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Principal components and other standard factor
analyses can yield misleading results if an
assumed subsidiary condition is untrue
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Factor analysis is now widely used to identify and evaluate significant
underlying factors from masses of numerical data (1). The methods were developed
mainly by psychologists. By 1966 more than 2000 publications using factor analysis
had appeared (3). Since then, applications have mushroomed into such fields as
psychiatry (4), medicine (5), anthropology and biology (6), chemistry (7), geology (8)
and national and international relations including military strategy (9).

Textbooks on factor analysis abound (10,11). Applications are facilitated by

the ready availability of computer programs for factor analysis in SPSS (12),

BMD and BMDP (13) DATA-TEXT (l4), P-STAT (15), SSP (16), IMSL (17), TSP (18), and
other software packages for statistical analysis.

Factor analysis was designed to find the underlying determiners (factors)
that can account for the correlations between the different sorts (series) of data
measured. Recently we became concerned about whether or not the standard factor
analysis procedures do in fact succeed in this goal, and if not, what modifications
are needed to make them succeed. It is difficult or impossible to answer these
questions from examination of past applications because the true underlying factors
are generally not known in real problems. Thurstone's tests (19,20) were not
adequate, as we shall show below. Therefore we devised the following synthetic
problem where a correct set of underlying factors can be distinguished from an
incorrect set.

We attempted to analyze data on seven properties of right circular cylinders
(areas, masses, moments of inertia, EEE:)' all of which are determined precisely
by only two underlying types of factors (radii r and heights h). To be successful,
a factor analysis must separate these factors. By analfsis of these data, it must
calculate a number (factor) for each cylinder that is a pure measure of cylinder
radius. This may be r, 2mr, 4n£2, log r, 2 log r or k log r, but must not be rh,
r/h or any other mixture or hybrid of r and h. It must calculate a second factor
for each cylinder that is a pure measure of cylinder height. This may be h, log h
or any other fixed function of h that is unaffected by r. It must not calculate
or indicate any additional factors. Success or failure in this simple synthetic
example is therefore clearly defined, and can be used to test the standard procedures
commonly employed and various modifications of them. We shall show that the standard
procedures fail to meet this challenge, but that success can be attained by adding
a novel kind of transformation (rotation), provided that there are no missing data.

It has been recognized that the principal problem with the use of factor

analysis lies in discovering an appropriate transformation (rotation) capable of
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separating the factors into pure (unhybridized) types. Rotation of axes and
variation of the angle between axes have been tried in varicus combinations,

but they have not been logically derived from the specific problem and do not give
correct parameters. We shall show that the transformation equations must be
derived from valid (true) subsidiary information related to the problem at hand.
Unfortunately, no one has derived transformation equations from such problem-
related subsidiary conditions previously. Instead, standard transformations such
as varimax rotations have generally been used. Since we shall show that these
fail to separate the factors in our simple example, we believe that they may have
failed to separate them in all previous applications.

It has been recognized that missing data are undesirable. Gaps in the input
data matrix introduce sericus errors into the correlation coefficient matrix, well
in advance of the factor extraction and transformation procedures. Unfortunately,
many ''factor analyses' have been carried out in 8pite of missing data. SPSS
provides three different options for coping with missing data. We shall show that
factors are not separated correctly when data are missing, using any of the standard
methods for handling missing data, even with our novel transformation which works
correctly with a full data set.

Our findings are presented under four headings: (1) selection of a problem
suitable for testing factor analysis, one where success or failure can be recognized
but otherwise similar to a real application; (2) the transformation needed after
the initial extraction process; (3) a demonstration that extraction followed by
this transformation yields correct parameters when no deta are missing; (4) a
demonstration that seriously erroneous and misleading parameters can result if a
moderate fraction of the pertinent data are missing (e.g., owing to their never
having been measured, or to lost records, or incomplete returns, or deliberate
omission due to concern about accuracy) even if all of the used data are perfectly

/Q

accurate.

Selection of a Test Problem

The hazards in factor analysis first became apparent to us when we attempted
to apply principal components (1) to a chemical problem, to identify and evaluate
the two solvent characteristics most responsible for changes in thermodynamic,
kinetic and spectral data when the solvent is varlied. Missing data (never measured)
were extensive in this problem, comprising 75% of the possible combinations of the

25 reactions and 60 solvents considered, but the data that were available covered
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ranges of more than a power of ten for each reaction and were believed to be
individually accurate and precise to about *15%. Principal components gave
solvent parameter values in absurd rank orders using any of the programed procedures
for handling missing data. Therefore we undertook to examine the method further,
using a similar but simpler problem. Since logarithms of the measurements
constituting the data in our chemical problem appeared to be linear functions of two
solvent factors (anion-stabilizing ability and cation-stabilizing ability), we chose
a test problem where logarithms of the data were known to be accurately linear
functions of two factors, i.e., the cylinder problem that was solved correctly,
without or with missing data, by our '"DOVE" (dual obligate vector evaluation) proced-
ure outlined in the previous article (2).

Thurstone attempted to justify factor analysis by means of a cylinder
problem more than 30 years ago (19) , in one of the few recorded tests (20) that
involved applying it to a problem with answers known in advance, but neither his
cylinder problem nor any of the other test problems had any missing data.
Thurstone's problem was based on diameters and heights carefully preselected to have
zero correlation in spite of small sample size. Real data samples seldom have this
property. Nevertheless, his selection of an application to cylinder properties was
an inspired choice for testing factor analyses because it embodies the most essential

features of a real two-mode problem in an especially simple and easily understood form.

The Transformation

ot ok Pt Pt it Pt b P Pt ot i 0t Pt

Slopes (gi,gi) and factors (Ej’lj) obtained initially from principal component
analysis with two modes (n=2) correspond to formulation of the data as By B,X, +
byyy
j for which data exist (e.g., for our 10 cylinders), and that the slopes are

under the conditions that the factors are orthogonal, 1i.e. § By * 0 for all

normalized, 1i.e. 312 +b 2 = 1 for each 1 (property). However, this orthogonality

condition is undesitablef and a condition of zero covariance or zero correlation
coefficient between the factors would also be undesirable, because none of these is
likely to be even approximately true for a small sample (only 10 cases). Further-
more, in many other p~oblems none of these would be a good approximation even for
thousands or even an infinite number of cases. For example, in our solvent effect
problem a weak negative correlation between the two factors is expected and perfectly
reasonable. The second condition, 242 +b 2 = 1, is also generally untrue. Therefore

4
we should replace these two untrue conditions by two valid conditions.
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Our transformation is carried out as follows. The old a, and gi values

from factor analysis are unstandardized to make them comparable with the

observed data, zij by multiplication of each by the standard deviation

of 211 for its reaction (1) from the mean of z for that 1. Corresponding

—4 4
51 and Xj values are calculated by least squares from the original data 711 and
the newly unstandardized a and Ei Values of <4 are calculated by simple least

squares to fit the observed data using Rij = a +b Xj +e,. Finally, new

X
parameters meeting the new conditions are calcilited by the transformation equations
(10-15) using t values derived previously (2, example using eq. 5). This trans-
formation of the factors and slopes to meet the new six subsidiary conditions is
necessarily considerably more complicated than the usual "rotations'" of factor
analysis which only rotate the axes in the plane on which the slopes are displayed.
To fit an equation of the form Bij = LS + —ixj
uniquely, six independent subsidiary conditions must be specified (2, phase 2).

+ <y to experimental data

We choose 55-0, XS-O’ a.=1 and §3=1 as the four relatively unimportant ones (which

1
define reference points and unit sizes). For the two critical statements, we again

choose b -0 and a,=a, /2 for logical reasons explained previously (2, example).

Factor Analysis with No Missing Data

Table 1 and Figure 1 show selected parameters after various procedures.
We have plotted slopes here rather than factors because slopes (factor loadings) are
more commonly reported by users of factor analysis than the factors (factor scores)
themselves. From a complete data set, correct slopes are obtained after our trans-
formation (column 4), although the values before transformation (column 2) or after
standard rotations seem quite different. Values in parentheses are those assigned
by the subsidiary conditions. Use of a,~-a, instead of 53=51/2 as the sixth condition
yields identical values for all the parameters. Introduction of small (“v2%) random
errors into the 70 data causes only small (V27%) errors in the factors and slopes.

Since most of the thousands of publications applying factor analysis have
certainly not used our complicated transformation or its equivalent, but only varimax
or other similar kinds of rotations contained in statistical analysis computer packages
(12-18), it is instructive to note what kind of results such standard factor analyses
give.

Assumptions built into the principal components direct solution cause the
distribution of data in space to determine the order in which modes are extracted and
force the factors to be orthogonal and the sum of squared slopes to be unity, although

these conditions may not correspond at all with reality. Other extraction or direct




solution methods assume other conditions, similarly arbitrary or untrue. The

very popular varimax rotation technique then "simplifies' the distribution of slopes
so as to concentrate each slope on a few 1's and in one mode, enlarging slopes for
those i's and reducing them for others in that mode, again regardless of whether this
makes physical sense or not. Other rotation techniques enhance this compartmentalized
maldistribution of slopes even more.

Columns 2~4 show that 100% of the variance is explained (86.27% by the first
mode, 13.8% by the second). Thus, principal components calculates correctly that
there are two modes. However, this has no bearing on the correctness of the unrotated
or rotated slopes.

Column 3 shows the result of varimax rotation, because this 1s the rotation
method used in most published applications (21). The second-mode slopes 91 are
positive for i=2, 4 and 6, as they must be if they are to make any physical sense,
because the values of these properties do increase with increasing cylinder height.
However, they certainly appear wrong for i=1 and 7. The sensitivity of the first
property, logarithm of the total area of the flat faces, to the second factor,
logarithm of cylinder height, is deduced to be also positive and relatively large
(0.56), although we happen to know that it is in fact exactly zero. The sensitivity

! of the last property, the log of electrical resistance between the ends, to log h
is deduced to be even larger, near-unity, but negative (-0.82). Accordingly, electrical
resistance of wires might be expected to decrease with increasing length, with a
nearly reciprocal dependence. This would be a real boon for long-range power trans-
mission and could lead to some interesting science fiction, but electrical engineers
should not be misled by these results. Neither should those who would save energy
be misled, by a thermal resistance analogy, into using close-packed lateral arrays
of wide but very short cylinders (discs) for space-saving thermal roof or wall
insulation in building construction.
~ Experimental verification of hypotheses is sufficiently practicable in

physics and engineering that there has been little desire for and use of factor analysis
in those fields. The greatest dangers are therefore in psychology, psychiatry,
medicine, and political science, where experimental design is more difficult and
where so many conclusions have accordingly been drawn from just such standard factor
analyses with conventional rotations. It seems distinctly possible that progress
{n those fields has been hampered rather than helped in the past by such numerology,

! because such misleading results are obtained even when no data are missing. Such

answers can be worse than no answers at all. Our test might be criticized because
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of the small number of types of factors in our example (n=2, only two modes of inter-
action), whereas the problems to which factor analysis are applied usually have n
equal to 3 or more. However, the untrue conditions corresponding to these artificial
manipulations of the slopes, which are so obviously invalid in our example, are

still assumed when there are more factors, although the absurdity of the results is
then obscured by their greater complexity.

To obtain meaningful slopes (column 4) from factor analysis we have had to
resort to our ''transformation", instead of any conventional kind of rotation, in
order to replace the untrue conditions by true ones, even when there are no missing
data. Unfortunately, in other studies where factor analyses have been used, untrue
conditions have generally not been replaced by a subsequent transformation in-
corporating true subsidiary conditions. Results of such studies are therefore un-

reliable except under special circumstances (22).

e s ot N s s it ot Tt N g i It It Pt Pt i P P i s bt 8 Tt b

Parameters deduced from 50 (accurate) data instead of 70, also with our
transformation using g3f51/2 as the sixth subsidiary condition, are shown in
columns 6-10 of Table 1. The 20 data that are missing (randomly deleted) are indicated
in Table 2 (2). The available factor analysis programs such as those in SPSS (12)
provide options for the handling of missing data: listwise deletion, replacement
by zeros, or pairwise deletion. Since listwise deletion eliminated all } except
j=3, and replacement by zeros gave worse results than pairwise deletion, columns 5-6
were obtained via the third option. The correlation coefficient between the 50
observed and calculated data is now only 0.833. The rank order for 91 is now
5<4<1<6<2<3<7 instead of the true order, 5<1<2=3=4=5=6=7, putting i=4 between 5 and 1
instead of above them. The diamonds (<>) shown for several cylinders in Fig. 1 are
not acceptably close to the circles. The calculated order of increasing log g(=xj)
is 7<3<10<4<9<1<2<6<8<5 instead of the true order, 7<9<3<10<1<2<8<4<5<6. With
1 a8 the sixth subsidiary condition, the calculated order of increasing log h
is still different, namely 7<4<10<2<3<9<6<1<8<5. Such results based on accurate but

E7"a

incomplete data could be dangerously misleading in real problems, and therefore
worse than useless.

Although SPSS does not provide convenient facilities for substituting the mean
of data for an 1 1in place of missing data for that i, use of means is claimed by
many authors to be preferable to pairwise deletion. Column 7 shows the result (for

83-31/2). The correlation coefficient between observed and calculated data for the
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50 i{s now 0.813, not much different with this example than pairwise deletion. The
a, parameters differ by more than 50% for 1=2, 4 and 6, although these should all be
identical. A partial rank order for log h is 1<3<10<4<2<6<8<5 vs. the true order,
3<10<1<2<8<4<5<6. The percent of the variance explained by increasing numbers of
modes is 68.5 (1), 82.9 (2), 94.2 (3), 97.8 (4), 99.4 (5), 99.9 (6) and 100.0 (7),
which would mislead us into believing that at least three modes are involved and
should be considered, if we did not know that there are only two. .

In a relatively expensive but still futile attempt to find a practical way
to obtain correct parameters from these 50 accurate data by factor analysis, we resorted
to iteration of the combination of principal components extraction plus the complete
transformation described above. Missing data for any i were replaced by the mean of
data for that i before extraction in the first cycle, but by data predicted from the
lastest parameters (after transformation) in each subsequent cycle. This iterative
procedure has serious disadvantages compared with DOVE. First, it expands each
multiple regression to involve the lastest estimates of all the missing data as well
as the measured data, increasing the number of calculations involved in the time-
consuming summations by 407% in the present example, and fourfold in our solvent effect
problem where 75% of the data are missing. Second, although most of the parameters
appear to be converging, it still gives a serious number number of bad parameter
values after five iterations (after 10 job steps and computer charges 10 times those
required to obtain correct data and parameters to more than 6 decimal places by DOVE).
At this point, the % variance explained has leveled off, but the correlation
coefficient has begun to drop, as shown in columns 7-10 of Table 1. Lest anyone
believe that these parameters are now nevertheless good enough because 98.7% of the
variance is explained , we should note that the correlation coefficient
is only 0.917 and that the fit to the observed data 1is becoming

worse, that cylinder 1 is still deduced to be shorter than cylinder 10 (log h, <log h

1 10

whereas it i1s actually taller, the sensitivities to log h appear to vary more than
50% for properties such as 2, 4, 6 and 7, for which they are truly identical, and
those for 4, 5 and 6 are getting worse. Doutless there would be other inversions in
rank orders if the distribution of the missing data were more biased (more associated
with particular 1's and j's), as they often are in real problems, rather than being
random and relatively uniform as in this example. The squares (I3 ) in Fig. 1 show

that the b, parameters for i=4 and 6 are bad and currently becoming worse. It would

2
be in‘ resting to follow this progression to its limit, where all values might possibly

end up correct, but they are changing too slowly to make this practicable.
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From these and other experiences with iterative factor analyses, we have
found that it is critically important not to rely on convergence or constancy
of any missing datum, parameter, 7 variance, or correlation coefficient as a
criterion of correctness, but to test any proposed program by a problem like the
present example that has its answers known in advance.

We have not found any published literature documenting a claim that correct
results have ever been obtained by an application of principal components or any
other correlation coefficient-based factor analysis to data sets with missing data.
We conclude that although DOVE is able to solve such problems by simply omitting
missing data, standard factor analyses can neither omit them nor obtain satisfactory
estimates of the missing data or parameters by any efficient successive approximation

process.

Correct parameters cannot be obtained by principal components or any other
kind of factor analysis based on correlation coefficients when data are missing.
Usually the best way to obtain correct parameters is to measure the missing data to
obtain a full data set, or narrow the scope of the study to a full subset having no
missing data and then use principal components analysis followed by a valid trans-
formation. If neither of these is practicable, we recommend use of the iterative
DOVE procedure illustrated in the previous article, which works correctly in spite
of missing data.

Reproduction of the data is not a sufficient test that a procedure is correct,
because an infinite pumber of sets of answers (parameters) are consistent with the
data. It is indispensible to test any new or untested procedure on a problem having the
same number of modes and with answers known in advance, because errors in assumptions
or logic are almost certain to escape detection if only real problems with unknown

answers are analyzed.

Summary

Principal components factor analysis is tested for its reliability, using
a problem with known answers. Even when test data are complete (e.g., 70 data on
7 properties, dependent on both radii and heights of 10 cylinders), such analyses
followed by varimax or other standard rotations give incorrect rank orders for factors

(factor scores for radius and height for each of the 10 cylinders) and sensitivities
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(factor loadings for each of the 7 properties). When no data are missing, a
transformation incorporating valid subsidiary conditions can be used instead of
such rotations to obtain correct factors and sensitivities. However, when a
moderate number (e.g., 20, or 29%) of the possible data are missing (randomly
deleted), factors and sensitivities can have wrong rank orders and therefore be
misleading even with this transformation. When data are missing, standard factor
analysis is evidently unreliable and should be replaced by another method, such as

that in the preceding article.
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W.J. Dixon, BMD Biomedical Computer Programs (Univ. of California Press, 1973):

W.J. Dixon, BMDP Biomedical Computer Programs (Univ. of California Press, 1975).

D.G. Armor and A.S. Couch, Data-Text Primer (Macmillan, New York, N.Y., 1972,
pp. 82-91).

R. Buhler, P-STAT (Princeton Univ., 1975).

System/360 Scientific Subroutine Package Programmer's Manual, Version III
(Internat. Bus. Machines Corp., manual GH20-0205-4, 1968).
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17.

18.

19

20.

21

22

23

24,
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IMSL Library 1 (IBM Series), ed. 5, 1975 and IMSL Library 2, (Honeywell Series),

ed. 4, 1974 (Internat. Mathematical and Statistical Libraries, Houston, Texas).

B.H. Hall, Time Series Processor, Version 2 (Harvard Institute of Economic

Research, Harvard Univ., Cambridge, Ma., 1976).

L.L. Thurstone, Multiple-Factor Analysis (Univ. of Chicago Press, Chicago, I11.,
1947, pp. 117-124).

The eight synthetic problems or "artifical experiments' listed in 10, pp. 528-9.

Four SPSS extraction procedures (PAl, PA2, Rao, and alpha) with six rotations
(varimax, equimax, quartimax, and oblique with 8=-1, 0, +1) were carried out.
Image extraction failed (singular correlation matrix) even with 0.1-1% data error
(absolute magnitude changed by 1 in third significant figures, up for odd i+j,
down for even ifl). None of the combinations gave realistic sets of factors.
negative. Highly oblique (8=+1)

Quartimax also made b, positive and b

2 7

structure factors were only slightly negative for 92 but varied more than

threefold from b, to b Most other sets had numerous incorrect signs.

—4 7"
One-mode problems, such as the chemical one of best fitting the Hammett equation
with a single type of substituent constant [S. Wold and M. SjH%trgh, Chem. Scr.,
2, 49 (1972); S. Wold, ibid., 5, 97 (1974); M. $jCstrom and S. Wold, ibid., 6,
114 (1974)], do not lead to such errors and confusion, because the number of
critical conditions is zero for them, hence there is no possibility of choosing

the critical conditions incorrectly.
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Legend for Figure 1

Figure 1. A plot of correct relative sensitivity to log height vs.

relative sensitivity to log radius for 7 cylinder properties, calculated from
70 data by principal components followed by a valid transformation . .

Also shown are the most seriously incorrect values calculated similarly except
from 50 true data (with 20 data or 29% of the possible data missing) via
pairwise deletion(ﬁ), replacement by means LS‘, or five subsequent iterative

replacements [7] . Other calculated points falling closer to the correct

values have been omitted.
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