
&o~~Ao l 2 on ILLINOIS UNIV AT URBANASCHAP AISN COORDINAT ED SCIEwCc LAS ns ~nMEMORY ORSANIZATI~NS AND Tp€IR EFFECTIVeNESS FOR Mt&TTPROCESSTNe..CTC(U)MAY 77 F A SRIS S DA A Bo7a72e~ ..o259
UN CLASSI FIED R—760 NI.

_

__ __ R1n;fl~
_ _  

_rnrrwj
_ _ _

I _____ 
_  

_

E EIF~!II -



I

I 

.

•

~~~~~

___________________ 8

I 25



I I

REPORT R- 768 MAY . 1977 UT~~ -ENG 77-2215

c~! ! CO ORDINA TED SCIENCE ~ABORA TORY
~~~~~~I

I
I MEMORY ORGANIZATIONS
i AND THEIR EFFECTI VENESS

FOR MULT IPROCESSING COMPUTERS
I - -FAYE ALAVE BRIGGS

I
I
i D D C

I APPROVED FOR PUBLIC RELEASE. DISTRIBUTION UNLIMITED. I

UNIVERSITY OF ILLINOIS - URBANA, ILLINOIS

I



UNCL.ASS [FlED
,SECuR ITY CLASSIF ICATION OF THIS  PAGE (Wh .n 0.i . £nt.r.d) 

- 
,,. .,

REPORT DOCUMENTATION PAGE BEFORE FORM
I . REPORT NUMBER 2. GOVT ACC ESSION NO. 3. RECIPIENT’ S  C A T A L O G  NUMBER

4. T ITLE (aid Subtill.) S. TYPE OF REPORT 4 PERIOD COVERED

I MEMORY ORGANIZATIO~~ AND THEIR EFFECT IVENESS 
/ 

Technical Repor t
FOR MULT IPROCESSING COMPUTE RS - .- f~~~~ t~~~ O R M l N G  ORG RE PO Ib4 N U M B E R

_________________________________________ R-768. uIw-EN~~ 77-22 l5~
7. AUTHOR(I) I. C~Mxah.CI..~Q& A N T  NJ,~~~~ E R(.)

/
DA.ABJ7-72-C-0259,I 0 Fay~ Al ayé/Briggs / / / I, ‘- MCS-73—03488/Aöt

9. PERFORMING ORGANIZAT ION NAM E AND ADDRESS IC. PROGRAN ELEMENT, PROJECT . T A SK

f Coordinated Science Laboratory A R E A  6 WO
~~I!..UN.IT NUMBERS

1 University of Illinois at Urbana—Champ~.i~gii ,j ’  / /
Urbana, Illinois 61801 ~~~~~~~ 

,/ .-J
I II .  CONTROLLING OFFICE NAME AND ADDRESS 12. REPOP1~~~ATC

I Joint Services Electronics Program May B771
13. NUMBER OF PAGE5

______________________________________________________ 198
14. MONITORING AGENCY NAME & AOORE$S(lf dif f ., . n t from Controlling Offic.) IS. SECURITY CLASS. (of Ilila rspofl)

UNCLASSIFIED
3m. DECL ASSI Ft C ATION/ DOWNGRADING

SCHEDULE

16. DISTRIBUTION STATEMENT (of tAle R.port)

I
Approved for public release; distribution unlimited

I? . DISTRIBUTION STATEMENT (of A. abetted .nt. r.d In Block 20. If diff.r.nt ftc. , Repeat)

I
13 . SUPPLEMENTARY NOTES

I
IL KEY WOROS (Continu. on ,.v.ra. aid. if  n.c..aay aid id.ntify by block numb.,)

V Memory Organization

I Interleaved Memories

~~ltiporcessor Memory
Memory Access Conflict

20. ABSTRACT (Continua an r•v.ra. •id. If n.c.a.a,, aid idantify by block numb.,)

Organizations of interleaved inultimodule semiconductor memories are studied

[ to facilitate accessing of memory words by parallel—pipelined multiple instruc-
tion stream processors. All memory modules are assumed to be identical and
are characterized by the address cycle (address hold time) and memory cycle

‘ I of a and c time units respective1y~ A total of N ( 2fl) memory modules are
arranged such that there are g(. 2~) lines for addresses and m ( 21~ t)) memory
modules per line .

if  --

V I DD ~~~~~~~ 1473 EDITION OF 1 NOV 43 13 OBSOLET E UNCLAS S IF IE D C / ~~

‘ 

~~~
‘ L)J /11

• ,.  ~. - .  .
~ • . 

. _ . ,~~ ~
. 

~ 
SECURITY C L A S S I F I C A T I O N  ~~F THI S PAOt (WPI.fl B.f . £nlm.d)

S. ~~~~~~~~~~~ ,,. ~~~~~~~~~~~~~~~~ • - .._,_ *__*_____
~~~~~~~~~~~~~~~~~~~~~~~~

• —



UNCLASS IF lED
SECURITY CL. A$$IFICAtION OP YNIB PAOI(WR~~ Da• iis ~s~~

N

20. ABSTRACT (continued) -

For a parallel-pipe lined processor of order (s, p), which consists
of p parallel processors each of which is a pipelined processor with s
degrees of multiprogramming, there can be up to s.p memory requests in
each instruction cycle. The memory interference problems which arise
in such systems are investigated.

Performance is evaluated as a function of the memory configuration
(2, m), the module characteristics (a,c), and the processor order (s, p).
Results show that for reasonably large values of N, high performance can
be obtained even in the nonbuffered case when ,g, is a.p or more. ~iffering
has its maximum effect on performance when 2 is near a.p. When 2 must
be greater than a.p for adequate performance in the nonbuffered case,
buffering can be used to reduce £ while maintaining performance.

Some design tradeoffs were discussed and examples were given to illus
trate the wide variety of design options that can be obtained.

IJNCLASS IF lED
ICCMRI?Y C L. A$SI FI CAT I O N OP THIS PAOI( ~~ ai Data Snt~ro~



ION b r  
-- -

W ’~b~ :. - - ‘ lo ~
II B~- S~~~~ilI1

UILU-ENG 77—22 15

— ~~c~- _ - 

- :~ - ~

I MEMORY ORGANIZATIO~~ AND THE IR
EFFECT IVENESS FOR MU LTIPROCESSING COMPUTERS

by

Fay& A1ay~ Briggs

This work was supported in part by the Joint Services

Electronics Program (U.S. Army, U.S. Navy and U.S. Air Force)

under Contract DAAB-07-72-C-0259 and in part by the National

Science Foundation under Grant MCS 73-03488 Aol.

I
I

Reproduction in whole or in part is permitted for any

I purpose of the United States Government.

Approved for public release. Distribution unlimited.

D D C~
- L ~i I I AUG 9 1977

1 D



I

MEMORY ORGAN IZAT IONS AND THEIR EFFECTIVENE SS

FOR MULTIPROCESSIN G COMPUTERS

I

FAY~ ALAY~ BRIGGS
B. Eng., Ahmadu Bello Univers i ty, 1971

M.S., Stanford Univers I ty, 1974

1~

THESI S

r Submitted in partial fulfillmen t of the requirements

J for the degree of Doctor of Philosophy In Electrica l Eng i neering
1ii the Graduate College of the

Univers i ty of Illin oi s at Urbana—Champa i gn , 1 977
I

Thesis Adviser: Professor E. S. Davidson

Urbana , Il l inois
I.

$ 1
-. 

~~~~~~~~~~~~~~ 
,
~~ ~~~~~~~~~~~~~~~~~~ ~~~

. . --



,

4

MEMORY ORGANIZAT IONS AND THEIR EFFECTIVENESS

FOR MULTIPROCESSING COMPUTERS
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Organ i zations of interleaved muit imodule semiconductor memories are

studied to facilitate accessing of memory words by pa rallel—pi pelined

multiple instruction stream processors. All memory modules are assumed

to be i dentica l and are characterized by the address cycle (address hold

time ) and memory cycle of a and c time un i ts respectively. A tota l of

N (- 2”) memory modules are arranged such that there are L(~ 2
b) lines

n—bfor addresses and m(— 2 ) memory modules per line.

For a para llel—p i pelined processor of order (s p), wh i ch consists

of p parallel processors each of which Is a pipelined processor with s

degrees of muitiprograming , there can be up to s~p memory requests in

each instruction cycle. The memory Interference problems which arise in

such systems are Investigated .

Performance is evaluated as a function of the memory configuration

(2., m), the module characteristics (a, c), and the processor order (s, p).

• Results show that for reasonably large val ues of N, hig h performance can

be obta i ned even In the nonbuffered case when £ is a~p or more. Buffering

has its maximum effect on performance when 2. is near a•p. When £ must
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be greater than a.p for adequate performance in the nonbuffered case,

buffering can be used to reduce £ while maintaining performance.

Some design tradeoffs were discussed and examples were given to

illustr ate the wide variety of desi gn options that can be obta i ned .
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1. BACKGROUND AND MOTIVAT ION

1 .1 introduction

In the quest for hi gher performance in computer sys tems , two

arch itectural techni ques , namely, parallelism and pipe li ning, evolved

to enhance the computation capab ility of the systems. In addition to

the architectural alternatives , higher performance may also be ach ieved

by increasing the switching speed of the electronic components. These

three methods of improv i ng the performance are not necessarily mutuall y

excl us i ve. Al though performance may be improved by the above techniques ,

it may be deg raded considerab l y if the memory system is organ i zed in-

effIciently and does not match the processor system in speed . Further-

more, a very efficien t memory organization for multiprocessor systems

may be cost prohibitive . These factors have prompted extensive i nvesti-

I gation into techniques for organizing memories for multiprocessor

systems .

In some high l y parallel processor systems , concurrency is ach i eved

I by the multiplicity of independent processing units which execute sep-

arate instruction streams on separate data streams El]. However , there

exist other highly parallel computer systems, like ILLIAC IV , which are

I characteristically array processors that perform the same computation

on a large collect i on of related data elements simultaneously (2]. In

I this research , parallel processors will refer to the former organization.

E 
Parallelism or concurrency of Instructions and data transfers also

occurs in pi pe lined computers wh ich have become common of recent.

I
r
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Pipelining is a techn ique of decomposi ng a sequ ent ial p rocess into a

sequence of computation steps , each of wh i ch can be processed in a spec-

ial functionally dedicated and autonomous uni t , cal l ed a segment which

operates concurrentl y with other segments. Hence a p ipel in ed processor

i s composed of segmen ts wh i c h  are a r ra nged so tha t con sec uti ve steps

of an ins truc t ion can be ass i gned to distinct segments of the p i peline

for p rocess i ng.

One form of p ipe l in i ng occ u rs in the hi ghly partitioned and over-

lapped instruction execution techn i que imp l emented in the IBM 360/91 ,

which achieves a hi gh eff i ciency by the conc u rre ncy of i ns truc t ions

and data transfer (31. Another form of p ipei ining is the “stream s’ pipe—

l ining wh ich performs the same arithmetic operation on a series of

operands as they flow through the pipe . Examples of these are the CDC

STAR— 1 00 (4], and TI—ASC (5].

Such hi ghly concurrent processors will be characterized and a de-

scri ption of the general model of the processor organ i zation wil l  be

presented i n the next section.

I n a multiprocessor environment , mai n memory is a p rime sys tem

resource which is usually shared by all the processors . Hence care

mus t be taken in the organization of the memory system to avoid severe

performance degradation due to memory i nterfere nce caused by two or

more processors simu l taneously attempting to access the same module

of the memory system .

i t would be undes i rable to have one monolithic unit of memory to

be shared among severa l processors , as this would result in serious

memory Interference , hence the memory is partit ioned into several

a
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i ndependent memory modules. This scheme resolves interference by

a l lowin g si mul taneous access to more than one module but considerable

i nterference can still result if the memory addresses are contiguous

wi thin a module. Interleaving of memory modules is ‘used to alleviate

this prob l em.

In most highly concurren t computer sys tems , interleaving of memory

mod ules is also required in order to obtain a balance between effective

processor and memory cycles. For example , the CDC STAR—lOO has a

processor cycle of kOns and a memo ry cycle of l28Ons [4]. At most,

one memory reference can be made in one processor cycle. For such fast

p rocessors , the rate at wh i ch data can be transferred between processors

and main memory is often l imited by the transfe r capabi l i t ies of the

memory i tself and the memory busses . Hence the memory is usually organ-

ized to meet the memory bandwidth requirements of the system. The

memory bandwid th is the rate at wh i ch memory can transfer information ,

usuall y represen ted in words per second.

On the other hand , some processors , such as microprocessors , exhibit

processor cycles wh i ch are usually slower than the memory cycles of some

memories . In such cases, the memories are usually underutilized , unless

the processors are organized to create a balance between the processor

and memory cycles.

In the past , magnetic memories have been used I n  the main memory

systems of multiprocesso r systems. However, with the advent of large

scale integrated circuits , semiconductor memories have been play ing in-

creasing ly i mportant roles in thc synthesis of main memory systems .

Their i nherent modularity makes them very appea ling in the des i gn of

I



- 14 -

muit imodu le memory systems for multiprocessor systems . In addition to

their f lex i b i l i ty and nondes truct ive readou t capabil it y, the cost per

bi t of semiconductor memories remain virtually constant as the module

size increases or decreases for a wide range of module sizes [6]. In

contrast , the cost per bit of magnetic memories , such as ferri te core ,

rises very rapidly for decreasing module size . Furthermore , some cur-

rent semiconductor memories exhibit timing characteristics wh i ch may be

exploited to enhance the data transfer capabilities of multiple in-

struction stream computer systems . These timing characteristics will

be discussed in section 1.3.

Hence in this research , we describe a method for exploiting the

capabilities of sem i conductor memories to obtain an effect i ve multi-

module memory organization for par alle l-pipe lined multiple instruction

stream processors. Furthermore, the memory in terference prob l em in

such processor-memory systems are investi gated.

1.2 Processor Organization

The concept of multiprocessors has been introduced in section 1.1 .

The processor organ i zation to be discussed in this sect ion is a theo-

retica l model chosen to include a b road class of multiple instruction

stream multi ple data stream (MIMD) processors [1]. A formal de finition

of the pipe lined processor model adopted here is given below .

DefInition 1.2.1 A p [pelined processor of order s is modeled as an

ordered set of S segments (s0, 
~l’ ~~~ ~~~~~ 

each of wh i ch can simul-

taneous ly be processing a distinct step or phase of a distinct instruction . (
0

____________________________ -4..~~~~~~ - . 
- - -z;.- . .  ~~

-- -
~~~ —~~~~~~~~ ---~ 

-
~~~~~~~ 

-- - _____________________ -
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Once an instruction is ini tiated in a segment , it flows from seg-

ment to segment for its execution , where each segment performs a specific

suboperation on a distinct phase of the instruction . It is considered

that each segment has an output latch or register to help retain its

autonomy . Figure 1.2 .1 shows a nonpipelined processor as one monolithic

unit , and Fi gure 1.2.2 illustrates a pipe lined processor of order 3.

The pipe lined processor defined above can be imp l emented in two

different ways, namely, as a sing le instruction stream and multiple in-

struction stream p i pel ined processors . The following definition will

be of aid In understanding the two different imp l ementations.

Definition 1.2.2 The rth process or instruction stream, 1(r) is a

sequence of instructions that require execution . Thus ,

1(r) 
~lr ’ ~2r’ ~3r 

where ~~~.. ith instruction from the jth instruction stream.

Fi gure 1.2.3 is a space—time illus tration of one form of pipelining

processor of order 6. In this scheme, execution of instructions from

the same stream are overlapped . The prob l ems usually associated with

the sing le Instruction stream pipe lined processors are the performance

— degradation and contro l prob l ems due to data dependencies and b ranch

instruc t ions.

I In this research , multiple instruct on Stream p1 pelined processor

organ i zations were adopted , since performance degradation and control

prob lems due to data dependencies and branch instructions are absent.

~ 

-
~~~~~~~~

- -
~~~~ - - - - — - - - ,~

- -~~~~~ —~~~-.~~~~~— ---- - - -— .~ -~~- -.—— -- — —  .— - - -
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A Nlon p ipe lin ed P roce S S 0J

FP 5243

Figure 1.2.1 A nonp ipelined processor as a mono-
lithic unit

Fp~5244

FIgure 1.2.2 A pipelined processor of order 3

I

t
I

a 

~~~~~~~~~~~~~~~~~~~~~~~~~~~ ~~~ - - i~~ ~~!T~~ -
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Concurrency in such processors is achieved onl y between distinct in-

struction streams as illus trated in Figure 1.2.4. In this scheme each

instruction is partitioned into s distinct phases and each distinct phase

is sequent ially assi gned to each distinct segment . In genera l , s dis-

tinc t processes are In execution concurrentl y and if an instruction from

a process is initiated at time instant t , the next instruction from the

same process will be initiated at time instant t + S . Hence there is

no execution overlap between instructions from the same stream.

Notice in Fi gure 1.2.4 that all instructions have identica l flow

patterns. Pipelines in which all Instructions have i dentica l flow

patterns are termed single function p ipelines. On the other hand , in a

multifunction pipeline , there are two or more distinct flow patterns

and each instruction may use one of these flow patterns [7] . in  this

research it is assumed that the pipeline processor is a single function

p ipeline.

In a pipe lined processor of order s , S separate instructions will

be in different phases of their execut i on steps . These S instructions

are assumed to come from distinct instruct ion streams as In [8]. Thus

the degree of multi programming , for a pipelined processor of order s ,

is also S .

The pipe lined processor can be partit ioned so that each segment

takes the same time to complete its execution step .

Definition 1.2.3 One segment time unit (STU ), is the time , in seconds

r required by each segment to execute each distinct phase of an instruction .
0 

. - .~- - ~~~~~~~~ - .• - - ~~~~~~~ - . :.. - . - - -- _ __________
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Segment

S
5 a11 a21 cz31 a41 a51 a61 a71

S4 a11 ~
12l a31 a41 a51 a61 a71

S
3 

a11 a21 a31 a41 a51 a61 a71

S2 a11 a21 a31 a41 a51 ~
16l a71

— — — — — — a

S~ a11 a21 a31 a41 a51 a61 a
71

S0 a11 a21 a3T a~1 a51 ~~l a71 -

o 1 2 3 4 5 6 7 8 9 1 0 11 12

~~T1me
Figure 1.2.3 SIngle Instruction stream processing In a pipelined

processor of order 6.

Segment

55 a11 a12 a13 a14 a15 a16 a21
— — a

S4 a11 a12 a~~ a14 a15 a16 a21

5
3 a11 a12 a13 a14 a15 a16 a21

a11 a12 a13 a14 a15 a16 a21

~ 
a11 a12 a13 a14 a15 a16 a21— S — — — — S — — — —

o 1 2 3 4 5 6 7 8 9 10 11 12

~~Time

Figure 1.2.4 Multiple Instruction stream processing in a pipelined

processor of ord er 6.

4 -,- —-~~~~~~~~~~ — —r-’------ -. - 
— -rr -. . - ——-a n ~~~~~~-—--~~
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Hence if the phases of an instruction are partitioned so that it

takes r seconds to execute each phase of the instruction , then one seg-

ment time unit is equa l to r seconds .

Assume also that a p ipe lined p rocessor of orde r S can issue one

memory request per STU , hence, 5 memory requests can be issued in one

instruction cycle; where one instruct i on cycle — s.r seconds. Notice

that the ins truction cycle is fixed irrespective of the instruction .

Hence a pipe lined processor is characterized by 5 and T, the degree of

pipelining and the segment time unit respectively. From now on , all

time units will be expressed as an integer number of STUs, unless other-

wise stated .

A reservation table [9] , used to illustrate the flow of computation

through the segments of a pipeline , is shown in Fi gure 1.2.5 for a

straig ht-through pipe lined processor of order 6.

Following initiation of an instruction process at t ime  instant t,

an x in cel l (u, v) ind i cates that a task requires the segment associated

with row u for segment t ime  interva l <t + v, t + v + 1> . Note that the

reservation table for the examples of single and multiple instruction

stream pipe lined processors, illustrated in Figure 1.2.3 and 1.2.4 re—

spectively, would be identica l to that shown in Figure 1.2.5.

The generalized processor organization w i ll now be discussed .

Definit ion 1.2.1. A parallel p i pelined p rocessor of or der (s,p)(10]

is modeled as a set of p i dentica l and independent , but synchron i zed

- I processors , each of wh i ch is a pipe l i ned processor of order s. o

~ 

~~~~~~~~
. .- — - .— - - —

~~~~~~~~ — — ~~~~~~~~
—- - -  - 
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— 
0 1 2 3 4 5

~ s0 X  
_ _  _ _  _ _  _ _  _ _

Si x 
_ _ _  _ _ _  _ _ _  _ _ _

Processo r 
S2 X

Segments S, x

S4 x 
_

.. s5 
_ _ _  _ _ _  _ _  _ _ _  

lix
t t+1 t+2 t+3 t+4 t’.5 t+6

Time Instants (STU)
~ P-5t 45

Figure 1.2.5 Reservation table of a stra i ght—through pip elined processor
of order 6

I
I
I

. 
. 

. _ . ~~~~~~~~~~~~~~~~~~~~~~ ~~~~~~~~~~~~~~ -~~~~~~~~~~~~~ ~~~~~ - 
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Fi gui-e 1.2.6 illustrates various confi gurations of parallel-

pi pel m e d  processors .

A para ll el— pipe li ned processor is thus completely specified by the

degree of pipe lining , s, the parallelism , p, and the segment time , i.

A parallel—p lpe lir ied processor of order (s, p) can issue p simu l taneous

memory requests each STU. Hence , it can execute s~p distinct instruc-

tion streams concurrently.

The processor bandwidth , defined as the numbe r of memory re-

quests that can be issued per second , will be adopted as a performance

measurement of the par all el-p ipe llned processor ~f order (s, p). Hence ,

B~ ~~
.. Note that s Is not expli citly invo l ved in the definition of B~.

1.3 Timing Characteristics of Memory Module

In this section , the timing characteristics of the memory module are

discussed to highlight the features which are exploited in the organ i za-

tion of the memory modules for pa ra llel—pipelined processors .

In section 1.1 , the Inherent modularity and cost-effectiveness of

sem i conductor memories were pointed out. The cost—effectiveness of

semiconductor memories Is even much better over core memories for small

module sizes. These factors account for the inc reasing use of LSI mem-

ories , instead of core memories for implementing a flexible mUtlmodule

memory organ i zation . Hence the LSI memory chip is discussed to high-

li ght the block structures .

I

- - - .-,~~--~~~~~ - —  - -~~-- -~ - ~~~- - -  - -~~~~~~~~~~ ‘~~~ ---- -— ---- -—--
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Order: (1,1) (s,1)

J i J  
_  _

Nonpipelined Pipelined Processor
Processor

Order : (l,p) (s ,p) 
______

‘ I ~
i,iF )1]2~1 J_Ii... {

~J
I 1 11,2 1 ~~

2 )2H.._f
J

1 1 [i~~ 1 iiij 2 ,p • . ....I4
~~~jJ

Par a lle l Nonpipe lined Parallel Pipelin ed Processor
Processor

~P -5245

Fi gure 1.2.6 ConfIgurations of paralle l—p l pelined processors

I

-
I

- -‘-‘-~~~-~~~~~----~~~~~ - 

~~~~~~ - .. r . ~L_ ~~~~~~ ~_,~~~~2xr —
~~~

-
~—~~~~~ —.——----— — --- - -——.—- --- - - - - ~~~~~~~~~~~~~~~~~~~~ -



- 13 —

The LSI memory ch i ps are assumed to be fully decoded , fixed address

random access memory (6]. Typ ica l l y, read onl y memory chips consist

of four functional blocks , as shown in Figure 1.3 .1.  They include an

address register to latch in the address , an address decoder to select

the addressed word , the ROM matrix and an output data buffe r stage .

In some memo ry ch i ps , the address reg ister and the output data buffer

are not fabricated on the memory chip. However, with recent develop-

ments in LSI technology , the cost of adding these buffers on the memory

chip at fabrication is insi gnif icant. The corresponding s impl i f ied

timing diagram for a ROM chip is shown in Figure 1.3.2 and t ime units

are represented in seconds . Assume for simplicity that the chip select

and address si gnals are gated into the chip simultaneous l y. Although

in prac ti ce , the chip select signa l may precede or follow the address

signal depending on the timing characteristics of the chip. The out-

put data is usually valid and available afte r the memory access time ,

t ,  of the chip. The duration of the output data, tdo, depends on

whether the storage elements of the chip are Static or dynamic. In

practice , tdo is controlled as to keep nonva )id output off the da ta bus .

In the read and write RAM chi p, there are typicall y five princi pal

functional blocks as shown in Fi gure 1.3.3. These include the address

reg ister and decoder , the storage cells and the input and output data

buffers . A typical timing diagram for the read cycle of the RAM chip

is identica l to the ROM’s timing diagram in Fi gure 1.3.2. However,

Figure 1.3.1. shows the timing diagram for the write cycle of the

fl RAM chip.

•1

_____________________________ - —
~
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Let t
~~ 

and tad be the chip select pulse width and the address

pu lse w id th  respect ive ly .  Furthermore , td; and tw denote the data

input pu lse width  and the wr i t e  enable pulse width respect ive ly .  In

s imple terms , a memory operation is i n i t i a ted  by b roadcasting an ad-

dress to the address bus for tad seconds , to the address reg ister of

the memory chip, whereupon the address is further decoded in the decoder

b lock , to se lect the corresponding memory b i t .  The selected memory b i t

contents are then altered as specified by the read/write request function .

Definition 1.3 .1 The memo ry cycle , t~ , is the time that

a memo ry chip remains busy after a memory operation is initiated. For

read memory ope ration , this the minimum dura t ion be tween successive read

requests and is called the read memory cycle, trc~ 
Similarly, for

wr ite operation , this is ca l led the wr ite memory cycle , t~~ . 0

Def in i t ion 1.3 .2 The address cycle, ta) is the minimum duration that

the address can be mainta i ned on the address bus of the memory chip for

a successful memory operation . o

Hence in Figures 1.3.2 and 1.3.4, the address cycle , ta tad~

The end of the input data pulse need not coincide with the end of the

write memory cycle shown in Figure 1.3.4. Usually, the input data can

be presented to the data bus and gated by the write enable pulse after

the memory access t ime , tac• The chip select pulse width and the

address cycle for the write operation are usuall y identica l to those of

the read operation . However, for some memory chips they need not be so.

t
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The t iming const ra ints are general ly obvious from the s imp l i f i ed

t iming diagram for the ROM and RAM chips . Howeve r , in genera l ,

t rc 
< twc for RAM chi ps. Furthermore , for any memory chip, ta ~~— 

t .

Since the read memory cycle , trc may not always equa l the write memory

cyc le , t~~ , we can for ana lytical purposes , introduce an effec t ive

memory cycle which takes into considerat ion the d is t r ibut ion of read

and wri te memory requests. For simplicity assume that the proportion

of read and write requests are 
~r 

and f respect ively. Then ,

f + f  — l
r w

Hence the effective memory cycle of the RAM ch i p  is

t — f  t + f  tcc r rc W wc

Similarly, if the address cycles for read and write memory operation s

diffe r , the effective address cycle can be obtained.

Defi nition 1.3.3 The mem~~y bandwid th of a RAM chi p is

which is the request servic ing capacity of the chip. o

Typica l ly ,  each semiconductor memory chip real izes some z —

words of 1 bit each . A memory module of z words of some w bits each
.- — -

is then usually organ i zed by Interconnecting w chips in a one dimensional

array, as In Fi gure 1.3.5, so that, amongst other th i ngs , corresponding

chip select leads , write enable si gnals , and addresses are common.

r In effect , a memory modu le has three separate and i ndependent busses ,

namely, the address bus , the data—input bus , and the data—output bus .

- 
• --—_ J

__
~~~~~ 

~~~~~~~~~~~~~~~~~ 
- - - -  

—i- -. 
~~ ~~~- — —

- - -  ~~~~~‘ . — -~~ - — ~~~~ 
— - —  —
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Since a memory organ i zation for hi ghly pa rallel processors is i nvesti-

gated here , onl y maximally para liel bus structure (Ii] will be considered

for the memory system . In such bus structures , simultaneous operations

can be in progress on the th ree separate and i ndependent busses.

Since all the ch i ps , wh i ch are assumed to be i dentica l , act simul-

taneously In a memory module , the memory bandwidth of a module is identi-

cal to the memory bandwidth of a chip in the module.

Definit ion 1.3 .4 The memory bandwidth, B, of a fixed address RAM module

is

— 8c 
— 

te;

wh i ch indicates the request servicing capacity of the module.

For RAM memo ry ch i ps and hence modules , the address is held on the

address bus at least as long as data is held on the data bus. That is ,

0 < tdo < t d and 0 < tdi ~~.. tad
Hence the data busses do not pose a limiting constraint on how often

addresses can be dispatched to the address bus and are therefore not

considered here explicitly.

In summary, a memory module Is characterized by its address and

memory cycles , (t , tc)• They are referred to as the absolute memory

module characteristics , because the cycles , ta 
and t~ , are expressed

In seconds. However, the address and memory cycl es can be quantized

such that they are both expressed as intege r nuthers of STUs, namely ,

I

S ~~~~~ 5~~~~~~~~~~~~~ .-W — —- ______________________
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rtala — J-~
—
~ 

and c = 

~
-
~

— f , where T is the segment time unit in seconds.

Hence the relative module characteristics are (a, c). For example ,

if T — 5Ons , ta 
= l4Ons and tc 

= 24Ons, the relative module character-

istics are (3, 5). Since in genera l , ta < ~~ t hen a < c . Henceforth ,

the relative module characteristics will be referred to sim ply as the

module characteristics unless otherwise stated.

1.4 Some Previous Models

Vario us analytic and simulation models have been developed to

eval uate the performance of a multiprocessor computer system. In

multiprocessor systems, severa l tasks are executed concurrently. These

tasks may generate requests to memory simultaneousl y. Multiple re-

quests sometimes resul t in memory conflicts despite the interlea ving

of the memory modules.

All models presented here assume some form of memory interleaving

and eva l uate the access conflict problem.

Hellerma n [12] presented a model in wh i ch a single stream of

interm i xed independent instructions and data requests was scanned in

the order of their arriva l until the first duplica te memory module

nurther was found. These first K distinct requests are then granted

in parallel. For N interleave d memory modules , the average memory

bandwidth for Hellerma n ’ s model is

B — 
~~ K2 (N— 1) !

K—i

He found that a good numerica l approximat ion of the above expression

I

_________________________ 

4.

- .~
-
~~~~~~~~~~~ -t _—._ .  ~~~~~~ - ~~~~~~ --~~~ —--- - --~— r - - -~~- - - __ _ I_
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when 1 < N < 1.5 is N056 ~ p41, accurate to within 4~ .
Knuth and Rao [13] reduced Hellerman ’s expression into a closed

form ,

B — - 4 + .& /
‘
~~ +

Burnett and Coffman [14 , 15] extended Hellerma n ’s model by sep-

arating the instructIon requests from the data requests and showed that

the system bandwidth can be increased considerably because of the lo-

cality in programs due to the sequential nature of instructions . This

was modeled by Introducing two pa rameters , name ly, cx and 8, where cx

is the probability of a request addressing the next module in se-

quence (modulo N) and 8 — (l-c&)/(N-l), is the probability of addressing

each other module out of sequence. It was found analytically that the

bandwidth increases exponentially with increase in cx.

The above models seem to assume a single processor with in-

struction l ook—ahead capabilities , hence they will be called overlap—

processor models. One of the first few analytic models for a multi-

processor system was proposed by Sk i nner and Asher (16]. The analysis

made use of a discrete Markov chain model and was limited to a small

number of p rocessors (< 2) because of the comp l ex i ty i nvolved for

larger systems .

Strecker [17] investiga ted the confl ict prob l em in a multiprocessor

system with p processors and N memory modules in wh ich the processor

cycle, that is , the segment t ime  un it , Is equa l to the pulse width of

the output da ta in a read memory cycle. By approximate analysis , a

closed form representation of the bandwidth was obtained as

r N (l—(l4)~ ]

a
- -

~~ t --e~~ s - 
- 

- -  -___________



- 24 -

Ravi (18] has a similar model wh i ch he analyzed using combina torials

to arrive at the bandwidth as

N
t K.K! S(p,K)(~ )z

K= l N~

where t = mm (p, N) and S(p, K) are Stirling nunters of the second

kind. It is interesting to note that Strecke r ’s formula is a closed form

representation of Ravi ’s formula. Bhandarkar (i9]expanded on Strecker ’s

results . Sastry and Kain f~O] had similar models but also investi ga-

ted the performance us i ng differen t storage allocations for instructions

and data with inter leaving only in the instruct i on space. Baskett and

Smith [21] have also investigated the memory confl ict prob l em in multi-

p rocessor systems .

One common cha racteristic of the multiprocessor models discussed

above with respect to the parallel—pipelined processor proposed here is

that the multi processor systems are all paralle l-p ipe l i ned processors

of order (1 , p) having access to an N module memory system with module

characteristics (a, c) (1 , 1). In this research , the memory conflict

problem and hence the bandwidth Is investigated for more genera l multi-

processor models, namely, systems encompassing a wide variety of para-

lie l-pipe lined processors of order (5, p), (R., m) inter lea ved memory
—I

confi gurat i ons and memory module characteristics (a, c). The para-

meters s, p, L, m, a, c are chosen such that 1 < a  < c, 1 < c < s ,

p > I , and 9. and m are nonnegative integer powers of 2 and 2..m — Z~ — N.

- -~~~~~~~ .L2-- ~~~~~~~~~~~~~~~~ ~~~~~~~~~~~ - -  ~~~~~~~~~~~~~ — ——— - — - ,  —- - -- — - -~~~~~~~~~ —~
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1.5 Problem Statement

The purpose of this research is:

( i)  To inves ti gate the effect of memory interference on system

performance for a variety of relative module characteris-

tics (a, c) and memory confi gurations (9.., m).

(ii) To study the effect of buffering memory requests when

conf l ic t  occurs .

(iii ) To give some methodology and des i gn tradeoffs for a cost

effective memory confi guration .

(iv) To obtain guidelines for des i rable semiconducto r memory

organ ization for paral lel-p i pelined mult ip le instruction

stream processors.

1.6 Overview of Dissertat ion

So far , the background materials that motivated this research has

been presented . In Chapter 2, the memory organ i zation is developed .

The module access conditions are also outlined . In Chapter 3, the per-

formance of the memory organ i zation is investigated for the parallel-

p ipeli ned processor of order (s, p). Discrete Markov models are developed

to a id in the performance analysis of the case where p 1 . State re-

duction and line decomposition techniques are introduced to reduce the

complexity and size of the state diagrams devel oped for p — 1. In

this chapter , it was also shown that the complexity of the performance

analysis grows with LEi!J for a > 1. Using the line state transition

l
~~~~ t~TUlIiIuIU!tiiL. - 

_ -.~~~~~ - • - - ~~~~... -•m - _--_ - --~~~~~~~ - -  -—



- 26 -

dia gram for p = 1 , closed form sol utions of the probability of

acceptance for p > 1 ~re obtained for a class of module characteris-

tics. Furthermore , bounds on the performance are also ob tai ned for

any set of module characteristics . In Chapter 4, si mu la t ion models

are developed for two different processor schemes, namely, non-

buffered and buffered request processor systems . In particular ,

these schemes highlight two possible ways of handling requests when

conf l ict  occurs . In Chapter 5, the effects of the various pa rameters

on performance are investigated. In addition , some design trade-

offs are studied . The burst mode of operation , wh ich dispa tches

sim ultaneously all requests issued in one memory cycle at the end

of the cycle , is compared to the multiplex mode of operation , wh ich

d ispatches requests as they are issued , that is , every segment t ime

un it. Chapter 6 presents overall conclusions and prospects for

further research .

1~

-

~ 
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2. THE L-M MEMORY ORGAN IZATION

2. 1 Introduction

In the previous cha pter , a sem iconduc tor ra ndom access memory

chip was charac terized by i ts addres s and memory cycle time s , ta and

t~ respectively. Many large scale integra ted RAM chi ps have their

address cyc l e significantly smaller than the memory cycle time . This

d ifference is increased when an address latch is inco rporated w i th i n

the chip to gate-in the address. Similarly, wri te data hold time may

be short and read data may be enabled ~n a controllable w indow . It

was assumed tha t the address is typ ically held on the address bus at

least as long as data Is held on the data bus. Hence the data busses do

not pose a limiting constraint and are not explicitly considered in

the memory organ ization discussed here . In this discussion , a line

is used to denote an address bus within the memory. Hence , assuming

that there are N i dentica l memory modules in the memory, there can be

up to N independent lines in the memory.

In this chapter , a memory organ i zation is developed to exploit

the capabi l i t ies of the memory chi ps d iscussed in Chapter 1. For a

system environment with s’p distinct instruction streams running con-

currently, the absolute size of the main memory M, wou ld be expec ted

to be large enough to accomodate at least the working set [22] of the

s•p distinct processes. Since the research focuses on the memory con—

flic t problem , page faulting is not modeled here.

1’
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Wit h respect to present day practice , the total number of words

z , in a memory module is small .  Hence for a large main memory of s ize

M, the number of memory modu les N w i l l  probably be large , s ince M = Nz.

The memory organization for multiprocessor systems discussed by pre-

vious authors have N lines for N independent memory modules. Although

the performance o f such memory organization is good, the l ine cost is

usua l ly  high. Assuming that each module contains an address la tch , a

module in wh ich a memory operation is in i t ia ted uses i ts associa ted

l ine for a duration much less t han one memory cycle per access. There-

fore , more than one module can share a line thereby increasing the line

uti l i za t ion  and reduc ing the line cost. However , as a consequence of

line—sharing , the performance is degraded . Furthermore, a more complex

buss i ng scheme is required as additional conflict situations are

introduced . In the one—dimensional memory organization (that is , one

modu le per l ine), the memory confl ict problem ar ises when two or more

simultaneous memory requests reference the same memory module hence the

same line. For the two—dimens iona l memory discussed here , a conf l ic t

may also occur when a memory request references a busy line or a busy

modu le on a l ine. In general , the degree of performance degradation for

an associated degree of line—sharing is not intuitively obvious. Hence,

we will study the tradeoffs and relationships of line—shar ing and per—

formnace .

2.2 Memory Configuration

The memory and processor operation described so far suggest that
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the memory system can be part i tioned in such a way as to accommoda te

the possible arr i val rate of p requests per STU for a para l lel -p ipe lined

processor of orde r (s, p). Each stream of the s~p streams in the pro-

cessor iss ues one request every s STUs . The memory system can be de-

veloped from the basic topo l ogy of memory system configuration for a

multi processor system in wh i ch the numbe r of lines and the number of

memory modules are equal. It is obvious that because of the multip lic-

ity of processing e lements , more than one line is usually necessary to

avoid excessive memory conflicts . If the segment time and the address

and memory cycle times are all equal , then no l i ne sha r i ng is requ ired

because whenever a module is active , i ts associated line is also active .

However , if r < t
a
< t~~ then wheneve r a module is active for a memory

cycle t~ , its associated l ine is active for only a fraction of the

memory cycle. By multiplexing a group of modules on a line , the per-

iod for wh i ch the l i ne is i nact ive may be used to broadcast the add ress

of a new request which references an i nactive module on the iine. Hence

some lines can be eliminated and their associated modules equally dis-

tributed and multi plexed with modules on other lines . In the memory

organ i zation to be discussed , the modules are organ i zed in a two—dimen-

sional matr ix , with li ne i and module J on line i referred to as L 1

and respectively. This organ i zation , referred to as the L—M mem-

ory organ i zation , is shown in Figure 2.2.1. The memory organ i zation

consists of N(— 2
fl ) i dentIca l memory modules arranged such that there

are £ Hnes and m modules per li ne , where 9. 2
b 

for integer b and n

such that 0 < b  < n an d m — 2n b ~ Recall that a line refers to the

f

£
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Figure 2.2.1 L-M memory organization 
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address b us common to a set of m modules. Figure 2.2.2 shows the bus

structures of the memory organ i zation . Each set of modules on a line

in addi t ion to sharing the same address bus share the same data input

and data output busses. That i s , there is one each of address , da ta

input and data output busses for the set of m memory modules on each

line.

Given the memory address of a word in memory , as shuwn in Fi gure

2.2.3 , the least s igni f ican t n bi ts of the address determine the line

and module segments tha t are required to access the word , and t he

hi gher order b i ts of the addres s determine the addresss of the word

wi th in the selected module. The b least si gn i f icant bi ts of the n

b its address one of the 2b lines ,L., and the next hi gher order n — b

b its address one of the 2n—b modules on line I, H. .. Hence , the
I ,J

modu les are interleaved on the low order n bits and the l ines on the

low orde r b bits. This scheme, as w i l l  be shown i n the next chapter ,

tr ies to maximize the probabi l i ty that for p = I, a success ive requests

are to d ist inct lines and c successive requests are to d is t inct  modules .

Figure 2.2.4 shows the reservation table for a paral lel-pipelined

processor of order (s , p) (7, 1) having access to line L 1 and module

M m ,~ 
of a memory system whose module character ist ics are (a , c) (2 , 4) .

Any computation initiated at time t runs stra i ght through the 7 p roces-

sor segments dur lng<t , t + 7> and uses some line segment throughout

<t + 1 , t + 3> and some module segment on that line throughout < t + 1 ,
t + 5>. Processor segments 

~1’ ~~ S3, and S4 may be used s imp ly to

reta in the states of the processes as they access memo ry . Information
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from these segments can also be used to control certain functions in

the memory system. Note that the operations in the line and module

segments cannot be preempte d. A l l  tasks executed by the processor are

i dentica l in this respect except for the va l ues of i and j.

For b rev i ty , a memory confi guration characterized by (9., m), is

a particular realization of the L-M memory organ i zation discussed

above, where the number of lines , ~, 2b and the number of modules per

l i n e m = 2 f l b . For example , i f b — 3 ,  n — 5 ,  t h e n 9 . = 8 a n d m 4.

Hence we have a memory confi guration of (9.., m) — (8, 4).

2.3 Memory Request Scheduling

Each pi pelined processor issues one memory request every STU and

p parallel processors issue p simultaneous requests each STU. Of

these p parallel requests , some of them mig ht address the same line

resulting in a conflict. Even when all p simu l taneous requests address

dist inct lines , confl ict can s t i l l  result if a request addresses a line

or module wh i ch is still executing a previous request. Such a line or

module wh ich Is execut ing a request at t ime  t is sa id to be busy or

active at time t. If a line or module Is not busy , It is said to be

idle or I nactive .

a

Definition 2.3.1 A memory request collision is said to occur when

a memory request atten~ ts to access a busy line or module , or when

at least two simul taneous requests attempt to access t’~e same lIne. Q

I .
- 

‘~~~~ -.. —--, - - ,-- ~— - -  r-~~ ~~~~~~~~~~~~~~~~~~~~~~~~~ 
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When more than one request attempts to access the same line simultane-

ously, a multiple access line collision occurs. When a request at-

tempts to access a busy line , a line collision occurs. Similarly, a

module collision occurs when a request attempts to access a busy module.

Definition 2.3.2 The status ~~ Module ~~~ 
at time t is L 1 busy

or idle at t, and M 1 ,~ busy or idle at time t.

The status of a memory module addressed by request is required to

determine the outcome of the request. A request can access module M i~~
at t if and only If 

~~~ 
and its line L1, are both idle at t. Hence

a request is rejected if it addresses a busy line or module. However,

if one or more simu l taneous requests refer to idle modules on the same

idle line , one of these is accepte4 and the others rejected. One method

of handling rejected requests is to recycle them through their corres-

pond i ng processor segments for one memory cycle and resubmit them as

new memory requests one instruction cycle later. During the recycling

of each rejected request, a flag Is set In the process of the rejected

request to deact i vate execution of that process until the request is

accepted , whereupon the flag Is reset and execution is reactivated.

Following an Initiation of a memory operat i on at time t on line

and module ~~~~ L1 Is busy with respect to other requests at time

t, t + I, ..., t + a — 1. Similarly, M
1~~ 

is busy with respect to other

requests at time t, t + 1 , ..., t + c — 1. Hence and M. remain

busy in the interva l <t, t + a> and <t , t + c> respectively.

~~~~~~~~~~~~~~~~~~~~~~ ~~~~ -~~~~~
-- - .--- - ~~~~~~~~~~~~~~~~ 
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When a mult iple access l ine co l l i s ion  occurs on one l ine , on ly

one of the requests may be accepted . A request is termed an accept-

able request if it addresses an idle module on an idle line. If

there is onl y one such request for a line , the request will be accept-

ed. However , when there is more than one such acceptable request , one

of them is accepted arbitrarily and the others rejected . However, It

should be pointed out that the acceptance of a request may depend on

whether the busy module rejection is by the module itself or is cen-

tralized. In practice , as illustrated by the simulation model dis-

cussed in Chapter 4, a priority scheme may be adopted to select one of

the acceptable requests to be accepted . One such priority scheme assi gns

a distinct priority to each processor so that any request issued by a

particular processor has , associated with it , the processors priority

number. Another scheme selects one of the acceptable requests according

to a round—robin processor pr ior i ty assignment.

In summary, there are bas i cally three diffe rent types of stumbling

blocks wh ich can deter a request from being accepted by the memory system.

A reques t may be rejected due to

(1) multiple access line col l is ion , which may occur only If p > 1 ,

(2) l ine collision , wh i ch may occur only if a > I, and

(3) module collision due to a busy module on an idle line ,

wh i ch may occur if c > a.

C.

2. 4 Processor-Me mory Interconnection

On the arriva l of p simultaneous requests at t ime  t , the fol lowing

I
I

-- --‘-a. - . -
- — - ~nr- _ 
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situations must be checked before any request is accepted .

(I) The status of each module referenced by each request.

( i i)  Mult iple access line col l is ions on lines associated

wi th  referenced modules.

When these items have been checked and al l  confl icts resolved ,

the accepted requests mus t be routed to the appropriate lines and

modules. Basical ly,  functional units are required to (1) maintain

status of currently busy lines and modules; (2) resolve mult iple

access line col l is ions;  and (3) successfully route accepted addresses

to referenced lines .

Details of such functional units pose a major prob l em in the de-

si gn of rea l parallel—pipelined computer systems. There exist a wide

variety of possible implementations of s uch devices and a particular

choice depends on the designe r ’s objectives.

The functional unit required to store and update currently busy

module s tatus may also be required to accept or reject incoming re-

quests. Such a unit would perform a module and line busy check for

each of the i ncoming requests. Requests to idle modules on Idle lines

would then be steered through a p to 9. crossbar sw i tch wh i ch would

arbitrate requests to the same line . The crossbar dimensions are

hopefully significantly smaller than the p to N crossbar required by

previous memory system organizations (with s — 1 and £ N).

Two possible Implementations of busy check hardwa re are readily

apparent. Each i nvolves a small memory to store module busy status

and another for line busy status . The first scheme employs N shift

reg isters of c — 1 bIts each and 9. shift registers of a - 1 b i ts each 

~~~~~~ 
—,—--- .- — -—-.:._

~
__-___
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as the two memories. These are shifted ri ght once per STU wi th l’ s

introduced on the left. The least si gnificant bi ts of the p requested

l ocations are read. An addressed module or line is busy if 0 is

read from either register. In such a case , the corresponding request

is rejected . If a fo rwarded request is accepted by the crossbar sw itch ,

the corresponding module and line shift registers are cleared to 0.

An alternative implementation emp l oys two multi-access content

addressable memories of size p(c - 1) words by log2 (N + I) b i ts to

store busy module addresses or “blanks” and p(a - 1) words by

log2 (9. + I) bits to store busy line addresses or blanks . Notice that

if a — c, only one multi-access CAM is required and It is used to store

the addresses of busy lines . In each memory, p words are addressed

by content each STU. A bit implies that the line or module referenced

is busy. The memories are divided into successive blocks of p l ocations.

One block , selected In a round—robin fashion , is overwritten each STU

with addresses of new requests or “blanks” if some requests were not

accepted .

One mI ght be concerned that the functional units appear to be

infinitely fast. This assumption is adequate for the model and sim pl i—

fies the discussion . In practice , requests should arrive early, e.g.,

at t in Figure 2.2.4. The functional unit would then be active durIng

<t , t + 1 > and the lIne and module activity would be unchanged . Al ter-

natively, s may be increased for the purpose of adding STUs for memory

management. As will be seen, performance is not a function of s and is

not thus affected by the t ime required by the accept/reject log ic , pro-

vided an adequatel y p ipelined processor Is used.
r



- 40 -

3. PERFORMANCE ANA LYSIS OF L-M MEMORY ORGAN I ZAT I ON

3 .1 Introduction

In a parallel—pipe li ned processor of order (s, p), p simultaneous

memory requests can be issued to the memory system every segment time

unit. For analytica l purposes , it is ass umed tha t the addresses of the

requests are independent and un i formly distributed among the N identica l

memory modules. This assumption yields a conservative estimation of

performance. If In some instruction cycles memory is not referenced ,

the performance will be hi gher than indicated since there would be less

conflict.

Al though the sp instruction streams are independent , a s in g le in-

struction stream is often vectora l , referencing distinct lines in se-

quence. However, since s > c, a memory module wh i ch is executing a pre-

vious request from an instruction stream would have completed its exe-

cution when the next request from the same instruction stream arrives .

Hence it would appear that s ince there is no execution overlap between

instruct ions of the same stream , program l ocality will not affect the

performance significantly. As will be seen in the analysis to be pre-

sented , performance variation is largely due to the module characteris-

tics (a, c), the memory configura t ion (2., m), and the processor char-

acteristics p and T.

In order to refine the randomness assumption for the analytica l

model , It wi l l  also be presumed that rejected memory requests due to
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line or module collisions are discarded. The discarding of rejected

requests jus t i f ies  the assu mption that the addresses of the requests

issued are independent. This justification is tested in the simulation

model. In a practica l case, one method of handling such collisions is

to cause the process with a rejected memory request to make a non—

computing pass through the processor segments for one instruction cycle

and to resubmit the request the next cycle. In such cases , the process

is blocked until its reques t is accepted . Case studies of this and

other prac tical cases will be discussed fully in Chapter 4.

The performance analysis of the memory organ i zation is carried out

using discrete Ma rkov models. The Markov models were used to analyze

the effect of pipelining In the system . Hence , the mode s discussed

in the fol lowing sections assume that p = I. The effect of pa ra l l e l i sm ,

p > 1 , on the performance will be discussed in section 3.5.

The analyt ica l models belong to a class of simple homogeneous dis-

crete Markov chains with a finite number of mutually exc l us i ve and ex-

haustive states [23]. For performance eva l uation of g i ven module char—

acteristics (a, c), and memory configuration (2., m), ana lys is  is oriented

toward developing the “probability of acceptance”: the probability of

being in any one of a certain class of states.

One Inference that can be made directly from the assumption , involv-

ing un i formly distributed independent addresses , is that the probability

of a reques t addressing any module is 1/N. S imi lar ly ,  since l ines are

i dentica l and Independent , the probability of a request addressing a

line Is 1/9..

r

I

.—
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3 .2 State D iagrams for p = 1

First we develop the state space of the memory system for the case

= ~ 
In th is section , we assume c > I since c = 1 is degenerate and

t r i v ial.

De f in i t ion 3.2.1 A module sta te at time t is

— { } = 0 (nul l) ,  if the module is idle at t ,

= f r ) ,  if the module is busy at t because it accepted a request

r ST1Js ago , where r is an integer such tha t 1 < r < c - 1. o

Observe that the state of a module at t which accepted a request c

STUs ago is 0. Recall that since the memory cycle is c, the module was

busy in the interva l <t - c , t> . Since there are m modules on a Tine ,

the states of all m modules on the line represent the state of the line .

Definition 3.2.2 A line state, X(t), at time t is the se t union of

all module states at time t for al l  modules on the line in question . For

convenience , the line state is enclosed in “(“ and “)“ .

Notice that only nonnull states of modules on the line are required

to spec i fy the state of the line. Note that the line state only i denti-

fies whether some module on the line Is in each state , and not wh i ch

particular modules arc in wh i ch state . SpecIfic module information is

not needed due to the un i formity and independence of accessing assumption .

Furthermore , there can be at most one module on a line in any nonnu ll

state , thus there are no repeated nonnu ll module states and a simple set

_________________________ 
- —S.—- -
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un ion of module s tates g ives the l ine sta te.  If there is more than one

busy module on the l ine at time t , the mod u l e sta tes are  separa ted by

a comma . For instance , cons ider the line sta te of a T ine  at t w hich has

two busy modules on it , one of which accepted a reques t one STU ago and

the other , three STUs ago. The line state at t fo r this li ne w i l l  be

denoted by (1 , 3). For conven i ence , the module states of a line state

will  be listed in ascending order of busy time . Hence (3, 1) will be

written as (1 , 3). Moreover, if all modules on a line are idle at t

t hen the l ine state is denoted by the empty set , ( ) 0.

Since there are 2.. lines in the system , the line states of all 2..

lines will specify the state of the system.

t Definition 3.2.3 The system state,a(t), at time t i s  the uno rder ed set

of all nonempty line states at time t for all lines in the system. The

system state is enclosed in “[a and ~I]1I

If the line state for all lines is 0, then the system state is de—

noted by the set consisting of the empty set [ (  ) ]  — [0]. As an example

of system state , consider the system with two nonempty line states (1 , 3)

and (2). The system state will be denoted by [(1 , 3)(2)]. For conveni—

ence , the line states w i l l  be l is ted in ascending orde r of the f i rs t  mod—

ule state in each line state .

Give n the state of the system at t, I t is necessary to determine

the system state at time t + 1. To make this determination , It is nec-

essary to understand the change of module states with time . Given the

module state of a module at time t, the module state at time t + I can

I
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be eva l uated if it is known whether a request is made to and accepted by

that module .

Definition 3.2.4 The next or successor state of a state is the state

at time t + 1 g i ven the state and input at time t. 0

Hence for a given module state , the next module state cars be ob-

tained as follows .

Definition 3.2.5 Given that the state of a module at t is 0, the next

module state (at t + I )  is

= C 1) , if a reques t which addressed the module at t was

accepted , or

= 0 otherwise; i.e., either no request addressed the module

at t, or a request wh i ch addressed the modL~ie at t was

rejected due to a line collision . 0

Therefore, a module remains in the null state unless it accepts a

request at time t whe reupon it w i l l  become busy and remain busy duri ng

the interva l < t , t + c>. For a busy module , the nex t s ta te can now be

eva lua ted as fol lows :

Defi nition 3.2.6 Given that the state of a module at t is Cr ), where

r is an intege r such tha t I < r < c — 1 , the next module state is

Cr + 1) If r < C  — 1 and 0 if r — c — 1. 0
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Once a module accepts a request , it goes through the module

states C l } , (2), ...C c~ l} , 0. Hence the maximum u tilization of a mod-

ule is one accepted request per c STUs. Only a module in the module

state 0 can accept a request.

I t need not be known whe ther a reques t addressed a b usy mod u le i n

orde r to eva l uate the next state of the module. Any request made to a

busy module is rejected.

The lin e state as defined does not really explain the constraining

factor in the formation of a line state . The constraining factor is the

mod ule characteristics (a, c), wh ich imp lies tha t a line wh ich acce pt s

a reques t w ill remain busy for a STUs. Hence no two busy modules on a
r

line w ill have their module states less than a STUs apart. Th is leads to

the forma l definition of a realizable line state .

Definition 3.2.7 A line state X(t), is said to be a realizable line

state for module characteristics (a, c) if A C t) ~ (1 , 2, .. ., c— l) and
I

I. it is the null state , 0, or

2. i t consists of one element , r, or

3. it consis ts of two or more elements such tha t

for any r., r. c X(t), Ir. — r u 
> a . 0

As an illus tration , the following are all the realizable line states

for the module characteristics (a, c) — (2, 6) : 0 , (1), (2), (3), (4),

(5), (1 , 3), (1 , 4) , ( I , 5), (2, 4), (2, 5), (3, 5) and (1 , 3, 5).

I
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Determining the next line state is not as straightforward as deter-

mining the next module state . Hence some definitions are needed here to

clarif y the presentation.

A line state Is an acceptance state if it con tains the elemen t r = 1.

A particular line state enters an acceptance state one STU after it was

addressed by an accepted request. Line states wh i ch are not acceptance

States are called nonacceptance states. Similarly, a system state is an

acceptance state if i t contains an acceptance line state , otherwise it

is a rejection state.

There are at most two possible state transitions from a particular

li ne state , A (t): one is to an acceptance state and the other to a non-

acceptance state. The system state a(t) wh i ch is not an empty state can

make a t leas t two possib le sta te transit ions , namely, to the rejec ti on

state and to one of its possibly many acceptance states . Since p = 1 ,

it is obvious that the empty system state [0] can only make a transition

to the acceptance system state [(1)1.

Two s ta te transi t ions , namely, generative and regenerative , are

int roduced to a i d in genera t ing the s ta te t ransi t ion graph . Genera t ive

transitions generate new states , whereas regenerative transitions gener—

ate states wh i ch have already appea red in the state transition graphs.
- - __5_ _~

Hence a t ransi t ion is regenera t ive for c > 1 , if i ts source state con—

tains the module state r = c - I , otherwise , it is generative . For

generative and regenerative transitions , the source states are called

generator and regenerator states respectively. Note for c — 1 , the nul l

state is the only state of the system, and the definitions above do not

apply.

• ____-  a.. ~-ts~:~~~~~- S - . — — - .- r—~~~~~~
- — V ~~~~~ - -  - - - _---~~~~~- ~~~~~~~~~~~~~~~~~~~~ - —~~~~~~~~~ —_—  - -
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For example , if a req uest references a line with no busy modules

on it , the reques t is  accep ted and a t the nex t t i me i ns tan t , a module on

that line would have been busy for one STU. Hence a generative transi-

tion occurs from the null line state , 0, to the acceptance line state ,

(I). Similarly, if no reques t referenced that l ine , al l  modules on tha t

l ine will be idle at the next time instant. Hence a regenerative transi-

tion occurs from the nul l line state, 0, to the nonacceptance line state ,

0.

DefinI t ion 3.2.8 If ~ r c X ( t )  such that 1 < r<  a , then x Ct )  is a

busy line state, otherwise it is an idle line state. o

For a busy line state , the line is busy and w i l l  only make a

t rans i t ion to i t s  nonacceptance successor state whether or not a reques t

addresses the line . Notice that if a = 1 , there are no busy line states.

in orde r to develop the Markov model required to analyze the memory

conflic t problem on a line , the line state space is investi gated . How-

ever , we need to know the p robabili ty of transition from one state to

the other in order to compute the p robability of being in ei ther of two

classes of states called acceptance and nonacceptance states . The

card i nality of states is useful in obtaining the transitio n probabilities.

DefinI tion 3.2.9 The set of all realizable line states for module

— 
cha racteristics (a, c) is A(a, c). Similarly, the set of all realizable

idle line states for modu le characteristics (a, c) Is A 1 (a, c) .  0
r

.%-
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Hence , A
1

(a , c) = CA I A c A (a, c) and if r c A then r > a } 
~

A (a, c). I t would be appropriate to represent the set of all redl izab le

busy line states for module characteri stics (a, c) by A8
(a, c) — Ma, c) —

A
1 (a , c). Notice tha t A

8
(a, c) fl A

1
(a , c) = 0. Recalling that the sys-

tem state at time t is composed of all the line states at time t in the

sys tem , each system state consists of two disjoin t subsets of line states

name l y, the set of idle line states and busy line states at t.

Defini tion 3.2.10 The number of elements or the cardina lity of a line

state A (t), IX (t )I, is the numbe r of nonnull module states in the line

state . Similarl y,  the card ina li ty of the system state ~(t), lo (t ) , is

the numbe r of nonempty line states in a(t). 0

For example , if a(t) = [0], ~
(t) I = 0 and I[( l , 3) (5)]~ 

= 2.

Recall that when a request references an idle module on an idle l ine ,

the request is accepted , causing the line state to make a transition to

an acceptance line state. Similarly, a line state makes a transition to

a nonacceptance line state if no request referenced the line or a request

wh ich referenced the line was rejected . The following definitions form-

aliz e the above description .

Defi nition 3.2.11 A line acceptance function, 
~a’ 

maps the idie

line state A (t) c A 1 (a, c)to its next acceptance line state , A Ct + I )  c

A (a, c), i.e., fa
(
~~

tfl — A (t + I). Hence ,

fa: A 1 (a , c) A(a , c). 0

_________ 5- —5- —__
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Notice that a busy line state does not have a next acceptance line

state .

Definition 3.2.12 A line nonacceptance function , 
~n ’ 

maps the l i ne

state A (t) c A(a, c) to i t s  next nonaccepta nce line state , A C t + I )  c

A(a , c) ,  i.e., f~ (X(t)) = A (t + 1). Hence

f
n
: A(a, c) -~A(a, c). o

The fo ll owing theorems in this section are valid for the p 1 case.

Theorem 3.2.1 If no request is accepted at time t by a line in state

A ( t ) ,  the next state of that li ne is the nonacceptance state

A (t + I )  = Cx I x - I £ A C t )  and x < c)

Proof We can apply definitions 3.2.5 and 3.2.6 directly to each ele-

ment of the line state, A C t) to obtain f~ (A (t)). Since no request is

accepted by the line at t , the module state associated with each module

on the line will make a transition to i ts next module state . Hence ,

each module in the null module state, 0 c A C t) makes a transition to 0

and each module in module state Cr), where r ~ A (t) and 1 < r < c — 1 ,

r makes a transition to Cr + 1) i f  r < c — 1 and to 0 if r c — 1. By sub—

— stitut i ng x for r + 1 , the theorem follows . 0

Corollary 3.2.1.1 For a transition from line state A (t) to its non—

acceptance successor line state X(t + I )

IA (t + 1 ) 1  = !A (t) — I , if c — 1 ~ x (t )
— IA (t )I, otherwise .

I
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Proof If V r C A (t), r<  c - I, then each element r c A Ct) is mapped

to r + I £ A ( t  + I). Hence IA( t + 
~)l 

= JA (t )I . However , if 3 r c A (t)

s uch tha t r = c - 1 , then the element c — I c A (t) is not mapped to an

element of A C t + I). Hence, fA C t + 1 ) f  IA(t )I — 1 if C — I

C A Ct ) .  0

Notice that if c — 1 c ACt ) , then the transition from A (t) to f~ (A (t))

is regenerati ve, otherwise it is generative .

The followin g theorem is used to eva l uate the next acceptance line

state of an idle Tine state .

Theorem 3.2.2 If a request Is accepted at time t by a line in state

ACt) , the next state of that line is

~a 
(ACt)) = A C t  + 1) = (1) U (x I x — 1 C A(t) and x< c).

Proof A request is accepted by the line if the line is idle and a re-

quest references an idle module on the line. The next module state of

the referenced idle module on the idle line is Cl). Concurrently, al l

other modules on the line make transitions to their respective next

states . That is , the set of next module states from theorem 3.2.1 is

(x I x — 1 c A ( t )  and x < c). Hence the next state of the line is

A(t + 1) (1) U f~ (ACt ) ) .

Hence If X(t) is an idle line state , 
~a 

( A ( t) )  = ( 1 ) U f~ ( A ( t) ) .

Corollary 3.2.2.1 For a transition from idle line state A (t) to its

acceptance successor line state A (t + 1),

- 
a 

~~~~~~~~~~~~~~~ - -—- - - — - - - - - ~~~~~ -_ -_ - -- .- - - - -__ — — -  .. _~~~~~~ .~~~~~~ _ _ _ .___—_ — -- •___ ___ ..__
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fA C t + l ) f  = f A ( t ) f ,  if c — I c ACt)

= f . X ( t ) j  + 1 , ot herw ise 
0

This is obvious from theorem 3.2.2 and corol lary 3 .2.1.1.  Given

a line state , the next line state can therefore be eva l uated from the

two theorems above.

A request can address only one line at a given time Instant. If

the request is accepted on the addressed line , only its corresponding

line state will be transformed to its next acceptance line state , while

all other line states of the system state will be transformed into their

correspond i ng next nonacceptance states. For example , i f (a , c) — (2, 4),

a request wh ich addresses a line represented by the impl ic i t  idle line

state 0 in the system state [(1) (2)] is accepted resulting in the next

acceptance line state 
~~~~ 

— (1). The other l ine states , (1) and (2)

make transitions to their next nonacceptance states , 
~~~~~~ 

= (2) and

f ((2)) = (3) respectively. Hence the resulting next system state is

[(1) (2) (3)]. However, if the request is made instead to an idle module

on the idle line represented by (2), it is accepted since 2 — a and the

resu lt ing next acceptance system state is [(1 , 3) (2)]. Furthermore , if

the request is made to the busy line represented by (1), It is rejected

and the next rejection system state is [(2) (3)]. With these illustrations

it can be seen that there may be mult i ple next acceptance system States.

On the other hand , for any given system state, with the exception of the

null system state , there exists only one next rejection system state.

The null system state generates only the acceptance state [( 1) ], since

any request which arrives w i l l  be accepted by an Idle memory system.

r
I
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In orde r to develop the Markov model for the memory conflict prob-

lem in  the memory system for p = I , the system state space is investi-

gated. The system state space can be obtained systematically by generat-

ing the successor system states from a present state, g i ven that a request

was either rejected by the system or it was accepted by a part icular idle

li ne in the system.

Definit ion 3 .2.13 S(a , c) is the set of al l  system states for given

module characteristics (a, c). 0

In systematizing the generation of all the system states for module

characteristics (a, c), system acceptance and rejection functions similar

to line acceptance and nonacceptance functions will be defined . Let

aA (t + 1) represent the acceptance successor system state of the system

state i(t) wh ich accepted a reques t on an Idle line wi th at least one idle

module , represented by the idle line state A ( t )  C a(t ) . Assume for the

moment that there are at least a lines in the system. Then, S(a, c)

will contain a system state wh i ch has an idle l i n e  s tate which represents

an idle line wi th at least one idle module.

Definition 3.2.14 A system acceptance function,

~g~ : S(a , c) -~ S(a , c) ,

such that the request wh ich is accepted on the idle line represented by

the idle lIne state A cc ~ t) causes a transition from sys tem state ott )

to next acceptance system state a
~

(t + I). Hence ~g~ (a (t) ) — O
~
(t + I).

0

a
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Notice that fa (A) C OA (t + I) . If a request is made to an empty

system , the request will always be accepted . Hence the next system state

of [0] is [ (1) ] .  However , for p = 1 , one request arrives every STU,

hence , an empty system cannot cause a rejection . Therefore , the memory

system may reject a request onl y If the system state is nonnull. Let

On Ct + I) represent the rejection successor system state of the system

state

Definition 3.2.15 A system rejection function

gr : S(a , c) — C (0]) -
~ S(a , c)

maps the nonnul l system state a(t) c S(a, c) to its next rejection state

a C t  + 1) c SCa , c). Hence, gr(O(t)) = a~ (t + 1) . o

Hence and g are the state transformations corresponding to an

acceptance on the idle line represented by the idle line state A and a

rejection by the system respectively.

Theorem 3.2.3 If a request is rejected at time t by the system in state

a(t), the next state of the system is the rejection system state

o t t  + i )  = (A~ I A~ — f (X) , A c  a ( t )J .

Proof The result is directl y obta ined by application of the line non—

acceptance function to each line state In the system state o(t), since

J a system reject ion implies nonacceptance on al l  lines In the system. 0

As an Illustration , consider the system state [(i)(2)1 for module

characteristics (a, c) s (2 , 4). The next rejection system state

I
5- - —.——----—_-- —----- ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ 

—--



- 54 -

a C t  + = 

~ n C
~ 

f (2)]  [(2) (3 ) ] .  The next rejection system

state for [ (2 ) ( 3) ] is [ (3 ) ] .

For a c = I , the only state of the system is the system state

ac t )  — [0] . In th is  case , the next state of the system is a(t + I) = [0].

Hence f o tt + 1 )J Ia(t) . Notice that for p = I , there is always accept-

ance when a = c — I . However , let us eva l uate the ca rdinality of the

next system sta te when a rejection occurs , assuming that c > I ,

and p = 1.

Corollary 3.2.3.1 For the generative transition from a nonempty system

state a(t) to its next rejection system state Gn (t + I)

+ I ) J = J a ( t )

Proof If a(t )  is a system generator , then each nonemp ty line state

A c aCt ) is a l ine generator. Hence , fn CA ) ~ 0. Therefore , the system

rejection function , 
~~ 

ind uces a one—to—one onto mapping of the elements

of aCt) to those of On (t + 1). Hence Ian (t + i ) f  — fa (t)f. o

Corol lary 3.2.3 .2 For regenerative transition from system state a(t)

to its next rej ection system state o t t  + 1) ,

I. f o t t  + l ) f  Ia (t )I, if 3 A(t) c o(t) I c — 1 c A ( t )  and

fA ( t )f > I.

2. Ic~(t + i ) f  — fa(t) l — 1 , If ~ A ( t )  c a(t )  c - 1 c A C t )  and

IA(t) f — 1.

P roof If ~ A c a (t )  c - 1 c A and f x f  > 1 , then f (A) ~ 0. Since

when p — 1 , there is at most one line regenerator In a system regenera-

tor, IOn (t + l ) J  — fc(t) f. However, if 3 A e o(t) c — 1 c A and
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1 A 1 = 7 , then f
n

(A ) O~ pence , o t t  + i ) f  la(t) — I. 0

For example , if (a , c) (2 , 4) and a(t )  — [Cl , 3)C2)], the next

rejection state is o t t  + I) — rc2)(3)1 and Ia (t + 1 ) f  = Ia(t) I = 2.

Notice that the line regenerator , (1 , 3) e a(t), is such that

1 (1 , 3)1 — 2. Suppose aCt) — [(1)(2)(3)], the next rejection state is

+ 1) = [ (2 ) ( 3 ) ] and IO n (t + l ) f ~ Ia (t)f - 1 = 2. Notice that

in this case , the only l ine regenerator in a(t) is the line state (3) .

Theorem 3.2.4 If a request is accepted at t ime  t on an idle line

represented by the idle line sta te A e a(t), the next state of the

system is the acceptance state,

ax (t + 1) = [A 1 A = 
~n~~ i ”’ A . c ott) and A. ~ A] U t

~a 
( A ) ] .

Proof An acceptance on the line represented by A generates the T ine

state fa CA )
~ 

Al l  other line states in o(t) make their respective tran—

sitions to their next nonacceptance line states. The set of these next

nonacceptance states is (An I A — 

~n~~ i~ ’ A t ~ a(t) and A
~ ~ 

A ].

Therefore, a
~

( t + I) = [A~ J A,~ — f (A.), A. c a(t) and A u ~ A ] U

a~~
)L

Notice that if a(t + I )  is the next rejection system state of o(t),

then (An I A~ ~n~~i
’
~’ 

x 1 c a(t) and A i ~ A] 
— o t t  ÷ 1) — [f (A)].

r Hence, OA (t + 1) =(a (t + 1) — [f~ (A)])U tfa~~
1L

Corollary 3.2.4.1 If the idle line state A — 0 or A c a(t) Is such

that c — I c A and f A f — 1 ,

I
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I OA (t + l ) f fa (t + l ) f  + 1 , where a C t  + 1) is the next re-

ject ion system state of a(t).

Proof From t he above theorem, IOA (t + l ) f  Ian (t + 1) 1 —

+ I [f (A)]I. If A — 0 or A c 0(t) Is such that c — 1 c A and f A f  = 1 ,

— 0. Howev er , 
~~~~~~ 

— 1 for any idle line state A C

hence the result follows .
C

Corollary 3.2.4.2 If A ~ 0 and is a generator, or A c a(t) is such

that c — 1 c A and ~A f > 1 ,

fo (t + l ) f  - fa (t + I)A n

The proof of this is s imi lar  to that of corollary 3.2.4 .1. However , in

this case, I[f~(A)]I — I.

For example if (a , c) — (2 , 4), let  a( t )  — [(1) (2)1. The next re-

ject ion system state of [(1) (2)] is a~ (t + I) — [(2) (3)]. For this system

state there are two distinct idle line states namely, A0 — 0 and A 1 
= (2).

Hence the exhaustive next acceptance system states of [(l)(2)] are

a
0
(t+l) — [f (0)] u (a (t+l)— [f (0)])— ((l)]u([(2)(3)]—[O]) = [(l)(z)(3)]

and 0(2)(t+l ) — [ (1 ,3)] U ( [(2) ( 3 ) ] — [ ( 3 ) ] )  — [(l ,3) (2) ] .  Tables 3.2.1 and

3.2.2 summarize the next state and its card i nality as a function of the

present state for l ine states and system states respectively.

Hence from the last two theorems, it Is obvious tha t if a state o(t)

can make a transit ion to a~ (t +1)=g~ (a) , it can also make a transition to

for each idle line state A co(t). It is Interesting to

note that for generative transitions , there is only one state in the system

which makes a transi -t~on to a particular nonnu ll rejection system state.
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TABLE 3.2.1 Next line state (NLS) and its cardina lity as a f unc t ion of
present line state (PLS)

PLS Outcome NLS Card ina l i ty
A(t) (function ) A (t+1)

A( t) nonacceptance fn ( A ( t ) )  = fA Ct ) —1 , if c- l  C X ( t ) .

(x !x— l C ACt ) IA C t ) I , otherwise
and x <  c )

acceptance f a (A ( t ) )  = A (t)j, if c—l C A(t)
A(t) 

~a 
( 1 ) U f (A ( t) )  J A ( t ) I +1 , ot herwise

TABLE 3.2.2 Next system state (NSS) and its cardinality as a function
of presen t system state (P55).

PSS Outcome NSS Cardinal i ty
a(t) (function ) o(t+i) c(t+l) I

0(t) ~ rejection g~ (o( t) )  = Ia (t)I, if each A C  a(t)

[0] g On (t+l) = is a line generator or ,
r [A

~ IA~ 
= 3 a line regenerator

f~ (A), A c  a(t)] A c  a(t)I f x f  > 1.
a(t )f—l , if 3 a line re-

genera tor A c o(t)f f x f  1.

o(t) acceptance 
~
ga(c,(t)) — Ia~(t+l)I+l~ if A — 0 or

on line state , OA (t+l) = A is a line regenerator

A £ o(t). [A~IA~ — f A l — 1.

A9a ~n~~ i~ ’ A. c o(t) fa (t+l)I, If A is a line

and A
~ ~ A] U generator J A ~ 0 or ,

A Is a line regenerator

t _ _ _ _  _ _ _ _ _ _ _ _ _ _  _ _ _ _ _ _ _ _ _ _ _ _  

I A I > 1 .

I
I

p
--  _- t —_--- - ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ — — — _______ -
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Tha t is , there are no two rejec t ion s ta tes which are s uccesso rs of the

same state. However , there may exist severa l acceptance states in the

system wh i ch are successors of the same state. As will be seen later

for regenerative transitions , more than one regenera t ive sys tem s tate

may make a transition to the same system state .

The set of all system states , S(a, c) for given (a, c) can be gen-

erat ed systejnatically by the application of the system acceptance and

rejection functions. In addition a system state graph can be used to

disp lay the next system state function . In this graph , there i s  one

node for each system state in SCa , c) and one edge leav ing each node

for each poss ible outcome of a request. The paths on the graph show

the state changes experienced by the system for all request sequences .

In pa rt ic u lar , the direc ted edge indica tes a t ran s it ion from one s tate

at time t to another at t ime t+ l . An algorithm to generate S(a , c) and

obtain a system sta te graph starting from the null system state wil l  now

be developed.

Let V = C [0]}. I~enera l ly , Vn 
is the set of system states gen-

era ted by one—step transitions from the states in Vn_ i~ 
For examp le ,

V 1 i s  the Set of system states generated by the nul l system state , [0]

wh i ch is the only element in V .  The set of rejection states generated

—.~~~~~~ by the states in V n_ I is ca l led Rn~ 
where R~ = Ca . Ia~ = ~~~~~ 0

~ 
C V n_ i }

Similarly, the set of acceptance states generated by the states in V n_ l

is ca l led ~~ where An = Co x Iax — ~~~~ for some idle l ine state A c

and a c Vn_ i }~ 
Notice that the null l ine state , 0 c a , is an idle line

state . Then Vn — A~ U Rn~ 
Not ice that R 1 is an empty set since

does not exist. Hence R 1 
— 0 and V 1 

= A
1 

— C [(1)]). Similarly, A — 0,

S 
~~~~~~~~~~~~~ — - 5- — -—- 5--—- — —
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whi le  R {[CO)]} = V
0. Notice tha t in general a c V if and only if

3 A e a such that n c A , for 1 < n < c — I. ft will be shown that

is the set of all regenerative system states for given (a, c). However,

le t us introduce some definitions and l emmas to aid in the development.

Def inition 3.2.16 For generative transi tions , the inverse line function ,

f 1 , maps the line state , A ( t )  ~ A(a , c ) to i ts predecessor l ine state

A ( t  — I )  C A (a , c), i.e., f~~ (A ( t ) )  — A ( t  — I). Hence , f~~ :

A (a , c) -‘
~ A(a , c) .

C

The i nverse line functio n is def i ned for generative transitions

only. In this case , the predecessor state is unique. That is , if al l

regenerative transitions are ignored , there exists one and only one

predecessor state for each line State in lt(a , c).  Notice that f 1 is

neither onto nor one—to—one mapping since no state is mapped to regenera-

tive line states.

Lemma 3.2.1 For generative transitions , the predecessor state of a

li ne state A (t) is A(t— l ) a f~~ ( A ( t ) )  = (xjx+l c X(t) and x > o ) .

Proof The proof of this is straightforward from theorems 3.2.1 and

3.2.2 , since A( t )  f~ ( A ( t — 1 ) )  or A ( t ) — f
a (AC t_1))•

Hence fo the Ca , c)  — (2 , 4) example , if A(t ) — (1 ,3) ,  f ’ 1 (A (t ))

(2). S imi la r ly ,  If A ( t )  - C2), f~~ (X ( t ) )  - (1) .

Similarly, for generative transitions , we can determine the pre-

decessor state of a nonnul l system state from the following defInition

and lemma.
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Def inition 3.2.17 For generative transi tions , the inverse system

funct ion, g 1 , maps the nonempty system state , a(t) c S(a, c), to its

predeces sor state , a C t — l )  c S(a , c),  i.e., g 1 (a(t ))  = o t t— i) .  Hence

g~~ : S (a , c) — C[(O)]} -~~ SCa , c).
C

g~~ is ne i ther onto nor one-to—one mapping since no state is mapped to

regenerative system states.

Lemma 3.2.2 For generative transitions , the predecessor state of a

nonempty system state a(t) Is

o (t-i) a g 1 (a( t ))  = [ X f A  = f~~ (A 1 ) ,  A
1 c a(t)].

Proof The proof of this can be obta i ned directly from theorems 3.2.3

and 3.2.4 and Lemma 3.2.1, since a(t) g~ (a( t~ 1) or a(t) =

for some idle l ine state A c oCt— l ).
C

For the (a , c) — (2 , 4 ) example , If aC t )  = [ ( 3 ) ]  or [(1 , 3) (2 ) ] ,

then g 1
(a(t ))  — [ (2 ) ]  or [ ( l) ( 2 ) ]  respectively. In genera l, we can

denote the j th successive appl ication of g 1 t o o  as g -~ for j > 0 .

Hence g J (0) — g ( g ~~~~~~ (a)) . If j 0, t hen g
0 (o) = a.

Theorem 3.2.5 V
~_ 1 is the set of a l l  regenerative system states for

5- 

given (a, c).

Proof We know that Vc l  Is the set of system states such that for

every a c V c_ l~ 
3 X c  a such that c—i c A. If a t  Vc_ l t hen g 1 (a) c V c_2 •

If a state is regenerative then by definit ion It is in V c_ 1~ 
Now, if al l

the states In Vc_ l are not regenerative then 3 a c Vc_l such that a does

not make transit ions to states a lready generated . That Is , at least one of



— 61 - 
-

c-l
and ~g~~(c) , for an id le l ine state A c a, is not in U V . .  We

i=0

know that if 0 can make a transition to g (o), i t can also make transi-

t ions to ~g~ (0) for any idle l ine state A c a. Hence it suffices to show

c—I c- l c—l
tha t ~~ (a) ~ U V. ,  since if 

~~
(o) c U V . ,  € U V.  for any idle

i=0 i—U a 
i—O

state A c a.

Since aCt) c V c_ l contains the module state c-I , a transit ion

from a(t) to g (a) at t+l implies that the module whose module state

is c —I is idle at t + I. Hence for a, the module state, c — l ,does

not contribute any state information at t+1. Therefore , for each a C V~_ 1,

remove the module state c - I from i ts regenerative l ine state. Let a ’

represent the resulting system state. Then for nonnull a ’ , g~ (a) — g~(a ’).

If a a [Cc — I ) ] ,  then a’ = [0] and g~~(a) = a’ = [0]. Notice that the

largest module state in nonnull a’ is less than c — 1. For the Ca , c) =

C2 , 4) example , if a [(l ,3) (2) ] ,  then a ’ ( ( 1) (2 ) ]  and ~~(o) = ~~Ca ’)

= [C2)(3)]. Let V~_ 1 represent the set of a’ such that a c Vc_ i~ 
If

c—2 c—I
we show that 0 ’ C U V~. then g (a ’) C U V~ . By successive applicatio n

i—U r 
i—U

of Lemma 3.2.2, 3 j whIch will make g J
(0) — (0] , for some j < c  — 2 ,

since the largest element of any nonnu li Tine state in 0 1 is less than

c - 1. Hence it is always possib le to make transit ions from [0] to a’
• c—2

p in  J time Instants. Hence cY’ c U V~. Since al l  states in V —2 make
i—0 c

c—l c—i
transitions to states In V~_ 1 , 9r (0’) c U V~ . Therefore, g~ (a) c U V 1

1—0 1—0
• and the theorem follows .

C

Hence V0, V1, ..., V c_ 1 generat e a l l  the system states while simu l-
c—i

taneously creating al l  generative transit ions . Thus S(a , c) U V 1.
1—0

In the process of form i ng Vc~ 
all regenerative transitions are created .

I

S
-— — — .- --- — -—5- .- -- -— • — — -~~~r~~~~ _______- 

- - : -



— 62 —

This completes the formation of the system state graph .

Theorem 3.2.6 V = S C a , c),  If t > a and m > [ri]
Proof From Theo rem 3.2.5, we know that every system state a ~
always makes a transit ion to a state in S(a ,c) . We need to show that for

every state a~ c SC a ,c), 3 0  C V~ _ 1 which makes a t rans i t ion to o~. States

i n SCa ,c) can be partitioned into two disjoint subsets , namely, sets of

rejection and acceptance states. That is , S(a,c) = ~U
1 

R. U ~U
1 

A . .  We
—0 =0 I

know that if a c V , a makes a transi tion to a c 
c
~

l 
R. and also makesc— I n i—0 1

a transit ion to °A ~ 
C
~
l A., where = 

~ 
(a) ,  for each idle line statei=0 i a

A c a. Si nce 9. > a and at most a— I lines are busy, ther e is  al ways an

idl e line and since m > 
[~~

J-j there is always an idle module on an idle

lin e. Also from the previous theorem , we know that if a c V~_ 1 , for every
c—i c—I

£ 
1=0 I ’ n £ 

i=0 
R. a~ 

= — [f (A)]) U t
~a~~~

1’ for i dl e line
c—I

state A C a. Hence we only need to show that g : V -
~~ U R. is anr c—I t o

onto mapping in order to prove the theorem.

There are two kinds of system states in V
~_ 1 , name ly, states in

wh ich A . c a A. — (c—l ), and states i n which  ~ A~ C a I C — I C

and IA J I > I. Hence the former system state can be represented by

— [A 1 ... A~ Xk+l ], where A1, A2, ..., Xk+l are line states and

A
k+l 

— Cc — 1). The latter system state can be represented by 0B 
=

(A 1 ... Ak] , where A1, A2, ... A~ are l ine states and 3 0B I c —

c A. and I A . f > 1.
J J

a c ~U
1 

R 1 can be represented by a = [A ‘ ... A L ’] where A ‘~~n —~~ 
I ~.. I

A k ’ are rejection line states. A state a c V c_ l can make a

transition to a~ if a~ — g~~(a) — [A
3
’ A~ ’ — f

n
(A
j)~ 

A. c a], from

Theorem 3.2.3. It can be seen that if 0 — aA or 0B the transition from

~~ ~ ~ ~ 
c0 R may occur. t

c-I n 1—0 i
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An examp le may be appropriate here . In orde r to obtain SC2 , 4)

and the system state graph for (a , c ) = (2 , Z~), start wi th  V0 = C [0]).

Then V 7 = A 1 
= C [(l)]}, where [ (1) ]  = 0g ( [ Ø ] ) .  Hence there is a directed

edge from state [0] to [(I)] as shown in figure 3.2.1. The arc from the

nul l system state to the acceptance state [ ( 1) ]  is identif ied by 
~~~

In genera l , arc l abels in fi gure 3.2.1 are i dentified by ~ 
and if

the trans ition is due to a rejection and if the transition is due to

an acceptance on the line represented by the idle line state A respectively.

R2 — C [(2)]), where ((2)] — gr([(I)]) and A2 —C [(i)(2)]}, where [(l)(2)] —

Hence V2 
= A

2 
U R2 C [(2)], [(l)(2)]}. Similarly, R

3 
=

C [(3)], [(2)(3)]} and A
3 
{ ((l)(3)], [(1, 3)], ((l)(2)(3)], [(1, 3)(2)]}.

= A
3 

U R3. Notice that all elements of V 1. for 1< 1 < c  - 1 , contaIn

a line state containing i. In particular , for I c — 1 = 3, V 3 is the

set of regenerative states. In creating all the regenerative transitions ,

notice that R
4 

= R. and A4 
— 

i~ O A.. Therefore, V4 
— S(2, 4) =;~~ 

V~ .

In addition to the graph i cal illustration of state transformations ,

the system state graph aids in the performance analysis of the system.

The performance of the system will be measured by the p robability of ac-

cepting a request into the memory system. In order to determine the prob—

abili ty of acceptance , the probability of transition from one system state

to the other should be known.

DefInition 3.2.18 The probability of transition , p~ ., Is the conditIona l

probability of going from system state a1 (t), at t ime  t, to Its successor

j system state a~(t + 1), at time t + 1. Rewriting this statement in

probability notation , 
~ij 

— P(c
j~ t + 1 I 

~~ 
t), t is an integer. 0

I

S 
- 

5” -  -~~~~ -~~~~----~~~~~~-- -
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For convenience, however, we will denote the probability of transi-

tion from system state a(t) to its successor acceptance state ,

by 
A~a~°~~ 

Si m i larl y, we will denote the probability of transition

from system state a(t) to its successor rejection state , g~ (a) , by p r(0)

Such transition probabilities imply that the state of the system at any

t i me i ns t an t , t, is stochastically determined by i ts state at the pre

cedi ng time instant. The transition probabilities from a particular

system state , a(t) ,  to all states in the system, S(a, c), must add up

to 1. Since the transitions from a(t) are to its successor rejection

state and acceptance states,

( 
X~ 

(a)
’
) + p (a) = 1.

\ldie line states, 
a r

A In a(t)

Theorem 3.2.7 The probability of transition from the system state

aCt) to its successor rejection system state , g~Ca) = a~Ct + 1) is

m k + j
N

where k — tota l nurther of busy line states In o(t);

J — tota l nutther of elements in idle line states in aCt) ;

m tota l n uuther of memcry modules on a line; and

N — tota l nunter of memory modules In the system.

Proof A request is rejected by the system if the request addresses

any of the busy lines or busy modules on idle lines at t. The probabil-

ity of a request addressIng a busy line at t is the tota l nunter of

busy lines at t/tota l lines in the system. The tota l number of busy

lines at t — tota l number of busy line states in a(t) — k. Hence the

probability of a request addressing a busy lin e at t — kit. The

I
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probability of a request addressing a busy module on an idle line at t =

(the total number of busy modules on idle lines at t)/(total number of

modules in the system). The tota l number of busy modules on idle lines

at t = tota l number of nonnul I module states in idle line states in a(t) =

(IX (t)I) = j.
A(t) c o(t) A (t) idle line state

Hence the probability of a request addressing a busy module on an idle

line at t = j/N. Therefore, Pr(0) 
= 

~ 
+~~~~. Since N = 9.m, p r CO)

(mk + j)/N. 0

For examp le , cons i der the computation of prU(l)(2)]) and p (((2)(3)])

for (a, c) — (2, 4). For [(l)(2)], k — 1 and j  = 1, hence p,. ([(l)(2)]) =

(cv, + 1)/N. For t(2)(3)], k — 0 and j = 2, hence ‘~r 
(2)(3fl) — 2/N.

Eva l uation of the probability of transition from the system state

o(t) c S(a, c) to its successor acceptance state is not as stra i ghtforward

as that for the successor rejection state because there are differen t

possible successor acceptance states. Moreover , for regenerative transi-

tions , we recall that references to more than one idle line state in

a(t) £ V~~1 may result in transitions to the same acceptance state. For

the (a, c) — (2, 4) example , [(l)(2)(3)] makes a transitions to [(l)(2)(3)]

if the request references the idle line state , 0. Similarly, [(1)(2)(3)]

can also make a transition to [(l)(2)(3)] if the request references the

idle line state , (3).

In genera l , a generative system state a(t) makes a generative transi-

tion to aA (t + 1) — 
~
ga(a) — [(I)] U 

~r~°~’ 
If and only If the request

references the idle line state , A a 0 c a(t). However, a regenerative
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system sta te, a(t), makes a regenerative transition to

aA (t+l) ~g~ (d1) — [(1)] U

if and only if the request references the idle line state A — 0 or

A = (c-I), both of wh ich may be in a(t).

Theorem 3.2.8 The probability of transition from the system state 0(t)

to Its successor acceptance state of the form a~,~(t+l) = ~g~(a) is

N - I a I m
N , if A 0

r n - I A ]
= 

N ~ otherwise.

Proof The probabili ty of transition from system state a(t) to

+ 1) [(1)] U g
r
(0)

~ 
is the probability of a request referencing a

line wi th a null line state at t, wh ich is equal to (the total number of

l ines wi th  null line states at t)/t. The total number of lines with null

line states at t — the total number of lines with no busy modules at

t — 9. — (the total number of lines with busy modules at t) — 2. — fa l .

Hence the probability of referenc ing a line with a null line state at

t — CL - Iaf)/9. — (N - (a ( m)/N, since N = R.m. Therefore,

— (N — la l n)/N , If transition is only due to acceptance on a line

with no busy modules.

— The probability of transition from a system state a(t) to A9a(0)~
where A ~ 0 is the probability of a request referencing an idle module

on the id le line represented by A(t) £ a(t). The probability of a re-

quest referenc i ng an idle module on that line g iven that it addresses

that line at t — (the total number of Idle modules on that line at t)/rn.

The total number of idle modules on that line at t — m — (the tota l number
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of busy modules on that line at t) m — 
L X I  A1)a(0) (the probability

of a request referencing the line at t) x (the probability of the

request referencing an idle module on the line at t). Therefore,

1 m -  lx i r n -  L X I
= .A a  9. m N

Notice however, that for regenerat ive tra nsi t ions, transi t ion from

a(t) to [(I)] U g~ (a) may be due to acceptance on a line with no busy

mod ules or on a line with one busy module in state Cc - 1). Hence both

trans it ion probabili t ies , 
~
pa
(a) and (c_l)Pa

(0) go to the same state,

[(1)] U g~ (0). Therefore the transition probability from a(t) to state

((1)] U g~ (a) IS 
0~a~~~ 

+ (c_ l)Pa(0) 
= (N — la l m)/N + (m—l)/N —

(N — (jot - 1)m — 1)/N.

For the (a, c) — (2, 4) example, the probabili ty of transition

from [(1) C2)] to [(l)(2)(3)] is &)a~~~~~~
2)1’) = (N — 2m)/N. Since

transition from a — [(l)(2)(3)] to ((l)(2)(3)] may be due to

or (3) P (a)~ the transition probability from [(l)(2)(3)] to [C1)(2) (3)]

is 
ø~a~°~ 

+ (3)~a~°~ 
— (N — 2m — 1)/N. The probabilities of transition

from [(l)(2)(3)] to [(1,3) (2)] and from [(I, 3)(2)] to [(1 ,3) (2)] are

each (m—l)/N . Recognize that in both cases , the idle line state is (2).

FIgure 3. 2.2 shows the system state graph , G5(2,4) in which each arc

is labeled wi th the corresponding probability of transition .

- -—--—-—--- - — - 5 a- - ---- - .~~-.- - - 
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3.3 State Reduction and Line Decomposition

A brief investigation of system state graphs reveals that the num-

ber of states in a system state grapn , for sufficien tly large va l ues of

9. and m , increases dramatically as c increases relative to a. For example ,

if the number of system states in S(a, c) is denoted by IS(a , c) , then

Is(2, 2)1 = 2, IS(2 , 4 ) 1  = 10 and ISC2 , 6 ) 1  = 57. However , obtaining a

formula for IS(a , c) I is very complicated .

The main obj ect ive of the performance analys i s is to ob ta in the

performance of the sys tem under vario us para meters .

Defini tion 3.3.1 The steady state probability of acceptance, PA
(a , c, p),

is the steady state probability that a request issued by a parallel-p i pe-

lined processor of order (s, p) will be accepted by the (9., m) memory

con f ig u ra t ion wi th modu le charac ter is ti cs , Ca , c).

As the size of the system state graph grows for a > 1 , the comp lex i ty

of computing P
A
(a, c, p) for p — I also grows . For p = I , PA

(a, c, p) is

the p robabili ty of being in a cer tain se t of states , namely, the set of

acceptance states wh i ch is a subset of S(a, c). Since the object iv e i s

to ob tain P
A
(a, c, 1), a reduction of the system state graph is possible

by collapsing the states which literally appea r identica l to a request

attempting to access the system in those states.

In this section an attempt is made to discove r and eliminate un—

necessary states in the state graph . it Is also shown that since all

lines in the memory system are identica l and Independent , a single l i ne

II
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model , ins tead of the total system model used thus far , ca n be develo ped

to simplif y a na l y s i s of the sys tem s ign i f i c a nt l y.

Before the system state reduction is discussed , certain relation-

ships between line states in the set of line states ACa , c) will be in-

vest igated .

Recall that a busy Hne may have more than one busy module on it.

Consider the case for (a , c) = (2, 1~) in wh ich a reques t addresses a

busy line represented by the busy line state A = (1 , 3). The request

will be rejected causing a transition from (1 , 3) to fv,Cl , 3) = C2).

The same next state would result if the addressed line was rep resented

by (1).  Therefore , there may be some cases, as demonstrated above, in

which the next l ine states of two d is t inct  busy l ine states are identi-

cal.

Let f~,CA ) represent the nonacceptance state of A arrived at by

successive appl icat ion of the line nonacceptance function j t imes , for

an integer j >0. That is , f~,(A) = f~~(f~~
1 (A)), where f~ (X) = f~CX)

and f~ CA ) = A.

Definition 3.3.2 Two li ne states , A 1 
and A 2 , in A(a, c) are equiva-

len t, wri tten A
1 — A~ , if they are i den tical or if they have i dentica l

— smal les t nonnull element rml n < a, such that f~,(A 1) 
= f~ (A 2), for j =

(a - r.) . 0

This definition includes Idle line states . However, an id le line

state A C A(a , c) Is only equivalent to itself , i.e., A — A. Although

each line state is equivalent to itself , It Is easy to test for equiva l ence

I
i
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wi th other line states by applying the definition . However , only busy

line states need be considered to find equivalence among distinct states .

Moreover , for distinct busy lin e states , only pairs with identical smallest

elemen t need be compared .

Theorem 3.3.1 If A
1 — A

2 then f ’ (X
1

) — f ’ (A
2
) , for i > 0.

Proof: If A
1 

= A2 , the p roof i s  t r i v i a l  s i nce f ’ CA 1 ) = f,~CA 2),

V I > 0. However , if A � A , for j = (a - r . ) > 0 , where r . is the
— 1 2 m m m mmi

i dentica l smallest elemen t in A
1 and A 2 , f~ CA 1 ) = f~ (A

2
). We need to

show that if A
1 — A

2 ~ n~~’l~ 
— f~ (A

2). Figure 3.3.1 illustrates the

prob l em. Since A
1 ~ A2 and A

1 
— A 2, a > r~~~. From theorem 3.2.1 ,

f~ (A 1
) = (x 1 x — 1 C X

1 (t) and x < c). Hence the identica l smalles t

ele men t in 
~n~~

’i~ 
and 

~n~~’2~ 
is r

mi n + i = r,,in Let J ’ = (a - r1,i n)

> 0. Note that j’ = j - 1. Since f~,CA 1 ) = f~ (A
2), f~ 

1 (f (A
1
)) =

n~~ I~~ 
= f

~~~
(f

n
(A
2
)) = f

~
’ (f

~
(A
2
)), for j’ >0. Hence 

~~~~~ 
-

f CA P). Therefore by i applications , A 1 — A2 ~~ 
f ’ (X1 ) — f,~CX 2), V

1 >0 . 0

This theorem states tha t i f two l ine states are equivalen t, their

successor states are also equivalen t and possibly Identical. For example ,

consider the two distin ct line states A 1 (I ,4) and X
2
=(l ,5) in A(3,6).

j = a — r
~~ 

= 3 — I — 2 and f2(l , 4) = (3) = f
2
(l , 5). Hence Cl , 4)- .

C l , 5). Therefore , f’Cl , 4) — f
tm
(l , 5), for i > 0. Hence (2, 5) — (2),

(3) .. (3), (4) — (4), and so forth. In common terms , two busy l i ne sta tes

are equivalent If they differ only in elements large enough to be incre-

mented beyond c — 1 by the time the l i n e  is  i d l e .

L ~~~~~~~~~
- - ~~~~~~~~~~~~~~~ - - .—•-- - - 
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The equiva l ence relation defined above on ACa , c) partitions

Ma, c) into a set of equiva l ence classes , 
~A
(a, c), called line equiva-

l ence classes. All states in each class are equiva l ent to each other

~‘nd no state in one class is equivalent to any state in any other class .

For example , the line equ i va le nce classes , 
~x
(2, 4) for Ca , c) = C2 , 4)

are Cø} , C C l ) ,  (1 , 3)) , C C 2)} and C C3YI .

Definition 3.3.3 Two system states , 0
1 
and 0

2 
in S(a, c), are equiva-

lent , written — a~~, if for every A . C 0l~ 
3 a uni que Ak C 02 such

that ?. — Ak 
and for every Ak C 3 a unique A

~ 
C 0 1 such that

Xk
_ A j. 0

S in ce al l  the ele ments of a sys tem s tate are dis t inc t , la~l Ia2 I. For

examp le , in S C 3 ,  6) ,  [(1 , 4) (2, 5) (3)] — [(1 ~ (2) (3)], since C l , 4) — (1)

(2, 5) — (2) and (3) — (3). As with line state equivalence , sys tem s ta te

equiva l ence is an equiva l ence relation on S(a, c) and hence par titions

S(a , c) into a set of equiva l ence classes , ~0
(a , c) ,  called system equiva-

le nce classes. For the example of 5(2, 4), the system equivalence classes

are C[0]}, C [(1)], [(1 , 3)]), C [(2)]), C [Cl)C2)], [(I , 3)C2)]}, C [(3)]),

C [(l)C3)]} , C [(2) (3)]) and C [Cl) (2) (3)]).

In order to de ter m ine ~0(a , c), i t is only necessary to consider

pairs of system states whose cardinalities are identica l and have identi-

cal sets of smallest elements in their line states . The reduced set of

system states , S ’ ( a , c), represents the system equiva l ence classes for the

system state graph , G5
(a , c). Any sta te in an equivalence class can be

-J
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selected to represent the set of states in the equivalence class. How-

ever , for consis tency , the state with the least number of module states

i n each equiva l ence class will be selected as the system state represent-

i ng that equiva l ence class. In the 
~~~~ 

ii) exampl e, [(I)] would repre-

sent C [(1)], [(1 , 3)J} and [(l)(2)j would represen t C [(i)(2)], [(I , 3)(2)]}.

Wi th the red uced se t of s tates , S’Ca , c), the reduced state gra ph can

be obtained by merging each state not in S’(a, c) wi th its equiva l ent

state in 5’ (a , c). By so doin g, the edges i nbound to such a state not

i n S’(a, c) are transferred to the state ’s equivalen t in S’Ca , c). The

grap h thus ob tained is the reduced s tate graph, G’(a, c). Notice that

if any two states , a., 0k ~ S(a, c), are eq u iva lent s uch tha t 0. C S’(a, c)

bu t 0k ~ S’Ca , 
c) , then the transfer of edges to a., wh ich were inbound

to °k’ imp lies that the new transition probability, 
~~~~~~~~~ 

from any sys tem

state 0. e S’(a, c) to a. in G’(a , c), Is the old transition pro bability,

~ ik in G(a , c).

The al gori thm for ob taini ng G~ (a, c) from G5 (a , c) is sunrnarized

below .

Step 1. Form ~0
(a, c): Partition S(a, c) into system equivalence

classes .

Step 2. Form S’(a, c): In each equivalence class , sel ect the state

wi th the least number of module states.

Step 3. Draw all outgoing edges from each state in S’(a, c) as in

G5(a , 
c) except outgoing edges that terminate at states not

in S’Ca , c).

Step 4. Red i rect all incoming edges to states not in S’(a, c) to

their respectIve equivalent states in S’(a, c).
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Apply ing the algorithm to the example G
5(2, 4) of fi gure 3.2.2,

wh i ch is repeated in figure 3.3.2(a), produces the reduced system

state  g ra ph , G’(2, 4), shown i n figure 3.3.2(b). From the red uced

s ta te graph , G~ (2, 4), the steady state p robability of acceptance

P
A (a, c, p) for p 

= 1 and any (9., m) memory confi gu ra t ion can be ob tai ned

for the module character istics (a, c) = C2 , 4).

2
PA (2, 4, 1) = 

2 
N

N +Nm + 2 N - m + l

where N = im. P
A (2, 4, 

1) is the sum of the probabilities of being

i n the acceptance states [(I)], [(l)(2)], [(l)(3)] and tCl)(2)(3)] in

G’(2, 4). The detailed computation of PA
(2, 4, 1) fol low s s tandard

Markov analys is techniques , bu t is fairly complicated as shown in Append-

ix A.

In genera l , the computation of PA (a , c, 1) can be much simplified

if i t is observed that the 9. lines of the memory system are identica l

and independent. Since it was assumed that requests are uniformly dis-

tributed among the 9. lines , a line decomposed mode l would s uf f ice to

obtain the steady state probability of acceptance , PA
(a, c, p), for

p — I. A line decomposed model is the Markov model of one line.

The li ne decomposed model is now investigated with an aim toward

— - -
~~~~~ obtaining a simpler model for obtaining PA

(a , c, 1). The set of line

states , A(a , c), are the states of the line decomposed mode l for module

charac teristics (a, c).

A li ne state graph, G9.(a, c), 
wh i ch is si milar to a system state

graph , can be used to display the next line state function . It consists

of one node for each line state in A(a , c) and one edge leaving each

S 
- --—---r-~~~ --—- - ~~~~~~~~~~~ - -——. _ -~~~~~ —_—-~~-~~~ -‘-—-—-- _ _ -
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node for each possible acceptance or nonacceptance transition . A

sim ple technique is given below to generate the line state graph for

module cha racteristics (a, c).

Let U
0 

= {ø} and U
n be the set of new l ine states genera ted by a

one—step transition from the lin e states in Un_ i fo r 1 < n < c—i.

Furthermore , W~ Is the set of line states generated by a one—step

transition from line states in W . The set of nonacceptance statesc—I

generated by states in U~~,1 is Rn~ where R — {XIA = A
n
(Ai )~ 

X~ C Wn_ i }•

Si m i lar ly,  the set of acceptance states generated by states in Un_ i is

A , where A — CA I A — fa (A i )p A
1 

C Un_ i and A i 
— idle line state).

R
1 

(0) and A 1 — ((i)}. U — An for n — I , and U — A
n 

U R , for

1 < n < c - I. Not i ce that R
1 is empty since the state 0 c U

0 
is not new.

Theorem 3.3.2 Wc_ l is the set of all regenerative line states for

given (a, c).

This theorem is similar to Theorem 3.2.5 whose proof is given. Hence,

W0, W1,..., W~_ 1 generate all the line states while simultaneousl y

produci ng the generative transitions of the line state graph. Thus

A(a, c) — 
c~ l 

U1. Recall that , for I < I < c — 1 , the largest el ement
1—0

i n any line state in U. is I , hence transi tions from line states in

to U 1 are generative. In particular , transition from the li ne

state, 0 to 0 is regenerative. Transition s from line states in Wc_i

to W~ are regenerative. Hence, the generation of A
~ 

and R
~ 

produces

all the regenerative transitions and thereby completes the line state

diagram.
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Theorem 3.3.3 U ~ A (a, c)C —

The proof of this theorem is trivial since transitions from W~~1 
are

regenerativ e.

As an example , consider the formation of G9.(2, 4). Figure 3.3.3

shows the line state graph , G9.(2, 4). Nodes marked “k” are acceptance

l ine states . U = (0} , then R1 
= 0 and A 1 

= ((1) fa CO)}~ 
W1 

= ((1)).

R
2 

= ((2) = f (l)} and A2 0, hence W2 
= A

2 
U R

2 
= ((2)). R

3 
a ((3)

= 

~~~~~ 
and A

3 
= ((1, 3) — f

a
(2)}

~ 
hence = ((3), (1 , 3)). This

completes the generation phase. The regeneration phase is give n by

R
4 

= (0 = 
~n~

3
~ ’ 

(2) — f~ (l , 3)) and A4 = ((1) = 
~~~~~~ 

The transition

probabilities are obtained with the aid of the following theorem.

Theorem 3.3.4 The probability of transition from an idle line state

A(t) to its successor acceptance line state is

m - IA I
N

wh ere ( x ( is the card ina iity of the line state A(t) .

Proof: Since A(t) is an idle line state, a request wh i ch addresses

the line corresponding to A(t) will be accepted if the request add resses

an idle module on the line in question . The number of idle modules on

the line represented by A(t) is m — (A (, where (xJ is the number of busy

modules on the line . Given a request to the line , the conditional prob-

ab ility of requesting any one of the Idle modules on the line — (m —

AD/rn. Since the probability of requesting the line Is 1 /2., 
~~~~ 

—

(m — (A () _ 
in - IA I

T m N
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Corollary 3.3.4.1 The probabili ty of transition from an idle line

state , A(t), to i t s  successor nonacce pt ance sta te is

p~ (A) = I — 

~~~~~ 
0

Th is is obvious since pn CA) + pa~~~ 
= 1. Note tha t nonacce ptance imp l ies

ei ther rejection of a request to the line or arriva l of a request to some

other line.

Theorem 3.3.5 The probability of transition from a busy line state ,

A(t), to its successor nonacceptance state is p~ CX) = I. 0

Si nce A C t )  is a busy l i ne sta te , there is no successor acceptance state

hence the result follows . 
-

The example of G~ (2, 4) is redrawn in fi gure 3.3.4 with the arcs

labeled with the corresponding probability of transition .

Recall that the equiva l ence relat i on on A(a,c) partitions A(a,c) into

disjoint equivalence classes . Hence in genera l , A(a , c) can be reduced

if there exists at least two states in A (a, c) tha t are equiva l ent to

each other. The reduced line state grap h , G~ (a, c), can be obtained

from G9.(a, c) following an al gorithm very similar to that used in ob—

rai ning G~ Ca , c) from G5
(a , c). For the example of G9.

(2, 4), fi gure

3.3.5 shows the reduced line state graph , G~ (2~ 4), where equivale nt line

states (1 , 3) and Cl ) are merged.

From the reduced line state graph , G~ (2, 4), the steady state prob-

abil it y of being in each of the four states can be calculated . However,

I
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the crux of the analysis is in calculating the steady state probabili ty,

PA9.(a, c, p), of bei ng in an acceptance line state in the line decomposed

system for p = 1. In G!~(2, 4), the only acceptance line state is (1).

Let deno te the probabil it y of being in the line state , A. Hence ,

for p = I ,

PA9.Ca , c, p) 
= 

- )
~ : P

acceptance line states , x l  A c G~ (a,c) 
A

Then from G~ C2~ 4),

_ _ _  
N - m + l

= 
2. ~O + 1 .

r n - I
P(1) j P0 + N 

[P (3) + P (2) 1 2.

P
(2) 

= P
(1) 3.

P(3) 
= 

N _

N
m + I P (2) 

= 
N 

N 
+ 

~Cl 
4.

P
0 + ~~~ + P

(2) 
+ P(3) 

= 1 5.

2.CN - m + l )  2 , (N - m + l ) 2
From equations I and 4, P

0 
= 

N 
P
(3) 

= 
N2 

F
()

Substituting for P0, P
(2) 

and P
(3) 

in equation 5,

[

~.(N - m + 1)2 + + I + N - + 1] P
() 

=

Rearrangi ng,

- m + 1)2 + 2N2 + (N - m + l)N 
~ ~

—~ N
2 (I)

Hence

N
2

( P (1) 
— 

(N - m + I) [t(N - m + I) + N] + 2N2

Since 2..m N,

— 
N2 

— 
N
2

(N - m + l ) ( N  + 1)9. + 2N 2 (N 2 + Nm + 2N - m 1)2.

II
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Notice that in the reduced line state grap h , G~ (2 , 4), A = C l) is the

only acceptance state. Hence , in this examp le , PA9 (2, 
1~, I) = P(1)

in genera l , PA9.(a, c, p) is the p robability of acceptance of a request

on the line being modeled.

Theorem 3.3.6 For p = I , the steady state probability of acceptance

of a request in the L—M memory organization is

PA (a, c, 
1) = 2.PAL (a,c,I) 

0

This is obvious since all the 2. lines of the L—M memory organ i zation

are identica l and independent.

In the example of Ca , c) = (2 , 4), PA9.(a ,c,
l) = P(1). Hence ,

2 2
1
~A

2’ , l = 2 .  =

(N + N m + 2 N - m + l ) 2 . .  N + N m + 2 N - m + l

wh ich is i dent ica l to the res u lts ob ta in ed from the reduced sys tem s ta te

g rap h , G~ (2, 4), but less tediously obtained.

Hence in concl usion , the line decompos iti on of the sys tem al lows a

vast s imp l i f i ca t ion  of the performance analys is  p rob lem. Line deconpc-~~i-

tion wil l  be adopted in the rest of this analys is of the L—M ner-ior.-

organ i zation .

3.4 Line State Space

Al though the number of line states is much less ~~~ar tr.  i.

of system states for any module charac teristics (a, c - 
-

gation of the line state graph , G9.
(a , c), alsi ~~~~~~~~~~~

of line states in a line state graph ~ncreasr~ drai~
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relative to a. The complex i ty of computing PA (a, c, 1) Increases with

the size of the line state graph .

In this section , we w i ll characterize the number of line states

In a line state graph , G~(a, c). It Is also shown that the number of

line states In G~(a, c) depends on the maximum number of busy modules

on a li ne.

Theorem 3.4.1 The maximum number of busy modules on a line for module

characteristics (a, c) Is [C

Proof: As usual , let the element of a line state be listed In ascending

order. It Is easy to show that the maximum number of busy modules on a

line occurs when the line Is In the acceptance state A (1 , a + I , 2a +

1 , ... , ka + 1), where k Is the greatest Integer such that ka + I < C  -

I. Notice that In this state adjacent elements have a difference of ex-

actly a. It should be pointed out that this acceptance state may not

be the only line state with the maximum number of busy modules. The

max imum number of elements, and hence the maximum number of busy modules,

in the acceptance state A is k + I. We know that for an integer n and

a rea l number, x, lxi — n, if x < n < x + 1. In order to show that this

is true for x — 
C I and n — k + 1, we know that ka + 1 < c - I —

~~

r ka < ka + I < c - 1 , for In tegers k and a such that k > 0 and a > 1.

Hence ka < c — I ~~ k < 
C - 1 

~~ k + I < C - 1 
+ I. Since k is the greatest

[ Integer such that ka + 1 < C  - 1 and a > 1 , then (k + 1)a + I >c — I.

That is, k + ~ > 
C I — Let q and r be integers such that 0 < r <

B a - I  and C
~~~ -~~~— q + ~~. Hence, c - I  q+ (j.+~~~ a n d 0 < L +~

_ < I .

— - 
~~~~~~~~~~~ ‘ L ~~CM ~~~~~ _ ! !~~~~ 

—:-_~_ 
.,- -
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Since k Is the greatest integer such that k + 1 > q + ~~
- and

0< ~~~+ ~~-< I , it implies that k + 1 >q + ~~.+ 1. Hence k + 1 >

c - I Combining the above results , C; I < k  + I < c ; I 
+ 1.

Therefore k + I = [
~ ~~~~ o

Hence IX ! < [C ~ for A c A(a, c).

Theorem 3.4.2 The maximum number of busy modules on an idle line

for module characteristics (a, c) is [c 
; 

I].

Proof: It is trivial to show that the theorem holds for a c I.

Assume that c > a > 1. The maximum number of busy modules on an idle

line occurs when the idle line state is A — (a, 2a, 3a,..., ka), where

k is the greatest integer such that k a < c  — 1. Such a k exists since

a > I. Then (k ‘+ 1)a >c - 1. Hence k — [c 
- 
1] o

Hence IX ! s.. [C ~j, for an Idle line state A e A(a, c). Recal l from

the last section that the transition probability of an Idle line state

X (t) to Its successor acceptance state is pa(A) — (m — lAP/N . Hence

(m - Lc ; lj)/N 5- PaW < 1 , for G
~
(a, c). It will be shown in the next

section that it Is this number, [c 
; 

1]. that determines the classification

of the performance analysis of various module characteristics .

Lema 3.4.1 A(a, I — 1) ~~A(a, I), where a > 1 and i > a. 0

This l emma Is obvious since I > I - I and the address cycles are i dentical.

•1

•
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4

Theorem 3.4.3 The total number of dis tinct line states for module

• characteristics (a, c) with c >a is

N(a, c) — N(a, c — 1) + N(a, c — a),

where for I < c 5- a N(a, c) — c.

Proof: A module which accepts a request goes through a l l  c - 1 busy

module states sequentially In ascending order. In order to prove the

recurs i ve relat ionsh i p, cons ider that there are c — 1 slots in which

an object representing a busy module on a line can be placed . The

slots are numbered sequentially from 1 to c — I. An object is placed

In slot r cII , 2, . . . ,  c — II, if a module on that line is busy be-

cause It accepted a request r SiLls ago. Hence N(a, I) is the number of

distinct ways of placing IdentIcal objects in I — 1 slots such that if

there Is an object In slot and another in rj~ then 1r 1 — r~ l ~ a.

Note that N(a, i) includes the case in wh i ch no object s placed in any

of the c — I slots corresponding to all modules on that line beIng idle.

The memory cycle determines how long a module remains busy hence

A(a, c) —~~ø, (1), (2), . ..,  (c — I)}, for 1 5 - c  < a. Hence for

I < c < a , N(a, c) • c. A(a, I - I) C/L(a, I), for i > a, hence

N(a, i) — N(a, I — 1) + the number of states due to the effect of in-

creasing the memory cycle by I. Therefore, consi der the effect of

add ing an (i — 1)th slot to the I — 2 existIng slots . This added slot

corresponds to increasing the memory cycle from i - 1 to I. All new

— combinations of placing Identical objects In the slots must contain an

object in slot I - 1 . However, the presence of an object In slot I - I

I prec l udes the placement of an object in any of the previous a - I slots.

I



- 90 -

Hence the slots that effectively partake in the placement of objects

due to the addition of the (I — 1)th slot are 1 , 2, 3, . . . ,  I — I — a.

However, the number of distinct ways of plac i ng objects in i — a -

slots , subject to the rule that no two objects are less than a STU

apart , Is N(a, I — a). Hence, for I = c, N(a, c) N(a, c — 1) +

N(a, c-a). o

Notice that N(I , c) is a binary series in c and N(2, c) Is the

Fibonacc l series. For properties of the genera l series , see W(a, I , c)

in (10]. It can be easfly shown that N(i , I) — I and N (i , I + I) • I + 1 ,

for i > 1. As an illustration , consider the case of (a , c) — (2, 6).

N(2, 6) — N(2, 5) + N(2, 4). N(2, 5) = N(2, 4) + N(2, 3) and N(2, 4) —

N(2, 3) + N(2, 2). Hence N(2, 6) — 3N(2, 3) + 2N(2, 2) — 3x3 + 2x2 —

13.

There is no known closed form solut i on for N(a, c) derivable from

the recursIve relation . However, N(a, c) can be rederlved differently.

Theorem 3.4.4 The number of distinct line states with B elements in

A(a, c) Is

c— (8—I)a—l i8—l ~3n(8) — . • . E J , B > 2.
j8_2—I JfI J 1—l 

—

n(0) 1 , n(l) — c — 1.

Proof: It Is i mmediately obtained that n(0) — 1 (state 0) and

n(l) — C — I (states (1), (2), . . .,  (c — 1)). Assume that the elements

of a li ne state are listed in ascending order. Let rk represent the kth

___________ - - ~- ‘ -~~~ ______ — --.- - —______________
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element of a line state with 8 elements. Then rk+l 
- rk >a , for

0< k < B. The firs t elements, r1, can take a val ue between I and

c - (8 - l)a - I inclus i ve. Hence the second elements , r2, can take

a value between r1 + a and c - (B - 2)a - I inc l us i ve. In genera l ,

the kth element can take a val ue between rk_ l + a and c - (8- k)a -

for 1 < k < B .

Hence,

c— (8—l)a— l c-(8— 2)a—1 c—a—I c-I
n(8)= E . .

r1 —I r2—r 1+a r8_1 r82+a r
8—r8_1 +a

Let j1 — c - a - r81 . If r8 1  
— r8_2 + a, j1 — c — 2a - r8_ 2.

Sim ilarl y, If r8 1  
a c - a — 1 , j1 — I. With this change of variable ,

the Innermost two summations can be rewritten thus:

c—a— l 1 c— 2a—r
E (c—a—r~~1) j1 

—

r
8 1 r8_2+a j1~~~2ar 8_2 j1 I

In genera l , l et — c — Ia — r8.iI for 2 < I < 8  — 2 and j8 1 — r1.

If for 2 5- i 5- 8  — 2, r8 1  
— r8_ 1_ 1 + a, i i — c — (I + I)a - r8 1 1  

—

and If r8_1 — c — Ia - 1 , J 1 — 1. Hence apply in g these chan ges

of variables as In the above example, to n(8),

r c— (B—l)a— ) — ln(8) — E E
j~_ 1 1 

~B—2~ 
j2—l j1—l 0

Corollary 3.4.4.1 The total number of dIstInct line states in

— Jt(a, c) Is rc _ l l
N(a, c) — 1 n(8) .

r 8-0

I
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Th is result follows from Theorems 3.4.1 and 3.4.4. The following

corollaries are resul ts for some specific cases, using the formulas ,

— 
njn + I) and ~ — 

n(n + 1)(2n + 1)

I—i i—i

and Theorem 3.4.4.

Corollary 3.4.4.2 For [ ‘ 
~ 

— 1 , N(a, c) — c. 0

Corol l ary 3.4.4.3 For [c 
~ 
Ii — 2, N(a, c) c + (c-a-I)(c-a) . o

Corollary 3.4.4.4 For [C 
~ 

1
~ — 

~~~, 
N(a, c) — c + (c-a-l)(c—a)

+ 
(c-2a-i)(c—2a)(c—2a+i) o

6

The above corollarIes are examples of closed form solutions of N(a, c)

for three different classes of module characteristics. It is obvious

that the magnitude of N(a, c) increases nonlinearly with 
~ ~ ~J.

3.5 Probabili ty of Acceptance, PA (a, c, p)

No close d form solu ti on for PA (a, c, p) exists for the general module

characteristics (a, c) ,  even for p — I. We must know the (a, c) values

and obtain the reduced line state graph , Gk(a, c), In or der to solve the

I4arkov state diagram for the probability of acceptance, PA (a, c, p), for

p — 1. The technique used requIres the computatIon of the steady state

I
I

- =— -. ~~~~~~~~~~~~~~~~~~~~ -. — - — -  —. —-— — _ - .~Z -C—--- ~~ 
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probability of being in an acceptance line state. This method is not

readily applicable to the genera l case for p > 1.

In this section , the steady state probability of acceptance,

PA (a, c, p) for p 
> 1 , is discussed for certain classes of module charac-

teristics. Some of the results discussed here were presented in [24).

It Is also shown that the complexity of PA (a, c, p) Increases with the

maximum number of busy modules on an idle line , [
~ ; 

l] for a > 1.

However, closed form expressions exist for PA (a , c, p) in the following

cases: c > a = 1 and a < c 5- 2a. These classes of module characteristics

cover more than 78~ of the possible cases of module characteristics , if

c < 10.

In Chapter 2, it was shown that a request can be rejected due to

three types of memory collisions. For conven ience, the three types of

memory collisions are repeated here. A request made to the memory

system may be rejected due to
I. MALC: Multi ple Access Line Collision (only if p > I),

2. BLC : Busy Line Collision (only if a > I), or

3. BIIC: Busy Module Collision (only if c > a).

Recall that p requests are issued simultaneously. Hence if more than

one request addresses the same line , only one of these may be accepted .

—‘p
Let P 1, P2 and P

3 
be the probabilities of rejection of a request due

to MALC , BLC and BMC respectively. Then the probability of a request

being rejected by the memory system can be obta i ned by considering all

the mutuall y exclus Ive and independent rejection and nonrejection

events.

‘F 

- - - - -_ - -- - ~~~
_ -~~~~ - -~~~~~~~~~~~~~~~~ -.---—- - --- - - _ _ _ _
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Theorem 3.5.1 The probability of rejection of a request issued to

the memory system whose module characteristics are (a, c) i s

PR(a, c, p) 
a P1 + (1 — p

1)i’2 + (1 
— P1 )(l 

— P2)P3. o

Notice that I - P1 and 1 — P2 are the probabilities that a rejection does

not occur (nonrejection) due to MALC and BLC respectively.

Corollary 3.5.1.1 The probability of acceptance of a request made

to the memory whose module characteristics are (a, c) is

PA (a, c, p) • 1 - PR (a , c, ~). 0

For brevity , PA (a , c, p) and PR (a , c, p) will sometimes be written as

and 
~R 

respectively. Hence in order to obtain PA (a, c, p), it is

su f f i ci ent to know P 1, P2 an d P3. Not i ce that PA (a, c, p) 
a (1 — P

1)

(1 — P2) ( l  —

Lemma 3.5.1 The probability of a request being rejected due to a

mult iple access line collision (MALC) with one or more of the p —

other simul taneous requests Is

Proo f: There ar e t~ and (2. - 1)P distinct ways of mapping p requests

to 2. and 2. - 1 lines respectively. Hence, there are [2.P - (
~ 

- 1)P]

maps wh i ch reference a particul ar line at least once. Thus the expected

number of distinct lines referenced by p memory requests; I.e., the

line bandwidth Is 
-
_~~~~~~~~~~~~~~~1~~~

. The probability , P1 
— 1 line bandwidth
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It is Interesting to note that 1 — P1 is a closed form repre-

sentation of Ravi’ s results in [18]. Chang showed the equiva l ence of

— P1 and Ravi ’s result in (25] .

A request w i l l be rejected due to BLC if it has no MALC , but

references a busy line.

Lemma 3.5.2 The probability of a request referencing a busy line is

p(a—l )PA
2.

Proof: The expected number of busy lines wh i ch can cause rejection

of an incoming request is equal to the expected number of accepted re-

quests In the most recent a - I SiLls — p(a —

Hence p(a-l)PA
2.

Corollary 3.5.2.1 The expected number of idle lines is

2.idle = 2. — expected number of busy lines , hence

~‘idle 
— 2. — p(a — l)PA, and

~‘idle 
— t (l  — P2~ 0

r

The computation of the probability of referenc i ng a busy module on

an idle line , P3, is not always straightforward . However, P
3 
can be

generalized by the next l emma.

Lemma 3.5.3 The probability of referencing a busy module on an idle

line is

‘ 1
I

~
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~
, E(BM/IL)
3 E(M /I L)

where E(BM/IL) is the expected number of busy modules on idle lines and

E(M/IL) is the expected number of modules on idle lines .
0

This formula can be easily derived from simple probability theory. Notice

that E(M/I L) — 2.idl e m im(l - P2) N(l — p
2) .

The derivation of E(BM/IL) for given (a, c) can be made from the

reduced line state graphs , G~ (a, c). Notice that previously, the re-

duced line state graph was used to compute PA (a, c, p), for p = 1. How-

ever, E(BM/IL) i nvolves the genera l case for p > I. Since all 2. lines

are identica l and i ndependent , the reduced line state graph for all 2.

lines are identica l and independent. Hence the transition probability

between any two states In one line state graph is identica l to the transi-

tion probability between the same two states in another line state graph

of the same module characteristics , (a, c). At steady state, if p re-

quests are issued , P~A 
requests are accepted . These accepted requests

cause the addressed lines to make transitions to acceptance line states.

Since the request references are un i formly distributed over the 2. lines ,

the accepted requests will be un i formly distributed over all 2. lines

and hence over all acceptance line states In al l 2. line state graphs.

For the whol e sys tem , let us collapse all 2. line state graphs Into

one. The resulting state graph Is identical to a line state graph

and will therefore be referred to as a line state graph . The following

definitions are made to aid in the derivation of E(BM/IL) for the whole

system.
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p Definition 3.5.1 For the whole system, E(X) is the expected number

of lines at any time instant wh i ch make transitions Into line state

A c G’(a, c).2. o

Definition 3.5.2 A~(a, c) is the set of nonnull idle line states in

Gk(a, c). Hence A~ (a , c) — 1A A ~ G~ (a, c), if r c A then r > a,

A z~ Ø}
0

Lemma 3.5.4 E(A)
A c G~ (a, c) and

A — acceptance state
0

This lemma is obvious since accepted requests cause transitions of the

addressed tines Into acceptance line states.

Lemma 3.5.5 E(BM/IL) — 5 (E(A) . lx i).
A ~ M1 (a,c)

This l emma follows from the definition of E(BM/I L). The expected number

of busy modules on idle lines is the expected number of busy modules

on lines wh i ch make transitions to nonnull Idle line states.
r

For the case a a 1 , some further results are easily obtained . In

— thIs case, the busy modules are un i formly distributed over the 2. lInes

and no lines are busy. Hence 2.idle — £ at all times.

r

I
I

‘ 1 
_ _  _ _ _ _ _ _  ~~~~~~ ~~~~~~~~~~~~~~~~~ — 

~~~~~~~~~~~~~~~~ ~
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Lemma 3.5.6 For a = I , the probability of a request referencing a

busy module is

p(c - 1) P
3 N A

Proof: Since the busy modules are un i formly distributed on the

lines for a = 1 , the expected number of busy modules wh i ch can cause re-

jection of an incoming request is equa l to the expected number of accepted

requests in the most recent c - 1 STIJs p(c— l)PA. Since there are a

total of N memory modules in the system ,

~~~~ P(c - l ) P A 
. o

For the special case a — c — 1 , P2 = P
3 

= 0. Hence PR(a, c, p) =

P1 and PA (a, c, p) = I - P1 
= [ I  - (&j i)P J ~~

-. This is the only case con-

sidered by previous Investigators [19, 20, 21 , 22]. However, for the

case c > a  — I , the probability of acceptance can be obtained from the

follow i ng theorem.

Theorem 3.5.2 For a — 1 , c > 1 , the probability of acceptance , PA (a, c, p)

of any (2., m) memory confi guration is

c, p) - 1

where k2 — 
P(c

Proof: To prove this , note that since a = 1 , there will be no rejections

due to busy lines . The probability of rejection , 
~R’ of the (2., m) mem-

ory organ i zation with module characteristics (a — I , c > i) can now

I

- - •_
~•L_~

_____ . . ________ ~~~~~~~~ — . 
~~

. .
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be easil y obtained since rejection can only occur due to a multiple

access line collision or a busy module request:

1 —  1’A = 1 ’l + (I — P 1 ) 
p

p(c — l)PAand 1 - 

~A 
= p

1 
+ ( I — 

N

Hence P
A (1, c, p) = 

1 where k2 
= P(C

N

_ 
. Q

For the special case of p = I , a • I , P1 = 0 , and 
~A 

(1 , c, I )  —

_ _ _  
N

1 + k2 
= 

N + ~ 
- 1 Th us for p — 1 , the performance of a memory

with a = 1 Is a function of N(= Liii) and c only and not of the (P., m)

memory configuration .

Notice that the line state graph was not required to obtain

for a = 1. For a — 1 , the lines are always idle at any time Instan t

and are therefore ready to accept a request provided the request is not

made to a busy module on the line. This simplifies the prob l ems.

Computing P
3 

for a > I is not an easy task since the busy modules

are not un i forml y distributed on the 2. lines , although the requests are

un i forml y distributed over the 2. lines . However, P
3 
can be calculated

for certain classes of (a, c) by classifying the line state graphs. The

— transition probabilities In a line state graph are either (m —

— (m - lA P/N or I. For an idle line state, A C A 1 (a , c), IA I < [C 
— 

I]

hence the lower limit of the probability of transition from an Idle line

state, A ~ 0, to its successor acceptance state Is (m - 
~~~ 

; lj)/N

Hence , for a > I , the probability of transition from Idle line state, A ,

to fa(A) in G~ (a, c) Is (n — j)/N where J — l x i and

a-

I
e
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0 <
~~ 

< I]. Consider the case where a = 1 , for a > 1.

Theorem 3.5.3 For a < c < 2a, a > 1 , the probability of acceptance ,

PA (a, c, p) of any (2., m) memory confi guration is given by

—

PA (a, c, p) 
=

I + (l—P 1 )k1 
+ 

P(l Pl) (~ 
— (l_a )~~

a]

where k
1 

= 
p(a ~ and a1 

= 
m - 1 > 

~~~•

Also , PA (a, c, — 
I 

l
ç

_ P
!
) for a 1 = 0, where k2 — P~~N

Proof: For a < C  <2a and a > I , Lc Ij — I . Hence there is exactly

one busy module on a nonnull idle line state in A (a, c). Fi gure 3.5.1

shows the line state graph , G2.(a , c), for a < c < 2a, a> 1. It can

easily be seen that each busy line state, A~ with two elements is equiva-

lent to a busy line state with one element r, such that r is the smallest

element in A. For example , (I, a + 1) — (I, a + 2) — (1 , a + 3) —

— (1 , c — 1) — (1). Hence such states can be merged wh ich results in

the reduced line state graph G ,(a, c) for a < c < 2a, a > 1 shown in

figure 3.5.2. The probability of transition from a nonnull Idle line

state to the acceptance state, (1), Is a1 (m - 1)/N.

The expected number of busy modules on idle lines , E ( BM /I L) , can

be obtained from GA (a, c). The expected number of accepted requests

every SILl i s 
~~~ 

Let E(A) denote the expected number of lines wh i ch

make transitions into line state A. Hence E(l) —

-I
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2
(c—a) +c+o

N(o ,c ) :  2

_____ - - -

~~~ a—2 ,2o—1 )

Fi~~re 3.5.1 Line State Graph , G2.(a, c), for a < c < 2a and a -‘ 1

;~ 
I

I
1~

~ ~~~

-

• ~~~ 

— — —
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1/I 
_____ 

NI(a)c):C

\

~~~-5~55

FigurL 3.5.2 Reduced Line State Graph , G ,,(a, c) for a < c < 2a and a > 

1p
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.

since A = (I) is the only acceptance state in Gk(a, c). Let

denote the steady state probabi lity of being in state A. From G~ (a, c)

in fi gure 3.5.2, P(1) — P
(2) 

a — P()~ since the transition prob-

ability from state (r) to (r + 1) is 1 for 1 < r < a - 1. Hence

E(1) = E(2) — ... — E(a) a pP
m.

The states that represent busy modules on idle line s are (a), (a + 1), ...,

(c - 2) and (c - 1), each of wh ich has one busy module . Hence

E(BM /IL)

Note that A — 0 does not represent a busy module on an idle line , hence

it is not included in E(BM/I L). From the nonacceptance transition of

nonnu ll idle line states,

E(a+1) — O—cz~) E(a), E(a+2) 
a (1—a 1) E(a+I),

E (c—I) (1—a 1) E(c—2).

Hence In genera l , E(r) — (1 — a1 ) E(r 
- I) , for a + 1 < r < c — 1 .

Thus, E(r) — (1 — a1)
’~~ E(a), for a < r 5 - c  — I. Therefore

E(BM/IL) a ~~‘ (1—a )1
~~ E(a).

Since E(a) —

E(BM/IL) — 

~~ 
c~1 (l..a )i a  

— 

~~ 

c-a— I 
(1—a 1 )

1

— a 1 
[1_ (l_a

1)
C
~~], a1 > 0.

From previous di scussion , £04/IL) — N(1 - P2). Hence

c-apPA (l— (l—cz J )P
3 

— 

~~1 (1P 2) 
, a

1 
> 0.

- (l..U
1)

c—a]
Therefore 

~R 
— 1

~~A 
— p

1 + (l—p 1 )i’2 
+ 

~~~~~~~~~ ~~l 
, a1>0.1:
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p (a—i) PASubstituting for P2 — and man i pulating ,

(iP 1 ) p(a—1) (l—P 1 ) 
p(l_ (l_a

1 )
c a ]

— 

~A~
1 + + Na 1 

},

wilere a
1 

= 
m — 1 

> 0. Letting k1 
= 
p(a ~ and solving for 

~A’ 
the

theorem is proved for a1 
> 0.

However, when a1 = 0, m — I and £ — N, fi gure 3.5.3 shows the

resulting reduced line state graph . In this case, it is easy to show

that E(BM/IL) — p(c — a)PA . Hence,

p (c—a) PA
— 

N (l—P 2) 
~ a1 

— 0

Substituting for P2 an d P3, PA (a, c, — 
1 + (i-P~)k2’ 

where

k — 
p(c - 1)

2 N

For a — c, P3 
— 0, hence PA (a, c, 

— 
+ (1—P 1 )k1 

, wh i ch is also

derivable from the two results above for a1 
> 0 and a1 = 0 by substituting

a — c in the equations.
D

It is seen that the solution of PA (a, c, p) for a 
5- c < 2a, a > I

is fairly involved . There is no known general sol ution of PA (a, c, p)

for general module characterIstIcs. The next higher class of module

characteristics presents a more complex state graph . This is the

case for [c 
- 

I] — 2, where 2a < c 5- 3a and a > 1. An exact solution

for PA (a, c, p) was not obtained because of the 
complexity Involved .

Instead an approximate solu ti on for large m was favored, although this

is still relatively complex. The comp lexity arises in obtaining P
3
.

Notice that for large m, a1 ~ a2. 
Hence assume that a1 cz~ • a.

I

~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ ~~. — - ~ 
. -. -

~~~~~~~~~
--.. ._______________
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Figure 3.5.3 Reduced Line State Graph , Gj(a, c), for a < c 2a and a > I ,
w h e r e m — l a n d t — N

I

I
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Theorem 3.5.4 If a
1 
Z a2, and (a , c) is such that 2a < c < 3a,

a > 1 ,
1 — P1c, ~) — 

p(l—P 1) —

I + (i—P 1 )k1 
+ ~~~~ (1 — (l_cz

1 )
C a 

+ k2]

for a ~ 0, where k 1 — 
p ia ~ an d k2 — 1 - [1 + a(c-a)] (I_a)~~

2a
.

Proof: Figure 3.5.4 illustrates the reduced state graph , G~ (a, c)

for 2a < C < 3a. An example is shown for the (a, c) (2, 6) case in

fi gure 3.5.5. in the following analysis , a1 and a2 are replaced by a.

Apply ing l emma 3.5.4 to G~(a, c) of fi gure 3.5.4,

c-2a-l
E(l) + ~ E(l , a+l+l) — 

~~ 
1.

1-0

From an InvestIgation of the idle line states representing the busy modules

on Idle lines in G~,(a, c) and app ly ing l emma 3.5.5,

c-a- l c-2a-1 c-2a-i- 1
E(BM/IL) — Z E(a+i) + 2E E E(a+j, 2a+j+1). . . . 2.

lao i—o j—o

But E(a+j, 2a+j+i) — (l-a)~ E(a, 2a+i) and E(a, 2a+i) 
a E(l , a+i+i),

n—l i l — r ~hence substItuting and using the relation ~Z0
r — I — r’

c—a—i c— 2a —l , ~c—2a—i
E(BM/iL) — E E(a+i) + 2Z I — 

~1—a, E(l , a+i+l). . . 3.
1—0 1—0

Cons iderIng the single element idle line states in the state graph ,

E(a+I+1) — (I—a) E(a+I) + (1—a) E(a+1 , c—I), for

0 < I 5- c—2a— l 4.

and E(a +i+l ) • (1~a) 
(c-2a—1 ) t (c— a) , for c— 2a—I < I < c-a—2 .

This can be rewritten as

E (c—a+I) — ( I—a ) 1 E (c—a) , 0 < I < a—I.  

~~~~ ~~~~~‘ -- ~~~~~~~~ -- - ----- .. ~~~~~~~ -- . -_
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(5) FP-5406

Fi~jure 3.5.5 Reduced Line State Graph , G~(2, 6), where —

I
I
I
I
I
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Hence
c—a—2 a—I a—i
Z E(a+i+I) E E (c—~+i) = E (I—a) ’ E(c—a)

i—c-2a-l 1=0 1=0

c—a—2 
- — 

a
Z E(a+I+l) = 

1 (1 a) E(c—a ) 5.
i—c-2a-l a

From the nonacceptance of two-element states,

E(a+i , c—I) = (I-c&)1 E(i , c—a—i), 0 < i < c—2a—l 6.

Substituting for E(a+i, c-i) In equation 4,

E(a+i+i) = (I—ct) [E (a+i) + (I—ct)1 E(1 , c—a—i)] 7.

It can be shown from equation 7 that in genera l ,

c-2a—l
E (a+i) = (1— a)  (E(a) + E E(l , a+j+l)], 1 < I < c—2a . . . 8.

J—c—2a- i

Cons i dering the transitions to the two—element acceptance states, for

0 < I < c-2a-1 ,

c—2a-i- l
E(l , a+i+1) = c&( E(a+l) + E E (a+i , 2a+i+j)] 9.

j—O

But , E(a+i , 2a+i+j ) — (l-~a) 1 E(a , 2a+j ) — (l_ct) i E(l , a+j+l),

hence, substituting for E(a+I , 2a+i-fj) in equation 9,

c—2a—i— I
E(1 , a+i+l) = a(E(a+i) + Z (l—ct) E(l , a+j+l)] 10.

j -o -

SubstItuting for E(a+l) from equation 8,

J E(l , a+i+1) — cz(1—u) (E(a) + Z E(l , a+J+1)] 11 .
j—o

Since E(a) — E( l)  and from equation I ,

E(1 , a+l+l ) — cx(1 a)
1 

~~A’ 0 < i < c-2a-l 12.
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The first term of equation 3 can be rewritten as

c—a—i c—2a- i c—a—I
Z E (a+i) = Z E(a+l) + Z E(a+i) 13.

i=0 laO i—c-2a

From equation 8,

c-2a-l
E(c—a ) = ( l_ ~ ) c

~~ [E(a) + E E(l , a+j+l)]
Jao

Recognizing the bracketed term as
c-aE(c—a ) = (1—ci ) 

~• A  14.

From equation s 1 and 12 ,

c-2a— I
E(1 ) + aPPA Z (l~a) 1 

=

1—0

Si nce E(l) E(a), eval uating the above expression ,

, c—2aE( l) — E(a) — ~1 )  
~~~ 

15.

From equations 8, 12 , and 15,

c 2a c-2a-l
E(a+i) = (1—ct) 1 [(1 —ct) 

— 

~~~ 
+ Z a(l a)
j~’c-2a- I

IE(a+i) = (1-a) 1 

~~ 
((1~~)

c—2a 
+ (l—ct)~~

2
~~

’ - (I...~ ) c—2a ]

c- 2aE(a+i) — ( i — c t )  
~~ A ’  0 5- I < c—2a 16.

CombinIng equations 5, 14, and 16 , equation 13 become

c-a-I c-2a-1 I
E E(a+l) — ~ (l_ ~)

c— 2a P 1 — (1_ ~)
a 

• (I c—a-a)alaO 1—0 1
c-a-i
Z E(a+i) — [(c—2a) + I — (1~~ )a 

( 1 c-2a-a) 
~~~ 

17.
1—0

I
I

_ _ _ _  
- ——-
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Substituting for E(l , a+i+i ) from equation 12 i nto last term of equa-

tion 3,

c—2a— 1 1 - (1 c—2a— i c-2a—l c—2a—la) . (1—a)’ 
~~ 

— 2pPA[ E (1 —a)’ — ~~ (l_ ~)~~
2a]2~ a

lao a 1—0 i—O

c-2a c- 2a 1=2(1 
— (1~~ — (c—2a) (1—a) pP . . 18.a A 

Combining equations 17 and 18,

c-2a (
~ )

c_2a
— ~ ([,_ (I_ ~)

a] - a(c—2a)} a2( 1  — (1—a) IE(BM/ IL) a

Therefore ,

I — (~_~)c—a l— [1+cz(c—2a)] (l~U)
c—2a

E(BM/IL) — ____________ _______________________

a ~~~~ a ~~ 
. 19.

Hence similar to the proof of Theorem 3.5.3,

1 — P1PA (a , C, — p(l— P 1 J 
for a ~ 0

I + (1—i’ 1 ) k
1 
+ Na 

— ( l_ ~ )c-a 
+ k2]

~~~-1)where k1 
= and k2 — I — [1 + a(c_2a)](l_a)c2a . 

0

For a a 0, a good approx imat ion is the result of Theorem 3.5.3 for

a1 = 0, especial ly for large N.

in genera l , the complexity of the analysis increases with 
; ij •

3.6 Bounds on PA (a, c, p)

It was seen in the last section that obtaining PA (a, c, p) forI genera l module characteristics is a formidable prob l em. However, upper

I
I 

~~~~~.— - - ——-- . —-——-— 
~~

—— - - — -- —
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and lower bounds can be obta i ned for PA (a, c, p) wh i ch g ive a rough esti-

mate for design purposes.

Theorem 3.6.1 The maximu m performance memory configuration for any

(a , c) is (2., m) = (N , i )  and for this configuration ,

1 — P 1 p(c-l)
~~~, 

p) a 
+ (i-P 1 )k’ 

where k

Proof: It Is trivial to show, since increas i ng 2. cannot decrease per-

formance, that the maximum performance memory configuration is (9., m) —

(N, I). In this case, since £ = N, we can use the state transition dia-

gram of fi gure 3.5.3 to evaluate E(BM/IL). Figure 3.5.3 is repeated in

figure 3.6.1 for conven i ence. Notice that when 2. = N, m = I and a line

cannot accept a request unless the module on that line is idle. From

figure 3.6.1, E(BM/IL) =~E
1 E( i ) = (c—a ) E(a ) ,  since E( i )  — E( i+1) for

1 < I < c—2. = E (1) a ~~~~~~ = E(a). Therefore , E(BM/IL) a p(c-a)PA .

Hence,
p (c-a) PAP a

3 N(I—P )
p a—1

Using Theorem 3.5.1 and substituting for P2 = and 2. = N ,

1 - P  
_ _ _

1 , p(c-I)
— 

+ (l-P~)k 
where k — N 0

Notice that this result is i ndependent of a. It Is intuitively I
obvious that PA (a, c, p) is a monoton l cally nondecreasing function in 2..

Although (2., m) a (N, 1) is the maximum performance configuratio n , this

configuration is often undesirable for 1y~e N because of the cost in-

curred by increasing 2 . Bounds on PA (a, c, p) for the general memory

configuration will be considered .

— —  ~~~~~~~~~~~~ ~~~~~~~~~~~~~~~~~~~~~ - --- ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~



— 11 3 —

___ _____ 1 
~ 2)~~~~ 

- - 
1 
~(a)1

Fp-52S4

* 

Figure 3.6.1 Reduced Line State Graph , G~(a, c) , where 2. — N and m a

I
I
I

II



- 114 -

Theorem 3.6.2 For any (a, c) and p > 1 ,

PA (a, c, p) 
>

where ~ — I + ( l-P 1 ) ( k 1+k2), k 1 = 
p(a— l) and k2 = 

p(c-a)

Proof: It is easy to show that at any time Instant , the expected

number of busy modules is p(c - 1
~~A

• ~~ these , p(a - 1)PA are clearly

on busy lines and of the remaining p(- — a)PA busy modules , let 8 be

on busy lines , where 8 > 0. Thus there are p(c -a)PA 
— 8 busy modules

on Idle lines . Since p
3 

= (number of busy modules on idle lines)/(number

of modules on idle lines), = 8 
, where 9.idle 

—

idle
from corollary 3.5.2.1. Using the expression P2 and Theorem 3.5.1.

1—P + (7-P )~ ,ip~
a, c,p) —

1 — P
Therefore, PA (a, c

, p) >

Similarly, an upper bound can be obtained for any (a, c) and p > 1.

1 — P
Theorem 3.6.3 For any (a, c) and p > 1 , PA (a, c, ~ i + i~

_
~ )k

where k1 =~~~
a
~~~~~. 

1 1

Proof: From the proof of Theorem 3.6.2,

I— P 1 + ( 1 —P 1 ) 8/ N
PA (a , c, p) — 

+ (1—P 1
)( k

1 +k2)

where 0 < 8 <  ~, k1 
— 
p(a ~ and k2 

— 
P(c

N

_ a) The maximum PA (a, c, p)

occurs when N — ~. In this case , — k2 — 0. Hence, I
I
I

~~~~~~~~~~~~~~~~~~~~~~~~~ ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ ~~~~~~ 

— 

-.
~~~~~

—---—
~~~~~~~~~~~~~~

-
~~~~~ 
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PA (a, c, p) — 1 + (l-P 1)k 1
Therefore,

PA (a, c, ~ 1 ÷ (l-P 1 )k 1 0

Hence for any (a, c) and p > 1 , < P
A (a, c, ~

) 
~~
- I + (l-P 1 )k1

Thus for very large N, the effect of referencing a busy module

on an Idle line is negli gible.

Let us denote the upper and lower bounds of PA (a, c, p) by PA (U)

and PA (L) respectively. Hence,

P
A

(U) 
1 + (1-P 1 )k

1 
PA (L) - I + (i-P 1

) ( k 1+k2)

where k1 = 
p(a - ~ and k2 — 

P(C
N

_ a) Then, PA (L) - 

PA (u) 
— k2.

Hence

P (u) - P (L)

PA (L) a k
2 PA U

Therefore,

PA ((J) - PA (L)

PA (LJ 
x 1O0~ a 100k2 PA (U) = DZ

Since PA (U) 5- 1 , D < 100k2 — 
lOOp(c a) wh i ch Is independent of the con—

- — 
figuration . Notice that for small 2., PA (U) << I, hence D << 100k 2. For

examp le, If (a, c) — (3, ~), p — 8 and N 
a 1024, then D < 4%. Since

S i nce k2 — 
p(c - a) D will be very small for large N. Hence for large

N, the lower bound may serve as a good estimatIon of PA (a, c, p).

However , another useful upper bound will be presented .

_ _  - - -

~~~~~~~~~~~~~

- - -

~~~~

-

~~~~

. - .- - . 

~~~~~~~ 
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Theorem 3.6.4 For any (a, c) and p > 1 , PA (a, c, p) < m m  (1 ,

Proof: In a successive STUs, the expected number of accepted re-

quests is aPPA . Since these accepted requests must refer to distinct

lines , apP < 9.. Thus P < -~~ —. Since P < 1 , the theorem follows . 0A —  A — ap A —

This upper bound will be useful in eval uating the effectiveness of

buffering the requests wh i ch will be discussed in the next two chapters .

I

• —.~ — - - . — — . — — — - - .—--=
~

-- - —. ---- — ~ . ~~~. —-- - - -———-— .-.--—-—- - -- -— - ———---- _____
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4. SIMULATION OF BUFFERED AND NONBUFFERED REQUESTS

4.1 IntroductIon

In the previous chapter , it was assumed that rejected requests

were discarded so that the i ndependence and randomness over a un i form

distr ibut ion assumption could be justified . Despite these assumptions ,

it was seen that the complex i ty of the Markov model increased with

and it become very difficult to obtain analytic results for classes

of (a, c) such that 
L~~
1i > 2.

In this chapter, two practica l cases of request schemes will be

Investiga ted. In practice , rejected requests are not disca rded . Hence

one case to be Investigated is th~ nonbuffered request processor (NRP)

system, in which rejected requests are not discarded but resubmitted

later. The other case is the buffered request processor (BRP) system,

in which requests are buffered before be i ng selected for service . Such

practical cases are very difficult to model anal ytically, hence no

analytlca i results have been obtained. However, experimenta l modeling

to eval uate the effectiveness of buffering requests and resubmission of

rejected requests on performance are InvestIgated in this chapter.

Simulation of the NRP and BRP systems will be used to obtain ex-

perlmental results . The effect of the following parameters on per-

formance will be Investi gated.

(a) Read and write relative module characteristIcs (ar, Cr) and

(ak, c~
) respectively

(b) Memory confIguration (2., m)

I

• ~~*. 

I
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(c) Processor order (s, p)

(d) Memory size , N

There are two kinds of memory requests Issued namely, read and

write requests. A read request takes ar and C
r 
segment time units to

complete its address and memory cycles , respectively. Similarly a

write request takes aw and c segment time units to complete its

address and memory cycles , respectively. It is assumed in the simu-

lation model that the proportion of read requests to write requests is

2:1. Hence the effective module characteristics are (ac, c), where

ae = 2/3 ar + 1/3 aw and cc = 2/3 Cr + 1/3 cw. For the case studies ,

it is further assumed that the read address cycle is equa l to the write

address cycle. Hence a a a — ae r w

The processor system consists of p parallel pipe lined processors,

where each processor is divided into th ree units namely, the preprocessor

or address generation unit (AGU), the process state unit (Psu) and the

processor or execution unit (EXU). Each AGU consists of one segment

and hence takes one segment time unit (STU ) to complete its processing

step.

The PSU consists of Cr segments in series and acts like a shift

register , where Cr 
Is the read memory cycle. Each segment contains the

process state vector of a distinct process. The process state vector

may contain such informatIon as the request status , function , address ,

and priority. Since each process state vector of a process traverses I
all cr segments, the PSU takes C

r 
STUs to complete its processing step.

The EXLJ consists of two segments In series and takes two STUs to

complete Its execution step. It should be pointed out that the total

1
•
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number of segments in the EXU and AGU can be increased with little or

no difference In the s’mu latlon results. Therefore, the instruction

cycle , s — C
r 
+ 3, is fixed for a g iven pair of modul e characteristics .

If the first segment contains the Ith process state vector , then the

jth segment contains the process state vector corresponding to the

(I + j — I) mod (C
r 
+ 3) process. The contents of the shift register

are shifted and updated once per Sm.

The AGU generates requests, their addresses and request functions ,

namely, read or write. The following assumptions are made regard i ng

request arrivals to the memory system.

(1) The arriva l time distribut i on Is constant with p requests

issued at the beg i nnIng of every Sill.

(2) Each new request chooses its address from a uniform dis-

trIbution from 0 to N-i .

Once a request Is issued , it stays in the processor memory system

until serv i ced to completion . At the completion of serv i ce, a request

is terminated and ceases to exist in the system.

Read requests, which are typ ically instruction or operand fetch

cornnands, require postprocessing, whereas wr i te requests, which are

typ i cally store corrinands, do not require postprocessing. Hence after

an accepted read request fetches the Instruction or operand from the

memory , it Is operated on by the segments of the EXU for two STUs. The

completion of the execut ion in the EXU terminates the servicing of the

accepted request.

On the other hand , an accepted write request takes one write memory

cycle , c~ STUs , to complete its serv ice In the memory. Usually, C
w

> C
r s

I
I 

- — —-~~ -~- — ~~~~~~~~~~~~~~~~~~~~~~~~~ -— -- . — .__________________
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In order to simplify the sequencing prob l em of the simulation model ,

it was assumed that Cw = C + 2. Thus simu l taneous read and write

requests wh i ch are accepted by the memory system will eventuall y term-

inate their services concurrently. That is , while the accepted read

request is about to beg in its execution in the firs t segmen t of the EXU ,

the write request, which was accepted simu l taneously with the read re-

quest , will have exactly two more STUs to complete its memory cycle.

Moreover, this sequencing is consistent with a fixed instruction cycle

assumption for read and write instruction cycles. Furthermore , it also

prov i des for synchronous cycling of the pipel ined processor.

It should be noted that the EXU of each processor retains the pro-

cess states of processes currently being executed. Furthermore , It

typically serves two additional functions , namely, as an Instruction

decoder and as an instruction execution unit. Hence read requests which

are instruction fetches, may use the EXU to decode the instruction .

Similarly, a read request wh i ch is an operand fetch may use the EXU to

execute the instruction .

The p simultaneous requests with their addresses are processed In

the accept/reject logic to determine wh i ch of them are acceptable re-

quests. That is , the accept/reject log ic determ i nes wh i ch of the p re-

quests reference idle modules on idle lines . These acceptable requests

are then subjected to MAIC tests in the priorIty network to resolve

mult ip le access line collisions wh i ch are due to one or more acceptable

requests referencing the same line . The output of this test is the set

of accepted requests wh i ch reference distinct idle lines and idle mod-

ules.

.
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Since we are interested mainly in the overall performance of the

processor memory system and not In the relative performance of one pro-

cessor over another , the service discipline becomes irrelevant. How-

ever, for experimental purposes, a simple priority scheme Is devised

for the service discipline . This scheme assi gns priorities to diffe rent

processors such that processor i has priority over processor j, for

I < j ,  in accessing a line whenever a multiple access line collision

occurs between requests from processors i and j. This priority scheme

does not affect the total system throughput. However, other priority

schemes may be des i rable In practice . The overall performance results

are still app licable .

Subsequentl y, the accepted requests are dispatched , tirough a

p x 9. crossbar sw itch , to their respective addressed modules . It is

assumed that it takes zero STU to perform the above preacceptance rou-

tines . One or two STUs could have been assi gned to processing these

rout i nes. The effect would be to increase the instruction cycle , s.

This increase may affect the transient probability of acceptance of a

request in the NRP system because a rejected request is resubmitted S

STUs later. However, It would have little or no effect on the steady

state p robability of acceptance of a request.

The performance of a para llel-pipe lined processor of order (s, p)

having access to an (2., m) memory configuration with effective module

characteristics (as, ce)~ 
Is based on the following parameters:

(1) The probability of acceptance, 
~A 

(a, c, p)

J (2) The expected average walt time of a request from arriva l

to acceptance.

I
I
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The above performance eva l uators are applicable to both NRP and BRP

systems. In addition , for the buffered system , we also consider

(3) The expected average queue length.

The proba bility cf acceptance is the probability that a typ ica l request

wh i ch arrives at the memory will be accepted . The throughput of the

processor memory system is proportiona l to the probability of accept-

ance , when the number of p rocesses wh i ch request memory within one

effective memory cycle is held fixed and the memory cycle is fixed too.

Since fixed priorities are assigned to processors , a processor

with a hi gher priority will exhibit lower expected wait time and smaller

expected queue length . In order to take into accoun t the effect of

the priority scheme employed , the expected averages of the wait t i rv~

and queue length are computed . The expected average wait time g i ves

an ind i cation of the turn around time of a request. A small expected

wait time is of necessity in many rea l time environments.

The expected average queue length is a function of the proportion

of read to write requests and the priority between them . Although the

proport ion of read to write requests is fixed in this model , the rnaxi-

mum buffer size for each processor is assumed to be infinite. Further

discussion on the queue l ength is presented in section 4.4.

For each simulation run of the model , the probability of acceptance

and the expected wait time are reported for each memory configuration .

Notice that if the total number of memory modules , N, Is 2”, there are

n + 1 distInct memory confi gurations . For a g i ven N , all the possible

memory confi gurations were simulated. Two different sizes of memory

systems, name l y, N — 64 and N — 1024, were simulated for four processor

~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ - ~~ - - _ _ _ _ _ _
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systems with p — 1 , 2, 4, and 8, and five sets of modu le characteristics

namely, (ar, cr
)/(aw, c~) = (1 , 4)1( 1 , 6), (1 ,2)/(1, 4), (2, 2)1(2, 4),

(2 , 4)1( 2 , 6) and (4, 4) 1(4 , 6).

In each case, the simulation was performed for a fixed numbe r of

instruction cycles because of simulation costs . However, the simulation

was exercised for a hi gher number of Instruction cycles in selected cases

and i t  was found that no si gnificant changes of 
~A 

(a, c, p) occurred

after the fixed number of instruction cyc l es. Hence it was assumed that

the results obta i ned for 
~A 

(a, c, p) represent a steady state va l ue

for most practical purposes.

4.2 Nonbuffered Request Processor System

In the nonbuffered request processor system, when a request is

rejected , its process is blocked for Cr + 3 segment time units.  The

rejected request is resubmitted one instruction cycle later with the

same address. This procedure of resubmission of a rejected request is

repeated until the request Is accepted whereupon its process is un—

blocked . However, when the process is unb l ocked, i t  cannot issue a

new request until the instruction cycle of the accepted request is

r completed.

Figure 4.2.1 shows the model of the nonbuffered request processor

system with p = 1. When a request Is accepted or rejected, its state

I’ is stored in the first segment of the process state unit wh i ch is

shifted to the right every STU. In addition to the address of the re—

J quest, it s process number an d func t ion , the state of a request Includes

a status flag wh i ch indica tes whether the request was accepted or

. 1 
~~-.,- - —~~~~~~~~~~~~~~~~~ - -~~ .—- -—-- --- - _ _ _ _
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rejected. For a read request , the reques t state is transmitted to the

EXU segments after traversing the PSU segments for C
r 
STUs. If the

status flag of the request indicates a rejection , the instruction is

not processed , otherwise it is processed. The state of the write re-

ques t also traverses the PSU segments for C
r 
STUs. However , since a

write request requires C
r 
+ 2 STIJs for its servicing in the memory mod-

ule , the process state of the write request is introduced into the EXU

for 2 STUs but the write request requires no processing there.

In effect , each AGU and EXLJ contains reg isters for storing the

states of active processes associated with a processor. The PSU is

associated in time with the memory system unit (MSU).

This is not the onl y method of handling rejected requests between

resubmissions . Instead of the recycling technique discussed above, a

buffer could be used to store a rejected request for C
r 

+ 3 STUs and

retry the reques t at the beg inning of its processes next instruction

cycle. However, the contro l prob l ems associated with this intermediate

buffering techni que are rather more i nvolved than the recycling

tec hnique.

4.3 Buffe red Request Processor System

In the buffered reques t processor system, there is one buffer for

each of the p processors , each of wh i ch corresponds to s processes .

All the requests issued by the AGU of each processor are queued up in

that processor ’s buffer. Since there are s processes active in each

processor , the queue for a processor will contain a ll the requests from
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the s processes assi gned to that  p rocessor. Each reques t issued by

a processor joins the end of the queue for that processor, hence they

are buffe red in the order of their arrival. Figure k.3.l illustra tes

the BRP system for p 1.

Each segment time unit, the buffe red requests in each queue are

si multaneously scanned in the order of their arrival. in each buffe r,

the firs t acceptable request , that is , the firs t request whose address

corresponds to an idle line and module is selected for serv i ce. This

queueing discipline produces at most p acceptable requests wh i ch then

have to undergo the priority or multiple access line collision test

to determine which of the acceptable requests to accept into the

memory .

A process with a buffered read request is blocked until the re-

quest is selected , whereupon it is i mmediately unb l ocked . However, as

pointed out in the NRP system , the process which  has jus t been unblocked

cannot issue a new memory request unt il the service of the previous re-

quest has been terminated . A process with a buffered read request is

blocked because subsequent instructions or STUs of that process may de-

pend on the da ta read by the buffered request. Therefore there is a

dependency and further execution of that process cannot p roceed until

the buffered read request has been serv i ced.

Unlike the NRP system , a buffered write request does not cause its

assoc iated process to be blocked . A write request does not require

postprocessing . F ur thermore , the onl y dependency wh i ch may arise from

a wri te request is that an instruction from the same process (assuming in—

dependent processes) which follows the write request may cause a reference

to the same memory location as the write request.
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Recall again that exactly one request is issued by each p rocessor

every segment time un it. However, a t mos t one reques t per processor

is selec ted for serv i ce every Sit.). Hence every STIJ , at most one ser-

vic ed reques t is directed to its associated processor. Thus no col—

l is ions occur in the processor.

Since the requests in a buffe r are scanned in the order of their

a r r i v a l , a req ues t may be selec ted for service  before i ts p redecessor ,

provided the request does not reference the same memory loca ti on and

the preced i ng reques t was rejected. Hence , w i th i n  a p rocess , a request

may be serv i ced before its predecessor if the predecessor is a write

request. Notice that sir .ce a write request does not cause its associated

process to be blocked , it permits a new request arriva l from that pro-

cess. Therefore , execution precedence within a process may not be pre-

served . However, it can be shown that although execution precedence

within a process may not be preserved , the computational orecedence

maintained . Furthermore , the computationa l determinacy of a process is in

question only when execution precedence is not maintained within the

process. However , execution precedence is required between two requests

in a buffe r only if the requests refer to the same memory l ocation and

hence the same line and module. In such a case, the two requests must

be serviced in the order of theIr arr ivai.

4.4 DiscussIon

For the nonbuffered case, the probabil ity of acceptance , 
~A 

(a , c,

p) obtained from the simulation mode l is wi thin about 6~ of the correspond i ng

—
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analytic results , hence , the graphica l plots appear identical. Table

4.4.1 shows the ana l ytic and experimenta l results in juxtaposition for

(a, c) = (2 , 4 2/3) and N 64. Similarly, table 4.4.2 shows the ana-

lytic and experimental results for (a, c) = (2 , 4 2/3) and N 1024.

From the tables , it can be seen that the a n a l y t ic and experime ntal re-

sults are similar , especially for large values of N.

In general , the experimenta l results are less than their corres-

pond i ng analytic results unless the difference is less than the error

in our eva l uation . In addition , as p increases , the difference between

the experimental and anal ytic results becomes more apparent. For memory

configurations (2., m) such that 1 < 9. < ap, the maximum serv i ce rate of

requests, 9./a, is less than the request arrival rate, p, per STU. Hence

there is excessive reject ion of requests. In the experimental model for

the NRP system, the rejected requests are resubmitted with the same

module address one instruction cycle later. Hence the address distri-

bution is not un i form and there is a tendency to reference lines and

modules that cause the rejections more frequently without success.

Therefore, the p r o b a b i l i t y  of rejection is higher for the experimenta l

model.

It was pointed out earlier that the buffered case has not been

modeled analytically because of the i nherent comp lex ity, hence, we do

not have analytic results for the BRP system. However, the results of

the experimental model for the BRP system will be tested by a comparison

with the nonbuffered case. This will be discussed in more detail In the

next chapter.

I
I
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TABLE 4 .4 .1

~A 
(a, c , p) for (a, c) = (2, 2 2/3) and N = 64

Memory 
~A 

(a, c, p), p — 2 
~A 

(a, c, p), p — 4

Con f igura t ion f
(9., m) Anal y t i c  ~~Exper imental Anal yt ic Experimental

(1 , 64) 0.2482 0.2501 0.1241 0.1250

(2, 32) 0.4244 0.4058 0.2393 0.2204

(4 , 16) 0.6007 0.5745 0.3990 0.3764

(8 , 8) 0.7474 0.7438 0.5712 0.5434
( 16 , 4) 0.8487 0.8431 0.7190 0.6996

(32, 2) 0.9097 0.9044 0.8231 0.8077
(64 , 1) 0.9434 0.9316 0.8866 0.8774

TABLE 4.4.2

~A 
(a, c, p) for (a, c) = (2 , 4 2/3) and N = 1024

Memory 
~A 

(a, c, p), p = 2 
~A 

(a, c, p), p = 4
Confi gura t ion

(9., m) Anal ytic Experimental Anal ytic Exper imental

(1 , 1024) 0.2499 0.2501 0.1249 0.1250

(2, 512) 0.4280 0.4028 0.2416 0.2228

(4 , 256) 0.6072 0.5931 0.4047 0.3667

(8 , 128) 0.7568 0.7421 0.5822 0.5506

(16, 64) 0.8604 0.8578 0.7360 0.7315

(32 , 32) 0.9230 0.9233 0.8451 0.8414

(64 , 16) 0.9576 0.9551 0.9120 0.9149

(128, 8) 0.9759 0.9731 0.9493 0.9510

(256 , 4) 0.9853 0.9853 0.9691 0.9694

(51 2, 2) 0.9900 0.9902 0.9793 0.9784

(1024 , 1) 0.9924 0.9935 0.9845 0.9847

— .~ — - - - — - -.--~ -- - - -~~~~ --- - -- —~~~~ -— —- — - ---—— - —-— ——- -—-- —.—
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Since there is excessive reject ion of requests for memory configura—

tions (2., m) for 1 < 9. < ap, some rejected requests may wait in the sys-

tem unserviced i ndefinitel y. Furthermore , c(W) and c(Q) may not reach

steady state values in the simulation time period when 9. is near ap.

£(W) and ~(Q) are eva l uated as follows . Let c~ (W) be the expected

wai t  time of requests from processor j . Given that ~~ t i me request

(I , j) is accepted — time request (I , j )  is issued ,

R.

c.(W) — k - z’ t 1.J j i—l

where (I , j )  is the ith  request from the jth processor and S. is the

total number of requests issued by processor j. Hence the expected

average wait time is

c (W) — — E e~~
(W) ,

p
j=l J

where p is the number of processors. For some requests, t~~ cannot be

evaluated since the corresponding requests are still in the system

unaccepted by the end of the simulation .

In order to evaluate c(Q), let q~~(t) represent the current queue

length for processor 3. The expected queue length for processor J is

I
c.(Q) — E q (t) ,
J t—o

where I Is the total simulatIon time. Then the expected average queue

length is

Z e (Q) .
•

~;; 
~~ 

~ j—l

_ _ _ _ _ _
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In actua l computation , each time an entry is inserted in or removed from

the queue, the product of the old l ength of the queue and the interva l

of time over which this length existed is accumulated . if 9. < ap,

the queue length w ill tend to grow to infinity with time. Hence, it Is

i mpossible to obtain a steady state eva l uation of c(Q) In the finite

simula tion time period when 2. < ap.

— — _
.~~~~~~~~

_
~— -— --- --- ::- -— -.- .

~~ 
• —S • - S ~~~~~~~~~~~~~~~~~~~~~~ ___________ — — - - —
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5. ANALYSIS OF RESULTS

5.1 Introduct i on

In this chapter , the effects of varying the 9., N , a , c, p and ~r

parameters will be discussed with a view to understanding the des i gn

options available.

The primary performance ind i cator is the probability of acceptance ,

PA (a, c, p). PA (a, c, p) for a given memory confi guration represents

the system throughput as a fraction of the maximum possible. However,

in order to compare and contrast systems with differen t module charac-

teristics , (a, c), and processor order , p, the bandwidth is used as a

performance indicator.

Definition 5.1.1 The bandwidth of an (9., m) memory confi guration

accessed by a parallel—p i pelined processor of order (s, p) is the ex-

pected number of accepted memory requests in one memory cycle and is

g i ven by B(a, c, p) — pcPA (a, c, p), where (a, c) are the module

characteristics . 0

Hence B(a, c, p) represents the system throughput per memory cycle.

Notice that the bandwidth , B(a, c, p) is the effective parallelism in

the memory.

When the read and write module characteristics differ , the effec-

tive module characteristics , namely, (ae, Ce
)
~ 

w i l l  be used in place

of (a, c). To illustrate the effect of the segment time unit , r, on

I
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performance, it is help ful to express the bandwidth as the expected num-

ber of accepted memory requests per second . In this case B(a, C , p, T)

~~

. PA (a, c, p) requests/second .

A secondary performance ind i cator is the expected average wait time ,

6(W), wh i ch is the average time a request waits before it is serviced ,

assuming that all requests whIch arrive simultaneously have the same

chance of being accepted . ~(W) may be used in conjunction with PA (a, c, p)

or B(a, c, p) in the nonbuffered and buffered request processor systems

to eva l uate the effectiveness of various parameters . The expected aver-

age queue length , c (Q), is the average length of each queue , assuming

that all p processors have identical priority . c(Q) Is also used in

evaluating the effectiveness of the buffered case.

The effects of parameter variation on performance are discussed

primarily for the nonbuffered case. These effects can be easily extend-

ed to the buffered case. Since there is no exact solution for in the

genera l case, the lower bound is used occasionally to illustrate the

effects of some of the parameters on the p robability of acceptance,

PA (a , c, p).

It is Impractica l to show the combined effects of all the parameters

pictorially on a two—dimensional graph. A simplification , which is

adopted here, studies the effect of each variable on performance,

i ndependently.

5.2 Effect of Number of Modules (N) on Performance

The total number of memory modules , N, can be interpreted in two

ways. For a given memory size of M words , various memory confI gurations

_ _ _ _  _ _ _ _ _ _ _
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are obta i nable. By vary ing the size of the memory module , z, the

total number of memory modules , N , can be varied . Alternatively, the

total number of memory modules , N , represents the total size of the

memory if the size of the memory module , Z, is fixed .

In the discussion that follow s, M is considered fixed and hence

is irrelevant to the discussion that follows. The first interpretation

of N is of prima ry interest. The determination of the abso l ute memory

size , H, wh ich usually involves page faulting and memory hierarchy

considerations , is outside the scope of this research .

It is intuitively obvious that for a given number of lines , 9.,

and processor conflguration, (s, p), an increase in N Increases

However, the relative increase cannot be obtained intuiti vely. In some

situations , doubling N may not si gnificantly increase

Figures 5.2.1 , 5.2.2, and 5.2.3, wh ich were obtained from the re-

sults of theorems 3.5.2 and 3.5.3, illustrate the effect of N(> 9.) on

for 9. 4, 16 and 64 respectively. In general , an increase in N

increases the performance for given 9., a, c and p.

As N approaches infinity, the l ower bound on of theorem 3.6.2

approaches the upper bound on of theorem 3.6.3 as shown below. Recall

that 1 — P
1 

— [I - (l~~)~i ~~
. and the lower bound Is given by

1 — P
P (a , c, p) >A 

~~1 + (l-P 1) 1
pta-1) 

+ 
p(c-a)

1

I P IPA (a , c , p )<
— 

1 + 11-P ‘ p~a‘ 1’ 2.

II
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I — P
But the uppe r bound of theorem 3.6.3 says P (a, c, ~) < 

I , -

A 
I + (1—P 

~ 
p~a

Thu s, 1 9.

u r n  PA (a, c, p) — (1 — P 1 )/[1 + (1 
— p )  p(a—l)1

N-’

From the bounds expressions above, it is seen that for very large N ,

the memory cycle , c, does not have a si gnificant effect on Note that

c is usually a small number in most systems , generally less than 10.

Hence , for large N , 
~A 

is limited by 9. and p. The graphs also show that

the address cycle , a, h i ghly affects for large N. As an illustration

consider figure 5.2.1 , wh i ch Is for 9. — 4. Suppose that p = 4 and 
~A ~

required to be 0.4. Us i ng (a, c) (2, 4), N is required to be at least

256, whereas , if (a, c) — (1 , 4), N is required to be only 16.

For large 2. and small p, and for small 2. and large p, there is

progressively less payoff (increase in 
~~ 

to increasing N. However,

for small 2. and small p, and large 9. and large p, there is some signi fi-

cant payoff to increasing N. Fi gures 5.2.1 and 5.2.3 illustra te these

phenomena. It is obvious from a glance at the figures that the choice

of N is critica l in a certain range of memory configurations and processor

systems. However, It is clear that the cho ice of N cannot be made in—

dependently from other parameters . This discussion will be exemplified

by some case studies in section 5.8.

5.3 Effect of the Number of Lines on Performance

It is obvious from the collision considerations that an increase

L 

In 2. reduces the line collisions and multiple access line collisions and

hence increases the performance. Fi gures 5.3.1 and 5.3.2, wh i ch were

r
I.
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obtaired from the results of theorems 3.5.2 and 3.5.3, illustrate the

effect of the number of lines on P . for N = 64 nr .d ~ = 102L respectively.

For Z << p, the lines are saturated. Hence in this r e c c r .  there

is very little  payoff in performance to doubi ing 2~. It is obvious that

cor,figurat ions with 2.. < p result in pocr and her,ce undesiraHe perfcrn—

ance because of the excessive line satur aticn in this reg icn . Further-

more , the line saturation worsens as a increases.

There is a point cf inflection at 2. = p. For 2. in the re~ chL.orhood

of p and ap, there is a sig n i f ican t increase in P~ fcr an increase jr 2..

Hence this is the reg ion in wh i ch the partial derivative of with

respect to 2. is ~jreatest. Beycnd 2. = ap, 
~A 

is cl ose to I . f~er.cc, n—

crease in 2. increases which asymptotically approaches the upper bcund

of theorem ~.6.3. Notice that in this case the asymptote is

(I — P
1
)/[I + 

(1 — P 1~~ p (a—I)
1 wh ere 1 — P

1 El — (I —

5.4 Eff ect of ~oduJe Ch a racterist ics cn Performance

It is obvious that an increase in the address cycle , a , increases the

line collisi r ns , whereas an increase in the memory cycle , c , increases the

r cdu le collisions. Hence as a or c increases , the probability cf accept-

ance decreased’. The effec ts are , howeve r , mini ma l when 9. and N , respec-

tively, are sufficiently large .

Recall that a reduction in 2. increases the n-umber of line col lisicn s

and r rulti p l e access line co lli sions. Hence as a increases for smal l  9 ,

i s shar p l y reduced. As 2.. increases , the l i n€ collisions and multi ple

access l i n e c o l l i s i o ns are reduced a nd 
~A 

is less sensit ive tc an increase
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I
in a. Th is effect is illustrated in figure 5.4.1 , where 

~A 
i s p lo tted

against (a, 4) for a = 1 , 2 , 3 and 4 for various memory configurations.

Figures 5.4.1 and 5.4.3 were obtained from results of theorems 3.5.2

and 3.5.3.

The effect of a can also be explained somewhat anal ytically by

using the l ower bound formula for 
~A ’ 

wh i ch is

1 — P
1

1 + ( 1 — P
1

) [P)~~~~~ + P(C-a)]

There are essentially three regions of 2. in  wh i ch th e ef fec ts of a

are h i ghl i g hted . For small £ such tha t £ < p and £ << N , the l i n e s  are
9.saturated and L — . fence is inversely proportional to a. For

£ nearly N, an increase in a increases the ~~~~~ term wh i le  decreasing

the p(~~
a) term . The overall effect is a slight increase in the denomi-

na tor of the lowe r bound expression w i th  increase in a. Hence de-

creases sligh tly with increase in a for £ nearly N. When 2. = N , theorem

3.6.1 can be appl ied. It was seen then tha t for £ = N , 
~A 

is  indepe nden t

of a. Hence remains constant for £ = N as a increases.

In section 5.2, it was shown that is insensit ive to c for large

N ( >>pc). This insens i t i v i t y  Is illus trated in figure 5.4.2, which  was

obtained from results of theorem 3.5.2, for N = 256 and p = 4. It should

be noted that c cannot however be arb i t rari l y large , s ince c < s , wh ich

is the degree of pi pe lin ing.

The combined effect of a simultaneous increase in a and c is TH us-

trated in f igure 5.4.3 for c/a 2. It is also seen here that a is

cr it ica i in determining 
~~

I
I
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It appears that a reasonable conclusion is that in genera l, if N

is h i gh enough , varia tions in c have li ttle effect on for any confi g-

uration . If 9. is large or 2. is close to N , variation i n a has l i tt le

effect  on

5.5 Effect of Processor Orde r on Performance

The choice of p is very critica l in obtaining a reasonable perform-

ance . Once again , emp l oying the l ower bound formula for PA , the sensi-

tivity of to p can be eva l uated for some class of p. For large p

such that p >> 2.., (1 - t~ 0. Hence , 
~A 

~ a 
~2.~~_~~9. ~ 

~~~~~~ for l a rge

N. In this reg ion , 
~A 

is small. Furthermore , i nc r ea s in g p wi thou t l i n i t

decreases 
~A 

asymptotically to zero. This effect is illustrated in fi gure

5.5.1. However, for sm all p such that p << 2., (1 - 
~~ 1 - 

~~
-. Hence ,

P L~ . In this reg i on , P is close to 1. An increaseA = 
+ 

p(a-l)  
+ 

p(c-a) A
£ N

in p does not affect 
~A s ign i f i cant ly  as long as p << 9. and N > 9.. For

example , in figure 5.5.1, if (a, c) = (2 , 4), 2. 64 and p = 2 , an in-

crease in  p by l0O ?~ (i.e., to 4) decreases 
~A by less than 6~ . However ,

for sma ller £ or larger p, 
~A 

becomes more sens i t ive  as is evidenced for

2 . — l 6 or p l6 to 32.

The total number of memory modules , N , Influences the effect of p

on 
~~ 

An increase in N shifts the curves up, that is , toward = I

and f la t tens them, making them less sensitive to p. Similarly, the

sens i t i v i t y  of to p is accentuated by a decrease in N.

However , If bandwidth Is the performance cr ite r ion , then as i l lus-

trated in figure 5.5.2, an increase in p increases the bandwidth generally.

I
a
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The leveling off of the bandwidth curves for p > ~. also illustrates the

saturation e~ the lines. For p << 2 ., is close to 1 and an increase

in p increases the bandwidth alrrcst linearl y.

In surrrra ry , for  i > >  p and very large P~, P~ is close to I and is

not very sens itive to small variations in p. Hence the bandwidth in-

c reases al nos t l i nea r l y with p. As p/~ increases to 1 , P1 becomes ver y

sensitive to variation s ft p and there is a point of inflec tion in the

bandwidth curves in this reg ion . Once p ‘ 2.., 

~A 
decays asynptoticafly

to zero as p increases further. In this red o-n the bandw idth curves

flatten.

5.6 Effect of Procesccr Speed on Performance

The segment t i r e  unit , T, was not really considered explicitly in

the analytical or simulation models. However , its effect can be expla in ed

i n the fo 11ow i r~ ways wi th some examples. Recall that the abso lute and

relative modu le characteristics are (a0, 
c0) and (a, c) respective l y ,

wh ere a a nd c = r~i•Suppose the absolute module characte ristics (a0, c )  are g iven as

(200, 400) in nanoseconds. If T = 200, 1 00 and 50 nanoseconds , then

(a, c) = ( 1 , 2), (2, 4) and (i i , 8) respectively. In section 5.14, the

effects of (a, c) on the pro b ability of acceptance , 
~A ’ were disc ussed.

Recall tha t for large N and sm all va l ues of 2., a simultane ous increase

i n a and c decreases 
~A 

exponentially. Thus a decreas e in ~ causes a

decrease in  I n t h i s  case however , 
~A 

is not an approp riate perform-

ance indicator of the effect of t since decreasi ng t a lso incr eases the

(
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rate of requests to the memory . Instead , t he absolute bandwidth ,

B(a , c , p, T), is adopted as a measure of performance . B (a , c , p, T) =

c , p).

Three examples are developed below to assess the e f fec ts  of de-

creasing T. These correspond , respectivel y ,  to a constant request rate

assumption , a h i gher request rate assumption , and a un i f o r m l y  fas ter

p rocessor/memory system assumption.

Suppose , fo r a f i r s t exam p le , the n umber of p rocesses w h i c h  reques t

memory w i t h i n  one memory cycle is f ixed  a t  I~ as t varies. Then I
~ 

= PC.

Therefore doubling the speed of the processor (halving T) doub l es c and ,

i n effec t, halves p T n order to keep 10 cons ta n t .

Hence B(a , c, p, T) can be rewri tten as 
~~~~~

- PA
(a, c, p) !2. PA (a, c , p)

where  p is proportional to I and c is inversely proportional to T. Fi gure

5.6.1 , wh i ch Is obtained from results of theorems 3.5.2 and 3.5.3, i l l us-

trates the example given above for I = 8, (a , c )  = (200, 400) ns , N =

256 and p goes from I to 14 as~ goes from 50 to 200. Observe that an in-

crease in the speed of the processor (decrease in T), reduces the band-

w i d th espe c i a l l y  for con f i g u r a t ion s wi th sma l l  2.. For large values of 9..,

the reduction is less noticeab le. Recall that a reduction in p i ncreases

the probabi l i ty  of acceptance . The reduction in the bandwidth is due to

a comb i na t ion of the cont rary  e f fec ts of red uc i n g p w h i l e  inc rea s ing

(a , c) simul taneously as the speed is increased (t is decreased) .

The above example illus trates one important factor. For a constant

a dec rease in processor speed increases p and decreases c simultane—

ously. For the constant ~ assu mp t ion , doub l ing I halves s. Hence sp

is constant as t changes. Unde r the constant !~, restrictio n , i t can be

I
— -!--_ — -

. 
~~~~~~~~~~~~~~~~~~ - 

—
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deduced from figure 5.6.1 that increasing I increases the bandwidth.

Hence for a constant sp, bandw idth is maximized by maximizing p. In

the above example , a chang e i n I corr esponds to ph y s i c a l ch anges i n

the processor des i gn.

Consider a second exa mpl e in wh i ch 1
0 

is not fixed . Assume that

N, p and (a0, c0) are fixed but t varies. Note that s will still vary

inversely with I and therefore may necessitate major changes in the

processor system . Fi gure 5.6.2, wh i ch is  ob ta ined  f ro m resu l ts of

theorems 3.5.2 and 3.5.3, illustrates the hi gher request rate example

for N = 256, p = 14 and (a0, c0) 
= (200, 400) ns. In this case, an in-

crease in the processor speed increases the degree of pipe l ining, s,

and the rate of requesting memory. In general , an increase in the pro-

cessor speed increases the bandwidth. For large 2., 
~A 

approaches 1 and

the bandwidth is inversely proportiona l to I.

i n a th i r d  example , i t is assumed tha t 1
~~
, N , s , p ,  a and c are

fixed . Decreasing T then simply corresponds to faster clocking of the

processor. Furthermore , decr easi ng I requires a proportional decrease

in (a0, c0) so that (a, c) is fixed . For an example , le t N = 256, p = 4 ,

and (a, c) = (1 ,2). PA
(a , c, p) is a constant for a g iv en memory con-

figuration as processor and memory speed changes. Figure 5.6.3, w h i c h

is obtained from the results of theorem 3.5.2, shows the effect of the

processor and memory speed on the bandwid th for v a r i o us memory conf i gura-

tions. In all confi gura tions , an increase in speed (decrease in r)

incr eases the bandwidth proportionally. Notice that the bandwidth relative

— to the memory cycle is constant for a g iv en (9., m) as the speed

changes . In fact , doublin g the speed doubles the absolute bandwidth.

I
I

a
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This is expected since doubling the processor speed necessitates a new

memory nodule whose absolute module charac teristics are half the

previous ones. In this example , a change in the processor speed w i l l

therefore require a change of the old memory systerl to a new one as

explained above.

5.7 EfFect of Buffer ing on Perforrarc~

For any configuration , the buffered schene produces as good or better

probability of acceptance , than the nonbuffered schene. All illus-

trations in this section are obtained from simulation results. Examples

are illustrated in figures 5.7.1 and 5.7.2. Recall that a processor ’s

buffer is scanned every STU fcr an acceptable request. This process is

more likely to produce an acceptable request than the recycling techni que

or the NPR system . Hence for the BPR system , a rejected request remains

in the queue which is rescanned the next STU , thus , giv ing the rejected

request another trial if none of the preceding requests is an acceptable

request.

Fi gures 5.7.3 and 5.7.4 give a very good indication cf the effect of

buffering on the bandwidth for N = 614 and N = 1024 respecti vely, for

(a , c )  = (2 , 14.67). Recall tha t (a , ce) are the effective module

characteristics which take into account the read and wri te module charac-

teristics and request distribut i on. A point of inflect ion occurs at 2. =

p. For 9. < p , the lines are saturated , resul t i ng i n excessive b lock i ng

of processes. f~g a i n , a configuration with 2. < p is not des i rable .

In gene ra l , the bound of theorem 3.6.1s applies to the buffered case

as well as the nonbuffered case. An example of this bound Is shown in

— - - - S -,——~~~~
----.-__ . .

~ — - - —--- - -- 
- - - - -
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f i gure 5.7.5 for N = 10214. As can be seen from figures 5.7.3 and 5.7.14,

bufferin g tends to have its max imum effect near 9. = ap, where the upper

bound on the bandwidth from theorem 3.6.4 is very weak for the nonbuffered

case. For small 9. and large N , the bandwidth of the nonbuffered case is

c lose to the bound, ~mp 1ying l i ne saturation. In this case , b u f f e r ing

has little effect. For large 9. and N , 
~A 

approximates I in the nonb uf fe red

case as shown in figure 5.7.2. Again , b u f f e r i ng canno t i mprove 
~A

n i f i c a n t l y. However, i f  p is lar ge so that cp is close to N , b u f fe r i ng

can i mprov e the bandwid th si gnificantly when the lines are not saturated ,

as show n i n fi gure 5.7.3.

All the parameters discussed in earlier Sections affect the perform-

ance i n the buffe red scheme as they do in the nonbuffered scheme . For

examp le , fi gures 5.7.6 and 5.7.7, when compa red with 5.7.3 and 5.7.1+ ,

i l l u s t ra te the effec t of r educ ing  the addr ess cycle , a , from 2 to 1. It

is seen that this change increases the bandwidth for small values of 9.

in both schemes. However , s in ce c rema i ns con stan t , the maximum bandwidths

are iden tica l for a 1 and a = 2 and occurs at 9. = N. In effect , the

bandwidth curves for a = 1 level off much earlier than their counterparts

for a = 2. The overall effect of red uc i ng a is to achieve a higher band-

wid th for configurations with sm all 9..

Buffering can thus most effective l y be used for two purposes . One ,

to increase the performance of a configuration with 9. in the vicinity of

ap. Two, when .‘IL. exceeds ap, buffering may be used to main ta in bandwid th

while reducing 9.. In the nonbuffe red case , a rejected reques t canno t

( make a retrial In less than an instruction cycle length , whereas , the

interva l between retr ials of a rejected reques t in the buffered case is

I
0
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less than an instruct ion cycle.  Hence buffer ing has a smal ler expec ted

average wait time of a req uest , £(W), as ev i de n ced in  the exam p les of

f i gu res 5.7.8 and 5.7.9. These curves which are derived from sim ulat ions

are show n fo r the more sta b l e  re g io n , name l y 2. > p, for which the simu-

la tion reaches steady state eas ily. As N increases , c(W) decreases.

Buffering also tends to have its maximum effect on c(W) for 9. in the

vicinity of ap.

Al though the maximum queue length allowable for each processor in

the simulation model is infinite , the expected average queue length ,

c(Q), is quite small in these examples. Fi gures 5.7.10 and 5.7.11 illus-

trate the expected ave rage queue lengths for various memory configura-

tions and processor orders with (a
e
, c )  = (2, 4-67) and N = 64 and

N = 10214 respectively. Increasing N decreases e(Q) especia lly for large

2.. The read and write request distribution also affects the queue length

as exp l a i n ed in sec t ion 4.3.

5.8 Ilesion Tradeoffs

In this section , ce r t a i n concepts for  des i gning a paral lel—pipelined

processor-memory system are introduced by way of examples. Various op-

t ions open to the designer in meeting a requ ired design object ive are

i nvestigated . Since the number of parameters is large , the number of

available options is so large that i t wou l d  be imprac t ica l to cons ide r

all the pcssib le opt i ons and derive a rigorous design methodology that

can be app l i cable to the general case. However , a des i gner ca n make

appropriate decis ion s at various stages of the design to reduce the num-

ber of op ti ons and make the des i gn prob l em less  d i f f i c u l t to h a n d l e .

I
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Often the cost—pr rfcrnar~ r c ’ a desHr is the criteri on used to

eva l uate the merit of the desi qc. “- de si~~r —a y have ~ery hi gh per orn-

ance , but nay not be ecor.cnicall y f ~~a s f t l e . Furthermore , it may not

be technolo g icall y attainable. For cxanp l~~, as the secment tine unit ,

~~ , approaches zero , the bandwidth appr oaches in c i n i t y .  Eventua ll y

proh ib i tive cost y ie ld s to techrolog ical im p ossibility as pe rformance

is dr iven h i qher. Economi c factors and technolog ical constraints mus t

be consider ed.

c~n incr ease in the nurber of lines , ~
‘ , recu ires a more expensive

l i ne c~ coder to decode the l ire addresses. Recall that the number of

gates in a p by 2.. crossbar switch system is proportional to p2 . Hence

an increase ft 9.. or ~ increases the cost of the crossbar switch m~i~ rix.

In addi t ion , ar increase in p increases the cost of the processor sys-

tem , aithouch it also increases the bandw idth of the system . Frc-~ prc-

vious discussion , it was seen that an increase in 9. increases the prob-

ability of acceptance of a request. An increase in 2. increases tne

number of line drivers that are required to drive the rc’~ule addresse s

down the lire. Line drivers are also recuired tc drive the data on the

data buses. The Tine driver c a p a - il ty depends on the nuroer of r~cr- cry

r-~du 1es , n, on each l i ne. As m increases , the requ~ rcd line driver cap-

abi l i t y  mu st increase and may resu lt in a hig her cost for each l in e

driver.

An increase in the total nurber of mer-ory nodules , N , increases the

performance , but may not sicnif cantly increase the total cost o~ the

rrerrory of size 
~ 

(= ~z), because , for sem i conductor rieric ry, the cos t per

bit is virtually constant for a bi de range of module sizes , :. Howeve r ,

I
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the increase in N requires a larger decoder which is used to decode the

memory address to select the addressed memory module . Hence an increase

in N may increase the cos t of the memory address decoder. The choice

of a , c , 9.., N and p also affect the size and hence the cost of the function

unit that is required to accept or reject an incoming request wh i ch may

encounter a line or module collision .

Such contrasting requirements tend to pose a limitin g constraint

on the design parameters.

In some semiconductor memory module s , the absolute module chara-

cteristics (a , c )  are such that a = c .  However , with present trends

in technology, it has been possible to reduce the address cycle time , a

such that a < c .  It was shown that the probability of acceptance for

a g iven T , i ncreases with decrease in a for small values of 2.. In some

semiconductor LS I memories , fcr  exam p le , in the MOS technology , a0 has

been si gnificantly reduced without significant increase in the cost per

bit of the memory chi p . The memory cycl e, c , has been decreasin g with

technolog ical advancement. However , the cost per bit of the memory chi p

does not necessarily increase with decreases in c
0
. Hence it may be

assumed that for a certain range of c0, the cost per bit is v irtually

constant. However , in general , the cost per bit of a memory chip is re-

lated to the cycle time.

Th ree case studies are discussed to illustrate some design trade-

offs . One , ach i eves at leas t a bandw i d th , 6 , for the nonbuffered

scheme . Two, achieves at least a probability of acceptance , FA~ 
for good

turn-around time . The third case study which has two examples , i l l u s -

t ra tes the use of buffering . In al l  cases , the different memory config-

urati ons wh i ch meet the design conStraints are investi gated .

I
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In the first example , the main design goal is to achieve at

least a bandwidth Be1 or better for a parallel-p i pe lined p rocessor of

order (s, p) having access to an (2., n) memo ry con iguration with abso-

lute rodule characteristics , (a , c0
). For this case stud y, assume that

the following parameters are fixed.

1 . Processor order (s, p) = (s , 1+), s > c.

2. Segment time unit , t seconds.

3. Module characteristics (a , c) = ( 1 , 14).

Suppose it is required to obtain a bandwidth B > B0 15 .00 requests in

one menorv cycle. Hence , 
~A 

> 15/16 ~~. 0.94 . Assume also that a nonbuf-

fered scheme is preferred , then theorem 3.5.2 can be app lied since a = 1 .

Be low are l i s t s  of poss ib le  memory con f i r u ra t ic ns  and the i r  correspond-

ing performances. This table is constructed by choosing N and finding

a mini m um 2.. that obtains a 
~A 

> 0.9 1+.

Tota l number Memory Probability of
of modules conf i gurat ion accepta nce

N (2.., m) PA (a, c , p) 
= P

A
(1 , t~, 14)

256 (128, 2) 0.95

512 (614 , 8) 0.96

1 024 (32 , 32) 0.914

(32 , c~~) 0.95

Notice that all the above memory con figuraticns produce a probabil-

ity of acceptance of at least 0.94 as required . Also notice that in-

creasing the total number of memory nodules , N , beyond 1024 cannot re-

duce the number of lines , 9.., below 32 while maintainin g a of at least

0.914. In order to arrive at a cost-effective design , th e cos t f ac tors

S
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of the various desi gn options trading off N against 2. have to be taken

into consideration . If 9. is very critica l and needs to be reduced be-

l ow 32 , the buffering scheme wi l l  have to be used , s i nce a is 1 and

cannot be reduced further.

As a seco nd case stu dy , suppose is required to be at least 0.94

in order to obtain a good turn—around time . Assume that the following

parameters are g iven .

1. P rocessor order (s , p) , such that s~ p = 28.

2. N = 1 024.

3. (a, c) = (1 , c), such that 1 < c < s.

4. The segment t ime unit , T, is fixed .

Suppose again that the nonbuffered system is preferred . Below is a list

of the poss ible processor-memory configurations that achieve the required

so that the number of distinct instruction streams , sp = 28. This

table is constructed by choosing all possible s and p combinations such

that s’p = 28 and s > c. Assuming that c = s - 3, f ind the minimum ~.

such that > 0.914. Then , m = N/C.

Processor Memo ry I 
Memory Bandwidth

Order cycle confi guration No. accepted requests/STU
(s , p) c (9.., m) 

_________________________

(4, 7) 1 (61+ , 16) 7 x 0.94

(7, 4) 14 (32 , 32) 4 x 0.94

(114 , 2) 1 1 (16 , 64) 2 x 0.94

(28, 1) 25 (1 , 1021+) 1 x 0.94

If the s ma l les t  2.. is desirable , the processor orde r i s  (5 , p) = (28 , 1)

and the memory conf igurat ion is (2 . , m) (1 , 1021+). For thi s combina

t ion , c = 2 5.  Hence if r 50 ns , then the absolute memory cycle

I
e
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c = 1250 ns . All the above options satisf y the 
~A 

requiremen t and

again the cost-effectiveness of each combination should be considered. It

is interesting to see how the bandwidth varies w ith the processor—memory

confi gura ticn. As the bandwidth column indicates , the best performance is

obtained by the processor order (s, p) = (4, 7) having access to the (64,

16) memory confi guration . Notice that in this case study , the bandwidth

is proportional to the number of processors , p. Hence there is a freedom

of choice of bandw idth since desi gns with a variety of B are attainable.

The third case stud y illustrates the use of buffering to reduce the

number of lines for various systems . Two examples are g i ven . For the

first example , assure that the objective is a mini m um number of lines , 2.,

such that the bandw idth , ~ > 14.00 requests per memory cycle. tssune also

that the following parameters are fixed.

1. Processo r ‘-‘rder , (s, p) = (5, 4).

2. Two effectivc mcdul e character istics are obtainable name l y

(a , ce
) = (1 , 4.67) and (a , c )  = (2, 4.67).

3. The secr~ent tine unit , T , i s  f ix ed.

Memory con~ i guraticns with two possible memory sizes are investi gated ,

namely, N = 64 a nd N = 102~4. Figures 5.6.1 and 5.8.2 show , fo r the BRP an d

NRP systems , the ba~~width versus memory configurat ions for (a , C
e
) = (1 ,

4~67) and (ae, ce
) = (2, 4.67) respectively for N 64. Similarly, figures

5 .8 .3 and ~.8.4 ill ustrate , for the BRP and NRP systems , the bandwidth ver-

sus nemor’1 configurat lons for (a, c )  (1 , 4.67) and (ae, Ce) (2, 4.~ 7)

res pec t i v e l y  fcr N = 10214. All the above figures were der ived from the sin’u—

lat ion results. From these curves , the following options which satisfy the

bandwidth requirement are obtain ed as marked on the curves.
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a = l  a = 2
NR P BRP N RP BRP

U = 64 2. = 32 9. = 4 9. = 64 2. = 16
N = 1024 9. = 8 9. = 4 9. = 32 9. = 16

In this example , the memory configuration which g iv es the least 9.

is the ERP system with (9., m) = (4, 16) for (ae, c )  = (1 , 4~67) . The

memory confi guration (9., m) = (4 , 256) also gives the least 9.. Howeve r ,

in this case , N = 1024 does not reduce 2.. and is thus less cost—effective

than the (14, 16) conf iguration . I f  modu les  w it h mod u l e charac te r i s t ics

(a e, Ce ) = (2, 4~67) are cheaper than ~~~ 
Ce

) = ( 1 , 1+~67), then one mi ght

consider trading the memory confi guration (2.., m) = (4, 16), usi ng (1 ,

4.67) module characteristics , for  (9.., m ) = (16 , 4), usin g (2, 14.67) mod ule

character i s t i c s .  In the absence of Current tech nologica l costs , the

sol ution is not obvious. However , the model p rov ides  many cho ic es.

In the second example of this case study , let the bandwidth be at

least 1 8.00 or more . Assume that the parameters are f ixed as in the

previous example. The memory s ize w i t h  N = 64 is easily ruled out as a

possib i l i t y ,  since there e x i s t s  no confi gurat ion w i t h  N = 61+ that achieves

a bandwidth of at least 18.0. The options for N = 1024 are shown below .

From fi gures 5.8.3 and 5 .8.4 , various options can be obtained as listed

— below .

F a = 1  a = 2

IINRP BRP NRP BRP

N = 10214 [
~= 64 9. = 32 9. = 256 2. = 128

In this example , the memory configu ration with the least nurther of lines

Is the BRP system w i t h  (2., m) — (32 , 32) and (a , c )  = (I , 4~6 7 ) .  Not ice

- I

I
4 --
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that for (a, c) = (2, 4 67) buffe ni nQ also reduces the number of

lines.

Hence buffering can indeed be used to reduce the number of lines

in some Cases wh i le maintaining the b andwidth. However , in addition to

buffering costs , the buffering system requires tire for update and

maintenance of the queues which is a source of overhead rcurred b y the

sys ter-’. The buffering system , with its benefits of reducing 9. while

keep ing performance constant or increasing the performance for ~ in the

vicinity of ap, should be welehed against the ove rhead incurred in the

BRP system in order to arrive at a cost—effective des i gn.

5.9 Burst Mode Operat ion

So f a r , we have inve sti gated the effects of various parame ters on

the oerformance for parallel—pi pel ined processor of orde r (s, p), where p

simultaneous requests are issued to the memory system eve ry segment tine

unit. We have assumed that these p parallel requests are disp atched

simultaneously to the arbitration log ic to determine which of them can

be accepted for service in the memo ry systcm. The mode of operat icn in

wh i ch p parallel requests are dispa tched simultaneously every 5Th to the

accept/reject log ic for p rocessing is called multi p lex rode.

We have shown that bufferin g each of the p par a llel requests in its

associa ted processor ’s buffe r may improve the perfo rmance . In this

sc heme , t he mul t i p lex mode of operat ion is a l so  in effect , since we have

assumed that at most one memory request from each buffe r is obtained for

service in the memory system every STIJ . Hence at most p requests are

S
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accepted simultaneously. in this section , we wil l  describe a differ-

ent buffering scheme which necessitates a new mode of operation . We

wi l l  a l s o  i nves t i gate the effect of such schemes on the performance .

In one memory cycle , a total of cp memory requests are issued.

These cp memory requests are buffered in a buffer of length cp where-

upon the cp memory requests are dispatched at the end of the memory cy-

cle to the accept/reject logic in orde r to determ i ne which of the cp re-

quests can be accepted for serv i ce in the memory . The mode of operation

in wh i ch the total number of memory requests issued in one memory cycle

are dispatched simultaneous l y to the accept/reject log ic at the end of

the memory cycle is called burst mode. The multi p lex and burst mode

operations are illustrated in figure 5.9.1.

if the segment time unit is r in the multiplex mode , then the ef-

fective segment time unit in the burst mode is r ’ = cr. Notice that the

memory confi guration and the absolute module characteristics are unal-

tered by the choice of the mode of operation . Hence every T ’ seconds ,

cp memory requests are dispatched. We will investigate the performance

of the burst mode operation and compa re it with the mult iplex mode ope r-

ation . It w i l l  be shown that for some module characteristics , (a, c),

and memory confi gurations , the burst mode outperforms the mult iplex mode

and vice versa.

Two extreme cases of module characteristics w i l l  be investi ga ted to

draw a comparison between the two modes of operation . The probab ility

of acceptance w i l l  serve to indicate the performance of the various module

diarac ter is t ics .  For a c , the multiplex mode g ives the probability of

acceptance , PA
(a , c , p) from theorem 3.5.3 as

I
I 
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Fi gure 5.9.1. Multiplex and burst mode sequencing.
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Tp 
(1 — ( 1

C , p) =
+ [1 (i —

Since the segment time unit for the burst mode is T ’ , which is equa l

to the absolute memory cycle of the module , c~r , the relative address

and memory cycles are both equa l to I. Since the number of parallel re-

quests dispatched every T ’ seconds is cp, the probability of acceptance

for the burst mode Is , from theorem 3.5.2 ,

1’A~~’ 
1 , cp) = (1— (1 - !)CPJ ..L

Theorem 5.9.1 For a c, PA (l , 1 , cp) >P A (c, c, p), for all memory

configurations.

Proof: We must show that
-

- 

__
cp 

— >  
p

C~ — I + [1 - (1 — 
1)~](c 

— 1)

For 2. = 1 , it Is trivial to show that PA (l , 1 , cp) = P
A (c, c, p).

Assume that 2. > 1. Let y = (1 — })P. Since p > 1 , for 2. >1 , y < 1.

Then we must show that

(1— C ) >  (1— y )c l — yy — 1 + ( l -~~)(c-TY~~~1 _ ~~~+~~ 
.

That Is , we need to show that

- ~~~~~ - y + 1.) > (1 - y).
C

Mult iply ing the left hand side out , we obtain

- ~~ - + ~C+l + - ____ — 1 - y + - 1) + ~L (I

Hence we need to show that

- + - y°) 0, or, X.( 1 - ~ C ) > (1 -

I I
11 C

• - ~.-- _.~
_.-*.,s.~._________ 

--
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or, ( I - 
C

) 
> c.c-l, —

y ‘~
l - y

However, : = + + + • + ,~,c-2 + ,,,c-1 

c-I
Hence — 

I 
+ 

I 
+ 

1 + ... +J- + i = z  _L
c—I , c—I c—2 c—3 yy 1 - yj y y y —0 y

Since y < 1 , —
~~
- > I , for 0 < I < c - I.

c-I 1Hence, E -~~ > c, and the theorem holds .
i O y ’ 0

Therefore, for module characteristics (a, c), such that a -
= c, the

burst mode of operation has as good or better probabili ty of acceptance

then the multiplex mode of operation for any memory configuration . Notice

that the bandwidths expressed as the number of memory requests accepted

per memory cycle , for the burst and mu ltiplex modes are cpPA (l , 1 , cp)

and cpPA (c, c, p) respectively. Hence the bandwidth of the burst mode

is also as good or better than that of the multiplex mode. In addition

to the superior performance of the burst mode , it eliminates the need

for the functional unit which Is otherwise required to test for busy line

collisions. However, the cp by 2. crossbar switch required for the burst

mode is more complex than the p by 2. crossbar switch for the mult iplex

mode. This complexity may significantly increase the cost of implementing

the burst mode for c > 1. NotIce that for c — I , the burst and multi-

plex modes are equiva l ent. The burs t node may also require a large num- J
ber of tests to detect multiple access line collis ions , since cp may be

lar ge. Furthermore, the bus widths and buffering costs are hi gher for

the burst mode.

- - . — - ~~~~~~~ -~~~- —~~~~~- - —-— -
—

- - -
— -- —-- -  
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p
Notice however , that for the burst mode , the expected number of

busy lines at the end of a memory cycle Is zero, since c — I for the

burst mode. Hence all the 2. lines are always available for service

when the cp parallel requests are dispatched simultaneously.

The other extreme case to be considered is the memory system with

module characteristics (a, c) (1 , c).

Theorem 5.9.2 For a — I , PA (l , 1 , cp) > PA (l , c, p), if 2. — N. 0

The proof follows immediately by substituting 2. for N in the expression

for
I p  £

PA (l , c, p) 
+ (l -(1 - ~] ~~~~~. p(c-l)

and apply ing theorem 5.9.1.

Thus for the case a 1 , 2. = N, the burs t mode of operation is as

good or better than the multiplex mode. For 2. < N, a proof has not been

obtained . However, the following hypothesis seems to hold.

HypothesIs 5.9.1 For a — 1 , 
~A~

1 ’ I cp) ~-~~A 
(I , c, p), If £ < N. 0

— - This hypothesis has been shown to be true for a wide variety of memory

conf i gurations (2., m), and module characteristics (1, c). Assuming that

this hypothesis Is true In genera l , the multiplex mode exhibits as good

or better performance than the burs t node when a — 1 and £ < N.

The above theorems and hypothesis , suggest that for module charact-

1

~~~~~~~~~~~~~~~~~~~~~~~~

rIs cs (a

~~~

c

~~

. s tha

i <a

1 c

~~~

there may exist so: memory
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configurations for wh i ch PA (a, C , p) > PA (l , 1 , cp) and some for wh i ch

PA (a, c, p) < PA (l , 1 , cp). Examples of the former may be for small a

and 2. < N. Examples of the latter may be for large a or 2. = N. r

Al though In some cases the burst mode may exhibit a better perform-

ance than the multi plex mode, its cost-effectiveness is questionable.

The burst mode operation requires that all Incoming memory requests within

a memory cycle be buffered and dispatched simu l taneously at the end of

the memory cycle to the memory system. This mode of operation may affect

the synchronous nature of operation in the pipe lined processor and operands

may have to be buffered and a scheduling scheme introduced to maintain

correct sequencing of the processes. 

—~~~ -~~~~~- - --——~~- -___________ -- - -~ - - ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~
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6. CONCLU SIONS

Summa ry of Results

The object of this research Is to develop a flexible semi conductor

memory organization for parallel—p i pelined processors and investi gate

the effect of memory Interference on the system performance for a van-

ety of module characteristics , processor orders and memory confi gura—

tions .~~We exploited the characteristics of semiconductor memories to

develop\ genera l yet flexible memory organization for multiprocessor

sys tems. We have ful l y inve s t i gated the effect of the memory interfer-

ence on the system performance for two classes of module characteristics ,

nameiy, (a, c) such that a I and c > 1 , and (a, c) such that a > 1

and a < c < 2a. We discove red that the complexity of the Markov analysis

grows nonlinearly with [!.1j for a > 1. Hence we do not have a general

solu t Ion of performance for arbitrary (a, c).

In chapter two, the memory organization was described. It was seen

that the memory Interference prob l em is more complicated than models de-

veloped by previous i nvestigators . However, the model lends itself to

Markov analysis.

In chapter three , we developed the analytical model and introduced

the probability of acceptance of a request to eval uate the effect of

memory Interference on the system performance. Since a genera l expres—

s ion for PA (a, c, p) Is not known for any module characteristics , (a, c),

we have obta i ned the lower and upper bounds on PA (a , c, p). We observed

that the performance of the analy t ic  mode l Is very weak for memory

I I
‘ f i
74
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configuration s (2., m), such that £ is in the vicinity of ap. Further-

more, it was found that for any memory confi guration , the module charac-

teristics with a = 1 give the best performance.

In chapter four, we investi gated simulation models for the buffered

and nonbuffered request processor system. In the nonbuffered request

processor system, rejected requests were resubmitted one instruct ion

cycle later with the same address. We demonstrated tha t the results of

the experimental model were not si gnificantly different from the results

of the analytica l model. This justifies the assumption tha t the discard-

ing of rejected requests , for analytica l purposes , does not necessitate

a si gnificant deviation of the ana lytica l mode l from reality . The buffered

scheme was shown to be as good or better than the nonbuffered scheme for

any memory confi guration and module characteristics.

in chapter five , the effects of the various parameters on performance

were i nvestigated. We found that for very large nurrber of memory modules ,

N, the effect of the memory cycle , c, Is Ins i gnificant.

There is generally less payoff to increasing N for large 2. and overall

p, and for small £ and large p. However, there Is sionifi cant payoff to

increas i ng N for small £ and small p, and for large 2. and large p.

Memory confi gurations where 2. < p gIve poor performance . The per-

formance deteriorates as the address cycle , a, is increased In this

region . For £ — p, there is a point of inflection . For a > I , there is

a significan t payoff to increasing .9. when 9. lies between p and ap.

The effect of module characteristics on performance Is minimal when £

and N are sufficiently large . We have shown that for small 2., the effec t

of the address cycle , a, can be drastic. In genera l , a is usually the

1
- ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ - - - _ _ _ _ _ _ _ _
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critica l factor when £ is small and N Is large. Hence when possible ,

a module characteristic with a — 1 should be chosen. Furthermore, we

showed that for £ — N, the performance is i ndependent of the address

cycle, a.

The processor speed Is another critica l factor that determines the

bandwidth of the system. We have shown some Illustrations of the effect

of the processor speed on the performance.

Buffering has its maximum effect on performance when the memory

configuration is such that 2. — ap. However, for £ < p, and for large

2. and N, buffering tends to have very little effect on performance.

Hence buffering can be effectively used for two purposes. One, to

Increase the performance for £ In the vicinity of ap. Two, If 9. > ap,

buffering can be used to reduce the number of lInes , 9., whIl e main-

taining the bandwidth.

We have shown, by some design tradeoff examp l es, that there exists

a wide variety of design options open to the designer. However, the

desi gner should make Judicious choices at each design step to

optimize the cost—effectiveness of the design.

6.2 SuggestIons for Further Research

No attempt has been made to develop an analytical model for the buf-

fered request processor system. Although we have shown that the complexity

of the analysis for the nonbuffered scheme can become too difficult , It

may be possible to develop some approximate queuelng models for the

buffere d scheme,
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A possible extension of this thesis may be directed dowards a~veloping

a model for dynamic memories and investigating their performance in multi-

processor systems. It may be possible to characterize the dynamic mem-

ory module as a funct i on of the access time distributions wh ich depend

on the module size, cell interconnect i on patterns and allowable memory

transformations.

Software development for multiprocessor systems that utilize the

memory organ i zation discussed In this thesis should be i nvestigated .

Memory allocation for different processes may also affect the performance

significantly. This problem may be interesting . In practice job

sequencing in such computer systems may be complex.

Possible pipe lin ing of the interconnection network between processor

and memory could significantly increase the efficiency of detecting

memory collisions and routing accepted requests to their respective

addressed modules and should be studied.

Final ly the interrelationship of the results presented here and the

design and management of a memory hierarchy is a most i mportant problem .

1
~~~~~~ ~~~~~~~~~~~~~~~~~~~~~~~~ ~~~~~~~ - -——- - - - —~~~~~~~ —----.~~-. 
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APPEND IX A

In order to calculate the probability of acceptance , PA (a , c , p) for

the system with module characterist ics (a , c) = (2 , 4) and processor order,

p 1 , from the system state graph , we w i l l  reproduce the reduced system

state graph G~ (a , c) , for module characteristics (a , c) — (2, 4). G~ (2, 14)

is shown in figure A.

Let 
~A’ ~B’ ~ ~D’ ~E’ ~F’ ~G 

and P 1 denote the steady state probabil—

ity of being in system states (0], ((1)], [(2)], [(1)(2)], t(3)], [(I)(3)],

((2) (3)] and [ ( l ) (2 ) ( 3 ) ]  respect ivel y. We can therefore proceed to wr i te

the stead’~ state equations for G~(2, 4) as follows , noting that N tm.
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PA (2, 4, 
1) is the probability of being in any of the system accept-

ance states in G~ (2, 14). The system acceptance states in G’(2, 4) are

[(1)], [(1)(2)], ((1)(3)] and [(I)(2)(3)]. Hence ,

PA (2, 
1~, 1) 

~
‘B + + + P 9.

Moreover , since a module would have to be in  one of the systems states ,

+ + 
~C 

+ + 
~E 

+ 
~F 

+ 1’G + P 1 = I IC.

Substituting for 
~A 

in equation 2,

11.

Substituting for 
~E 

from equation 5 In 
~B 

expression ,

PB ~~ 
Pc + 11 + (P t; +

Simplify i ng ,

12.

Substituting for and in  equa t ion 3,

m ,m m+l m+l ,N-m N-rn-i
P — — ‘— P +~~~~ P +— ‘— P + P
C N ’N C N G N N C N G

Simplif y ing,

~pfl 13.

Substituting the P~ expression from equation 13 in 12,

r n .  rn+I rn+1 . N-rn
‘B ~~

• 

~~~~~~~~~~~~~~~~~~ ~~~~~~

Therefore,
-

- - P — — P  . .B N-rn G 

Notice that , 
~B 

—

? Substituting the PC expression from equation 13 in 5,
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There fore ,

- 
2N-rn+l

— 

N(N—m ) ~G 15.

Substi tut ing the 
~E express ion from 15 in I,

— 
2N-m+l

N N-rn

Subs t i tu t ing the P
~ 

exp ressi on f r om 13 in 6 ,

p — (&.~. • + 
N-n i— i . N-m~ pI N N—rn N N-rn G

Sirp I i f y i n c ,

P — P

From equ~ t ion 8 ,

~ 
_ N— 2 n~~ 18I 2rn+I ~ 

Subst i tut ing P8, P
~ 

and P 1 express ions from 14 , 17 and IC into 4 ,

— 
14-rn . m+i ri— I ,. N—2m ~ N—rn- I— 

~~~ ~~~ 
1’G + ~~ + 

~~~~~~ + N

S impl i f y ing,

P + 
( N+ T) ( m— l) 

~D G N(2m+1) D

S imp l i f y ing further ,

= 
N(2m+I) P 19D Nm+2N-m+ ) G

Hence from equation 18 ,

~ N(N—2rn) 
~ 20I — Nm+2N-ni+T G

Subst i tut ing 
~A ’ ~B’ ~c ’ ~D’ ~E’ ~F and P 1 expressions from 16 , 14 , 13,

19, 15, 17, and 20 respect ively in 10 ,
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2(m+1) N(2m+l) 
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Expanding and simplif ying,

N2 (N—m) (Nm—2N—m + 1) 21.
G (N2+Nm+2N—m+1 ) (N2+2N—m+l ) (N÷l)

Substituting 
~B’ ~D’ ~F 

and P 1 expressions from 14, 19, 17, and 20 re-

spectively in 9,

P (2 4 1) ~±.L , + 
N(2rn+1) 

~ + ~ + 
N(N-2m) 

~
,

A ‘ ‘ N—rn G Nm+2N—rn+i G G Nm+2N—m+ 1 G

Simpl i fy ing,

, , ~ (N2+2N—m +1)(N+l)
“‘ ~~~‘ = (N—rn) (Nrn—2N-rn~TT ~G 

22.

Subst i tu t ing 
~G 

expression from 21 in 22,

PA (2, 4, 1) — 
(N2+2N-rn+l)(PI+l) . N2 (N—m ) (Nm-2N-m+)~~
(N—rn) (Nm—2N-m+l) (N~+NmI-2N-m+l) (N +2N-m+i) (Ni-i)

Cancelling common terms In numerator and denominator ,

2
PA (2, 4, 1) — 2 

N 23.
N +Nm+2N-m+l

It is obvious that deriving an exp ression for PA (2, 4, 1) in terms of

N and m only is very tedious . This technique cannot be applied easily to

a system state graph with a large number of states . Some computer assis-

tance will probably be required as the sparse matrix gets larger for

a > 1 and [2.~ij > 2.
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