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ABSTRACT

This report studies the application of spectral domain analysis

to the problem of the high-frequency diffraction of electromagnetic

waves. We first summarize the basic formulation of the spectral approach
and then apply it in a unified fashion to the important problems of the

non-uniform illumination of a half-plane and staggered parallel planes.

—  ——

Special attempts are made to analytically determine the fields at the

shadow boundaries and numerically evaluate them in the transition regions.

-

Comparison is made with other high-frequency asymptotic techniques and
some unique conclusions are obtained.

Furthermore, it is shown that the important task of testing and
improving high-frequency solutions can be accomplished by employing the
Fourier transform of the integral equation for the surface current and
using Galerkin's method in the spectral domain. Some examples of this

approach are also included.
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1. INTRODUCTION

Ever since Keller's pioneering work [1] on the Geometrical Theory of
Diffraction (GTD), representing an extension of Geometrical optics (GO),
there has been a tremendous amount of progress made toward the development
of the concepts of ray methods and their application to high-frequency
diffraction problems. One of the principal attributes of the ray techniques
is that they exploit the '"local'" nature of the field solution at high
frequencies. The principle of the local field states that the high-
frequency limit processes such as reflection and diffraction depend only on
the local geometrical and electrical properties of the scatterer in the
immediate neighborhood of the point of reflection and diffraction [2]. This
concept is extremely useful as it allows one to construct the solution for
the scattered field from a complicated geometry by isolating the so-called
scattering centers, to compute their individual contributions from the
knowledge of the scattering properties of associated canonical geometries,
and finally to sum these contributions to generate the total field.

Although the ray methods based on Keller's theory work remarkably well
for a very wide class of high-frequency diffraction problems, there are
situations where the need for refining these solutions becomes clearly
evident. A few examples of such situations are: (i) the observation point
at which the scattered field is desired is located at the incident or
reflection shadow boundary of a diffracted edge; (ii) a second diffracting
edge is located at the shadow boundary of the first edge; and (iii) near
end-on incidence of a single or multiple-edged structure, e.g., a strip
or an open-ended cylinder. Various approaches based on so-called uniform

theories or equivalent current methods have been proposed and extensively




developed with the purpose of circumventing the difficulties in Keller's
theory. Typically, they attempt to preserve the spirit of Keller's ray
concepts and correct it postfact with some modifications of the original
formulas at the '"trouble regions."

In this communication the authors develop an alternate interpretation
of the high-frequency diffraction phenomenon which is based on the concepts
of "spectral domain'" [3]. 1In this method the scattered far fields are
viewed as the Fourier transform of the induced current on the scatterer and
are thus associated with the spectrum of the surface current distribution.
Some significant advantages accrue from the use of the spectral domain
concepts for the derivation of the solution of high-frequency diffraction
problems. First, we show that the spectral concept yields results identical
to Keller's formulas where they apply, but the formulas based on spectral
concepts continue to be valid at shadow boundaries, and caustic regionms,
and for edge-edge interactions, etc., where Keller's formula runs into
difficulty. Second,we demonstrate that the spectral formulation can be
used in a very systematic fashion to produce the higher order asymptotic
terms for some important cases. Finally, we show that the important task
of testing and systematically improving high frequency solutions, whether
derived by ray methods or spectral techniques, can be accomplished by
working with the Fourier transform of the integral equation for the
surface current and by using iteration or Galerkin's method in the
spectral domain.

I1lustrative examples and comparison with other contemporary techniques
for solving similar high-frequency diffraction problems are liberally in-
cluded in the paper to show the ease of application and the systematic nature

{ of the spectral concept and its usefulness for handling practical problems.
¥
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2. DIFFRACTION OF A PLANE WAVE BY A HALF-PLANE

The problem of plane-wave diffraction by a half-plane has been
analyzed extensively in the literature since Sommerfeld's well-known
solution in 1896. The reader may refer to the standard texts of Noble
[4], Born and Wolf [5], Mittra and Lee [6], and others in which compre-
hensive reviews are found. The principal reason why the half-plane
solution plays such an important role in diffraction theory is that it
forms an integral part of the solution of a large class of high-frequency
diffraction problems dealing with more complex bodies. In this section
we re-examine this classical problem from a new angle in which the solution
is constructed in the spectral domain after introducing the concept of
the spectral diffraction coefficient. Only a brief discussion of the
solution is presented here, mainly with the objective of laying the
foundation for more complex problems to be dealt with in the following
sections.

2.1 Basic Formulation

The geometry of a perfectly conducting half-plane located at y = 0,
x < 0 and illuminated by a plane wave is shown in Fig. la. The Cartesian
coordinates (x,y,z) and the cylindrical coordinates (p,¢$,z) are erected
at the edge of the half-plane. Angles are defined positively counter-
clockwise with the range [-m,n]. We let the direction of propagation of

the incident plane wave be normal to the edge, i.e., ﬁi

« z=0. This
assumption changes the vector nature of the three-dimensional problem to

a two-dimensional scalar problem. Furthermore, the problem may be
classified as in the cases of E-wave (nonzero field components Ez, Hx’ Hy),
or H-wave (nonzero field components Hz, Ex' Ey) by simply letting the

incident field E-field or H-field be directed alternatively along the
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Figure la and b. (a) Diffraction of a plane wave by a half-plane,
0<Q<mand -m < ¢ < m. (b) Integration path
I' for integral representation (11).
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z-axis. Unless otherwise specified, the cases of E- and H-waves are
treated simultaneously, with the help of two symbols u and 1 such that

for E-waves: u = L7 s T = =1 (XLa)
for H-waves: u = ”z o T e (1b)
The total field u® may be split into the incident field u' and the
scattered field u® to give
ut -4 % a° . (2)
For a perfect electric conductor the total field ut is subject to the
boundary condition ut = 0 or aut/By = 0 for E-wave or l-wave cases,
respectively, on the half-plane. If one defines the induced electric
current on the half-plane as
o
aut
for E-wave: J = — (3a)
z ay | <t
i,
E O—
for H-wave: J = -u p (3b)
X g
0
-1w . t
and uses the time convention e , one can readily arrive at the following
equations using Maxwell's equation
- s ‘ 0 5 A
i for E-wave: u° = E° = fw_p J (x")g.(k|lp - x'x|) dx' (4a)
z 0 IO 0
s s d : >
- Y = W S ¥ i - ' X * /4b
L for H-wave: u H, 3y J_m Jx(x )go(k]p x'x|) dx (4b)
i
l where k = wovuv , W and ¢ are the permeability and permittivity of the

medium, respectively, and go(ko) = iHé(kp)/é (Hé is the Hankel function of

first kind and zero order). The objective is to determine Jg and uS for

- e B R e iy gy e n e
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6
the half-plane illuminated by an incident plane wave. This is done by
using transform technique and employing the results given in [6].

2.2 Spectral Diffraction Coefficient and Total Field
Let us define the Fourier transform pair as
U(a) = J u(x)elmX dx = Flu(x)] (5a)
-0
and
ot A i -1
u(x) = j Ula)e "™ dx = F " [U(a)] (5b)
-1 A
where A is a small positive number. The incident plane wave may also be
written as
) e i(k x+k_y) > 5
. e elk R e i o elkocos(ﬁ ®) 6)

where kx = k cos {, ky = k sin @ and 0 < @ < n is the incident angle shown
in Fig. la. Transforming (4) into the spectral (Fourier) domain and
applying the well-known Wiener-Hopf construction [6], one arrives at the

following

for E-wave: F[Jz] (iwou)_lx(kx,u) (7a)

for H-wave: F[Jx] -Y-lx(kx,a) (7b)

where X(kx,u) is

/k + Tkx /k + 10

X . (8)
X

X(kx,a) = 2

and y = /uz - k2 such that Re y > 0 and Im y < 0, and o = kx' In this work,

unless otherwise stated, v+ and (')1/2 are defined with their proper branch

T T R T A e e

— e e



b

- "

~

7

cut slightly below the negative real axis. Using the transform version of

(4) and then incorporating (7), one finally obtains

£ 1 \K e—yly[ }/E—wave
u” = X(k ,a) ; for
x Y

’ {9)
sgn (yy 2 \ﬁ—wave
Furthermore, one may notice that the following equation has been used in
the construction of (9)
3 Wi 4
[gy (ko) ] = T (10)
Introducing the change of variables x = p cos ¢, y = p sin ¢,
kx = k cos 9, ky = k sin 2, @« = -k cos ¢y and v = —-ik sin ¥ into (9) and
substituting the result into (5b), one finally arrives at
: 1 L E-wave
u® = = J x(@,) elkocost-le]) 5o oo . A1)
sgn (¢) r H-wave
In the preceding equation y is the complex angle defined on the path T,
shown in Fig. lb, and x(Q,y) is
X(2,) = X(k cos Q,-k cos ¥) = x;(2,¥) + T (2,¥) (12)
where
= Q+y
x1<9,w) = +csec 3 . (13)
r

We may notice that Xi(') and xr(-) have the same functional form, i.e.,
csc (*). This definition of X4 and Xp is closely related to the definition
used by Deschamps in [7]. Clearly X4 and X, are infinite at ¥ = Q and
Y = =0, respectively. These two values of w correspond to the incident

and reflection shadow boundaries appearing in the GTD technique. As a
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matter of fact, x(0,y) is precisely the angular part of Keller's diffrac-
tion coefficient, when w is replaced by the observation angle ¢. Although
x tends to infinity at the shadow boundaries, it does not mean that the
field itself is also infinite as Keller's GTD predicts. Instead, the
correct value of the field is obtained from (11), which is always
bounded. To distinguish it from Keller's coefficient, which is associated
with the diffracted field, we will refer to x(Q,y) as the Spectral
Diffraction Coefficient for the half-plane. This terminology is chosen
since y(Q,V) is associated with the spectrum, or equivalently, the
Fourier transform, of the induced current and appears only inside the
kernel of the plane wave spectrum representation for the field and not
directly in the form of a factor multiplying the incident field as in the
case of Keller's representation.

We may further use (4) and (7) and introduce the spectral coefficient
of the physical optics field Xpo as the Fourier transform of the physical

optics induced current to arrive at

2k
= ; PO " e
for E-wave: X (kx,a) g kx (14a)
2 2
for H-wave: X'°(k J0) = i = N (14b)
X o+ kx
The application of the change of variables used in (11) allows one to
p -
express (14) as
xP°@,0) = X%, + uP%(@,v) (15)
3 r
where
- *y
XEO(Q.W) = Fctn & s (16)
r
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It is worthwhile to mention that x , as defined in the following equation,

is bounded at the shadow boundaries

f
X (Q,0) = x(@,0) - xP°a,v) . (17)

\f(n,,) could be called the fringediffraction coefficient and it is used

for the scalar aperture diffraction problems [8].
For the problem at hand, i.e., incident plane wave, the spectral
integral (11) can be expressed exactly in terms of the Fresnel integral,

viz .,

o _clkocos(Q—¢)F(_{i) e elkpcos(“+¢)F(£r) (18)
where the Fresnel integral F is defined as
-in/4 (o | 2
F(£) = S—n J e't 4t (19)
/n £

and its properties are discussed in [9] and [10]. Furthermore, Ei and Cr are

+1
=

£, = Tk oin 2 . (20)

ro

Using the analytic continuation argument, one can show that, for complex
angles of incidence, (18) is still the proper solution of the diffraction
problem. In this context Q is replaced by the complex angle w which
follows the path Fi, [(i»,0)U(0,m)U(n,-i®)], in the complex w-plane to
cover the infinite spectrum of incidence angles.

In reviewing the material presented in this section, we note that
its principal contribution has been the introduction of the spectral
diffraction coefficient, which — in turn — is shown to be associated with

the integral representation of the scattered field. The equivalence

S e Sy - LI TP e ¥ g Iy
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between the GTD results and those derived from the spectral representation
for observation angles not close to the shadow boundaries can be easily
established by substituting the asymptotic expansion of Fresnel

into (18). In the next few sections, we will illustrate the broad nature
of the spectral concept and its versatility of application by considering
more general incident waves and complex structures than the half-plane

illuminated by a plane wave.

LTI PORT  Y ¥ 7
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3. DIFFRACTION OF AN ARBITRARY INCIDENT FIELD BY A HALF-PLANE

Recently there has been much interest in the problem of predicting
the characteristics of antennas mounted on complex structures, such as
aircraft, and in the accurate calculation of the radiation pattern of
reflector antennas used for high~frequency communication. Accurate
solution of these problems requires a thorough understanding of the
scattering process of an arbitrary incident field impinging on a diffracting
edge. Though the problem of diffraction by a half-plane due to an incident
plane wave has been studied extensively in the past, it has not been
analyzed in depth for the case of an arbitrary incident field. The first
rigorous mathematical treatment of the problem was given by Carslaw in
1899 where he considered the very special case of the incident field
due to an isotropic line source. The latter problem was also studied
by Clemmow [11], who provided much insight into the subject through the
use of plane wave spectrum analysis. In his paper, Clemmow presents a
good review of the existing literature up to the year 1950. A compre-
hensive study of the half-plane diffraction due to an incident plane wave
and an isotropic line source is given in Chapter 11 of the book by Born
and Wolf [5]. Khestanov [12] derived an integral representation of the
field for the diffraction by an arbitrary incident field and presented a
formal solution of the problem. In his construction, no details regarding
the behavior of the field at the shadow boundaries were provided.
Recently, Boersma and Lee [13] have employed the formalism of the Uniform
Asymptotic Theory (UAT), which is based on an Ansatz develop 'd by
Ahluwalia, Lewis and Boersma [14], to obtain the asymptotic solution of the
field diffracted by a half-plane due to a line source field to the order

-3/

of k . of the incident field.
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Our objectives in this section are the following: (i) to present an
integral representation of the incident field and study its asymptotic
behavior; (ii) to derive the radiated field behavior of a multipole
line source; (iii) to use spectral domain analysis (STD) in a manner
discussed in the previous section and obtain a general formulation of
the problem; (iv) to use asymptotic techniques and construct higher-order
asymptotic expressions for the total field, including the order k—S/z;
(v) to employ numerical techniques and determine the field in the
regions where asymptotic techniques cannot be used conveniently; and
(vi) to compare the results with those of other asymptotic techniques and

draw some unique and useful conclusions.

3.1 Incident Field-Asymptotic Expansion

3.1.1 General Case

As shown in Fig. 2a, a perfectly conducting half-plane at x < 0 and
y = 0 is illuminated by an arbitrary incident field with the following
spectral plane-wave representation

1 4 ikp, cos(u-|¢,|)
u (91.01) = Jr P(w,k) e dw, =-m < o, < W (21)

i
where Si = 0 denotes the phase center for the incident field when its
Fourier transform is taken along the dashed line shown in the same figure.
P(w,k) is known as the pattern function; it is assumed that this function
is slowly varying in terms of a large k and has the desired differentia-

bility property. Furthermore, the integration path ', in the complex

i

plane w is shown in Fig. 2b and its characteristic is discussed in [6].

As a special case, if we let P(w,k) = 1, we obtain from (21)

ikp, cos(w-|o |)
2,40 . % i i
u % Ho (kpi) o Ir e dw (22)
i
B e - < T i e




sm—— ——

-
AR SN  T x
3
{
4
3

COMPLEX

Im(w)

(b)

13

(b) Complex

arbitrary field by a half-plane.

and steepest descen

of an

and b. (a) Diffraction

gure 2a

t path SDP.

path Fi

w-plane,




14

which is proportional to the field of an isotropic line source.

For large values of k (high frequency), one is usually interested in
determining the asymptotic expression of (21). To do this, one first
assumes that P(w,k) can be expanded in terms of an asymptotic series in

the following fashion

P(o,) =] W)™ R () , (23)
m=0
moreover, P(w,k) does not possess any pole singularity. The path Ti is
next deformed to the steepest descent path SDP passing through the saddle
point w = ;¢ii’ as shown in Fig. 2b. On this path, the relation
Re [cos (w - ]¢i|)] = 1 holds; thus one may introduce the following change
of variable

w - |¢1'

R L B N (24)

in which t is a real variable taking the domain [-=,»]. Substituting (24)
into (21) and using the fact that t is now a real variable, one finally

arrives at

ulo,,0,) = i 6(t,k) e-kpitz dt (25)
171 2/2n - ;
where
w=|¢,|
G(t,k) = P(w,k) sec . (26a)

in which w is replaced by




/ . |
£ (1+ D1+ ie7/2 +

| F
=+ 1ien'!l + it
L
as t < 0 5 (26b)

Using (23), the asymptotic expansion of (26a) may be written as

G(t k)

I

e (27)

)}

CIRY 6. (&) 5 G L2)
mO m m

n
o
3
-
<
0
o
(@]
]
|
|

where (26b) is also implied. The complete asymptotic expansion procedure
[15] is used for the asymptotic evaluation of (25). In this procedure,

one first expands Gm(t) in a Taylor series

G(t) = J —/—— ¢t (28)
+
m =0 [(n + 1)
iy
where G;n)(ﬂ) = 11; Gm(t)' and ' is the Gamma function. Then one

a9t
t=0

substitutes (28) into (26a) and (25) and uses the result

- -kot2 (ko)_(1+n)/zf[(l + n)/2] for n even
] £°w dt = . (29)
A -= 0 for n odd
—«\’ to finally arrive at
B 1kp1+1n/4 2
u1(91.¢1) I Z (ik)-m Z '(n + 1/2) einn/2 (ik)-n
- 2/27k  m=0 n=0 /n I'(2n + 1)
. (2n) -n-1/2
Gy (0)01
¢ ikp +in/4 ,  _
e °1 2 2n inn/2 1)~ G(2n) (0,%) -n-1/2
sl - S I k) 0y :
' : (30)
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If we combine the order of k's in (30), we may express the incident

field as

ikpl+1n/& iko‘+1"/4

i e i e m 1 ;
u (pi.¢1) '—7512—2 (Oi’¢i) =7ﬁ——mzo (1k) Zm(oi.¢i) (31)

which has a ray field characteristic [16], i.e., satisfying the Luneberg-
\l

o 3 : : - -
Kline expansion. Our task is now to determine Z 's in terms of Pm 5.
m T

From (27) and (26b), the following relations are easily constructed:

G,(0) = P ([ ])

-1 - e,
(1) _|dt d - i
Gm (0) S [dw) dw [:Pm(w) i —2_]

w=le, |
. o |¢
(n) <« Bl TSR b =
Gm (0) =D [%m(m) sec 2 (32)
L w=|¢, |
~raeyt 4 BB . i
where D = \dw! T Simplifying the above relations, one obtains
3 2
dP_(w)
Doy = —pi| —m " 4 1 3
Gm (0) 2i 3 + 4 Pm(w) (33a)
dw m-|¢ I
{ 1
4 2
G(é)(o) 5 d Pm(w) o d Pm(w) iy (33b)
m 4 2 2 16 m " :
dw dw
\ w=|o, |

The higher-order terms may also be determined in the same fashion.
Substituting (33) into (30) and comparing the results with (31), we

finally obtain

S T— Bl e
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Zé(pi.¢1) - P0(|¢ll)n;l/2 (34a)
zi(pi,¢i) -—P1(|¢1[)o;1/2~ [% PoCle ) + é PO(’¢ll£]“;3/2 (34b)
280,00 = By(lo, Dot/ ? 4 B' PUCle, ) + 5 P1(|¢i[ao;3/2
+[§ erele, ) + 2= pole, D) + Tog PO(|®1|)}DZS/2 (34c)
which completes the asymptotic evaluation of ui(. i,:i) up to and including
the order of l~:—5'/'?. We notice that the above procedure can be systematically

followed to determine any higher-order terms in the asymptotic expansion
of the incident field.

3.1.2 Multipole Line Source

In this section, we study the behavior of the radiated field of a
multipole line source and employ the results of the previous section to
construct the asymptotic expansion for the radiated field. A multipole

line source, either electric or magnetic, may be defined as

23 ) = 2 ? ? 0 5™ 35y (35)
23(x .,y z g - (x4 (yy 5

where (n) symbolizes an nth order differentiation and 1‘m's are constants.
T

The field radiated by (35) is proportional to

i oty & gll) _ wiy® IREY ! !
u (xi.yi) = IJ J(xi.yi) 4 “0 Eh/(x1 xi) + (y1 yi) ] dxi dyi -
-0 36

where the proportionality constant is iw,pu for the electric current source

0
(E-wave) and i(uot for the magnetic current source (l-wave). Since
(n) fax, (37a)
6" " (x;) e dx! = (-1)"(1a)" ;
e i 1

e R 2 2
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and
SARCI Y DR
Iw G(m)(yi) e dyi e ll%:z ~ kZ) R ¥,
- 3la® ~ h* =
for Yy : (538 (37b)

the Fourier transform of (36) along the x.-axis may be expressed as
i

. fax, N M m
1 =t S
u (Qﬂyi) = r ul(xi)yi) e 2 dxi = 2 Z k 5 mInm(—l(l)n("“ (]2 =" kz}

n=0 m=0

i
~fa =k |
e

> )
* . : for ¥i < 0 (38)
2Va" - k
/‘,/,’ S
Introducing the change of variable a = -k cos w and va“ - k° = -ik sin

into (38), performing the inverse Fourier transformation, and finally
comparing the result with (21), we arrive at the following interpretation

for the pattern function of a multipole line source

N M
P(w,k) = P(w) = 2 Z Inm ei(n‘m)ﬂ/2 (cos m)n(sgn oy sin )™ . (39
n=0 m=0

As e¢xpected, the pattern function of a multipole line source is independent
of k. o construct the asymptotic expression of (36), one may simply use
(31) and substitute l’”(.) = P(w), defined in (39), into (34). 1It is
evident that a closed-form expression for (36) may be obtained by substi-
tuting (35) into (36) and writing the final result in terms of the
higher-order Hankel functions.
3.2 Diffraction by a Half-Plane

The geometry of a half-plane illuminated by an arbitrarv incident field

is shown in Fig. 2a. The half-plane is illuminated by an arbitrary
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incident field with its plane wave spectral representation given in (21)
aind its pattern function in (24). The total field ul may be split into the
incident field ui and scattered field “5 as in (22). Our goal is o
determine u with the application of the spectral diffraction coefficient.

o this end, the incident field (21) may first be expressed as

"
i i ikscos (w=! ikpcos (w—-¢
uilp g = = J P(w) e ( ! a ( )<L

4n |
. ]
i

for p sin ¢ > =-s sin 5 (40)

where s and (¢ are defined in Fig. 2a. If we substitute P(w) = -47id(w - 2)

into (40), the plane wave (6) will be recovered. Representation (40) may

be interpreted as a collection of plane waves with spectral density

’

) i(«v)—]P(w) exp[iks cos (w - ©)] dw illuminating the half-plane. Comparing

(40) with (6) and using (21), one may finally express the scattered field

S
u as

;
, i TR PN [ ikpcos (y- |
e dw P(w) elkSCOh(w &)!J;(‘ /? -(u.v)clk‘ >s(v=-1¢|) A
4 P { am | sgn (o) 'r
v i L \~§-. '} =

~ E-wave ™

l‘. /.

for
\ H—wavu}

Attempts were made to evaluate (41) asymptotically by first replacing the
}~—“-1! i ' integration by its asymptotic expression and then calculating the Fi
integration. Due to the nonuniform nature of this procedure, proper
. r results could not be obtained in a convenient manner.

The inner integration over I' in (41) may be evaluated uniformly in

.

terms of the Fresnel integral using (21) and (18). Once this is done,

W

S
one may then express u as

]
I
|
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s S S
1 (0,9) ui(‘.:) + tu_(p,9) (42a)
where
. )
S i - ikscos (w=52) ikpcos (w+g oA
u; (p,9) = o= + P(w) e ‘ e )l«(+i)d, (42b)
" ]
r R '3
i
In the above equation F(+) has already been defined in (19) and £'s are
obtained from (20) after is replaced by w, viz., L
s ) F ¢
By = H 2k min =t (43b)
i 2

. . s
[t is evident that u (p,¢) =

the superposition
for different
of

the behavior

path SDP (see Fig. 2b)

integral.
locations of the observation and source points according to

and

uh(r.-f). and that (42b) can be interpreted as
Our task is now to evaluate (42b) asymptotically
£ . We first
i

defarm [i to the steepest descent

through the saddle point @ = “i given by

Re [cos (w = Q)] =1 and Im [cos (w - 2)] 0. It may be shown that the
contribution of the closing segments of the integration path at infinity |
is zero. Since there is no pole in the integrand of (42b), this equation
1
may be written as
s i - ikscos (w-%2 ik-cns(m;: o
ui(. sP) = i + P(w) e ( ) (i ) l‘(+ni) dw {43)
r SSDP 3
- Equation (43) is the starting point of our discussion for the
asymptotic evaluation of the scattered field. Before dealing with this
I topic in the next few sections, let us introduce some definitions that
will make our t- k convenient. Observation directions ¢ = 0 and ¢ = -
are called i1 it (SB ) and reflection (RB) shadow boundaries,




respectively, as shown in Fig. 2a. Regions in the vicinity of SB and

RBE , where l'i and i'r at w = take some given values for different p's

,
i y : ol s :
are called transition regions and are designated by T  and T , respectively.

3.2.1 Total field for ¢ ¢ T U 1"

In this region, the Fresnel function in (43) is substituted by its

asymptotic series from the following expression

-in/4 -
, F(E) = 8[-Re(ce ™% ] + F(£) for [g] »>> 0 (44a)
where
2 in/4 =
F(g) = e1E £ Z I'(m + 1/2)(152) n 3 (440)
2ng
n=0
and is the unit step function. It is noticed that F(£) is an odd function,
i.e.; F(-£) = -F(£). One may then express (43) as
8 g d 2
ui(e,8) = ui(e,9) + u (p,4) (45a)
1
t 4 r r
where

g = ¥
u%(o.¢) T

and -“2
= ikp 1 B}
u:(o.@) 5 iz_"f P(w) eikscos(w Q) " r F(gi) do . (45¢)
r SDP(Q) b 4
Since u‘:((,,t) = Il‘ii(w.zﬂ - ¢), our attention will onlv be focused on the

; ; | ’ ‘ .
asymptotic evaluation of “(i' On the SDP path, we introduce the change of

variable

-in/4 r -
l @ * 2 Arcsin | &—— t) + 0 = %i en|l + itz (o + i)eYl o+ i.t2/2-]+ Q

/2 .
' for t 2 0 (46)

e —— - e . o e O T . B e —
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into (45¢) to have the integration performed or the real line. We notice
7 | =
that cos (w - 2) =1 4+ it” and that both #n [+] and ¥+ are defined with
their branch cuts on the negative real axis. Following the same steps
used in the previous section to generate (30), we arrived at
d v ¢ I+ 1/2) ian/2 (2n)
-=m n nn -n n o
v (0,0) = glks)glko) [ ()" | o= e (k)™ ¢ " (0)s™"
m=0 n=0 - (47)
where
eikp+1n/A
g(kp) = e (48)
(2n), ’ ; ;
and “m s are obtained from (28) using
1 -m 2mtl (w - ¢ w - R /
Gp(t) = - —T(m+ 1/2) (2) ~ csc 3 sec — P(w) (49)
such that, at the same time, w is replaced by t from (46).
The diffracted field u? may be expressed as
d d d d -4
= + + + 0 50
uy(p,8) = up (e,0) + u;,(0,9) + ui(p,9) (k) (50)

in which the r.h.s. of (50) is obtained by using (47) and simplifying the

result. After performing all the necessary maripulations, i.e.

same steps as in (32) and (33), we finally arrive at
u? (p,9) = g(kp)x,8(ks)P(Q)
i1 ° i

uiz(p,o) = % g(ko)(iko)-lxig(ks)P(n)

, using the

(51a)

+'% g(kp)[} sz(Q) + cos 2—%—1 xiP'(Q) + xiP"(QE](iks)-lg(ks)

(51b)

o ——— e Al
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u$;(0,8) = T 8ke) (iko) "2 (ks)P(2)

1 -1 { 3 S) Q-¢ 4,
+ 8 g(kp) (ikp) [j 2)(i + 3)(i P(Q2) + 3 cos 3 xiP Q)
¢ S -
+ P @) | (ks) Lg(ks) +  gko) | 2 O (a)
i 8 2 %3
Q- 2 4 3
+ ___i ) \J ( ) "
cos 2 (ZXi + 3)(i P'(Q) + X4 + 3x1 P"(Q)
+ 2 cos Q_%_i xiP"'(Q) + xiP""(Q{](iks)-zg(ks) (51¢)
where
L= ;‘ 0} _—
Xi = +¢Sc ‘-'~2*- < (52)
ia
as defined in (13). The diffracted field ud may then simply be constructed
by using the following relation
d d o
u(p,¢) = u (p,¢) + Rug(o.o) - uz(o.o) + Rug(p,Zw - %) . (53)
The expression of n? is precisely Keller's GTD solution [1]. Thus, the

leading term in (53) agrees exactly with the result provided by Keller's
G1D for the region where such a solution is valid. 1In addition, our
spectral analysis also provides higher-order terms whereas GTD is

: by . : d

incapable of determining these terms. The expression for u, agrees
completely with the one obtained using the UAT formulation [13].

g d ! g

Furthermore, we have constructed ug to show the ease in using spectral

analysis for the systematic determination of higher-order terms.

' . i t " :
To complete the asymptotic evaluation of u , defined in (2a), one

must also determine u?; given in (45b). First notice that
r
s cos (w=5) +pcos (w * ) = CH cos (w - @i) (54)
r r
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where its geometrical intepretation is shown in Fig. 2a. (.vi.:i) are the
coordinates of the observation point seen from the source point, and
(1 r‘:r) are the coordinates of the observation point seen from the image
of the source point and o is measured positively clockwise with range
=7 :r < 7. Substituting (54) into (45b), one can show that the SDP path
may be deformed to the steepest descent path going through :i or :r'

: e : : : - A oE
respectively. This deformation is wvalid as long as ¢ ¢ T or ¢ ¢ T ,
respectively. The asvmptotic evaluation of (45b) follows the same steps
as used for (21) and the result takes the form (34) when PO is replaced by
P. We therefore arrive at the following asymptotic results

i
-u (DL’¢1) for Q < ¢ ¢ =
uf(o.@) - i (55a)
0 for Q > ¢ £ T
and

0 for -Q < ¢ ¢ TF
r r

u(p_,0 ) for -Q > ¢ £ T

b A 3

L : . ” " ;
where u 1is the field radiated from the image point of the line source.

. i % e ; : . s
Customarily, u + u? + Rut is called the geometrical field in the GTD
construction of the field.

3.2.2 Total field at the shadow boundaries ¢ = +Q
Along these directions, the solutions given in (51) diverge to
infinity, because X5 and Xg take infinite values at ¢ = © and ¢ = -0,
respectively. To overcome this difficulty, we go back to (43) and rewrite
it as follows
’ {
s i = ik (s+p)cos(w=80) . | /m— w =
u;p,t0) = Z’n’f + P(w) e (RED JeNu-E) FivV2ko sin &= 51 dw 3 (56)
r SDP \ {

= e a L T e e e B T S e
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I . s s ’
(56) denotes two equations corresponding to ”i(' ») and u_(p,-2), respectively.
=

: s : = S

It is noticed that the evaluation of u(p,-%) and u (p,2) follows the
i r
same procedures developed in the previous section and their asymptotic
expansion can be obtained from (51). Introducing the change of variable
)

(46) into (56), one readily arrives at

72 tk(s+o)+in/d

S
ui(o.~9) &

j +p(e)(l + it2/2)—l/2F(e_l"/“ ko t)
r =

2
e-k(s+o)t

4 dt (57)
where p(t) = P(w) after w is replaced by t from (33). We then expand

2 ~1f2
ple Xy + Ae /2) in terms of the Taylor series and substitute the result

into (57). This equation can now be evaluated with the help of the

fol ]\YWiH)[ relations

2
r r(ei"4ige) k(stPIt o 40 (58a)
L, =3 M+ 1/2) K™Y2 (g 4 gy-1/2 (58b)

1!

1 -:nfq(s + o) 1 + ié? Ftn + 1/2)k-n-1 (s + p)-1 " Yo/s .

(58¢)

2n+1 I2n-

Omitting all the intermediate steps, one can finally express (57) as
follows [10]

u;(040) = ~u_ (p,-2)

-
e % glk(s + 0)] {é(n) + (1k)'1[% PU(R) + % P(?ﬂ (s + o)t

=21 un 5 " L -2
+ (1K) [igp @) + 25 PR + Tog P(nﬂ@ +0) }
- g(ks)g (ko) —22— P'(2) - (ik) 'g(ks)g (ko) £E305,

3s(s + p)

-2 15052 + 10502 + 303
3082(s + 0)°

« [4P'(Q) + SP"'(R) + P"' (2)] + ok~ /2y . (59)

« [P'(Q) + P"'(Q)] - g(ks)g(kp) (ik)

o ——— e e
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The first term in the r.h.s. of (59) can be identified with the negative
of one half of the incident field when it is compared with (34) for
P )y “IJ P and [‘l = P, = 0. The total field, defined in (2), may
1 2
. e b . s S X -
then be obtained by determining u (p,i) = u,(p,27 - @) from (45a) and
r i
—v)/.’
] In (59) the terms up to and including the order of k do agree
with the results given in [13] which used the UAT technique. It is noted
: ; ' TRt . . 2 -1/2
that the dominant asvmptotic term of the incident field is of the order k .

3.2.3 Numerical evaluation

3 . sk " 3
In the transition regions T and T , the procedures that were

emploved in the pr

'vious sections for deriving the asvmptotic expression of
the fiela no longer applv. In this section we discuss the numerical
evaluation of the expressions for the field, viz., (21) and (42b), for
observation angles that lie in these angular regions. Since the numerical
procedure is not restricted to a specific angular region, we have emploved
it to evaluate the diffracted field for a wider range of observation angles
than just the transition regions. l'hough these results are not ordered

isymptotically in terms of powers of k, they do provide a good basis for

-«

1

"\(";"-i”" the asymptot 1« results derived earlier.
In their present form, (21) and (42b) are not suitable for numerical
integration quadratures, because of their highly oscillatory kernels. We
deform their paths to the steepest descent paths and introduce the change

of variables (26h) and (46), respectively, in (21) and (42b) to arrive at

1kpi+1n/lo 2

~kp,t
e P(w)| + P(w) L

A+ 162/~ 2% 1 4

“1(91001) -

2V2n 0 t -t

(6Va)

where w is replaced by t from (26b) and

- I SRR fo o~~~ S IS el




| 2 :
eik(s+p)+1ﬂ/4 w| -15% > L _15% i
u:(p.O) = J +P(w) e F(+£1} + P(w) e F +g1
[ T 2/2n 0 tl |t r) |-t
' 2
. « (1 + 1t2/2)-1/2 e—kSt dt (60h)

where w is replaced by t from (46). A sufficient condition for the inte-

g grand of (60b) to be bounded is that s + p cos (L + &) 0, respectively,
’ S S :

- for uj or L Due to the fact that the integrands of (60a) and (60b)
have smooth behaviors and decrease very rapidly for large values of t,
conventional numerical integration techniques, e.g., Gauss quadratures,
may be employed to evaluate the integrals with good accuracy. Some
tvpical results obtained in this manner are shown in the next section
where comparisons are made with other techniques.

3.3 Comparison with Other High-Frequency Techniques

Ever since the classic paper by Keller [1] on the Geometrical Theory
of Diffraction (GTD), numerous attempts have been made toward extending the
domain of GID to regions where it predicts an infinite field and is there-

fore invalid. Most of the efforts in this direction have been concentrated

5
on constructing uniform formulations, such as UTD, MSD and UAT, that over-
f come the difficulties of CTD at the incident and reflection shadow
3
boundaries, and at the transition regions. The Uniform Theory of Diffraction
T
(UTD) and its Modified Slope Diffraction (MSD) version have been introduced
. by Kouyoumjian, Pathak and Hwang [17],[18], and the Uniform Asvmptotic
. Theory (UAT) has been developed by Ahluwalia, Lewis and Boersma [14]. The

latter has been employed extensively by Boersma, Lee, Deschamps and Wolfe
[13), [19], [16], [20] to investigate a number of problems of this type.
UTD, MSD and UAT are asymptotic techniques based on individual hypotheses

or Ansatz. Typically, there is no general proof available for the validity




or the completeness of these Ansatz and one has to apply them to certain
test cases in order to establish their accuracy. The formulations of
these asymptotic theories are reduced to the classical Sommerfeld's
result when the plane wave illumination on a half-plane is considered.
In fact, Sommerfeld's formulation is the basic foundation of all the
different Ansatz that have been proposed to date. For more complex
situations, the validity of the various asymptotic theories is typically
checked against numerical results or experimental data, since analytical
results are often unavailable in closed form. Even for the problem of
diffraction of a half-plane illuminated by a line source possessing
isotropic or nonisotropic patterns, there is no substantial check
available for establishing the accuracy of the various asymptotic
theories. Specifically, at the transition regions, it is not known how
well these asymptotic theories compare with each other or with the exact
solution.

The object of this section is to compare the aforementioned asymptotic
theories with the exact solution that has been constructed using the
spectral analysis presented in this paper. The comparison has been
carried out, both analyiically and numerically, for a wide range of
observation angles including the shadow boundaries, transition regions, and
at the angles away from these regions. For completeness, different source
locations and pattern functions have been investigated and extensive
results have been derived. In the following, we begin by reviewing
briefly the nature of the formulation of each of the uniform theories,
and follow this with the presentation of the results and conclusions.

3.3.1 Formulation of different theories

All the uniform asymptotic theories essentially approximate (22) and

(42b) in an asymptotic sense. It is interesting to note that as yet there

e ——————— 1 Ty ! ot = et P




e e e s

'
'

. - .
R o ———— A Tt T LR

29

is no proof available that justifies the use of these forms for arbitrary
and complex situations. In all of these techniques the following is true

for the total field

t
u (p,¢) = vip,9) + tvlp,2m - ¢) (6])

where v(o,$) takes different forms for different theories. For convenience
of interpretation, all of the asymptotic theories are schematically repre-
sented in Fig. 3 . The notations in this figure are explained below.

We first give the expression of v(p,¢) for the GTD theory, which reads

as follows

v(e,8) = B0, + u(p,0) + 0732 (62a)
where

uBp,¢) = o sin% Q- ¢) “1("1"1) (62b)
and

ud(D.Q) = —csc ﬂ_;_i g(kp)ui(s,ﬂ) . (62¢)

In the preceding equations, 6 is the unit step function and
I 5 ,

wlog.0) = gl PG (63)
that is, the first asymptotic term of (31). It is clear that the GTD
formulation fails at the shadow boundaries, i.e., ¢ = +Q, and their
vicinities.

The UTD formulation overcomes this failure of GTD at the shadow

boundaries by expressing v(p,d) from (61) as

v(0,9) = u8(p,8) + W?l(o,0) + o™ (64a)

)
where u® is already defined in (62b) and uH is
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D ¢ - Q 2kps —i(n/4+€2) i
u Ro.¢) = 2/m sgn | sin 5 5 % 5 g(kp) e F(g)u (s,R)
(64h)

In (64b) F is the Fresnel integral (26) and

$ - 2 /2kps ;
sin 7 e (64c)

which goes to zero at the shadow boundaries. The UTD formulation is often

C:.-

referred to in the literature as the Kouyoumjian-Pathak (KP) formulation.
Since UTD is only suitable for plane wave or isotropic line source
types of incident field, recently a modified version of UTD that employs
the notion of the slope diffraction coefficient has been introduced to
generalize this procedure. This formulation, which is referred to here as

MSD, modifies (64a) as

v(p,8) = uS(p,8) + uP2(p,4) + 0(k ') (65a)

where

uDz(p,o) = uDl(p,®) + 2/ sgn | sin 2—%—éW#2k5p p(s + D)-3/2
J

5 :
* 8in (¢ - Q) c_i("/4+£ ) F(§) - 20(p + s)-] cos 3L€?j%}

au1
+ glkp) % . (65b)
¢
8,0

’ . T : . ; : d
In summary, UTD and its modification MSD have been introduced to modify u

o

in the GTD formulation in such a manner as to cancel the discontinuity of u®,

Finally, the Uniform Asymptotic Theory (UAT) has been invented to
circumvent the shadow boundary difficulties of the GTD by writing vt as
/2

)

vt(o.o) = uc(o.®) + ud(o.@) + O(k-3 (66a)
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R . » ; : G
where u~ is the same term used in the GTD formulation, i.e., (6lc). U (p,s
AL e d
has the form that exactly cancels the infinite value of u at the shadow

L . G "
boundaries. In this theory u takes the form

uClo,9) = [F(g) - F(f)lui(pi.ti) (66b)

where F is the first term of (44b)

F{£) = = - (66c)
r -

and 7, which is called the detour function, is

B Wa '
= gSgn | Sin rki(p + 8) - p, 2 ., = ¥s + p + 2spcos (¢ - Q)
(66d)
Note that at the shadow boundaries the detour 7 is zero. The higher-order
; . P = ; ;

asymptotic expression of UAT to the order of k (dominant asymptotic term
Sn ) IR g . ,

of W 15k ) for the problem at hand is given by Boersma and Lee [13].

It is worth mentioning that in all of the above asymptotic techniques the

field incident on the diffracting edge must be a ray field (local plane

wave). Some difficulties related to the application of incident fields that

do not fulfill this criterion are discussed in Section 4.

3.3.2 Numerical results and discussions

In the previous sections, some results based on analvtical and numeri-
cal asymptotic evaluations of (21) and (42b) were presented for three
situations point of observation exactly at the shadow boundaries; inside
the transition regions; and outside the transition regions. Additional
results for this problem of diffraction of a nonisotropic line source have
been given in [13]. A comparative study of the various solutions allows

one to deduce certain conclusions discussed below. First, spectral

)
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In order to get better insight, we have compared both the total field u
o s : " . .
and the scattered field u , defined in (2). Some typical results are shown
and discussed in the following.
Figure 4 shows the total field diffracted by a half-plane illuminated
)y a nonisotropic line source (E-wave) with the following pattern function

‘ obtained from (39).
’ P(w) = cos w + sgn (fi) sin W . (67)

[t should be noted that when (67) is used in (60b), ;i is replaced by

and hence sgn (&) = +1. Results are shown for different techniques and
the field was sampled in a 40° angular region about the incident shadow
boundary (SHi). The SHi direction is shown in the figure, and as
expected, UTD formulation fails to provide the correct result due to the
lack of proper slope discontinuity compensation. Since the incident field
is well-behaved in the entire region, we have also compared the scattered
field u° for different techniques in Fig. 5. Exactly at the shadow
boundaries, we can employ our higher-order asymptotic results, derived in
(59) and (51), to determine the scattered field. The results of these
calculations have been listed in Table 1 for different orders of k. In the
same table the result of evaluation of (60b) has also been given. Though

this evaluation implicitly contains all of the higher-order terms of k,

. . ; ¢ =
1 .. the agreement with the results given in the table for terms beyond k is
remarkable. This is indeed a strong indication of the usefulness of
v asymptotic techniques for convenient computation of the diffracted field.

We have also plotted the results tabulated in the third column of Table 1
‘ in Fig. 5 with a view to exhibiting the behavior of the asymptotic solution.

The number of terms used in the asymptotic evaluation is indicated by

]

' numerals inserted alongside the points representing the evaluation of the

diffracted field at the shadow boundary.
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Figure 6 displays the behavior of the scattered field calculated using
the aforement ioned techniques in the transition region of a half-plane
illuminated by an isotropic line source (E-wave). As expected, UTD and MSD
are the same and all the techniques are in very good agreement. For
completeness, the asymptotic expressions have been tabulated in Table 1,
and are shown in Fig. 6. Figure 7 shows the plot of the scattered field
from a half-plane illuminated by an isotropic line source (E-wave) coplanar
with the half-plane. For this geometry the incident and reflected shadow
boundaries coincide with the half-plane itself. The scattered field was
sampled in an angular region -10° < ¢ < 10° and results for different
techniques including GTD are shown. For the sake of completeness the
asymptotic results computed from (32a) are also shown in Fig. for the
observation angle $ = 0, and the oscillatory nature of this asymptotic
solution is evident from the figure.

To further illustrate the comparative nature of the results derived
from different theories, we employ the formulations of UAT, UTD, and MSD to
obtain some three-dimensional representations of the total field.

Figure 8, containing the geometry of the problem, is the three-dimensional
plot of the total field %uti diffracted from a half-plane illuminated by

an isotropic line source (E-wave). To obtain the total field ut, we

employ the formulations of UAT and UTD, and find that essentially identical
plots are obtained, although numerical values of these curves differ

very slightly from each other. For instance, at the observation point

X =y = .25), UAT and UTD formulations give !ut| = .05913 and lutl = .05918,
respectively. Figure 9 is the counterpart of Fig. 11 for the H-wave case.
As expected, the H-field is discontinuous at the half-plane. For

additional results and three-dimensional plots the reader is referred to

(10].

e S g R N
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4. MULTIPLE-EDGE DIFFRACTION

The multiple-edge diffraction problem arises in a number of practical
situations and is considerably more complicated than its single-edge
counterpart. The complexity of this problem stems from the fact that the
field, which impinges on the second edge after diffracting from the first,
can no longer be treated, in general, as a locally uniform plane wave.

[t has been recognized that for the problem of diffraction by a nonplane-wave
source, e.g., one with a pattern function as in Section 3, the result for
the scattered field at the shadow boundaries is not just a simple modifi-
cation of the plane-wave solution multiplied by the pattern function but
involves the derivative of the pattern function as well. One might assume
that the problem of multiple-edge diffraction can be solved by a simple
extension of the pattern function illumination of a single edge. That
this is not the case, however, has been pointed out by Jones [21], who

has employed the Wiener-Hopf technique to construct the rigorous high-
frequency expansion of the exact solution for the diffracted field by
staggered parallel plates. Although Jones [2]1] did not explicitly obtain
the results for the field at the shadow boundaries, he did examine the
uniform expression he derived in some detail and concluded that the
Uniform Asymptotic Theory (UAT) could not be directly (mechanically)
applied at the shadow boundaries. Lee and Boersma [19] and Boersma |[22]
have carried out rather elaborate investigations of this problem and have
shown that the UAT can still be used for this situation.

In this section, the problem of diffraction of a plane wave incident
on two staggered parallel half-planes (multiple-edge) is investigated and
an analysis is presented which has the following features. First, a

general representation of the field atter successive diffraction by two




half-planes is given in terms of a double complex integral. The analysis
is carried out in the Fourier transform domain and is based on the

ipplication of the results given in Sections 2 and 3. Second, asymptotic
techniques are emploved to determine the total field to the order of k-]
in a rigorous, vet straightforward fashion for some cases of practical
interest. These special cases are (see Fig. 10): (a) the edge of the
top half-plane lies at or away from the shadow boundary of the bottom
half-plane, i.e., the directly illuminated one: (b) the observation point
lies at or away from the shadow boundary of the top half-plane. In all
of these cases the final results are expressed in a compact and useful
form.
4.1 Basic Formulation

The geometry of a pair of staggered, perfectly conducting, parallel
half-planes illuminated by a plane wave is shown in Fig. 11. The
bottom and top planes are labeled 1 and 2, respectively. The edges are
separated by distance s, and the angle between the line joining the
edges and the x-axis is (.. Let the incident plane wave with unit

>

amplitude and incident angle ; take the following form at point ‘4

ikp,.cos(Q.-¢
i ikp ¢ s ( ; Il)
U (ps Py} = € . (68)
Jrsat]
In this work, we neglect the interaction between planes 1 and 2, because
it is assumed that s/} is a large number. The total field diffracted by

t
plane 1, Uy may now be expressed as
i s
us = u + uy (69)

where u‘? is the scattered field due to the induced current in plane 1.

5 s .
From (11), the scattered field uj can be written as
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Wi} ] \ ikp.cos(w=|9.])
s i 1 1
u o= \\ ) A(Ji,w) e dw
am {
sgn (¢.) ]} #F
gn (¢;)) °T
(E'wnvv\\
fnr\ S (70)
H-wave
g Y,
where x is defined in (12) and path Ilis shown in Fig. 12a. In order to
construct (70), Yy is replaced by w in (11) for reasons which will become
clear later.
Next, we consider u, as the incident field impinging on the top
half-plane 2. The total field diffracted by this half-plane, i.e., Rio s
may be split into
t t s
u, = u, + Uy CZL)
s . - o t 5 " ;
where u, is the scattered field. Since ul. given in (69), consists of two
St . s s
parts, we may use the superposition argument and designate Uy and u,, as
" i S . s
the scattered fields due to u and Ups respectively. u, can then be
written as
s S :
b - )
llz-uzz-i-u“ (72)
- c i E 5 g . t s
I'he task is to determine ”2’ which now consists of three parts as ul, u,.,

and ”31' Fields ui and uzz can be constructed from expressions given in
Section 2 as they are the total and scattered fields, respectively, from
the half-planes 1 and 2 illuminated by the incident plane wave (68).
These fields take uniform forms similar to (18) and their asymptotic
expressions can readily be derived.

In determining “3]‘ we compare (70) with (21) and employ equations

similar to (40) and (41), arriving at

e s
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i e

' bvwﬂb~wﬂ$ .

i |

R -w =

s gl , ikscos(w=-9) | i : \\ . Lkpzcos(:—l¢2|)
it < Wi i L [ xwre
2 4 )r : o lsgn (4,) JV
; \& oy L
=
Jﬁ-anc\\
for | (73)
| H-wave
Saikasigl

where tl is replaced by @ > 0 in (70) and 0y and ¢2 are defined in Fig. 12.
Comparison of (73) with (41) reveals that ;(Li,m) can be interpreted as

the pattern function of a fictitious line source located at the edge of
half-plane 1. In contrast to P(w), which was assumed to be regular in (41),
)(;i,w) is singular at w = ’hi and, therefore, special attention must be
devoted in the asymptotic evaluation of (73). Attempts were made to first
approximate the inner y-integral in terms of its asymptotic expansion and
then to evaluate the w-integration. Due to the nonuniform nature of this
procedure, proper results could not be obtained for all the cases. Since

the inner y-integral can be performed uniformly in terms of the Fresnel

integral, we may now express (73) as

s ! ;
Upy = T * 1T, + Ty + 1T, (74)
where
| 2] (x, (@ wY\ =
| A ) ri 5 ikp ,cos (wtd )
J - i S & -0 o
2\, f; J + \\ { e Bscosis S)e 2 s F(+€i) dw , (75)
O
Fl Txr(“‘i:w)J T

and furthermore, from (13) and (20), we have

o (Ziﬂ-m
Xi(Qi’w) = 4csce NG i (76a)
r
¥ = w ; ¢2
g% = +/§§bz sin e ol (76b)

49
.
dvl,
=3
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[t is noticed that on path Z], Xy is well-behaved whereas X; Possesses a
pole singularity at w = b e Therefore, asymptotic evaluation of Tj and TA
tfollows the same steps used to evaluate (42b). In the following sections,
we devote our attention to the asymptotic evaluation of Tl and T,, which,
. & 5 E -
in conclusion, allows one to determine u, from (71).
4.2 Total Field when Q i 30 A TR, WDt -,

For this case, where the pole w = 2, ana the saddle point w = © are
separated, we may deform the path Ylintn the saddle path SDP, shown in
Fig. 12a, taking into account the residue contribution of the pole w = S
and arrive at

: ik cas (wtd ) —
) i - [KSCOSs (w=—1i0) & 2 i
'Il = + Ai(.i,h) e e P(+Vi) dw
T |
: ’spp r
i - B ’ =
4y + rzg 1ksros(hi—\) 1kpﬁcos(“i+;q)
S ; ‘ 2 Z
+ EYvdkp . Bin —pe—i g e v K7D

Since at w = { the relation ii # 0 holds, one can then employ the results

E
of Sec. 3.2.1 and determine the asymptotic value of (77). The same pro-

cedure can also be used to evaluate T2 and T3 which completes the derivation

S
of 1,

21° defined in (74). Using the procedure described in connection

; . : t
with (71) and (72), one can also determine the asymptotic values of uy

and UTI. The final result for the total field “5 is finally given as

2, (78)

t
u

5 = x (G, D glks)x(2,4,)g(ke,) + 0(k
where x and g(+) are defined in (12) and (48), respectively. Equation (78)
agrees completely with the result obtained using GTD formulation;

furthermore, x(ai,u) and x(ﬂ,¢2) may be identified as Keller's diffraction

coefficients at the edges of half-planes 1 and 2, respectively.

, e — e——
e e DU
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4.3 Total Field when £ >> § i and ¢, = Q@ (Fig. 10b)

This is an interesting case, because from GTD consideration the obser-
vation angle coincides with the shadow boundary of the diffracted rays
originating from half-plane 2. In this case, as in the previous case,
the pole w = Ji and the saddle point w = ) are separated. One can then

replace T] and T, from (75) with their counterparts from (77). Since at

y = O the relations Fi = (0 and {r # 0 hold, evaluation of T] and T3 from

(77) and (75), respectively, requires special care. This is done by using

the procedure described in Sec. 3.2.2. Determination of T2 and TA from

(77) and (75), respectively, may be completed using the analysis of

Sec. 3.2.1.  Finally; ui and UTI can be constructed from the solution of

the half-plane illuminated by a plane wave as discussed in Sec. 2.
Evaluating all these components and adding them up, we finally arrive at

the following total field
( 3

;(Li,”)g(ks + koz) + fo(ni,Q)xr(u,n) - — x'(2.,2)

|
o=

: L
+ gks)gko,) + 0k 7P (79)

9 ) = 3 P
where X'(ﬁi,ﬂ) e x(ui,m)i and that ¢2 = (. Comparing the term containing
§2

' with the one containing P' in (59), we may once more interpret x as the
pattern function of a fictitious line source located on the edge of half-
plane 1. Expression (79) can also be obtained using UAT or MSD formula-
tions in two successive steps in a mechanical fashion from (66) and (65),
respectively.

4.4 Total Field when ”i = Q and Q << ®2 (Fig. 10c¢)

This is another important case for which the edge of half-plane 1
coincides with the direction of the incident shadow boundary of the inci-

dent field. In contrast to the last two previous cases, the pole w = Qi

3tec T e e e LT A it U e ————
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and the saddle point w = coincide for the situation under investigation
in this section. Hence, when deforming )linto SDP for T] and TZ' defined
in (75), the integration passes into a principal-value integral along SDP
plus half the residue contribution, namely,

. ikp.cos (wtd.,)
i - ’ ikscos (w-: 2 2 -
Il e } + ,(i(‘“,:.)) e . )(' F('H,,i) dw
, ' ‘spp | r
= Q + ¢ ikp,cos (§iH+¢, X
SRR, B e '2\ l\‘)Z ( 2) iks -
+ 5 F v2kp, sin g 8 e (80)
Although at the saddle point where w = { the relation Ei # 0 holds, the
r
procedure developed in Sec. 3.2.2 can not be used for (80) as X4 is
singular, in contrast to P which was well-behaved in (56).
The integrand of (80) is expanded in terms of Laurent series as
ikp ros(mlao) Tl _
+x. (Q,w) e SURERE Y = ———= K & B+ O = 2) (8la)
i i -0 1 1.
r r r
where Al
. = e |
1kp2 1
Ai = 2e e F(+£.) (81b)
r "
w=§
T i
ikp - ’ i '
2 3 Bz
B, = 2e — e F(+¢.) (81c)
i dw L i
X
lw=l

Substituting (81) into (80) and using saddle-point integration, we arrive at

{1/2) ikp,cos(a-0,)
g i 1 . iks . 2 27 iks
T, = +B;8(ks) - 5 x; (2,0,)8(ke,) e = e e
2 r r 0
+ o2 (82)
where B1 takes the following asymptotic expansion
r

& 0(k-3/2)

- J
r w=

) 3
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Having determined Tl and T, , one can then evaluate T3. TA and u: and

s, ! . ’ ’
uH in the same manner described earlier to finally arrive at

t ] iks
uy, =5 x(2,0,)8(ko,) e + Lo (2,0 x(2,0,) + 20" (2,4, ] g(ks)glke,)
+ ok 3?2 (83)
where x'(2,4,) =~§f X(m’®2) . Again, the appearance of yx' is an important
w=§

observation. It must be realized that for the case under study in this
section, the fictitious line source interpretation does not apply anymore,
because otherwise the term y' would not have appeared in the solution. The
complexity stems from the fact that the diffracted field from half-plane 1
in its shadow boundary direction is not a local plane wave.

4.5 Total Field when ui = = ¢2 (Fig. 10d)

This is a unique situation as the incident direction, the observation

direction, and the line connecting the edge of the half-planes are all

aligned with each other. Since the pole w = ”i coincides with the saddle
point w = @, one can transform Tl and T2 from (75) into the form presented
in (80). At w = ”i the relation ér # 0 holds; therefore, evaluation of T2
follows the same procedure used in Sec. 4.4 for evaluation of Tz from (80),
f.e.5

T, = - % (2,28 (ko ) B 2¢ (2,2 g (ko) g (ks) + ok '?) (84)

Similarly, evaluation of T3, given in (75), requires formulation of the

same steps employed in Sec. 3.2.2, i.e

8

2p

=] 2
Ty =5 1 (1Dglké +0,)] - s+, X, (2,0 g(ks)g(kp,y) . (85)




l’*tﬁ%ﬂ@ﬁﬁﬂymv-

e |
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T,, defined in (75), may be obtained using the construction of Sec. 3.2.1
4

to obtain

Ty = mxp (@0 elks)x (R, 8(kp,) . (86)

=3 t S g 5 . :
Since uy and u,,, defined in (71) and (72), respectively, are the solutions

P

due to plane-wave illumination of half-planes 1 and 2, respectively, one

may use (18) to arrive at

ik (s+p.)
e T+ 1hr(j,h)g[k(s + 0)1] (87)

|
2=

ik(s+pq)

= - = ¢

S
) 2
Ll £

iks
+ 1 (2,0) & Sﬂ(kpz) . (88)

N3 %

To complete our evaluation of u,, the only step remaining is to deter-

®

mine 'I'1 from (80). Substituting ¢2 = (i into (80), one may express Tl as

!

- i w=-Q\ o= . w-

o =i l - csc '=———! F|{/2kp,, sin ——
1 4 Jgpp RS e 2 2

| en

2\ 1k(s+02)cos(w-ﬂ)
- e dw
i

ik(s+92)
=l 2&- e . (89)

Introducing the change of variable

bl N “—‘-?zﬁ (90)
into (89), one obtains
ik(s+p,) ik (s+p,) (= E a8 i i ‘
T, - 2 . - gl i, 2 } Q(t)F(c in/&/kpz o] ok(sto)e”
- (91a) |
where
-1/2 ’
Q(t) = ¢ 1(l + it2/2) =t o }; t + ()(tz) . (91b)
E e b et A S i g S ————- PO —




Substituting (Y91b) into (9la), one notes that in addition to the integration
of type (58a) with n = 1, one must also evaluate the following integral,

viz., .

i B WA
1 Fle il e R R o B (92)

Differentiation of I(s) with respect to s yields

2
w e o ~k(stp,)t
I'(s) = -k J Fle ln/a/ibz t] e 3 t dt
= i i (s + )_1/T~7? (93)
5 G ()2 ‘)2 s
for which the result given in (58a) for n = 1 is incorporated. Since
I(s) * 0 as s » =, one finally obtains
i & do £ 472
= = Jo — n =,
[(s) 5 Py i tan . (94)

S /(; (0+1‘2)

T1 may at last be evaluated to yield

ik (s+p,) o
) & R R /"_2\ s R S
T] o b e 5y tan S| 5Ts & 02) g(ks)g(koz) " (95)

Now we have enough information to construct u; from (71), (72) and

(74), thus arriving at

ik (s+p )r [0} 1
£ : 2711 . .1 . =312 i iks
u, = e i“ + o tan SJ + [g(ks + koz) + e g(kpz)]
[
. = (2,2) + g(ks)g(kp) |- -~fg——ﬂ-+ 2(9 Q) + - =8 x' (Q QJ
2 Xr *ly‘ g S g o 2(5 + p')) Xr L L s 4 02 Xr b ]
A e I (96)

‘ R s e B RS e e a—
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where

((2,0) = —— | (@) = - —22 (97)
E

This is an important result and can not be obtained via simple application
of rav techniques.
4.6 Comparison with Other Techniques

In this section, we apply the formulation of uniform techniques,
discussed in Sec. 3.3.1, to the geometry of staggered parallel plates.
Results obtained by a cascading approach, in which the fields scattered
by the first half-plane are directly used as the incident fields for the
second haif-plane, are compared with those given in the previous sections
using spectral analysis.

For the situation shown in Fig. 10a, where both the edge of half-plane
2 and the observation point are outside the transition regions, GTD, UTD,
MSD and UAT give the same asymptotic result, and are in complete agreement
with (78). This is the simplest situation for which even the GTD formulation
provides an adequate result.

In the case shown in Fig. 10b, the edge of half-plane 2 is outside
the transition region and the observation point is on the shadow boundary
of half-plane 2. The GTD formulation can be used to determine the field
diffracted from half-plane 1, but this construction fails to provide the
correct result for the field diffracted off half-plane 2 along the shadow
boundary direction. It actually gives an infinite field which is
physically unrealizable. At this point one might be tempted to employ
UTD formulation, as in (64), since it would predict a bounded (finite)
result. It can be easily verified that UTD formulation does not give the
correct asymptotic result when compared with the exact asymptotic solution

given in (97). 1In fact, UTD formulation fails to predict the term x' in (97).
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Two successive applications of MSD and UAT formulations do indeed provide
the correct result and demonstrate perfect agreement with (97).

For the situation shown in Fig. l0c, where the edge of half-plane 2
lies at the shadow boundary of half-plane 1 and the observation point is
positioned away from the transition region, the GTD formulation obviously
fails to determine the field correctly. It is then logical to consider
whether or not UTD, MSD or UAT can be applied twice in succession in a
cascading fashion to derive the final result. Since the incident field
on the half-plane 1 is a plane wave, application of each of the three
formulations gives Sommerfeld's solution for the field diffracted by
half-plane 1. We can readily show that this field takes the following

form at the edge of half-plane 2

iks Aty
ui = 4 elks + ryr(u,u)g(ks) + 0(k 3/_)

B (98)

Field (98) can now be viewed as the incident field on half-plane 2.
Hence, straightforward (mechanical) application of UTD, MSD and UAT would
hopefully provide the field diffracted by half-plane 2 at the observation
point. After some simplification, this field takes the following

asymptotic form

t 1

iks ; -3/2
uy, =5 ;(k,@z) ol Hg(kpz) + Txr(u,m)g(ks)x(u,Lz)g(kpz) + 0(k /

)
(99)

Comparison of (99) with the correct asymptotic expansion given in (83)
reveals that (99) is not complete and misses the term corresponding to
zx'(u,¢2). In other words, straightforward (mechanical) application of
UTD, MSD, and UAT does not provide the correct asymptotic result when the
edge of half-plane 2 lies at the shadow boundary (transition region)

of half-plane 1. This important observation was first made by

R e
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Jones [21] for the UAT formulation. Here we have come to a similar
important observation that the mechanical application of UTD and MSD
does not provide the correct result either. Boersma [22] and Lee and
Boersma [ 19] resolved the difficulty related to UAT by using the argument
that the diffracted field (98) from half-plane 1, which varies rapidly in
the transition region, does not comply with a ray field behavior. Hence,
this field cannot be used directly (mechanically) as the incident field
via the application of the UAT formulation. They expanded (98) in
terms of an infinite summation of cylindrical and plane waves and applied
the UAT formulation to each term of expansion separately. Their final
uniform result agrees with Jones' uniform result and with that given in (83).
The difficulties with the straightforward (mechanical) application of
UTD, MSD and UAT, as expressed in the preceding paragraph, also exist for
the case shown in Fig. 10d. In this case, both the edge of half-plane 1
and the observation point lie at the shadow boundaries. It is straight-
forward to show that the "mechanical' application of the uniform theories

gives

1

t .1 dk(st) o g7l (100)

o 5
for the dominant term of the total field. However, the correct dominant
behavior is given first in the r.h.s. of (96), which is obviously
different from (100). As a matter of fact, as p » =, (96) gives

(1/2) exp(iks + ikp) for the dominant term, i.e., 50 percent different

"mechanical' result, (100), of the uniform theories. Boersma [22

from the
and Lee and Boersma [19] were able to show that, by carefully analyzing
the problem in the manner described earlier, they could obtain the complete

result agreeing with (96). However, the same analysis has not yet been

performed for the MSD formulation.




5. SPECTRAL DOMAIN APPROACH TO VERIFICATION AND REFINEMENT
OF ASYMPTOTIC SOLUTIONS
5.1 Introduction
One of the most challenging problems in the solution of high-
frequency scattering analyses is the establishment of the accuracy of
the results and the refinement of the solution when the need for its
improvement is clearly indicated. The difficulty in verifying whether

the asymptotic expression, typically derived from the ray approach, does

indeed solve the boundary value problem under consideration stems primarily
from the fact that there is no obvious way to "build in" the boundar
conditions in solution procedures based orn ray methods. Another

is that the high-frequency solutions are often constructe
far fields, whereas the application of the boundary conditions Car

requires the near-field information. In contrast, the integral equation

formulation for the scattering problem is based directly on the application

1

of the boundary condition and, consequently, the boundary condition check
is redundant for this approach. However, the conventional moment method
solution of integral equations is limited strictly to the low frequency
and resonance regions as the matrix size becomes unmanageably large bevond
the resonance region.

In this section we will briefly outline a spectral domain method for
bridging the two approaches, viz., the integral equation and asymptotic
techniques. The hybrid method has the desirable feature that it not only
verifies the accuracy of the ray solutions but provides a systematic
means for improving the solution for a large class of problems of
practical interest. This fact will be illustrated via two typical
examples given in this section. Other cases have also been treated and

may be found in [23] and [24].
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>.2 Development of Spectral Domain Formulation of the Integral Equation
and Its Approximate Solution

The key to combining the asymptotic solution with the integral
equation formulation lies in recognizing the fact that the Fourier transform
of the induced current on a scatterer is directly proportional to the
scattered far field and that a good approximation to this scattered field
is often available from any number of asymptotic methods, e.g., GTD or
the spectral approach discussed in preceding sections. To take advantage
of these facts we choose to work with the "Fourier-transformed" or
"spectral domain" version of the integral equation rather than with the
conventional spatial domain counterpart of the same equation. WUe begin,
however, with the conventional electric-field integral equation (E-equation)

for a perfectly conducting scatterer:

(G *J) =-E , G = Green's Dyadic (101)

where J(r') is the unknown induced surface current density, the subscript

t signifies the tangential component of the field on the surface S of the

ke et

scatterer, El is the incident electric field on the scatterer, and "*
symbolizes the convolution operation.

As a preamble to Fourier transforming (101), we first extend it
over all space. To this end we define a truncation operator 1(A).

O(A) = f Rta(? - ?S) dee , r € S (102)

S

where & is the Dirac delta function. Let O(A) be defined as the complemen-

tary operator

- 0(A) . (103)

>1

)(7\) a
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. Then (101) can be rewritten as
= . o= = = =
(e ) | (=E7) + 600G * J) (104)
for all space. Using the definition of the Fourier transform introduced in
Sec. 2, now extended to the general three-dimensional case, we can write
| (104) as
- = ;
| I[ ¥ (105)
where F = F[O(G * (0J)] and E is the transform of the tangential component

of the incident field truncated on S, with all transformed quantities being
denoted in this section by on top. Note that the convolution operator in
the integral equation is transformed into an algebraic product upon Fourier
transformation. Note also that (105) has two unknowns, viz., ind ¥, which
must be solved for simultaneously.

At this point one can construct the solution of (105) in at least
two ways. [he first of these is based on an iterative procedure that
begins with an approximation to J, the transform of the induced surface
urrent, derived from the application of some asymptotic procedure to the
scattering problem. The following equation is then emploved to generate

the next order solution and the procedure is repeated until convergence is

achieved:

| \~
7(n+1) ‘;“‘_,4‘ + FIELET™)y - o igi (™Ml (106a)

and in the space domain

" - -
(1) | opml3ntl)y (106b)
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It may be shown that the combination of the second and third terms in
: ; = . - th . .
(106a) represents an approximation to F derived from the n approximation

AL

(% o] A 16 . Also, it should be realized that the inverse operator
== . . I ;
G is algebraic since G itself has the same nature. The check for the
boundary condition may be readily applied in this procedure since

=1 ==iin) R .

ik =[G ]}, the last term inside the square bracket in (106a), represents
the tangential E-field produced on the surface of the object by the
induced current. ldeally, this field should equal the negative of the
P 13 o =1 5

tangential component of the incident E-field Lt. A comparison between
these two fields immediately reveals the extent to which the boundary
condition is satisfied on the surface of the scatterer.

A second approach to handling (105) would ve to employ the Galerkin

procedure in the transform domain. One may write

7O 4y ¢

& "p'p

n

(107)

(0)

where J is the approximate solution derived from a suitable asymptotic
formula for the scattered field and Jn represents a set of basis functions
I

in the transform domain. Typically, there are certain angular regions in
the far field where the asymptotic solutions require refinement. One may
chnose to concentrate the basis functions in these regions in the transform
domain. Alternatively, the Jp's could be chosen as the transforms of a
suitable set of basis functions in the space domain, and the location
(support) of these subdomain basis functions may be selected to coincide
with transition regions or corners, etc., where the canonical solution of
the asymptotic solution may require refinement.

In either case, the problem of determining J may be reduced to that

of finding the unknown coefficients Cp such that (107) satisfies (105).
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The Galerkin procedure provides a way for accomplishing this, as we will
soon see. This technique also has the advantage that the other unknown
in (105), viz., F, is conveniently eliminated from this equation upon
ipplication of Galerkin's method. We demonstrate this fact in the mani-
pulations presented below.

Substituting (107) in (105) and taking a scalar product of the
resulting equation with a set of suitable series of testing functions Qq’
we arrive at

JC_ <W,GI > =<l ,E >+ /wq,p; (108)

progep s

where "<, " is the scalar inner product. If we now choose ﬁq to be trans-—
forms of functions which are nonzero only on the surface of the scatterer,
then the scalar product <§q,§> can be shown to vanish. To show this, one
uses Parseval's theorem and transforms the scalar product of wq and F in
terms of a similar product of their counterparts in the space domain.
Since the inverse transforms of ﬁq and F exist in complementary regions,
viz., on the surface of the scatterer and in the region complementary to
this surface, respectively, one finds that their scalar product is
identically zero. One can now proceed in the usual manner to solve for
the coefficients Cp by solving the matrix equation represented by (108)
with the second term in the r.h.s. deleted. It is evident that the use
of this method would be practical only when relatively few terms are
needed in (107) to modify the available asymptotic solution; however,

this is typically the situation for many problems. It should also be
noted that (108) represents a direct check on the satisfaction of the
boundary condition, in the sense of moments. The choice of Wp's is

governed by the locations on the surfaces of the scatterer where these
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' boundary conditions are applied. Typically these will be the zones where
i the asymptotic solution might be inaccurate, e.g., the transition region
between the lit and shadow regions.

‘ 5.3 Illustrative Examples

We will now illustrate both the iterative and Galerkin procedures by
‘ means of two examples of high-frequency scattering. For the first example
. we choose the problem of diffraction by a rectangular cylinder, a structure

with multiple wedges. The geometry of the problem is shown in Fig. 13.

We note that the wedges 1, 2, and 3 and faces A and B are illuminated

by

the incident wave while the faces C and D and the wedge 4 are in the shadow.

Let us first consider the heimsphere above the face A. The contribution

to the scattered field in this region comes from the two lit surfaces and

rays diffracted by the wedges 1, 2, and 3. To derive a first approximation

to the asymptotic expression for the far field scattered by the cylinder,

we may use Keller's coefficients for the diffraction by the three wedges.

From wedge 1 we have, for instance,

et o
TR i ; i-(2 .. 2n ikacos¢ -ikbsing
' -ik( acos¢0+bsxn¢0) elkp . 4 3 sin 3 e e
L‘l i T 2m 2 )
2 Yo V2mk cos — = cos = (b - $.)
3 i 0
i 2 ., 2n 1ikacos¢ -ikbsing
== Sy e
3 3
bt 2 2
2 cos - - cos 3 (¢ + ¢0)

where 0 < wo < % and 0 < ¢ < 3n/2. Similar expressions can be readily

(109)

obtained for the wedges 2 and 3. Note that the scattered field from wedge 3

' is restricted in the angular region 0 < ¢ < n/2 and = < ¢ < 2n for
"<

range is illuminated by the scattered field from wedge 3, if Keller's

@0 < n/2. Hence, in the upper hemisphere only one-half of the angular
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Figure 13. For the angle of inciden shown, wedges 1, 2, and 3
are illuminated while we dg 2 1s in the dark.
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tormula for an infinite wedge is used to derive an approximation to this
scattered field. Another rather important and common feature of the
Keller expressions for the wedge-diffracted fields as given, for instance,
by (109), is that these formulas predict fictitious infinities in the
scattered fields at the shadow and reflection boundaries. One could
completely eliminate these infinities by employing the spectral concepts
and deriving the scattered far field from the transform of an approximation
t. the induced surface current, comprising the physical optics and fringe
currents. This transform, being associated with a function with finite
support, is always bounded and consequently free of the singular behavior
present in (109).

As an alternative we may also employ one of the available uniform
theories [17], [14] that provide smooth and bounded transition through the
reflection and shadow boundaries. It is fortuitous, however, that the
aggregate contribution of the infinities from the individual wedges cancels
out exactly when their contributions are superimposed. This occurs
because of the unique symmetries of the geometry of the rectangular cvlinder
under consideration. Hence, no special care is required in this example
at the transition regions. The diffracted far fields computed by using
the Keller formulas for wedge diffraction are shown in Fig. 14. It is
evident that the pattern is discontinuous at 0°, 90°, 180°, and 270°.

This behavior is attributable to the use of infinite wedge diffraction
coefficients that produce a nonzero scattered field only in the region
external to the wedge and, hence, produce discontinuous fields supported

by induced surface currents that extend to infinity along the wedge surfaces.

To refine this far-field asymptotic solution, we may now proceed to
apply the iterative procedure developed in Sec. 5.2. To this end, we

first introduce in Fourier transform the variable a = k cos ¢ and express

—————
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”
270°
1 Figure 14. GTD diffracted far-field pattern of the rectangular
' cylinder; by = n/4, a =b = 1),
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the far scattered field in the hemispherical region defined by 0 ¢
in terms of a. We employ analytical continuation of the expressions for
the wedge-diffracted fields to determine the Fourier transform in the

range |a| > k by substituting appropriate complex values for ¢. One of

the chief advantages of using the available expressions for the asvmptotic
solution as a starting point for the iterative procedure is that the
approximate analytical expression is convenient for estimating the scattered
far field, both in the visible and invisible ranges. 3y Fourier inversion
of the scattered E-field at infinity, we can derive the tangential E-field
on a planar surface tangential to the face A. If this computed near field
were to satisfy the boundary condition that the tangential E-field on
surface A equal the negative of Ei, and the similar situation is repeated
for other faces, we would conclude that the solution so derived is an
accurate one. llowever, we would not expect that to be true for the

solution represented by (109) since, as pointed out earlier, this

expression produces glitches at some angles of observation. Nevertheless,

=(0)

this solution provides a very good zero order estimate for F which is
readily derived by taking the transform of the near field derived in the
plane of the surface A, after deleting the portion of the field that
corresponds to the surface A of the scatterer, and repeating the same

procedure for the other faces as well. In following this procedure, we

effectively compute
F(r"((é;fi(o)] . (){F'I[(':;i(o)]})

(0)

which is an approximation to F derived by using J . The next order of
approximation to J is now readily obtained from (106). This quantity

is Fourier inverted four times to calculate the tangential H-rield on the
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tour faces of the cylinder and the surface current on these faces, obtained

%
from (106b), is Fourier transformed again to derive the far-field pattern.

The iterated far-field pattern J(]) is shown in Fig. 15; the disappearance
of the discontinuities at 0, n/2, 3n/2, etc., is immediately evident from
this plot. This result has also been verified by a few other workers who
have followed different procedures than those outlined here [25]. Recall,
however, that the method outlined here provides a convenient "built-in"
check for the satisfaction of the boundary condition and an independent
check is not altogether necessary to establish the accuracy of the solution.

The next example we discuss is that of a smooth convex surface with
no wedges — a circular cylinder. One of the important attributes of this
canonical geometry is that it permits convenient comparison with the exact
series solution available for the representation of scattered fields from
this structure. The geometry of the problem is shown in Fig. 16. We
consider the case of an E-polarized wave incident from ¢ = 180°.

The first step in attacking the problem is to use a geometrical
optical (60) approach) [24] to derive the far-scattered field. When this
is done, one obtains the dotted curve in Fig. 17 which also exhibits the
exact series solution for the scattered field as a solid curve. It is
evident that in the range -60° < ¢ < 60° the GO solution is not adequate.
This is not totally surprising since it is well-known that creeping-wave
contributions need to be included in the scattered field expression in the
shadow and transition regions. Rather than following this procedure, we
will now show how the Galerkin method can be readily and conveniently

applied to this problem to derive an accurate solution.

* Numerical experiments have shown that very good far-field results are
obtained even when one skips the first step and uses 7(0) itself to derive
the surface current using (106b) and g by the Fourier transformation of
this current.
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Figure 16. Diffraction by a circular cylinder illuminated by an
E-wave incident along the x-axis.
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o this end we consider, as a first step, the behavior of the
scattered field on a surface erected in juxtaposition to the cylinder at
the point x = a, the farthest point away from the incident field. In the
deep shadow region, say |y| < 2, we expect the scattered field EZ - —Ei
to be a very good approximation. On the other hand, when we go far onto
the 1it region on this surface, say for |y 6, we expect the E; to be
described adequately by the GO formulas. If we had a good estimate of
the scattered field behavior in the transition region 2 < |y| < 6, we
would be able to get a good representation of the excess scattered field
(over and above the GO field) on the entire surface at x = a. We should
then be able to compute the field radiated in the r.h.s. of the cylinder
bv this excess field using the concept of Huyghen's source and use this
radiated field to fill in the gap between the GO pattern and the true
pattern shown in Fig. 18.

To derive the Ez field in the transition region, we first interpolate
the magnitude of this field from Ei at |y| = 2, to 0 at y = 6 and the
phase from m at ‘y} = 2, to the GO phase at |y| = 6. HNext we introduce a
set of basis functions, with undetermined coefficients, to describe the
correction to the interpolated K: field at the plane x = a, 2 < |y| < 6.
To determine these coefficients, we apply the concept of Galerkin's
method in the spectral domain as briefly outlined in Sec. 5.2. 1In the
example being considered here, the transforms of the basis functions play
the role of jp in (107), and the zero-crder, scattered far field j(o) is
obtained by adding the contributions of GO and the approximate excess

E: field derived from the interpolation procedure just described.
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The choice of the testing functions, h’q in (108), is suggested by the
fact that the error in the high-frequency asymptotic solution is mostly
concentrated around the transition region on the surface of the cvlinder,
i.e., in the neighborhood of the junction between the lit and shadow
regions. Thus, a suitable choice for the testing functions would be to
locate them at the transition region as shown in Fig. 18 where the location
of the basis functions is also shown. Note that we need not be restricted
in our choice for the location of these functions by demanding that they
have a common support, although this is almost always the case in the
conventional moment or Galerkin methods. We may also note from Fig. 18
that the shape of the basis and testing functions are both Gaussian.
Since we are dealing with transforms, this choice is not only convenient
for deriving the Fourier transformations J‘p and Wq, but is also desirable
from a numerical point of view because the transforms are not oscillatory
as they would be for a pulse or triangular basis. This feature is important

when numerically computing the scalar products <J , , needed for the

determination of the unknown coefficients (II).

Only a few unknowns (Zp (3 to 7) are needed to derive an accurate
solution for both the radiated far field and the surface current on the
cylinder. The accuracy itself can be verified by computing the tangential
E-field on the surface via Fourier inversion of the hemispherical far-
field pattern centered around the point to be tested. This procedure is
also used to compute the surface current distribution from the knowledge
of the scattered H-field at large distances. Of course an independent
check is avaiicble for this problem via the exact series solution. A
comparison of the Galerkin solution and the exact series solution is

shown in Figs. 19 and 20 to illustrate the highly accurate nature of the
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— EXACT
«eees« GALERKIN'S METHOD

Figure 19. Scattered far-field pattern in dB of a circular cylinder
with radius a = 3) obtained by Galerkin's method.
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Galerkin solution. In fact, the solution is surprisingly accurate, except
for a slight error in the transition region, even without the Galerkin

refinement, as evidenced by the dotted curve in Fig. 20 which exhibits this

'he method just described could easily be employed for more complex,
nonseparable shapes as long as the smooth convex nature of the surface is
preserved. A generalization to even more complex geometries, e.g.,

combination of curved surfaces and wedges, also appears possible.

e p————e
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