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ABSTRACT

This repor t studies the application of spectral domain analysis

to the problem of the high—frequency diffraction of electromagnetic

waves. We first summarize the basic formulation of the spectral approach

and then apply it in a unified fashion to the important problems of the

non—uniform illumination of a half—plane and staggered parallel planes.

Spec ial attempts are made to analytically determine the fields at the

shadow boundaries and numer ically evaluate them in the transition regions .

Comparison is made with other high—frequency asymptotic techniques and

some uni que conclusions are obtained .

Furthermore , it is shown that the Important task of testing and

Imp roving high—frequency solutions can be accomplished by employing the

— Fourier transform of the integral equation for the surface current and

using Galerkin ’s method in the spectral domain . Some examples of this

approach are also included .
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1. INTRODUCTION

Ever since Keller ’s pioneering work [1] on the Geometrical Theory of

Diffraction (GTD), representing an extension of Geometrical optics (GO),

there has been a tremendous amount of progress made toward the development

of the concepts of ray methods and their application to high—frequency

diffraction problems . One of the principal attributes of the ray techniques

is that they exploit the “local” nature of the field solution at high

• frequencies. The principle of the local field states that the high—

frequency limit processes such as reflection and diffraction depend only on

the local geometrical and electrical properties of the scatterer in the

immediate neighborhood of the point of reflection and diffraction [2]. This

concept is extremely useful as it allows one to construct the solution for

the scattered field from a complicated geometry by isolating the so—called

scattering centers, to compute their individual contributions from the

knowledge of the scattering properties of associated canonical geometries,

and finally to sum these contributions to generate the total field.

Although the ray methods based on Keller ’s theory work remarkably well

for a very wide class of high—frequency diffraction problems, there are

situations where the need for refining these solutions becomes clearly

evident. A few examples of such situations are: (I) the observation point

at which the scattered field is desired is located at the incident or

reflection shadow boundary of a diffracted edge; (ii) a second diffracting

edge is located at the shadow boundary of the first edge; and (iii) near

end—on incidence of a single or multiple—edged structure, e.g., a strip

or an open—ended cylinder. Various approaches based on so—called uniform

theories or equivalent current methods have been proposed and extensively



2

developed with the purpose of circumventing the difficulties in Keller ’s

theory. Typically, they attempt to preserve the spirit of Keller’s ray

concepts and correct it postfact with some modifications of the original

formulas at the “trouble regions.”

In this communication the authors develop an alternate interpretation

of the high—frequency diffraction phenomenon which is based on the concepts

of “spectral domain” [3]. In this method the scattered far fields are

viewed as the Fourier transform of the induced current on the scatterer and

are thus associated with the spectrum of the surface current distribution.

Some significant advantages accrue from the use of the spectral domain

concepts for the derivation of the solution of high—frequency diffraction

problems . First , we show that the spectral concept yields results identical

to Keller ’s formulas where they apply , but the formulas based on spectral

concep ts continue to be valid at shadow boundaries, and caustic regions,

and for edge—edge interactions, etc., where Keller ’s formula runs into

difficulty . Second,we demonstrate that the spectral formulation can be

used in a very systematic fashion to produce the higher order asymptotic

terms for some important cases. Finally , we show that the important task

of testing and systematically improving high frequency solutions, whether

derived by ray methods or spectral techniques, can be accomplished by

working with the Fourier transform of the integral equation for the

surface current and by using Iteration or Galerkin ’s method in the

spectral domain.

Illustrative examples and comparison with other contemporary techniques

for solving similar high—frequency diffraction problems are liberally in-

cluded in the paper to show the ease of application and the systematic nature

of the spectral concept and its usefulness for handling practical problems.

~:: 
~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ 

. - - —  
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2.  l) IF FRAC T I ON OF A I ’ l , A N L  t ’AVE BY A HALF—PLANE

The p r o b l e m  of p l a n e — w a v e  d i f t ’ - ~o t ion by a h a l f — p lane has been

an a ly z e d  e x t e n s i v e ly  in  the  ! i t e r . it I r-  s h o e  S o m m e r f e l d ’ s w e l l — k n o w n

s o l u t  ion in 1896. The r e a der  m ay r - t  ~- r  t o  t h e  s t a n d a r d  t e x t s  of Nob I.e

[4 1. Born and Wol f  [ 5 ] ,  M ittr a and Lee (61, and tlo- rs in w h i c h  compre-

hens ive  rev iews  are f o u n d .  The p r i n c i p a l  reason why t h e  h a l f — p l a n e

solution plays such an i m p o r t a n t  r o l e  in  diffr ac tion theory is that it

forms an integral part of the solution of a large class of high—frequenc y

diffraction problems dealing with more comp lex bodies. In this section

we re—examine this classical problem from a new ang le in whirls the solution

is constructed in the spectral domain after introducing the concept of

the spectral diffraction coefficient. Only a brief discussion of the

solution is presented here , mainl y with the  objective of laying the

foundation for more complex problems to be dealt with in the  f o l l o w i n g

s e c t i o n s .

2 . 1  Basic Formulation

The geometry of a perfectly conducting half—plane located at y = 0 ,

x < 0 and illuminated by a p lane wave is shown in Fig. Ia. The Cartesian

coordinates (x,y,z) and the cy lindrical coordinates (p,~~,z) are erected

at th e ed ge of the half—plane . Ang les are defined positively counter—

c l o c k w i s e  w i t h  the  range [— i ~,-IT ]. We let the direction of propagation of

the incident plane wave be normal to the edge , i.e., k’ . = 0. This

assumption changes the vector nature of the three—d imensional problem to

a two—dimensional scalar problem . Furthermore , the problem may be

cl assified as in the cases of E—wave (nonzero field components E , H
x~ 

H
y
)~

or H—wave (nonzero field components H
~
, E , E~) by simp l y letting the

incident field E—field or H—field be directed alternatively along the 

~~~~~~~~~~~~~~~~~~~~~~~~~~~~ 
-

~~~~~~~ 
c’— 

~ 
-

~~
-——— —————— 

. . -- - - - 
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OBSERVATION

( a)

Im(4i)

- 0 1112 
s”- ReWi)

I

1 COMPLEX
qi- PLANE

f (b)

I Figure Ia and b. (a) Diffraction of a plane wave by a half-plane,

r 0 < 0 ~ and — ‘~ < < i t .  (b) Integration path
I’ for integral representation (11).

.
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z—axis . Unless o t h e r w  I I hd , the ca ses  of  E— and H — w a v e s  a re

treated simu l t an& u-~ l v , wit h t i  help i t  t w o  symbols u and T such that

t - r  ~~~~~~~~~ — :  u = F. , i = — l  ( I a )
1~

f i r H—~ - \ ‘k - s :  ii = U , i = + 1 . ( I b )
z

The t o t a l  f i e l d  may be s p l i t  i n t o  t he  i n c i d e n t  f i e l d  u and t h e

s ca t t e r e d  t i e l d  I1~’ to g ive

t i Su = u  + u  ( 2 )

For a perfect el ectric conductor the total field u t 
is subject to the

boundary condition u~ = 0 or Ju
t /l y = 0 for E—wave or Il—wave cases ,

respective ly, on the half—plane. If one defines the induced electric

current on the half—plane as

0
I

t
f o r  E— wave : J = (3a)

z ly

0
for H—w~ive : J = —u~ ,

X 0+

— i w
0
t

and u ses  the  t i m e  conven t ion  e , one can r e a d i ly  a r r i v e  - i t  the following

e q u a t i o n s  u s i n g  Ma x w e l l ’ s e q u a t i o n

for E—wave : u
S 

= = Iw
0~ J J(x ’)g

0
(k~p — x ’x I ) dx ’ (4a)

for H-wave : uS = H = 

~~ J J~~(x’) g
0(ki~ 

— x ’
~~l ) dx ’ (4 h )

where k = , ji and r are the permeability and p e r m i t t l v i t v  of the

medium , respect ive l y, and g0(kp ) i H ~~( k p ) / 4  (H~ i s  t he  Hanke l  f un c t i o n  of

fir st kind and zero order). The o b j e c t i v e  i s  t o  d e t e r m i n e  J anti u S 
fo r

4 ’  
_ _ _  _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _

a •~~~~ ~___  — — — --S ~~~~~~~~~~~~~~~~~ _$. — —- —.-——- ——
~
- — —
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the ha l f — p l a n e  illuminated by an i n c i d e n t  p l a n e  w av e .  This is done by

using transform technique and employing the results given in [6].

~.2 ~pectral Dil fract ion Co ef t ic ient and T ot a l  Field

Let us define the Four  icr t ransform pair as

= [ u(x)e1°~ dx = F[ u (x ) ] (5a)

and

u ( x )  U ( i i ) e
1
~~~ dx = F~~~[ U ( a ) ]  (Sb)

— “‘4-iA

where A is a small positive number. The incident plane wave may also be

written is

~ i ( k x+k y )
1 ik~ o x y i k oc o s ( :~—~~)

U e e = e  (6)

where  k = k cos ~~~, k = k sin 0 and 0 < 12 ii is the incident angle shown
x y — —

in Fig. Ia. Transforming ( 4 )  into the  s p e c t r a l  ( F o u r i e r )  domain  and

applying the we l l—known Wiener—Hopf construction [6], one arrives at the

f o l l o w i n g

for  E-wave : F [J ] = (i. - .)~~~X ( k ,i) (7a)

for H—wave : FIJ I = - y ’X ( k ,a) ( 7b)

where X(k ,u) Is

X ( k ,cx ) 2 
~~~~~~~

-----

~~~

-

~~~ 
k 

(8)

and y = 
~~~~~~~ 

— k
2 

such that Re y > 0 and Im y < 0 , and ~ = k
~
. In th is work ,

unless otherwise stated , / and (.)
h / 2  

are def ined with their proper branc h

a - - ~~,.
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cut  s l i gh t l y  be l ow the  n e g a t i v e  r e a l  a x i s .  U s i n g  t h e  t r an s f o r n  v e r s i o n  of

( 4 )  and th e is  i n c o r p o r a t i n g  ( 7 ) ,  one finally obtains

- 1 i -j  y I 1E-wave~
= ) X ( k  ~ 

e for / 
, (9)

I x 2-f ‘I
~~gn (y~,j ~ H— wave

F u r t h e r m o r e , one may no t i ce  t h a t  the f o l l o w i n g  e q u a t i o n  has been used in

the  c o n s t r u c t i o n  of (9 )

- y I y I
F[g

0
(kp)] = 

e 
2-y 

( 10)

Introduc ing the change of variables x = p cos -i- , y = p sin ~~~,

k = k cos 12, k = k sin 12, ii = —k cos ç and ~ 
= —ik sin ~ into (9) and

substituting the result into (5b), one f inal l y arrives at

1 1 r
= 

~ J ~~~ e
lk 05(

~~~~ !~~~~~ d~ fo r~~ . (1 1)

~sgn ( c~) J F ~H_waveJ

In the preceding equation t4 is the complex angle defined on the path F ,

shown in Fi g. I b , and ~ (12, t J )  is

~ ( ~~~ 
= X (k cos 12,—k cos I~~) = k . (  ~~~~~

) + i~~~ (~- : ,~~) (12)

where

= +csc . ( 13)

We may notice that i . ( . )  and ‘ r~~~ 
have the  same f u n c t i o n a l  fo rm , i . e . ,

csc ( .) .  This d e fini t ion of and i
r 

Is c l ose ly  rela ted to the d e f i ni t ion

used by Deschamps In [7]. Clearly 
~ 

and i
r 

arc infinite at ijj = 12 and

-
~~~~, respectively. These two values of u correspond to the incident

and refle ction shadow boundaries appearing in the GTD technique . As a

I
a 

____________ — 
--___________________

- ,-—. - ,- ~-.-~~ -—-.-——.——.-—...—•.-__~
--—_ _ — -
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matt er ot fact , ~
( ,~~~

) is p r e c i s e l y  t h e  a n g u l a r  p a r t  of K e l l e r ’ s d i f f r a c -

t i o n coefficient , when ui is rep laced by the observation angle ~~~ . Although

te n ds t o  infinity at the shadow boundaries , i t  does not  mean t h a t  t h e

field itself is also infinite as K e l l e r ’ s GTD p r e d i c t s .  I n s t e a d , t he

correct value of the field is obtained from (11), which is always
P

bounded .  To d i s t i ng u i s h  i t  from Keller ’s coefficient , which is associated

with the diffracted field , we will refer to x (Q ,~~) as the Spectral

D i f f r a c t i o n  C o e f f i c i e n t  f o r  t h e  h a l f — p lane . Th i s  t e r m i n o l o g y  is chosen

since y (12,lj ) is associated with the spectrum , or equivalently , the

F o u r i e r  t r a n s f o r m , of the  induced  c u r r e n t  and appea rs on l y  inside the

kernel of the plane wave spectrum representation for the field and not

directl y in the form of a factor multipl y ing the incident field as in the

cas e of Ke l ler ’s representation.

We m ay further use (4) and (7) and introduce the spectral coefficient

of the physical optics field X as the Fourier transform of the physical

optics induced current to arrive at

2k
for E—wave : X~

°(k ,cz) = —
~~
--

~~
-- - (14a)

2

for H—wave : X
130(k ~ = 

2 1/s - k  
(l4b )

x c z + k
x

The a p p l i c a t i o n  of the change of variables used in (11) allows one to

express (14) as

- . x’~°(f - 2 , 1~) = x~° ( 12,~P ) + T X ~~~~ (l~~, IlJ ) (15)

where

x~
°(l2 ,4 ’ ) = +ctn 2 (16)

r

_ _ _ _ _  

_ _ _ _ _  
_ _a 

— , , .. _ — .---- — -~~ —
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I t  i s  w o r t h w h i l e  to ment ion that .
~~~

, is d e f i n e d  in  the  f o l l o w i n g  e q u a t i o n ,

is h o un d e d  a t  t h e  shadow hounllar i es

= x ( - ~, , )  - ~P0(~~,,) . ( 17)

~~~~~~~~~~~~~~~~ could be called the Irin ged i ffr a ct ion coefficient and it is used

or th e scalar aperture diffraction problems [8].

For t h e problem at hand , i.e., incident plane wave , th e spectral

integr al (11) can be expressed exactly in terms of the Fresnel integral ,

viz.

= 
ik
~
cos(

~
2_
~
)
F(r~~ + r e

lk 05
~~~~

JFU )  (18)

where the Fresnel integral F is defined as

— i n / 4  r 2
F(~~) = 

e 
e
lt 

dt (19)

-

and its properties are discussed in [9] and [10]. Furthermore , 1 . and 
~r 

are

= 
= /~1~~ sin 

12 (20)

(sing the analytic continuation argument , one can show that , for complex

angles of Incidence , (18) is still the proper solution of the diffraction

problem. In this context 12 is rep laced by the comp lex angle u which

tollows the’ path r1, [(i~~,O)U(0,-rm)u(~~,— i’=)], in the complex u—plane to

cover the infinite spectrum of incidence angles.

In reviewing the material presented in this sec tion, we no te tha t

Its pr incipal contribution has been the introduction of the spectral

J diffraction coefficient , which in turn — is shown to be associated with

the integra l representation of the scattered field. The equivalence

____ -~~ - - ~—~-~~~---- - -------- —~~~~~-.~~~~~~~~~~~~~~~~~~~~-
--—‘

~ - - - -
.--—-— —

~
-- — -1: - 

— -
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between the  CTD r e s u l t s  and those  d e r i v e d  f r o m  the spectral representation

for observation angle’s not close to the shadow boundaries can he easil y

established by substituting the asymptotic expansion of Fresnel

into (18). In the next few sections , we will illustrate the broad nature

of the’ spectra l concept and its versatilit y of application by considering

I more general incident waves and complex structures than the hal f—p lane

- illuminated by a plane wave .

I T

j r 
_ _ _

_ _ _ _ _  

_ _

a

~~~~~~~~~ . — -—- -
~
. - ~~~~~~~~~~~ ~~~~~~~~~~~~~— —-- .-- —-- — —  —- ‘—~~~~ —.—— - —.•-.-=—

~~
- — -—-•

~
—•

~
•-—-- 

- - ~— — _______________
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3. DIFFRACTION OF AN ARBITRARY INCIDENT FIELD BY A HALF—PLANE

Recently there has been much interest in the problem of predictin g

the characteristics of antennas mounted on complex structures , such as

aircraft , and in the accurate calculation of the radiation pattern of

reflector antennas used for hi gh—frequency communication . Accura te

solution of these problems requires a thorough understanding of the

scattering process of an arbitrary incident field imp ing ing on a diffracting

edge . Though the problem of diffraction by a half—p lane due to an incident

plane wave has been studied extensivel y in the past , it has not been

analyzed in depth for the case of an arbitrary incident field . The first

rigorous mathematical treatment of the problem was given by Carslaw in

1899 where he considered the very special case of the incident field

due to an isotrop ic line source. The latter problem was also studied

by Clemmow [11], who provided much insight into the subject through the

use o f p lane  wave spec trum analysis. In his paper , Clemmow pr esen ts a

good review of the existing literature up to the year 1950. A compre-

hensive study of the half—plane diffraction due to an incident plane wave

and an isotropic line source is given in Chapter Il of the hook by Born

and Wolf [5]. Khestanov [12] derived an integral representation of the

- 
field for the d iffrac tion by an arb it rary inc iden t field and presented a

forma l solution of the problem. In his construction , no detai ls regarding

th e behavior of the field at the shadow boundaries were provided .

Recently, Boersma and Lee [13] have emp loyed the formalism of the Uniform

Asymp totic Theory (UAT), which is based on an Ansatz develop ‘d by

4 
Ahluwalia, Lewis and Boersma [141, to obtain the asymptotic solution of the

field diffracted by a half—plane due to a line source field to the order

of k 3hi 2 of the incident field.

a 
:ii~~—’--~~~~~—— ’-— -- :~~

‘ -  
~—.-- —- 

~~~~~ - ~~
- _

~~~~~~
- 

~~~~~~~~~~~~~~~~~~~~ ~~~~~~~~~ ~~~
- •

~~ ~~
— - — -—-—— - —

~
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Our obje ctives in t h i s  s e ct i o n  are the  f o l l o w i n g :  ( i )  to p r e sen t  an

integral representation of the i nc i d e n t  f i e l d  and stud y i t s  a s y m p t o t i c

behavior ; (ii) to  d e r i v e  the radiated f i e l d  b e h a v i o r  of a m u l t i p o l e

line source; (iii) to use spectral domain analysis (STD ) in a manner

discussed in the previous section and obtain a general formulation of

the  p r o b l e m ;  ( iv )  to  use asymptotic techniques and construct hig her—order

asymptotic expressions for the total field , including the order k 5”2 ;

Cv) to employ numerical techni ques and determine the field in the

regions where  a s y m p t o t i c  techniques cannot be used c o n v e n i e n t l y ;  and

(vi) to compare the results with those of other asymptotic techniques and

draw some unique and useful conclusions.

3.1 Incident Field—Asymptotic Expansion

3.1.1 General Case

As shown in Fig. 2a, a per f ec tly conducting half—plane at x 0 and

y = 0 is illuminated by an arbitrary incident field with the following

spectral plane—wave representation

~ 
ç ikP

1
cos(w—I+~~I)

~ ~~~~~~~~~~ 
— 

~~

— J P(w ,k) e dw, — w < (21)

where = 0 denotes the phase center for the incident field when its

Fourier transform is taken along the dashed line sho~ n in the same figure.

P ( w ,k) is known as the pattern function; it is assumed that this function

is slowly vary ing in terms of a large k and has the desired differentia-

bility property. Furthermore , the integration path r
~ 

in the complex

plane w is shown in Fig.  2b and i ts  c h a r a c t e r i s t i c  is discussed in [6] .

As a spec ial case, if we let P(w ,k) = 1 , we obtain from (21)

~ ~~ (1) ~

‘ ikø 1c o s ( w— I+ ~~I )
u — — H  (kp ) — —  e (22)4 0 1 4w

j r 
_ _ _  

_  
_- 

- 

- - ~~~~~~~~~~~ - ~~~~~~~~~~~~~~~~~~~~~~ - ~~ ~~~~~~~~~~~~~~~~~~~ - - - - -—
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1
w h i c h  is p r op or t  ion ;il to  the  field of an isot rop ic l ine s o u r c e .

For l a r g e  v a l u e s  of k ( h i gh f r e q u e n c y ) ,  sine is u s u a l l y  i nt e r e s t e d  in

determining the asymptotic expression of (21). To do this , one first

assumes that P(,k) can be expanded in terms of an asymptotic series in

the  following fashion

r

= ~ (ik)~~ P (w) , (23)

moreover , P(w ,k) does not possess any pole singularity. The path F .

next deformed to the steepest descent path SDP passing through the saddle

p o i n t  w = t
- .~~~~ , 

as shown in Fig. 2h. On this path , the relation

Re [cos Cu — 

~~ ) ]  1 h o l d s ;  t hus  one may i n t r o d u c e  the following change

of variable

t - ~~ ~~~~ sin 2 (24)

in which t is a real variable taking the domain [—‘ ,~~]. Substituting (24)

into (21) and using the fac t that t is now a rea l  v a r i a b le , one f i n a l l y

a r r i v e s  a t

—iq
- 

— 
e J G(t,k) e dt (25)
2/iw -~~~

where

(4 = I.1j
G(t,k) — P(~i,k) sec 

2 (26a)

in which w is  replaced by

I
P r

_ _ _ _ _ _ _ _ _ _ _ _ _ _ _  —— —- — — 
— --—-—---•. — - — —‘ .‘!-. ~~aww -~ - ~~~~~~ — — -— —‘ • ~ _._,_._•__ -~~~~—-—

~~



1 )

I -~~~i1 \
= 2 A r c  s i n  - - - - - —  + -

I 
- 

-- 1
2 / 2

+ i , n 1 ! + i t +- ( l + i ) r I l + I t /2 +

~~ t ; o (~~~~~d - )

1~s i ng ( 2  3) 
* t h e  a s v m p  t ot i c e x pa  115 on of ( 2 6 a  ) m m i v  I I •  -~‘r i t  t ~-n ;i s

( ; ( t , k )  = :;. (~~k) mG ( ~~) ; (;
m

( t )  P ( ~- - )  s c 
~~

—
,

- -
~~

- ( 2 7 )

w h e r e  ( 2 6 b )  is also imp i  led . The c o m p l e t e  a s y m p t o t i c  ex p a n s i o n  p r o c e d u r e

[151 i s used f o r  t he  a s y m pt o t i c  evaluatio n of ( 2 5 ) .  In  t h i s  p r o c e d u r e - ,

one f i r s t  expands  C ( t )  in  a Taylor series
m

(n)

G (t) — t
n (2 8 )

n-0

where  G~~~~(O)  = -

~~~~

— G ( t )  a n d F i s  t h e Ga~~~a f , m n c t  ion . Then one

substitutes (28) into (26;i) and (2 5 ) and uses the ’ r e s u l t

n -
~~ 

1(~~) _ (1+n ) 12
r ( ( l  + n)/2J for n even/ t e~~~ d t — ç  . ( 2 9 )

—

~~~ ~,9 for n odd

to fin ally arrive at

ikp
1
+iw/4

• ~ - 
e 

~ (jk )-m ~ V ( n  + 1/2) 
e
th
~~

2 (ik)~~
~ 2/~~i~ m 0  n=O /~ r(2n + 1)

•

ikp +11/4 2
— 

e 
2v7iiI 

~ 2, 
e

tmh h’2 (ik) 5 
~~~~ (0 ,k)

n— 0 (30)

a~~~~~~ _ _ _ _  - -_____ .
• ~~~~~ ~~~~~~~~~~~~ ~~~~~ - - - •~~~ . - ~~~~~~~~~~~~~~~~~~~~~~~~~~~~ - - - - -— -



I t  St  c s imb I Ot  t h e  t i lt  r I k ‘ s i i i  ( 3 0 )  , we ~i : iv  e :-: p r - 
~s the I m Idemi

I i~ I d  is

ikp +li~/4 lkp +Iit/4
I e I e r m lu (p

1,~ 1
) — 

2v~ZñI Z (Ci
1 1~4i

1
) = 

2/2i~~~~ 
L (1k) Z(p ,ip. ) (31)

m 0

w h i c h  h a s  r i v  f i e l d  c h m i r i c t e r i s t i c  1 1 6 1,  i.e. , sat i s l v i n ~ ’ the l uneher~’, —

K l i n e expansion . Our t a s k  i s  i w  to d e t e r m i n e  Z 1 ’ s in t s - r l : I s  1 P
m
’S
~

From ( 2 7 )  and ( 2 6 h )  , tim e following r e l i t ions  a rc  e a s i l y co n s t r u c t e d :

G (0) =

G~’~ (o) = (~
ft)~~

l 

~~ [P (u) sec 
J i ll

L C~~~ (O) = Dn[P (u) sec (31 )

I — l 
d

wh ere 1) = 
~~~~~~ ~ 

. S i m p l i f y ing  t i m e  above r e l a t i o n s , one o b t a i ns

G~
2
~ (O) = _2i[d

2Pm~~~ 
+ 

~~ ~~~~~ 
( l i i )

dw
- -  

G~
4
~ (O) - [d

4:(ui) 
+ 

~~~ d~:() 
+ -

~~~~~ ~~~~~ 

( 3 3 h )

U—

ih e  hi gher—order terms may a Iso he determined in t h e  same fash lou .

Subst I t n t  in g  ( 3 3 )  i n t o  (30)  and  c o m p a r i n g  t h e  r e s u l t s  w i t  lu ( 3 1 ) ,  we

i n a l  l y  o b t a i n

- 1
• 

L .  
- —



P
0 ( J ~~1 ) ) c t T U 2

Z~ (p1
,~~1
) - -P 1 (k 1 I ) p ~~~

2 
- P~~(~~~j) + ~ P(k (~~~s

_ 3/2 
(34h)

Z~ (p 1,~~1) = P
2(!~~.J )~~~~~

2 
+ ~~~~~~~~ + ~~

+ ~~ 
P~~~ -~ j )  + th P0(l~~l~~p~

5/2

w h i c i t  - t m p l t t t -s t i m e as - r i n t u t i e  ev a l uia t loil of  u ’( 
~~~~~~~ t ip  t o  and i n c l t d i n ~:

t ile er  of k ‘ We n o t  I C  t h a t  t h e  above procedure cii i  he ~~ s t e n i t i c , i l l v

fol l~ wt-tl to determine amm ~- h i i ~I i r— r d er  t e r m s  i n  t h e  a s y m p t o t i c  e x p an s i o n

t i  the incident fi e l d .

3 .  1 . I M o l t  ij ft l i n e  S o u r c e

In  t m  is s o t  i o n , we’ S t  tidy the hehav [or . 1 t u e  radiat ed field of a

mu It ipo 1 e l i n e  s ou r -c and eunp b y  the eesu It s  of t h e  p r i n b u s  S t - ct  lOfl  t i

coi n-s t r u t  t i -  a s v m ~~t o t  Ic  s ’X p i l f l S j O f l  f o r  t i e  rmi di imt _ ed icid. A mu lt i p o l t

-— 
1 i nc  sours- u’ , e i tite r electric or magnet i c 

* 
nay be d e f i n e d  as

- ~~~~~~~~ - ~ k~~~~~ 

m1 6
(n)~~~~~(m)()

n 0  m=O

where (n ) synbim I i ze~ an n i h  o rde r  ci i f  f t - r e n t  l i t  j o l t  and I ‘ 5 are  c o n s t a n t s .nm

l i t e -  f i e l d  r ;i i i s t  ed b y ( 35)  i s  p r o p o r t  i o na l  t o
r

u
1(x

1
,y

1
) if J(x~,y~) ~ H~1)[k/(X~ - x )

2 
+ (

~~ - 
y~) 2l dx~ d y~

- -. Of t )

f w h er e  l i i i -  p r o p o r t  jonal i t v  c o n s t a n t  i s  i~~~~i for the electric current source

I— w a V I - )  and i 
~ 

f r  the magne t i i  c u r r e n t  source  ( I l — w a v e )  . S in c e

p 1 -

i: ~~~~~~~~~~~~ e
1

~
”’
~ dx~ — (—l) ’~(t~ )

’
~

I 
_ _ _a 

- 
•, :~~~~~~~ - - ‘  ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ -
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I I I

/ 2 2  , / 2 2
—

~~~~~ —k l~ - y .  
______ 

1(i -k J y. I

~~ 

e ~ 
dy~ = t;/2 - k2) ~

—
~~~ /2 2 /2 22 a — k  2v~z - k

for y~ 
> 0, 3 17 h )

t h ~- F l i i l r i - t  t r  t o t  rn  I t  ( 1 ( t )  a l on g  the x . — ; i ~~ i s  m i v  h i t :- :pr t - ssc t l  i s

u~(a ,y i ) 
~~ 

u
1(x

j~ Y.) e
~~~

X
j 

dx . = 

[n
~O rn~O 

k
_n_rn 

m
(_i

~1)
m
~~~~~

2 
- k2)1

e
a
~~~~ 

yj

______ 
for y . 0 . (38 )

~2 2 1
2 /ci - k

Intr ud e-tug th chan~ & of variable = —k -os an d  7- — = i k  s i n

into (~~~) * i n - r~ orming t i l t  i n ve r se  F o u r i e r  t r a n s f t r m n t  i o n , and f i n i l  l v

c n i p i r i n g  t h e  r I - l i l t  with (21), 5 a r r i v e  i t  t h e  f o l l o w i n g  i n t e r p r - t . i t i i t n

— f r  t i t -  i; t t m  I uni t h o  of - i  mu I t  t im I c  l i n e  -soti rce

P(u ,k) P(w) = ‘nm e
i
~~~~~~~

’2 
(cos w)~~(sgn •~ sin W)

m 
( 3 ~~ i

n 0  m 0

j  As . - ~~~~: I -  i - i , t i .  i t  t e r n  f u n d  i i i  o f  - i  mu l t i p ol u -  l i i i t  s o u i r c u -  i s  i n d e p e n d e n t

of  • lo l i s t  m i t  t i l e  asvmnp t t Ic e x p r es s i o n  of  ( l i ) ,  one may s i m p l y  L i S t

(II ) md o u h - , t i t i i t  I’~~( - ) = P ( -  ) , cle f  m e d  i n  ( i i ) ,  m t  ( 3 4 ) .  I t  is

ev i d e u t  t I t i t  i c ot - s i— form e x p r e s s i o n  f o r  (ii ) m ay  ia t i h t i i n , d h~ suh ’-s t I —

t u i t  l u g  ( 3 5 )  m t  ( 3 ’ )  and w r i t i n g  t h e  f i n a l r e - t i l t  i n  terms of t h e

Ii i g i i e r — r d t ’r  l I ; i nk e l l i i i  I i on s .

L 3.2 I )i ff r i - i  ion hy a i l . u t f — P l a n e

Ilie geome t r v  of a l i - i  I f — p  I anu ’ I I I n n  I m a t e d  by iii .i ni it r i r v  inc i len t fie ld

i s  shown in Fig. 2 a .  I l i t  i i i  I t  — p l a n e  Is I I I u i  n a t  ed by an - i  r h i t  r - i rv

a _4 - - - - .
~~~~~ ~~~

_ •_ _
~~~~ 

_— __ — - - -  --



I t

I ti c i - o t  t i ~
- Id ii i t  It I ~ p I - i t s - v - v  e i t  t r i  I r t  - p r  - - s - i t a t  i o n  ~‘ I y en  i n  (2  I

i tu l i t  s p - i t s-r i) t i t u c t  I t o  i n  ( I t )  . iii - i t  - i  I I h i d  n~ may be’ op l i t  I n t o  t I -

i i i  i l - n t  t t I d  u~ o i l  s c a t t e r - I l  f i ~~~- l t l  u~ as i i i  ( 2 2 ).  Our go-i l i s  to

I t ,  l o i n s -  i i ~ s i t h  t h e  . i p t l i c  i t  iuu fl s ut t ie s~~~- t r i l  d i t t r . i i  t i n  c i t - f t  i d - n t .

t I - i s  t u d , h s  i i u t l s l t ii t f i t - I d  ( 2 1 )  m~~v f i r s t  h v x p r - s o t - c I  a s

I - i k s c i i s ( - , - ) 1 k ,  o (  - : 1
0 ( , ~~~

) j I ( )  t - e

I - i  C 5 1 f l  > — o  s i n  , (~~U )

s- i - r e  s m o d  - i r e  d e f i n e d  i n  F i g .  I i . It we o ’ i t u S t  i t u t - I ’ ( - ~ ) = — h ’ i -  (c — I )

i l l  ( - ~0 ) ,  t I e  plane wO yt- (6) w i l l  he r I l i t ~I~ i - I~~i .  - r  - - i t i t ion (.11) may

he : terp retcd is a c o l le c t  ion of p l u n u ’  S - i t s ~~ ~- j t  h S ; l t -  t i - I  I ’ns i t - .

i ( ~~~) 
1 P(~~) ex p [ iks  us ( -  — - ) ] do - i l l i t m i r u a t  ing ifs- h a lf— p lan e. (o mp ;srine

( - .1) w i t !  ( b )  and usin g (21 ) , mine may t i n a l l v  t ’ x ; u r s -os t b -  s :u t e r - I  f i e l d

5
i~i OS

-t

s I 
~kScsis (u—~~) 

) I 
,
‘

— - — — ui  P ( )  . ,
— -  , , ( o - , .  It -4 -i - -  -4

__ 
-

- s~~ii ( 1; -

L

— E~wave
ton 1 I

~ (-. I

~ Ii—w vt- )

A t  t e m p t s  wer s -  mad - to  e v a l u t a t  t - (41) s s v mp t o t  i l -a I I ~ ’ i v  I i r s t  r e p l a c i n g  t h e

- 
p 1’ i n t e r - ut i o n  by i t s  a s \ - n i p t o t i c  e x p re s s ion  and  t i m t - n  c a l c u t l  i t  i t i g  t i t s -  F .

m t  g r i t  ion. Due t o  t h e  n o n u n i f o r m  n a t u r u -  f t h i s  u r u - edure’ , props -n

r e su  I t s i o u  1( 1 not he oh t ii I ned in a u-onven len t mOu nt- r

I I  i n t e r inte ’grat ion over I in (41 u m ;u v he evaluated u n i  f n r r n l v  in

t t ’ r r i i  u t  t h u  I- ’r e sne ’ l i n t e g r a l  u s i n g  ( 2 1 )  and ( 1 8 ) .  Ott - u this is done ,

S
tu n e’ may t l i e n  e x p r e s s  ii - i s

I
I

. ••~~~~~ — ——- _____________________________ — - —-- 
- — - ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ 
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I
IC)

In , I = u~ ( ,  , ) I - u~
° ( .  , ) ( ~ Ia)

i r

S O t  rs-

5 I — i k scas  ( —
~~ 

) ik d l — . I - + 3 - — - -i i  - , : )  = + I ’ (  ) - e I - ( - 4- .)  d .  . ( b )
I - t ~ - 1r ‘I . r

In  t h e  a h o y 5 -  o qu t j u i t i  F (  . ) h - u s  il r - e i ~ ’ b een  duO i n e d  i n  ( l i )  and ~ ‘ s i r e

- - I t i i  0.-i t r i-i ( 2 0 )  of t s-n ~ is ri-I ) laced by - , v i z .

- -
= + t l k >  ~~~ - 

2 ( 4 3 h )

I t  i s  t V  i t - n t  that “~~~(~
- - , ) = it ° ( ,— -

~~~
) * and that (4211 ) c a n  h5- in t e rp r e te d  i o

t b -  s i t p u - r p u i s i t  i i i  int egral. Ot r t a s k is n ow to  e v a l u a t e  (-t2h) I I s - : n p t t i - u  l l v

r d it I s r - n t  I o u t  I ens  of  t h e  olise : rva  t -11)11 and o n i r c e  p o i n t s  ;ic cord  i u p  t

h i s hu -Ii ; i v I r of - atlcl . We f i r s i. L I C  f o r m  t o  th e  st t - e V - tt - st  d~’scentI r 1 -

i~ u Lh SElF ( s e t -  F i g. 2h ~ t h r o u g h  t i l t -  s i l l I t  p o i t t t W 12 . g i ven  b y

Sc [i - u s  (0 — t~ ) ] = I and In [cos ( - - — 
~) 1 0. It nov be shown t ha t  t he -

c i t t r i h u m t i o n  I t h e  clo s itig ss gme-’nts o f  thi s’ i n t e 1 r - i t i o n  path at in! in itv

i s  / 5 - r i ) . Sin ct- th i n,- is no p o 1 s -  in hut- i n t e g n a t i d  o f  ( 4 2 h ) ,  t i  is 5 ( j l i . ~i t i on

nov be w rit t i n  i s

ui ~~ ( t , : )  = L 
~ P (~~) 

ik s c o S (~~- ) ik 1 - e u s (+ :) F-
~~~ •) d— . . ( 1 )

411 ,
r - Shi’ n

— 
q u . m  t i o n  ( 4  3 )  is t h e  st tsr t tug poi n t sif u iu i r  d I scuss jul11 f . m  t he’

i s v m p t u t i c  e v a l u i t  ion ot t h u  su ; u t t e ’m e i l  t h i d .  Re tor t - d u a l  inu t w i t h  t h i s

op I c  i n  t u u t - S t  f ew  - u - i t i o n s , I e’t itS ~tl I r shiu - t -  Some she I m u  i t I o n s  t h t t i

w i l l  make our  t k (‘onvc’nls’nt. Observat ion  shir t -u t ions = ii an d  = — -

u r - u - a I led i i  i t  ( S R  ) atid ru - f Icc t ion (RR) shadoW houth i r i - s .

~~1
_ _ _ _  

_ _ _ _  

_ _

— ~~ ~~ ~~~~~ ~~~‘ 
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rs -sp u -ct I v s l v , - u - shiowt~ in Fi n . 2a . Reg ions in t h e  v u - m i t - ,- of  Si a n d

R b  
* wh it - n t  

~~~
. i t i d  

~

. Ot  = ta ke some given v iu lu s’s fuir d i i i  u - r i - n t  1 ‘ 5 ,

ar e  ‘ al  l t d  t r - u i t s i t  i i i  r . - g i s u n s  and i r e  d u - s i g n a t  c d  by  ~~~ l~~, r u - o p t -  t i v i -  l v .

I . 2 .  1 Fot ;tl f i e ld f o r  / ,
~

i ~~

Iti t h i s  r I-g i o n , t h e  ~ r - s uiu - l  f u n c t i o n  i n  ( 4 3 )  is oim h— ~i . I t u t - i  1 ,  i ts

a sv : - t g t  it Ic 5. - n it -s fr - na the followin g expru- os ion

F(~~) = O[-Re(~ e~~~~~~)] + 
~~~~~) for  

~~ 
> >  0 (~~~

, _ i )

where

2 im~/4
F(~~) = e’~ 

e 
~ r(m + 1/2)(~~ 2)

m

and r i s  t h e  m u i r  s- t s p t u t i s - t i o n .  I t  i s  n o t i c e d  t b t a t  i - ( 1, )  i s  an odd fi m nc t i u i n ,

F l —  I = — F ( ~~) .  0n~- n u n  t i e - n  t - x p r t - s s  (43) as

u~ (p,~~) = u~~(p , ~~) + u
d

( p , 4 u )  ( i r t a )

where

— 
j~ J P(w) e

lkSC05
~~~

_
~~ e

ik OS

1

O [_Re (;~ e
’1 11

~
4
~
] 

dw (4 T h )

and 
2

u~~p ,~) - 
~ 

ikp 
P(w) ei C 0 S(~~-~~ ) 

e r 
£(~~ ) dw . 

( 4~~i )

r ~‘ SDP(0)
~~

s t u e  (p  , ) = ui ~ ( u 2 mm — -
~ 3 , our a t  t s-n t ion wi 1 1 on lv he f oe u sed oti the

- i s -n p ! 1 is eva b a t  i t i n  tO u~ . On t is - SI)I~ p a t  I 
* 

Wu i n t r o u l i i c ’ t li e c 1 i - i n p u  of

v i  r job I.-

— L n / 4 \ — 
- 

2 - 1
— 2 Arcsin c’ 

t )  ÷ — + t  ~n 1 + i t  ( I  + i)t/l + it
2
/2J + mm

I i i  -

for t 0

I
- - - 

——- y 
~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ 
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u t o  C c ) t o h i v e  t ie- (Ott pr. it lim ~ i t  - r f i t  r ated t i n  t he ’  ru -a I I i n - . We m I t  I

t ! u i t  coo  ( ,  — ~l )  = I + it
2 

- nid that both - n ~~~j a nd  ~~ - i r s -  d t - f  ins ’d  w i t h

t h e i r  br-i n ch n u t  S (111 t e  u i t g I t  ly e  r e a l  ; u x i s .  F o l l o w i n g  t h e  same- s t e p s

n o , - sl i n  t i e  p r - v i u t n s  s u i t  ion t i t  genu r a t e  ( 3 0 ) ,  we’ a r r i v e d at

u~ (p,~ ) 
= g(ks)g(kp)~~ (ik) m

~~ ~~~~~~~~~~~~ 
~~~~~ (ik)~~ ~~~~~~~~~~

J where

e1~~
4
~
W /4

gOp) — 2v’2mmkp ‘

( I n ) ,  -
— and s irs- ohi ta i t i e d  I r u t m  ( 2 8 )  u s i n g

— — r(~ + 1/ 2) ( 2 ) —m 
~5c

2
~~1(w 

~ 
sec ~ P(~) (~~) )

~u it h that , at th i e sOme’ time , w is replaced by t from ( 4h) .

- , . dt h e  d if frac r d  I is ’ld u . man he express-ed as

u~(p,~) — u~ 1
(p,~~) + u~ 2

( p , $ )  + u~~3
(p ,~~) + 0(C 4

) (50)

i n  w h i ch t h e  r . h . s .  o f  ( 50)  is o b t a i n e d  b y u s i n g  ( 3 7 )  and s i m p l i f y i n g  tite-

r - o n  I t .  A f t e r  p e r f o r m i n g  all t h e  n e c e s sary  mar i p u i l a t  ions , i.e . , u s i n g  t h e

— 
--sain t- steps as in (32) and (33), we finally arrive at

I— - u~1(p,~) — g(k~)x~g (ks)P(~m) (5th)

- 42(p, itu) — ~~ g(kp) (ikp)~~~~g(ks)P(f~)

+~~ g(kP)[f ~~
P(
~
) + cos 

~~ 
x~ P ’(~ ) + ~j

pII(~~~~(ikS)
_1

g(ks)

1 ( 5t h )

___________________ - - — ‘. ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ ~~~~~~~
_ _ -
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u~3(p ,~) = ~~ g(kp) (ikp)
2
x~ g(ks) p(~~) 
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+ ~~ g (kp )(ikp )_ 1 [(_ 2x~ + 3
~~ )P(~~

) + 3 cos 
~ ~

+ x~ P ”( i~j  
( iks~~~ g(ks) + g(kp) [

~ ~~P(l2 )

+ ~~ ~ ~ (~x~ + 3x~)P’(c2) +tx j + 3x~ )P”(11)

+ 2 cos 
~ 

~ x~F
”(

~
) + x jP~I~ (c2 )](iks)

_ 2
g(ks) ( S i c )

= 4-e~sc 
2 

- ( 5 2 )

-u s  d, - f j n e ’ d in (13 ). ‘rho diffr acted f i t - Id u
d 

m a y  tlueti sim~~1v he cttn st nutcrs-J

by u s i n g  t he f u l  b o w i n g  r e - i - i t  L ou

- 

u
d
(p,,) - u~ (p,~ ) + Rud (p,~ ) - u~~(p,~~) + Ru~ (p, 2~ - 0) . ( 5 3 )

I t -  l - x ; ( r - o s i u u n  u I  t m ~ is  p r e c i s u - l y  Ks l h - n ’ o (‘ITI) s o l u t i o n  [1].  Thus , the

le ading t r i o in (53) a p r  u - —  , - x . - i d t  I v  w i r h i  t l i e  r e s u l t  p r o v i d e d  1w K e l l e r ’ s

(lID ten t h ut - ru -p i n w h i t -nt- stich i a - s olu r ion is vol Id . In addition , StUn

‘— le t t r i  I a n a l v ’ -s i s  a]  s t  p r ov id e s  h i g h e r — o r d t ’r  t e r m s  w h e r e a s -  ~Ti) i i i

h i  i p u l t h e ’  of d e t u r m i n i r u g t h e s s -  terms . The e’x p n e ’s s i ot i  I t i m  si~ l gr s’e s

- ump l u - t e l v  w i t h  t h e  si flu o b t a i n e d  u s i n g  t h e ’  (‘ A l formulation 113].

b- ’u r t  bu r n er s ’ , w u -  t i u v s -  d i t u i s t  rui s’te’d u~ t o  s h u uw the ’ s -a s -c  i n  u s i n g  s p e c t ra l

an a lys i s -  for t t it’ - . -~- s t  emat  ic  d e t e r m i n . i t ion of hi ghe r—order tertns .

To e (imp I - t e ’  t hw a symp tot j c oval tint i tu i  of u , del i nod i n  ( 2  ~m )  , one

mus t also di ’t -rmin e- ’ ui ~~, giv en in (45h). First not I t s  that

s i - u.s (~~~~ 
: , )  +~ ens ( I I  + I )  = l~~ s o s  ( I  — 

~~~~ ) ( 54 )

--- -
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w h e N -  i t s  di - t t n  - i i  i n t e - p r - t  i t  i o n  is s - Iui u wui in Fig. I - u. ( . - . . :  . )  a r -  t h u

c r t f i ~ u i t s ’s c i t  t h e  t ’ i t s - r v , i t  i i i  p ’ i t t  O s - t i ) I r u t  time- - s t i r  t - p t t i t l t  , a n d

O N -  L i t  s - o t - ~ I n i t  C’s (0 t ii t- Is,-, v . I I .0 p0 i t i t s -en I non  t h -  i v a t - -r

ot  t h e ’  s t i r  . - t o t i t i  - i n t l  
r 

i s  m t ’ a s u u r u - d  p o s i t  i v e ’ l v  c l u k w i s t -  w i t h  r - u n l ’ t

— i  
~
‘. Su i f —- t i l u i t  i t i g  ( t i  i nt o  ( . S i~~~~, i t t -  t i l t  s - b u s’ t i - i t  t h e  SOP p a t h

- l u :  t~~ ’ s i t - I  e r n s t 1  t - t h i s  St  ‘ s ’ ; s o t  d c - o c t -n t i~u t  h i ~ t m n u ~ t I i n t t i m p l t  - o r- m r

N ~[ i t - t i v u - I v .  Tin s d, - i t r v u i t  ion  is v a l i d  as l o n g  a s - :  / T 1 
h r  /

r - - ~~ t - - t i v - I ~ - . [ l i e  isvnpt L i t - e V i l u i a t i t - u u  o f  (AS bi foE itt wo t u e  same’ st -ps

— i i-. u-s .d  I or  2 1 )  a n d  t i e  r e s u l t  i - d es- t h e -  f o r m  ( 1 + )  w h en  I i s  r e ’p l i s - ed h .

P. ~~~
- t h ’ - u - t - t o r t - i r n i v e  at t h e  f o l l o w i n g  i s - v m p t t i t i c  n e ’ s - s i l t s

—u
1
(P i,o.) for 12 ~

u~~(p,~~) (5 5 a )

1° for l2 >~~~~~ T~

and

10
~~~~~~ . < ~ (53h

for —12 > * ~

V

w I i ~’r ~ ( I i s  t h e  f I e l d  i- u i  u t  ed f r o m  t h e ’  image  p o i n t  u u f  t h e  l i n e  s o u r,

u i s t o u n i r i l v , u + ii~ + Ru~ I s  t ’a i le d  t h s ’ pe u n s - t n i i . u I  f i t - I d  i n  h u e  O h )

c-  n u t  rus t ion of t i m e  t is ’ Id

1 . 2 . 2  i o t , i I  f i t - i d  a t  t h e  s h a d o w  I t u u u u u h , i r i e ’ s  ~ =

-
~~~~ A l o t i g  t b i , - s t -  t h i r s t l o t u s , the ’  s o lu i t  i o n s  g iven  i i i  ( 5 1 )  d i v s -r g e  i t

i n f i n i t y ,  be t - m u se , . ansi  ‘ r 
take i n f i n i t e -  v a l u e - s  . u t  - = 1~ and = —

- —  r t - s p t ’ c t iv e i y .  I t  ove r t - l i n e -  t h i s  d i f f i c u i l t y ,  we go h i c k  to  ( 3 3 )  and rewri te

i t as fol l ows

i I ~~ ( ) , t i )  = 
I 

~ p ( )  i k ( s +  ) c u i s ( . - 
F - : !k~ s i n  d~. ; ( I i . )

r 
SI) I’ ‘

~

_ _ _  _____________
• ~~ - -—-—. - - — . - - ~~~~~~~~~~~~~~~~~~~~~~~~~ ~~~~~~~~~~~~~~~~~~~~~~~~ 

-
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h )  l h ~~ )~ i(  t , s s e (i uu. tt i hil s ( ‘ u n r s - s J ) ( i u ) u h i u l c -  l o  um ~~(, , s u n d  um S (, ,~~ ) , r u ’ s -p e e l  i v c ’ l v .

I t  I s  im u i t l e d  t h u , i t  f l u - e ’ v , i i t u . u t  ju i t i 51 i~~(~~,—~t i mi ni i i i  , ) u I  l o w s  t h i s -
i 1~

itt - t t  - 0 b u m  ru  - ‘ cb s- v - I 11)1 ‘ u I  i i i  t hs’ pr v lo u ts ~i ’ ct I tutu .umnb t he I r -u s ‘-‘r - - ;  i t~ t [

I ’ll c m i i  bc hit . i  I n t - sI I ruutiu (51 ) . lit I r o d u i t  i tip t i t ’  c im a n p e ’  o f  v i  rio h(~-

u i ?  St i ‘ I , - - i i .  - r u .  us i I i r I ye’ s at

u~~(p,~~12) ~~ ~~~~~~~~~~~~~~~ TI p( t )(l + 1t 2 / 2 )  ~~
2 F(e 1

~~~
6 

~~~ t )

e~~~~
’
~~~

t
2 

dt ( S 7 )

-~- t ~~- re p C i )  = I L )  i l l .  n is n t-pl o - ed by t fru its ( 3 3 ) .  ~~t -  t h e n  expand

p i t ))l + i t 4 / 2 )  1 / 2  
i n  t t - r l -~-~ t u f  t he ’  ‘ i , i v l , i r  st - n i t - s  -nod s-uh st i t u t u -  h i s ’ r~~su 1 t

~ni o (57 . Iii is e h u n u  I i t o  can  n ew lit - e v , u  Iu u , ut ed wi thu t t i e  he I P ufl  t u e

u ’ l  I o w i n g  re~ b u t  i u . u s

- I F(~~~mm /4~~~~) e
_k
~~~~~

t 
t~~ dt ( 5 S ~~)

‘2n - r ( ~ + 1/2) k ”2 (s + ~)fl_1/2

‘2n+1 --n~~
1(s + 

~~n-i 
+ r ( n  + 1/ 2)k~~~

1 (s + p)~~
1 

s~~ “p/s

E 
()8c )

O m i t t i n g i l l  the i nt e ’rrn eudi,i te- st - p ~~ , ut e ’  c i i t t  I i u i i I  l y ‘x ) i r s - s - o  ( 7 )  as

f - u i  l OW S 110]

u~~(p , c7) —

- - g[k( s + 
~~

) )  (P(12) + (ik)_1R P”(~ ) + 
~ 

P(12~ (s +

+ (ik) 2[~. P”(cl) + P ” ( 1 2)  + -
~~~

-
~~ P(Q~j 

(s + P) 2)

— g(ks)g(k p ) P’ (fZ )  — (ik) ’
~
’1
g(ks)g(kp) 

p + 3ps
p

• [P’(~) + P”(12) J - g(ks)g(ko)(ik) 2 ~~~~2 + iø~~
2 
÷ 3~~3

L I
• (4p’(n) + 5P” (12) + P” (12)J + 0(C712) . (Sfl)

I

- - , 
- _____:__ ~—_ - - ~~~~~~~~~~~~~~~ - _ s i~~~~.,’ ~- i-  ~~~- - .‘~~~O- ~ ‘ 

- - -_ _ _ _ _ _ _ _ _ _ _ _ _ _ _



l i i . - t I u s i  l u - r u ’ ’ , I t t  • i5 t~ . h i .  0 . u i l  ( u I_ i )  i i i  he’ [ s l i t  t i I i - I  W i t  I t t -  i t - ) ’ _ i i~ I i, .-

.1 ‘ I t t  t i l l  o t  t b -  I u t u ’ l h c i i t  I N ’ ld wbi e ’ t t  i t  i s  - t lI t ; u . u r -  - l  w i t h ( l - ’u )  f u r

= . ‘
g I i i t t _ h l’

~ 
= b~~~ = i i . l i i i  I u t  u l  I i ’ i . t , d e l  l i e d  hi ( I i , u- - tv

- - - - s - -l t t - n  I 5  h i t  i t - u t  by u h e ’ t t ’ r l i s m n i t i g  u ( .  . 1) u i , i , ,2 — .~~) I r - t t  ( u s . ) i nt l

t l  ) . u~ 5 ) )  - I e n t ? t - i i .  t o  - i n t l  i t i e l ’ i l i u u : ’  f l u e  - i l - -r i t  k
_ i / .  

S I ,  p u t -

~ i ‘ n t Cu e rc’su It s -,‘ i ‘, t  i n  ] 1 3] whi i c h  t i - s e t 1  t i t  I t (  t - c l  i i  i - p u  It l u-u r -  - - l t d

_ i / - t
t h a t  the s l ? ’ I l u t i : s i  , m - : ’:i’ i ’, t t o t  i c  - r u t I  u t  t b i ~ - l i c i d e  ~i i  t i , - l l  h-. s t  t l t t -  u r l ,  r —

.

~ ~. t m m s - n i -  - i i  u ‘,‘ . i  i t t  oil

I n Ii. - t r , u n s i t i u n  i ’ u~~I t t i i 0  I~ m u  
r
, fl u .- pr t - l s t  r - - - t l u ; i t  w i

t -ru ;~ l t .~’ s- - l  i n  l i i - t i , ’ v i t t u ’ , -~
,- , t  i n s -  sir d e r i v i n g  i s ’  m - . . : I : u t t s l i t  - : . p s r - s s i i n  t I

I i ,  i t  - I ii l i t h  I n  g e - u  u - I v . In t i i i  u-s St -  I I ou t  Wi - d I St 105 t u e  n i l r t u e ’ r  l e t  I

t ’ v u i t s i t  l i i i  ‘I  L u . - e-xp r s h u t s  I t u u  t i m e -  l i - l u , vi,. , (dl) u i 1  ( - ‘.I l i ) ,

oh - ,  - r -: - s t 1 en m e t ’  1 - s  t i i  i i  I s’ in t u - s - t ’ - i t t  go I - mm r . - p I on s  S imi - e t C u ~ t om - s. r I - - m

t s ’ u ’ e - i l l u r ,  i s -  i- s b r~~- - . ’ r u  N - I  to u [ 5  ‘ i l  i t  u t i p t u l . i r  t .  g l u t : ) , Wi i , u v ~~’ - - u g h . . -

i t  t t t  ‘ ‘ t i s  I t  t i t ’ -  u l j t l  i - i -  t i  m ’ I ’ . b I u s S is ~ r : i u t i ’ .- I , t i ’ s , t _ l t  I ’  ‘ i i i ’  1. -u

l i - u i  j u t s  t I I t .  - C r - t i  - - i t I u i i  re)’ I u i s  Thu ‘ u ’ f t I ut ”,, - - ‘ S  ‘ s- i~ - - 0  t rub  - r. - -

. 1  ‘:t~~; t i  u t  i s _ i l  l v  i n  t . runs - ‘ pt
~~~~~’~~~~~

5 ~~~ r , I t ’  V ‘ I ) !  ‘ V i t I  . 1  ~‘. ‘~~t I h i — i s  t i

• - - k i n g  C l u e  u ~m i u t  - t  H t - ’-- ’ u l t  s- I .  m I v’ - t e i r r

1’ 
In t u t -  t r j r. - -“ - l i t  t - v u . i f m u t t 1 II-) a i - I i i -  s i ll t i i  t t - r  n u t ’ - . ’ r i - ml

i t i t -  u - i ! Iu - i ~ q u m i d r u t i i .  ~~ , l u s t m u m - ,,’ u - I  i l u , - j u  h u j g f u h v  t O t  i i  l . u t . r  v ‘ u u u , - I s - .  V
,” ,-

r u t t  t t - I r 1 (us t mu t l~~~- s - u  - - p - - s t  - I - -  I - m i t ‘ i t  u s  - m i - I  I ut  t t i i s u t l i t  c I u , i t i  s t ,

— of  v - s r  I s ib  l u ’ s -  5 ‘ t b  1 . u u i u j  I - a ’  I , - ,;,‘ - C i - . • lv . iii 2 1 ) o i l  t 1 I o s r i —  C V t  .1

ikp +in/4 2

u
1
(~ 1~$~

) - e 

2~~n I ~~~~~~~~~ + P(u))j ](1 + j t 2 /2 ) _ h / 2 e~~~ 1t 
dt

C (iii S

t

~

Iis ’rt ’ , u  i 5  n t I i u t’d by I I t  ‘it u ( 2 6 h )  - i r i d

~~~~~~~~~ -,,.r.. -.~~~’ ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ -
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ik(s+p)+in/4 
[

u~(p ,$) — 
e f P ( w )  e r F ;t ; ; P(w) ~ 

r 
F(~~1

r 2/~um r t

(1 + it
2/ 2 )~~

’2 e~~
st2 

dt ( i 1 t J l ~~

w I t s - u t - - I : t  t t - p l . i u t’d liv I I r I m  ( - H i ) .  A s t i l t  h- i - i t t . s - u ’ n u h i t i s i n  i - n  t i l t -  h i t ’—

- t i mid ‘ 1  l t u l ) i u )  t i h i 5 -  ! u , t u i u i l s - u l  i s  t h a t  s + c - t s -  P . + ~) — 0 , resp e ’c t ive lv ,

- 5 5
— I t  r u - u i r u m  huc ’  t i  C i  i t  - I . l C I i i i  i t i e  m I t t -  r - i n c h  of  I - i  ) and (hi ib )m r

I~ ’i ’ .- - suuu~’ut th hi_’ h i t u v i t ’n s ouch d e & ’r t - . i o s ’  \- e r :  r i g id l v  f i n  i t ~t t v s m l t i s - s 1

c - t u ’ , - , -n t i t u t i . m l  f l u u i ’ l - r  t e a l  t u t u - s i t u  i o n  t e c h n i q u e ’s- , e . g . , P,~ t i~~s- u ’ i t u ’ t r a t . u m r e s ,

m . m v  h i - t r~p I - v t -d t o  u - v u i u i , u t  , - the- i n t e ’g r ; m  I s  w i t h  good o c c u r - -it - v .  ~~u u f l t l -

I ~‘p i  u I  n - s i l t s -  t ) h t , u i t i e ’ d  in this m s m t o n e ~r s u r e -  s l u ~~s- ui in  t i m e ’  ‘ s t - :-s t set ’ ?  j u n

whe r s -  u - t u g  i r I s - s u u t s -  s i r s -  m o u l t ’  w i hi u t fu~-r t t ’t ’ h o n i q u u ’ -s .

3 .  3 (‘ t ’t’ sji;unis -uu s w ith ()t lu s t } I i ~~~i - - F r e u j i m t - n u - v  I s- - l i n i q,,ues-

t v 1 - r  S l u t -  t i t t ’  c h : i s s i u - p t u g s - r  by k s- I ler [1] on t i m e ’  ) - s - u ’ u u k - t  r i c a b  I l i , - s u r v

i t  f i t  i i i  r .  u t ion ((PI’I) ) , n u m e  r u  ‘ i t ,  sit t e’mp t s have ’ l eon  m ;ud e t ‘w a r d  e x t  e n d  i ig .  t ime

s I - u r : s , u h n  sO O i l ) I t ’  r i - p , i t i u i s w h o r l - i t  p n t ’ d  i u t s an  m l  i t d t -  f i ~~- l d  and is t h - r 5 - —

- - u  m u i v . i  I i s ] . ~‘ t u u s , t  o f  C l u e ’  i - f l i r t s  h it t m i s  d i r t -  C i o n  h ave ’  b e e n  t t ’n u e ’fl t  r u

on u t ’ i ’ , ’— t  r i m u - t  i n g  mini t u r n  I u u r m t m l , m t  ions , s u u ’h as 1511) , P i-d ) . u t t s h  [ ‘AT , tha t , u v , - u ’ —

c u tile’ I t i  I I  I f I u ’t l  I t  f e ’S u t I  ( P h i )  i t  t l i t  m i ’  id uu t and n- f I s t  t I u rn  s - h s m t b u l W

u u i t m , t , u n i t - s , . u u i u h  s i t  t h e  t r u n s  it l out r e g i t i n s .  ‘r ho ’ ( ‘ m i f f  orn i  ‘I l u e - t i r \ ’  u I 1 )11 f n . u t ion

(ITO) - m d  its ~I u t , t i f i s - t h  5b ps’ D i l l  r ;n’t  i o n  ( M S i ) )  v e r s i on  have ’ he-en i n t n s ~ds ms ’ed

by K u u m u vu um j h an , Pot htu k mu sh Uwsing [171,118], u i n d  the ’  P n i  I orm A s v m p t o t  it-

‘[h o t  u rv ( ( ‘ A t ’ )  hui s he’ ’mi u]ovP I t  i j i t  t I  by Ai m I u u Wa I i i  , hew i s  u i t i d  Roe rsmna 1 13 1 . The’

lo t t e’ r has been enip I ui~’ s - t I  o x I t - u i ’ s  i ye I y by lh io r s mu u su  , I . e ’s  , Des ch i a m p s  and W o l f  e’

[13] ,  [ 1 9 ] ,  [16 1, [20 1  to investigate a number of prsthlems su f this type.

f I ’ l l), MSI) u n - I  A l , u r u -  is vmptm i t fm t i - u luniqut ’s hosed on l iii i v i d uu. -i I h vpot h it -s-e ’s

h r An - - m t  z . Typ i n . m  b I y , t lie r e i s  no gene’ r;u I p r o o f  ova  i lab 1 e t or t he’ valid i tv

~
‘
~1

_ _  
_ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _

- - - - - - - ~~~~~ ~~ t - — ’ —~~~~~~ -.~ ~~~~~~‘ 
-‘

~~~~ ‘~~ 
•‘- --- - -- — “ - 

~~~ 

-



or t hue I - I 11t h 1. - t i’ l l ’ -~ , u t t hi-se - An— s - u t z t u m i d  ‘n - i i  - - t ‘ ‘ - u t~~u h v C i c - I ’ S  t 0 I - , - r t u m in

C u - s t  n t i s - s - s  m i t  ‘ u - s l , - r  t ut s - s t  i l ’  b i s -h  t lie i r , m e c u u r , u t  v .  [l ie ’ I u m n m u l u i  l i t  i nn s  u t

N u t - - s i -  . i - ; y m l i t  i t  m c  t l u e ’ t u r i - s ;  u r t ’ r s - c h i m t - t - , l t o  t h i n  c ’ I . i s s i c , u l  S o m t n ’ r l e . I d ’ s

r l - - , s u I  I Sli t - fl t h e -  ‘ l , u n l ’ wave  i I i u m u u t , i t  l i m o  u n  - m  i i i  t — h u ] t i n t -  i s  s - t u u t s i s l t ’ r s - u I .

Itt I _ m i t , b ‘ s t i r s - u  s - I i i ’ s f t ’ m m u t l u o t l , u t t  I s  this ’ h i , m s i s ’ I u i u n t l , i t  I t m i  ‘ I  a l l  t buu _-

d i i  e r, i t  u \n - - u t  z i t - i t  h u ; u ~ ’t -  hi t- n Ii r i ’ s s t - i t o t h a t e .  i- u t ’ m o re  , - t i i ’ u l i h u - x

s i t s u . t i ’ u u s , t h e -  v s u I i s h i i ~ - s ’ l  I S i s  v - u n i u i u u s  m o \ m l m t t Ii t i l t-omit ’s is t ’,’p i : u l l v

H u t - k , -~i - u - u i n s t  t t u m t u i s - r i - , u l  r e - o m i t s  u ’ r  c - : - s 1 u t - r i t n e ’ n t s i  I d a t a , s i n c t -  ; u n ; , I v t  m u - a l

u t ’ s - t i l t s  nt - ‘ ‘ t ~~s -n  un m v . u i  l ; i h l e ’  in  ~
‘ I u t s . - u t  l o r i s .  I ve nt t I m  t h e ’  ; i r s u h l s - r u u  i f

d i !  I r - u  t i o n  01 .u l t s i l f — p I . u i i u ’  i l l u m n m i u a t s ’ d  iv  su I i l l s ’  s t ’ i m r s  - l i t ’ s  - s i u i e ,

i o u  ‘I  ‘ ‘ [ ‘  Cc . r  u i - i N - s - t r o p i c  p i t  t t - m n s , thm c ’r u- is f l u  s u b o t s u n t  i , u I  c l u ck

, u v m i i - i h l ~ ’ o r  ‘~~t , i l - 1 h s - h i t i g  t h e  ocs ’ u m r , i s v c u t  t h e ’  v a r i o u s ; m o v I ’ t i u t u t t  h e

t n t - t n t - s .  S 1’, - 1 - N  l u - i l  I v , it i i , - t r a t i s - i t i o n  r s -g i on s , it i s -  n u t  k n t u w n  how

w i - l i  t i t s ’ - - u s y n i p t  o t  I t ’ I m u - u u r  i s -s c o m p s m r i ’  w i t  I i  t - a i ’h u t  l t t -r on w i t  It this’ c x - m c  t

sol  it ion .

Ih . ( ih j i ’ i ’ t u t t  I h i s  s - - t t ion is f i t  l - t t n u t i t . i r c ’  f lue ’  - m l  . i n i - l i t - n t  i t ’n t -sl  m s v m p t u u t  Ic

I h i ~ -so r I t -s  w i t h I l u -  i - - t n t  s - u t h i t  t i n  t utu t has - be en s u t l i st n uit - tech u s ing Cl ue’

s j i ~- - t u ’ . t I  , i u i - m b v s i - s  p r - ~~t - n t  - - d i n  t h i s  p a l e r .  ‘l i m e  c o m p a r i s o n  h as  i t ’ s - u i

— .  c u r r i e d  o m i t , hot 1 u ,- u n a l ~ ‘‘ i l l y  .ini ] n ’ u i ts t -r i - - m b  I’,, I I ’ m ’ a w i d e  r oug e ’  m i f

u h s u - r v u u t  l u u n  m c i - ’  i u u  h i d i n g  t b -  s t u m ehu iw b u ’u t t d ; i r i e ’ s , t r - u n s i  t i o n  n t ’ g i u ’u n s - , m d

u t  t h e -  a n g l e ’ s -  . u w , i - .- I r u m  t l t c - s -  r e g i o n s - .  E t ’r  s’ uu m p l - t e ’ u m . - s ’s , d i f  f t - r e n t  s - t u r n s ’

h o c , u u  i on S  s u me h pat f -rn I i u u u c ’ L l u t i s -  hi s uv e ’  l i t - - i t  i t l v e ’ s t  i l I , m t  - I  . u u i u h  u - S t  eti siVe ’

r i ’ -~mi l t  s h av e - hm e ’ e ’n u h s r i v t ’ d .  I n  t his ’ f i u b  lowing, we beg i n  h u ~’ r , - v i e ’ w i n g

l r  i t - f l  y the’ mi- mt uu ru o f  t lie ’ I t ,  mmmi  b cut ion of i ’ ,mt ’h oh t he’ m i m i t f i rm t h i s u i r  i t ’s ,

u mn d  I t u l  I u t w  t h u  is wit hi I l i t ’  p l i t  s i t  i o n  o f  t h e  ru - sit It s inst  t im e  1 ms ion s .

3. L I l’ u m m m u u ( - ’ m t  un  of  ci i l  f o m e n t  thu u t r i u ’ s

A b i  t he-  s i n i l t u r  u ; . i s v u u i i l l t u u t I e  t lieu ur h s -s s ’ s u s u - u u t  i - m i  i v , u h t i t r u t x l i uu , ut e (22) a mid

J ( ‘u 2 i i )  i n  s u n  a s y m p m t . t  Ic s t ’u u s - s ’ . i t  i s  m t  - r e s t  l u g  I t t  n o t t ’ t h a t  as  v e t  I l i t re

I
— 
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$ Pt)

j S  I i , )  t l o t t t  i v , m i  i , u i t l s ’ t l u u t  ~u m s - t  j i l t ’S I i i ’ u s - u ’ ‘ 1  t h u e ’ s - i -  t t > r m s -  I n  s m r h i t r - m r - .-

suut uh t u t u ’ cx s- It h i t  I u ’ f l - ~ . in  , i 11 ‘ ‘ I  t l i e ’ S, -  C 5’ [in H i t  - - — 1 me I o h l iv’ i ng I s I r u t  -

I ou — f lue ’ 1 C m I I I ’  i s ]

ui ~~ l , , )  = v i , ,~~) + ‘v( , ,P t —  ; )  
~6 l )

s t s t - r t - v ( ,  1 1  L:k e ’ s- d i f l u ’r e ’ m t t  t u u r u t u o  O u r  ( ( 1 f f - r u -n t  t h e ’ t r i t - s .  F r  c o nv s~n ie ’n ’ ’ t-

t ’ f  iut t e ’r 5 u met .u t ion , - i l l  o f  t ile’ a s v s t 1 u t o t i c  t h u - t r i e s  t u n e ’  st - h s - u ti , - t t i c , i 1  l v  r I - p r ’  —

s - e m i t  . 1  i t t (-‘1 g. I . I ’ h iu ’ miui t s i t iot i s in  t l u i s -  I i g u m r e  ui - c- e ’xp ii ined b e l u u w .

l’~ - f i r s t giv i - time’ express iu tn u t  v ( ç . , ; )  f o r  t i m e  G il) t l u c c t r y ,  w h i c h  r e - i s I s -

- m s  fol l ow s-

= ~~~~~~ + ud (p,~~) + O(k 3’
~
2 ) ( 0 2 a )

S where

- O [sin ~ 
(11 - u

1
(~~~1~~~) (62h)

and

ud(p.~) - —csc ~ g(kp)ut(s,l~) . ( h2c )

In t h u e  p i~ s - s  i l  I r u ~~, t - u p i . u  i I ‘‘mis , ) i  Is ti l t ’ t i n  it n t  s’p I wi l t i on  ;m nd

~~~~~~~ - g ( k~i 1 )P (f’ .) , (~~3)

t b - i t  I - - , t h i s ’  I I r d  i s - ’.’ui u l s t  u i t  I c  t e’rm 111 ( ( I  ) . I t  I s  c I sour t i t s u t  I lie CTD

I ormu h a t  i o n  I i i  Is i t  t h u s ’  s h a d o w  h i t t m i m i d a  r Ii ’’ ; , 1 . s - . , = ‘ , t u m i d  t hus ’  i n

i n  l i i i 1 l u - s .

‘flit’ I (‘1) I ‘cmi i  I si t i ‘ I l l  t i v e ’ rc o f l i e s  t his h a l  I mn , - t u l CT!) - it t h e  s i u ; u u h t t w

h o u i m i u l , m r  i t - s  b y  u - s - p r e s s i n g  v ( s  , ~) I roni (61) sis

Dl —3/ ”v(p ,~ ) — ~~~ (p , m~i )  + u ( p , u u )  + 0(k ) (64 a )

w h e r e  i s  - i i  r - ; u u t v  de f  i t i t s i  i n  ( 6 2 h )  m i n d  mu 01 i s

~ —,..,- ~~~~~~~~~~~~~ —~ r.- -. -.— - .  
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I
31

2 e~~~ sgn ~~~~ ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ g ( k p )  
~~~~~~~~~~~~~~~~~~~~~~~~~~~ F(~ ) u

1
(s ,~s)

(‘ tb )

it t ( t ’  .h l i s  t iu e’ Fm s i t u - i  iii I I - S n : u (  ( 1 i i )  t u m i d

~ 

; 

~
J/

~~~s (h ~~~ )

w i u i ~ ii S ’ s f i t  ze ’ r u t  u t I n , -  s b u t u t h i t w  i u u ’ u u u u c h s m r i i - s .  The’ It ’l l)  I - , r n u u m l i t i i i n  j s  ‘ 1  t e n

r , - I s - u ’ r s - d  t o  i i i  t h u ,  I i t - r u t  t i r e ’  as l u t e  K s ’ u i v o u m t u m j I u t i — P s m t l u a k  ( K P ) t u i r m u l a t i t t n .

~5 t n i n e  I ’ l l )  i s -  o n l y  s m i i t a i i l s -  t ct r p lan s’ ‘~d u v t ’  or  i s i t t r s , h t i u ’ l ine’ source

:5 1 , - s u I  inc i d s - u i t  l~ i ‘ - I ch , r , - t e  it i v a m u u d  I I it’d vi’ r si  on o I’ [“(‘I) that ump I t nt.’s

C l i i -  t I I ’ t  b u t  o f  t h e  s i ’ ’ , -  i i i  f i r o c t  j u n  s - s ’ s -f l is ’ ic ’t i t ( m i s  b e t - r u  j u t  r o du i c e d  t si

gene r  i i  i S t’ isis p r u - ed u mr t - . This f t t r m u m l s m t  t I m , w l u i c - I i  is r e f e ’r r s ’d  t s ’  lucre ’  t u s

uu m od i t  i i ’s- (i- u u t i  ) as

v (p ,~ ) = ~~~~~ + u
D2

(p,~ ) + 0(k 3t2) (h ~~a )

where

uD2 (p,~ ) ~~~~~~~ + (2vc sgn [sin s~Z~~~u t p ( s  +

• sin ($ - ~) F(~) - 2~~( p + s)~~ cos 
~ ~

~u
i

• g ( k p )  —j - . (65h)

a ,’)

dIn - -; l mu’i n ury , P11) iunu h its mod if I u - s I t  ion MSI )  I u t v t -  hi e’e~ hu t r o d u m c e’d to mod i f v  u

in  t h ue’ C’Fi) f l u r u i uuu h si t lo ut i n  s u i t - l i  a m u u n n u - r  i t s  ti I - o u t - c-I t h e  dis continuit y u ’ f  U 0 .

F i n a l  l y ,  th i s ’  L i i i f o r m A s y m p t o t i c  ‘Theor y  ( l ’ ,-\T ) has  be en invented to

u - i r - s m m v e n t  th c - ‘ h i u l t u W  l u u l u m m u d s u r v  ( h i f f u t - U l t I c ’ s  u u f  thu s ’ O il) by writin g v~ as-

vt (p,~ ) = U
G
(p,~~) + u

d
(u ,~~) + i)(k ’T’2) (66a )

I
. 
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5 )

whit - i t  I I  Is t hue ’ S i n e  I e m u  ui - -o - 1  I n  C l u  - C l i)  I ‘ n u t  l i t  I iu n  , i . i s .  , ( ‘ s i c I . ~~~ ( 5

i l l s  t l ie  I ‘ru - , C html u -: - : t c  I I v c oi l ’s’ I s  i lie in I i i i  I C , -  vt i I tu e itt sit t b -  s l u ; u , [ s  uw

h tu m uu nd h , , i ~ s . In I m i s  i l l s - - s r - - , uu ~
’ f - u k - s  I I i , - I u ’ m n u

i i
t 

(~ ,:) = 1- (~~ i — F ( ’ )  i i
i 

~~‘ ~~ ~~) ( 6 6 b)

wh c ’ u ’  I - ’ i — s  t i s - -  t i n s t  t s ’ rn  of ( t i l s )

l i / i ~~~i
b ’ (  - I ~~ - - -  ( h o ,  )

vi i  t i l t  Ii— , 5 t I I ‘h I s : .  s h , - t  c u r  I I f l t s  t l oll , ~5

~~ - u u sli t ‘ -
, •~~~j (  ‘ s i — .j  ‘ 1 = ’ ’  +~~~~~~~~~~~~‘ s , -

~~~( :  —

(ohs])

~
- t : ’ ~~~~ ut t h e  - ,hu , i , h ,m w h,i t uut u ( u r N - s  lii , c i s ’ t s ’ t u r  , i s /t - r - ’ . Thus ’ h i u s l i t ’ r — u rd c ’r

t u s v : - i p t - s t i c  c ’x p r i - s s i u u n  a ;  I \ l  t u t  I t s -  ‘ ‘ r u l , - r  01 k ( u ] u i m h m t , m n t  a s v m p t t ’ t i u -  I t - m s - n

of um
1 

u s  k 
1 /2 ) Ion h u t  u r o b i t - i :u It b u ,u n uh is g i v t - n  h~’ R,’s-rsma in ’1 I c 13 } .

it Is th s: , n u t  i u ’ n i t u c ’  t h t u t  i n  - i i i  ‘1 I i i , - u b t ’ v t  . u s v i ’ l p t u u t  N t t ’u hti i q ’ u . - - -s

— I I ‘ -  Id liii I then 1 on Chit- dO I r a t - I  i tug ~-dgs’ m u s t  h ’ t  - i i  I N - I l b itt - al p 1

v - m v - ) .  ~~s ’ n i ,  c l i f f  i c o N  I t ’ s  is I - u t v d  t o  i i i . -  - u p p b i u ~; u t ion - - ‘  in f t  l it  m i, -I - lo thi t i t

h u t  nuN l u  I f  I I I i h i  S i - n  i t c -n ion sin s ’ di Si ’tl ~~,-O’iI in -
~~ 

- - ‘ i -

I .  I . .~ N ut t i e r i ,  o h  n e - s u m i  t -s irish dis i - s i s s i u t i - -.

In the’ t r u - v u t t u s  o s- i t  l t t u i s , sutm e ’  m ’ - n ’ t u l t s  b s u s u ’sl ou t in i N C  i s  i i  i n s ]  nd ’s- u I —

cal  l ’ ’.’u i i l t t t l t  i s  s ’ V , m l u u , l t I m i l i s  i t  ( 2 1 )  u u u m l  I .Jlm ) W I ’  ‘ u  n t t , f  I - i  I s i s ’ , ’

s l t u m , u t  I s o ; s -  p n i m u l  o f  o h s - s ’r ’ - , u t  h u n  t - x , u c t  l v  u t  ~ i , ,  ~sl i , O t w  ‘ ‘ l u u n t t r i ~ - - - ;  l u s i l t

I l u t ’  r s m n s i t  ion r ’ - u - i s u u i ’ - u ; ins] ti l t s - id e this ’ f r - i n s - i t  ist l i it - t i - u - s . As ld it I t t mi , i l

r u - - u i  i t s  I u , r  I his- - p r i  i s - n m  c m l  d I ft r u n t  11, 11 i f  - u  m i s i i u  i-sot u’ -~t I ,  I h ut , - - - - S t  - , u - mv , ’

b e t - n  g i v e - m m  i n  1 1 3 1 .  A csiuuu I~. u r , u t i v t -  s t u d y  ot  Out’ v m i l l s  s - u ’ i i t f  i- ’ u i  s-i l I W s

~ sl i m s ’ C I )  d et t um t e s t - I  I - u n s ’ I u l l s i u i s l s) f l S d l s c - i i - s s t - t h h u s ’ I s W .  F l u - s t . - — p s - - t r.u l

- ‘.~~~~~. _____ — - -  5’— - -—-
--—— -. .“ --



p 
I I

~~ I u ‘ r m u u  I - I t  1 0 m m  I I ’ l l I t - ui  I - - i n - u i I n i  - I v ’ - u v s-v si t ‘n , - I j - t ~ 5 t i i i -
- S - I 5- I s - - u t - u

I - i s - S i t  ‘ ‘I t  I t  - I ’  I t n ~ ni l u n ,  ui ” n i u i sih is - I ’ of  hm I t ’ ! .  r - - i - - i t t - - I i  - , ,  I - - - s ’ u;-  u - I .

s-~
,, u uu s I u n  - - I I h u t - I I - I u I i s ’ h u h  . I ut S I - t , ‘~~ i i  m O -  - - u - s i  -

c t t i :b i i i t c I t  ht - i - , v i m; ’  I - ‘ I  t , i ’ s’s ‘ u  s - ‘. 5  It - il ‘I I n t - t I - i I ‘ i - t i  S - S I - I I i t t ’  - r I .  i

k . ~, ‘c ’n l , ( ‘A l t ’ ’ u ’ ” t t l , m t i u , u i , i i i  i t  - pm u i - r i v. i s - i t t , - u i h ~~t I u u r u i i s t t

I t t s  lii p S I  r — t -  r -  I r - i s v n l t ’, s t i l t  i t ’  I ’ s - I s  rt - os l o u t  u t  t l i  - I - I u t I , -  I d  . HI s - ‘‘ t m , i n

u i  o r e  I I u i t , l  I I t , - Ii i 5 b t e r — u ’ n s h e r  t t  mi s It t i l i e ’  ill I t  r t u -d I i ’  I d  i i  n m u m ~~t I ’ s’

s ’ e n ’  u , t I  t u t r  - u s i p l i  l I t  t - -s 1 I i e h f - pp  I I c u t  l i i i  if t I t s’ s - I  - , ‘ u ’ n u h  1 I i i  . R u - s i  I I S

p t - -  O t t ’  u ’ u t i n n  u I  k ‘ h u ; u v u ’  s t- u s  r s - p c s r t u - d  i n  I I I .  t i nil C u t -v  - u  p m l ”  p - r I o ’  t i v

s i t u  t n s . , - ~~~~ i r , - s u t l t s - .  l i u i r d , ‘ h I t  p r o v i t l - n .  f l u , ’ e u ’ r r - - - i . m s v n ’ s 5 f i t  i i ’  - - s s u m e ’ s—

5 l i i  - ‘ I  t I ’ , - I I t - u i ’  t o I l i t- s u n d e r  i l l  ,- , - i t  u t u m  Iv I s i  t I n  I s t  i - , ; u  i t ’ ( i n ,

- - u s  I s t - . I s u m  t b u t ’  rut ’ ne - , 5 I I )  I s u rm tm l i t  Ion t i ,  ‘ ‘ s  i t s ’  I p r  ‘v I I ’  - I n  i n t u i t  r — o rd - r

u - - ’ : u i i p t u t f  in  1 -  nit , ’ - m l  - t  m l i r t - u  t I ’ , u s l t i u t n .  l ’ I m i , m b i v , “lS -~l) , w h u i c l u  i s -  t t t e n u t s u h i l  i t - u i

v .  - t ’ - I ‘n , u I  S H ) , i I h ’s - n .  I l l s ,  I o u t - I  c u ~n’ -itt ,- C lie t u s - \ ’ n t l t  C t ’ t  l u  v .m I 1 , - ’ —, i t  I I tie I f ol d

S - I ‘. ; s .  u m i I - - I i s ’ ; -  Ic I i i i .  - s t ’ i u i  - 5’ u p  t o  I i ’~ o r, )  - r i t t  F 
I 

- A - i  in  . t hi is-

m ’ r n - , ’ u h . m t  I l - n  u t - u - s  u u - ’ I  
~~~

- 
‘ - ‘ ‘I d e  h Og h ’ -m—ttu - i tt - m’ m e r i t :- - i m i  , u  sv - - t . ’ n u ; m )  I n  r i , u s u i s u  r ,

I I s t  t b us- - I l ’ s  ‘v,  - - - s o t - u ’ v - i t  i ons- I t ,  V I  - j u ,  s - n  m a d u  - ou i t I n ,  - has - t s- I t t

‘
- I ’ ; s n ; u u r i t  I ’,’ - - - t n O v  of I b i n  y i n - u s mt -- t i l t s -  u h i ru ’e t I ’ ,’ si t t h l  o b u , u , h , s s , ’ h i s s e d  r i . - -

- t -‘- nO in t l f.m r - t v . , :  I r o u s t  I he t r r m n s  I t i o n  t l o u i s  ( - 
‘ - H , ‘ 0)  w iu ,-r-

I s ’  I d  esu i m h t ’  t - -s s m ’ n-, u h lit o c Itt - st-ti i s  ‘mmii . i ’ u t r  t i i -  s - u  F5 ’ ‘ ‘ t  c it i i t p I - t i ris’s-S

W i’ liv’ . u I s - u  I nv s” s t in - i t t - I I hm , - hs ’h . i v  i ’ m ’ i t  t l i t ’  I I t ’ l  u h s -  p r , - u h  l i t ’ s ]  by f li t

v i m  I u - - I h e i r i , - - s  I n  C l i i ’  u t -  i g l u h u r h u t i t ’ u h  ‘ ‘ I  t h~ ’ t r u n s - i t  I l I u m  m t ’ s s i u ’u i s  . For t h i — .

‘ ui f l u ’ . - L u . ’  I i i  ci m t  ~
- t 5 r ; u  I ’ . i n  S’I’I) , I . 1 - . , h i s .  ( ) u ’I , i )  s u n s ]  ( ( l i i ) , hi , ivt- bs ’ u ’n

‘- v u I s u i t  ot l  I I S I  m u g - i i i  I f  I i t - i e t t t  n u m u u s - ’ r  li - ~i I um I g l i r  I t  m m di 5,-u s ‘it tl l t ~ “ u t ’ I I sifl 1 . 2 .  3 .

a t ’  - t l t , m C  f l i t -  t ’ i u u u t p u t  i -e l  s i l t  s- m h  u - u j rit’s l In t Ii I S inn ,  O i I I I  ‘ 
- s l it i i n  - I 1 1 t . f  t l u ,

hi m c s l t , ’ n — m > r ’ h i ’ r  I ‘ ‘ r u t - .. N t lusi u ’ r i t’ 1 r . ’ s u u  i t s  h s u v s ’  a i s u t  I t - t n ali t , i  i n s ’ s ] , i n p  t ‘ t i e ’

r - u n u 5 ’ ’  of l i i  c l u t -  r — u r s h t -  r I u - t i t u s , , v i  I I sib I , - , t m - . l o g  Ci i) , I ’ll) , M S h ~ si t isl I ’ ,\’I

f o r - ’ I u h , i t  i s m n s , , i - ~ ~‘ i v ’ t t  in  ( t u P , u ) ,  O,~,. u 1 , ( 0  t m )  , m n u h  ( ‘ i t t ) , r el I ct
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p
I n s t r c l e ’  r t o  p e t  b e t  f ~ ‘ r j u t s  p i tt , We’ h iv e  5’0fli~~t 1 t ’ u I  is t b  t l ie -  f l i t  sm I fi t ’ I ci i

t

- u n i t 1  t h i s ’ s c a t  I c ’ m t - I  I i c - l u 1  mi s-
, s i t - f  i m u ’ i h  j u t  ( 2 ) .  ~~s t u n i e  I v i t i n u i  r e s u l t : ;  a r e  s l u u ’ w m i

in s ]  d i s - , ’ i l s s , ’ tl  i n  f l i t ’  I u t l  l o w i n g .

V i u 5 l u m e  - l s h s s w - - O u t ’ t , t t , u l  f i t - I d  sill I r , i n t , - u I  h i ’ ,’ - i  h - i l l — p h - m u t e  i i i u u u u i mi - ’ m t e d

l i o n )  s o t  i - - I ’ l l ’ I I its ’ d o t s  r e  ( I  —s - ’ - i ’ ~’ t ’)  v - i t  I m  t j ut ’ I t ’  I I ‘wi fl~ p s i  t i u -  r : ’  fu n i ’: t i t i l t

- ‘Ft  - I i  u s ’s1 I m a u i  ( 19 )

P ( I I I  = s- i ’ s- - + sp i t  ( ‘ ) s- I n - . 1, 7 )

I t  s b m u u u l I  u s ’  i Ii’s] I lms m t S t u n ( h 7 )  i s  U s s ’ u h  i n  ( t o P )  H ~~ n ’p h m s t ’ u I  i s ’ :

a n t i) i n s ’ s ’ s-gn I - ) 1.  l-I . - s i i l t u s  - i r e  shm o w t t  t n  s l i t  t t - r ’ - n t  t t ’, I i n i q u e t - ~ and

t h s ’  I i e ’ lj  is’,iS -s mn ip I t ’; 1 i l l  SI 4 i ) ~t i u s g s u l s u r  r d - p  i o u  , u l t ’ t u i t  I i i , -  t r i o j i t t ’ n t  s - t i n s - I s ’ s - ’

n u ’ i i n i , i t u r - :  ( S R i
) .  ‘ I h i e  SO

L 
d i r e n t i s u n  i s  sh t i ~~i i n  t h i s -  l i p u i r u - , and -us

~- x p m ’ u ’ f t - u t , l T D  f t u n u ’ u t u l ; i t i o n  l i i  I s  t o  p r o v i d e  the ’  c o r r t ’ t - t  r~- s u I  t d im s ’  t o  the ’

l , t u ’k of  ) r l t p . - r  s - l u t p u -  t lj s - c o n t  i n u i t v  s ’ suuu t l s t ’ i l s , i t  i o n .  S i t t i ’€ ’ t his i n s ’ i d e n t  f i e l d

is  w e 1  l — ! u , - h u n i y s - s i  itt t ime’ emi t i r e -  r i - p l a n , we h :mv e t u l s u t  e o m p s m r t - s h  t ’ t s ’  sc s u t t t ’ r ~- ,l

f i t - i d  u s- f u i r  di f t ’ - r c n t  f - u ltn i qsm ~’s- in Fig. ‘u . Fx ,iu t l v  n i t  t h e  s - h t m c l c u w

h u i u m ts l  u r i m ’ s , we’ s - an  emui p I~~tv n u n  h t i ,~i i e ’ r — o r d t ’n  a s v i n u t i m  ‘ ‘ m  is- nt-suits , ds’r ived in

( u i )  a mid  ( ‘) l ) , I i ,  s i i ’ t ’ r u i m i n e s  t i m e  su ’ s u t t t , ccc l f l s ’ I d .  ‘lh ~’ i t s - t i l t s -  i l l  t i l t ’ s - c -

a l ii i m l  i o t i s  have ’  ‘ u t - u i  1 I u t  ed i n  Tab I t ’  1 ‘ u  d i  I I i ’m s’n t tin - sic’ u’s o t~ . In I

s- .inue ’ I , i h l c ’  t j u t -  m t - ’ , i u l t  u t  eva l uation t f  ( hOh ) h i s -  ; u I s - t t  h e - , - u t  g i v e ’ m t . Thou gh

t h u s -  , ‘ v i i u , i t  1 m m  i m p i  i s ’ I t l v  u -o n t u u i u m n - n a l l  o l  t l i , - b i i g l t e - r - — o r d s ’n  t e r m s  I I I  k ,

I i t ’ -  u u ’ r . ’ , ’ i u u s ’ t i l  w i  t I i  hum’ ru-suits give’ul in t h u , t - i h I ~ - I t i n  t c n m s  lt ~-~~1tuud F i s

n - u - _ u  r k a h  I t ’  . ‘I i t  is - Is i tm c h t ’ t ’ th a st ron) ’  i n c h  I , , u t  N t m t  m . f  t l i t ’  use t n i n e ’ s - s  u I

.~s- ‘
-
~~~~~

- u~~ m 5 - t t h u  i q su i-- -i fu ur u - d r i v e n l e n t  cc tm pm u tsi l i o n  i t  t Is- d I I  I i ’ , l t  t e u) f I c ’ Isl .

‘.%‘ t ’  h ; u v s -  su Iso p I t t  t t- d t h i s ’  m e s u i t s  t s i h i i m  I s i t e ’ s ]  i t’i tIme’ t im ir s ]  i ’ e m l umt i i t t  ‘T’.ihi , - I

i n  FI g .  5 wit ii ~u vi e’w t o c x l i  l b  i t  H ip  I b u t ’ l ’ . ’ h a v i u m r  t t t  t h i s ’ u s - v m ; t t  i t t Is ’ s - u m b u u t  loti .

‘ l i m e ’  u i u i m l t ’ ’ r  , t i terms mused I n  N i t ’  . i - -s ’,’ t n i ; t t t ’ t I t ’ s’ v , i l t t t i t l u t i l  155  i f l e l I i ’ ,i t s ’ t I by

t l t l u i u l  - t i  I S  i l l s - e r t ‘ ‘ ‘ I  - I Him go i d e  t h i -  p o i n t  :. I 5 ’ ~ i’ i ’s s ’ f l  C 1 r ig t l I t ’ C V i I  I wit I on u t t  t hi t ’

d i ll r;u u - f  emi f i t  - Id si t I (us’ sh , i de uw b s t u n d s u  I’ v

_ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _  — — -  -
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f ’ i p i t r t ’ i t  s h I s - p I i v s  t h e  i t t - h i , u v j u u r  ‘ ‘ I  t I m e ’ ss , i t t e ’ r u - , l  l i t - I d  e :u l c - m i l , u t t ’ u t  m i s - i n ) ! ,

its - - i t ‘ ‘ C t ’!’:i i t  t s ’ u t , ’I C c c -hit’s i cic le ’s  s i i  t I me ’  u- - i n s  i t js ’s~’s r e’g i out  s i t  - u h u h  1— p i  auic ’

I I  l t t : - t i u u , i t s ” I  ‘iv  s i t u  i s t  r u i p i c  l i n , - s - i l I u m , ’ ( i , — w , u v s -  ) - u \ s  t - x j u t ’ I  t e d , I ’ l l )  a m d  MS1)

i i  - t l i e ’ -s , i n s u ~ - si ns] u i  I t u s  ti-chi n H t m l ’ s -  m r ,  i n  v, rv ‘ , t , t u !  s u p r  ‘ - n ’ : -  n t  . F u r

t t :tip l1 ’ t u - u i t ’s-s , C li , ’ . s vm p l ’ I  i c  t - x l t r l ’ s s - i o n s- l i ; i ~ ’ e “‘ - -n t , i I , u x ( : u i t - d  i n  l - m b l i ’  1 ,

a nt i  , u  r~ ’ s- i i , t i ~n i n  F i p .  hi . F I p t m r  / sluumws t h p i t t  u t  t b -  s - u - s i t t i me ’s] f i t - I  ii

sm ha It — p i s u u m e ’ I I  i u m u n i l u i t i t t -d by - m t ’ s  1 s t  r t i p i u - l i n e ’  s- t u r n s-  ( h — w i ’ : ’ )  n t u ~ t l a n , - ,r

s- I t _ lu  t } u ~ - ha l u — p  1 , i f l s ’ . b- t n  t I i i  S t  ou t s - -  t r’ I lie’ in ’ ’ i d e -ru t i n t l  r ‘ I
’ I , - ’ I - u t  s- i s -m d ow

b Iu~i t i s h u r i t - s -  c,i jni u ’l sie’ w i t h  t h e ’  h u a i l — p lsuuie It s t - I l .  ‘flit ’ s n s m t f n r s - n l l i p I d  s ’n u ~

s- ump it -d in sin u n u p u t i s u r  c t ’ s - i o n  _ lO b -s ~- 10 ° su ns ]  n u  s t i l t s  f o r  d i l f t - u ’ & ’n t

t m - t ’ I u n i q m i ’ -o  I n c  hid i n s -  s - i l )  i n - s - l i s t s - - u . F t t r  N u t -  ssuk e u t t  u ’ o m p l s - t e ’n t ’ss  th -

- m s \ m p t s ’ t  1 5 ’  r , - ’ u s I  C s  ( ‘ I u m p u u t e ’ I (  I noun ( 1 2 , i )  s i r e ’  a l s o  sh own itt Fig. I s r  thi-

u u h s s ’ t v s i t  i o n  a m i g l . -  0, a n t I  f l i t -  t u s , - i l I , ’ u t u t n v  n ; u t u r c -  of t h i s  t u s v m p t c t r i t ’

s o l : u t i on  i s  u - V i s I t - i t t  I n u t n u  t F~ : ‘ u u u t ’ .

‘ I t t  t i u r t ! i t ’ r j i l t s - u t r u l e -  t he ’ i ’ t u n ’ n j u u r u t  v t ’  u t u t i u r t ’ sit t h i s -  r e - s u i t s  t l c ’ r I v e ’ d

I r -  s ’ d i  I fe r - i t  t i n - ’ r I t ’s • W t  ‘nn ip I t v  t u~ - t - n ih I s t H u m s -  ‘ ‘ I  PAT , I i i t , - mci MSD tst

I h l t t . ’ u L l i  1I t n t n t - & ’ — d i t t t e ’ n ’ u i o n u i  r p r e  ‘‘I n t - u t  I s m i m s  u u l u I , ~- i t t - u i I Ie ’Id .

(“ i s i s  u ’ , 8 , u ’ s m n t  s i i  n i  i m p  t Ime ’ p’ tu rn s - f  n y  s i t C I t ’ -  : ‘ t e i l )  I e m’, , m - t i uc’ t l u r e - — c t  i nn_ m i s - i  u u ~t u  1

p 1 l i t  0 t r h i s ’  ‘ ‘ i  ii It ’ I d mi ~ d i  I I n - i  t t i )  I r -  ‘ n i  i h i su i t  — p 1 , ur ic ’  i l l  mini I tia I t - u i  by

s un l o u t  r s u ] u i e  l i n t -  s o u r c e ’  ( I  — w u v u - )  - ‘ I , ,  t s ~~ , f ~~~j~~~~~ th e’ t t ’ t , ’ u I  I h i d  ii , we’

c ’ m p i t v  t I l e ’  fut rm imuila t inns ‘ ‘ I ’ t A t  and I ’ l l ) , si t i d  f i t i c i  that e ’Soe ’i ’u t  L i i  l v  i d e n t i t ’ n i l

p l o t s  in c obt tint —il , , i l t b i u u m m p ii n uu u uu e ’u’ l u - u i  va l ues  of ’ t h I s - s  u - i i r v s-s J i l t e r

v u ’ r ’ ,’ s - i  i~ ’ i m t  l v  m m i i  s i t - h i  t u t  h u e - n .  Fo r  i n s l s u u i , -e , at  t h e -  o b s e r va t i o n  p o i m i t

— x = ‘,- = .25’ . [AT and  I ’ l l ) I o r m u u l t u t  ions  g i ve  m i~ = 0” s ’ l I ’3 and u
~ 

= . 059 18 ,

1’ r e ’ s - I t t - u t i v e ’ l v .  I ” i g m m n s ’  0 is I b i s -  u - u t t u i t t u ’ r p t i r t  ‘‘ t f’i p . I i  fui n this- hi—wave’ c ud , ’ .

As t’X l fl’ t ’t i _’sl , t l u t -  l b — I  101( 1 I s -  u i i s - i ’ , t t i t i l i l i l t u l s  s i t  C lu e ’ l i u l  I —pl a tte’ . For

t i m i d  i t  i t u u u , u l  ru-suits ; uu i ll C lit’ s -s-—tI i rtie’ttsi oniti l p l o t s  time’ r s ’ , u l le ’r i s -  r s ’ l  e’rre’d C o
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~t l ’ l ’ I  I h ’ I , h ; — I ’ i u , b ’ , I ) I F ’ l b ~, \ i ’ F h u ’ N

h, ruin I t  i p l~ - — - ~l -s - ’ d i t  I r . m u ’ t j , u m ~ 1mrt,h I pun -‘ u n i t - u ’  - i n  , u m t s : - u i t . ’ n  ol prat t i i i  I

s- it u u , u  C I t i l l s- - i t icl i s -  t h i s  I s l e  r u b  l v  ‘ i t ’  n~ - t ’cu t ’i h i I Ic , i t s -ti t hi , t i  I t s- s i  i i )  l~ -— ,

- - ‘ - u n i t  r n  u r t - ‘l i i i’  e~ ‘r ip  I t - : - ;  I t v it I h i  s p r u t h  I l i i i  o f t  ins I r s tu n t h i ’  I - in  t t h u - u t  t bi t -

t u I _ I , wIt i~ ’ hi I s p  I u i s : , - s -  m m l i  C I t t -  s- , - , u t n i u (  ed ge’ - i t  te ’ r 1 i i  I I ~i ’ t I u p  I n t t u i l  t lie’ I I r s t

c m no lon er lie t r’ - u t  J , l i t  - ‘ - n i na  i , t s  a l u t e - i l l  v t u m i  I I tt m t n Ii h u m u s ,’ wave ’ .

I t  b i , m s : ’ t -  , n  i I t p n i i ? s ’ d  f t o t  I u ’ m  t h e  - ‘i ’ - h I m  u u f  d i f f n - m s ’t  l o t i  i u v  a n t t n p l s u n ’ - — w m v e ’

p .  - u t i l e ’  W I  t h u  .i t u t t  s-nut I i n s  t I n t m  as i n  S u e t  i o m i  I , t I c  r t - o u u  l t I or

l u .  s, , i t t s ’ r ’ , ’ u I  f i t ’ l l  mt f i t , - si n u s ] ’ ’ - , ,  hip u imicl ; s r ju.’ s- Is - n i t  ~u u n - - t  a s- i n u p l e  v n u o d i t  i—

- - i t  i s  un i - ‘ hue ’ i’ i i  I - ~ s-’, i ’ , ’ ’ s-s l u m  t It t o  mu I t i i  I l u s h  1w t l u  - p. i t t  e u ’ -i I t u t u ’  - t i on b i t t

I n v u ’  l v  , ‘‘u t l u ’ -  , u I ‘ , , I ‘:,‘ 5 t f t h u t  - 1 I t  t u  - n ’ i i  fiu ui - t i o n  sm s- s5u -1 I . t ) r i t ’ m i g h t  t u s  ‘, t t u u t  -

t u t  this’ tmo hl , - ’: u m t  s u i t  I t i p l l ’ — e ’ d ’ I t i l t  I r s ut ’t i u ’u mi - i n  be ’ su ’u lve ’ s l  liv ;u s i r n p hu -

p ‘-: f t - u i  s- I i  ‘u t  t ‘ f t he- , - - t i  t ’  - rm t  f l i n t - f  i u u n  I I l i t - n  i i  n - i  I - nm t ’  I - i s in p ie 0d ge — ‘I ’hia

hi is I s n i u t  f i - c:u - - , , - , - u s  ‘50 ‘‘ ‘ u’ t’ , u - i s -  I ) t t s  I m i t t ’ t  I l l  i i  by It ‘ne-s I ~ 1 , whc t

b u ms  , ‘ u ’ : p l l l vs ’d f lit’ ~~i e ’ m i t - r — I i s - ; ’ I  I ’ n t i n i q ii e ’ t ‘ ‘  e m m t ~~t r u t ,  t h e -  n i t ’ s r u t s  I u i g h —

I - ‘  lit- Us - V e’X l u ’ ui u ’ - - i t b n t  t h u . -  ‘ - x i ’  I s - o h  u t  1 1 m m  - ‘m ’ I Ii ’ - s i l t  t m u t t - u i  I l u - Id by

s- ’ u p ye  re - u i  p i n  ‘ii h I  p l o t -- - . A h t h u i t u i g hu l I t T l e ’ s -  1 2 1 1 d i d  n u t  u ’ x l t l i c i t  l v  , ‘ i i t n i n

a. - r - s t i l t  s t i  r t b us- I ,  - I u i at  t s t - s-h i-I ’ t ’~ I,, ‘ u u m i u t  m m  i ,  s , bme d it1 e x a m  In,’ C ( u s’

n ut l t t r s ,  s - x l u r . ’ s s - i e m n  ‘ - ‘ 1 - r l \ ’ ’ - t J  1 m m  s- p u. ’ l ’ t . i i I ins) u ’ I ’ O t  I u u u t u - u I th ,m t f lu .-

i’m t i f u i n u t u  ;‘u s-Vt ’n p t u u m  I t ’ I l u , ’ u u n  ‘ ‘  ( I  , \ i  3 t 1 1 0 1 5 1  n u t l  h, ‘ ( i r e - i t Iv ( m e u ’ I u . m n i , - , u (  Iv )

, i ~ t p I  i . ’ u l I t  l i t . -  o : u , u u i t t w  h i , u m i d , - u r  I ’ - - . I , ’ .’ - u m i si I t s ’ , ’  n - , n ’ u , i  I l t s (  , u u u d  -;t t t ’ n - ~m , u  1 2 2 l

i - ic ’ .’ , s i r r i e - t I  ‘ ‘ n u t  r ; u t b u o r  e ’ l . u h o r , t m e ’  lii ’:’ i g _ u l  f u t n i s  t I  t i m i s -  - r , t h l e m  s ind  I s - i c c ’

, n t s u s - ”~, t i m - u t  l i t ’ - ( ‘ A l  u ’ , m f l  “t i l l  be’ u s - , - t t  l i i i  t h i s  s i t m u a t i u i u l .

In  C i u l s  s - s-i t i u u m i , t i u s -  p t t t l u f t n i  5 l ~ d i ?  f l i t  I Hit o f  .i p 1 _ lilt- wave i tn-i de ’ut t

on I wut st - u p ) ’ , e m u  ‘ ‘I p t m m i  i 1 ~ I hi - u I I — p 1 - m i m e - ‘ - ( m u  I t  i~ i I. ‘ —  t u b  ~‘, m -  ) i s- Inc ’ s-s - I i ga I t’s1 - utid

a n t  ; i n i , u l y s - I~~ I s -  l r t ’ ’ - t - u i t u - u i  wIt)’ It b u m s  t l i e ’  t i m l l u t w i r ig f u t u r e ’ s . l- ’irst , a

ge i i t_ — r u i  r u - p r - - n u t  - m l  j u n  m u  I l i i ’  t i e - I t ]  i t  t o m  s - s u m ’ m e ’ u u s l v p  d i t t r : m u - m  i n.i h y  t w s m



‘ 4

i i i  t —
~’ 

l siui , ’s is p I c l - r i  m m I ‘ -  rtius - - I , u  , i , ’ i u h  It - t ’ ut n ’fl l I I x  I mit s-p ma I - ‘I b i s -  t u t u 1 y s -  is-

i s  , , m m m i . -d ‘ u i ?  I t t  C h i c ’ F i t t m t — i , - r  t i , u m m —. t - - u ’ s -  u i ’s’ , u n  an d  i s  t a o s - t I  u l n  f l i t ’

t ’ t t l I c u t  I t o  u t
’ t i t 1  re - st i l t s  g l v e ’ u t  i n  S i - u  i I n s  2 i n t l  1. °.‘  Itnid , ;u s s ,’ u ’ u p t t ’ m  i e

I t -c l i t i l q u t - s  u n  - s - ’ : ; i t l t  I I t .  - l u ’ t e ’ r u ’ n i u u e -  f l u ’ ’  t t m t - u I  I i~~’ l u i  I t ’  i t .  u ’ m c l , ’r  ‘ 1  k

i n  - u n i - , r t l u u s . - - ‘ - I  - t r su i p i u m t u ’ n s ’ imd t , t s h i i o n  1 m m  s- t i le  m u S t - s  ‘ I t  p r  s : t  l u  i i

i u l C e ’ r s - ~~ t - . I u t - ’ ,t ’ ’ - ; ’ I ’ ’ I m l  • u - - m s  i r e -  ( S e ” ’  (“i g. I I) ): ( - u )  L i e  -ti ps’ ’ I

t sm p b m , i I  — p 1 . — m ut e ’  l I e s -  m l  su n m s - - i c ’  t m ’ - ’ u: n t he  s l i , u s l t ’ s - ’  h o t u n c b s u n v  u t l ’ t h u , H u t  t o r n

Is-i if— i t ( s m u t ’ ’ , I - ~ ‘ . ,  f l ie ’  i l l  i ‘ ‘ v j h u m  j t s - u  t 1, - t i  l u t e  (Ii 3 t I m e ’  silo ’s- ’ nv -i l 1 l t ~~ P u s  m t

I, i u . - s -  sit ‘‘r -s-u - iv I r i t u n  t hut ’ s hi , u sI t s-u I t ,  t n n i i , t  I rv I ’ m  I I i ’ ’ t (up  ia I I — 
~i I n  f l t  - , In at I

ol f bit ’ s-c’ e m s-s ’s I lie t i n ; m l  i t  ‘. m m l t s  - u r u -  t ’ : - ;p r t - s s t - u I  i t i  , i  n s u n n s p , i s  m d  ust’ 1 t tl

- I R;us - Ic (“ ‘ ‘m mii l~ut u ‘ui

I’h mss , u ’ u u i n u l ’ t r v  u i t  i p a i r  .1 o t m g g c - t ’ u - t l , p m - m t ’ s l i v u u u i u h i m u ’ t  i n i g ,  ‘ o r - i l  le ’ l

ha I t  — p h  nu n ,  ‘o i i  I nrn i n i , i  t e d  1w ;i p h - u n i t -  wav e’ is s-Iuo wm i iii [I p . 1 1 —

‘ s t  t u u n : u  a nd  t o p  pl unt ’s - u n -  I t m b t ’  Ic ’s]  I , u u i d  2 , m s - s - i t t - u t  i v c ’ l v  . The ~dgc ’s  a re

, e : - ,i r , u t c ’ d  I t , , m i s - f  - u n i t ’  s , tmuu - 1 t h us’ , iu i t ~ I m ,- ( t i - t w e t e - m i  t i m e  l i n e  jo ir i i mi g the’

s l i t s ’ s  u u u ~t t i m e ’  x — t u x i s -  i s  12 . 1 . - f I bis ,’ i u m t - i d c ’n f p isuui e’ w :mc ’ 5 - s - ’ i t h i u n i t

sump i it ide ’ at’s-i i n u - i d s - n i ;in lm , I I ’  P.. t Pu u ’ t l us ’ t’ol lowin g forts u t poim ’u t 
~
‘ I

- I ku c u t s -  ( :  - -

um
tm 

( s -  - ‘  l~ 
= ° 

1 1 
(~~~~h )

In  t h i s -  w ork , we’ m t e ; ’ , i s - n t  t h i s ’  l u t e - m e l l o n  h i s ’ I w s ’ c ’ n  pl ant ’s I ,ind 2 . l t t- et uu i s e ’

it is u s - s i m m - t i  t h a t  s/ is a lun gs ’ numbor . ‘I’hm e’ t s m ta l I h e l d  d i t l m s m c ’ ts ’d by

p l a n t ’  I , tm ~ n u . i v  n I , w  hi- i-n-Slur t - s - s t ” l  as

= mm
t 

+ iu ~ ( h O )

wht’re um ~~ is th& ’ s - u - s i t u - r u - u i  I i s - i d  i l ums- t ut ( I l l ’  i n d u i t - s ’ d  cu n n e ’n t  ‘i_ n  p l a n t ’ 1.

F r u u m  ( 1 1 ) ,  t he s - s - u t  f e - r o d  f i t - i c )  ui ~ e s i m i  t i m -  w r i t  I en i sle
‘ I

- ——‘a’ ‘ - , w~-- v - ~
-
~i- 

‘
~~~~~~~~~~~

‘
~~~ ~~~~

‘‘ “  - ‘ ‘
~~~~
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OBSERVATION

2 2

F i g u re t  11 - D I I  I m uc t  ion o f  s u p l ane  w , i ’ , ’~ - by s t ;u g g t - r e ’d
l ’ - m r , i l  I s ’ ]  p l a l m ’ a . > ( I  and ‘
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I 

~~‘ j ~~~~~~~~~~~ 

~~ ~~
‘ “ s - (  “ -H 1

)

~~~~~~~ (~~~~~)) r 1

t u ’ r u~ , ( 7 0 )
Il—w i ‘_‘ t -

- J

_~i le r , , 
,, is dcl i np d  in ( 1 2 )  and p a t  Ii :~ i s shuown in (“Is ’ - I Li - In ta rd, -m t t i

- ‘ ‘ ‘ i l s - t r u t s  t ( 1 0 ) , - l is re-p lace’s] by  - , - jut (11) f r  rs ’, is utmis s - l u  I -  Ii w i l l  bec ome

s ’ h u n  Inter.

s-c esin tsis]s’r u~ us  t b ,  i n c i d e m i t f i e l d  i m p i n g i n g  on t he ’  I

l u l l  t — p i s u n c  2 .  TIme t o t  - i i  I i t  Is] d i f f r a c t  s d  by this lma l f—plan t - , i.e. , u i ~~

m ay be sp l i t  into ’

t t S
U
2 1H -s- u , , ( 7 1)

wlm e ’ret iu ~ is C h i c  s - u - u t  t s ’ rc’d f  i c - I d .  S i n c e  u~~, g i ven  in  ( 6 9 ) ,  c o n s i s t s  of r w ’

s - t n t  s, we si t u ~ ’ u se  t h e  s u p e n p u t s  i t  Ion a r g u m e n t  ansi d e s i g t i a t c -  i i~~~ m d  u i~~1 
,ms

t h e ’  Su i t  t t ’ rc ’s] I’ ip i d s  clu e to  u 1 and u 7 ,  m I - sl it - c t  i ” e l y .  n~~ c n u  th en he

w r i t t s ’ ’ i  aS

i i ) = I i ) )  u~~~1 
. (72)

- -  . - t - - t s-l ime t u s K  is  t o  d e t t e n m t n e  112, w l i i u ’ b i  n ow i o n s  s , u  s of flir t -u’ t~i r t s t u s  u
1

, um ,

sm m id mi ~ I 
Fields ui~ and s t u n  l i t  ‘ t i ’ s - f  r I l e  t s d  f r u m  s ’x j t r s ’ss io ns p i v m s u t  in

V Si ’  t i n  2 ;us t h e y  art ’ t hc  Cl u tu u l antI st - i t t  u _ u _ s _ s i  f i e l d s , r e s p e c t i v e l y .  t’ n om

t h i s , ’  i s , u I  I — p l a n e s -  1 rind 2 1 I l u i m i n a t s - i l  b y t ime ’  i m m c l d e ’ n t  p l at t e ’  wave 168).

These ’ f i e lds  t a k t ’  u i m i i f o r m  f o r m s  s i m i l a r  L i t  ( 1 8 )  and C i t e - i n  , i s - v r n ; i t t t t  j e t

. ‘x p r s - a s i u u u s -  c a t u  r e -s u i l  I l y  l i t ’  d e r i v e d .

In  ( It ’  t C rm in  ing um~ , we c o mp a r e  (70) wi t Ii I 21) and emp I u ’ v  e q s u s u  t i sins

similar to (41)) and (“41), arriving at

y

I
— - - — 

- 
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0 )1 
= ~ ) 

i k s - s’o s ( t -~, )  
1 i 

~ - 
~~~~~~~~~~~~ d~~~,

I
I 

iugn ( : a )j I~~

h , -w su v e ’
f u r  \ ( 7 ) )

11—wave
~1

w hit -re is - r • -p i t m c e’d b y ~l - 0 itt (7(3 ) and a2 
ti mid ~~~ s i re  d c - f i n e d  i n  F i 2 .  12.

C s t n i l i i n i s t t u m  ‘f ( 7 ) )  w i t h  (- ‘c i )  r ev e a l s  t h a t  >, ( -  ,- )  can hu ’ i n t e r p r • - t ’ - d  as

t h e  p m t t e ’rn I n u t - I  j o n  of ,m  f j c t j t j , ’ u i s  l ine ’ s - o u n ce  l o cat e d  s i t  t h e ’  edge of

b u s u l f — p l - uui e I . In contrast t u t  l ’ ( o - )  , w h i c h  w t u s  a s sumed  t o  be r e p u l l t m r i n  ( - ‘4 1 ) ,

> L ~.,~ - ) i s  u i t i g u u l ar  ~~ w = ~~~. and , t h e re t’ u u n- s- , s - p c i - m i  a t t m ’ u i t i o n  m u s t  bet

ds’ v st t€’ d in t u t , ’  , m u ’ s y m p t s t t Is ’ ev a l u s m t i t i m m  c u t  (73). A t t e m p t s  w i - r e  m~ude to fir s t

a p p r s :-: m a t , -  t i t e -  I t i u t • - r  ~u—i nt egr s u l i n  t e ’nms  01 it s  a sy m p t o t i c  s ’xp m t t s i t u f l  and

t h e n I I )  t ’ v u l a ’ i t t  t h e -  ~ — i f l t I ’ gr a t i O r L  Du e’ to t h e ’  nonuniform nature s it  Ibis

p m ’ ’ e’ thir e’ , pr ’ t (it- r re-s u i t s  c - o u i d  n i t  be obt ,ijne~d f o r  a l l  the stases - . Sinc e ’

t i , - i n n e r - — Htm-1 - r - m l  u ’ s i u i  t i e  p c ’ r t u u r i u m s ’ d  u n i f o r m l y  in  t e rms of t h e F’n esn e l

I nt e ’ ) ’ r - m  1 , we’ may now ex p r e s s -  (7  i)  ti,s-

= ‘I’
~ 

+ t T~~ + T
3 

+ iT
4 

(74)

where

T
1 ( , (c i , ) ~ - -

2 
~~~~ 4 ’ n 

I ~ e 
s c o s - _ )

e
1k 

2
C I t s - ( t 5 + m

2
)

[(
~~~ 

) do (75)
1

3 
‘ F

1 ~~ ‘ r~~’ i ’°~
) r

—‘ 4
— 5.

. u u u d  I s l u t  h. ’ r n nus ’ ru , from (I ‘ I )  smn sl (20), we’ h ive’

5
~ 

1 55,

, . Lt . , ) = 4 - e s -u ’ (76a )

li-I ~
= +v ’2 k ,  , sIn 2 

-‘ 
( 76 b )

I
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Sf)

I t is- n o t  i e s - u I  t h i t  Ott  ‘ 1  hi I’ , , i we 1 1 — b e t l t - i v c ’ t h  w i u s ’m e ’ t u s -  , - I s - s e ’s- se - s  s-1 n i

p s t l c  s - i u u p u i l , m n i t v  i t  -~ = . l ’ l u e n - c ’ I ’ t u r , - , si n-t v i t u l u t u t  Ic ev al uatii tn of ‘l’
,~ intl 1

t ’ o l  I t ’s-s t h s ’ s - i n s -  s - t 1-p s  i t s - s - si t s ’ s ’ v s i l n a t e -  ( - ‘c 2 b )  . In  L i m e  f ’ ’ l I o w i ni g s - u ’  tions ,

s-’, j o y - u t  s’ s t u n  i t t • ‘ u u t  l o i n  t o  I l i e  as- ’~’ w l u (  01 Ic e’v,u l i m i t  ion - ‘ I  1
1 - i ns] T~ , whi c-h ,

itt s & ’ u t c l u i s - l t m n i , - i l l s ’s-s u - n e  t o d c ’tt- mnnu in c sm f rom (71) .

. . 2  o t a l  Fi,’Id ’~ l us’n i1 ~~~~~~ - 
- - L’

• •  
‘.~~~~L ~~~~~•

I n u i s -  t oss ’ , w l u c- uu - thmu, ’ l itt l e - -  = - in - : th e’ s - us l u l l e  po im i t - -  = P. - i r e

ss, ’ i u , i r a t e t s] . 5 , 5 ,  ni u ,u v dt ’Iu ’rrt t h u e p .ith F
1 

i n t o ’ t i u s ’  sadt l I c  i ,m th SDP , shown in

La , t - s k l u u i ’  into ti s ’e ’ u u n t t  t i me  r e s i d u e  s’ t t n i t r i b u t i u ’ut o f  the ’  pole -~~- =
1

sinid i r r i v 1 , - m l

- m u ,  - - , - u  -c- ’
T 

‘ — 

- (, ,  - - - ) 
1 St  u s - i  - — 

~e- 
- -  - 

—
- 

F ( ±  - 
- ) du ,1 -_s r SD P 

1 I 1

- 
+ i k s - c o s ( - — ) ik, ,s’st s- ( 

~L)4 F - 1 u ,  - sin , 
- ‘ t ’  e — 

- (7 7 )

Sine-c it = P t h e -  r e l a t i o n  , .  � C) h o l d s , one - u n  t h e n  e ’mp lutv the r ’ ’su l t s

of Sc- s . 3 . 2 . 1  and  s l s ’ t s ’ r m i n e ’  the asvm l ut oti u - value u t  ( 7 7 ) .  The s- Ins- pro—

c t - u i - i r s - c - i n  ,i l s- u ) be u s ’s1 I i ’  s’V nllt i si t C 1
2 and T3 

whm i5 Ii c s u u i n p l e t s - s  the de’rivation

o f  u~~1, defined in (74). I s i ng t h i s ’  p r o s - e d u r e  ~h c ’ sc  r i h e d  in c o n ne c t i o n

wi  t I m (71) and (72) , u l n i e s can also det e’ rmi l t e ’  t i m e  a sym p t  o t i c  va lusts  sif u~

su n d  u~~~. The t ’ ina l r s - .uu it for the t i t t  a I l i e  I d s m ~ is f i m i a 1l~’ p iver. as

u i ~ = x ( t , 11 f l ) g ( k s ) ~~( ,~~2
) g ( k s  , ) + 0 ( k ~~~~~~) (78 )

o h - r e -  ~ and p ( ) s i r s -  e l i - f in ed  itt (I ) - s - i d  ( - ‘4l ) , r e s p e c t  iv e ly .  Equat i c ’n  ( i ’S)

agns-s ’s- c o m p l e t e l y  with t h e  nest ilt obtained u s i n g  GTD formu l t m t i o n ;

— turthermore , 1(t. .,P.) and ~~~~~~ ruin’- ’ he identified au -i Keller ’s- diffrac tion

s’oeff ic’lents at  t he ed ge’s of haif—p l amie’s I and 2 , r I ’ s - p u -c t I v e l v .

- 

i
. 
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-~.i  ‘h’ si t,i l F i e l d  w l m e ’ m i  i~ • >  s . ti m i d 
~~., 

= Ii ( F i g .  l O b )

I ’ i m i s  i s -  su n m t  c - m s - s t  I n t ’~ e’,’u s- e’ , hi t - sim s - c fru ’m C I I )  u - ,i m t s j t l i ’ r u f  ion the cibse’r—

v a t  I s i m a  m i t t - I c ’  s ’t ’ i i t s ’ i i l ~- s -  w i t h  t h e ’  sl i , i d u t w hiu mm ndar y of I he diffr acted rtuvs

u t n i g in a t  j u g  f ront I i i l I — p l u i u e -  2 .  I n  t h i s  ‘ ‘ ‘ i s - i - , is imi  t 1 ue - p r e - v i o u s  case’ ,

t h e ’  pole , s  = ~2 , ,und  t i m e , s- tj d cl l e- ‘t im -ut ui = ~ s u r e -  s e p a r a t e - i l  - out’ c~un  th c- n

re - l )  l a c e ’  tim i d T f m t t n u n  (75) w i t  in l b s  i r coumnt et rp a r  t s- frstm (77) . S i  n e t ’

s - i = ~2 t i m e -  r c - l , m t i s i n s  ~~ . = 0 smnd 5
r ~ ~ holul , t ’ v , u l t i s u t  i o n  of  1

3 
and T

3 
t r i m

( 7 7 )  in s]  ( 7 4 ) ,  r - s 1 i~- c t i v e - 1v , r e q u i r e ’ s s p e ’ s - f a l  c a r s ’ . ‘I ’hi s- i s  d u n e  h~’ ‘ t - i n g

t h e  s - m s ’ s - c -d u n e ’ d e s - c n i h t e d  i n  Set - . 3. 2 . 2 .  Ii e’t e ’r n u i n a t  i t i m i  o f  ‘I’ and T , Iru tn2 -c

( 7 7 )  and ( 7 5 ) ,  m t - s p e ’ c t i ve ’ly ,  may be cu iuuip ls-t ed using flue’ tuna lysis of

Sc-c . 3 . 2 . 1 .  F i n a l l y ,  u~ amid u~~1 
can  he c o n s t r u c t e d  f r o m  the -  s o l u t i o n  of

the I t a i f — p l a n e  i l , i i u m i n , -m t e s l  by  si plane wave’ as- d i s c u s s e d  i n  Sec .  2 .

Eva l u a t i n g  a l l  t h e s e ’  c’ i u n p i u u u - u i r s  and a d d i n i s t  tlmem up, s--c’ f i nall y arriv e’ a t

t h e  i t ’  I l o w i n g  L i t - i l  f i 5 - I d

1 ~~~ 
-

u u ~~ ‘~~ / 
(C ,,)g (l~ s- + k s 

P ~ 
T x ( s -

~~ “
~~

‘ r~ 
,5t) — - --—

~~~~
- , ‘ ( - ., d)

- g ( k s ) g ( k t  
~~ 

+ 0(k  3 / 2 ) ( 7 9)

wh me ’re  
~~~

‘ ( .
~~ 

- )  x ( ~t~~. - ) and that 
~ 2 ~~ ~~~~~~~~~~~~ t h e  ts’nm containing

wi th t hu e ’ sine s-on to-m ining P’ i t t  ( 5 ’-)) , we may once more  i n t e r p r s - t  - at ;  t h e

pat t e rut f i m n e  t ion of a f let i t ious I iu t e  source- l u t e  s i t  ed on t ime edge s’ I h um 1 f—

p l s i u t e ’  1. l x p m s ’ ’- u s i i m n  ( / t 1 ) c a n  u s - ct he’ o b t a i n e s i  m i s - i n c  I AT o r  P50 I u u m m u l , i —

t i u u f l s  in  l o s t  S u m e c s ’ s - S i v e -  S t  ~-j t s  in  s u m e c ’ ha n i e s i l  f a s h i o n  f r o m  (66) and (65),

respec t ive ’Iy.

4.4 Tot ,ul Field when = P. ari d Si - <  
2 

( F i g. lUe )

T h i s  is  a n m u t h u e r  i m p t i r t a t i t u -ri se’ for wh I elm the edge’ s i f  ha] f — p  l ane  I

u - u  j u t s ’  i sles  wi  t h i  t h e  d i r e s t ion su I the Ins’ i d e n t  shadow h ound i r ‘, I t  f time ’ inc i—

dent field - I n  runt rtuu ; I ttu t he  I is  two pre- v I ous s- use ’ s - , I hte’ p o l e ’  = - -

‘I
S — ____ - _____

- ,t, - _s~~~ - ‘ - - — 
- —_ 

- - “ — 5~~~ , - - ~~~~~ ~~~~-‘ 4 ‘ s=~~~ •’~~~’~~~~~” 
— ________
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amid  t h e  s - s u t t t h  I t ’  p o i n t  = ~ c u u i  n i t  I s le ’  t o u r  t h e ’ S i  t u a t  ion m m n chs ’r invest igat iu tn

in  t h i s se’s’t ion . ‘ic - m i c e ’ , w h i t -n  s l e f o r n u i n g  1’
~ 

i n t o  51W 1 t s r  ‘l~ and  ‘l’,~ , d efined

in  ( 7 5 ) ,  t ime i n t , -p r a t i s u n i  j ’ ~ i t s - u ’ 5  i n t o  a p n i u m e ’i ~i u l — v n l uue  i n t t e ’ g r : i l a l o n g  SOl’

p l u s -  ha I f  t ime ’ re -s i s l u u t ’ c’on t  r i h u t  j u n  , ni t m u :u - h’ .

- ‘ ik  - c i ’ s ( , + -
— il<s t ’ s( ~~

‘ ‘ )  ) t —

T = + ~, (  , ,)  e’ 
- ~~~‘ - ‘ e 

- 
F ( + , , )  do] , n ’  -

-‘ 51) 1’ 

- 
P 

~ 
:,~\ ike 2 c uts - ( + :)

± 2 
‘ k , 

‘2 2 
c’ c . ( 8 0)

Al t h o u g h  i t  t t u e ’  s - t u i l c l  l e t  po i n t w h e n ’ -5, = P t I m e  ret l a t  ion  ~~~. ~ 0 h o l d s , the

pr oe- c-d c mr e  d e v e l u u p e s l  in  Se-c ’ . 3 . 2 . 2  esun  l i t  he uses] f o r  (80) as -‘ . is

s i n g m i l u m r , in  c u ’n t n , i s t  to ’ P w h u i c l t  Was w e l l — h e - h a v e s ]  in ( 5 6 ) .

The h i t  e , ’ r , u n t d  of (80) is expanded in  t e r m s  of L a u r e n t  ser ies as

- 
1k, ~csis- ( -+: ~ ) 

— -

+ , , ( - - ~~~,~~- , )  e - F(+ r, .)  = “~~~~~
-

~~~~ A ,  + IS , + Q(s- - I i )  (8lat
1 w — l l  I i
r r r

w !i t , - r t -  - , 2
- — 1 - ’ , ,
uk ,s , ,  1 

—
= 2e ~~: 

r F (+ :
P~ ( 8 l b )

i k u - ,
B . :tt- 

2 

~~ e 
rF(+ ) . (81c)

1 ) u ~ 1r , usu~~~ 5

Subst i tut ing (81) into ( 80)  and using s a d d l e — p o i m t t i n t s ’ g r s u t  i sin , we ,‘mrr  i ve - at

T
~ 

= ~ B .p(ks) — ~ / . (l2 ,-h 2
)g(kp

2) 
iks 

+ e ,
t 2 C0S _ 12

)
e

tk s

+ ()(k 3”2 ) (82)

w her e  B . ts m k e ’s the following asympt otic expansion
r

—
‘ I —3/2

= + 2 g( k p
2

) ~~
‘ ‘  x

1
(’~sj -

2
)

j 
+ O ( k  ) -

r ’ r



5 -3

j u g  d e t  s - r n  i nei l  1
1 

suns] T , , oils’ e ;umt t h e n  ev;u I ui~i 1 t - T 3, 1’ , and u amid

in  the ’ s- urn s’ rna n uuut -r d~ ’ss ’ r i l ’ t - s I  t o r i  l u - n  I ’ ’  f i n a l l y  - u r r i v e ’  s i t

= (P., : ,)p(k 5 - , 1 t- + N C -  , , t ) ,  ~ ‘2 ’ + 2,’ (, 
~

‘i’ 2
) I p(ks)g(kp 2)

+ i)(k 
)/~~) (

~ 3)

wh o r e  x ’ 
~~~~, 2~~ 

= ~~~~ ( u , t  
2~ 

- Ag- min i , t h e  a p p e a r a n c e  of ~~~
‘ i s  t i n  i m p o r t a n t

5,5= 17

t i h s c ’r v a t  i o n s . It m u s t  hi s ’  realized that h u m  this’ csis - under stsmdy in this

s-, s ’c t  i o n , t h e ’ I j e t i t  j i t t i s -  1 i t m e  s O u r u - t , - i n t e r p r e t a t i o n  d u s t - s  n u t  ap p 1’~- a ny m o r e - ,

bee ,~~is-c’ ot  l ie nw I set t h e ’  t e ’ru ’u A
’ w o u l d  n o t  b m a v s ’  a p p s ’ s s  ms-cl  i n  t i u t ’  s o l u t i o n .  The

s - o m p l e x i t v  s t ems  f r o m  time ’ f : u e t  t h a t  t he  d i f f r a c t e d  f i e l d  f r o m  h a l f — p l a n e  I

in i t  s s h u s i d u s o  b o u n d a r y  d i r e ’ s - t ion is no t  a lu t e ,i 1 p 1 ti ns ’ wave.

-‘u . S  ‘ F u u t a l  F i e l d  w h uc ’ n = Ii = i, ,, (Fi g . lOd )

This is a un ique- situ~u tiu i n as the’ inc ident direction , the observation

di r ec t  ion , and the lint ’ connec t i ng  thie edge of the hal f—p lsunes are’ till

- u l i gned w i t h c- it O , s t l u t t r .  S i u m ee - t h e ’  pole w = P . c o i n c i d e ’s w i t h  th i s ’  s -a d d l e

p o i n t  , = - * one can transform T
1 

and 
2 

f r o m  ( 7 5 )  i n t o  t h e  fsumm presented

m i  (81)) . At 5, = 5~~. the relation , ~ I ) holds; therefore’ , evaluation of 1,

fo l  lows t h e  same p r i t s - e d u r e  used in Se- c . 4 . 4  f u r  eva l t i a t  isin utf T
2 

f rom (8( 1 )

1.5- . ,

1
2 

= — , (Q , P . ) g (k p
2

) 
iks 

+ 2 ’ (P. , h l ) g ( k c ’ 5 ) g ( k s )  + 0 ( k~~~~
2 ) - (84)

Similarly, evaluation of T 3, given in (74), require ’s formu l smti s s n si t the

s-time’ stefus emp loyed in Sec . 3.2.2 , i .e.,

— 1 ~~~
T

3 
-
~~ T x ( ~ ,t ,~~) g ( k ( s  + ~ ,5 ) ]  — , ‘:~~~~ ix ’ (S5 ,S,’)g(ks)g(k u 2) . (85)

I

- - - ,~ ~~~~~~~~~~~~~~~~~~~~ ~ -r w-~~-”~~”~ ~~~~~~~ -



I
I -u 

de ’ t  j m m c ’ sI  j u t  ( 7 4 ) ,  may he t u l u f  a m e d  using the cons-t rum e t ion if S t - u . 3 . 2 . 1

t - ‘ smh t simm

1 , = i~~~~ ( -  
* ) ) ‘ ( k s - ) ’ ( ‘)g(k~ ,~ ) - (86)

Since- sm~ and  sn ’
~~~, d e f i n e d  in ( 7 1 )  and ( 7 2 ) ,  r e s p e c t i v e ly , arc ’ t h e  s o l u t i o n s

d us ’ t o  P lanie ’—w s iv e ’  i l l  u m m i n a t  ion si  ha If—plane- s 1 sund 2 , net s-p ee -ti ye-I y , one’

n u s u v  us-s (18) to sir i ve’ ‘ 5 1

t 1 
ik(s+,, 5 )

= - s, s ’ + ~x ( -  , ,  )gfk(s- + , ) 1 ( 8 7 )

i k ( s + , )

11 ,2 = — ~ ‘ + 

~
‘r~ 

~~~~t )  ~~~~~~~~ P 
- (88)

‘I S’ comp i e- t s- t t i m r  e’va l uu -i t i o n  of uu ~~, the only ste- 1) remaining is to dc- t e-r—

m ine’ ‘h’~ 1 m m  ( 80 ) .  S u b s t i t s i t  l u g  -)
~~~ 

P. i n t o  (80 ) ,  one may e ’xp ress T 1 sus

- l ik(s+ - )cns (u~-— ’)1 I - ‘  — S - t b - (ci — O f  2
= — cs-c - - - -a-- - - - F s2k u-

2 ~~~~~ 2 
dw

‘ SlIP

~ 
i k ( s+ o 2 )

-4 ,- c  . (89)

J o t  roduc -  I ng t me- 5 - h u s i n i g s -  o f  v a n  isib let

= ~ 
imi /4 

s-in -
~~ 

-
~~

---
~
-
~ (90)

i t m t o  ( 8 9 ) ,  one’ oh t l u l n s

= ~ 
l k ( s + ss

2
) 

- 

ik( s+; 
2 f Q ( t ) F ( e ~~~~~

4 s ’k s 1 ~) -k(s-+5 ) t ’2 
d t

(91-u)

where-

2 —1 /2 - 2
Q ( t  ) t 1 ( 1 + i t  / 2 )  = t — t + O ( t  ) - (9Ib )

- I

I
_______ - - 

—
~~~~~~ •~~~~~~~~~

— 
~~~~~ -~~~~~~~~~ ‘

_
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‘ -—



55

Suib s - t itsu t ing (~)Ib 5 In t t u ( ~~;u) , ut nie n ,u ut e’ s - that in a d d i t l u t m i  to the u n t s ’ y r u t i o n

of  t V ;ic ’ ( 5 8 u )  w i  t O ii = I , ‘us ’ m u s t  m I s - si s -vsu  l u t i t s ’  t he’ f u t l  l o w i n g  i n t s - g m s u  1

V 1 / -

- ‘  

i s
~~~~~~~~~~

/
~

’
u
~~2 

t ~~~~~~~~~~~ t
1 

d t  = I (s )  . ( 9 2 )

D I I  tetic ’Itt i ,m t ion it f i(s) with r u-s i te-c t t o  s- yi c-lds

— k(s+ç - , ) t
1 ’ ( s )  = -k F e’ ’~~~~~~~~ ~) e 

2 
t dt

= - .~ 
(s  + 

P 
(93 )

for wIt ieh the rs-su It given in (58a ) for n = I is - i n c o r p o r a t e d . S ince

I(s) 0 as s • ‘ , one finall y obtains

i(s) = ~ u~~, J’° do 
-- = i tan~~ J~

- - ( 9 4 )
s s- i (a + 

P

may sut l ust he ’ e v a l u m s i t e d  to  y ie l d

i 1 -l r ik(s+ g.) p
2

T
1 

= -
~~ 

+ ‘
~~
-- tan J— , e — -

~

-

~

-— - -

~~

‘--- -

~

- g(ks)g(kp 2 ) - ( 9 5 )

P s i w  we have enou gb m i n f o r m a t i s t n  to  e u t m i s t r u c ’ t u~ f r o m  ( 7 1 ) ,  ( 7 2 )  and

( / - ‘u ) ,  thus arriving at

— = 
s-
~

5 ’ 2
)[~ + ~ L tan~~ + Ig(ks + kp 2 ) + e~~ g(kp 2 )]

~ X r (P.
~ ~
) + g(ks)g(kp) 

~ 2(s + p2 ) 
+ (o,,”) + 

~ 

~~S

+ ()( k 1/2 ) , (96)

I
I I  
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whi t ’ u s ’

* - )  = -
‘ , , = - - 

c _it _ s , ,~ 7 )r s m u t  1 r , 2
2 s i n  P

T h i s  i s-  s un s  i r n p s t m t  , u n t  m s - - t u u  I t  s u n s d  u ’ s u n  t i o t  h i t -  s i h t t s u i n e d  v i i  s i m p l e -  i p p l  i c a t  ion

r u  ~
‘ t s t  liii i ‘~~u m’s -

4 . 6  u; ,u :’i ji,u r is -ant w i t h  O t h e r  Ti’ c~ i u u I ~u i t - s

In  t h i s  s t - u t  u s i n , we’ app l y  t i t e  f o r m u l a t  iou  si f  u n i f o r m  t t - e h n i qu es ,

dj s - s - ua s - s - s ’ I  in Sc’s - ‘3. i .  1 , t o  t he  k s - o n e - t ry  a t  s t a g g e r e d  p a r s u l l e l  p l a t e s- .

R esc l t s  - u l ’ t  t u ned by a c s u s ’ s u u f  i nk  a p p r o a c h , in  whi ch the f i e l d s  s c a t t e r ed

by the first h a l f — p l a n c - s ine  d i r - e t l v  used as the  i n c i d e n t  f i e l d s  fo r  the

se’ u u u n s d  ha i f — p  1 , i t t t ’  * t i n t ’ c o m p a r e d  w i t  Ii  t u ’s - c ’  g i v e n  in t i m e  pme ’v ious s- s-c t i o n s

‘ u s i n g  5 5 ) e - c t  r a l  s l u l , i I v u 4 i s - .

I- tin time’ Si tu,s t ion shitiwn in Fig. I Pa , wits-re- both thus- edge of hal f—p l a n e

2 and t i m e ’ u t h s e ’r v a t i on  p o i n t  a r e  s u i t s - i d e  t h e  t r a n s i t i o n  r eg ions , GTD , I T’D ,

~lSI and LA ’S g ive  t i m e  c t u u u u c -  s i s v m i u p t o t  is’ r e s u l t , and are in c o m p l e t e - ag r ee - m e nt

w i t h  ( 7 5 ) .  T h u i s  i s  time- simp le-st situation for whic h c-yen t h e  GTD f o r m u l a t i o n

u ni v i d es an a d s - q u m i t e ’  m e - s t i l t

En I b u t -  e use s - bmo wmi in Fis t , lob , the’ edge’ t o  h a l f — p l a n e  2 i s -  o u t s i d e

l i t - trans - it ion  rs’g ion and t h e  o b s e r v a t i o n  p o i n t  i s  on the  s - I msudow b o u n d a r y

i t t  bma l f— p lane 2 .  T h u s ’  GTI ) f t t r m u l a t  ion c u rt be u s e - ti tsi dete ’rmin c’ t he  f i e l d

<i i f f r s i c t e ’ c l  f m c i  i u , i  1 f — p l a n e t  I , but  t h i s  s o ns- t r u e  t ion f r i  i Is t o  p r o v i d e  t h e

u - t ’ r r e ’s - t  r e s u l t  f o r  t u e  t i e - I d  diffracted siff hia l f — u t l s u u t s -  2 s u l o n g  the ’  shadow

b o u n d a r y  d i r e c t  i , i n n . I t  s m e t u a l l v  g i v c ’ s  an infinite field w h i c h  is-

phy si t sul l y  unrealizable- . At this point one might he temp ted to employ

U’fI) formu l it Ion , s it -s 1 mm ( 6 4 ) ,  sinc e’ it would predict a hiou nded (finite)

rt~smi it - It c t iu t he’ t’su s- 11 y v s -ni fit-ti that UT]) formulat Ion does not give the

c o rn e t  s i s - v m i o  u t  Ic result when romparesci with t I m e e ’x , - ic t s m s v m i u p t o t f c  s t i lu t l o n

L I~ given in (97). In ts i t ’t , UTI) f s r m u l s i t  ion f a i l s  ti p re-d ict t I m e  t erm 
~~~

‘ in (97L

— .c~~~,- - ,~~~~~~ 5I ,.., , , S~~~~ ~ L ..~~. , ? _  ~~~~~~~~~ “ 
— — -
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l’ws ~u i u s ’ s-s -S l y e ’ ipp l u c i t  i,ints of’ M5I) s u n u d  [‘A l ftt nuu t uml;m t ituu s - thu m i le-cd prt tv l I t ’

t h e  c tu m r e ’ct r e ’ s - t i l t  md u i e ’ u u u u ’ m u s t r ; u t e t  ‘i-i - f t - t  t a f ’ , r s ’ t - r t ’ - u u t  W i  t l t  ( 9 7 ) .

F~ n- the s - it un - ut h u t  s l u t ’ s - u i in F ’i ,u ’ li s t ’ . whit-r e’ the t ’ u [gm - si t Iou ] f— p ls ns ’ 2

I I s ’s  s i t  t h e -  s l e u t h ’s-’ h o u n t ! s u r v  t ,i h i  1 f — p la n i e  I and t ime ’  o h s s - r v s m t i o n  p t t i n t ,  is

[ s i m s - i t  j c t m ’tesh s i W s i V  I it ’ uls  t Ime ’  t r suu u ~-s i t ion  r e - g i t u m t , t his’ ([II) I tt rmul s ttion o h vit ’ ui s - l v

t u n i s -  t t i  h - t s - m m i n e - t h u s ’ t i - l d  ( ‘ o n r , - u - t l v ,  I t  is t h e r m  IO~’ S c ’rih to consider

s- h i t  it~~r~ or n it t t I ’ ll ) , ~‘1Sl ) ‘r [‘A l - tn t Iii’ a p p l i e d  t w i t ’s’ in s u u t - u - e-ssi,on in-u a

c u s ~- u d i t i g  fsi s - Imi u i n t to ‘kr l v i -  t h e  final r u s - u m i t .  Slit ’s’ thus- inc ’id enut f i t - I d

, t n t  t h e  i s u l  1— p l m n u s ’  1 is m p lane wave , t ip p i is -ation of e’ai ’ I u  i i i  t I m e  t h r e e ’

- ‘r m u  l i t  j u n - s  g ive’s Sss m r n e r f t ’ l d  ‘ s s - u i  m it ion f u r  t h e  I f e t I d  d i f f r s u e t e d  by

hal I — [i l s n s  I - Wi- c a n  ms - ash i i  v show t h i s i t  t i t i  s field t t i k e ’ s - , t ut’ f o l  l o w i n g

I u r n  - it  the 5-d~ , 5 - u if h,u I f—plane 2

t I iks —3 /2
c m
1 

= -

~~ 
s- + r (,- ,-- )u ’ (ks- ) + 0(k ) - ( 9 8 )

F i e ’ l d  ( ° 8)  can nuiw t i e’ vie -we’d - - us - time’ i ns i sl e- ni t f i e l d  on h a l t — p l a n e  2 .

h i m - a u  s ’ , s t r u u i g h t  f u u r w , i m d  ( r n i e ’ s ’ i m s u n i s - - i l  ) s i 1 u p l  I u  sution of [‘TI), uM SI ) and S A l ’  wosild

i u u u ~u s - f ’ i 1 l y p r s t v i ds ’  t h u  field u h i f f r t t  ti-if liv l u - m i f — p l s u n e  2 a t  t I m e  oh s - e - rvatiutn

p o i m ’u t .  A f t e r  s-urns ’  s - i m p l i I  i c a t  ion , t h u i u - s  f i t - I d  t , s k e - s--u th is ’  f o l l o w i n g

:i - -- y r n p t t u t  Ic form

t I iks -3/2
u
2 

= 
2 

- ( t  , ~~~
) u -  + T y ( ,, ) g ( k s - ) , (  - ,  2 )g(kp 2 ) + O (k  ) -

(99)

Comparison i t t  ( y t f l  w i  t i m  t i m e  c s i r m i ’ e  t asymptot i s ’ e xp ans -  ion 
~ 

i s t-ui in (8 1)

revs-si is  t h a t  ~~~~ is no t  r omp I e ’t e t u m i d  miss -u’s - t I m e -  t i - r u t s  r s m r r e ’ s p u i n d  ing  t i i

2,’ ~~~~ - -P - in si l li e r words , stra lgtut forward ( m n mm ’ s - h a n i c , m l  ) a pp i i , - , u t  ion  c i

[‘I’D , MSI) , and [‘A l does no t  p r s ) v l d e  the  s - s t r r e ’ e  t s u s y m p t o t  i t ’ r e s u l t  when t l t t ’

u - ’ i  ~ c’ of ha If—plane’ 2 lit ’ s - at t i i i -  shadow boundary ( t r - i t — s i t  i si tu r e g i o n )

( of h a l  f — p lane 1. Flu is impt urtant tuhse rva tl t ,mt was- I I rst m,ids’ by

I
______ -• - ————- -- ‘- ~—s- - ,’ ,.~~ i ,  ~~~~~~~~~~~~~~~~~~~~~~ •— —, 
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.I s im it ’s 2 1 I i ’  m t u t - I ,‘s l  t i m  n u su t 1 s t  l ui  - hi t -r i - t~ u ‘ I t - t v ’  - i ’ u t nn is ’ t ii - 5  s - h m i I a n

i u u n u ’ n ’ t su m i t oh s s ’m ’~’t m t  i on  t h a t  t ime ’ iuu t - s - h u , unis ’ m l  - t i t i l it it Ian u if l i i i )  and tISI)

d~’~’s- u t o t  ‘n o v  isle ’ t ime ’  s- u ’  n’ - - , t r i ’ s - u i  i t  s I t  l u s t .  f l t t - r , - n i sm [ 2 2 ]  t m n d  [s- u s u n d

Bsts’r sn ’i , i 1 191 mt ’ s - u ’ I s’ u - u I  t b ~~- d i t  f i c s t l t v  r e l , i t s ’ t h  t u  I - ‘- F  by u s - h u t ’- ’ f lue ’ t s r g u i m e n t

t h a t  t he’ cli I u s - I  e’d I he ’ l si (u s - ) I min im hi s s 1 f — p  l i i i -  I , w h i t  ch v u r  is’s r a p id  l v  i n

t i me ’ t r u n s - i t  iti n re -gi an t . l i i ’s- m i t t  , ‘unu g l v  s - - i t  i s u r ay  I f u  t d  he’ b tsuvi uu r. Ik ’mes ’ ,

u l u i s -  t i i - l d  cau tn ,it 0 , -  use-si d i r e - s t  l v  ( m c ’ s ’ h a n i t a l l v )  u s  t h e -  i m u t ’ i d s ’n t  u t - I d

v i m  t h i s ’ t i p p i i s - , u t i t t t m  i i i  t h u s -  [ A l ’  f o n t t u u l a t  i o n .  ‘[ l i t- v c’xpuiti cled (92) i n

te’rms- ‘it an infinit ~ ’ u,t uu iuu u s s t is ’ n s u f  u ’y l i n dn i s : a i  and plans’ wive s a n d  applied

t h u s ’  L ’A ’I ’ f t t r n n u u m i s s t i o n  to ’ s u s hi t e r m  u , t c-x imsi ns - i o nt s c - p a r u t s’i’,’ . T h e i r  f i n a l

u n i t  ‘ m c  r~ - s u i l t ki ss’s wi t i m  louts ’s ’ u n i f u t r nns r e - - c u l t  t u nuu l ~- : l t h i  h u t  r i v e n  i n  ( 8 1) .

‘the d i  f t  ic su ] t I c ’s- w i t  hi t h e  s- t r u  i g l u t  I t i r w a r s i  ( rue  h an  ica  1) a p p  1 i s ’ tu t ion u u

S I ) , MSI )  sund  . \ I  , us  s ’x L u u’ t ’ s s i ’ t l  i n  t h e  p r t ’ t - i -d i t g  p s n r - u ~’r : u p h , s u l s o  e - x i s - t  f u r ’

f l u e  u - u s - c’ shown in F i g .  kid . In  t h m i s  u ’s u s s - , b o t h  t h e  ed g e-  of  h a l f — p l ane  I

a nd t h e ’  ohs-e’r ’,’ , s t  h u t u u  p u ti n it lie sit  t h i s ’  ‘ - s [ u , u l o w  b o u n d a r i e s .  I t  i s -  s t  r a i g i t t —

: u u r w , m r t i  to sbmow t i u , ut t i u s - u
m e , s , i t a n uic a l u applic - sit  ion u t t  t h e  u n i f o r m  t h e t s~r i , ’s

g i ves

I i k ( s +  
+ 0(k ’) (100)

f t u n ’ t he ’  d u u r u u i u u , s n i t  t t - n ’ u u u i t t  t i - -  t t i f u I  f l s ’ l d .  h l u t w e ’ v e r , the ’  i o m n - s’s’t dt iminant

h u t • I u , m v h t u r  is given first in  the- r .hu .s. of ç uH, ) w h i t i u is obviously

di I l e t  remi t I rom (100) . As a unusu t t u -n u t  I ’ I at ’ t , sus - ~~ 
- ‘ , ( 9 0 )  p iCe S

(1/2) etx~m ( i ks + ikçu ) I mum t lie ’ (ls)mi rmts m i t term , I - e ’ - , 50 p e r -  u-nt different

f r , u r n  t he ’  “ n u t u - c i s s m n n i e s u l ”  rs’ s - u u l t  , ( 1 0 0 ) ,  t f  t h e  mini fornn th ut ’ u tris - s - . Roersma [22]

and f e ’ s ’  - m m m i i  b ) t i e ’r s n m t a [ 19] w i - r e ’  mIt I s- t o  s iu m uw t b u t t  , l iv  s’, u me ’f mil lv ansi Iv :~ i n g

but- prob h-rn in t he ’ rnammne  r mi s - us ’ - r I Ot ’s ! ear  I u s - n  - th i s - v t u t u  Id siht  alum t itt’ conm p It’ t e

resu I t tug, ru-u’ I ni g, wIt hi (96) . However , I t um ’ s-sims’ a nu I vs is - tit us m iot vet t li e - u - n t

performed f u r  t ime MSI) form u ml ui t ion . 

~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ ~~~-- —-- “ :
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5 . S I b  C I R A l  DOMA I ~ A I i F R OA CII  ‘1,0 V l - ~R I F I C A ’ l ’ I O N  A W l )  R i ;F  I N b - 2 ’ I F W i
i F ASY M iu ’i ’O’ F I C SOLI ‘F I ONS

- 1 Itt t i ‘ u i  u u t t h  Ot t

(tutu ’ 01 time’ mut t -s t chi ts I I c - t g i m i g  problems iui t h e  s u i l u i t i , u n u  of h i t b i —

u~ u u , - u s-v su ’~m t t - r i n g  , m n i s m l~~’s - t ’ s -  is tine ’ e - s t ; u h I I s - h i t n i s ’ n t  of t h e  s u e c u r s u  ‘ - ‘ u t

t h e  n’~ ’ -~u l t s amid the- r i - f  inc-ms-nt of time so l sm t i utn w h i t - u t  t i e -  n t - s - t b  I u n  in s-

i n im pr v t - r u s - i i t  is - u ’ I s - s i r  I v  i nd ic sute d - The’ d 1 f t  i s - u  I t  u, i n  V t  t’ ~ t ‘, itt , s - b: ’ - t iue’r

time i s - v n u i [u t t is’ e’xpresu ion , typicall y cie’rived I ruin t i , -  r m ~- s - ; - r o - m -  Ii , - f , ,

i m ’u d c ’et d s t i l y t ’  t I m e ’  b s i u n d an y  v s u l i u s - p r o b l e m  u nd e r s’ s i t m u - s m t h i ’ r - t t  h u t  s- i s - m s  - u i n i a r  i l - ’

f n u ’ n u i  time’ I ’ : uu - t t h a t  t h e r e  is no ohvittus way ti -u ‘‘ b u m i  Id in - 
I -  u ’ ‘ u - .f ,r  -

c u t n d j t  i t u n s -  in s - u t lt it i ’ m  p r t t - c t b u r e - s -  h a s - cub sun ’ n’, u v  ~s i t hms ’ els. -‘s mu t - - * ‘ I - -  -

is this s t this’ h i g i i — f n s ’ q u m o n s ’y ssi l e i t i o n s  i r e -  i t t  t u n  s ’ s t n ’- t  r u m s  t i  t,,’~ ‘ - .  - - -

t s u r  f I e l d s , whe reas  t I m e  applicat ion itt t h e ’ bo u n d - u t ’ - c t - n u t  i t  i - - n h  - , u  1

ru-q uu ire s t h e ’ n e a r — f i e l d  infu ’muis ut i e un . In t uni t rust , t Ime- in to- k r u  u~~~~~~- 5.5 !

I u ’ rm ul s ut ion for tb m e s- eat ti-ring problem is base-sI dims- i t  Iv art t i m ’  - m  ‘ i i ,  ,ut i - n m

t i t ~ th i s ’  h s n m n d u s r v  t ’o u i d i t i o n  and , u -onsc-qus’nt I v , t h e  h i t u n u s h , u n ’ - , ‘ ‘u s - t i t I - i t t  s ue - i

I s- red mi ridan t for t hits u spp  m its ui hi. hlowe’ve- r , t l i e ’  c oitvent i u - u u , u  1 s: ’ !ut * ’ n i t  i i i  - t hod

s o l u t  i i i  at int s’g r ,ml et q mma t iuu nts - is l imited strict l v  t u i  t h e ’ I s u w  I r t - u [ s n * - u u c v

- m u re’s-onance regions us the- matrix size becomes - unmaui m ,’ t’ablv l s u r u - u ’ h u - ’ :u u n t t i

t I i -  - r e s o n s u n n  u - i’ m e g  ion .

I n this st - s t  ic im i ws- w i l l  brietlv un it line’ u spe’ u ’ t r u l  dsim ain nuu e - t i t i td f u r
--.

hr i d~’ing tlmc ’ two su p prut u c h ues , v iz. , t I m e  i n t c g r ;u I s-q u i l t  i on  and u s - v uutpt t ’ t he

t c - u - h n i r h u u e ’ s .  ‘ l ’ h m c ’  i u v h t r i d  met  tm u i u t l  has -  the ’  tI e’s - I r s uht It ’ I e ’ m t u r e ’  t h a t  i t  no t  o n ly

w ’ r i  fIr s - t h e  sue u - t u r u c y  of the  ms u y solution s b m~ pr ’s-ides ,u sv s-tem ,itic

ntis-sins - I ‘‘r improv im ig this ’ seu lut ion fc)r a large c- l a s s  of problems of

p r a c t i t  i l  I r i t e r u ’ s t .  T h i s  t , u u ’t  w i l l  he I l l t u n s t i ’ , u t t ’ d  v i a  t w i t  t v i u i u ’ u l

exa mp le-s g I veim in t h i  s- se-u t i smut - ( i t  lie’ r c umse’s ius m vt a Is -ti h i s -c -u i  t rs’~m t c-si and

mus - i y  ht s- found in I 2 11 suiid I 24] -

I
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5 . 2  I ) e - v t ’ [ u u j u u ’ u u - n I  ‘i f  Sj~c t ’ t r s u !  l ) o n i , u i u i  , m u ’ u u m l s i t i u t n m of t iu e  i t t - r n - u I  l u j u s u t  s u n
- u n t i l  I t s -  . \j tj i r o x im n s u t e  S i u L i u t i  i i i

S l i t ’  [ c v  t si t omb h t m l  tug tIm e - u s - s u n s - t o t  I - s-ol r ut i o n  wit h t h u t ’  u n t  s ’~~n- s u l

s q u a t  i i t o  u ornnt sm I - u t  l u ~~t I Is’s - itt n’ i - s ’ogut is h i n ~ t h u t ’  l , u u ’ t  t u - u t  t bus’ b” uuu ur is-n t ran ust ‘irm

at  t h i s ’  i u i d m - t- ~h r u m r m , - u u t  , i u  , u  s - e , u f  f t - r u  r I s  d i m s - e t l v  pro p t i rt i sin a l t s  t i ,

u-su i t  ( s t ’  1 f ,u m I i t - I d  , m u n u h  t h s i t  a 1 ’t i u t d s [ ’ j u n u ,tximu st 15m m t u) this st ’ ss t t s r e - d  I t o l d

I s ‘ f  t s o  - vu I l ii i Is ’ I m u ‘ii - u n i v  it l i n u S ’s ’  r i t t  a s vm p  t ot  i c me ’ t i i  u d s , e- . ~‘ . , (‘~T1) ‘r

t I me ’ s-~t i ’ e t  n i l  s l I m s It d i s c u s s - s - s I  i n  pre ’ - t ’ t h i m i g  s - s u i t  h i m ’ s .  To t , u k i ’ s u d v ; u n t t o ’ . s ’

of thc’s~- t , i e t ~~’ w t - u u t ’ s - s t i u  w u u r k  w i t h  t h u s ’  uh b :u u u r i e r _ t n s u i s . ~ f u t r r n c , d ”  on

‘‘ s j me’ tt r ,u 1 sli ’ nt i s u in ’’ vems - ion u u f this- ints- gns u l s t i s m u t  tort rsuth s r than wit h t ic-

ci ’uuve’ n t j tu n m , mI s - [u i ( j u l  u h u u n n , s i n  c u ’ uu u i t c-r ; uu u ’t s i t  t he - - in s - i - t ’ s l u i s t jim . tIe I’ue g t r i ,

s w -  ver , wi t h t I e  c u t n v e f l t  i u i n u , i I  s E c t  r i c — f i s ’ I d  i u s t , ’ u ’, m a l  s ’ q u s u t h u n t  ( [ — e q u t u t i r i n )

f u r  - i  gi r l s- s t I ’ .’ i -snm du et i n g  s - t a t t e r -n:

(C * J)  = — I  , C = u ;m e -e- n t ’s i )vs u d I c (11)1)

w h o -  ne J ( r ‘ ) i s t lie’ u m n k n s wn i u tchu m s ’ esh s- u n  f a -  s’ u’- u n r e t n  t d e n s -  i t  y , t i t s ’ s-i l - u s - c- m i ~ - u t

s-i g n i f  i t ’s- t b u t  - t s i m m  t i  - u - u t i i i  1 c’ o n u t h t i t u i c - n u  t of t [us’ i i ~ I d  on t ic- n - s um I , i s ’ e S o I t I i t ~

s-s - s it t erer , b - - i 
i s  t h e  I n cj s l s ’ t i t  u - I t - c t n c  I i e l d  on t h i s ’  st - _ u t  t s ’r c ’ r , ,s nd “~~~ ‘

svmbstl iss’s- t I m e  s’onvs tl uu t i i i  i u p t r a t  ~‘‘ui .

As u r i - s m h l e- to’ F o u r i e r  t r u u t s - t u u r m i n i g  ( 1 0 1) ,  wi f i r s t  e x t e n d  i t

t ’vs - r all s-pact’ . To t h is end we- del m e  a t num n c at li m mi ut h tt ’ra t u i m (A).

0(A) = A ó (r - m )  sir , m t S ( h i ) ’ )

- ‘ 
vh s - r e -  u~u is- t his’ I )irs uu - d c - I t  a f u n s- t i o r i . l . ~-t  - ( A )  h~- t l t ’ f ine’d us t hus’ csimp lemen—

- i  r ’~’ m l p m - r s u  t m r

i T : ( A )  = A — 0( A ) . ( 1 0 1)

— 
- - 

—~~~~~~~ - -~~ ‘ ~~~~~~~ 
- - s- _,~.. ~~~~~~~~~~~~~~~~~~~~~~
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H i , -n  ( l u l l  ) s ui t hi ,  - n t  -w u - l i t ,  n - us-

C i~ ~ ( C  ~I )  ( I ( C . )

u i s 1 1 s - t ’ m , ’ s- . i s -  b i g  t lie ’ d i l l  mm i t  i - m i t  i t )  t m ’ - [-‘o u r  it- n  t n i n u —  I n :  i t t  m u l t i ,  u - t b  i t t

Sc ’ - 2, nt is - ’  m ’ u - : t e ’ t s - b i - u  i i i  th u e - c o t - r u b  t l i m m - c - — d i m e ’ n s i ’ n u s i u s - i - , s-s- i’ m w r i t -

( I i ) - ’ )  , s — ~

e t  _~~ T
-~~ 

~
-‘ ( 1 0 5 )

w h i t - r i - I’ = I ]  ‘ ( C  5 - ‘ I  s u i t i s  t l u ’ -  t r , m n i s - t’ i t u u ’ s  u t  ( h u e ’  t , i f l g t ’ f l t  i - u i  - - ‘n t i s -

s it t hue iutc i l - - t u t  h e  Id  t nul n u e, u t c u b  ou t  8 , w i t  hi ,u 1 1 t r sui ss - t i t n - t s u i - - s  q u i t !  it h e - s  he I tte

u l e ’ n t i u _ i - I i~ f l u i s - _ t  , t i , u n  h ’S ’ ‘ ‘ m m  t u u 1 t . ‘I tt ’ ‘ s , u t  t ime ’  u ’ , t n u v t I u u t  h u n  t i g e r  s t i r  i n

t h e -  m t  c - s - n i l i - h u h - s t  I o n  i ’s  t r -~ t ‘ n - n~ d l i m i t )  t n t  - m l  , e l i r , u i c  u n i m s h i s  t u m p u i n  ‘ ‘ u n - u

t r s u n m s t  ‘ ‘ i r s - u !  I u t n t . , u ’ t e  - u s - i ’ t l s . u t  ( l i l t )  h i s  Is - ’ - ’ u u n k u i t w n n - , V 5 7. . , j  - m i d  F , w h i c t u

“ u i  - i Si ’  I Vi - ci I ’ m  s i m mmii  I u t u e - t i t u s -  I

A r  t h u  i s- p u t  I u t  u n i t -  u ‘ m u m  t ‘ ‘ m i s t  m ’ s ’ - t t I i  s~t h u t  I s u i t  i t  ( I t t o)  i n  - i t  I

t w u -  t c t ’ . - ‘ . b l u e  f i r s t  t I  ( l u - s e  u s  l u u s e u t  on t n t  i t t ’ r s u t I V e  5 t ! ’ t t t  - h u r t ’  t b u - u t

i - p i n t s  w i t h  s m u t  u l 5 u r i s i t t u u t i t t n t  t , t  I , t i m e -  t n ’ s t n s f u ’ r r n  t n t  t i n e  j u n I s u ,  , -d ~ u i r f  i c e

s i n  u ’ u t , t l s ’ n i v s - d I r u i n  f l u e ’ - i s - p h l t ’ s i t  I m u t i  o t  s - i t t  u s - s u n l i t  Ut i c  p u ’ ’ i c i e s t ’  t o  t h u

s- i ’ l l  i - u  u n u p  ; n  ‘h It-rn. I i ue f o l  l s w i u i ~’ c - q u i t  I u t n m  I s -  t h u s - I )  e nn plu iv e- I to gs ’nt c -m .st 5’

( h u t -  i - s - - f  u - r ’ l t - r  s t i l i u t  h u m  ; u i’ m d t h  u ’  J u t u u ,  - l i n e  i t - ,  mi l l s - u t  c - i l  t i n t  I I  c u u n i v e m u -  f l e e -  i s

su ch  i - m i - I :

-‘ I i C’

1
( n i + l )  

~~~
I _ l :

i 
+ f ( U

_ l
]~~~[ (h 1 )

] - 1~~
l

1~~ 1
(n)~~~~i ( I t t - u s )

a n t i  in the , S T u , i t - t -  dium su it t

( m u  i f )  
= 

— 1~ -
~ 

(u ’u+l ) _ (1’

I
— 

-‘  -- - —~~~ - - ~~~~~~~~~~~~ 
— ‘ — — —-5’--—
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It m m m i v  hit ’ s - l u  ‘w un t u - u t  t i t ’  t on i ,  i n m s u  I t  ‘ m m if t lie ’ ‘ s e - e u  m m m l an d  t i m  i mci to - rrn s- 1m m

( l f l h , u )  m u - p r - - t n t  s .i ni . u p t m r , t x i r n s u t  h u n  ~~~~‘ F c h t - r i v s - d  t r i m  t h e  n
th 

u b t p m u i ’ - i mus t i s - m m

i i i  t , i . c ’ ., ,~~ n )  
- \ b s u ’ , I t s i t o u l i l  I ts -  r e - a l l y .  ‘ 1 t I m - u t  t h e  h n v s - r s e -  u ’ 5 i i - n t m ’ u r

1 
i s  i l g e i r s s i e  - m i t e  G i t s - c _ l i. i s i s -  t l u  c ’s , nt ’ n i ; u t  on’ , - . TI me cii ~ P f u r  t h u s ’

m - u i t m s l a u ’ ,’ s u ’ u t u h i t  ion n t - u v  he r t ’ s i u h i  iv s u ; i i m l, ied in t h i s -  p r t u s - e ’ - n ’ u m - S h O s e

I ) , t h t s ’ l u s t  i t - n m  i n t s h d e -  t i m ’ - s q m u a r t - br a - P i t i n  ( l O h ~~) ,  r ep r e s 5 -n t s

t h e- ! ani  u s - n !  i - u I  i — l I e ’ l t . h u u - t~~ b u ~ -~ ul on t h u s -  ‘~i m n ’ t u  s- u t  t h i s -  s t t h j u ’ u  I by t h e ’

m m t b u i ’ s - i h  c u u r m s ’n l  - I d e s - i ly , t s - i s -  t i e l d  u -ai i m  S d  m ’ q u t s u l t h e -  t i e -gut  i v s - ’ 1 ( l i e

t a n i u ’ m ’n t  i - u i  L’ ’u r , u t ’ o n e n t  ‘1 t lui itt ’ isI s-n i t [—I i t ’ l d  I. ~ - .5 c o i n 5 u . u m  I s -on  h i t  wi -es-

t h e s - c ’  t’s - I L i d s  immed s - i t c h y  m i - v i - - i l s  t h u s ’  i - .: t i ’n i t  t o  ‘,s’b i I~ ’h i t h e ’ ho rm ndsur -;

ct ’ u udit is tn i s -  s~~t l s :  ie’d on t I m e - s - t u r f - u  his ’ si - a t  u r i - i ,

s-~- i -sind app rum ui -li t u t Is - sn usll ing ( lit ’ii ) woul d me-  t o  c - r ’ u p l s ’ ’ t ’ t h e -  C . s  I s ’r k in

t mruit ’ t - dun - s - in t lu t  t n .ifls) tim - u’s dsmnt si i tt . l imi t - msmy tn i t - -

( i t )  
-+ ~ ,I (107)

P P

- (0) - - - - - -‘, s i u m ’ i e . .1 - es- t h~ d l i on u i : - : i n u y u t e  s u m u u t  ion  c h ,-r - u v s - d f m i n t  u s u i t a b l e  s ’ -s v t s u p t t u n  Is

f s u m r n t s u l s s  I n  t i m 5 s - u - - i t t  e’r etl fii ’ld m d  J n e pr s-- - sc’ m t ts tu s - s t  Of basis I lmncti on s

in i i i - -  t r - u n s f - ’ n n u  dounai n . ‘i’ vp h i  s u l  l v , t he-me-  t i r e  c c ’ r t , u i n  , u t i s ’ m u l , m r  r i ’ s - h u m s in

I un f i t - I d  w h e t s  t Ic’ uus’s u nu p t u t  i s ’ s - o l m u t  i n ns - r - t u m i i ~i , ret Ins- mite-u t - Ofl e- nay

i ’ b u ’ u t t s - s -  t a c o m m  i - n i t  u - i t i ’  this- I si s- s I s ‘mint ’ I louis it t bu s - - si ’ r - ’ I o u t s  in this ’ trans I a r m

dornu ain. ,‘u h  t u - i n s - s t i v u - l y ,  ti n - l ’s ou u l d l ie ’ ch i ’sss-u i - u s  t h u s -  t r s sn s t  ‘run s- of  a

- ‘ P  sm s -j t~~i , 1e- s t - I  u I 6 u s - is I i m n c t  i - ’ m i s -  i u i  t i m e  sg~u t - e dt uriain t , ansi the’ l o c u f  ieltt

(s- nm p[ to r t ) of t Imes - c -  s u h d o r n s r i n  isis - is I m u t t h u m s  u ni , mv Is , ’ st ’ l s ’ t ’ t i ’ ul l u  e’t u i n t ide

with tms s n u ’ . i t iomm nu- s’ i s u n s t i m i t u m u m i r s , s - I c . , s - - b u s - r i - t l i e  c ’ : u t i o n i s ’sm ] s t u l u t  i u m n !  ,u f

h i m -  ; m u - u - s u ’ u [ i t  u t  Ic t-soh i ut Ion n n u s s v  re- pm I r e ’  u - i - I  i n i e - r s - - f l t  —

in s I t  l m i r s - i ’ m - , t l n u ’  j t r o l t l e-m i t t  s l e t c n i s u i n i n g  ,I m m m v  hi - r - l uc e d t u t t l u - u t

of f i n d i n g  t h u  umu m kt io wn u u t e - f  I I s I e ’ i u t . s (I su m - I t t l u , u t  b 1 1 )7 ) s - ,m t i s t  it-s (105).
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i ’h u e ’ i t  l i - nk i n jinumt ’ t -tl u m m u -  p u s - v i s i t ’s su s-’ , u v  l u m r  suc ’ u ’ u t t n u i t l i s - l u ng  t h i s - , as s- s w i l l

si ’i ’ n m S i - i ’ . [‘his t i’s ’I i n t i qm ie ’ m i s - u ’  b u m s -  thus’ uiuIv s un t u~’ u ’ tht ut th u u t  Ite m u n k n o w n

i ni ( I (C i  i , v i z  - , , i s s ’ i s-t  S i i t  Is- Itt I v s’ lint i n a te d  f m  ii’ s t i ti s- i - i ’ s - s t  ion  ripsin

pp 1 u - , ut it-un a t  u i _ - u I e’nk in
, 
s- unmet lu mid - Cs t i c - n u t ’ s - s t  n s u  Ii ’ I i i  s f , m u  t i n  t i s ’ -  man i —

‘i  m 1 - i t  I t  m i s -  p u  ‘ -  - - ‘  it s ’ ci l i e ’ I t  is-’ .

S’i u l ’ u - ’ t i t u i t  i n s -  (107) in  (105) - until ta le i i s -  ;u s - c u ,-u I s i r  prt -ud’n ’ u i  the

n i - s u u l t i n t s -  s - q u u - u t i o n  w i t h  a s - u t  o f  s t n i t s t l ’ l c  5 5 - n i t ’ s -  u ’ )  t i - s t i n g  umn s’t i ut n s W
q

- s u n  i v e  sst

Y c  ~ W , H = _ W , l~~~ - + - n ,.~~~, F ? ( 10 8 )
- p q p q I q

s-hue re “ -
~~ , 

“ is - t h i ’  scs i  I a n  i n n e r  m r  ‘ u l t u c  t - I f  we- new eh oos-e  ‘,~ t u m  be tm - su m s - -
cl

l - m m ~ of fium i ct u , n n s -  wIt  i c h  s u n - n o n z e r o  only t i n  t h e  s u r f s u e t ’  smf  t u u e  s cat t  s - r u - n .

t hen  the’ ss’,s l ar  p r o d u c t  <W
q~~F> can be shuown t i m  van i sh .  To show th i s , one

uses 1 , 1 m e v - u  l ’ s tb ’ue orem am i d  trans-forms this’ sesi l sun produc t tnt W and F in

t i - r u n s -  a )  a s i r n i i l s s r  p r o d u t - t  o f t h s n i r  s u o e u m i N - r ; m ; u r t s  i n  th i s -  space- d o m a i n .

Si m m ’ e ’ time- invs-r si- r nanisforms of [2 and F e’xh St  in complem entary ru ’s-ion s,
q -

v i z . , on t h e -  s u r f s u s  a u t  t I m e  , s c s u t  t ene ’ r ansI in t h e  r i - g i on c s m m l - u  le’rnen tarv to

t h i s - u  s u u r f , i u ’e’ , ni - ’s p s - i ’ t i v e - ’ I v, one finds t h a t  their scsul ar prs chi us ’t ~s-

id - n t it - - u I ly zs - mun . Omit ’ u - s i m m now t m r t u t - u ’ d  in the us - sma l nm anner  t i n  so lv s ’  f o r

t h e -  c u u u - f f l e i e ’ n t s  C b y s t u l v i n g  then  m a t r i x  c - q u a t i o m l  n t ’~~r i - s e ’ n t e - d  by  (108)

wi t t b u u  s i  ‘, end t c -rn in th € - r - h - s . t he -  I i - i  ed . I t  i s  evi de~ui t that t i m e  us-c-

u~ f tbm is me- I hmos i woem Id h u ’  p r u e  t it -a l only wluen re I sm t ive I v  few terms - ~s r e

ui - u - m i  - ‘ I in  ( 107)  to m o d i f y t (u - suv ,m 11 ;mh Is- susvnip t ot Ic so h u t  i cmi ; I t e u w e v e r

t h I s  i s -  t v i t I t ; i l l v  l b s -  s i t  u u , m I  i u u i  fo r  m a ny  p r u b l e m i t s . I t  s - l u , i u i l d  a l t - m i - u  he’

n o t e - d  t h a t  ( l O H I  r m ’ p r i ’ u - . t - n i t  s- s 5 i  d i r t ’ s - I  t ’b t s ’ t k onm t h u s -  s - u t  l t s t , i , ’t ion ,uI t Ime-

J b u u ’ u u m u h , u r y  t ’ o n d l t  h u m , in t h u m -  ‘- - u - i t s - u s- i t t  moms-nt  s. ‘l Im e ’ cb t o i s - m ’ o f W ‘ s is
p

go v e m n u m - d  l m v t ime’ locsut I , u uu s - on tim e ’ s u r f , u t  c- S u t  t h e  si - s u t  cii i w h u e r i ’  these-

I
I

— . _  

- ~~~~~~~~~~~~~~~~ ~~~
‘ ~~~~~~~~~~~~~~~~~~~~~~~~~~ - ---— ___
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bs i uu u i d , ur v t u m u l t  h m u mis - su n s- su pp l ic - d - ‘l’ ’_-p i c u  l i v  t h e - s - c’ w i l l  it’ the zone’s- whi t-ne ’

t h e  ss- v m p t u m t  i s ’ s - s l u t  Its-i r i u ; -b mt he’ iu a s ’ cuuns i f i- , s’ .~ ’ . . th u t i - s u n s - i t  i o n  r t ’ 5 ’ i u t n u

‘ I s - i t ’ s  t ime ’  I it - m ush -sb usid ,m s - ’ reg i o u t s  -

S . 3 I l l u s t r a t i v e  I ’~x - m n uu j ~ l i - s

S~~- v u  1 n u ’ m ~- I I  l u s - s t r a t  i b o t h  t l s - -  i I e ’ u s u t i y s -  t u n d  G s u l i - r h i n  p r u t c m ’ l u i r s - s h’s

me - in s t O  t w u ’  c ’ s - s - s - l i l t’s- s i t  l u i g b m — t  n e q u u c - n c v  sc u t t i - r i n g .  F o r  t I t e  I irst e xample

s- c ’ ~‘htctoss ’ the- pr o h  1 c-rn u i  di f f r a i t i ou t  by a m s - u - t suti ~u u u  h s um i v  1 inuh s- r , a s - t  r u t  t n  r~-

w i t h  n ’ u u u h  t i p l s ’  s - t u b s - i - - s . Th e s - s t u n s - t r y  of thus- pr s u h - u l e-m is sh ituw um in Fi g. 13.

i-:~ s - i t s ’ t iu ;~~ l i i i ’  wc ’d 5 ’ i - ’ -- I , 2 , and 3 sund faces A a n d  B sire’ ii h uimina t c d  by

this ’ inc hsl en t wave whm i l e  t m c -  I sue s- S (I sind I) and tim e - s - s-sl i t- 4 sr in t Im e - s l s . u s b u w .

l i - I  i s -  f i r s t  i - u u n s s ~ i d e - r  the ’ b m e i m s p l i e ’r s -  above t i m e  f s i , - s -5 .  T h e  s i m u t r i b s i t i o n

t o  the se;u t t i r u - u I field in t h i s -  r e p i s i r n  comes f r u ’ m  t h e  twit lit sunfsmee s and

rays- di f l i t  ted by  time wt ’dgs’s- 1 , 2, and 3.  ‘h o dc -r  l v i -  s I i rst app nu ixim at ion

t o  the s u s - ’ ; i ; u l u t u t t i c  t ’ x p r t - s s - i t m u i  for this fan lie - Id s-s i t  t e r e - d  l iv  t he- cv iin d s ’r ,

we r u s t y  misc ’ K e l l e r ’ s- coe I f  ic i en t s -  t i m  ( l i e  d i  f f m s m c  t u - i n  by the  t lmres -  wed s - s-s .

I ’ m ’ u rn wedg e  I we bu ; sve -  , f i ’ m  i n s t a r t s ’e ,

- - - - I - - 1 , 2 ’ s  j k , u i  u m s -~ — i k b s i n t
— n ~ ( — se- os +tu s i mu- ;- ) 1 k 1  - sin — e- s’ci ) 1) e e’ ) 3  3

I I  ‘s- u’  ~~~~~~~~~~~~~ -

z i  ‘  I 2 i n  2
- - - k u -os ~~ 

— i ’ s’s (: —

2  In i k a c u t s ;  — i k h s m n :
s - i n m 5 -

+ 2
cs)5 ;

~

- — c u ) s -  ( +

— 
— —  

I, l t ) h b

t-,’ t u i ’ r e  5)  
~~~~ ~ ansI 0 < ~- < 3 n i / 2 .  S i m i l a r  e - x p r e ’ s - s - i o n s -  m mmi he ’ re-~ud i l y

- - C i  su I ned f e i r  t I m e ’  wedges 2 ssnd 3.  N o t e ’ t hmsu I t hue ’ ss- ;m t t c’rs’d l ie-id from weuIge- 3

I s  ru -St n ir te d in time’ singular r t ’g i u u u u  0 < j- - i n / I  m d  in u I”  f u r

o 
~ ‘ i u / 2  . lie-ni p , In the upper h e r n t i s - i i b m t - m e -  only s i n e — h a l f  of  t h e  a n g u la r

r . i u i
~

’ m - h - s h l l um l nat s - d by the scu u tter s- th I l eld t’r sm w e d ge ’ 3 , i t  ~Iu - l l er ’s

I
e

- ;
_
~ 

t ” ’ !~~~’~T — —-- —— ——-
- - ________________
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I u t r m u m l , s  f o r  an u n i t  m m l i i ’  s-’ t ’ t l u ’ i- is - use d t u s  c le - m i \ ’ i s m u t  m t i l u m u i x i u s m s i t  i s - r i  I i ’  t h i s - u

s c - u t  t i r e - t i I h I d .  A s - s i t  u - i n - u  u s - n  m n t i p u t u t  i n t l  smnul t onnmr fla fl t i - s t t i m - - ‘ ‘ I  time’

Kel i cn ’ s’x p tt’s - s - I u i ns t o t  thu s - u ’ t l n ’ i ’ — d i f  f r i  t es-t t j c ’ I sh t-s as g i v e - n , f u r  i n s  ~ t ; m n i ’ c- ,

li’s (lil t ) ) , is tb m s u t t lie’s -u’ s t u n’ ~, u I s i t - ;  ‘ mu-s I l e t  I ic I i t  i a ims m i  iu it I s - S  in t i e

s t  - i t e m ,  sI I I .  - hubs su I 1 s t  st i u - - ‘s- O n u s l  i t  - I I i ’ s t i c - u u - u I i ,  ‘ i i  n s hsm r b e ’s- - (mu - i u n u

u u i mi t ~-u 1 t  ‘ I v  c l  I n- u i : n - s t s -  t i ’  - s int l in it I u - s - i  0.’ i ’nup l i v  iti s- t~~s m ’ — s p s ’ s ’ t u’a l  s;oui’

- o tt ] Is -n i v i n u c  t u e  s - c u t  t m - m e l I - m r  u i - I d  I i u ’ n s s t h e -  t r u n i s f o r m  u t an ;mppmt ’ :-; i ntm t i t s -

t t C5 , b m t s h n m - i - 1  - s u m r )  s i c  c u t  - - s s t , i - t u r n p r i n s in mg t l i i ’ p h u v s - i s - s s l  t m ~ u t  i c s  sin ul  f r i n u e -

t u r n ,  n t - s . liii’ s  ( m i t t s - f u r - ’ , u s - m i s -  , m s s - t u i ’ l s i t s-d w i t h  ts f u n ct i o n  w i t h  f i n i t e -

- - i u u l t p s u m t , is mIs - - s -tn- - hsms ium slc’ d and - a m u ’ s c ’ q u m e n t  Iv f i t ’ s ’  of t h u  s i n s - t m h a n  be havior

‘s - I i s  ( I u~ ) —

As u n  m l  ( s - u - u n - u t  l v i -  w u n n , i v  s u l ’ s , m  c-ru g ] i t ’,- m i t ie  u t  t l i t ’  ;svtu i l a b l e  un - u i f o r m

t h m e - o n i s’’ -u [ 1 7 1 ,  14] th at provide u- s mn i t tsm t h i nsnd ho cu s- s led transition t h i r s i u m - b i  the ’

r u  I t-u t ion sund n t } u ; t , b u u w  hst u mu i dsurie -s - . It is fm t r t u u i  f ouls , i u uuwe - v i-r , t h a t t i m e -

, s u s - ’ r ’ - t ’ m t s -  ‘ n u t m i h u t i t m n  u I  t h €  i n f h m i i t i s ’ s  f r u t m  t h e  i n d i v i d u a l s-’s’ s h ge’s cat-u t ’ s - I s

- u t  e- x , s u ’ t l y  when t bi t - i n  , , t n m t  n i h u t  ions  s i r ’ -  supe ri rnp s ;ts -e’ih . ‘I’imis u t i - c u i r s

l i s - e , i u s - s -  i t t  t h u ,  m m n i t i n u e - sv i n m t - t r h s -  m i t  t h e  getsm n sis ’t r v  at  t h e  r e - u - t s s t i g u i l u r  s ’ v I  i n d e - n

un d sn r s u  ‘m i s- ide-r ,u t I m i i i .  l i e -n e - i ’  , s- st spec Lu 1 u - sure- is requ I med in timis c - x u m n  I c

s u t the t r s m n s i t i e u m m  r s ’g i o n s - .  ‘l Ime ’ d i  f f r , m e t s ’ d  f a r  I h e - I d s  s’u i m i m p s m t e d  l iv m u s i n g

t i m e  K e l l e r  f o r m u l a s -  f u r  s-’t ’d t ’ t -  d i f t  r s i e t  i t ’ s -  are’ s- h t s’iwn in Fi g. 14. I t is

e v i u l e - t i t t h a t th u s- p a t  m u - r u t  i s  d i s u - t i m u t i m m i m u t m u s -  sit 0° , sOl O
, 1800 , aim d 2 7 0 0 .

- 
- 

,~~~~ ‘ t h i s  b e h a v i o r  i s  s u t t m i b u i t s i f i l e  t o  t i m e ’  it s- c ; ’ of  i n u f i n i t u -  wed ge d i f f r s m s - t i o u m

t ’ t ’ i ’ f t i c  i -nt s t i m a t  p n o d m u e u -  us n o n z e r su  s-u ; i t t e r e d  f i e ld on l v  i n  h i s ’ r e g ion

u - x t m - r n ; m I t o  t i m e ’  v u - m I s - c ’  ;i t i c l , m s - i t t ’ s ’ , p i u u u l u u u i ’ d i s - m - o u m t  i r m u o u s  I h o l d s -  s - m u p l i u m n t e d

by i n m h u i m ’ e - t l  s - u u r f s u u  e e ’u i rr e- mi t s t b usu t u-> :tc- nd t i t  i u m t  h u m  i t v u bs u mm g time’ w m ’ s h g e ’ su r f a c e ’s .

mu - inc t h I - - , f u r — I  I s ’  Id s i n s \ ‘ n n u I  ‘ t i m  t Ii ’ s - mt I u t I aim , we- t nt us ’ now I ’ net - c - s d  to

su p p I y t h it ’ i t t  - r u t  I vet ‘ m u ’ ’  s - t h u s  r e  t i m - y e ’  h i u i u m - d  In Sos ’ — u . 2 .  I’ si t h u  i s -  c-ad , we

f i r i t  l ntr , u , Iu u u c- iii i” t m m r i e - r  t r , u u i s - t i t r m  tI me ’ variable- s k c s ’s - I- and expres s-

___________________________________________—
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ii t i n  s- it t s ’ n , l  I i s ’ I d  i i i  t ime-  i m u — u - u m i s p i m e - m l u s t  I m u ’ s -  i u i u u  d t ’ f  I r m s ’d by Ii  —

i t - u u - u n - u - , i t t  ~~. C , ‘ i n t u i t  l i e, - m m m i I v I  I u ’ s m  I u u ’ s - f  i nu ts - t i s i n t  i f  t h e ’  i - x l m r es - s s l i n u s  I c t r

t ile’ s - i - I 5 -, , - — h u t  r u t  t i ml I i c ’ l d s  to she-I e-rm I nte ’ t he -  F i - u s u r  i t - r  n s u u l n -s I or ui n i n  t l i t ’

n : u m t u ’ s - u ‘ k liv s u u i ’ s - t  i t m u t  I m m ~- app rtm pni a ti - u u t n t i l s t x  v s - l i m e ’ s  for - ( m i t -  u - I

t h i s ’ c l i  i c - f  - s u b  v , u n t  - u - - s- u -u i us  m u  t he - u ’ , u i I s- l i  I c  e ’xh- u nt-s -s ions- l’ r I l ie-  a s ’ : rn ; t at I-

ss ’lut ioni -is ~m s t u n  isi s - I m m u i t i t I on  t i m e s -  i t s - r s m t  i s o  p n u u e e t l t l n e  is-  t b m a t l i t ’

a p p r o x i n u u t e ’  s u u t , s i v t j s ’ , u I  i ’ s - p t - s - s - h u m  i s  s ’o n v e ni en t  t u i r  c-s l i m s - I h u t s- t h e  s d ’ s u t t t ’ r t  - t

f u n  t i s - I d , h e t h  in  t h e  v i s i h i s ’  m u s h  i n v i s i b l e  r s u n u ’ s ’ s - .  By l ’ u t t u r i~ ’ r i n i ’ , ’ , - r s i t ’ n

of t his ’  s - u t m t l , - n s ’ u b  l i — l I e - I d  m l  i n f i n i t y , s-’ c an  u l s ’ r i v e -  t h c  t a n u ’ s ’ n m t i - u i  h l — t  i e l d

on a pla n s - mr suirf ;uce tsmngent htm l  t o  t h e  face ~\ .  I f  t h is comput e - c l  ne-an l i e - i d

we- ne’ t i n  s _ s t  i s - f t  t i m e  b o u u m t d , m r ’ s  i - e m n d i t  j s ’ n m  t l m s u t I b i s -  tan gent is u l E—f ic’l d ‘n

s c u n f s s c s s  t\ e q u m i l  time nm e’~’ssIive ’ s i t  and time ’ s - i m i b ,ur s i t u - m t  isin is r i - p u - s i t e d

i t - i o t h s r  l s m e s ’s- , we w o u l d  s’ s u r m m - Iude  t l u , m t  I h u t ’  sa l - at  h u i n i  s-eu - I - n iv 5 -s I is s- sn

55cc m i n u t e -  one. I u t w e  Vs r , vs s-- u ‘ii I d  no I exhis ’s’ t t im sit It ’ he t n - u i s ’ f u r  time

s t i l t i l i o n  r i ’p r i - s - e-n t s - m i  b y ( l I ) m m ) s- O’im ’ e- , as i i o i n t e d  u t u t  s u r l i e r , t h u s

c i - p ir e s s i o n  p r t u u b u e e ’ i-s g l i t c h e s  s i t  s i t u - me ’  a np l e s  of  o b s e n v s m t  io t i . \~‘v s ’r t i t e I c’s-s-

t i m i s -  s o lu t  ion  p r o v i d e - s  .i very good zero u nder s-st m ate t s’r win i ch  i s -

mt- mi ] l i v  d e n  ved h ’, t s-king thus’ t ransf eurrun of the tie-si r f i e l d  den  i y e - t b  im i  t h e

l u l s i u m u -  of I he ssurf ,u c - e- A , s ut h e r  c i t - I t t  Is - tn the porhiou l of time f i e l d  tha t

, , u m r u  s-ponds It, the s-turf s-ce A suf t h e  s -u ’s s t t  e ’ ie r , and  its - p e s t  ltmp t h e  s- tu n is-

p m u u ~
- eduren h u m  t h e  o t h e r faces as well. In l o u  l o w i n m u -, t h m h s -  p r o c e d u r e , we

c-I  f e e t  i vu I v  c o m p u t e -

F ( r ~ ,
~ J - ci ~~~~~ t~~~~’ 

(0 )~ })

w h i c h i  i s  an u m p p r o x i m a t ion t o  F t h r i v e d  liv mi s  i u ig  , i 
( 0 )  

The n e x t  o m m l c ’m o f

s u i t i- u m iu x l ma tlo n tim 1 is new rt - , uu f i  ly ui h m t ,ui ned I r s - t im ( 1 0 6 ) .  T h I s  q u a n t i ty

I s  F’ouri i’ r inverted t o u r  t i n n m e ’ s -  t o  u ’ a l i - u l ; s t e -  t h e  tangen t ial h i —u i ’ I d  on h i t s ’

- 
— 

‘ - - ;~~ ‘ ‘~ 
- ~~~~~~~~~~~~ ~~~~~~~~~~~~~~~~~~~~~~~~ ~~~~~~~~~ ~~~~~~~~~ ~~~~ - .

~~~~~~~
—— —  - ___________
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f e m u r  I , i t  e s  ‘ f  

- 

I h i ~ cy l  inde - r and  t h u s ’  s u r f  m u e- s’u n r c ’n I  on f l ue ’ s - i -  f a c e s , o b t a i n e d

re in ( 1 O t i b u  ) , m ’ s  1- si m i r  is- n t r u  mi s - t m ’  m e-t I ,sgsu imi to s i c -ri ye time’ far—lid d pat  t e r n .

b lu e ’ it e ’ r s m t c ’ u h  f ; s r — f  I c ’I d  g u i l t  em 1 is -  sbt o w m u in F i g~ 15; t h e  d i s - ap p e -rm nanc ’ e

~ l t h u , u s  ‘ n i t  i n s u i t i c s  , u t  0 , iu / 2 , L ’/ 2 , s Ic., i s  i t imm ed i t i t  i - I s ’  ev i d e - n t  f r o m

tbmis p lot - ‘ l i i i ’ s  i s- s - ru It titus - also hi-e n ye-ni l it’d liv um fc’W u m t lie- n workers who

h u , u v c -  fi t 1 b ’s-cd ,l if Is- re -n t Itnu ucs- dure ’ s- t haut t hi o s- e  ou t  l i n e d here -  [25  1 . Recall

i u - ’ ’,

~

s - v e ’r  , t i m u i t  l I m e ’  m e t  bm o d u t m u t  I ins’d b m e r e s  I i r u u v i d e - s -  a c o n v e n i e n t  ‘‘ h u i l  t — i n ’’

c h i ’ , i~ I m u m  t h e  s i t  i s l ; u t t i m i n  of  t i m e  h - u i - u t i m m d s u r v  e ’m r n d i t  ion  s m n d  an ind -p~- m’t deuit

e n i c e  k ~5 m i s - I  sI l u ’ s - c  t i m e r  n e c e s s a ry  to s’s - h  is ])  1 i s - h i  t i m e  i c c  m u r s i c y  of t ime  s o l u t i o n .

I b i s  ne xt  e-xamp le  we- d i s c u s s  is t i m u i t of a smoo th  c o n v e x  su i r f a e -e  w i l h

I n , -  W s ’i ] 1 ’ t - s  — a c i n e n i l a r  c v l i n d e n r .  One- ( i f  t h e  i m p o r t a n t  t u t t r i b u u i t s - s of t h is

c a n o n i c a l  s - s - m i m e - t r y  is t h a t  i t  p e r m i t s  c o n v e n i e n t  con imp an  i s - o n  w i t h  t h s ’ e s - s e t

s c - r i  s ’s s - s - h i t  ion ;s vsm i  l a b  h i ’  f o r  the re’pre’sentsit ion -u mmf se sut ti -red f i t ’ Ids  f r om

h i s -  s-I u - t u e  l u r e - . Flue ’  geo m e t r y  of this- p r o b l e m  is sh own in  F i g.  16. s-c

cons  isler I b i s ’  c s - s - s  s i t  an E — p o l a r i z e - d  wave inc  isI s-nt f r o m  = 180° .

l I m e ’ I i r s - I  s t e p  i n a t t a c k i n g  t h e  p r o b l e m  is  to u n-t o tu g e o m e t r i t  u i

u s- ut ies i l ((i i)) s u t n h ir tm ,ui -h) 124 1 I t t  de r i ve  t h e  f a r — s - e s - t h e r e ’ d  f i t - i d .  s- I s- ti t h i s

i s  I t s - m u ’ , one ob ta  ins  t he  d o t t e d  cu rve  in Fi g .  17 w b m i c h u  a l s s u  e x h i b i t s  the

c - s - s u e t  s - s e r i e s -  s o l u t i on f o r  t h e  s c a t t e r e d  f i e l d  t u s  ;u s-o l  id c u r v e .  I t  is

s-vident that in the range —60° < ihu - - 60°  t h e -  CO solution is not adequate.

‘I ’ imis  i s  no t  t o t a l l y s u r p r i s i n g  s ince  i t  is well—known that creeping—wave

_ _ ~~~~ P coO l r i b u t  ions need to be [tie- luded in  t i m e  scsi  I t s - n c - e l  f i e l d  express  is -un in t I m e

shadow and t r u u n s i t i o n  r eg ions .  R a t h e r  t h u s -n  f u t l l s i w i n g  t h is p r o c e d u r e , We ’

-- will now show how lime Galerkin method can be readily ~m n sl e om - i v e n i e s - t  Iv

app i icd to t h is p r o b l e m  to sl er iv s -  an accursu te- s-al mit ion.

* Numer icu s i experiments have shown t h a t  v er y  good t a r — f  I c - I d  r e s u l t s  ‘ire
u m h t s i l n e d  even when one ski ps the f i r s t  st ep  smnd misc-S I~~~ itself t i m  d e r i v e
t h e  surface current usIng (I06h) and , j  by t h e -  Four Ie’r t ruins - format i s-mt of
th u l s s-urrent .

-~ - t ~ - — - - “ -  - - 
$_~~~,~,,_15J~5, ,,,~~~~~ ‘ ‘~~ ~~~~~~~~~~~~~~~~~~~~~ 
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hu t tim i s  c m i i We ’ , - u ’ n n s  ide -i ’ , as- su f i r s t  s t e p ,  t i m e  l t e ’ l i s i v  i s u m  ‘‘ 1 t im e’

t i r e - u,! f l ’  I d  u m n u  a suui ’i - s u t ’ s ’ r s - c t s - u I  in 1 :-s t su p s t s i t  [Ott  t u t  tIme’ u’ y l ind c- r u t

t b t s ’ ; n u ’  j i l t ‘- a , t i m e ’ I - m m t h s - s l  h i su in t ,iwsmv f ri-un Ihme ’ in i u ’ id s- nt f i t - I d .  It t I h i , -

l i - c t ’  s - h t s i d u sS r e - s - i s - l u , s - u s ’ v ~ 2 , we , - : . : t u u ’ c t  thus- s e m I t e - n c - s b  I m u ’ l d  l~~ =
- t - - I,

i t  lie ‘ i t ’ - ’ s - utu, t th - t h i n ri ’s- ins-SI im u n m - On this ’ - t  m m - n  F u s u n s l  , wt uc ’ n m  s-’, s - t i  s ir  u u f l t  t u

l ie 1 i I I n i  sin  l i t  is s u u  n ~, tee ’ , 5,i\’ f s m i  v t u , we ‘ e s - b u t - c t t he’ b -’
~ I t ’  bc

I t - u t  u ~ d itle - u l s - u S s’lv liv t h u  (~O l m i n m u l . u u - , . In we- had s m g i u o d  u - s t  u n u s u t u - m u f

t h e  s- c an t t ’ r m - u h  n i~ - 1~ h u e h u u u v j s t m  i n  t h e  t r t u m s l l  s- i n  r u - s - i i t n t  -
-u s’ 6, we’

s - u s m l . t  I i i - ti le- It s - ‘ e l  , u s - t u t u , ]  t i - i ’ r e ’ s e u n t 3 h i o f l  ‘ i t  time ’ i - x e i ’ s s  s - u  m I t e - r e t !  I j s - l d

( - s i r  m ’ t , ]  u l , u u 5’ s- t h u ,  ( a )  t ie ’ l d )  s u m u  t h u s ’ c u t  i n -  s u u r l s t e ’ s - m t  x = s u .  s - i -  m-u ho sil d

b u t - n  l i i -  sb is- n o c s u n i s t u i  c-  t h i t ’  f i t ’  ld rash i s i t e - sb  i n n  t h e -  r - Ii. s - u u f  l i t ’ u ’y i i  u d c r

h i ’,’ t h i s -  ‘ - :-:ee- s-s f i e i s j  u m s i n ~ - thi s ’ cone s-nt u t f H u v ~’ l i t ’ mi ’ s s t u m u r  e suns l must- t h i s

h e l d  t i m f i l l  li t t h e ’  , ip  h e t w e - s - n i  t h u  s-u ) i s - I t s - n- n - unt il the h u e

m u s- Fitt w n t in F’ i , - 18

I s -  d r i v e  l I m e  b i ’s t i e - I d  in  h i m  t r , u n s i t l ’ i n  r e - s - i s - r i, s-’e ’ f i r s t  i n t , - r ; u u i , t t e

h u e  u n u - u g n  it n u b  c t  t m i s I h e l d  fr i nn I s it s- = 2 , t u I) - i t  s- = ii a m i d t b u s

‘ i s - u s - i -  I r i i n  y = 2 l u - u  t h a - s - mm t u i u , sse’ sit s’ ‘ - h i ’ s - h  w e i n l r o d n m c u : -  su

n - i  of hu m s - i ’ s  h u m i d  i , m m i s , s - I t h u ium tde ’ t i m n  j u t e - s i  c - - e n  I j c i e ’ f l t n-u , t i i  sh e -sc r i b e -  t he-

- t u r n ’ - t i u n m  i - u t m -  i n l i - r b m i u l a t u - u n I . ~ t h i - I d  m t  t h e  p l u m e  x = a , 2 < v j  6.

I ’  - l et i - rn  i n m e ’  t h i s - , ’  c i t e - I  I i e i s - I t t s- , s- sung ! V I l i e  s u u t m e ’  c ’ pt  of  s-si  I s’rk it ‘ s-

h m u u d  in this- - s u i t - u t r . m  I u l u u n n n , i  i n  us b r i e - f  l v  o u t !  i n c - d  i n  S e c .  5 . 2 .  In t h e

i - s - i m j u h i ’  ic i n g  c o n s - i u l e r i ’d b e r m ’ , t h i s -  t u , m m i s i u t r m s  ol time ’ hum s - i s -  f u i m c t  ions p l suv

t h e  r u l e  i t  .1 i n  t 1 0 7 ) . - u n m h  t i m e  z e - m u m - u  r u h i ’ m  , s s - u i t t e r e - d f u n  f i e l d  ,~ (0)  
~~p

, i l u f  - u  i m i e - d  by ad cIin ,n t h i s - u n i t  r ifs - il,. i tu rm s i t t  GO m iii tIme’ ipprc m xit in its ’ s ’s - s e ’s- s- S

li ’s f i e l d  d u - r i v t - u I  t r u n - -  t I m e  i n t i - r p m t l s u t i o n  p u t u c i - i h u u r t -  j u s t  ds ’ s u n i i t e’iI .

— -~~~----——-~-;— -~ =— ~~~~~~~~ - -‘~ - - ~~~~~~~~~~~~~~~~~~~~~~~~ ~~~~~~~~~~~~ m, —~~- ~~~~~~~~~~~~~ 
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‘Is-me’ s’b m,t it ’s’ O f  t hu m ’ ti’ s - I i i i s - ,  f u n i t - I Ittfls , s-’
q 

in ( 10-5) • is sus- ’gs-s-ts-sl iv t h u s -

f , i t  t t b u , i t  l ime ’  s ’ n r u ’ r  i i i  t i m e ’  h m i g h i — ~ t r s ’ q u m i n u ’y a s y m p t u t l I s u u l u i t  j u n  j s -  m u s t  l v

u m u i t ’ e ’t l t r i t e ’ ,! u r i s - n d  l i i i - I r : u n s - i t  i e i n u  r , - u i t ’ n i  out t I m e -  s u r f - i ’  u - o f  t I m e  u ’v l  i n n s - - i ,

i . 5 - - , i i i  I b i s ’ n e- u~ n u u h u u u i u m i o d  i t t  t h e  h u m ,  t i o u i  b e t  -,~‘ , - u - u n  I I s - ’ I i t  s-nd sh ad ’ s--

n~, - y l u i f l s .  h u m u s - , ‘ 5  ;m u i f - u i u l s ’  u i u u m i t - e- ‘~ n t h e l es t  iui g t u u n s ’ t i o n s  s-’, u u s l d  he t o

l u i c s u l e  t h e m  i t  t i m e  t r u n u s - i l  ion  reg iom i ~ s s -h ew n i n  r i s - .  I H  s- ’t u e r e  t i m e  l u u e : u t h u n

5 ’f t h e  h s m s - i s  I uj fls ’I i s u n i s  is m i s - t m  sh own . s - t i e ’ 11 , 1  We’ mi t - - u i  n o t  he r , - s t  r i c t s - I

i n  i t s - n  d - h m t i i s’ s- t i -u n  t i l t ’ I s i s - s i t  i on  ‘ ‘ I  t h e s u -  I s- lid - I h s u n s -  h i - ,’ d e m su n d i i n ) n  t l u - u t  t i m e - v

bi as’s- si u ’ ( ithi i i tu iO su h i h i o n t  , s u l  I h o u gh  t i m  i s 1 s , m l n n s m s t  a was ’ s- t h e  c - m s - c  i n  l i m e

c u m n i v i - n i t i u m n a l  ‘nu ’ n n c - n i f  or s-si b e ’ r k j n i  m s t I u u u d s .  We- m-i s- a l s o  n o t s -  f r o n t  n i : . 18

t h a t  t he- s l i ;sp e ‘f I tt- hi m ’s is- and ti-st i n s -  f u m n c t  i ons  s u r u -  b o t h  ( I - - i s i s - s  i s u n .

Sj n m ’ u- we , m r s -  dc - - s l i n g  w i t h  h r ; m m s s f o n m s - , t h i s -  c h o i c e  i s  n i t  o n l y m o n e t - n i t - n i t

t s t r  is - n  i v i n u s -  t h e  F s i u r  i c -n  t r s m m t s - f o r m a t ions j  and s- , li t it is n s l s o  d e s - h r - s h e
p

I ru ’s- a n u i m n n i -n ict u l p u u i n t  of  v i e w  be- s u m s - c  I b i s -  t r a n s - f u r s - s  s s r s ’  nsi l os- c  i l l a t , s m v

as thu&-v would hi’ f u r  sm p u l s e ’  u n r  t r i s u mi g u l a r  b a s i s .  T h i s -  c u l t u r e ’ is - import m n n n

s - s - t I m m n u u r ’  r i t n t m l l y  s’ u m n n u p i u t  m i s -  t h i s ’  su - , u l a r  u m u u ! u c t ’ s  ~~~ , - > , s u m -sh ed f u n  f l i t ’
P ~l

u b e ’t  e’ms ’iinat ion m m !  the ’  i i n u k n s u w u i  i’ s- c-f  f i t - he - n t ’ s C
p

On Is- - a I sw unknowns C (‘3 to 7) are -  ne- i-ibm ’sI to ds-m ’iv & ’ an s u c c u r a t  s’
p

s t u n t  i u j n  f u r  b ui tbi the- nssd is-ted far flu i d and thi e s u r t m c - s- c u mre- u mt utn tim

cyi inde -r. The si ecul r s iev i ts - e ’l f u-an lit’ s i - i  i t  ic’d liv s - s t u n s - u t  i n g  f l u -  t un i s - c-nt ial

b — l i e-Id on time’ s-sir f,uc e’ v i s  Fem ur icr lovers ion m I  t he - i i em i s p ius ’ r i ’ s -  I I u r —

-~~~_ i i s - Id m i t  t i - i n s  u i - n i t  i - r i - u i  sit ouittd the ~~ I n t t u t f - us’ ti - s t ed — ‘I’his s- ts -’ u ’ t ’ t h i n ’ is

u s - u i  m i s c - i l  i i  t t n ’ m ; u i m t  s- t i m e  s m u r t  s i t - i- c ’ u umr e - u i t d i n - s t r i b m u t  [si mm from t Ime’ knuuw l e-dge ’

of  t i u t ’  Sc u l l -  r i-ti H— t h i d  ut large ’ d Is - t , mmncc’s . O t  c-ours -c’ an Independent

r i m s ’ ’  k I s  - u v , u  I i - h i . -  I , u r  t h i s u n u t b i e m  v i i  t h e  os - it - I s - e r i e - s  u - m s - h i t  l iii . A

compari ssun mO tb . -  (; ,u b i- rk j n mu tt lu t li m it mid t h e ’  e ’ x s u s t s - c r  i t ’ s -  s - s t I n t  Iit fl is

s - limi t - j im in I’ I s - s . 19 sin sh 20 t i  I i l u m s - t  r a t e -  i t t -  h ighly sus ’s- u ir ate nsm ture i i !  t I n e

I

- - — -  - -rc -~~~ 
- ‘  ‘ - ~ ‘ ~~~~~ 

- —.
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I s - t h u ’rki nt s- s -h ut Is - n t . I t t  l u s t , f l u e  s - s i h n n t  l i i i  i s -  ~ m u n u r j s j n g l s -  , m e e n m r , s t u - . s - s - m e - p t

f n ,m s - l i  g lut , - n mu i t ’ iii liii’ I n - s u m s -  i t  [out  mu g I mitt , ‘ st- m n  w I this - mI t h  it - s-si Ic rk in

r e - I s - u t- unit n i l , u s- m ’ s’hsb c ui c t ’ ub liv t h e ’ sho tt~ -sl c urve- in I-’i g.  20 s - s l u i e t ’ m exhib It s this

c si sc  -

‘ h u e  um ’l  i s ’ s - h  1 m m - s t  d e s - c r  h b i ’ s h  e u u u u i t h  c - i s - I  l~~ be m ’n n m p l o v e - eh t t i m  n n m u m m s -  c o n n t p l c - x ,
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