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PREFACE

This report is part of a continuing effort in the Controls
Department of The Aerospace Corporation, of developing tech-
niques for analyzing and simulating the dynamics and control of E
large flexible spacecraft. The following are previous related

publications.

® Jerkovsky, W., '"The Transformation Operator Approach
to Multi-Body Spacecraft Dynamics. Volume I, The
Transformation Operator Formulation; Part 1, Momentum
Approach,'" Aerospace Corp., El Segundo, Calif.,
TOR-0075(5624-01)-1, 6 December 1974.

® Jerkovsky, W., '"The Transformation Operator Approach
to Multi-Body Dynamics, ' Aerospace Corp., El Segundo,
Calif., TR-0076(6901-03)-5, 10 May 1976.

Additional related reports are in preparation.

The present report describes work performed under
Engineering Methods of the Guidance and Control Division,
Engineering Science Operations. I wish to thank Ms. Karen Saito

for her skillful typing of the manuscript.
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I. INTRODUCTION

During the last twenty years, the control system analyst has
been faced with modeling the dynamics of multibody spacecraft
with ever increasing fidelity. This requirement for increased
dynamics modeling sophistication is due in part to increasing
control accuracy requirements, increasing spacecraft maneuver-
ing requirements, increasing spacecraft size and structural
flexibility, and finally, an increasing number of moving parts
on board the spacecraft. A considerable number of papersl-lé
has been devoted to this subjected prior to 1970, and an even
larger number o since 1970. The dynamics equations can
get so complicated (because of the large number of terms) that
it is difficult to see the forest for the trees. A similiar prolifer-
ation of terms in dynamics equations has occurred in the study of
the dynamics of mechanisms and 1inkages45_54.

The purpose of the present paper is to describe the general
form of the dynamics equations of motion for an arbitrary de-
formable body undergoing large deformations. In order to keep
the equations completely general, no particular material proper-
ties (i.e. no constitutive equations 55-'I:’é)will be introduced . In
this respect, the present paper is similiar to that of McDonough57
except that we do not introduce any equations from continuum
mechanics. Instead, we consider the deformable body to consist
of a large number of particles (say 1025 molecules) of negligible
inertia 58—61. The deformable body consisting of N particles then
has 6 '"external' and n "internal' degrees of freedom, where
n < 3N - 6; if there are no constraints among the N particles
then n equals 3N - 6, but if there are s constraints then
n=3N-6-s. The separation into ""external' or ''rigid body"

degrees of freedom and ''internal" or '""deformation' degrees of
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62

freedom is similiar to that introduced by Teixeira and Kane
If the equations of motion are linearized in the deformations, then
our equations reduce to the corresponding equations in the litera-
ture. If the deformations are taken to be zero, then we recover
the equations of motion for a rigid body. A topological tree of
rigid bodies can be handled by letting the deformation coordinates
represent the relative gimbal angles (and relative hinge displace-
ments, if any) between contiguous rigid bodies. Almost all the
spacecraft dynamics equations in the literature can be obtained by
introducing appropriate specializations into the equations present-
ed herein. However, there are two types of spacecraft dynamics
problems not considered herein: the deployment of roll-out
booms or solar arrays, and mass expulsion as in rocket engine
firing.

There are a number of controversies and misconceptions in
the spacecraft dynamics literature on several basic mechanics
issues. One of these controversies deals with whether a
"Newton-Euler'" (or '"vectorial'') dynamics formulation is prefer-
able to a '""Lagrange-Hamilton' (or "'analytical dynamics'' or
""'variational dynamics'') formulation. Often it is claimed that a
""Newton-Euler' formulation has the advantage of being '"'more
physical', but a ""Lagrange-Hamilton' formulation is preferable
because constraint forces are automatically eliminated. We will
show in this paper that our approach (which might be called
""algebraical dynamics'') has both of the above advantages. Our
equations have the form of those of Newton and Euler, but the

procedure we use to get the equations is essentially due to

Lagrange and Hamilton. Our approach is similiar to that of

3-65 % :
Kane6 except we make extensive use of transformation

operatorsbb—bgto make velocity transformations, which in turn

Lo o




induce appropriate momentum and force transformations. The

transformation operator formalism is based on Kron's method of
subspaces 70-73, which in turn is based on the procedure used
by Lagrange to go from Newton's vector equations for particles
to Lagrange's equations in terms of generalized coordinates.

Another controversy centers about whether it is preferable
to use velocity or momentum as state variables. Russell has
been the principal proponent of the momentum formulation of
spacecraft dynamics problem. Recently, Vance and Sitchin_M-76
have also been advocating the momentum formulation. The con-
troversy here is similiar to the question of whether Lagrange's
or Hamilton's equations are preferable for spacecraft dynamics
equations. We will see that our approach allows us to get the
Lagrange and the Hamilton equations in a simple algebraic man-
ner which does not require forming Lagrangians and Hamilton-
ians and then taking partial derivatives. Thus, our approach
allows us to get both the velocity and the momentum equations
for the deformable body.

Nonlinear dynamics equations for a deformable body can be
obtained by expressing the particle displacements (relative to a
fixed or floating reference frame) in terms of the eigenfunctions
or eigenvectors of the corresponding (or closely related) linear-
ized equations of motion. Different choices of reference

358' Sl and different choice of eigenfunctions or

frame
eigenvectors can be made. We will maintain generality by not
specifying the form or nature of the particle displacement field;
we merely assume that some displacement field function does
exist, and we assume this function is continuous and has con-

tinuous partial derivatives of up to the second order (so that we

can interchange the order of two partial differentiations).




The dynamics equations for a spaceci‘aft are sometimes
written relative to a point fixed in the structure, and sometimes
they are written relative to the total center of mass. We will
maintain generality by writing them relative to an arbitrary
point which may be fixed in the structure or not; in particular,
the point may be the total center of mass.

Our dynamics equations for a deformable body are given in
Section V, page 65. Our "momentum formulation'' equations are

G+X=Kand G =737, where G is the system velocity, G is the i

system momentum (which is defined so that the kinetic energy is
given by T = %Gt °T), % is the system mass (which yields

Lt
T = -2- (o2

and X is an extra term which must be added to the time derivative

“T *5), K is the system force (which yields T = K’ * )

of G so that the result is K. Our ''velocity formulation' equation
isT *5+ Y = K where ¥ is an extra term which must be added to
the system mass times the system acceleration so that the result
is K. Of course, our dynamics equations are not adequately de-
scribed until each of the variables in the equations is well defined.
The variables for the ""external' or ''rigid body' degrees of free-
dom are described in Section II in terms of the corresponding
variables for the individual particles which constitute the deform-
able body. Section III describes the variables for the 'internal"
or '"deformation'' degrees of freedom. Most of Section IV is
taken up in determining first the general forms, and then the
explicit expressions for X and Y; the expressions for & and K

are actually quite straightforward.




II. CLASSICAL VECTOR EQUATIONS

We will start out with Newton's law for a particle, written
relative to an inertial origin. This law applies to cach of the
particles of the system of particles which represents our de-
formable body. By assuming that action is equal and opposite to
reaction, the internal forces drop out of the equations which
describe the external degrees of freedom; however, these inter-
nal forces do enter the equations for the internal degrees of

freedom (except that purely constraint forces drop out).

A. EQUATIONS RELATIVE TO AN INERTIAL ORIGIN

In this subsection, we introduce the vector notation and
equaticns80-81 which we use to describe the deformable body
relative to an inertial origin. We number the particles from
1 to N and we refer to a typical particle as the ith particle or
particle i, where 1 <i = N. Letulti be the position vector of the
ith particle relative to an inertial reference origin. -1!1 will, in
general, vary with time,t. The velocity of the ith particle, ;/;,
is equal to the inertial time derivative of }:)i’ and is denoted by

o5 vy

N =1 =
1

5 (2-1)

dt

This is a '""material'" time derivative55-56 since it is the velo-
city experienced by a particular material point of the deforma-
ble body.

Let m, be the mass of the ith particle and let M be the

total mass of all particles. Then a point c, the total center of

. . o) g
mass, is given by the position vector T where




‘ 1

’ _r’c = — E mi?i (2-2)
: M i

i

!

3 where

i

! D m, (2-3)
{ i

In Equations (2) and (3)"‘it is understood that the summation is
over all the particles; i.e. for i =1to N. The velocity of the
center of mass, 3c’ is given by
: 1
-
?/'C =% =— v (2-4)
M i
The linear momentum of particle i, 31’ and of the whole

->
system, P, are given by

-2 -
R (2-5) ,

25 (2-6)
2 !

1l
8
<

=¥
P

Combining Equations (4) to (6) yields

] = =
P= ; mv, = M?r'C (2-7) |

The kinetic energy of particle i, Ti’ and of the whole

system, T, are given by

#“We use the following convention: if a referenced equation appears
in the same section as the reference, then the section number is
deleted from the equation number.

«10-

)




(2-8)

T = ZT. (2-9)
i

...
o] —
o
7,

wherc_\yi2 = 77.1._\7i and_ﬁ_2 ;Si :’i' From Equations (8) and (5)
i
we note that
f—i = m ;; =3
3o 155 (2-10)
V.
i
9T, 1
e -» _°2
T T
Pj i

It should be_’noted that in Equation (10) Ti is considered to be a
function of v whereas in Equation (11) Ti is considered to be a
function of 'f;i. The confusion between these two different func-
tions can be eliminated by using different symbols for the two
kinetic energy functions, but for simplicity we will not do so.
Since each of the particles is independent, Equations (8) to (10)
yield

o
|
-

n
n
o

(2-12)

Y
=< ¥
o7
<Y

o
=
-

- i - -’
= (2-13)

(o1
oo ¥
(%
Tl

1ls
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Thus, from the system kinetic energy function, T, the ith

particle momentum and the ith particle velocity can be obtained
by partial differentiation.
-3
Let f, be the force on the B particle. Then Newton's law of

motion can be written as

5 _
p; = fi (2-14)
or
m.v =T (2-15)
ii i
or
S -
m.r. = f, (2-16)
i7i i
Equation (14) is a ""momentum equation' and Equation (15) is a i

""velocity equation. "

Since the mass m, is a constant, the
momentum and velocity equations differ only by this constant

-
factor. Let F denote the total force on the system:

S 3 (2-17)

= i
. i
TR 2FE 5 : |
Now we can write fi as the sum of f.1 which is an external force |
-
(whose origin is from outside of the deformable body) and fiI
which is an internal force (due to the coupling among the mass

points of the body). We assume Newton's third law, that action

il bt o bt i

is equal and opposite to reaction, and conclude that

b I Y (2-18)

i

p !




Hence

EDWALITUR AT 19
1 1

Combining Equations (6),(14), and (19) now yields

o E
& B (2-20)

et

>
P =

Thus, Newton's law for a particle also holds for the composite
system linear momentum.
Taking the time derivative of the kinetic energy of the i*
particle yields
-

T. = mv, *
i i i

¥

- —
G T (2-21)

The time derivative of the kinetic energy for the entire system is

’r=Zi‘i=Z?i-3. (2-22)
ik 1

b §

Note that the time derivative of the total kinetic energy depends
on both internal and external forces; i.e. the total kinetic
energy can change with time even in the absence of external
forces.

We have now written all the fundamental equations rela-

tive to an inertial origin. In the next subsection we write these

equations relative to a moving (possibly accelerating) origin.




B. EQUATIONS RELATIVE TO A MOVING ORIGIN

We now introduce an arbitrary point, a, with position
- - > ->
vector r and with velocity R Let Ria be the position
vector to particle i (or point i) from point a. From Figure 1, it

is evident that we can now write

1 a

- -
r. r

a

Multiplying this by m, and summing overall i yields

- - - - > - -
Mr = Zm.r.‘:Mr + MR (orr_ =r
c 3 i a ca c

& a ca

where

- -
MRca q Zl: my Ria (2-25)

-
Thus, Rca is the position vector to the center of mass, c, from
the point a. Taking the inertial time derivative of Equation (23)

yields

<l
1
<l

[
Y
[
V)

The arbitrary point a may coincide with (be equal to) c. In that

case, Equations (23) and (26) become

- - -
: r

1 C 1C

wld.

-
+ R, (2-23)

+R__) (2-24)

G
+ R, (2-26)

+ R, (2-27)

el




ic

ca i

moving
frame

inertial
frame

Figure 1. Diagram of Position Vectors For
a System of Particles
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=

- - ’
v.=v_+ ﬂi (2-28)

i e c

From these two equations it follows that

Z -’
m. R.
r i 1le
3
Z .q
m. R.
i i 1c

0 (2-29)

(2-30) i

I
ol

Equations (29) and (30) are consequences of the fact that c is
the total center of mass.
Using Equation (26), the system linear momentum becomes
=

-
P=Mv +M
a ca

(2-31)

oy

where, from Equation (25),

o %
MR __ = Z m, R. (2-32)
ca i I 1a

-» -
If a coincides with ¢, then Equation (31) reduces to P = Mvc
because I—{) = 0.

ce

The system kinetic energy can now be written as

—

it R L aR ® (2-33)
a ca 2 i i ia

T n vy

- -
Note that the partial derivative of T with respect to 2 is P:

-16-




> -
—_;—=Ma+MR =P (2-34)

- >
T=1Mv2+-12-2m.R. & (2-35)

-
=P (2-36)

As is usual when taking partial derivatives, Equations (34) and
(36) have to be interpreted carefully because the two equations
deal with different functions. If Ta* denotes ihe kinetic >:nergy
function in terms of the independent variable Ve and TC

->
denotes this function in terms of Ve then we can write

3 3
15’= Ta i Tc
% 3y
a C

From Equations (22) and (26),we get for the time deriva-

tive of the system kinetic energy

. - - - = >
T:Zi:fi‘vi=F‘va+ ;z’i.Ria (2-37)

- o9F.
where F = F — is the total external force.
->
The angular momentum about the point a of particle i, hai ’
->
and of the whole system, Ha' are given by

-17-




R.oeR._=p 2-38
R T (2-38)
- -

H_ = 2; B (2-39)

=
Thus, Ha is given by

a 1 1a 2

i i
If a coincides with c, this expression becomes

- - - - -
e ; By # 8y 7 Xl: B R Y R

- - -
If we write R. = R. + R__ in Equation (40), we find that
ia ic ca

-

-
H = Zﬁ'iang ¢ O SR | (2-40)

- -» e
H =H +R_xP (2-42)

a C ca

- -
We get an alternate expression for Ha by expressing A in terms

of 3a as given by Equation (26). Then

- - - z - >
H =MR _x v_+ m. R. % R. (2-43)
a ca a i 1 1a ia

->
If a coincides with ¢, we get an alternate expression for HC:

- - >
HC = ; miRic x Ric (2-44)

Taking the time derivative of Equation (40) yields




N
. * By (2-45)

> 5 - -
o Z B By ¥ 2 B
i i
> -
We substitute p; = fi on the right hand side, and then introduce
->
the torque or moment of force, La’ on the system about the
point a:
= > _ - 2E_ 2 E
La—ZRiax?i-zi: R, x £~ =L (2-46)

1 a

X

where we have assumed that action is equal and opposite to

reaction and hence

- >
; R x£ =3 (2-47)

Next we note that

Z:-b - Z 3 05 - - >
R.xp.1= (r. -r ) xp. =-v_x P (2-48)

. l1a . 1 a
1 z

Combining Equations (45) and (48) and making use of Equation (47)

now yields

e
s

. ->
since vcx =0,

-19-




The definition of the total torque about the point a,

Equation (46), and the definition of the total angular momentum
about the point a, Equation (40), are very similiar. This simi-
liarity can be enhanced by introducing the moment of force about

the point a on particle i, 1ai’ as follows

Iai N ﬁia cy ?1 (2-51)

Then

lf

= 21: 1ai (2-52)

Note the similiarity of Equations (51) and (52) to Equations (38)
and (39), respectively.

The angular momentum is a fundamental quantity but we
cannot obtain it by partial differentiation of the kinetic energy
function given in Equation (33). This situation will be remedied
in the next subsection where we introduce an angular velocity, and
then the angular momentum can be obtained by partial differen-

tiation of the kinetic energy with respect to this angular velocity.

C. EQUATIONS RELATIVE TO A ROTATING FRAME

In the last subsection, we obtained the following expressions

- -
for the linear momentum, P, angular momentum about a, Ha’

kinetic energy, T, and time derivative of kinetic energy, T:

- - >
P = Mva + zl: miRia (2-53)




- et SRR PG, BRSNS S 2-54
H,* Rt ¥ T miRia X Na (2-54)
1.2 S =» 2
T = 7 MVa + ; ml Ria Va + 7 ? mi Ria (2-55)
s >
U e e BT (2-56)
a i L 1a

We will now replace the inertial time derivative of ﬁia in
these equations by the time derivative with respect to a frame
(which we can call '"frame B'') which has angular velocity oB
with respect to inertial space. We know that for any vector \_;
we have

- -
0B x ¥ (2-57)

5 B
V=V +
5 : . 2
where V denotes the time derivative of V with respect to the
frame with angular velocity aB(i. e. with respect to frame B).
-

Applied to the vector Ria' Equation (57) yields

: 8

R R. + -u:B x R

ia ia i (E-30

-
It is convenient to let u?a denote Ria :

w5
Yia T Ria RE=53

It is also convenient to write

B« R _=grt - @B (2-60)

-21-




where  R. is the skew-symmetric dyadic formed from the
-
vector Ria' and ﬁ:a is the dyadic transpose (or conjugate) of

~ ->
R. . Thus, R._ can be expressed as
ia ia

oy

_ 4B o4 4B
ia ~ Ya i Ria b (2-61)

Substituting Equation (61) into Equations (53) to (56) yields

» ~
B=Mv +MRY - 9B 4 o0 (2-62)
a ca i 1 1la
- ~ © ~ ->
H =MR__* v +1 R P (2-63)
a ca a a < 1 Ia 1a
- ~ -

'1'=-12-1\/12z’2 M Dits. B B (2-64)

a 1 1a a a ca

o ~
JEGE LS 28, T L3 R BB L ), D
2 a i ia ia Z i ia

B di Tog 2 E g L A (2-65)
a a 1 1 1a
where
o & ~ . ~t _‘-)t
Ia = 21: miRia Ria = Ia (2 66)

L =4
Evid ently, Ial is the inertia81 of the deformable body about the

arbitrary point a. If a coincides with ¢, we have

%
See Appendix A
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o _ ~ | ~t
I_= zl: m . 4 R (2-67) 1

- -> -
If we write Ria = R. + R __ in Equation (66), we find that

1€ ca
ql-; o ~ ~t
=T +MR_* R (2-68)
a (o Cca ca

- -»
Considering v, and 8 ° to be independent variables in the

kinetic energy function given by Equation (64), we see that

-}
= (2-69)
v
a
SF L
335 - H (2-70)

Here the partial derivatives of T are understood to mean the
*® .
partial derivatives of the function Tal? given in Equation (64).

-
The time derivatives of IB) and Ha are still given by

=5
= F (2-71)

ol )

= - =

Ha b R P = La (2-72)

Equations (69) to (72) are very simple but very general equa-

tions which hold for any deformable body, even a body containing
02

fluids

external degrees of freedom of the deformable body. In order to

. However, Equations (69) to (72) describe only the 6

describe the n < 3N - 6 internal degrees of freedom of the system

=23e




=10~

of N particles, we must somehow introduce n appropriate
coordinates and velocities. In addition, it would be desirable
to introduce n appropriate momenta.

It is instructive to write Equations (62) and (63) in the

following matrix form

o i o -
B mE MRcta m, E WoE At e R > 8

(2-73)

> = o = K ~ 2B
Ha MRca ?a 1Rla

=B
la

B
2a

. .

>B
u

| Naj

o
where E is the identity dyadic. Since the system has only n

internal degrees of freedom, the relative velocity vectors
eSS e e
Yla * “Na
coordinates and velocities. Also, there are n more momenta

must be expressed in terms of only n

which characterize the internal degrees of freedom of the

system.

3
See Appendix B.
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III. INTERNAL GENERALIZED COORDINATES

If there are n internal degrees of freedom described by
internal generalized coordinates gBl, £B2, elotads €B , then each
5B a a an
ul must be a linear combination of the time derivatives of these
internal generalized coordinates. Thus, we can write an equation

of the form

2B . 3. 4B 2B (3-1)

where gB . in general, depends on the internal generalized
el B 3B
coordinates Eal' €a2’ eleiel gan, however, ia does not depend
on the time derivatives of the internal generalized coordinates.
-
Now Ria is a function of the internal generalized coordinates,

->
and we assume that Ria is not an explicit function of time. Hence

-

3R
=B _§ o ia ;B
L Z 2D & o i
J aj

Comparing Equations (1) and (2), we see that

3R

3B __ ia (3-3)
iaj aEB
aj

Equation (1) can be written conveniently in matrix form as

follows :

% See Appendix B
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s ) b i in b e il

| °B _ |7B B ...=2 |B)._[B B ... ;B [?B]
F “in " [ ial 3iaZ 3ian:] fal [€ al a2 €anJ ?ial '
g :B B
; €aZ 3ia2
%
3 |
. (3-4) n
= &
[ L. ]
3 This can be written more compactly by introducing the following
notation
3
75 |
ial
Qf} = T’?B

ia2




éBn] (3-8)

Equation (1) can now be written as

LA . -
o a 40 (il y? (3-9)
la 1a a a la

->
These two different forms of expressing u?a are useful in form-

< Ggs iy - Y
ing quantities like u’

ia °
'JBZ _3B 2B =éBt ¢B . 4B° iB
fa "V e TR, it Taa vy {3-10)
B B!
where ? i 3 is an n x n matrix of scalars:
ia ia
e 1 ofm g e ]
ial . ial ia2 3ian (3-11)

3B . B . 3B
ia ia ia2

3B
L ian_
(3B . 3B

ial ial

ia2 ial

LA £

B
3?ial

3B

ia2

7B

ia2

. 3B

ia2

ian ial ian ia2
=27«
p—— AP ———

ial

g

ia2

B

lan

- 3B

ian

. 3B

1an

- 3B

ian

T T P T L -




S
Thus, the element in the j' row and k™ column of 85 + ¢% s
B , ,B' B B
(&. -3 O 1 (3-12)
ia ia /jk iaj iak

Equations (9) and (10)can now be used to write Equations (2-62)

to (2-65) in the following form

t

o SR =t . 7B B /B
P=Mv_ +MR_ * ¢+ 21: m. @7 € (3-13)
g =MR _-v +% -8+ R -@BtéB

an ca ‘a “a . BN ia ~a (3-14)

t

e B t o R B :B

| — . . . Q =
S ZMva +va MRC w +va izmi iaga (3-15)

t

-> © ~ e
+1—wB°I - u'?B+'u'aB-ZmR . 3B gB

2 i i“ia ia ’a

t t .B

1 :B E B B i

= ) :
+ZEa ” = i Qiag

t

. _"’. -> -»> . -)B -> , B 'B
T=F va+La o o+ Zfi Qia é;a (3-16)

Note that in each of these equations we have a summation over
all the particles (from i = 1to N). We can eliminate this
explicit dependence on the individual particles by introducing

the following notation

- S D (3-17)
a P 1 1a

* See Appendix B
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A

& i
B _ B . ot g . QB
B 12 x5 Qla Ria ™ 21: miR1a ia
t t t
B B Bt | &t
6B = D mE,_+ B = D ms t
i i
t t
yB =2 m 8B . #B - ,B
a L i a
B B - - B
= . = .3
k 21: Qia fi ; £ ia

Equations (13)to (16) now become

- - 25 - .
B =My + MR' - e®ra] E°
a ca a a
- - - >B Bt-B
H. =M SR SR +B7 &
a ca a a a a
t
i - .
Teimy “4v » ME® - P4+ « &P §°
2 a ca a a a
t t
1 B 2B . 9B . .B's+B .1 :B' B :B
= . ¢ W o
b Ya Lk BagaJl'fga yaea
t
- o - - .
TR o v 4D - PP ES
a a a

w e

(3-18)

(3-19)

(3-20)

(3-21)

(3-22)

(3-23)

(3-24)

(3-25

(3-26)

(3-27)

-

-

SN S SV

J
J
|
|
!
J




These equations can be

follows:s:

-
P

oof §

(==—)
R

-
1l
) —

written conveniently in matrix form as

* See Appendix B
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(3-28)

(3-29)

(3-30)

(3-31)




where here the partial derivatives of T mean the partial deriva-
tives of the function of 3a' aB, and g’i (and of the internal
generalized coordinates Elzl s 51:2, LILCE €1:n) given in Equation
(29).

We have now achieved our objective of expressing the
fundamental quantities in terms of the velocities of the 6 external
degrees of freedom plus the velocities of the n internal degrees
of freedom. However, so far, we only have the external momen-
ta gand ﬁa; we would also like to have n internal generalized
momenta. Since the external momenta can be obtained by
partial differentiation of the kinetic energy with respect to the
angular velocities, we are led to define the n internal generalized

momenta by partial differentiation of T with respect to 612 De~

noting the internal generalized momentum by gz we thus have

3 - :
T . B.gB.3J B . 2B,,B ;B
3 ? a a a a ar Sla
a
Combining Equations (28) and (33) now yields
4 [ o o i S
[ 2 ME MR'! oB v
ca a a
t
~ 9
H MR I pB | o | P
a ca a
B B B B B
]
8a a o a Ya Ea
"l SRS X g ke

e

->
= H (3-32)




t —~ — £ r— —
1t 2B ‘B - _1_ - - B . - ‘
T—E[Va w ga] P —Z[P H"1 ga:l Va (3-35)
H 3B
a
B .
2 £
L. s J

We now have a full set of external and internal velocities,
plus a full set of external and internal momenta. A full set of

-
dynamics equations is a set of equatlons for B, H =5 and gB , Oor

a set of equations for v, :)B, and E s Equat1ons (2-71) a.nd (2-72)

give us expressions for Pand Ha’ respectively; this will be a

full set of dynamics equations as soon as we get an equation for
(see Section V, page 65).

Recall that we defined Band H in terms of 3i (Equations (2-6)
and (2 40),respect1vely) Thus, we were able to obtain equations
for P and H by simply differentiating these defining equatlons
with respect to time, and then using Newton's law to replace p
with f In the next section we will define gfzi as being given by

2B S . s 2 . +B
¢ by~ Py From this definition we will obtain g, as

;B - B > > -
iy ¥ " P, : :
Z fa BT E ia = P;- When we replace p, with f1 we

notice that the second of these summations is simply k}z as

defined in Equation (22). We will then have our equation for
-B $B . 2 :
g 3 as soon as we put ia P; in a more convenient form
i
which does not involve an explicit summation over particles. Of
course, we also have to show that the definition of gB

8B . 3 B
ia = Pi is equivalent to the definition of g, as in

Equatl on (33).

»32s




IV. TRANSFORMATION OPERATOR EQUATIONS .

We will now use the transformation operator approach to
derive the desired full set of equations of motion for our deform-
able body. The transformation operator formalism has been
documented in References (66) and (68) and therefore we will give
here only a brief summary in a form most suitable for applica-

tion to a deformable body. It is interesting to note that the en-

70-

tire formalism, which is based on Kron's method of subspaces
is essentially a generalization of linear matrix structural analy-

. e The generalization consists mainly of starting out

sis
with coordinate dependent velocity transformations rather than

with linear and constant coordinate transformations. In general,
coordinate transformations are nonlinear, but the corresponding

velocity transformations are always linear.

A. BASIC FORMALISM

The equations of motion for a dynamical system with a

finite number of degrees of freedom can be put in the form

73

G+X=K (4-1)

where G is the system momentum, K is the system force, and
X is an extra term which is quadratic in the momentum. In
general X also depends on the coordinates. The momentum G is

linearly related to the system velocity ¢ :

G=up * o0 (4-2)

where p is the system mass. Taking the time derivative of

#* The final equations obtained in this section are summarized in
Section V, page 65. The reader may wish to look at Section V
before reading Section IV,

B et




Equation (2) and then substituting into Equation (1) yields

L a+Y=K (4-3)

where

Y=u*ao+x% (4-4)

Equation (1) is a "momentum formulation' whereas Equation (3)
is a ""velocity formulation.' The principal difference between
the momentum and velocity formulations is that in the momentum
formulation we have the extra term X whereas in the velocity
formulation we have the extra term Y. Often it is simpler to
obtain X than it is to obtain Y (this 1s certainly the case if to
obtain Y, we first obtain X as indicated in Equation (4) ). ool
In addition to Equations (1) to (4), we also have the

kinetic energy expressions

1 - N
T=-2-c s u’0=7G * ¢ (4-5)
L t
T=K * o (4-6)
3T
— = 4-7
35 (4-7)

When performing the partial differentiation of T with respect to
c we consider T to be the quadratic function of ¢ given in
Equation (5).

The system mass is positive definite and symmetric, and

therefore it has a positive definite symmetric inverse V :

-34-




V

- also make the following momentum and force transformations

W =Y (4'8)

g =V * G (4_9)

Consequently, the kinetic energy can also be expressed as

oot It
70 'O'=7G sV (4-10)

TR

From this follows the relationship

98 =0 (4-11)
3G

where here we consider T to be the quadratic function of G given
in Equation (10).
We now make a linear velocity transformation
g=2A°" T (4-12)
where T is a new system velocity and A is the transformation

operator. In conjunction with this velocity transformation, we

C=A""G (4-13)

=i
n

>
=x

(4-14)

-35«
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We also make a congruence transformation on the mass:

t

T w AY A (4-15)

Substituting kquation (12) into Equations (5) and (6) and then
making use of Equations (13 Jto (15)yields

TP R AR S - T
T=5% *5 "7 =3C o (4-16)
N
F=K +7 (4-17)

Thus &, &, G, and K are properly defined in order to keep the
functional form of T and T invariant.

Differentiating G with respect to time yields

where

& t

G+X=K (4-18)

x=at x-A' G (4-19)

We also find that G and © are related as follows

>
H

G=0 * 7 = (4-20)

[e7]
al

Substituting Equation (20 )into Equation (18) yields

B *T+Y=K (4-21)

«36-




where

Y=u 5 +X (4-22)

We get an alternate expression for Y by substituting Equation (12)
into (3) and then multiplying the resulting Equation (3) from
the left by A'. The resulting Y is

T=atr vy+at u-A-s (4-23)

If Equation (22) is used to obtain Y, then it obviously requires
more effort to obtain Y than to obtain only X. However, if
Equation (23) is used for Y, it is not clear whether it is simpler
to find this Y or the X given by Equation (19), In fact, by
writing G=p * o =u * A * T we can put X in the form

X=A'  x-At- L - A7 (4-24)

Comparing Equations (23) and (24), we note that both X and v
appear to be equally complicated.

In general, the transformation operator A is not invertible,
but it is always one-to-one (alternatively, it always has full column

rank). Therefore, A has a left inverse85-86 B so that

BeAs=]l (4-25)
where 1 is the identity of the same dimension as & (and also of

the same dimension as G, K, X, and Y). From Equation (25)
it follows that

-37-




A B =1 (4-26)

Thus; At has a right inverse Bt. However, in general, A does
not have a right inverse, and therefore Alin general does not
have a left inverse. Consequently, Equation (12) can be solved

for g
G = Bt G (4-27)

but Equations (13) and (14) cannot similiarly be solved for G
and K in terms of G and K, respectively. Similiarly, Equation
(15) cannot be solved for 4 in terms of W.

Since u is positive definite symmetric and since A is one-to-
one, it follows from Equation (15) that i is also positive definite
symmetric. Therefore I has a positive definite symmetric in-
verse V:

gl=v (4-28)

Thus © can be expressed as follows:

OLF

3:3-(;‘:36 (4-29)

It can be shown from general tensorial considerations that

there exists a C such that"
E=C*B+8 * C (4-30)

Xz«C* Gu-C*“B*T (4-31)

# C is linear in @ and in the Christoffel symbols (which general-
ly are functions of the coordinates).

38
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al

¥ = (4-32)

Now define D by

Ql

D= " (4-33)

Then Equations (30) to (32) become

T =D+D (4-34)
X=-D*7© (4-35)
— —F o
Y=D'"73 . (4-36)
where we have made use of the fact that 4 is symmetric
(o = Et). From these equations it is particularly evident that
Y-X=u"7 (4-37)

From Equations (35) and (36) it is evident that if we obtain X
and Y by first obtaining D, then X and Y are obtained with equal
difficulty.

B. APPLICATION TO A DEFORMABLE BODY

In order to use the transformation operator formalism, we
must start out with a set of o, U, G, K, X, and Y which satisfy
Equations (1) to (3). Then we must introduce a new velocity
5 and a transformation operator A. The transformation opera-

tor formalism then does the rest.

=39




We consider a system of N particles and we let o be a

. .th L
column matrix of N vectors, whose i element (vector) is Vi

the velocity of the ith particle:
g T
b
=
o2
(4-38)

-
YN
Loes i

We define i to be an N x N matrix of dyadics which is diagonal

AR o : o 5
and whose i diagonal element is miE , where m, is the mass of

the ith particle:

il

p—

ok

(4-39)

m B

N

i |

where the off-diagonal elements of p are the zero dyadic. Since

G =p * ¢ we see that G must be a column matrix of N vectors,

.th i : g s
whose i~ element is P the linear momentum of the 1th particle:

«40 =




(4-40)

PN

A

Next, we define K to be a column matrix of N vectors, whose

.th .2 .th %
i~ element is fi , the force on the i~ particle:

[ >

h

4

o)
[3V)

(4-41)

LN

-
Since we have P; = fi we obviously have X equal to zero:

X=0 (4-42)

Thus, X is a column matrix of N zero vectors. Similiarly,
%

->
since mi v = fi , we also have Y equal to zero:

Y = 0 (4'43)

4]




and therefore Y is also a column matrix of N zero vectors.
1‘ Thus, the equations of motion for the system of particles are
G =K (since X = 0) (4-44)
G=p %o (4-45)

These equations represent the momentum formulation. The velo-

city formulation equation is

p o =K (since Y = 0) (4-46)

We now define ¢ as follows:

=

v
a

-

-

al
1

(4-47)
éB

a

where -\;a is the inertial liﬁe;r velocity of an arbitrary point a as
introduced in Section II , @~ is the inertial angular velocity of an
arbitrary frame B as introduced in Section II, and 52 is an n
element column matrix whose jth element is EIZ , which is the
time derivative of the jth internal generalized cf:ordinate.

We determine the transformation operator A by combining

the following three equations (see Equations (2-26), (2-61), (3-1), and
‘ (3-9))




R =uE.3 +E.t ¢ wB
ia ia ia
{ - c B B Bt B
: 2= 0T =45, €
§ ia iz iaj ’a) ia 2a

> o _~t =B, B ;
vi—va+Ria = +§1a€
¢ —
=[§ R ] .
ia ia
L
Thus, A is given by
t
el ~t B
E Rla ¢ la
t
3 e g ~t B
£ E RZa ¢ 2a
t
=% B
E RNa £ Na
n wal

G is now defined by

o4d3e

(4-49)

(4-59)

(4-51)

(4-52)




N

From Equation(2-6lwe see that the first element of G is ﬁ, the
total system linear momentum. From Equation@2-40)we see the
second element of G is ﬁa’ the total system ailgulaeromentum
about a. We will denote the third element of G by g, Later, we
will see that this is the same quantity which we introduced in

Equation(3-33) and which we called the internal generalized momen-

tum.

Q|

o o

)

Rla RZa
B B
3 @
la 2a
L
-
=+ Py
i
p 3 A
i ia
i
PN
: ia
i
L

-

Py

Thus, G is given by

—

sl

t

o]

Na

Na

(4-53)

(4-54)




K is obtained similarly:
{

2 AR S

I B

;i b
1

St t, % £ .-) T -

E=A"E= Zi:Ria L= (4-55)
2. 08 .2 o
i 1la 1 a

where we have made use of Equations(2-17)(2 -46), and(3-22), Thus,
the first element of K is the total (external) force on the system,
the second element of K is the total (external) torque on the

system about a, and klz is a quantity which we cin call the force
on the internal degrees of freedom. If we split fi up into an ex-
ternal part I’:E (whose orig-i.? is from outside of the deformable
body) and an internal part fi (due to coupling among the mass

points of the body), then we can write

E- =R gt (4-56)
a a a
where
BE B ., 2E
kDE = Zl: R (4-57)
RBU 5 X 3B . B (4-58)
a 1a 1 %

U is obtained as follows
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X o 1
5 | 1
t
E:At'u‘Az ZmR Zm.R 5 ;a EmR 'é?a
i
b IR I 3 mal . 3B
i : s 1a
L. =
- o 4-5
ME MRt o B (4-59)
ca a
t
= | MR | ; gb
ca a a
oB 5B 4B
a a a J

where we have 1ntroduced M from Equatlon(Z 3), MR from
Equat).on(2 25),1 from Equat1on(2 66)01 from Equat1on(3-17),
B from Equat1on(3 19), and ‘y from Equation(3—21).

The equation G =1 * T is now precisely Equation( 3-34)
given in Section III. This proves the statement that gg as defined
in this section is the same quantity as defined in Section III:

B =5 15 B . 2B B B
= $ . = . . -
.Z ia pi a va+sa i3 +.ya ga (4-60)

If the arbitrary point a coincides with the total center of mass c,
- - -
then P = MvC and RCC = 0 imply that

Z m.#2 = ¢ (4-61)
i i IC

-46=




Hence, in this case, the internal generalized momentum is

given by

B:Zég';,=BB‘$B+yBéB (4-62)
; ic i C e *c

where
By B .zt _
ac 3 z mi‘bic Ric (4-63)
‘yB = Z m §B . @Bt (4-64)
N iic ic

Note that after the arbitrary point a has been specified (say, by

B

lettlng a coincide with c), we still have arbitrariness in o Bg

ia
and £ due to the arbitrariness of the frame B.

C. THE FORM OF X AND Y FOR A DEFORMABLE BODY

So far, our application of the transformation operator form-
alism to a deformable body has not really yielded much more
than could be obtained from linear matrix structural analysis.
However, it should be noted that our formalism has additional
flexibility because we are actually using a coordinate dependent
transformation matrix A [Equation (52) ], and this transforma-
tion matrix has some elements which are dyadics and some
elements which are row matrices of vectors. The key ingredients
in a set of exact dynamics equations is the extra term XorY,
which depends quadratically on the momentum or velocity. The X
and Y terms cannot be obtained from linear matrix structural

analysis because these terms depend on the time derivative of




e

the transformation operator A. We now turn to determining the

form of X and Y for the deformable body.

Since in the present application both X and Y are zero, we

have from Equations (23) and (24)

X=-A'" Gg=-At. u -

= t o .

Y=A"°*"unw* A" C
Comparing

we see that in this case

5=At'u'A

o s
ro (0]
= Z ml’;

z 1 1a
1
2 m iB

% 1 1a

5

L

o
where O is the zero dyadic, and 0 represents a row matrix of n

zero vectors.

Fa 3
3 8 0

D 1 g Dy
’ B — -

¥a P33 a3
-48-

A .

-

=

(since X = 0)

(since Y = 0)

Equations (65) and (66) with Equations (34) to (36),

(4-67)

0

- ]
Dol R
i 1 1la l1a

)5
I
i 1 1a 1a

s

We can write D more compactly as follows:

(4-65)

(4-66)

(4-68)




where

ol
1
™
3
o
2

22 . iTia ia
1
15 = Z m. 2B - Rt
32 i i ia ia
o t
— ~ B
e L @
B3 ; N ia
= 2: B B
10 = m.®° ¢+ &
33 i i ia ia
Hence
& t
o £, .
3 MR* &b
ca a
B+ D= MR S D
i ca 22 22 23
. B = —~ -
™ Djp * Dpg =

Taking the time derivative of I yields

- t
FS MRt &b
ca a
. ° t
- ~ =Y "
B = MR ik BB
ca a a
e i
G = _

«49.
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(4-69)

(4-70)

(4-71)

(4-72)

(4-173)

(4-74)

(4-75)




s

We can now write X and Y as

3
X=-D*7=- MR

o
¥=D'-5= |D

D

Lo -
We will now show that the second element of X is v ®

required by Equation(2-49), Note that

-MR__ -
ca

Next we show that

e .-DB —
DZZ w— 4+ D

-
v

(4-76)

(4-77)

(4-78)

(4-79)

(4-80)

(4-81)




From Equations (69) and (71), we see that this requires

. t

~ ~ g ~ . ->
> m R, Rt PB4 D mR -8B BT (4-82)
5 3 Ia la 3 1 1a la a

A~ e
Factoring out the commonterm miRia and intrcducing Ria from
Equations (48) and (51) allows us to write Equation (82) as
ia

Py R R
i m R, . B (4-83)

This equation is obviously satisfied and therefore Equation (81)

is established. Thus, Equation (78) can be written as

- = =
oL oy o Eold
- 0 0
v
a
X =X = MR -+ ¥ = v B
= 'USB = - Rca va = Va (4-84)
o7 OB - 2z B - ‘B e
a . .
XéB A R VL XéB
a a
- <4 L 4 L ol
where we have introduced the symbols )_(3 . X"‘B , and X‘B for
a w ﬁa
the elements of X. Note that X ‘B is an n element column ma-
ga
trix of scalars; the jth element of this matrix is denoted by
XéB g
aj

The expression for Y given in Equation (79) cannot be sim-
plified. However, we can get an alternate expression for Y from

Y=% * 7 +X. Using Equation (74) for i and Equation (84)
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for X yields

Fs .t ; 7] i 1
MRt - OB, ¢B ¢B [
ca a &
. t ’
o & = e =B -RB':.p e R
£= L TR T Ba Ea * MeRea Ya (4-85)
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aB'v+BB'3B+YB£B X
a’a éB
L 4 L "a _
or
o t .
[y~ [—MRt . 2B ;4B gBT
v (&) a
a
= |v, |=[% - 2B.+s7 B
E 3Bl ga
T.p| | By ¢ B2+ 5, £
L. &b L |
- —* X7 33
where we have introduced the symbols Yva s Y_u_:B , and YéB for
a
the elements of Y. Y ‘B is an n element column matrix of sca-
€::1
lars; the ith element of this matrix is denoted by Y B

aj
Lagrange's equation for the internal generalized coordinates

takes the form

dt ag'l:} ) agz

o)
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(4-86)

3
a_ (21 ) T =kB (4-87)
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The first term on the left is gE Therefore, the second term on

the left is X, B Thus, an alternate expression for )—(‘B is

3 €

a a

= o g
- e - (4-88)
a

3 og

a

We will return to this equation after we get explicit expressions
for D and X.

D. EXPLICIT EXPRESSIONS FOR D, X, AND Y FOR A
DEFORMABLE BODY

The expressions for D, X, and Y given above, show the
general form of these quantities, but they do not show explicitly
the dependence of these terms on the velocities 3a' -UZB, and élz .
From Equation (67), we note that in order to get explicit expres-
sions for D, we need to express R’{Jm and éliBa in terms of 3a' t-l:B,
and EE F

From Equations(2-58), (&-59;( 3-1),and(3-9)we have
S B'.B . ~B, =
R ¢ :

.= . w i
la ga 1a il Rla

and from this follows

K
o)
o
-
e
w
t

l
os}

where 351 is formed from i’?a by replacing all vector elements
by the skew-symmetric dyadic of these vectors. Thus,
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3B
ian

o

Taking the transpose of Equation (90) yields

= t ~
St =B B t ~B - =B ~t

g =0 - R. (Vi : =
Rla ia €a Rla el Rla (4-92)

where we have changed signs in the second and third terms by

using W= = —wB. It should be noted that Qli?)a is the transpose of
B of Equation (91):
ia
t t i t
sB . _ |35 3B sve B
Qia - [@ial @iaZ 3ianJ (4-93)
B 3B B
= 3 o 3
[}) ial ia2 ian]

T,
Again, to form ;’ia we first form @?a as in Equation (91), then

transpose this matrix, and while we transpose the matrix, we
replace each clc?ﬁent by its transpose. We do not form E’iat by
first forming é?a and then replacing each vector elements by its
symmetric dyadic; in fact, as shown in Equation (93), we

actually want the negative of this. It is easy to sece that
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Comparing Equations (90), (92), and (94) now shows that this
peculiar minus sign is just what is required to get ﬁia = -ﬁita'
2 e : »
Since éia is a column matrix of vectors, we get, by a simple

generalization of Equation(2-5T7),the result

: B ~
B - gB ;B . B (4-95)
a ia ia
Bg B
where éia is the time derivative of Qia with respect to frame B:
B
B : LK
5B - Z £B ia (4-96)

ia ak
A
K € ak

It is now convenient to introduce the operator ¢ , as follows

£

a

L

al

a 04,2 (4-97)
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If we apply vy B to the vector Ria we get a column matrix of

vectors: i
B -
@ia = ¥ B Ry, (4-98)
Ea

where we have made use of Equations (3-3)and(3-5), If we apply

V p toa row matrix of vectors we get

ga
B! 3B 3B 2B
VgB L VEB sl dm® . am {4~99)
a a
= B 3B e B
& [ Vngial VgB ia2 V£B ianJ
a a a
25 . :
Note that each of the elements y B Qiak is actually a column matrix
t a
of vectors, and hence y B q>ia is an n x n matrix of vectors. The

£

transpose of this matrix f's

t

v 3B>
B “ial
<€a 1a

—

3

a

B B \t
VgB T B <V B gia2> (4-100)




We now return to Equation (96) and take its transpose:

) B!
B_t 3. t t
B B ia B B
= —— = 5 4-101
Qia E € ak 3 E;B E‘.a VgB @1a ( )
ak a

Taking the transpose of this and substituting into Equation (95)

yields

t
t
*B _ B
a

£+ 55 . P (4-102)
a 1a

Evaluation of D

From Equations (90) and (102) we get immediately

% - el 3 = = =
MR 5 S ol EBaB+3B. MR -MR -+ @B (4-103)

ca 1 e a a ca ca

i
+ B ‘'B B * B ~B B
= 2 : = o . -
. a i mi@ia VgB a Ea ki a a (4-104)
a

where we have made use of Equation(3-17)in the form

§8. ) P (4-105)
a i 1 1a
t ¢
v eP = A m, y. o3 (4-106)
B a = i B ia
€a ” €a

When substituting Equation (90) for ﬁia into Equation (69)
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for 522, we note that in the third term G0 gets '"caught' between

~ ~ *
Ria on the left and Rita on the right. In order to pull w5 out of the

*®
summation over the particles, we make use of the following :

~ S ~ - - ~ ~ - -
R, -oP-R'=%B.R R =R R - oP (4-107)
1la la 1a 1a 1a 1a

-> ~ ~ ->
| Note that R._ R. and R. R. are triadics. We run into a similiar
ia Tia ia " ia e

| situation when we substitute ﬁia into Equation (71) for Bt23' In
P this case, W~ gets caught between ﬁia on the left and @il; on the
4 right. In this case, we use
~B Bt ~Bt ->B
w- e - =¢° e+ ow (4-108)
ia ia

When substituting Equation (102) for @2 into Equations (70)
and (72) to get ﬁ32 and 1—533, respectively, we make use of

.
wB. 3B _3B. 3B (4-109)
ia ia
The final result is that D is given as follows
B
| 1
B i "rlklw 3 ) A i B| “_I\' X > n B E & 4 I { }_: B B ‘\_‘ 8 i { '
1 :
\ :
| (/ t - ( - i t\t I t < t
i\‘i(‘ “.’~) B I3 <‘£' ) PCED o | )L k‘ !)54:‘!‘“ PS5 !
& | J »

: * See Appendix C 3




Evaluation of X

We can now get explicit expressions for X by using this D in
Equation (78). We first notice that the first element of }_(, name -

ly }?3 is zero. The second element of X, namely )—("B , was
a W
simplified as shown in Equation (84) because of Equation (81).

We can explicitly verify Equation (8l) by use of D of Equation (110).

When we do this, we must make use of the following"<

~ © - ~
B.¢ . g B, X 2 a2  om (4-111)
a = 1 1a 1la

and

t t
‘B B . .8 m -
ga §1: mi’gia Qia Ea S

L
Equation (111) follows from writing Ia in the form

o o
t = Lo [, B8 -R R

a i ia ia ia

s t
and Equation (112) follows because QiBa ¢ QiBa is an n x n skew-

symmetric matrix of vectors. It then follows that

X,.=-MR_* V. =7 xB
4~ s - I Sl s
*#* See Appendix C
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Rather than writing out all of X'B » it is convenient to just

3

This jth element is obtained by

. .th <= A
write out the j© element, X'B -
A 'l
just using the jt element in the column matrices 52 and 532, and
using just the jth row of the matrix 533. Thus, from Equation

(78) or (84) we have

-y o o R . B :B

XéB = -aaj Va (DSZ)j w (D33 _]' ea (4-115)
aj

where
5 ZB :
Yai " 21: ™;%iaj (4-116)
2B, ot

(D35); - zl: migiaj Ria (4-117)

t
33) Z mgB : (4-118)

i iaj 1a

When we take the appropriate rows out of D as given in Equation
(110) we find

e 5B\t :B - ~B =B -
= - [o'] . - ) . .
aj a
~ B\t ;B ,2B_~B B .xt -B
-Zi miRia <VBziaj> Ea W w Xi:miéiaj Rxa ( .
a 5

B, B B 4B
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Now notice that the term which is quadratic in oB can be written

as

B Zm

~ -
. t,'u':B____l_B m ,t

and similiarly for the term which is quadratic in 52

AT (7a ) L - F T )

< 2B > ¢B
1a iaj a
ga

In both Equations (120) and (121), we replaced a term by its

.3B
i 13._] ia ) ia

t] -
T .
iaj

(4-120)

(4-121)

symmetric part because the skew-symmetric part drops out of

the quadratic form expression.

Next we make use of Equations(3-3) and (98) and write

"B o Rla 3 > . §1a
VEB VgB ag " 3P <V£BRia " 3B
a a aj a

(4-122)

-
where we have assumed that Ria and its first two partial deriva=~

tives are continuous so that the order of partial differentiation

can be interchanged. Similiarly we get

>B - B
aaj g Zl mlqla_] 3 eB < m > —-g— (MR ca

9% ad
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Making use of Equations (120) to (124), X now becomes

2B
aj
= B* o
- - - 3o 1= 1 -
< L e cal , B_V gB_ 2 o a \.2B
§B a agB a aEB a 2 agB
aj aj aj aj
t
B B
3B Y
2B a B 1 B a B
= 2 ¢P E. - z&, i 13 (4-125)
aj aj 3
. T
BQE.
a)

where T is given in Equation(3-26)or(3-29).Thus, we have now
established that

X =%y T (4-126)
Ea

as already indicated in Equation (88).




Evaluation of Y

To get Y we form the transpose of D of Equation (110) and
dot multiply it into &. Since the first column of Et is zero, and
none of the elements of D involve 3a , it follows that Y does not
involve 3a . Now each element of the second column of ﬁt has a
term which ends in mB, and this term drops out when we multiply
it into mB; therefore, Y does not involve all of ﬁt just as we
found earlier that X does not involve all of D.

When we multiply D" ifite G, the resultis

¢
< ~B 2t (2B s 7 &B ;B
- = . =
Yva o - MRE WP 4 2w ofBg +g S e (4-127)
a
t t )
o B e R ;B ~t B .98, B o B"\;B
= s . i e R, ° .
YZSB W Ia w +2€a iEmiRial 3’1’3 + §a iEmlRla VgB ia ga
a
(4-128)
t
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Y'B =W Zmi@ia Ria w- o+ 2w Z miéia éia Ea (4-129)
3 i
a
t ty .
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: i1ia a B ia a
i 3
a
In order to separate éB from the particle dependent factors in
Y . » We write out just the j $a term as follows:
a
t
o - - .
i 3B, 2 B L RR . L . ol G TR
i i laJ i i i 1aJ ia 2 a
Eaj

t t
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V. SUMMARY OF DYNAMICS EQUATIONS
FOR A DEFORMABLE BODY

In the previous section, we have used the transformation
operator formalism to generate a set of momentum formulation
equations plus a set of velocity formulation equations. The

momentum formulation equations are the following:

e - — - —— —
- - -
P 0 F
o> - - -
H ; v.x P = L (5-1)
a a a
. B == B
€a xéB ka
L o AT ]
and
= ¢ - .
= o ~ -
B s MR oB v
ca a a
I
- e £ -> i
g |= | MR T sB [ @B (5-2)
a ca a a
B B B B :B
€a N a P a ¥ a £ a
- - = — - —J
The velocity formulation equations are
— £t = = = &
ME MR'* oB v ¥ [ 2
ca a a v
a
o Bt . | »B = =
MR I B8 w ) = L (5-3)
ca a a B a
B B B B 5 B
o
o B i 24 . (3 3 Yé‘B k 2
- ot e L O DR S
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These dynamics equations form a complete set (in fact, two

complete sets) because they allow for the determination (say, by
numerical integration) of the 6 external and n internal degree of
freedom motion. Of course, we must also add some kinematic
equations, but these equations are straightforward.

The dynamics equations are completely general because we
have not introduced any constitutive equations to characterize a
particular material. The method of specializing these equations
is to specify éf’a fori =1to N. If we specify q)iB;; via the eigen-
vectors of the linearized dynamics equations, then the 512 are the
modal coordinates, and we get the dynamic equations of Bodley

and Parkzg’ 38; if we linearize our dynamics equations about

zero velocity, we get the linearized vibration equations. o1 In
such a case, we would also express k?l (see Equations(4-56)to
(4-58)) in terms of a stiffness matrix and perhaps in terms of a
damping matrix. In this case, §iB; could be considered as con-
stant with respect to frame B (which has inertial angular velocity
ru’B), and hence, all the partial derivatives of QiBa would be zero.

Our equations are really much more useful than to just use
them in a linearized form. As a matter of fact, the equations
can easily be used in their full generality in the case of a col-
lection of rigid bodies. In this case, the internal coordinates EE
can be used to represent the relative coordinates (rotational and/
or translational) between the rigid bodies; frame B can be fixed
in one of the bodies, say in the main body; klzl now represents
interbody torques and/or forces due to actuators (interbody
torques and forces which are due to constraints drop out). The
resulting equations are given in Reference (69).

We can, of course, also apply our equations to a collection
of flexible bodies by introducing appropriate @1}3; and k}sl. This

<
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subject will be addressed in a future report.

All the dynamics equations of References (1) to (54) have the
general form of Equations(5-]) and(5-2), or of Equation (5-3),
Evidently, all of these equations are straightforward consequen-
ces of Newton's law for a particle: all we need to do is to lin-

! early transform from particle velocities, momenta, and forces
to system velocities, momenta, and forces, respectively. In

order to obtain the extra term X or Y, we need to evaluate the

time derivative of the transformation operator A; but this too
is an entirely algebraic process.

The equivalence of various forms of velocity equations has
been pointed out by Likin388. In the present work we have ex-
tended this equivalence to the momentum equations and velocity

equations for an arbitrary deformable body.




VI. CONCLUDING COMMENTS

We have seen that it is possible to obtain the exact dynamics
equations for a deformable body by using purely vectorial tech-
niques. The result is the same as that obtainable from Lagrange's
or Hamilton's equations, but we do not have to perform partial
derivatives of the kinetic energy (except, as we did, to show that
the results are equivalent). Constraint forces (and torques) drop
out in our formulation for precisely the same reason that they drop
out of Lagrange's equation. In fact, we used essentially the same
procedure to derive our equations as Lagrange used to derive
Lagrange's equations.

Our approach is very similiar to that of Kron and that used in
"matrix structural analysis'', and in the 'finite element' method.
However, there are also some differences between our method
and that of others. A major difference is that we use classical
vectorial mechanics to get all the results we need. We introduce
angular velocity vectors (rather than limiting ourselves to time
derivatives of Euler angles); in this respect, our equations are
similiar to those obtained by Boltzmann and Hamel, sometimes
called Lagrange equations in quasi-c:oordinatesé30 Such nonholo-
nomic velocities are also used extensively by Kane.

Finally, we should point out that we have developed both a
set of momentum equations and a set of velocity equations. One
set may be more useful than the other set, depending on the
particular problem at hand. Unfortunately, momentum formu-
lations are unfamiliar to many and are not used much. Russell,

and Vance and Sitchin are conspicuous exceptions.
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NOMENCLATURE

Page (equation)

Symbol Definition of first occurrence
A transformation operator which transforms 35(4-12) and
= 43(4-52)
B left inverse of transformation operator A 37(4-25)
(i.e., transformation operator which
transforms O to O)
C coefficient of § in the expansion of & 38(4-30)
D equals Cep 39(4-33) and
48(4-67)
Blj (i,j ) -- element of D, fori,j=2,3 48(4-68)
(D,.) jth element of column matrix D 60(4-115)
32'j 32
(~ ) g row of matrix D 60(4-115)
33 J 33
N5 identity dyadic 24(2-73)
= . .
fi force on particle 1 12(2-14)
-5 " :
fi external force on particle i 12(2-19)
- 1 3 ¢
fi internal force on particle 1 12(2-18)
—p
F total force on system of N particles 12(2-17)
—E .
F external force on system of N particles 13(2-19)
gf internal generalized momentum, relative 3igS =33}

to point a and frame B
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NOMENCLATURE - Continued
Page (equation)
Symbol Definition of first occurrence
B . B .
8¢ special case of g, when a is the 47(4-62)
center of mass ¢
G primitive system momentum; column 41(4-40)
—>
matrix of N vectors, with p, as the
.th 5
i~ element
G transformed system momentum; column 35(4-13) and
y = = 44 (4-54)
matrix whose elements are P, Ha’
and .
a
—
hai angular momentum, about point a, of 17(2-38)
particle i
>
Ha total angular momentum, about point a, 17(2-39)
of system of N particles
—
HC total angular momentum, about center 18(2-41)
of mass, of system of N particles
>
Ia total inertia dyadic, about point a, 22(2-66)
for system of N particles
“«> . X
IC total inertia dyadic, about center of mass, 23(2-67) :
for system of N particles
B . . : b ‘
ka generalized force, relative to point a 29(3-22)

and frame B, on internal degrees of

freedom




NOMENCLATURE - Continued

Page (equation)

Symbol Definition of first occurrence
B! B
ka transpose of ka 29(3-23)
k?E external part of kf 45(4-56)
kfl internal part of kf 45(4-56)
K primitive system force; column matrix 33(4-1) and
- =
of N vectors, with f, as the i'" element St
E transformed system force; column 35(4-14) and
: = = 45(4-55)
matrix whose elements are F, La’ and
kB
a
o
Eai moment of force, about point a, on 20(2-51)
particle i
—»
La total moment or torque, about point a, 19(2-46)
on system of N particles
—
LC total moment or torque, about center of 19(2-50)
mass, on system of N particles
~E
La total external moment or torque, about 19(2-46)
point a, on system of N particles
m, mass of particle i 9(2-2)
M total mass of system of N particles 9(2-3)
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NOMENCLATURE - Continued

Page (equation)

Symbol Definition of first occurrence
n number of internal degrees of freedom 25
of system of N particles
N number of particles in deformable body 9
< )
O zero dyadic 48(4-67)
— . - .
p; linear momentum of particle 1 10(2-5)
ot .
P total linear momentum of system of 10(2-6)
N particles
—_—
5 position vector to point a from inertial 14 (2-23)
reference origin
- .
r. position vector to center of mass 9(2-2)
=» - . . . - . .
r, position vector to particle i from inertial 9(2-1)
reference origin
r, inertial time derivative of r, 9(2-1)
= .
Rca position vector to center of mass from 14(2-24)
point a
R skew - symmetric dyadic formed from 22(2-63)
ca i
vector R
ca
RCa dyadic transpose of RCa 22(2-62)
== . . .
Ria position vector to particle i from point a 14 (2-23)
_.’ . . . - . e
Ria inertial time derivative of Ria 14(2-26)




NOMENCLATURE - Continued

Page (equation)

Symbol Definition of first occurrence
: > 2 — -
: R. R ERG 16(2-33)
ia ia "ia
R. skew -- symmetric dyadic formed from 22
ia i

vector R.
ia

bt i P

~t . =~
ia dyadic transpose of R, 21(2-60)
B
o -
ia time derivative of Ria with respect to 21(2-58)
frame B which has inertial angular
-
velocity oB
—_—
Ric position vector to particle i from center 14 (2-27)
of mass
Ti kinetic energy of particle i 10(2-8)
T total kinetic energy of system of N particles 10(2-9)
i Y ; : : -
Ta kinetic energy function in terms of v, i
* : x . : Sen 3
Tc kinetic energy function in terms of o i
B* ; ; : . —
T kinetic energy function in terms of v 23
a B 5
and W
B
: alternate notation for R. 21(2-59)
ia ia
z
- - -
s ne - us 22(2-64)
ia ia ia
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NOMENCLATURE - Continued
Page (equation)

Symbol Definition of first occurrence
g .
. velocity of point a 14 (2-26)
-2 —
% LAk 16(2-33)
—> ;
Ve velocity of center of mass 10 (2-4)
- . . .
vy velocity of particle i g(2-1)
I o>
\% inertial time derivative of vector V 21(2-57)
B
—
v time derivative of vector V with respect 21(2-57)

to frame B which has inertial angular

e

velocity W
X a primitive term which is quadratic in 33{4-1)

5 or in G
X a transformed term which is quadratic in 36(4-18) and

— - 4-78

c or G Y0 )
—)E_\; first part of the three-part column- 51(4-84)

. decomposition of X

i[ﬁ” second part of the three-part column- 51(4-84)

decomposition of X
i_é[’) third part of the three-part column- 51(4-84)

a

decomposition of X
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B

NOMENCLATURE - Continued

Page (equation)

of mass ¢

Symbol Definition of first occurrence
o 3
XéB. jth element of E'B 51(4-115)
aj Ea
¥ a primitive term which is quadratic in 34 (4-3)
g or in G
Y a transformed term which is quadratic 36(4-21) and
et ok 50 (4-79)
in 7 and G
Y. first part of the three-part column- 52 (4-86)
a —_
decomposition of Y
?(‘JB second part of the three-part column- 52 (4-86)
decomposition of Y
?éB third part of the three-part column- 52 (4-86)
a decomposition of Y
—, th - 52(4-130)
YEB- i element of YgB
aj a
« B coefficient of Vv_ in expansion of internal 28(3-17) and
a a B 31(3-33)
generalized momentum g in terms of
- =B B a
v, W, and €
a a
t
& transpose of - 29(3-18)
a a
B . a B . i 46 (4-¢€
o special case of ¥ °, when a is the center (4-61)




NOMENCLATURE - Continued

Page (equation)

Symbol Definition of first occurrence
5B coefficient of ®F in expansion of 29(3-19) and
2 B 31(3-33)
internal generalized momentum g
> =R B &
in terms of v., @, and £
a a
t t
B? transpose of B? 29(3-20)
B . B . .
B . special case of B . » When ais the center 47(4-62)
of mass ¢
B =Sy B, . )
Y coefficient of § ~in expansion of internal 29 (3-21) and
a a ;
: B. 31(3-33)
generalized momentum g in terms of
— =B : B =
Rl WS g nd e
a a
B : B .
')'C special case of )’a , when a is the center 47(4-62)
of mass ¢
V) primitive system mass; diagonal NXN 33(4-2) and
<> @
matrix with miE on the ith diagonal A0 {1-39)
m transformed system mass 36 (4-15) and
46 (4-59)
v inverse of U 34(4-8)
v inverse of u 38 (4-28)
B JEh : . : .
gaj J  internal generalized coordinate relative 25(3-1)
to point a and frame B
- B ; . :B
£ column matrix of n scalars, with Eaj as 26(3-7)

jth element
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NOMENCLATURE - Continued

Page (equation)

Symbol Definition of first occurrence
.Bt ‘B
§a transpose of §a (i.e., row matrix 27(3-8)
of n scalars, with F,fj as jth element)
;B : - B 1
€C special case of Qa , when a is the center 47(4-62)
of mass c¢
3 primitive system velocity; column matrix 33(4-2) and
of N vectors, with_v’i as the ith element I35
o transformed system velocity; column 35(4-12) and
-
matrix whose elements are—‘;a, wB, 42 (4-47)
and €5
a
=B =B
@iaj coefficients of expansion of u. in 25(3-1)
terms of ﬁB. (equal to partial derivative
f—+ ety EB
o Ria with respect to " )
® B L skew-symmetric dyadic formed from 54 (4-91)
iaj s
B
vector % .
iaj
~Bt =B
Qiaj dyadic transpose of ¢iaj 54 (4-93)
) B column matrix of n vectors, with 26(3-5)
ik B th
$° . asj element
iaj
B B
b transpose of ¢ . (i.e., row matrix 26(3-6)
ia ia "
. B 5y
of n vectors, with iaj as j element)
i’ 1BC special case of ¢ S) , when a is the 47(4-63)

center of mass ¢
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NOMENCLATURE - Continued

Symbol

Definition

Page (equation)
of first occurrence

§B
ia

o4

column matrix of n dyadics formed
from ¢ iBa by replacing all vector
elements by the skew-symmetric

dyadic of these vectors

~

transpose of ¢
ia

: ’ £ 8 B

time derivative of ia with respect to

frame B

angular velocity of frame B with
respect to inertial space
skew-symmetric dyadic formed from

—
vector

column matrix of n scalar partial

differentiation operators, with

3
B
agaj

.th
as j element

zero vector

53(4-91)

54(4-93)

55(4-95)

21(2-57)

53(4-89)

55(4-97)

12 (2-18)
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APPENDIX

A. VECTORS, DYADICS AND TRIADICS

Our physical world includes objects which we like to count
or measure. For this purpose the integers and real numbers were
invented. Originally these numbers did not exist (only the counting
and measuring existed); but eventually these numbers were ac-
cepted as existing mathematically because they could be used for
counting and measuring. These numbers were used extensively
in the geometry and physics of our 3-dimensional world. Many
geometric and physical quantities actually have 3 real numbers
associated with them, and therefore these geometric and physical
quantities were eventually represented by 3-dimensional vectors.
Originally, these vectors did not exist (only the 3 real numbers
existed); but eventually these vectors were accepted as existing
mathematically because they could be used for producing the 3
real numbers associated with the geometrical and physical quanti-
ties. Similiarly, dyadics eventually were accepted as existing
because they could be used to generate vectors; and triadics were
accepted as existing because they could be used to generate dya-
dics; etc.
Vectors

if &, fl, and 2 are used to symbolically represent 3 orthogon-
al directions in our 3-dimensional space, then a vector \7 can be

written as

N>

FV P+ VO (A-1)

<l
1
<
>
<>

Note that we are not really adding V_, V\}, and V/: nor are we
X / z

; A A A g . ;
adding X, ¥, and z. Equation (A-])is merely a symbolic repre-

- Al=




sentation of the fact that the geometric or physical quantity has

the 3 real numbers Vx’ Vy’ and Vz in the 3 directions %, 0, and
2, respectively. The operation of the dot product is then deiined
so that we can produce real numbers from vectors. Thus, for

the 3 orthogonal directions £, 91, 2 we define

$e2=1 &+9=0 d-2=0
k=0 y g=1 ye2=0 (A-2)
2:%=0 2-¢=0 gre=]

Then we get the vector components V_, Vy’ VZ as follows

-
v.=4%-V=V- %
X
A o GRS A
Vy:y'V=V y (A-3)
-
V =4V =V 4
z
Vector components can be conveniently put into matrix form.
Thus, we define VQ and V(t) as follows
v
X
V.=1|V A-4
s>l v (A-4)
Vi
z




T A ! y A A .
We can similiarly put the 3 directions X, fr, z in a matrix form.

Thus, we define Q and Qt as follows

4

8]
1l
N> <>

(A-5)

Using the ordinary rules for matrix multiplication, Equation (A-1)

can now be written as
V=-=via=qav (A-6)
Q Q
Similiarly, Equation (A-2) can now be written as
2 Q=1 (A-7)

where 13 is the 3 x 3 unit matrix. Equation (A-3) can now be

written as

- -
\Y% (@ R ST AR () (A-8)

One might argue that matrices were not intended to be used
with vectors as elements as in Equation (A-5). The only response
to such an objection is that one then simply redefines the notion

of a matrix, but uses the same old matrix symbols, just as in

Equation (A-1) we tacitly redefined the notion of addition so that




it would also apply to vectors.
Dyadics
Physical quantities which have 9 real numbers associated
with them are conveniently represented by a dyadic. Thus, the
d
dyadic D can be written as

-
D= D #% +D & +D 42

52 Xy XZ

+

o+
w>
+

D_%k+D_$%+D 9z A-
yx Y vy ¥V yz (A-9)

+D 4 +D 22
ZX zy zz

+
N>
+

D

-
We denote the &, 9, 2 components of the dyadic D by the matrix

DQ given by
r 5
D D D
XX Xy XZ
D = D D D A-10
Q yx yy yz ( )
B D
zx zy zz
L -
-

D can now be written as

Rl t_

B= QDO (A-11)
Q

Since Q * Qt = 13 we can solve this for DQ as follows:

- t

De=@°* D °* © (A-12)

Q
- 4




Thus, whereas it takes one dot multiplication with Q to produce

a set of real numbers from a vector (see Equation (A-8) ), it takes
two dot multiplications with Q to produce a set of real numbers
from a dyadic.

A dyadic times a vector is another vector. Thus,

D<A =D - (Q'a
- t -
= (3 (DQAQ) (A-13)
IR
=Q BQ
Thus we can write
D:-2:=8B sroplies DA = B 4
= implies oo 7 Bg (A-14)
-
Note that the side from which D is multiplied is important
because
A+“D =@t 6'D,. o
- t 4
= (AQ DQ) Q (A=15)
g WEECROET
2 t
Q CQ
=g
= CQ Q .
Thus we can write F

<A B




Z2-m=2 e A-16
E implies Dy A, = Cy (A-16)

: -~ g
The transpose or conjugate of D is the dyadic D™ such that

- - - -t
D+-A=A"*'D (A-17)
We evidently have
' -«
Dt = QtD(t) Q (A-18)

-
Thus, the matrix of components of D' is the transpose of the
2 R =g -« >t -y

matrix of components of D. If D equals D then D is called a

: : o Y e > ;
symmetric dyadic; if D equals -D  then D is called an anti-sym-

-

metric or skew-symmetric dyadic. Thus, D has the same
symmetry as its matrix of components.
3 We can form a dyadic by juxtapositioning two vectors

- 5 -
C=AB

1

(Q'ag) (Eg Q) (A-19)

t t
Q (AQBQ)Q

Thus

- AB oplies Co. = &, BF A-20
= implies C = A, B (A-20)

-
C
Note that in general, AB is not the same dyadic as BA. Even
though we can form a dyadic out of two vectors, not every
dyadic can be formed this simply. In the general case, it takes

-
three vectors to specify a dyadic. For example, the dyadic D




of Equation (A-9 ) can be written as

= = N A
D V BESSEAT s aR (A-21)
y 2
where

-

V =D %£+D $+D 1%
5% XX Xy XZ

& A A

V =B x+tB yitbD =z (A-22)
¥ yx Yy Yz

= A A

V = Db x+tD v+D =z
z ZX zy Z7

Thus the 3 vectors V V , and V (together with the basis vec-
tors &, 9 and 2) represent the dyadlc D Alternatively, we can

represent D by Wx’ Wy, and WZ as follows:

R - - A = A
D=W&R+WVYy+WwWz (A-23)
p. y Z

where

-> ~
For any vector A there is a dyadic A such that the vector

-
cross product becomes a dyadic dot product. Thus for any A

-3
and B:




AU S i SRS -5y

>y
x
os k8
il

->
Since Ax B = -

we also have

(A-25)

(A-26)

_’ ~
If Ax’ Ay’ A are the %, )’}, 2 components of A, then A can be

z
. . A A
given in X, V,

A=-A

VA

-A

X

N>
w>
N> <>

<>

+

Thus, we can write

A=qQ'A
where
0
AQ = AZ
-A
¥

Q

x>
N>

N>
>

components as follows

+A P&

z
+ A 2%

Since A is skew-symmetric, so is A:

Q

t:-x

>

(A-27)

(A-28)

(A-29)

(A-30)

Using Equations (A-17) and (A-30), Equations (A-25) and (A-26)

can now be written as follows
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>4
x

l

[ d

- ~ - - ~
B=A*B =B "* A (A-31)
->
A

- B

had -+
The identity dyadic E is defined such that for any vector A:

R - - -
A*E=A=E * A (A-32)

-« ; A A
E can be expressed in terms of Q, y, z as follows
<
B = o'o=480+9)+ 22 (A-33)

<=
If we write E = Q'E_.Q then E = 1,, the 3 x 3 unit matrix. The
Q 5 s ‘-

zero dyadic?)) is defined such that for any vector A:
-> Rl -» - -2
A*O=0=0"A (A-34)

P
If we write O = Qt OQQ then OQ is the 3 x 3 zero matrix.
We can write the well-known vector triple product identity

in the following form:

~ ~ - -»> - - - = - -> -2
A*B*C=Ax(BxC)=(A * C)B-(A - B)C (A-35) |
- > -» - < -> 5
=[BA -(B* A)E]* C
From this it follows that |
{
~ ~ > = - -> <=
A * B=BA -(B* A)E (A-36)
Next we write
-A9-




(A xB) ‘8=(KX-B.)XE

- - -
=-C x (A x B)

- = -
=Cx(Bx A)

- -> - - -
=(C * K)B -(C* B
- - - -> =
=C * [AB - BA]
- = - - -
=[BA -AB]* C

-5
A (A-37)

In the last line we made use of the fact that the transpose of

-> - - =
AB is BA:

- o= : . ey -
D =AB implies D = BA (A-38)
Hence we have
0 Nt
- > - - - -
AxB =BA -AB (A-39)
=A+-B-B-A
Triadics
A triadic T has the general form
. T MbsT G+ T 442
XXX XXy XX7Z
AA AA
+ Txyx ny + Txyy xy? o vz ﬁQz
+ T 4% +T. 430+ T 482 (A-40)
XZX Xzy Xz2
+ T %%+
yXX
P
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A special triadic is‘%’deﬁned as follows

A
AR

§+ 045 + 9% (A-41)
895 - 984 + 429
By direct expansion we find
S (A-42)
B
Z * B=B (A-43)
- 4.1.. -
2 - B=AxB (A-44)
A : ; e
Thus the triadic Z permits us to give equal treatment to A and

- -> -
B inA x B; i.e., we can let both of them be vectors, rather

than converting one of them to a dyadic.

Let eijk be the Levi-Civita symbols defined as follows
(
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