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1. INTRODUCTION

N-
In the first three reports of this series ,1 3  a method was

established for predicting the crystal field parameters , ~~~~ of triply
ionized lanthanides in crystals. These Br-s for even—k define the

~~~~~~~~~~~~~~crystal field that determines the observed Stark splittings.~~
’ A

rationale was given for factoring the Bkm of the lanthanide ions in a
given host accord ing to

B
k 

= ~~k> (i - ~k)Akm 
( 1)

where the A~~ are coefficients in the spherical tensor decomposition of

the electrostatic field at the impurity ion site and are specifically
impurity ion independent. Thus, it was argued , one can oalculate the

A.~~ by performing a lattice summation over the constituent ions of a

given host material and determine the B
k 

for any lanthanide according

to equation (1). If variations from host to host in the radial

in tegra1s~ K~k> and shielding factors
5 
°k 

can be assumed small , then ,

presumably , B~~ can be derived for any impurity ion-host system

once <rk> and °k 
are known for the lanthanides in some convenient host.

Phenomenological B
k 

for even-k determined by the effective

spin-orbit Harniltonian (ESOH ) procedure6 for six lanthanides in

‘N. Karayianis and C. A. Morrison, Rare Earth Ion-Host Lattice
Interactions, 1. Point Charge Lattice Sum in Scheelites , Harry Diamond
Laboratories TR-1648 (October 1973) .

2 N. Karayianis and C. A. Morrison, Rare Earth Ion-Host Crystal
Interactions , 2. Local Distortion and Other Effects in Reconciling
Lattice Sums and Phenomenological B~~ , Harr y Diamond Laboratories
TR—1 682 (January 1975) .

3R. P. Leavitt, C. A. Morrison, and D. E. Wortman, Rare Earth
Ion-Host Crystal Interactions , 3. Three—Parameter Theory of Crystal
Fie lds , Harry Diamond Laboratories TR-l673 (June 1975) .

LIA  J .  Freeman and R.  E .  Wa tson , Phys . Rev . ,  127 (15 September 1962) ,
2058.

5p~ Erdös and J. H. Karig, Phys . Rev. B, 6 (1 November 1972) , 3393 .
6N. Karayianis , J. Chem . Phys., 53 (15 September 1970) , 2460.

5
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CaWO1, were use& to test this premise. It was concluded that the

simplest, nontrivial forms for the <
‘
r
k
> and A.K 

in equa tion (1) are

/k\
> - k / k ”
. = T  ~ r / j~p ( 2 )

ari d

= A~~~(qn ) , (3)

so that derived (as opposed to phenornenological) B~~~(r ;~~n) for even-k

are functions of the three parameters , i, q, and n .  The ~r parameter in

this theory corrects for inadequacies in I-Iartree-Fock radial wave

functions , and the values of T which were found to be about 0.75 are

consistent with the T necessary to adjust Pr 3+ Hartree—Fock values for

Slater integrals to empirical values.2 The q parameter is the effective

charge on the anion in the covalent radical of the scheelite-type

crystals considered (for  example , the effective oxygen charge in the

WO~~ radical in CaWO~ ), and r~ is the ratio of the effective distance of

that charge from the cation to the anion-cation nuclear distance as

determined by x-ray or neutron diffraction. This so-called

three-parameter theory of crystal fields was implem ented3 to determine

how well one can fit derived to phenomnenological Bkm for the six

lanthanides Nd , Tb , Dy, Ho , Er , and Tm in CaWO4. It is important to

establish how well the electrostatic field of the host material can be

represented by the A~~~(qn) . because , if the A
k 

for even-k are adequate

to predict the B
k , then the A~~ for odd-k--important in intensity

calculations—-also may be presumed adequate . It is presently

impractical to obtain the latter by any other method .

2pj~ Karayiarmis and C. A. Morrison , Rare Earth Ion-Host Crystal
Interactions, 2. Local Distortion and Other Effects in Reconciling
Lattice Sums and Phenomenological B~~ , Harry Diamond Laboratories
TR—1682 (January 1975) .

3m P. Leavitt, C. A. Morrison, and D. E. Wortman , Rare Earth
Ion-Host Crystal Interactions , 3. Three-Parameter Theory of Crystal
Fiel ds, Harry Diamond Laboratories TR-1673 (June 1975).

6
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Point charge lattice sums A~~~(qn) were performed ,3 and T , q,

and 11 were varied to f it derived to phenomenological B~~ independen tly

for the six ions in CaWO~ . It was then shown , by f ix ing the ef fec tive
oxygen charge to q = -1.09 and its fractional distance from tungsten

to fl = 0.977, that a best T for each of the six lanthanides could be
determined that gives substantially the same f i t  to phenomenological B

k
as previously obtained when t , q, and fl were varied independently. The

fact that f its to the B~~ of each ion could be made with the same

(—1.09 , 0.977) represents a qualified success for the theory , but the

rms deviations remaining between derived and phenomenological Bkm are

still too large, ranging from 13 (for Er) to 135 cmn 1 (for Tb), to give

one confidence in the predicting capabilities of the theory .

~~~~~ ~~~~~~~~ ~~

In this report, the latest values for quantities necessary to derive
the B~~-i, are used in an attempt to isolate the source of these large
discrepancies. A new analysis using free—ion wave functions is

performed on the spectra of Nd and Er in CaWO~’ to determine more
~~aUfl

accurate ~E~’factors for these ions. 
~
..A linear interpolation to all the

lanthanides of these T, along with sjnoothed values for Freeman and

Watson’s~ <r~~
)
~~ and linearly interpolated values for the °k 

of Erd ’ós

and Karig ,5 are used to determine 
~k ’ where

= I - r  . .~~ ,(i — Ok) ‘

so that

B~~~( T ; qfl)  P~~( T ) A ~~~(qfl) . (5)

P. Leavitt, C. A. Morrison, and D. E. Wortman, Rare Earth
Ion-Host Crystal Interactions, 3. Three-Parameter Theory of Crystal
Fie lds , Harry Diamond Laboratories TR-1673 (June 1975) .

~A.  J .  Freeman and R.  E .  Watson, Phys . Rev.,  127 (15 September 1962) ,
2058.

5 p~ Er das and J .  H .  Kang,  Ph y s .  Rev. B, 6 (1 November 1972) , 3393 .

7
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Values are derived also for quanti ties necessary for calculating

transi tion probabili ties such as - r~ - 

4fn~ 
for p = 1, 3 , 5 , and 7

and .‘~ . = E - E for n~ = 5d and 5g.
n~ n~. 4f

The results given in this report set the stage for calculating

spectra and electric dipole transition probabilities effectively from

first principles for all the lanthanides. These calculations will be

performed for many of the current experimental host materials to

establish an initial competency in predicting potential laser properties

of new materials. Results of this project will be the topic of

subsequent reports in this series. While it may be overly optimistic to

expect that one can accurately predict spectra once the cry stal

coordinates of the host material are known , it is hoped that some

guidance can be given as to which materials show greatest promise as
laser materials.

2. DERIVING CRYSTAL FIELD PARAMETERS

The f i rst step in deriving the for the lanthanides according to

equation (4) requires a determination of K’r
k 

~HF and 0
k~ 

We have

obtained fifth—degree polynomial expressions in N that fit the values

of <rk)~~, calculated by Freeman and Watson~ for Ce, Pr , Nd , Sm , Dy, Er ,

and Yb to better than 0.24 percent accuracy . Letting

5
(k In
~~ HF Z-.S r~~ N , (6)

m=O

where N is the number of f electrons for a given triply ionized

lanthanide , one gets values for the r
k 

given in table I. These

~A .  J .  Freeman and R.  E .  Watson , Phys . Rev. ,  127 (15 September 1962) ,
2058.

8
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TABLE I . VALUES FOR I N  U N I  IS OF formulas give values for Gd (N = 7)

W H E R E K ~>HF = 
~~

r
k N of .r k f

HF 
= 0.223, 0.124, and

0.148 in units of A
k for k = 2 , 4,

and 6, respectively, whereas
2nt 21m 6- ’~

0 3 . 7 9 9 5 5 ) - I )  3 . 4 5 4~~(l)  6.56496)-I) 
Freeman and Watson obtain 0.220 ,

I -5.I 39 5I( -2) -9 .04155 (-2) -2.36090)-n 0.119 , and 0.138 by their Hartree—
2 B.32091(-3 ) I.78303 (-2) 5.I2945(-2 ) 

Fock method.* The differences be—
3 -8.92996(-4) -2.05603 (-3) -6 . 1529 1 (-3

4 5.02302 (-5) 1 .2 0 58 4) - L I) 3 .690 9 ( - 4 )  tween corresponding values m di—

5 1 . 1 2 8 7 9 ( 6) - 2 . 7 8 7 5 3 ( 6) - 8 .64 99 0 ( - 6 )  cate the degree of accuracy that
. .) rL Vii”bers in p a r e n t h e s e s  are po wers of  1 0 .  one may expect in extending the

polynomial fits to the lanthanides

for which radial integrals were not obtained by Freeman and Watson. For

completeness , table II gives the ‘r
~~ HF for all the triply ionized

lanthanides calculated from equation (6) by using the rk 
values in

table I.

TABLE I I .  VALUES FOR t , ~~k>HF 
(A k )  AND o I N  = ~~

k 
~~>HF 

(1 - Ok
) WHERE

DERIVED CRYSTAL FIELD PARAMETERS ARE GIVEN BY B = o A FOR GROUND
km k km

f C O N F I G U R A T I O N S  OF T R I P L Y  I O N I Z E D  LANT HA N I  DES

Ion ‘ ( - - > ,~ <- - ‘> ,~ <‘ >~~~ - . 
- 

-

I 0.7693 0.3360 0.2709 0 4659 0.6757 0.0254 0 . 0 ~ 22 0 I0 ’~ 0 75 3 6  I

‘r 2 0.7597 3 334! 0.2 2 1 3 0.3.99 0.6667 0.0272 — 0 .0 — 2 - 0 ‘36 0 6 - 6 —

3 0.7500 0.2803 
- 

0.186 2 0.27 15 0.6578 0.0290 -0.0420 0. 17 06 0.5776 .5897

4 0 . 7 4 0 3  0 . 2 6 2 !  0.  653 0.2247 0.6488 2 0 3 1 5  -0. 0-. 0. 16 79 0.5333 - ~ 2 9

$~n 5 0.7306 0.2472 0.1488 0.19 29 0.6398 0.0327 -0 041 7 0. 1 668 5 30..” I ~7 l 3

E~ 6 0.7210 0.2347 0.1353 0.1686 0.6309 0.0345 ‘0.3415 3.1666 3 ..836 I 2 5 0 3

00 7 - 0. 7 11 3 - 0.2232 0 .1237 0. 147 7 0.6220 0.0363 -0 341 .. 0. 669 7.4656 I I3’ 3

4 0.7016 0.2129 0 .11 3 1 0, 1 287 0 .6133 0.0381 -0 7~~13 0, 160 3 0 ~‘~7 I 13 3 2

0~ 9 0.6919 7. 2333 0. 1737 0.11 1 ”  0.6041 0.0399 - 0 0 4 1 1  0 64 3 — 3 — 1  - 0 6 4

10 0.6823 0.1945 0.0954 0.0981 0,5951 0.0418 -0 7- ..13 0. 16 92  0.42 7 1 .0 1 1 9

1 !  0.6726 0.186 5 - 0.0883 0.081” 0.5861 0.0436 — 0 0 7:6 0 42 4 9826

1 2 0.6629 0, 1790 3.0820 0.0787 0.5772 0.3”5” ~0 . 0 ~ 3 0 0 1722 0 4053 0 9 6 9

~ 13 0.653 2 0.1 717 - 0 0753 0 .068 !  0.5683 0.0472 , - 0 . 3 4 3 6  0. !73’ 0.3936 0.91 27

Values for the were obtained by linear interpolation by using the

Erdös and Kang5 values for Pr and Tm. One gets

*Mul tipiy the values of Freeman and Watson , which are in atomic
units , by (0•52 9172)k to obtain Ak uni ts , where the angstrom uni t
A = 1o 8 cm.

5p~ Erd~s and J. H. Kang, Phys. Rev. B, 6 (1 NoveTnber 1972) , 3393 .

9
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02 0.6846 — O .00 895N , (7a )

0 24 = 0.02 356 + O.O Ol82N , (7b )

06 = — 0 . 0 4 2 3 8  + 0 .000l4N , (7c)

which generate  the values given in table II .

Values for the -r given in table II are calculated by the formula

I = 0. 75(1 .0387 — 0 .0 l29N )  , (8)

which was obtained by a l inear interpolation of values obtained for

Nd~~ and Er + in CaWO o. as follows : Free—ion basis wave functions7 for —

the lowest 14 and 10 mult iplets, respectively, for Nd and Er were

obtained by using the “ free-ion” parameters of Carnall , Fields , and

Rajrsak . ~ Crystal f ie ld  subspaces for  S 4  symmetry were then set up and

diagonalized for the crystal field Hamiltonian

H = Z B ± ~ .C ( ç )
x km kxn i )cn 1

where the C~~ are unnormalized spherical harmonics. By varying the B~~
and the multiplet centroids , f i t s  of 4.56 and 3.80 cm 1 russ were

obtained ,8 respectively, to 51 (out of 64) and 38 (out of 58)

experimentally identified Stark levels of Nd and Er. These parameters

are given in table III , columns 2 and 4. If the phenomenological B
k

are factorable according to equations (4)  and (5)  where the A~~ are

impurity ion independent , then bk~~ 
defined by

= B~~ [7
/
r
k 

HF 
- Ok)] 

- 

‘

7w. 2’. Carnall , P. R. Fields , and K. Rajnak , J. Chem. Phys., 49
(1968) , 4424 .

8D. S. Wortman, C. A. Morrison and N. Karayianis , Rare Earth Ion-Host
Lattice Interactions, 5. Lanthanides in CaWO 24, Ha rry Diamond
La boratories TR—l794 (June 1977).

10 
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/

by using the r 
~HF 

and ‘
k 

values from table II , and evaluated for two

different ions, will be related according to

[bk
(Er)/b~~~(Nd)]

l/k 
= Nd’Er 

(10)

independently of k and us. The b~~ and 
“~d~~

’
~’ values given in

table III demonstrate the approximate constancy in the latter values

with the possible exception of the value calculated from b,-0. C iv ing

double weight to the 4,4 and 6,4 components, we obtain approx imately

‘Er Nd’~~~
115 (11)

from the average of the values in table III, column 6.

TABLE I I I .  PHEN OMENOLOGICAL B FOR Nd 3’
~ AND E r ~ IN Ca WO ~ A ND CALCULATED

b
k 

= Bk [~~
k>

HF

E r

B -- - 

[ ‘ E r )  (nd ] 
I .~ 

- 
-

- ~“ 4 ’ 3~ - 1 . 1 5 .  3. 97 - 1

2. 503 5244 -.34 5610 .0343 393 - 0

43 -878 .4806 -655 -7756 I 2 7 !  -1 062

-.4 042 5703 809 9060 I I I l l S  77

60 - I 74 - 13 .5 7 -2.56 -28 . 14 1.12 93 5 59

46-. ‘75 3199 546 431 1. 1106 ‘ 3 1. 171

6-. 238 84! 156 171 5 1 .1 261 4’ ‘ “7

---~~~~~~~~~ 
~~~ _ 

( 
__ - 

i ’ ~~_ ‘ . 1 .  ,~~.i ..!~~~~. I i - .3 I 7 1  -1 ,_ n

To obtain values for each T , we perf ormed a lattice sum over the

CaWO24 ion setting , in units of proton char ge , = +2 and = -2 - 4q

and varied the oxygen charge, q, its e f f e ctive f ractional distance f rom

11 - - 

~~~~~~~~~~~~~~~~~~~ 
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tungsten , r~, and ‘Nd 
to obtain a best f i t  to the phenomenological Bkm of

Nd. The resulting values for I, q, and fl , which are

‘Nd = 0.75 , (l2a)

q = —1.150 , (12b)

n = 0.962 , (12c)

gave a f i t  of 141 cm _ i russ between derived ( table III , column 7) and

phenomenological (table III , column 2) B
k 

for Nd 3
~ in CaWO... This

“ f i t ” is worse than that obtained to the phenomenological Bk 
resul t ing

from the inherently less—accurate ESOH method. 3 Assuming a linear

variation for , over the lanthanides , equations (l2a) and (11) give

equation (8) and the calculated values for r in table II, column 3.

According to equation (4), one may then cal cula te the values for ‘~ k
given in the last three columns of table II.

The main ingred ients for deriving B~~ for any lanthanide-host

combination have thus been obtained , provided that one assumes that

the r , ‘
~
r
~~HF~ 

anc~ ~
‘k are approximately host independent. The final

task in der iving B~~ in a given host, under these assumptions , is to

develop an adequate model of the par ticular host material for
calculating the A~~--the q,n model assumed in the three-parameter theory

is but an initial effort in this direction . The large discrepancy of

141 cm~~ russ between derived and phenomenological B
k 

for Nd 3+ in

CaWO 24 suggests that further theoretical work is required to determine

the ultimate validity of this theoretical approach .

3R. P. Leavitt, C. A. Morrison, and D. E. Wortman, Rare Earth
Ion-Host Crystal Interactions , 3. Three-Parameter Theory of Crystal
Fiel ds , Harry Diamond Laboratories TR-l673 (June 1975).

12
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3. CALCULATING ELECTRIC DIPOLE INTENSITIE S

To calculate electric dipole intensities, 9 one must know A.~~ values

for  odd-k , rk expectation values between the ground 4f and excited

nZ configurati3ns , where + 3 = odd , and energy differences between the

configurations l4
~~~~ 

= ~~~~~ 
- E

4~~
. Specifically , the matrix element M (ij)

that determines the electric dipole intensity of polarization u between

the states i and j in the ground f N configuration is given by

M ( i j)  =

~~~~~~~~~~~~~~~~~~~~~~~~~~~~ 
- 2.(O)k(O)13(O)/ (13)

(w ( 3 k 3 l ;~~J ) K k ( m ) l ( i ) f J ( m + i ~)~’

where

is a unit spherical censor for N equivalent electrdns, 1°

~x) E  2x + 1,

is a Clebsch—Gordan coeff ic ient, 11

and W ( a b c d ; e f )  is a Racah coefficient. 11

The oscillator strength P1~ of the transition is given by 9 ’~~
2

= X [4~
m
e
vi j /~~

M
~~

ii , (14)

9B. R. Judd , Phys . Rev., 127 (1 Augus t 1962 ), 750 . Note that our
are Judd’ s Akm~‘0 C. P1. Nielson and G. F. Koster, Spectroscopic Coefficients for the
p

fl
, d’~ and f’~ Configurations, The M~T Press , Cambridge, MA (1963) .
11 M . Rotenberg, R. Bivins, N. Metropolis , and J. K. Wooten , The 3-j

and 6-j Symbols, The Technology Press, Cambrid ge, M4 (1959). See their
p. 1, eq (1.1) to relate Clebsch-Gordan coefficients to 3-j  symbols and
p. 13, eq. (2.1) to relate Racah coefficients to 6-j symbols.

12M. J. Weber , T. E. Varitimos and B. H. Matsinger , Phys . Rev . B, 8 (~
July .1973) , 47.

13
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where , in terms of the refractive index n , x = n (n2 + 2)2/9, m is the

electron mass , V . .  is the frequency of the radia tion , and i’i is Planck ’s

constan t divided by 2o~.

As is customary, we assume that mixing between the 4f and the

excited 5d and 5g configurations is primarily responsible for electric

dipole transitions. To obtain approximate values for the radial

integral between these conf i gura tions , we assume orthogonalized

hydrogen-like radial wave functions. The wave functions are defined by

comparing expectation values with experimental and theoretical data from

the l i terature wherever possible.

• We choose 4f , 5d , and 5g no rmalized wave functions as follows :

W
4f

r24eXP (—Yr) (l5a)

~5d = w
Sd
(r + Ar 24 

+ Br 3)exp(—xr) , (15b )

14)
5g 

= W5g (r
5 

+ Cr 24 ) exp (— xr)  (15c)

where

far  ~ j J.’ . = 6 . .  . ( 16)

From equation (16) , the normalizations and the coe f f i c i ents A , B, and C

are defined in terms of y and x (see app A ) .

• To determine y as a func tion of N , the number of electrons in the

ground f
N configuration of a triply ionized lanthan ide , ratios

of 6 r~~~4f 4f / r 
~~ 

= 39/y 2 were adjusted to f i t  similar ratios

calculated by Freema n and Watson using their Hartree-Fock wave

funct ions. 24 The quadratic relationship

y ( N )  = 5.53358 + 0.228834N — 0 .00482594N 2 ~~~ ( 17 )

J .  Freeman and R.  E .  Watson, Phys . Rev., 127 (15 September 1962) ,
2058.

14
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gives fits of 1.03 percent or better to the eight calculated ratios of

Freeman and Watson , as shown in table IV .

TABLE IV . RA TIO OF FREEMAN AND WATSON HA RI REE -FOCK EXPECTAT I ON
VALUES FOR SEVERA L TRIPLY IONIZED LANTHANID E GROUND
~N CONFIGURATION S

N 

7 r >4f~~~f / r 

~~N 3 5[ ,  ‘ .

I A -  I I A A )

I 3 . 2 0 ( 3 6  5 .698 50  5 . ) 5 I 5 ’ ~ I

2 3 . 0 8 6 2 8  9 1 1. 163 5 J~7 I 94  I .093 5 4

3 1 . 0 0 5 1 0  6 . 2 2 9 5 5  6 . 1 ) 1  6- ’ I

5 0 .9 0 34 6  6 . 5 7 0 0 4  t. . 5 5 7 ( 0  0 . 9 0 7 3 7

7 0.81256 6.92778 6 . 9 9 9 9 5  0 0 1 9 5 1

9 0 .7 64 9 2  7 ( 4 3 5 2  7 .2 0 7 ! ’~ 0 . 7 5 1 9 6

0 .7 0 6 6 6  7 . 4 2 8 7 3  7 . A6btI 2

3 0.65)60 7 . 7 3 6 4 5  7 6 5 : 9 ,

s - I S ’ - :~~~ .- h -~~irc , - ; . v : . . - . ,a : ’. : 1.n. t ; .r . -ln , A L , . . ” ’ I

I .~ !rl t : ’ : - ; r  0 ; ?  I 0 I . ~ 3 358 • . ‘.‘S. 3 ~~~. ‘ I .  , -.,r, .’ , - rn  . —

u rn - i ::: 1 Jt  OS .j .S;- IUP1HJ I p 1 4 3  - — - I ’- t l

To determine x , calculated ratios of r 4f , 5d ” r 4f ,5d were fit to

similar ratios calculated from Grossgut’s13 wave functions for Ce
1
,

Pr3+ , and Nd 3+. A linear variation of x according to

x(N) = 2.48605 + 0.044175N (18)

gives a f i t to Grossgut’s ratios of 2.00 percent or better as shown in

table V.

The complete set of calculated y, x, and expectation values for all

the triply ionized lanthanides is given in table VI where columns b , c,

d, and e are normalized to column a for each N.

13p~ Grossgut , Analytical Wave Functions and Oscillator Strengths for
Ce3

~~, Pr3+ , Nd 3
~ and Cu2

~~, Ph.D Dissertation, Texas Christian Uni versi t y
• - (1971) (Universi ty M icrofilms, Ann Arbor MI , No. 72-7621).

‘ I 15
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TABLE V. RATIO OF GROSSGUT’S HARTREE -FOCK EXPECTATION VALUES FOR
Ce , Pr , AND Nd GROUND f N CO N FIGURATIONS

N 

- - 

4 f ,5 d 4 ~~ 5d ~~~5l r ) / K r ’? , -~~

(~~~ ) (A 1
) IA ’ )  li’ ) 

-

I 2 .20785 2 .5 5 5 9 7  2.53023 2.23898

2 2 . 1 9 1 4 5  2 . 5 2 2 9 1  2 . 5 7 4 4 0  2 . 135 41

3 2 . 0 ( 4 2 2  2 .6 44 32  2 . 6 ( 8 5 8  2 . 03955

“37 fec?, un- ’ h 3jdroqn~nic wa r e - ’O u nc t i o n  expofle-flt ~~~ - 
- 52

a s su m zn q .4)1 - exp (-~~(N)r) with 9:X) from table- 1/ , linear best t :t x I %
2. 4Nei3 , ).,‘44175 ,V , and ratio or expectation value-s calculated w:t.5 X l P

• for comparison wi th GrosSgUt ’ S values .

TABLE V I  . BEST-F IT  EXPONENTIAL FACY)RS IN exp [ -y ( N) r )  AND 
~5d

- - 
.1 1 4 II

7 - l~~ I 1’ -~~ , - - 4

I 11 75! 2 ,3323 0. 114 91 2 . 2 3 5 5 3  0 202 62 , 0. 3 5 ’

7 9.~~
’
~3563-2 2. l3, - .I 3. 1595 7/ 3 .471 7 7’ 2.,)

3 6.1 ‘56 , 2 .6l9~ 9 8.032556-2 2 .71 1 ,5, 0. 1 7 7 3 3 1  .56n1? I 

6 . 3 7 ) 7  2 . 1.6275 6.93901E 2 I 951 2 0 36.. ,5 0 . 5 3 n € I 5  I

5 1 .557 1 2. 7 9 6 1. 3 6.063616 ,7 :1’”: 3.161:. ’ 0...,55’ 6’..-.’

- 6. 3153 2 .7 511 5.353266-7 1 . 7 9 9 3 6  0.  ,~~~~‘ ,5S  0 . 4 9 1 03 7  I

7 6 :’!’.’ . 2.79528 4.7865,3-2 I - :6 5 ’  5. 151 2 32 0. 11 3 ’ ’  -

- 1 . 05539 2.83345 4.3 23186-2 I .6~ 396 0 . 1 0 7 / 9 4 5.  3 ’ 9 ’’ - 3 
‘ 1 5  2 , 88363 3 . 7 3 5 1 5 3 . 2  I 5~ E , 3 I  0 1 1 . 5 2 3 6  0.3 1 2 16 -

5 -
- 3 1 3 3 3  2 - 9 1 - 6  3 627 3 16-I 1.55314 0 I i.. -’3 3 , 3 5 ( 3 3

II 7, 41,1,37 2. 97 197 3 .37077 6-2 I - -~~‘31. 3 1 4 , 3 3  ‘ 3 3 ’ ’ i- 3 ‘7 , 5 - .

2 , 3.1 .4~ 3. 0 1 1 1 5  3 . 1 63513-2 1 - . 5 3 4 - .  Q , ’ - . I’-. 3 3 . 3 . ’n.l -

3 7 10253 3.06 3. 0.029886 I 41535 0 . 1 4 5 3 2 /  7 , 3 1 3 5 /8  7 . 51, 5 -.

— — n - l O I n  :r,s 1 ; ’~~- 03 and ‘ IS.! :3  - I - u. ‘ .‘ - :  - 
‘ -4  ‘7 .e. ’ ’ ’ r , I  191-31~~~0 1 ”

I 1 ) 5  >

‘ -  
~~~:‘ , .- I 

I)

- 
1 , , ‘ > 2 . . /~ 

-S I.’I 7 ,~~1 ,

— ‘ 1) 
, 

- >
1 . ,/ 

‘ 1  .~~~;

1. 53>,,,, ,
’ •  ) . / 1 . 1 1 : 51

<‘ > ,.  - I 
< > ‘ r  .111 . .

The final factors required for electric dipole intensity

calculations are the energy differences = E
n~ 

- E4f for n = 5d and

16
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5g.1’ 16 Table VII is self-explanatory as to the origin of the values we

have chosen . With these ~ and the r r
k
/ of table VI , we obtain the

f inal normalized fac tors ~~f Kr 
/r
k /~~ , given in table VIII . These

values should be multiplied by the corresponding factor in table VI,

column a , for each N if intensity comparisons between ions are to be

made.

TA BLE V I I .  ENERGIES IN IO~ cm 1 FOR ~f , 5d , AND 5 g ,  D IFF E RENCES

-5d E 5d - E~ f (At-I D S IMI LARLY FOR Sg ) ,  AND RAT IOS
FOR THE TR IPL Y - ION I ZED LANTHANIDES

- 

Ion  - ~~~~~~ ~~~~~~~~ (~~E
5

’l ’ 5 . 57
) 1 

(‘
~
5q

)
’ ‘

~~~~ /~~~~~

• Ce 2 96 .5  246 .8  74 .0 49 . 7  2 2 2 . 5  4 , 4. 8
-

‘ 
Pr 3 1 4 . 4 2 5 3 . 2  7 6 0  6 1 . 2  - 238.4 3,97j

Nd 32 5 . 2  2 5 4 . 8  7 6 . 4  70 .4  2 4 8 . 8  3 . 5 3

p’— 3 2 8 . 2  2 5 6 . 6  77 .0  7 1 . 6  2 5 1 . 2  3 . 5 1
Sm 330.8  2 5 8 . 3  7 7.5  72 .5  2 5 3 . 3  3 . 49

Eu 3 4 1 . 0  2 6 0 . 0  7817 8 1 .0  2 6 3 . 3  3 . 2 5
Gd 3 5 3 .8  2 6 1 . 5 78. 4 9 2 . 3  2 7 5 . 4  2 ,98

Tb 3 18 .6  2 6 3 . 5  79 U 55 . 1 2 39 .6  4 .35
Dy 3 3 1 . 9  265 .3  79.6  66 .6  2 5 2 . 3  3 .79
b 341 .6 26 7 0  80. 1  74.6 2 6 1 . 5  3 . 5 1
Er 3 4 2 . 6  268 .7  80.6 73 .9  262 .0  3 . 5 5
1-: 3 4 3 . 2  2 7 0 . 5  8 1 . 2  7 2 . 7  2 6 2 . 0  3 .60

Yb 3 5 2 . )  2 7 2 . 2  8 1 . 7  79.9  2 7 0 . 4  3 . 3 8

‘Measured values. See footnote a below.
aK. L. Vander Sluis and L. 2. Nugen t, J. Chem . Phys. , 53)  J 17 4 ) ,

1928 , table II.
bCalcula ted by subtracting c-ol . d from col . a so tha t -E~~

— . 5,3.
3Jalculated by ~E 5q = 0.3 (-E 5d ), which gives E59 (N d)

-76,400 cm --a value s milar to tha t obtained from the Lu III spec-
trum from V. Kaufman and J. Sugar, 2. Opt. Soc . Am., 61 (1971), 1693,
as follows: Fr om ~ 6s (K6s — 55g ) — 9R/t n~ q ) -169 349 and

E65 - 5 5g —129.107 in units of 10 1 cm 1 , then n’~ 4.~~’2!. Thus,

• T5g = l6R/(n 5
’
g)~ 71.000 cm53 -E~~ for all the lanthuni-’les .

dK. L. Vander Slu,zs and L. J. Nugbnt, 2. Chem . P?~gs., 60 (19741 ,

192 7, table I.
ecalcula ted by subtracting col . c from col. a so tha t .

~~~~

1
~ K. L. Vander Sluis and L. J. Nugent, J. Chem. Phys., 60 (1 March

1974), 1927 ; J. Opt . Soc . Am., 64 (May 1974) , 687.
15 V. Kaufman and J. Sugar , J. Opt. Soc. Am., 61 (1971), 1693.
16 J. Sugar and J. Reader , J. Chem. Phys., 59 (15 August 1973) , 2083.

17
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TABLE V I I I . NORMALIZED <r .\r
I
~>/.7:5 

VALUES FOR TRIPLY- IONIZED LAN THAN I DES

N Ion a ” 3, C d e

I C~’ 2.01207 4.50499 0.09 1 0822 0.344768 I .475690

2 Pr 1.63399 3 48924. 0.0/90669 0,281454 1. 1 329 10

3 Nd 1, 42045 2.89709 0.0712982 0.239639 0,910776

Pm I,39665 2 .72514 0.067056) 0.2)3606 0.769400

5 S” ( .37931 2.57925 0.0636956 0.192967 0,66)045

6 Eu 1.23 457 2.2 (647 0.0591970 0 .1 7 111 8 0.559324

7 Gd 1 ,08342 (.8709 ) 0,0549235 0.1519 52 0.475365

S Ts 1 ,8 11 .88 3 , 0 ( 9 9 0  0 .06 16 96 5 0. 1638 39 0 .4 9 19 7 8

‘~ Dy I .50I50 2, 4 (1/3 0.05/5626 0 .1471 27 0.425224

to ~~ I .34048 2.08(96 0.0548590 0.135308 0.377375

I l I .35318 2.03565 0.0543490 0.129668 0.349847

1 2  1”, 1 .31552 2.00748 0,054168 1 0.12 5 3 2 5  0 .3 2 7 8 7 6

(3 Yb 1 .25156 I.7748? 0.0525539 0 .118 (70 0.300456

.‘.-,tr ~:53z - ’) inj using . ‘
~~~ 

(4 1 , .
~~‘ from SaLle VII and r r I Ic.,,’

cable VI.
4 ‘ : 3 . 1 ’! ba ~~r T ’n ,’, , : i ’I :  1: ; u.,. .2. -s in  t,.)-l.’ 11’ , ro l - a , a t , : ‘3; v i i ’

1011 ? . ‘ .,1,r,,in .,. - tJ , ,  
- ‘ ‘al o n .

It’l l 1 , z. “3 - r I - - / .‘.

.‘,‘C , t1d~~~~ Z. ’! ~~~~~~ ‘ 9.3

‘53 % . 1 1 1 5. ’ !  r - r ’ ‘ / ‘ - ,,
~

‘,. ‘i ”e, I :~~~.- ‘1 I

r ’ < 1 r ‘~ 5g

4. DISCUSSION AND CONCLUSIONS

It is important to note that the ostensibly superior method

described in this report of using free—ion wave functions to determine

phenomenologica l B
k 

for Nd :4- in CaWO4 resulted in a fit

(141 cxn 1 compared with 101 cm 1 rms) between phenomenological and

derived B~~ infer ior  to that obtained previously 3 (by using

4 Russell—Saunders wave functions in the ESOH method) . This result does

not indicate that  the discrepancy in the fits is necessarily due to

3 R.  P .  Lea vitt , C. A .  Morrison , and D . E .  Wor tman , Rare Earth
Ion-Host Crystal Interactions , 3. Three-Pa rameter Theory of Crystal
Fields , Har ry  Diamond Laboratories TR-1 673 (J une 1 9 7 5 ) .

18
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incorrect phenomenological Bk , but that further theoretical work

probably is required to determine more accurate va lues for derived B
k

.

On the other hand , a comparison of the Nd results with

phenomenological B
km 

determined for Er 3’
~ in CaWO ,, also using free-ion

wave func tions , resulted in an approximate constancy with respect to k

and in in values for [bk
(E r )/b~~~(Nd )] i/k . Thus , the crucial assumption

in the theory remains so f a r  in tac t - - that  the A.K are impuri ty  ion

independent . Without this  assumption , it would be very d i f f i c u l t  to

continue the search for a theoretical model to predict impuri ty ion

spectra.

There are several areas for improvements in the theory that readily

come to mind.  First , better values for  r k and ‘ k may be determined by

including electron correlations’7 -~snd rela tivistic correc tions 1 ’
~ in the

radial wave functions--effects neglected in the Hartree-Fock

approximation . Second , one may determine the homogeneous dielectric
effect  of placing the impuri ty ion in a host environment and also the

wave—function overlap e f fec t s  (which , incidently,  might  in part be

contained implicitly in the dielectric ca lcu la t ion) .  Third , and

probably most important , the dipolar (and possibly higher mul t ipo lar)

contributions to the A~~ in the host mater ial  should be considered ,

since their contribution has already been shown to be substantial.

Th~ 7
k 

(table II) and ~. r ’ - r k 
/ ~ 

values (table VIII), while probably
“ not suff icient for predicting accura te spectra and electri c dipole

C. Morrison , J. Phys . B: Atom . Molec. Phys., 6 (November 1973) ,
2205.

B. Lewis, Rela t iv i s t ic  Calculations of ,r ’3
~o and Other

— r~~ ’ Parameters Encountered in Magnetic  Resonance of  Rare-Earth Ions and
Atoms, Pro c .  XVI th  Congress A . M . P . E . R . E . ,  Bucharest , Rumania (1 to 5
September 1970), (Publishing House of Academ y of  Social is t  Republic of
Rumania , 1971).

19C. A. Morrison, Solid State Commun., 18 (1976) , 153.
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intensities , neve rthele ss will  be used exclusively in the following 10

reports in this series to interpret and predict spectra for the

lanthanides in CaWO ,, LiYFi4, YV0i~ , YPOL+ , YAsOL., Y2SiBe2O7 ,

Y 1A150 1- ’ (YAG), Y3Ga5O12 (YGaG), YA1O 7:, and LnP5O1~~, where Ln is any of

the lanthanides. These calculations will enable one to identify the

specific area3 of deficiency in the present theory by comparing the

predictions with the mass of reported data in the literature .
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APPENDIX A .--HYDROGEN-LIKE WAVE FUNCTIONS AND EXPECTATION VALUES

From equation (16) in the main body of the report for i = j ,  one

obtai ns

W4f = (~
.2

)
½ , (A— l)

W5d = 
~~~~~~ 

(2x)½ 
[i 

+ A 4’ (A2 + 2B) ~~ 2 
+ AB + B2 

~~g ] ’  (A-2 )

W5g 
= 

~~~~~ 

(~~ )~~[l + C ~ C
2 

~~ 
(A- 3)

From the same equation for i � j ,  one has

C = — , (A— 4)
y -I- x

(A— 5)

B = _ C 2~~~~ ( l _~~~
’
) 1  

(A— 6)

all in terms of the exponential factors y and x , respectively, for the

4f and both the 5d and 5g wave functions . The required r~ expectation

values in these states are given by

= W2 
(8+ ~~~ , (A- 7)

~~~~ 4f (2y) 94-P

r~~’ — W  W ~ 
(94 - p)~ + A  18 + p)~~~÷ 8~~i 4 - P~~ 1 (A 8)

- 4f , 5d 4f 5d[~ , + x)~
’0’
~
’
~ (y + x )

9
~~ (y + x)8~~]
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APPENDIX A

r 
4f , 5g = W

4f
W
5g [(9 

~~~~~~ 
+ C 

(8 (A-9)

Thus, all of the normalizations of the radial wave functions , as

well as the coe ff i cients A , B, and C de fining them (according to eq
( 15a) to (l5c)), are given once y and x are determined . From table VI

in the main body of the report , one has for Nd , for example,

(P 4f (Nd ) ‘~~ r~ e xp ( — 6 r )  , ( A— b )

~ sd
(Nd ) ‘— (r 5 — 3r~ + 2r 3 ) e x p ( — 3 r )  , (A—li)

)J)
5g

(N d ) ~
- (r 5 — r~’) e x p (— 3 r )  . (A—1 2 )

In retrospect, it might have been better to choose the ‘
~5g 

wave function

as pure hydrogenic as -
~ r 5exp(-xr) and to throw the deviation from

hydrogen-like behavior in the wave function , because the

former——being far ther  removed from the core——is expected to be more

hydrogen-like. However , since the wave functions are used to calculate

only ratios of expectation values that are important in determining

relative electric dipole intensities , the ratios are not expec ted to be

sensitive to this choice.

A further question tha t may legitimately be asked is why all three

radial wave functions were chosen mutually orthogonal . It is true that

hydrogenic radial wave functions are orthogonal either within an “n ”

s h el l . j~~~~~~~, = S- a, or between different n shells if I and ~~‘ are

equal , 
(“n~~n ’c ” = 

~nn ’~ 
Thus , is required to be orthogonal

to 15f and not to 
~5d or 1i)

5g~ However , since the electron orbital

angular momentum 9- is not a good quantum number so close to the core

electrons, an orthogoriality between the approximating radial wave

func tions is probably more valid than if such a condition were not

imposed .
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