property

that s(i) N M, contains one element if and only if a, € f(i) . For

J
ach, define : M: = {a(i): s(i) n M, #9,1 € 1) . In other wo.ds

M: is the set of accession numbers stored in the memory locations Mh .
The retrieval rule is also easily described for a query A' . We

take r(A') = n ‘M: . Clearly for any item i which possesses all the
attributes ofaeAA', r(A') will contain the accession number of 1 .

If the query consists of a single attribute a , then r({a)) = M: .

For queries involving only one attribute, retrieval can be done very
efficiently in the inverted filing system. However if the query involves
more than one attribute, then it is necessary to intersect several of
the buckets M: and retrieval can be very slow for a large file, To

overcome this difficulty of inverted filing system, we introduce the

principle of local structuring.
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Lk, TLocally structured information systems. In most large files

|
1
z

most of the items satisfy only a small fraction of the descriptors.

This important fact is exploited by the principle of local structuring.
Local structuring partitions a large file into several small files

such that to retrieve the items for a given query, we need to search
only a few of these small files., ILet F = (I,A,f) be a file, Let

@ < P(A) be the set of queries of interest, Let T = (I, I55 000 I)
be a b-tuple of subsets of I such that I,j i, = ¢ (the empty set),
for 823 J # X, 38 =%, cee b and B IJ a I, In other vords 1 in
an ordered partition of b\. Let § =Ja1 sBss eees A‘b) be a b-tuple
of subsets of A . For I' cI, A'vc._: A, I'(A.') denotes the set of items
i which satisfy f(i) DA'. Let J={1,2,...,b) and for A'cA,
Tpe = {j: § € Jb,A' EAJ) . The pair (T,6) is said to be a local
structuring for (F,@) if and only if

YA eaq, I(d') =y IJ.(A')
J€Jy vaves (2)
5 f(i)gAj s L€3<d,

The local structuring £ is said to have the equicardinality property

and VieI

if and only if (Il = Il = ... = IL| . Furthermore, 4 is said to

be uniform if and only if Al = Al = ... = IA] . ILet £, be the

restriction of f to I;) 3 S0, fJ(i) = f(i) , for all i € I;j . The ‘
E

files Fj = (I;j y A.1 5 f;j) »1< j<b are called the local files. Let
Mj »1<Jj<b be b disjoint sets of computer memory locations, s.j be

a storage rule for the local file F 3 and r 3 be a retrieval rule for

the local file F ' 1< Jj<b. Wedefine storage rule s and retrieval




rule r for F by

s(i):sj(r) if iGIj,lSij

oreas (3}

r(A) =y rJ(A') . YR8 ea
JET 40

Since I(A') =uU Ij(A') , T is easily seen to be a retrieval rule
Jeg,
for the file F with respect to the set of queries @ .

Let ﬂ; = (I) and 60 = (A) with b =1, Clearly the pair Lo =
(ﬂo, 60) satisfies the requirements of local structuring and will be
called the trivial local é%ructuring. The principle of local structuring
opens up & new dimension for methods of file organization,

The central problem to a builder of a filing_system will be that of
determining the optimum local structuring for a given file., The opti-
mality criterion itself will vary from situation to situation. In most
large files, the majority of the item satisfies only a small fraction of
the descriptors of the file, Suppose v is the total number of descrip-
tors. Without much loss in generality one can postulate the existence
of a positive integer t mﬁch smaller than v such that no item satisfies
more than 1t descriptors, A few items which satisfy more than t attri-
butes can be grouped together into a small file, In the next section we
show that under these assumptions one can use combinatorial configurations
to construct a local structuring 4 which is better than the trivial
local structuring. In this paper we only want to emphasize the principle
of local structuring. We want to point out this alternative to the plan-

ners and builders of information systems., The problem of determining the




optimum local structuring for a given file is a complicated and diffi-
cult problem, Local structuring will give maximum advantage if all the
local files are relatively small and the number of local files is not
too large. Finally for every query A', the cardinality of the set JA'
should be small., One could safely make the claim that in almost all
practical situations there will exist a local structuring which is better
than the trivial local structuring,

5. Local structuring based on combinatorial configurations. Let

v,k,t and b be positive integers such that t <k <v . Let A bDe
a set of v elements and @ Dbe a class of subsets of A . Members of
d are called queries. A combinatorial configuration with parameters
(A,kx,d,b) is a pair (A,B) with 8 = (Al,Ae, sues Ab) c P(A)
such that

ﬂ)l%lgk,lngb
and (2) V A' € @, there exists at least one block A, such that

J

A

The subsets Al’ A2 PR Ab are called blocks, If & 1is the class of

24" .

subsets of cardinality not greater than ¢t , then the configuration is
called a (v, k,t,b)=-configuration., Let b(v,k,t) denote the
smallest integer b such that a (v, Xk, t,Db) - configuration exists.

A (v,k,t,Db)-configuration is said to be optimum if and only if
b=b(v,k,t). We canuse (v,k,t,Db)-configurations to construct
a locally structured filing system for a file F = (I,A,f) provided
no item satisfies more than t descriptors. Let Al shs s eees Ab be

the blocks of the (v,k,t,b)-configuration, Let & = (Al shsseees Ab) .




Let IJ’ = {i: £(1) (_:_Aj] ,1<3<b. Let T be an ordered partition
such that

IJ.(_:_IJ',forallj,lg_jsb s

Since VvVierTI, If(i)l <t , there will exist at least one integer J

puch that 1< J<b and (i) <A Hence partitions of I satinfying

l .
(#) will exist., In particular we can take

eovoe (5)
I.j‘ =Ij' "IlUI2 ...UIj_1,2_<_;jsb

\
However, it will be more desirable to have a partition T which satisfies
(4) and also satisfies the equicardirality property

Il = 12 = esee = Ib soeee (6)

We now show that if T is an ordered partition satisfying (4) , then
the pair (7,8) is a local structuring for the pair (F,P(A)). Let

A' cA . Clearly I(A')DU Ij(A') . Conversely, let i € I(A') .
JET 1

Let J, Dbe such that i€ Ij . Then i€ IJ. (KY) « Meo A* ¢ £(i) S_:AJ. .
- : o o
Therefore j_€ J,, and i€ U I,(A'). Hemce I(A')c U I.(A")
(o} : J o J
JeT J€T 4

and the defining property (2) holds for (T,5) .

Let FJ. denote the restriction of £ to I 5° 1<j<b. let
F'j = (IJ. ’Aj ) FJ') 1< j<b be the local files, ILet MJ. be a set of
computer memory locations reserved for the file FJ. y1<j<b., Iet s j

and r 3 respectively denote storage rules and retrieval rules for the

file F 52 1< Jj<b. Then the storage rule s and the retrieval rule r
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for the file F 1is defined by

s(i):sj(i) if ite,lgjs_b.

r(A') = U rJ.(A') » VA" € P(A)
J€J s

We note that if the local storage rules sj do not admit any redundancy,

the storage rule s also has no redundancy. The following is a sche-

matic representation of the local structuring constructed above.

Blocks

Sets of items
of the local
files

Computer memory
locations for
v\ the local files

Storage rule
of the local
file

Retrieval
rule of the
local files

& I, M, ey uy

%, " Y

Note that any particular item is stored in exactly one local file, For
an item i , we need to determine an integer Jj for which Aj S 1) .
o
Then the item i will be stored in the local file Fj according to the
o

rule s, . To retrieve for a query A', the computer program will first

o

scan the list of blocks and determine the set J,,

A
Once the set

of integers j for

contains A', oy

A
can be ignored for the purpose of retrieving

which the block Aj is determined,

the files Fj

for the query A',

with J ¢ J,
The program will find out the items satisfying A'

in the file F, for each Jj € J,y and take the union of these sets of

J

items,




6, Retrieval efficiency of locally structured information systems,

In this section we develop some expressions for retrieval times required
for various queries in a locally structured information system, These

expressions are based on some simplifying assumptions which can only be

an approximation to the very complex situation for a recal file, 'The L
discussion in this section should be viewed only as an approach for com-

puting the retrieval efficiency of a locally structured information ;

system, However it is hoped that the methods developed in this section ;
will provide a guide for comparing the retrieval efficiencies of various
locally structured informgkion systems. Let N denote the set of natural

numbers., Let F = (I,A,f) be a file with.d& c P(A) as the set of

queries of interest, Let T = (Il’ Ips eees Ib) and 6 = (Al’Az’ i) A.b)

be b-tuples of subsets of I and A respectively such that 2 = (11, %)

is a local structuring for (F,qg). Let TL(A') denote the amount of

time (i.e. the number of units of computational time) required to re-

trieve all items for the query A', TL(A') consists of two components
' Tl(A') and "1‘2(A') " 'Tl(A') is the amount of time required to deter-

mine the set J,, . T2(A') is the amount of time required to search

Al

within the local files F, for j € J,, . The amount of computing time

J
required to check whether the relation A' c A;j holds or not will depend

on the cardinalities fA‘l and A, . We assume that there exists a

J
function a: N X N » N such that  a(lA'l, IAJI ) is the amount of time

! required to check the relation A' cA

y for a1l Jj,1< j<b . Under

these assumptions b

T, (A') = Xa(lA'l A IAJI) s N
J=
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b
We assume that the sun 5 a(lA'l, IAJI) is a function of the cardi-
Ha =
nalities [A'l and % [AJl. ©Let A:Nx NN be a function such
that

T (A') = )\(!A'l ,ZIAJ.I) vonss (BY
=1

For the trivial local structuring zo , the component Tl(A') is equal

to o . The function A is assumed to have the property that A(r,v) =o ,
for all positive integers r . Clearly the time required to retrieve for

a query A' ina file F=(I,A,f) will depend on IA'l , |Al and the
number of items in the filec Let ¢:Nx Nx N> N be a function such

that ¢0A'LIILLAI) is the amount of time required to retrieve for

a query A', Under these assumptions we get

T (A') = zqs(m'(,uj:,m:),vzx' ca P
J€J
1 ) 1 b
L = = = 5 —=-— —‘-'-"" i
et n 1T, nJ IIJI, kj IAJI, n bjil nj and k 5 JZ kj 5

1<j<b. Let r<t bea positive integer and P (A) denote the

. set of subsets of A with cardinality equal to r . For an integer r ,

Tz(r) will denote the average retrieval time for a query A' with
[A'l = r in the local structuring 4 . Combining the expressions (8)

and (9) we get
7, (a') = (1A', b)) + Y o(1a1, ny, k)

3€3 44
b
7, () - Ax 2 T,(A') = Mr, bF) + 2 2 8(r,ny,k,)
(r> A'ep (A) J=1 A'er (A)
A'cA
" =%
AMr,bE) + -%- E¢(r,nj,kj) <k9 iy

r/ Jj=1

o
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If the local structuring g satisfies the equicardinality property

and the uniformity property i.e. if N =0y = 00 =N = n and

} b(k)
T,(r) = A(r;bk) + ¢(r,8,k) —IL aeealIL) .

(&)

If the (v,k,t,b) - configuration is uniform and the local structuring

kl = k2 = aoe 2 kb , then we get

¢ does not necessarily satisfy the equicardinality property, then the

& <
7 (r) = )\(x;,bk) #ais Eqs(r,na.,k) e

e
b

It can be expected that £ ¢(r,nj,k) will take the smallest possible
=1
value when all the nJ.'s are equal, 1 < j <b . Therefore it will be

formula (10) reduces to

desirable to make sure that the local structuringA L satisfies the equi-
cardinality property as closely as possible., The formula (11) suggests

that for fixed v,k and t, the retrieval time Ti(r) takes the smallest
possible value when the number of blocks b is smallest possible., There-

fore for fixed v,k and t, one should look for a (v,k,t,b) - configuration

~which minimizes the number of blocks. For the trivial local structuring

L5 (11) reduces to

Tl' (r) = ¢(r,n,V) -ooo.(l3) .
(&)
Let w(A') bYe a nonnegative real number satisfying

0<wA') <1
and X(D(A') -1
Aea
vhere ¢ is the set of queries of interest. The number w(A') is the

weight attached to the query A' and measures the relative importance
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1%

of the query A' . The retrieval parameter T(4) for the local struc-
turing ¢ (with respect to the weight system @(A'), A'€ &) can be
defined by
(4) = ) T,(A') w(A)
A'e 7
T. Locally structured inverted filing system, Let F = (I, A, f)

be a file, T = (Il >I55 eees L)) be an ordered partition of I ,
6 = <A1’A2’ i Ab) be a b-tuple of subsets of A, # = (T,8) be
a local structuring and FJ. = (I,j 5 AJ. 5 fj) »1 < j<b be the local files

of F, Let s:j and rJ. be respectively storage rules and retrieval

rules of an inverted filing system for F Then we define

j .
s(1) = s,(1), if i1y

b
and r(A') = yr,(a'"),va'ea
gt

where & 1is the set of queries of interest., The locally structuring £
together with the storage rule s and retrieval rule r will be called
a locally structured inverted filing system. We now derive expressions
for the retrieval parameter T z(r) for the locally structured invcirted
filing system. First we consider the trivial local structuring l’o .
For a query A' = [al, Sl ar] the retrieval time T2(A') can be
split up into two components Tj(A') and T, (A") . T3(A') is the
amount of time required to identify the buckets’ corresponding to the
attributes belonging to A'. Let d be the amount of time required

by the computer to check the equality of two attributes., We assume that

there exists a function ¢@:N x N 5 N such that T3(A') = de(IA'l,IA1) .
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Th(A') is the amount of time required to form the intersection nA'ya
where Ma is the bucket corresponding to the attribute a . Lef’:€ ¢ be
the amount o;‘ time required to test the equality of two accession num=-
bers. We postulate that there exists a function p:N x N x N N
such that
Th(A') = c 6(r,n,v) seaeskiin)

Under these assumptions, we get

T (r) = dp(r,v) + ca(r,n,v) sainil 5] .
zO

Similarly for a locally st{uc’cured inverted filing system £ with the
\
equicardinality property and the uniformity property we get

blz)

Tz(r) = A(r,bk) + (v) (d(p(r,kj + ce(r,‘%,k)) OB 4 1

If we further make the simplifying assumption that A(r,bk) = d9(r,b) ,

K k
<> (r,k)) (> 6(r ,b,k) FRCRIE. 3 - T

e

8. lLexicographic storage eand retrieval rules in an inverted

we get

Tz(r) = d((P(r,b) +

filing system, Consider an inverted filing system for a file F = (I, A, f)

with A = {al 3855 000y B v} . let M; be the bucket corresponding to

the attribute a,,1<i<v . Let a(m) denote the accession number
stored in the memory location m , Let M' = (ml, n12 3 sees mb] be a

bucket where My s My eees M is a natural ordering of the memory

locations in M' ., The lexicographic storage rule requires that

a(ml) <amy) < ... < a(mb) . Consider two buckets M, = [m PRI mlp]

and N, = {"‘21"“22 y ...,mzq] where a(mll) < a(m]2) € v & a(mlp) §

s
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s * ¥
and a(m21) < a(m22) e s a(mzq) . To form the intersection lel ni,,
the program starts with a(mll) , compares it with a(mel) s a(mza) ete.
and finds the smallest integer j such that 1< j<q and a(mu) = a.(m.zj) :
If no such integer exists,then clearly I‘q n Mg = ¢ . Suppose such an
s . X* ooy * = X
integer J exists. Let Nj =M - [a(mn)) and N, = M, - (a(m21), -~-’a(“‘23”'
Then it is easily seen that
* ¥- * *
We now see that the number of comparisons of accession numbers to compute
* * i y
M) N M, will be l'hn(lxvillelel) . If (M)[=[M,l, then the number is equal
i %* #* *
to the common cardinality. Similarly to compute the set Ml n M2 n 2-13 ’
the required number of comparisons of accession numbers will be
. * * & * % * . .
Min(M ), 1M 1) + Min(l, M, 1, |M3l) . If we assume that all attributes

are equally likely i.e.

*
In M| =ac, VA'e P(4),
acA' ()
_ r

n= |I| ’

then the number of comparisons of accession numbers required to compute

nM* Wwill be = 4 -t +...+—R- .
acn” * @ @ &4
1 2 -1
Therefore, for A'eg Pr(A) 23> 1, TA(A') , the time required to compute
r-1
the intersection N M* will be given by X SN yhere ¢ is the
r & v
a€A 1=1 (})

amount of time required to compare two accession numbers. In other words

as a first approximation we may assume that the function 6 :N X Nx N N
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is given by

1
|
[N
’-b
»
\"4
=

e(XJYJZ) = 2
ia () suesal3B)

I
o

and 8(x,y,2) = , if x=1

Next we analyze the amount of time required to check if a relation

A' € A" holds where A',A" c A . Suppose the attributes are assigned
numbers, The attributes belonging to a subset A' of A will be stored
in ascending order., If the rques of lexicographic search are applied,
then the number of compuri\sons of attribute numbers required to test

A' c A" will be min(lA'l,!A"|). Therefore the time required to test

A' c A" will be d min(lA'l,lA"f) where d is the amount of time re-

quired to compare two attribute numbers. In other words the function

©®:N x NN introduced in the last section can be assumed to be

‘P(X,.V) =Xy 0~0-0(19)-
Under these simplifying assumptions for r > 1 the formulas (15) and

(17) reduce to %

T (r)=drv+ ) 2
fo i§=‘1 (D
RPN |0}

’ k\ r-l (X
Tz(r)=d(rb+rkb~(.fr_)+2 S_(L)._n_

@ @ 06

9. Boolean local structuring. Let v >k >t >0 be integers,

: v
Let A beaset of v attributes and B (A) = (A Ay, eeus &), b = (k),
be the set of k -element subsets of A . Clearly the blocks Al 3 A2 5 vee) Ab

define a (v,k,t,b) - configuration. A local structuring £ based on this

|
|
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trivial (v,k,t,b) - configuration will be called a Boolean (v,k,t) - local
structuring. We assume that the local structuring 4 has the equicardi-
nality property and that an inverted filing system with lexicographic
storage and retrieval rule is used for each local file, The retrieval

parameters Tz(r) and TL (r) are given by
o

T (1) = av
LO

(1) = (D) +x (D)

r-l
L =drv+2 S >l

o L
r-1 (K
T,(r) - a(x(D) + me([0) + l e R
. e | )(1)

Clearly TL (1) S‘Tz(l) and the trivial local structuring is better than
|

o
any other local structuring for retrieval of queries of size 1.

H opsi s 1 fe s (k) L }:’:D < -1
e

r-1 (k) r-1
Therefore E; Z—Szxj E; ( ) and for fixed v,k,r,c and

d and sufficiently large n (i.e. the number of items in the file)

p Tt(r) < T (r). In fact as the size of a file grows, the size of the 3
(o] |

accession numbers grow and the constant ¢ will tend to become larger. i

J As an illustration consider the case k =t =v=-1, Then we get the




1

expressions

T (1) = adv
Lo

Tz(l) = d(v + (v-l);'))

r-1

P (r) = adrv+ Lo 4 r>1
50

r-1
() = dver@-D)) e ) S B r>a

i=1 (i)
Tlo(a) = drv + %

\

Tz(2) = d(ev + 2(v-1)2) + ?(X::?L)

3 :
™ ak @l’%"—l)— , then T, (2) > 7,(2) .
o 2

10. Projective locel structuring. Let m be a positive integer

and q be a prime power. Let GF(q) denote the Galois field of order q.
Let PG(m-1,q) be the (m-1)-dimensional projective space over GF(q) .

The number of (1-1) - flats of PG(m-1,q) is given by the function
(@) (@) (P .

> T § 1gigcag
(a-1)(a"-1) ... (a"=1)

and ¢(m,0,q9) =1 . Let 1 Dbe a fixed integer satisfying 1< 1l<m.

#(m,1,q) where ¢(m,1,q) =

Let v = ¢(m,1,9) , k = ¢(1,1,4) , b = ¢(m,2,q) and t be a positive
integer satisfying t <1. Let A be the set of points of PG(m-1,q) .
Corresponding to theb (1-1) flats of PG(m-1,q), we take blocks A.‘ §

Ays eees A‘b . The ith block A, contains the points belonging to the

i
ith (1-1) flat,4 <1< b . Then for 1Sisb,lAil=k. A set of

t - points will determine a (c-1)~flat where c<t . Let A' bea
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set of t - points lying in a c - flat., Then the number of blocks (or
(1-1)-flats) containing A' will be given by ¢(m-c,l-c,q) . Since

m-¢ > 1l-¢ > o, ®(m-c,1-c,q) > o . Therefore the blocks A1, Ays vees Ay
define a (v,k,t,b) - configuration and the corresponding local structuring
is called & projective iocal structuring. For computaticnal purpese; we
realize the flats of PG(m-1,q) as subspaces of an m-dimensional vector
space. Let V Dbe the vectorspace of m-tuples x = (x1 s X5 eees xm)

of elements of GF(q) . Let <:z.°=0,o.1 = 1,055 cc0; be the gq

“q-1
elements of X = GF(q) . An (1-1) flat of PG(m-1,q) will be represented
by an 1l-dimensional subspa\ée of V. In particular a o-flat or a point
of PG(m-1,q) will be represented by a {-dimensional subspace of V .
A 1-dimensional subspace V1 of V will be represented by a nonnull

vector belonging to V1 . Let Ui be a set of vectors of V defined by
Ui = {(0,0,-.,O,1) 61 362} e e) Bm-i) | Bj G K)1 _<_ d Sm-i} .

Let U = U1 U U2 U eeso U Um « It is easily seen that any two vectors of

U are linearly independent, The number of vectors of U is

qm'1 + qm"2 ¥ eve H qo = ¢(m,0,9) . The ¢(m,0,q9) projective points
(or 1-dimensional subspaces of V) are conveniently represented by
vectors belonging to U . In other words in the projective local struc-
turing every attribute will be identified with a vector belonging to U.
The blocks or the (1-1) - dimensional subspaces for 1 > o are more

conveniently represented by matrices. Let B be an (m-1xm) matrix

vith entries from F and rank equal to m-1 . Let o Ye the (mx1)

matrix with all entries equal to o . The set of vectors x which

e

o § X




21

satisfy the matrix equation

defines an 1 - dimensional subspace., Every block and the corresponding
local file will be identified by a matrix B ., Let A' = {5(1), §(2),

v h z(r)} be a set of r attributes, Let Ai be a block given by
the equation Bx =0, To test if A’ C A, ,we need to check if B_)i(j)
is equal to o ornot for j =1, 2, 4005, Thus for projective local

structuring, the amount of {ime required to identify the local files

relevant for a given query will probably be less than the same for Boolean i
\

local structuring.

11, Euclidean local structuring, Let m be a positive integer, q

be a prime power and K = GF(q) be the Galois field of order q . Let

Zm_1 be an (m-1) dimensional projective space over GF(q) . Let L,

be an (m-2) flat, The Euclidean space EG(m~1,q) is the space of

consisting of the 1 flats of Zm_ which are not contained in Zm_z,

1
l=0,1,...,m4 . Let ¢(myl,q) be the function introduced in the

last section, The number of (1-1) - flats of EG(m-1,q) is given by

#(m,1,q) - ¢(m-1,1,q) . Let A be the set of o-flats of EG(m-1,q) .

Let v = ¢(m,1,a) - ¢(m-1,1,0) , k = ¢(1,1,0)- ¢(1-1,1,a) , ® = $(m,1,Q) ~¢(m-1,1,q)
and t Dbe a positive intéger satisfying t < 1 . Corresponding to

the b (1-1) - flats we take b Dblocks A sAy ;s eees Ao The ith block

A, contains the elements of A corresponding to the o-flats contained

i
| in the ith (1-1)-flat, It is easily seen that the blocks A1, A2, sves Ab

satisfy the properties of a (v,k,t,b) - configuration. The corresponding

local structuring is called an Euclidean local structuring., Let V be
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the (m-1) - dimensional vector space of (m-1) - tuples (x1 s Xg s eees X
of elements of GF(q) . For computational purposes, the o-flats of
EG(m-1,q) can be taken to be the vectors of V, Let B and a be
respectively ((m-l) x (m-1 )) and ((m-l) X 1) matrices with elements
from K such that the rank of B is (m-l1) . Then the set of vectors
X = (x1 3 veas xm_1) which satisfy the matrix equation

Bx = 8
will be an (1-1) - flat of EG(m-1,q) . Therefore each local file of
the Euclidean local structuring will be identified by a pair of matrices

(B,2) . \

12, (v,k,t)-designs. Let v >k >t >o0,\ and b bde positive

integers, ILet A be a set of v elements, Let A1 ,A2, cesy A.b be
the blocks of a (v,k,t,b) - configuration, If every t -element subset
of A is contained in exactly A\ blocks, then the (v,k,t,b) - config-
uration is called a (v,k,t,\)-design. (v,k,2,\) - designs are also

called balanced incomplete block designs (bibd) . It is easily seen

"that (v,k,t,\) - designs are optimum (v,k,t,b) - configurations. The

problem of constructing (v,k,t,\) - designs and more generally optimum
(v,k,t,b) - configurations is extremely difficult., If k = t , then the
class of (z) k - element subsets is a (v,k,k,1) - design. Except for
this trivial (v,k,k,1) -design, no (v,k,t,1)-design with t > 5 is
known, For a file F = (I, A, f) occurring in practice, Max [f(i)| will
be greater than 5 . Therefore the known (v,k,t,1).- desiéﬁi will not

be very useful for constructing local structuring. The following table

chen fmdnisans




v k
q +1 q+ 1
qQ a prime
power and
m a positive
integer
v=2orkh 4
(mod 6) \
5 .0 5
e 3
m > 3, an
integer
11 5
12 6
23 7
24 8

23

shows the parameters of the known (v,k,t,1)-designs with k>t >3 .
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There is a large literature on bibd, Since the known (v,k,t,1) -
designs will not be of much practical interest for constructing local
structuring, we do not discuss the details of construction of these
designs. However we like to emphasize the point that the theory of
(v,k,t,1) - designs for large t will be vitally important for constructing
efficient local structuring.

13. An algorithmic epproach for constructing (v,k,t,b) - confiéuration.

Let v>k >t >o0 be integers. Let A be a v-element set and
— 1 '
ﬁ_(A1,A2,..., Ab,] bisuchthat Aic_:A and IAilSk,151§b 3

For A' c A, define

c(A',8) = [{i:lA" nAI>%,1 <1< )

Let C = (A,8) bea (V,kt,b)-configuration vith 8 = (A ,4,, s ]

Let 8 ={A ,A, ..., A;) ,1<1<b. The configuration C is said

to be locally optimum iff for Vi,2<i<b, Ale Pk(A) . c(.l\i,ﬂi_1 )<c(A' ’3;1-1) 5

Clearly a (v,k,t,1)-design is a locally optimum (v,k,t,b) ~ configuration.
After choosing the first i-1 Dblocks, we try to choose the ith Dblock

such that the number of new t element subsets covered by the ith Dblock

is as large as possible.

14, Multistapge local structuring, Let F = (I,A,f) be a file

such that IAl=v,|Il=n and Max |f(i)| =t . Let 4 = (T,56) be a

iex
local structuring of F with T = (I1 3 In5 eees I ) and
1
6 = (A,A,, eeesA ). Iet MaxIlAl = k, and F, = (I,,A,,f.) ,
1’72 Ab1 1<i< i 1 J J J
1€3¢ b1 be the local files, If k, > t , and each IIJI is large, we

can expect to improve the organization of the local files F 3 by applying

’




the principle of local structuring. A 2-stage local structuring L of

the file F is a (b1+1)—tup1e 08 3 iinis ;z,b) where 4 is a local
1

1

structuring of F with local files F1,..., F.b and l’,j is a local
1

structuring of the file FJ. v = 4 e b1 - LJ. = (nJ. . 53.) A b1

Suppose =Rl 10 eaiey L and 6. = (A, A. SR

PP ﬁJ ( 31° 32 ) Jb2) 3 ( 31° 320 s Jbz) >
s d< 'b1 . Let F,jl = (Ijl’ Ajl’ fjl) where fjl is the restriction»
of f.)' to I.jl’ 1 <3 & b1 st €l b2 . Let Sjl and rjl respec-

tively denote storage and retrieval rules for the local files Fjl >
1<3<b ,1<1<b, . For A'cA let

T ={ld>2): 1 232D, 51 S18 0,4, 24

1

We can define a storage rule s and retrieval rule r for the file F
by setting
s(i) = Sjl(l) 5 Af 4e Ijl

A') = r. (A’
and r(A") (jl)gJ.Jl( )

To get an expression for TL(r) » the average retrieval time required for
a query of size r, we assume that IAJ.I =k, and IAjll =k, for 1€3<b

1 1

and 1<1<D The subsets Aj and Aj are respectively called first

2 * 1
stage and second stage blocks, 1 < j < b1 1<1<b,. We also assume

that for each second stage local file FJ. inverted filing system with

1
lexicographic storage and retrieval rules are used., As before let d' and
¢ respectively denote the amount of time required to compare a pair of

attribute numbers and a pair of accession numbers, Let vp(A') denote




Y I IR

26

the number of pth stage blocks containing A',p =1,2 . We assume

that

n
| =

¥, and 1T (A") = e . ,
31 5,5, il ®, b'ziﬂlz |
r %

To retrieve for a query A' of size r the computer will take d'b1r

units of time to check the relations, A'c Aj L2 32 ‘b1 . For each

of the first stage block Aj containing A', the computer will take
d'b2r units of time to deteruine the second stage blocks which contain

A' . Finally for each second stage block A,. , the comparison of acces=-

41’ :
r-1 '
sion numbers will require S_nb_' = T units of time, Therefore for
172 1i= 2
i
r > 1 we get the expression 5t
' e 1 ' emn e
T(A') = a'(md, + v (A1)rby) + (vy(A') §p- 2 1 R
152 - 2
i=1\.
i
Let d 21 be a positive integer. A d-stage 1local structuring L for
d-1
the file F isa (V.+% b ,b....b )-tuple (zz <p<d-q, 1< <b>
( p.=1 1,2 p) p ) 31‘12”.3[):1_?_ 1)1_Jp_ p

where b1 3055 eee, bd-1’bd are positive integers, &4 = (7,8) is a local
structuring of F ’ M= (I1, Ia, cee) Ib1) ’ 6 = (A1, A2, cen) Ab’) 3

y 8 S (1. iUl ) B | 4
J1...Jp 31...3p, 31...JP 31...Jp

=(I ):

. . ,l.,I-
LA g oo b
Jqeeedp! Iy Jp o+

6 s : .
Ab PR ) , Lj coey]

b
1 p Pt 1 P
(IJ FR | A ) f ) )
J1000Jp J1ooojp j1ntcjp

<b_ . The
== D

= (A PR is a local structuring
oo oo 1
3gseedy = g 0neds

of the pth stage local file T, =
J1000Jp

is a local file of "j 3 31 <pLad-1,1<J
p 1 LN ] p-1

subsets AJ 3 3 are called the pth stage blocks., In our defi=-
1°°°%p=1’ p

F :
51.'00 p

nition, we require that the number of pth stage blocks for each local




T eT——— ! e ————— ——— *:L—M

27

structuring zj 4 is a constant number, This assumption is, of
1 LU Y p-1

course not necessary. For the sake of simplicity we assume that the

cardinality of each pth stage block is kp »1<p<d. Suppose

inverted filing systems with lexicographic storage and retrieval rules

are used for the dth stage local file, Further we assume that

T L (A")l=
b1b2"bd J1...Jd b

1...Jd XN\ , <for

1"bd a
R'e Pr(A) . Let vp(A') denote the number of pth stage blocks which

contain A' . Arguing as in the case of 2-stage local structuring,

we get s \
d-1 r-1

T, (a") =a'(rb1 + 2 v e )+ vg(A') =SB ...o ——> s l22) «
p=1

15. Multistage boolean local structurins., Suppose the first stage

local structuring 4 is a (v,k, =v-1,t) Boolean local structuring and

1
each second stage local structuring is a (v-1 ,k2=v-2,t) - Boolean local
structuring. Suppose in general each pth stage local structuring is

“a (v-p+l, kp:v-p ;%)= Boolean local structuring with p =1,2,,.(v-t).
Then we have k1 = V=i, k2
v-r, v2(A') (v-r) (v-1-r),... v (A ) = (v-r) (v-1-r)...

=v-2,and k ., =1 . Also for A'GP(A),

"

rst) \’1(A')

(V+1-p-r) s P 1 3 2 3 eee (V-t)

and b1=v,b2=v-1,...bv_t=t+1.
The expression (22) simplifies to
Vat-1
TL(r)=d'r(v+ 2 (ver) (v-1=1r)ise(v+i-p=-r) (v-p))
p=1
% r_1 000;.(23).
en(v-r) (va1-r)...(t+1-r) ¢ _1_

vViv=1)e o v oo (B41) Fr i)
1
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Comparing (20) and (23), we get
r-1

- (v-r) (v-1=-r)...(t+1-71) 1
TL(r) - Tl’o(r) = a(d,r,v,t) + én i; ((‘\:-;) (‘\;-1 _;).”(1”1 _Ii‘) - 1)(‘1,)

where a(d,r,v,t) is a function of d,r,vandt ., If 1 <ig<r-1,
(v-r) (v-1-r)...(t+1-7)
—(V-'i) (V‘1‘i—)noo(t+1-i)

and sufficiently large n, TL(r) will be smaller than Tz (r) . Multi-
(o)
stage projective and Euclidean local structurings can be developed in a

< {1 . Therefore, for fixed c,d,r,v,t, r > 1

manner similar to that of multistage Boolean Local structuring.

—



