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ABSTRACT

An attempt Is made to formulate techniques of program modification , whereby a
program that achieves one result can be transformed into a new program that uses the
same principles to achieve a different goal. For example , a program that uses the binary
search paradigm to calculate the square-roo t of a number may be modified to divide two
numbers in a similar manner , or vice versa.

Program debugging is considered as a special case of modification: if a program
computes wrong results, it must be modified to achieve the Intended results. The
application of abstract program schemata to concrete problems is also viewed from the
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I. INTRODUCTION

Typically, a programmer directs more of his effort at the modification of programs tha t

have already been written than at the development of original programs. Even when

nominally engaged in the construction of a new program , he is constantly recycling

“used’ programs and adapting basic programming principles that have already been

incorporated into other programs.

Much automatic programming research has focused on the origination of programs , but

very little of this work shows how to profit from past experience when approaching a

new problem. In this paper , we wish to emulate this latter aspect of programming In the

context of an automatic program development system . The essence of our approach lies

in the ability to formulate an analogy between two sets of spec ifications , th ose of a

program that has already been constructed and those of the program that we desire to

construct . This analogy is then used as the basis for transforming the existing program

to meet the new specifications.

We consider the debugging process as an important special case of program modif icat ion.

In our approach , the properties of an incorrect program are compared with the

specifications, and a modification (correction ) sought that transforms the incorrect

program into a correct one.

Abstract program schemata are often a convenient form for incorporating programming

knowledge; they may embody basic techniques and strategies (such as the
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generate-and-test paradigm or the binary search technique). The application of these

schem ata to programming ta: ks may also be considered within the framework of

modification . A schem a which achieves some abstract goal is modified (instantiated ) to

achieve a concrete goal on the  basis of a comparison of the abstract specifications of the

schema w i t h  the concrete specif i cations of the de’;ired program.

The use of analogy in problem solving in general , and theo rem proving in par t icular , is

disc ussed by K l ing  [ 1971) .  ~~~~~~~ modif ica t ion  of an already existing program to sol ve a

somewhat  d i f f e r e n t  task was suggested by Manna and Waldinger [1975) as part of a

prog ram synthesis system. Also , the STRIPS (Fikes , H ar t and N ilsson I l97~~)) and

HACKER (Sussnian [ 1973]) systems were to some extent  capable of generalizing and

reusing the robot plans they generated.

The next  section elucidates the basic aspects of our approach to program mod ificat ion

with the aid of several relatively straightforward examples . More subtle facets of the

tech niques are i l lustrated in the third section. The methods described are amenable to

automation , and have been implemented in QLISP (Wilber [1976]) .  A l l  examples of

modifications that  we present ran successfully on our system; a sample run  may he

found in the Appendix.



The Evolution of Programs Page 3

II. OVERVIEW

Typically, program specifications are expressed in a high-level assertion language in

terms of an output specif ication — detailing the desired relationship between the

program variables upon termination, and an input specification — defining the set of

“legal” inputs for which the program is expected to work. For program modif ication ,

one is given a known correct program with its input-output specification and the

specification for a new program. Comparison of the two specifications suggests a

transformation that is then applied to the given program. Even if the transformed

program does not exactly fulfi l l  the specifications, it can serve as the basis for

constructing the desired new program.

1. Basic Technique: Global Transf ormation

In the dpproach to program modification presented in this paper, we stress

traj~sformatIons in which all occurrences of a particular symbol throughout a program

are affected . Such transformations are termed “global”, in contrast with “local”

transformations which are applied only to a particular segment of a program.

As a simple example, consider the following program (annotated with Its output

specification )*
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y.- n
loop unti l  y .- 0

A [y-1J ~~ if A{ 2y - l ] �A [ 2y] then A[ 2 y - 1 ]  else A[ 2 y]  fi

y’- y-l
repeat

assert A[0 J = min(A [zi:2n))

Given an array A [ n : 2f l ) ,  which is non-empty (i.e., n is non-negative), when this

p~-ogram terminates , A [0]  will contain the m in imum of the values of the n# l  array

elements ~i[ nJ ,  A[ nt  1 ]  A[ 2 n ] .  This output  specification is formally expressed in

th e f inal  statement:

assert A [ O ] -  z n i n ( 4 4 [ n : 2 n ] )

To modify this  program to compute the max imum of the array, rath er than the

mni ~i imum , we compare this specification with the desired:

assert f l [ Q ] -  ~na x ( A [ n : 2 n) )

and note that  since m a x (A )  - i n i n ( -A)  (where -A is equal to the array A with each

element negated), this  Is equivalent to:

assert -A[ 0 ) . ’ m in ( -A [ n : 2 n) )

Thus , the transformation “A becomes -A ” transforms the given specification into the

desired.

Applying this transformation to the program affects only the conditional assignment:

A [y-~~J~- i f  A[ 2 y - 1 ] � A [ 2y ] then A [ 2 y - l ]  else A[ 2y ) fi

which becomes:

-A (y -  1 ]  .- if -A[ 2y- I] � -A[ 2y] then -e1[ 2y- I ]  else -A[ 2y] ft
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It is “illegal” for the array -A to appear on the left-hand side of an assignment;

therefore, both sides of the assignment are multiplied by -I . And since the test

—A[ 2y—I  ] < —A[ 2y ] is equivalent to A[ 2 y ] s A[2y-1] , we obtain the statement:

A [ y - l ) . - if  A[ 2 y ] � A [ 2 y - l]  then A[ 2 y - I)  else A[ 2y ] fi

yielding a program that computes the maximum. Note that the array -A no longer

appears in the program; only the original A is actually used.

2. Special Case: Program Debugging

Program debugging may be considered as a special case of modification: a program which

computes wrong results must be modified to compute the desired (correct) results. If we

know what the “bad” program actually does, then we may compare that with the

specifications of what it should do, and modify (debug ) the incorrect program

accordingly.

As an example, consider a program intended to compute the integer square-root z of the

non-negative integer c , that is, c should lie between the squares of the integers z and

z#l

assert ~ c < (z+1 ) 2, z ( N

where N is the set of natural numbers. The given program is:
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(z , .c , t ) .  ( 7 ,  0, 3)

loop unti l  t s
(z . s . t )  • ( z t l , s t t , t# 2)
r epeat

assert (z-1)2~~c#1 . 7 .’ , Z N~
t

But rather than  computing the integer square-root of c , this program achieves the

relation:

assert (z-I ) 2 
~ c+ I  < z 2 , z N +

where IV + is the set of positi ve integers. [This  follows from the fact that I = 2z#I and

s Z~~- 1 throughout .  I The cause of the bug was the inadvertent exchange of the in i t i a l

values of z and s .

Coin par ing the desired assertion with  the actual assertion, we note that  the former  may

tm obtai ned fr oni  the latter by replacing z wi th  z#l and c with c-I . Applying the

transformation ‘ c becomes c-I “ to the pro gram statements affects only the exit  te:~t

c s , which  becomes c-I ~ s , or equivalently c� s .  The transformation “ z becomes
z+ l  “ affects  two other statements: the initialization z.- 1 becomes z+l .- I and the

loop-body assignment z • Z+ I becomes z# 2 .- z#2 . These resultant assignnients ,

however , are “i l le gal” , in asmuch as an expression may not appear on the left hand side of

an assignment. Instead , the expression z#l is given the initial value I by assigning

z .- 0 • and the value of the expression z+I  is incremented to z#2 by the ‘legal ’

assignment z.- z +I

We have thus  obtained the corrected program:
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(a , s, 1) ’- (0 , 0, 3)

loop until c s s
(a, s , t) (z+l , .5+1, 1 + 2)
repeat

assert z2 S c < (z# I  ) 2, Z ( N

Note that though this program is not exac tly what the programmer intended — we

claimed that he reversed the initial values of a and s — it is nevertheless correct.

3. Correctness Considerations

In the above examples, the transformed programs were correct , i.e., th ey did in fact

satisfy the transformed specifications. This Is not necessarily the case with any

transformation. Suppose, for example , that we are given the program:

(a , y)  - (A [ 0 ) ,  0)

loop un til y - n
y .- y+I
z - mln(z,A[y) )
repeat

assert a . m i n (A [ 0 : n J )

for f inding the m in Imum of the array A [ 0 : n] ,  and we wish to construct a program to

find the maximum of the non-empty array A[ l : n ] .  The given program achieves

a - mln(A [0:n), and the output specification of the desired program is

z - max(A( I :nJ ) .  Thus , the transformations ” mm becomes max “ and “0 becomes I

suggest themselves. Though in this case applying these transformations happens to yield
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a cor rect pm ogram , such  t i  a n s f o r i m m a t i o n s  of a func t ion  symbol or cons ta n t  do i iot

m i t c u . ~. i r i l y  pn ’sc’rve corr ect i i c:~ . Were the  f unc t ion  mm not explici t ly used i i i  the

program , e.g., if th e  cond it i ona l  s t at enu mit :

if A [ y ] ~ z then z~ t l [yJ  fi

were subs t i t u t ed  for the  assignment :

z~ m in (z,~1 [ y ] )

then the proposed t ra n ~!ormation “ n u n  becom es max “ would clearly not work.

It  can be shown tha t  global t r ans format ions  where an inpu t  variable is sys tenia t ica l ly

replaced by a f u n c t i o n  of inpu t  variables , or an output  variable by a func t ion  of o u t p u t

var iab l es  — as in  t h e  previous examples always yield a program sa t i s fy ing  the

t r a n s f o r med speci f i ca t ions . h owev er , t ransfor mat ions  of funct ion , predicate or con ‘ t i n t

sym bols — as iii t h i s  last example — are not guaranteed to result in a program s a t i s f y i n g

the specif icat ions .

Hence , for some transformations , correctness must be verified.  In order to prove t h e

correctness of a program , invariant assertions are commonly utilized. Assertions are

conu miie nts which express relat ionships between the di f ferent  variables manipulated by

the program; they relate to spe~if ic  points in the  program , and are meant to hold for  the

) current values of the variables whenever control passes through the correspond ing

poi n t . Whe n an assertion has been proved to be consistent with the code — i.e., the

assertion holds for  the cur ren t  value s of the variables each t ime control pas~;es th rou gh

the  poi nt  to w h i c h  the assert ion is a f f ixed  — then it is said to be inva riant. [ A l l

assertions anno ta t ing  our example program.s a e  indeed inva r i an t . ]  In par t icular , the

_ - _ _
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output assertion , associated with the point of termination , is Invariant  if the final values

of ~he variables satisfy the asserti fl; a loop ass ertion , attached to the beg inn ing  of an

iterati ve loop, is invariant if It holds when the loop is first entered , and r ema ins  t r u e

each subsequent time control passes the beginning of the loop-body. The assert ion is

termed an output invariant In the former case , a nd a loop invariant in the l a t t e r . A

program , the n , may be considered correct if the output invar iant  implies tha t  the o u t p u t

specification is true.

Recently, invariant generation techniques have been developed and implemented ( see ,

e.g., Ger man and Wegbrelt [1975) and Katz and Manna [19761) . They allow for the

automatic discovery of Invar iant s  which may then be used to prove the correctness or

incorrectness of the program. Invariant  assertions are essential in our approach to

debugg ing too, as it is necessary to have an idea of what the program actually does before

it can be corrected .

Global t ransformations are applied to all assertions , as well as to the code. Using these

transformed assertions , verification conditions for the new program may he obta ined;  if

they hold , then the new program is correct. Sometimes , a verification condi t ion tha t

turns  out not to hold may, nevertheless , suggest addit ional t ransformations which do

succeed. Alternatively, a program segment can be synthesized that will establish the

verification condition; for example , th e initialization of a loop might be synthesized if

the con dit ion for the curren t in it ial ization is false .

Returning to the above mm example , the program with its loop assertion appended , Is:
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(z, y). (44[0J, 0)

loop assert z m i n ( e l [ 0 :y ] )
until y 11

y ’-  y + i
z ’- m i n ( z ,A [ y ] )
repeat

assert a- n i i n ( A [ 0 : n })  .

After application of the transformations “ m m  becomes max “ and “0 becomes I “, we

obtai n:

(z , y )  . ( A[  I ] ,  I)

loop assert z - ma x (A[  l : y ) )
until y • n
y .  y + l
a.- max ( z ,A [ y J )
repeat

assert z - max (A [  I : n ] )

Using the new assertIons , the correctness of this  max program may straightforwardly

be Thown.

4. An Application : I nstantiation of  Program Schemata

One important application of our program modification techniques Is the instantiation of

program schemata to obtain concrete programs. A program schema Is a generalized

version of some progranim ing str ategy and contains abstract predicate , func t ion  and

constant sym bols, in terms of which its inpu t -ou tpu t  relation is specified. This abstract

specification may then be matched with a given concrete specification and an
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instantiation found that, when applied to the schema, yields the desired concrete

program. Not all instantlations yield correct programs; therefore, a schema Is

accompanied by a set of preconditions — derived from the schema ’s verif icat ion

conditions — which must be fulfilled before the schema may be em ployed . Whe~i

satisfied, these conditions will guarantee the correctness of the new program.

As an illustration , consider the following program schema:

( z , y ) ’ -  (k , j)
loop assert P ( (J : y ] , z ) ,  y 1

untily-n
y . -  y+l
If -‘P(y,z) then z~. f ( y ,z )  fi
repeat

assert P ( [ J : n ] , z )

Here P([u:v],w) means (Vi ( I ) ( u  � I �  v ) ( P ( i ,w ) )  and I is the set of integers. This

schema will achieve the relation P ( i ,z)  for each integer I from J to n.

For this schema to be applicable, the following three preconditions must be satisfied by

the predicate P , function f and constants J ,  k and f l :

P(J,k) A j ( I
P([J~y),z) A ~~ ( I A 

~~~~ JJ A —P (y + I ,z)  P ( [ J :y + I ], f ( y + l ,z ) )
J~~n A t i c !

The first condition ensures that the loop invariant is initialized properly; the second Is

sufficient to guarantee that if the invariant held before execution of the loop-body, then

It holds after; and the last condition secures termination .
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Programs for  f ind ing  the position or va lue of t h e  m i n i m u m / m a x i m u m  of an array (or of

other f u n c t i o n s  w i th  Integer domain , fo r that  mat ter )  are valid Instant ia t ions of th is

sche ma. For example , say we wish to achieve the output  specification AL 0 : n]  ~ x • in

orde r to f i n d  th e  m a x i m u m  x of the non-empty  array A [ 0 : n ]  . Apply ing  our

modi f ica t ion  t echnique , we compare A[ O :n] ~ x with the schema ’s spec i f i ca t ion

P ( [ j : n ] , z )  . This  suggests le t t ing  j  be 0 , a be x and P ( u ,v )  be A [ u J  ~ v.  The

transformed preconditions , the n , arc :

A [0 J~ k A 0 . !
A [ 0 : y ]  X A ( I A 3P - fl A x 1 l [ y + 1]  ~ A[0 :y + I ]  ~ f ( y 4 I ,x )
O s n  A n . j

The f i r s t  may be achieved by le t t i ng Ic be 4 [ 0 ) ;  the second by lett ing f ( u ,v )  be

si nce A [ 0 : y ] x A [ y + l  I and .4[y#l ]~~ A [y~ I ] ;  the last is t rue by v i r tue  of

A[ 0 : n J  being non- enip ty .

Applying these transformations , viz.

j  becomes 0,

Ic becomes

z becomes x ,

f(u,v) becomes ‘ A [ u ]

and P( u,v)  becomes A[ u) s v,

we obtain the guaranteed correct programs
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(x ,  y)  .- ( A {0] .  0 )
loop assert A[0:y]sx, ~~~( I

until y - n
y .- y +l
If x < A [ y ]  then x . - A [y ]  fi
repeat

assert A[0:n)’~ x

The compilation of a handbook of such schemata has recently been advocated by Gerhar t

(1975]; their use in the context of program synthesis has been discussed by Dersliowitz

and Manna (1975).

6. UsIng Extens ion

Sometimes, transforming a program or instantiating a schema only achieves some of the

conj uncts of the output specification. In such a case, it may be possible to extend the

program to achieve all the desired conj uncts by achieving the missing conjuncts at the

onset and maintaining them invariant until  the end. Alternatively, code that will

achieve the additional conj uncts — without “clobbering ” what has already been

achieved by the program — could be synthesized and appended at the end.

As an example of the need for extension, consider the case where it is desired that the

program above also find the position z , in the array, of the maximum x . We can

extend the above program to achieve x - A ( s)  by maintaining that relation as an

Invariant throughout the execution of the program. Initially we want x - A( 0)  - A[ z ] ,
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so we set z .- 0 .  Wh en the then path is ex ecuted , we want x - 41(y) - A [ z ]  and assign

a’- y; when that path is not taken , x is unchanged and the relation remains true.

Thus, when the program terminates , the desi red relation x - A[z ]  will hold.

The extended program Is:

(x. y, z).- ( A[ 0] ,  0, 0 )
loop assert A[ 0:y ] < X , }‘ I , x 11(z)

until y -
y.- y# I
if x < A [ y )  then (x , z ) . - ( A[ y ] ,  y )  fi
repeat

assert A [0:n]~~x, x-A [z]
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III. EXAMPLES -

In this section we demonstrate various stages In the evolution of one program . We begin

with a program containing a logical error and then find and apply a l t e r n a t i v e

corrections. An abstract version , which represents an Important search method

embedded in the program , is then applied and adapted to two other problems. Each , in

tu rn , is modified to apply to a new task.

The examples are outlined in Figure 1. They owe their motivation to Wensley [1959)

and Dijkstra (1976). Our modification system has successfully performed the

mothfication steps, including debugging and instantiation , in these examples (sometimes

resorting to the user ’s expertise in theorem proving). An annotated trace of the f i r s t

example may be found in the Appendix.

Example 1: Bad Real Division to Good Real Division

Consider the problem of computing the quotient z of two real numbers a and b , where

0 ~ a c b , within a specified tolerance e , 0 < e.  In other words , the input  specification

is:
S. —

0~~a < b  A 0 < e ,

and the output specification is:

a s  a/b A a/b c z+e,

or equivalentlys

b.z~~s A a c b . ( z # e ) .
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Heal D ivi s ion ]

(1) anno ta t i on
clebuqq I ng

F~~
od Heal o ivi s i o n ]

(2) ~si~ ,t ra cti o n

[ B INARY SEARCH SCHEMA

(3) i r istant a t io n  (5) i n s t a n t i a t i o n
synthesis

Real  I nteger
Square-root Square-roo t

(4) modification (6) m o d i f i c a t i o n
cx tens i on

Array Hardware
Search Integer Oivision

FIgure 1. The evolution of a division program.

(Outline of examples I through 6.)
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In order for the problem to be non-trivial , we must assume that no general real division

operator is available (thoug h division by two is permissible) . The given program is:

BAD REAL DIVISION PROGRAM

assert 0 s a c b, 0 e
(z , y) . - (0 , 1)
loop until y < e

If b. (z 4y )  ~ a then z .- s ly  fi
y .y / 2
repeat

The initial assertion contains the input specification which the input variables a , b

and e are assumed to satisfy. But, for example, a - 1 , b - 3 
* 
and e - 1/3 , which

satisfy the Input specification, yield a - 0 which does not satisfy the second conjunct of

the output specification. The bug is caused by the interchanging of the two statements

within the loop.

Before we can debug this program, we must Know more about what it actually does. For

this purpose, we annotate the program with loop and output invariants. Recall that for a

relation to be a loop invariant, it must be true upon Initial entry Into the loop, and must

remain true after each execution of the loop-body.

We begin with the then path of the conditional statement and note that this path is

taken when b. (z+y ) s a thus , after resetting a to sly we have b. z s a . Since

b. a s a is true Initially, when a - 0 s a , and is unaffected when the conditional test is
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false ( the  value of a is not changed ) ,  i t  rL~i1Aa1ns invariant throughout loop execution .

We have derived then the loop invariant:

( 1 )  b.z~~a.

The the n path is not taken when a~ b. ( z + y )  Iii  tha t  case y is divided in half  and z is

l e f t  un changed , y i e ld i ng  a b. ( z~ 2y) at th e  ciL d of the cur ren t  I teration. It t u r n s  out

that  the then path preserves th i s  rel at ion ( t h e  va lue  of z#2y is unchanged),  and t h a t  i t

holds upon in i t ia l iza t ion (since a < 2b is implied by 0 ~ a < b ). Thus we have the

additional invariant:

(2) a < b . ( z + 2 y ) .

These two loop invariants along with the exit relation y � e imply that  upon

termina t ion  of the program the fol lowing output  invar iants  hold:

b~z s a  A a < b . (z # 2 e ) .

Note that  the desi red relation a b. (z + e )  is not implied .

The annotated program — with  inv ar i an ts  th at  correctly express what the program does

do — Is:

— —.——~~ —.-—— .
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ANNOTATED BAD REAL DIVISION PROGRAM

assert 0 < a < b , 0 < e
(z , y )  ( 0 , 1 )
loop asser t b.z < a , a < b. (z # 2 y)

until  y~~e
if b . ( z + y ) s a  then z~~z+y fi
y.- y/2
repeat

assert b . z s a , a < b . ( z + 2 e)

We now have the task of f inding  a transformation (correction ) that t ransforms the

actual output assertion into the desired output assertion~

assert b. z s a , a < b. (z + e )

and then applying it to the whole annotat ed program (statements and i nva r i an t

assertions). Accordingly, we would like to modify the program in such a manner as to

transform the insuff icient ly strong a b. (z #2 e ) into the desired a < b. ( a l e )

a < b . (z + 2 e ) becomes a < b ’( z # e ) .

At the same time , we must preserve the correctness of the other conjunct of the

specification:

b. z s a unchanged.

The most obvious correction is to replace all occurrences of e In the program ( there  is

only one affected statement - the exit test y ~ e ) with e/2 :

Correction I

[ 
Replace the exit test y � e by y s e /2  . 

1 

. .~ . 
. ...

~~~~~~~~~~
. 

~
. y .... . 

~~~~~~~~~~~~~~~
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Addi t iona l  debugging modi f ica t ions  are p o s sit le :  we may replace b with b/2  and z

w i t h  2z ; a l t e r n a t i v e l y ,  we J s I I g l I t  r~ place a w t l  2a and z wi th  2z . Doubl ing  a and

e i ther  h a l v i n g  b or d ou b l in g  a in  t he  c i f i l i l t i o n a l  test b. (z + y ) ~ a yi elds  a te: t

e q u iv . i len  to b. ( z + y / 2  ) a 1j . : s e 4 o r : i  : ng ~ in to 2z a f f ec t s  two a l l  I t i o j i a l

s tat el i i i n t s :  the in i t i a l i z a t i o n  z 0 h~cois:e: t b i l legal ’ assig nment  2z 0 , b u t  t h e

eq u i v a len t  o r i g i n a l  as’~ign n i e n t  z • 0 m ay  t e  ~u t ~~t i t u t e d ; the assignment a z+3’ of t he

then b r an c h  becomes 2z 2z~ y ,  or z z~ y /2 .  No other  statements are affected by

e i ther  of the t wo modif icat ions ;  thus  they both y i ld :

Cor rection 2

1~ 
—

Replace the cond itional st a tement with
if b . (z + y / 2 ) ~~ a then z~~z+y / 2  fi

Each of these poss ible t r ans fo rmat ions  involved  one of the  i npu t  variables e , a and  b

One mu st , however , be c a r e f u l  when tr~sii s1o rm ing inpu t  variables , si nce the

t rans format ion  should be app l ied to the inpu t  as5crtlon as well , possibl y changing t he

range of legal inputs  thereby. In this  case , the  t ransformations we have performe d are

all permissible: The specification 0 < e is equivalent  to 0 e/2  and therefore ha lv ing  e

h as no efli Ct  on the inpu t  range. Since in fact the condition a ~ 2b , rather than a < b , is

strong enough to imply the loop I nvar i an t s, replacin g b by b/ 2  (or a by Za ) s t i l l

yields a program correct for inputs satisfying a b , as is desired.

Our program after correction 2, annotated with appropriately modified invariant

- 
___ - - __
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assertions is ( a l l  b have been replaced by b/2  and all z by 2z and the resul tant

expressions have been simplified):

asse rt 0 < a b, 0 < e
(a . y ) . - ( 0 , 1 )
loop asser t b. z ~ a, a < b. ( z+y)

unt i l  y < e
If b. (z+y/2) S a then z ‘- z +y/2  fi
y i- y/2
r epeat

assert b . z s a , a < b . ( a + e )

This program may be slightly optimized , by evaluating the subexpression y/2 before

the conditional statement , to obtain:

GOOD REAL DIVISION PROGRAM

assert 0 5 a < b, 0 < e
(z , y ) . - (0 , 2 )
loop assert b. a ~ a, a < b. (z # y )

until y S e
y y/2
if b’ (z+y) ~ a then a .- z+y ft

repeat
assert b . z s a , a < b . ( z + e )  .

Note that this program is the same as the original bad program , with the two loop-bod y

statements commuted.

4- ‘ . - - - — - - — - .  .— - - — - -——- -- _ -_- --_. -- -
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E x a m p l e  2: Good heal  l) ivi s ion  to Binary  Search Schema

Consider an abstract version of the correct real d iv is ion  program which has Jus t  been

obtained :

BINARY SEARCH SCHEMA

( z , y ) . -  (j .  k )

loop assert P ( z ) ,  Q ( z # y )
u nt i l  R ( y )
y y / 2
if P (z + y )  then a - a+y ft

repeat
assert P ( z ) ,  Q (z # e )

— I

This schema .s an a t t e m p t  to cap tu re  the technique of binary search under ly ing  the real

division program. it is obtained f rom tha t  program by abstracting predicates tha t  appear

in the program text and/or  assertions:

b . u < a  becomes P ( u ) ,

a < b . u becomes Q ( u )

and U < e becomes R ( u) .

The initial values of the variables are also abstracted:

0 becomes j

and I becomes k.

The fol lowing four  preconditions on the predicates P , Q and R and constants j  and k
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a re s u f f i c i e n t  to guarantee  correctness ( t hey  correspond to the ver i f ica t ion  c o n d l t l l n ,  of

( 1 )  th e  i n i t i a l i zation path , ( 2 )  the loop-body path and (3 )  the loop-exit  path , and ( 4 )

termination):

PRECONDITIONS for BINARY SEARCH SCHEMA

( I )  P ( j )  A Q ( j + k )
(2) - ‘P (z +y / 2 )  Q ( z l - y / 2)
( 3 )  Q ( z + y )  A R ( y )  Q ( z + e)

( 4 )  ( J m ) ( R ( k / 2 m ) )

What  we ha ve, the n , is a general program schema for a binary search w i t h i n  a to I~ r ancp

wi th  an output  specification:

P( z)  A Q ( z ~e) .

Clearly, the predicates P and I? which appear in the schema must be p r imi t ive  ( t h a t  is ,

available in the target language), othe rwise they must be replaced by e q u i v a le n t

predicates for the schema to yield an executable program. Similarly,  the co ns tan ts  j  and

k must be given, or their values determined , prior to their assignment to the variables

a and y.

Example 3: Binary Search Schema to Real Square-root

As indicated earlier , one of the  appl ica t ions  of our modif ica t ion  system is t he
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i n s t a n t i a t i o n  and ad ap ta t ion  of pro gram schemata to specif ic  problems. To i l l u st r ate ho w

t h e  b i n a r y  search schema th at  we have Just  seen may be used , we consider t he

compu ta t i on  of square-roots .

Suppose t h a t  we are  g iven  the task of cons t ruc t ing  a program that f inds the square-root

z of the  real n u m b e r  c , I c , w i t h i n  the tolerance d , 0 < d . The input  spec i f ica t ion

iS :

O ’z d A l < c ,

and the  ou t p u t  specification iS:

‘Jc~~z A

t h a t  is , t he  result  z may on ly  be greater than  the square-root of c by less t h a n  t h e

gi ven d .

In order to match this  output  specification with that of our schema:

P ( a )  A Q(z#e),

we let the constant e be the constant expression -d ( viewing z-d as z # ( — d )  ) and

obta in  t h e  tr a nsforn ia t i ons:

u ) 1 . - - ’,no s -IC ~ U,

u t # O !f l e S  U < ‘/C

and E’ becom es -d.

Con d i t i o n  ( 3 )  is : . , i t i . . f  i f i :

( 2 ) -‘( ‘Jc < a+y/2 )  ~ Z # y / 2 < J C ,

but we must still satisfy ions (1), (3) and (4). To satisfy condition (1). we need

J and k such that:

- ——.--~~—— - - - - - - -
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( 1 )  -Jc~~j  A j 4 k < v’~ .

We note that  since 7 < c , we have ‘/~~ < c and c#( 1c) - I < v’~~~. Thus both conj uncts

hold when we let:

j  be c

and k be I - c .

[An alternative would have been to take -c for k , since c#( -c)  - 0 < ‘/~~ . J

For condition (3)  to be satisfied , we need a predicate B such that:

(3 )  z # y < v ’ë A R ( y )  ~ z - d < ’J ~ .

By transitivity it follows that B should Imply z-d � z#y and we let:

R ( y )  be -d s y.

This also satisfies:

(4) (3m)(-d s (l_C),2m ),

since -d is negative.

The instantiated schema Is:

assert 0 < d , 1 < C

(z , y)  .- (c , I— c )
loop assert ‘/~~ s z , z#y <

until - d sy
y .- y / 2
if ‘/~~ � z+y then z .- z+y fj

repeat
assert ‘/~~~ < a , z-d ‘/~

However , since P involves the square-root function Itself , th e conditional test is not
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p r i m i t i v e  and m u s t  1 . -  r eplac ed - I t  can 1 :  replaced by c ~ ( z + y ) 2 provided tha t  c a n d

~ -#y a i  i -  l i on—n ega t i ve .  ‘I he i e l , i t i on  0 s c f o l l o w s  h o r n  the i n p u t  specification. And the

r elat ion 0 s ~~~~~~~ is in fact  an i n v a r i a n t :  i n i t i a l l y  z+y c+(  1 — c )  1 for t h e  then path ,

y is f i r - - i h a l  v i i  and then  added to z , so th e  v~ ) 1 e  of z+y is unchanged;  and  if the  then

pa th  i ne t t a k en , y is m cli i :- i by ha l  s i n g  it , s ince y is always negative (by  v i r t u e  of

the  loop assertion a+y ‘/c s z ) .  Thus we h i v e :

REAL SQUARE - ROOT PROGRAM

asser t 0 .- (1. 1 < c
(z , y )  ( ,  I — c )
loop assert ~~~~~ z , z #y  . -. c , 0 z ÷y

u n t i l  — d 5 3 ’
y~~y /2

if c ( z+y ) 2 then a -  z+y f i

repeat
asse rt ~J c ~ z, z-d ‘/c

[We r emark  tha t  the negative y makes this  program appear somewhat u n d u l y

complicated;  replacing y wi th  -y throughout  the program would alleviate this. )

Example  4: Real Square-root to Array Search

In t h i s  example , we demonst ra t e  how the above square-root program may be modif ied to

obtain a program that  searches for  th e position a of an element b in an array A[ 1 : n J

that  is sorted in ascending order. 

- - - - - -
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We begin by comparing the output  specifications of the desired program wi th  those of

the given program. We want  z p o s (A,b)  , where pos (A,b) is the position of t h e

ele m en t b in the array A . The function pos is the inverse of the array i n dex i ng

func t i on , i.e., If z p o s ( A,b )  , then b A [ z ] .  We shall allow indexing the array by real

numbers , in  which case the array element intended by A [ u J  is found by truncating u

to an integer. It is therefore sufficient If:

p o s ( A,b) ~~ z A z<po s(A ,b) +I.

[ For s impl ic i ty  we assume tha t  b appears exactly once in A[ I : n ) .  Nevertheless , the

program we derive is correct in the more general case where the number of occurren ces

of b is unspecified;  in tha t  case, p os is extended to yield the (possibly empty ) set of

positions of b and a p os ( A,b)  is desired.)

For the square-root program we had:

-IC~~~~~ Z A z - d < v ’~ .

Comparing the first  con j uncts suggests the t ransformat ion:

becomes p o s (A,b ) ;

to obtain this , we can use:

c becomes pos(A ,b)2.

Applying this  t ransformation to the second conjunct of the square-root speci f ica t ion

yields z-d < p o s ( A ,b) , while we desire a .- p o s (A,b) # l  , suggesting the additiona l

transformation:

d becomes I .
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A p p l y in g  these t r an .c f o r r i m , m t i o r i ’ - to l I t - s qua re -r o o t  program , the exi t  test — d y becomes

y . The c o n d i t i o n a l  t ’ - - t  c ( . : - t y ) ’  becomes pos(.4,b) 2 
~ ( z # y ) 2 , w h i c h  is

e q u i v a len t  to p o.c ( A,h)  z+y  (~~1iice both  ; c s ( .- L b )  and z+y are n o n - n e gat i v e ) .  Th i s

c o n t a in s  the  n o n -p r i n i i t i v e  f u n c t i o n  p ’s  . to t see can test b ~ A[ z +y J ins tead  ( s ince  A

is sor ted) ,  Thus , we have the  t i a n s i  ormed program:

(~~. y ) .  ( ; e s ( A .b ) ’ , 1 - j s ( A ,b )~ )
loop asse r t p o s (A .h )  z , z4- y < p o s ( e l ,b ) ,  0 ~ z#y

un t i l  — 1  ~
3’ .- y / 2
if b A[ z + y ]  then a - z+y fi

repeat
assert pos(i1 , b )  ~ a , a p o s (A, b ) + l

It is, however, clearly unsati factory, since expressions involving pos appear in the

in i t i a l i za t ion . F u r t h er m o r e , app ly ing  the  t r a im sforn ia t ion  to c in the inpu t  assertion

1 - c of the square-root program yields I < p o s ( A ,b) 2 which does not hold if

p os ( A , b )  = I . The loop invariant , t hough , can be init ialized in another manner .  Since

we are given tha t  b appears w it h i n  the s eg l ime n t  A[ l : n J ,  we can achieve the r e l at i on

p o s ( .4,b )  � a by initializing a to ii , and Wit achieve 0 s z #y < po s (. 4,b )  by i n s i s t i ng

that z+y . n +y 0 , for which  we i i i i t i a I i ~s- y to — n  . [ Replacing the i n i t i a l i z a t i o n  in

— 
general requires rechecking th e  t er m i n a t io n  condi t ion;  in this case, fo r t e rmina t ion

( J m ) ( — l  5 ~n/2~~) must  hold , a ,  i ndeed it  does .]

We have obtained the program:
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ARRAY SEARCH PROGRAM

assert s o r l e d (A) ,  b A [ 1 : n)
( z , y ) . -  ( n , — n )
loop assert pos (A,b )  s a , z+y < p o s ( A,b ) ,  0 s z+ y

until  —1 s y

y .- y / Z
if b < A[ z+y]  then z ‘- z#y f i
repeat

assert pos(A,b)�z , z<pos(A ,b)+1

Example 5: Binary Search Schema to Integer Square-root

For this example we return to our binary search schema:

Preconditions:
( 1 )  P ( j )  A Q ( J # k )
( 2 )  - ‘P ( z #y / 2 )  ~ Q (z + y / 2 )
( 3 )  Q(z + y )  n R ( y )  ~ Q (z # c)

(4) ( 3 m) ( R ( k / 2 m ) )

Schema:

(a, y ) . - (J , Ic)
loop asser t P ( z) ,  Q ( z # y )

until B(y)
y .- y/2
if P(z~y) then z.- z#y ft
repeat

assert P (z ) ,  Q(z+e)

_ _ _ _ _ _ _ _ _ _  - -  --~~~~~~~~~ -~~ — -
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and i l lu s t rat e  how it may hi’ applied to the computation of integer square-roots. T h i s

wi l l  necessi tate ex t ens ion  amid the synthesis of an ini t ia l izat i on loop (which  have not

been completely lmp len iented  in our system).  Consequently, this example is niore

complex than  the previous one.

We would like to constr uct a program tha t  f inds the integer square-root a of a

non-negative integer c. In other words, z should be the largest integer whose square is

not greater than c. Thus , the  i n p u t  specification 15:

c ( N ,

and the output specification IS:

Z’ S C  A c < ( z + 1 ) 2 A Z ( N .

Comparison of this output specification with that of our schema:

P ( z)  A Q ( zf e ) ,

suggests letting:

P ( u)  be u2 s c ,

Q ( u )  be c < u 2

and e be I .

In addit ion , we will have to ensure that the f inal  value of z Is a non-negative Integer.

Clearly, condition ( 2 )  Is satisfied:

( 2 )  — ( (z4’y/2)2 s c )  ~ c (z + y / 2) 2.

To satisfy:

(3 )  c< (z+y)2 A R ( y )  c < ( z # 1 ) 2,
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we let:

R ( y )  be ( z +y) 2
~~(z # I ) 2.

We are left  with the Initialization and termination conditions:

( 1)  J2 < C  A

(4 )  ( 3 m ) ( ( z + k / 2 m ) 2 5 ( z # 1 ) 2 ) .

In order to satisfy the ini t ial izat ion condition we form the goal:

achieve j 2 s c, c < ( j +k ) 2

This conjunctive goal may be split into two consecutive ones:

achieve J 2 s c
achieve c <  (j # J c ) 2

Since c Is specified to be non- negative , we can solve the first by letting:

J be 0.

i.e., z is initialized to 0.  For the second we need now achieve c < Ic 2 .

Our partially written program is:

“p .
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asse rt c i  N

.‘ . O

.ichieve C

~‘ , k

loop asse rt z ’ c, c~ ( .:~ y~~’

u n t i l  ( ‘ -~y ) 2 
~~~~ J ) ?

y . 3’ /2

if ( z 4 y ) ’  c the n z ‘ z +y f i
repeat

asse rt  ?~~~~ c, c <
achieve z N

asse rt z 2 c. c < ( z # )  )
?

, a N

At t h i s  poi nt  we have a choice: in order to achieve a N , either we first  execute the

loop and then adjust  z to sa t i s fy  the additional goal a ( N while preserving the

relat ionships  z ’ ~ c and c ~- ( z + I  )‘~ achieved by the  loop, or we achieve z N f i r s t  and

then  preserve i t  throughout  the loop computat ion.

The e x ten s i o n  t e c h n i q u e  suggests preserving a N throughout loop computation.  [This

is , in f a ct , t he  more ef f i c ien t  of t ime two choices. ] In i t i a l ly  z 0 N , but  si nce a is

soni e t inmes  increm ented by y , t i ,e latter should also be a non-negative integer.

Assuming that z and y are non-negative , the ex i t  test ( z+y ) 2 s (z +1 ) 2 can be replaced

by y ~ I . Furthc ’rinore , y is non-zero (since at the start of the loop 0 ~ < k ~ y an d

the on ly  operator applied to y is ha lv ing ) ,  so, under the assumption that  y is an

integer , we need only test for y -  I

Finally, I n order for y to r e i n al i m in N while  it  is repeatedly halved unt il  It equals I

we must have y 2N , So in i t I a l ly ,  when y • k , we Insist that Ic 2N , and accordingly



The Evolution of Programs Page 33

add the conjunct Ic 2’~ to the initialization subgoal c < Ic 2 . Note that now, with

Ic 2~’, the termination condition:

( 4 )  ( 3 m ) ( (z + k / 2 m ) 2 5 (z# 1 ) 2 )

clearly holds.

Thus far , we have the partially written program:

assert C ( N
z .- 0

achieve c < Ic 2, Ic 2N

y’- Ic

loop assert z2 s C, c < ( z#y) 2, z ( N, y
until y — I
y.- y/2

if (z +y) 2 s c then z ~- z+y fi
repeat

assert z2 sc , c c  ( z # 1 ) 2, z N

The unachieved subgoal:

achieve c < Ic
2, Ic ( 2N

must now be synthesized . We would first attempt to achieve this goal one conjunct at a

time. The first conjunct might be achieved by letting Ic - c#1 , while the second could
— easily be achieved by letting Ic - I .  However , though each conju nct is achievable by

itself in this manner , achieving both together is more difficult, since these two solutions

in general conflict with each other . 

--- - - - — ---— --~ -- ‘  - _ _ _ _ _
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So, we t r ans fo rm th is  conjunct iv e  goal into  an iterative loop, choosing f i rs t  to achieve

Ic 2’~ by letti ng Ic = 2~ I , and the n to keep it t rue while executing the loop un t i l  the

remain ing  conjunct , c Ic 2 , is also satisfied. Wi th i n the loop, doubling Ic w i t h  each

ite ration will  preserve the inva r i an t  Ic 2’~ whi le  making progress towards the exit test

c Ic2 . [ The reasoning is as follows : Wi’ know that  Ic should be increasing, si nce

i n i t i a l ly  Ic I and u l t ima te ly  we want 0 ~ ‘/c < Ic . Si nce we wish Ic = 2° fo r som e

n a t u r a l  number  n to rem a in  i n v a r i a n t  whi le  Ic increases , it  follo ws that the exponent

n also increases. I)oubling Ic increments  the exponent by 1 .1

We have obtained the fol lowing ini t ia l iza t ion:

assert c N
(a , I c ) . - ( 0, I )

loop assert k

until c ~ Ic
2

Ic .- 2k
repeat

y.- k

Note that the last assignment y k is superfluous; it may be eliminated if we replace

all occurrences of Ic in the code with y .  With this change, we have the integer

square-root program:

— - -~~~~~~~~~~ -~~~~~~~
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I
INTEGER SQUARE-ROOT PROGRAM

asse rt c N
(a , y ) ’ -  (0, 1)

loop assert ~~~( 2N

untfl C
y ’ 2y
repeat

ioop asse rt a 2 
~ c, c < (z#y )~

’, z N , y 2N

un t i i  y • I
y .  y ,/ 2

if ( z + y ) 2 
~ c then z .- z+y fi

repeat

assert z 2
~~c, c <  (z ~~I ) 2 , z i  N

Example 6: Integer Square-root to Hardware Integer Division

We wish to construct a program to compute the quotient q and remainder r of two

natural  numbers a and b .  Such a program could be developed from our b ina ry  search

schema in the same manner  as we constructed the integer square-root program. But ,

instead , we will  demonstrate how to transform the jus t constructed integer square-root

program directly into the desired integer division program.

The program must satisfy the out put specificat ion:

O s r  A r < b  A q ( N  A a - b . q#r,

or equ iva lently:

( )  q ‘ a/b ~ a/b < q# 1 A q ( N A r - a-b. q,
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given t h~ m u pu t  sp i’cif i ca t  iO f l :

a N A Z~~ N +

is t i m e  s. ’t of p - i t i v ’  i i i t - ~~~- m s ) ,  P J i ! ’ I l i I ~~, sp e c i f i ca t i ons  —- SI) t h a t  t h e i r

s i mi l a r i t y  w i t h  th e  sp’~ci f i c a t i o m i s  of a n o t h .  r p~ ~ r a n m or sche nm a can tie b r o ugh t  ou t  — i .s

a n o n — t r i v i a l  prot ’len m in its own r~~’h t , Our  - y - -t ~-m on i y  f i n d s  some close va r i a t i ons .

We conm par e the  o u t p u t  sp . - c i f  ll d t i o n  ( • ) w i t h  t h a t  of th ~ ~q u i r e — root program:

z 2
~ C A c~ ( z + 1 ) 2 A ~ N ,

or:

z < 1ë A v c z+ I A z i  N ,

and ob t a in  the  t r a n s f o r t h a t m o n s :

becom es q

and becomes a / b .

To obtain th e la t ter , we can us ’-:

c becomes

(since a/b is non-negative). In addition we wil l  have to achieve r • a-b• q .

A p p l y i n g i~~~ i t i  an .sI or m n at io i i - s, the  e i mt t e- ,t of the  f i r s t  loop. C < y2 , becomes

- - ( a / b) 2 
‘ y ” . Sm io both a / b  and y are non-n egat ive , th i s is the sa m e as a / b  < y or

a h. y . S i m i l a r l y  the c o i m d i t m o m m a l  ‘a t  ( . -~ ,v ) ‘ 
~ c becomes ( q# y ) 2 

~ ( a / b ) 2 , or

e q u i va le i i t ly  b . ( q 4 y )  ~ a .

Thus , we have the program:

-- —- - - ----
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(q ,  y ) . -  (0, 1)

loop asser t ~
until a b. y
y ‘-
repeat

loop asser t q~~a/ b , a / b < q + y ,  q~ N , y c  2N

u n til y • 1
y .- y / 2
if b. (q+y ) ~ a then q ‘- q+y fi
repeat

asse rt q ~ a /b , a /b  < q 4 I , q N

Special at tention must be paid to the input specification: By applying the t r a n s f o r m a t i o n

C becomes (a/b)2 ”  to the input  assertion of the integer square-root pr ogram , t he

input  condition for this program is obtained. We note , however , that the on ly fac t

needed for the construction of the square-roo t program was 0 < c ; its i n p u t

specification c N was unnecessarily restrictive. App lying the t rans format ion to 0 c

yields 0 ~ (a / b ) 2 . Now , si nce this is implied by the input  specification a N A b 1 N~~,

the above program is correc t for any legal values of a and b .

To achieve the add i t ional  ou tpu t  spec i f ica t ion  r - a-b. q , we extend the above program

to keep that  re lation invar i an t ly  true . So whenever q is updated , it is necessary to

update r accordingly: when q is in it ia l iz e d to 0 , r • a-b. 0 • a ;  when q is

incremented to q#y , r becomes a-b (qty). r - b .y ,

So far we have:
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assert a c  N , b N #

( q,  y, r ) .  (0, 1 , a)

loop assert y 2N r = a-b . q
unt i l  a <  b .y
y 2y
repeat

loop assert q ~ a / b , a / b < q + y ,  q N , y 2N
, r =  a -b .q

u n t i l  y • I
y .- y/2 .

if b. (q + y ) ~ a the rt (q ,  r )  .- ( q #y ,  r - b .y )  fi

repeat
assert q a / b , a / b  < q# l , q N , r a -b.q

Note that  the condi t ional  test b. ( q + y )  ~ a is equi valent to b. y  ~ a-b. q or b. y < r .  The

expression b. y involves mult ipl icat ion and appears three times , so a new variable u is

introduced to always equal b .y .  Substi tut ing u for all occurrences of b .y and

updating u whenever the value of y is changed , we obtain:
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HARDWARE INTEG ER DIVISION

assert a N .  b N #

(q,  y, r , u )  ‘- ( 0 , 1 , a , b)

loop asser t y 2N , r - a - b . q ,  u - b .y
until a < u
( y,  u)  .- ( 2y, 2u )
repeat

loop assert q ~ a /b , a /b  < q+y , q N , y (

r . a-b.q,  u - b y
until y • I
( y,  U ) . -  (y /2 , u / 2)
if u s ’r then (q,  r )  .- (q*y, r- u)  fi
repeat

assert q s a / b , a /b < q+1 , q (  N , r - a-b ’ q

This then is the desired hardware integer division program. Its only operations are

addition , subtraction , comparison and shifting, all of which are hardware Ins t ruct ions

on binary computers.

Note the similarity between the extension and optimization steps in this example. In

both cases a relation was added and kept invariantly true at all points of the program.

— Most of the previous examples would have profited from similar opt imizations.
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APPENDIX

The fo l lowing  is a QLI SP trace of Examp l r ’  I ( t h e  dehufj ung of th e  r eal d i v i ’ i o r i

prog r am ), as executed by ou r  m o d i f i c a t i o n  sy: ten i .  The steps and e x p r i ’ ’ i o i i s  d i f f ’ ’ r

somewhat  from the example  as presented in the  previous section. The trace ha been

edited and a nnotated to enhance its unders tandab i l i ty .  False leads that  the  syst em

followed a re also Included.

The procedure MOl l IFY m o d i f i e s  a p ro g r a m to ach ieve  a new g o a l .  Here it is used to debug a
real div i sion pro gram

MOP 1 E V

Th1~ is the annotated given bad procIr,j~n:

((ASSERT (A Nn (LIQ 0 A) (LT  A (TIM ES 2 B)) (LI 0 F)))
(SF 10 7 0) (SF10 V I)
(LOOP ( A S S E RT (ANt I  (, LT Q (TIM[S B 7) A) (LI A (TIME S B (MIII 7 (TiME S 2 Y))))))

(UNTIL  (L b V F ) )
( IF  ( IT O (TIME S B (AD O Z Y ) )  A)  T HEN ( SE T Q 7 (A DO 2 Y ) )  F l )
(SF10 Y (01V2 Y ) )
REPEAT)

(ASSERT (AND (ITO 2 ( D iV  A B ) )  (LI (DI V A (T IMES 2 B) )  ( A l t  ( D I V  2 2 )  [ 1 ) ) ) )

prefaced by an input acsertion . conta th ing the conditions under which the inv ariants hold .
and followed by output inv ar iant s . We desi re that the program achieve the output
spec i f icat ion:

(ASSERT (AND (ITO Z (DIV A B)) (LT (DIV A B) (A ElD Z F ) ) ) )

with the lega l inputs defined by the following input specification:

(ASSERT (AND (ITO 0 A) (LI A B) (LT 0 F)))

Note that this specif ication differs from the iop -t assertion of the program .

The system begins by app lying the function MATCH to compare the output inva rian t with the

p desi red output spec ification:

MATCH - (AN D (LTQ 7 ((‘IV A B)) (IT (DIV A (TIMES 2 B)) (ADD (DIV Z 2) E) ) )
(ANti ( LT Q 7 ( DIV A B) )  (LI ( DIV A B) (ADD Z F ) ) )

The f i r s t  conju nc t s  of both are the same , and the s y s tem comp a r es the second conjuncts . It
notices that if the expression (TIMES 2 B) could be transformed into B and (DIV Z 2)  i n t o
7 . then the whole conjunct would transform as desired. So it calls the function I NVERT ,
W h i C h  suggests the transformat ion 8 becomes (DIV B 2)” for (TIME S 2 8):

iNVERT: (TRAN Sf ORM (T IMES 2 B) B )
re su l t~ (TRANSFORM B (DIV B 2 ) )
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avi d c i m i I à r l ~ for ((‘IV 7 2)

N’,~ ~- : (1RA ~~I -~ ~I (F’ V I ?1
~~s It  1 ~ ~ ~i - - ‘ 7 ( 1. ~ S 2 7

Thu s , t h e  sy stem has f t i i r ii t r . , i ‘ ‘ r m , ~ ‘ : ‘ ~

( (  ~~~~~~~ ~~i ~ ((‘IV 2 ) )  ( I~~t~~Sl (~~~I 7 (~ ~‘ ) ) )

But f u s t , the ‘, , c t r ’ rn m i t  a~-~~l y t u i s  t rô , iS fo r iT~~t ion to the fi rst conjunct -

~‘-Rs (HO 7 (01.’ A I))
resu lt: (I TQ (1 ~~ S 7 2) ([‘IV A (HV B 2 ) ) )

and pr eve t h a t  the co n jtinct r~ -~ ins t rue , i - e -

(u-il- l I E S  (II . (1I’ ~ES 2 7 )  ((I v A ([‘Iv B 2 ) ) )
(1 10 7 ((‘IV A H))

Befo re proceeding, h r  c y c t r ’~ 1 — - - - - for a G l l t l o n a l  possible tr ansformations. Since ADD is
c in m uta t ive . a-i a t r , ’~— - ? is also n - - - - to rr ’ r’  (A:- ~ ((‘IV 7 2) F) with (AOl’ F Z)~ This ,
t oge t he r  w i t h  ( T RA N S u - -~ M B ((‘IV B 7)), i i e ld~ t ran sformation 2:

TRA NSF O PI P ((‘IV B 2 ) )  ( ~~~~ U~~’i 1 2 )  ( ,,:AN’-,~ ORM Z ( T I M E S  2 1 ) ) )

Hu.s s’vpr , t h i s  set of tr a ’ c f o r r r - ,t ions i~ d i s quaf i fi e d , since there is no way to t ra ,,sf rr— r
the variable I into I ic cons I ant c~~’ f-sc ion (TI MIS 2 F )  -

Co nt in ui ng in i t s  search for alt e rnat i ve transform ations , the syste m al so finds equivalent
formulations of the spec i fications , e q . -

(ANtI (LTQ (TIME S B 7) A) (H A (AN’ (TIM IS B Z) (lIMES 2 B F ) ) ) )
(ANI’ (110 (TIME S B 2) A) (IT A (AIi[i (TIMES B Z) (TIMES B E))))

Comparing them yield s transfo im ati on 3

((TRANSFORM F ((‘IV f 2 ) ) )

The system now (ails the h tion TRANSFORM-PROG RAM for each of the two eligible
t r a n s f o r m a t i o n s  ( I  and 3) in t o r i

TRANSFORM PROi~RAM( (A SSERT (A~ l’ (ITO 0 A) (LI A (TIMES 2 B)) (LI 0 F)))
(SF10 2 0) (SF10 V I)
(LOOP (ASSERT (ANtI (Lb )TjM[ S B 7) A) (IT A (TIMES B (A[’[) Z (TIMES 2 Y))))))

(UNT IL (ITO V F))
(II (110 (lIME S B (A[~[j 7 Y)) A) THIN (SF10 2 (ADO 7 Y)) E l)
(SI IQ y ((i~V7 ‘i’ ) )
R E P E A T )

(ASSIRI (AN I’ (110 7 ([‘iv A B)) (LI ((‘Iv A (lIME S 2 B)) (ADO (DIV 2 2) F)))))
((IRANSI ORM B (lily B 2 ) )  (TRAN SFORII 2 (TIME S 2 7 ) ) )

TRANS FORM-CONST -EXPR , which tra ,,sforms constants , is now called , and B is rep laced by ((‘IV
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B 2)  t h r o u gho u t :

TRAN SFORM -CON ST -EX PR- (TRA N S IikN B ([liv B 2 ) )

TRANSFORM - VAR-Fx r R tran s forms a va riable , in this case the variable Z becomes (TIME S 2 7):

TRAN SFO RM- VAR- EX PR (TRANSFORM 7 ( T I M E S 2 7 ) )

This may enta i l el iminat in g ex p ressions F r o m  the le f t -hand side of assignments . The
function TRANSFORM- SETQ is used to ap~ ly (TRANSfORM 7 (TIMES 2 Z)) to all ass~ qnments to 2:

(SF 10 2 0)
resu ltn (SF10 Z ((‘IV 0 2 ) )

and :

(SF10 7 (APt’ 7 Y))
res ul t r (SF10 7 (DI V (A( ’O (T IME S 2 7)  Y~ 2 ) )

The transformed program is

((ASSERT (AND (110 0 A) (IT A (TIME S 2 ( D I V  B 2 ) ) )  (LI 0 F)))
(SEIQ 7 (DIV 0 2 ) )  ( S F T Q  Y 1)
(LOOP (ASSERT (AND (ITO (TIMES (DIV B 7) (TIMES 2 2 ) )  A )

(LT A (TIME S (li ly B 2)  (ADO (TIMES 2 Z) (TIMES 2 V))))))
(UNtit (ITO V F))
(IF (110 (TIME S ([‘IV P 2)  (Ali(~ (TIM E S 2 7)  Y ) )  A )

THEN (SF10 2 ([‘IV (Al -i ’ (TIME S 2 2)  Y) 2) ) F l )
(SF10 I ((11V2 V))
RE PE A T)

(A SS ERT (ANt i ( ITO (TIMES 2 7)  (DIV A ([‘IV B 2 ) ) )
(LI (DIV A (TIMES 2 (DIV B 2))) (AD(I (DIV (TIMES 2 7) 2) F ) ) ) ) )

Non-executable statements (involvin g (‘IV) are now replaced by executable ones (DIV2 ) as
part of a s imp lification step. The simplified expressions have been underscored ; they
include rep tac i nq TIME S by T I M E S 2 . where po ssib le Thus the system obtains its first
corrected program

((ASSERT (AND (LT Q 0 A) (IT A (TIMES 2 ( D i V  B 2))) (IT 0 F)))
( SF 10 Z 0 ) ( SF 10 V 1)
(LOOP (ASSERT (AND (ITO (TIMES (DIV B 2) (TIMES 2 Z)) A)

( IT A (TIMES ( DIV B 2) (ADD (TIMES 2 2) (TIMES 2 V))))))
(UNTIL (ITO V F))
( IF (IT O (TIMES ( ( i IV2 B) (A[i[i (TIMES2 Z) V)) A)

T HEN ( S F I Q ZT~~ (A(’D (TI~ T~2 Z) I ) ) )  F l )
(SF 10 V (t’lV2 I))
REPEAT)

(ASSERT (AND (ITO (TIMES 2 7) (DIV A (DIV B 2 ) ) )
(IT (DIV A (lIME S 2 (DIV B 2))) (ADD (DIV (TIMES 2 2) 2) F)))))

lastly, it must be pri’vved that the transformed input asser t ion is imp lied by the given
input specification , 1

( I M P L I E S  (AN D ( I T Q 0 A) ( I T  A B ) ( L I  O F ) )
(AND (I1Q 0 A) (11 A (lIMES 2 (lily B 2))) (II 0 E ) ) )

S

— - ,___ -. . - - ~- ---- —.. —
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and it does , s ince ( l IM E S 2 ((‘IV B 2 ) )  i s  equal to B.

The seco nd possible transformation , t ransformation 3 , is now app lied :

TRANSFORM- PROGRAM -

((ASSERT (AND (ITO 0 A) (LT A (TIMES 2 B ) )  ( I T 0 F ) ) )
(SF10 7 0) (SF10 V 1)
(LOOP (ASSERT (ANti (ITO (T MES B 7) A) (LT A (TIMES B (ADD 7 (TIME S 2 1))))))

(UNTIL (ITO V F))
(IF (110 (lIMES B (AOl 7 V ) )  A) THI N (SITO 7 ( A DD Z Y ) )  E l )
(Si lo V ((‘IV2 I))
REPEA T )

(ASSERT (AND (ITO 7 ([‘IV A B)) (IT (DIV A (lIMES 2 B)) (ADD (DIV Z 2) F ) ) ) ) )
((TRANSFORM F (DIV F 2 ) ) )

obtainin g (after simp lificatio n) a second corrected program:

((ASSERT (ANEi (110 0 A) (IT A (TIMES 2 B)) (IT 0 (DIV F 2 ) ) ) )
(SF1 0 7 0) (SF10 V I)
(LOOP (ASSERT (AND (ITO (TIMES B 7)  A) (LI A (TIMES B (ADO 7 (TIMES 2 V ) ) ) ) ) )

(UN T IL (Lb V ([‘IV? I)))
(IF (110 (TIME S B (A l ’ ( ’  2 V)) A) THEN (SETQ 7 (Al’D Z V)) Fl)
(Sf10 Y (fiiV2 I))
RE P E A T )

(ASSERT (AM’ (ITO 7 ((‘IV A B)) (LI ((‘IV A (TIMES 2 B)) (ACiD (DIV 7 2) ([‘IV F 2 ) ) ) ) ) )

A gain it must be shown that the transformed input assertion is implied by the input
speci ficatio n :

(I MPLIES (AM’ (110 0 A) (LI A B) (LI O F))
(AND (110 0 A) (LI A (TIMES 2 B)) (LI 0 (DIV F 2))))

which is indeed true , since A<2B is implied by A<B and O<E/2 is equivalent to O<E .


