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Abstract

The power spectral density of multi-level coded sequences has

-

been an important factor in the design of PCM transmission schemes. The
spectral density for symbol-by-symbol encoding schemes was first derived
by Bennett. 1In the past few years, several algorithms for block encoded
schemes have been proposed. The most recent algorithm is based on a

generalization of Bennett's formula and a compact notation for finite

—— e, i,

state machine encoders. This paper derives closed form expressions for the

covariance sequences of multi-level block coded sequences and relates

——

these covariance coefficients to Bennett's formula such that the ensuing

algorithm is more efficient in time and memory.

—— .
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I. Introduction

The power spectral density of multi-level coded sequences has been
an important factor in the design of PCM transmission schemes, In [1],
Bennett derived the formula for the spectrum of a symbol by symbol encoding
scheme, An algebraic method for computing the spectrum was given by Tsujii
and Kasai in [2]. 1In [3], Yasuda describes a more direct method of computa-
tion. Bosik [4] derived expressions for the autocorrelation sequence of a
block coded signal, but did not show a closed form expression for the power
spectral density. In [5], Cariolaro and Tronca develop an efficient closed-
form algorithm for the computation of the spectral density of multi-level
block codes with encoders described as finite state machines,

This paper derives closed form expressions for the covariance
sequences of multi-level block codes and relates the covariance coefficients
to Bennett's formula. In many ways the development follows [5], however
a more efficient notation which may be considered as a generalization of

[6], yields an algorithm which is computationally more efficient in time

and memory,




II. Definitions and Notations

The class of encoders considered in this report may be described

by means of a finite state machine. Let the quintuple & = {J,O,J,f,g]

denote the encoder with J = {0,1}K, inputs consisting of sequences of K

binary symbols (input blocks), & < LN, outputs consisting of sequences of
N L-ary symbols* (output blocks or codewords), (N < K), and o/ = {1,2,...,1},

a finite set of states conveniently denoted as integers. The output function,

f:9 x o/ = O can be described as a set of functions F = {fl’fZ""’fI} where

fi:J - 0. The mapping fi shall be referred to as the encoding mode cor-

responding to state i, Furthermore, we shall call a codeword

@@ @ OO

sua eyl with each a(i) € L, an element of state i if

fi(b) = a for some b € J.
The input block sequence is assumed to be stationmary (i.e., each

distinct block of K bits properly framed) with each block statistically

independent. For each bu; u = 1,...,2K 4 Q, its associated probability
Q

will be denoted q,° 0f course we have the condition I g, " 1. This
u=]l

binary random process is transformed into an L-ary random process by the
encoder. The encoded process may be represented as in Fig. 1 below.

s - S
0 1 k

N 1 2
aél)aSZ)"'aéN)l a§1)3§2),..a§ )I"'l aé )aé )'°'a£N)|"‘

Figure 1. Channel sequence

*The elemente of L shall be considered integers with L = {£| [¢| s |L| - 2]
for L odd, and L = {2¢]| |¢]| s % |L| and £ # 0} for |L| even.
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This representation shows the symbol sequence properly framed

with respect to the words of length N, The symbol aiz)

zth digit of the kth codeword in the channel sequence. We will refer to

represents the

the time of transition from word a, to &n (i.e., the symbol transition
agN) to aiii) as wordtime i. Note that the sequence representation

explicitly shows the state sequence of the encoder. We shall also adopt

the convention that the state transition from si to s occurs at

i+l

wordtime i.
At wordtime n, a new binary block is input to the encoder and the
state transition function changes the internal state of the encoder accord-

*
ing to s 1 = g(sn,bn) . Under the assumption that the binary input

n+
process is stationary with statistically independent elements, it is

easily shown that the state sequence is a homogeneous Markov chain. Let

Bij be the set of input words which cause the encoder to change from state i
to state j [i.e., Bij ={b € 3|3

g(i,b)}] and denote the one-step transition

matrix of the state process as [l = Hni ; then

nij = EEB q, -

A restriction we place on Il (hence, the state transition function, g) is
that the state sequence be a fully regular homogeneous Markov chain., For

this class of state transition matrices, there exists H°° 4 lim 0" where
n-;m

n" - Hni?)“ denotes the matrix of n-step transition probabilities.

*The symbols s , and b_ shall always be interpreted as the state of the
encoder at woPdtime n? and the input block at time n respectively.
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Furthermore, Il consists of identical rows p = [pl,...,p[], such that pll = p,
The vector p is called the stationary probability distribution,

The channel symbol sequence is cyclo-stationary with period N.
Hence the mean of the process is periodic with period N. Let agi) c T,
denote the Zth digit of the codeword in state i corresponding to input word
bu. Assuming the encoder to be in state i, the conditional mean,

M Ty e S :
Ela_ |sn i] , is given by:

Mo

I
CLY) = [ )
aiu qu - & aiu un

E[a(l)ls = i]
A 1 j=1 “u € B
ij

u

For reasons which will become clear later, let us define

£) 4 ®)
s T K £ g " _aiu 9y
ij

as the Lth digit transition weight from state i to state j, and let the

| (2)
matrix ME = “mij s 1,3 = Lo, 1, Thus,

I
E[a(l)ls =i] = T alt)
n n jol ij

After averaging over the ensemble of states we arrive at

I I
£) & €] @) .
" = E[an ]l = 121 Py 121 gy M, u

where u is the (I x 1) column vector of 1's.

Since we are ultimately interested in obtaining an efficient
algorithm to compute the power spectral density of the random sequence, we
shall need an efficient ‘representation for the covariance sequence
Vi =® Sk S vhere v = E[(a(j) - u(j))(a(j+k) - u(j+k))] is the

covariance for elements in the encoded sequence which are separated by
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(k=1) symbols. The dependence of v on the time reference j is not included
as the covariance Vi is calculated as the arithmetic mean of the N symbol
covariances for j=l,...,N. This tacitly assumes that the symbol sequence
is wide-sense stationary since an observer would not know the proper
framing of the symbol sequence.

The covariance coefficients shall be represented by the
contribution to Vi from within a single codeword and the contribution
from different codewords in the channel sequence. For example
g E[(a(s) - M(S))ZJ

s=1

o
Z |-

I Q N
t I Ele® "% o4
=] ys] gef ¥ x

Z |~

u

Q N
> 1. (8) (8) _, (8) (8) (s),2
1 uil Sil{aiu aiu ¥ aiu + )} piqu

Z |-
(RS r]

;¢

P I o (R, \ N )
r (s).2 (t). 21
VB L & el Y pLg = ¥ (@ ) H (2.1)
Litel gl gu) 1) t=1 .

Z |-

This expression was developed as follows: assuming the encoder
to be in state i, each digit of each codeword (minus the digit mean) is
correlated with itself, then these quantities are averaged over the
emsemble of states.

The same representation can be used to calculate v where each

1’
symbol is correlated with its adjacent symbol within the codeword. However,
when correlating the last digit with its adjacent symbol, we find ourselves
concerned with the next codeword in the sequence., This leads to our

consideration of the coefficients being comprised of two terms; a term

representing the contribution to the coefficient from within a single
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codeword, and a term representing the contribution of the correlation
between symbols in different codewords. Furthermore, it should be easily
seen that a contribution from within a codeword is non-zero only for

coefficients VorereaVNalt Therefore, we shall represent v e & 1,.0.;N-1 as

k’

(vﬂ + VE)

-,
Z |~

with uﬁ being the contribution from within a single codeword and ! being
the contribution from adjacent codewords in the sequence.
The component vé is a direct generalization of (2.1), and is

expressed as

,N-k

- e = )

) T 2 oar q p. - k )3 u( )u(t+k)}-
i=1l u=l s=1 t=1

To simplify notation we shall define the N column vectors, W (k = 0,500 ,N~1)

having elements

Q N-k
PB agi)a§z+k)qu; s (L Tt |
u=l s=1

Iy
wW. =

ki

as the codeword contributions to Ok (the autocorrelation coefficient).

The element w, . of Ek is called the contribution to p, by state i. These

definitions allow us to express v' as

k
N-k
‘8 -
Vp "RE v BB
s=1

(8) (sk) (2.3)

The determination of v{ is complicated by the fact that the state
transition must be considered. Assuming the encoder to be in state i, we

have the conditional expectation




1 NQ 2 3
e I R P i il

s .

a ) .
j=l u € By, s=N-k+l v=1 i

UqV

After averaging over all states and rearranging terms we obtain

B ored I r sy & s+-N) | -N)\ !
i o 12 Epy L £ a &Eu)!t z q¢3§v )Ej = (e, (e N))‘.
s=N-k+1  i=1 j=1 u € B v=1 ‘

ij
We can substitute the matrix notation developed earlier, which yields

N

L U TATe

s=N-k+1 S+k-NE)J. o

However u * p = Hm, and since HO = U (the identity matrix) we finally arrive at

N

: : 0
vi= T pM (1" - )M TR (2.5)
1 B A o/ He-NE

Hence, upon combining (2.3) and (2.4), we have

: N

: N
Yk TN T RES

-k '
Tk G ot (° - I, ut
s=1 s=N-k+1

for k = 1,...,N-1.

For the remaining covariance coefficients, Vi

notation may be used. Consider Fig. 2 below representing the encoded

k = N, the same

Cee— N e e

\ sequence .

~~

.

NI
o
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Figure 2.

The dotted lines indicate the extremes of symbols involved in the calculation

of v, =

K er+t' In other words,

ph % { T E KLa(s) 5 u(S)J[a(S+t) & u(S'HZ)])
N
b2 B ([ - WO N (steig )
. s=N-t+1 (Leg i )

Both of the sums in this expression are of the same form and the

e

expectations can be represented as in (2.5) with an additional sum which

‘ takes into account the number of state transitions occurring between a,
and a_ for the first sum, and a, and a in the second sum. With this in
' L 0 r+l
mind, we can immediately obtain
| v - i ‘Ngt Mot - o + g M (I - )M ;
1 rv+e = N 1 2 RMg( o Mg yp U BNy (R = B M ey W
r s=1 s=N-t+1
It must be noted that when t = 0 (i.e., for covariance coefficients at
integral multiples of N), the second term is understood to be zero.
The expressions for the covariance coefficients are summarized
E :
’ in Table 1 below.

EEET e e - — - — e
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| Table 1. Covariance Coefficients
k Vk
‘ N
| 1 A Y, B
0 Hpl, - Z 4]
| s=1
’ N=-k N
| B o ey - zu®WE® o s owma® -,
s=1 s=N-k+1
|
N
1 r-1
tN; © 2 1 N % p Ml = Hm)Ms
| s=1
N-t N
3 r-1 r
, rN+t ; —Jy p M (I T )M u + 5 g H -0 . o8 ]
’ NI it @’ s+t Y ®©’ "g+t-N
) -
}
t=1,...,N-1
|
' |
H—%
\ {
r =B
-‘* R T s S W T = - En g, Eim““_- S I e St T
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ITI. Z-Transform Approach to Spectral Analysis

In its most general form Bennett's formula for power spectral

density, Sx(f)’ for the discrete encoded process is as follows:

@ N @©
P — 2
S (f) = v.+2% v, cos 2mfk + l] % u(l)e ]Znifl L 8(f = L (3.1)
X 0 Tl k N i=1 e N/

where v, and u(l)

K are the covariance coefficients and digit mean values

respectively. The §(+) is the Dirac impulse function.
The spectrum, seen to be composed of a continuous portion
(denoted as Xc(f)) and a discrete portion (denoted Xd(f)), is periedic with
unity period. Note that the discrete lines are spaced at multiples of 1/N,
Since the covariance sequence is even, it is easily seen that the
z-transform of the sequence {vk} can be expressed as R(z) + R(z-l) where

@

v
R(z) & 79 + X Vi z-k. Furthermore, it should be apparent that
k=1

X (£) = 2Re{R(e . (3.2)

For the next step in the derivation, we shall express R(z) in
terms of the matrix expressions for the covariance coefficients developed
in Section II.

It is convenient for us to express R(z) as follows:

v N-1 ® ® N-1
R(z) = ?? + Z vkz-k + Z erz-rN o 2 ViN+ z-(1N+j)
kel r=1 ja1 ju ¥

(3.3)

Upon making the appropriate substitutions from Table 1 into (3.3), we obtain
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N i ¢
R R P P PRI

N - i
+ z EMS am - Hw)M u} z
s=N-k+1 it

[+ 2] N s
+ Z I |pM (O
r=1 s=1 L 8

P mom uJ -rN
®© 5= &

© N-1 Nk
+ Z I | ZpM (N
t=1 k=1 Ls-1 .

t-1
= B )Ms-l-k =

s t
+ z BM_ @ =-1)
s=N-k+1

T - (tN+k)
P 2] = y

After rearranging terms and changing the index of summation t, we arrive at

3 N N-1 N-k
. ik _ (s)2 5 (s), (s+k)] -k
NoR@) =g mg - = WO [ - W),
s=1 k=1 s=1
= © N-1 -N-k =
i +8" T 2 s g L o
r=0 k=0 "s=1 :

= (iN+k)

i
LT, L pM (" -0O)M . Lu|z
1=0 kel “gaN-k+l ° i a J

(3.4)

‘ © N-1 N
I
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In order to simplify the notation we define N constants as follows:
v( N
1 F
> {pi - 2[uNF; k=0
2 0
s=1
L (3.5)

N-k
RH - Tand MU0 S O R =
\ s=1

Further simplification of (3.4) is possible since only the state
transition matrix, [I, and z are dependent upon the summation indices i and r.

After the appropriate rearrangement we obtain

N-l o N-1 Nk - k- i
Ne*R(z) = £ wz +2z L I pM ( (o -1n] 2 )M uz
kg * kol sl ¥ red) 2 s+k
(3.6)
W1 ¥ ®
i -iN %
+ 3 5 Rm<z[n -1z )M e
ksl ssf-k+l °© “i=0 PAE

Following the development given in [5], we have the equalities

0" -0z e Ny - )M - @ - 1)1 = - 1o
r=0

I-1

where AD(A) =A T d kk, (d, = 1), is the characteristic polynomial
Mot & o 0

of T - Tl and G is called the conjoint matrix of 1 - I . The conjoint matrix

can be written as a polynomial with matrix coefficients of the form
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» (G =0, G, =1U). (3.7)

Substitution of (3.7) into (3.6) and some algebraic manipulation leads to

N-l I N-1N-k e
ReR(z) = Z mz" + pf = Z I MG M .z (3.8)
k=0 t=1 k=0 s=1
N-1 N
+ T 5 MS&I-tMs+k-NZN(t+l) - k-l}E/ZZN-ln(ZN)
k=1 s=N=-k+1

~ A
where GI-t = (U - nw)GI-t'

The polynomial in the numerator of the second term is of degree
(I+1)N-2. 1In order to develop a convenient method of computation for the

scalar coefficients, we shall define two sets of vectors as follows:

A ~
1) nts = 2-MSG]:-t; t=1,...,I1 and s = 1,...,N,
(3.9)

2) ¢

€ = Mu; s = Li.o.,N.

The NI nts are seen to be (1 X I) row vectors and the gs are (I X 1) column

vectors. Substituting these vectors into (3.8) yields

N-1 N-1 N-k
N + R(z) = z W,z - +[ £ / g | o
cot ‘Km0 suy Jbs £

N-1 N

N(t+1) - k=1\], 2N-L N
PR e e z 12Ny, 3.10)
kel sel=kél —ts 2s+k=N )}

For a fixed t, consider the convolution of the two vector sequences
(ntl""’H:N) and (51,...,§N), which we shall call the sequence
- (Ctl""'ct,(zn-l))' Furthermore, consider the coefficients of the

numerator polynomial in (3.10). For a fixed t we can express the coefficient

of th-k-l for k # 0 as,
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' ' N N-k
yoga e 2 g€ .
g=N-Kk4]— ES=SHK sl —(t-1)s2s+k-N
However the first sum equals Ct(N-k) and the second sum equals C(t-l)(N+k-1)'

When k = 0 the coefficient of th-l is simply Cene

I

s
i
|
|

iy

1

1
i
i

B A S
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IV, ALGORITHM
The development of the expression for the power spectral density
of the random process generated by a finite-state machine encoder allows
us to design an algorithm for the efficient computation of both the discrete
and continuous spectrum, We shall describe the algorithm in three segments:
input processing, main program, and the point-by-point evaluation. The input
processing consists of reading the codebook, state transition table and the
probability distribution for the binary words. This data is used to calculate
the state transition matrix, [I, the N transition weight matrices, Ms, and the N
vectors of codeword contributions Ek' The main program uses these quantities to
calculate the coefficients of the polynomials which determine the discrete and
continuous spectrum. Finally, the point-by=-point evaluation calculates the
continuous spectrum at any desired frequency, and evaluates the weights of the
spectral lines,
The codebook is input one codeword at a time with the following

format:

(a) codeword a (N integers),

(b) codeword's state, i € o/,

(c) the state tramsition, j € o/,

(d) the probability, a0 of binary input bu € Jd

such that fi(bu) =a,

For each word, the following calculations must be made:

(a) "ij o nij + q,

®) n{} - ni) +q@dss a1, N

ij ij iu
N-k
i (8) H(s4k) . _ E
(c) Vi wki + q“sEI v aiu s k 0,...,N-1,

Note that in general, I ¢ 2K codewords will be processed in this manner.
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The calculations performed in the main program segment may be

summarized as follows:

1§
(a) computation of p from pll = p and Z - 1, and
i=1
construction of H¢,

(b) computation of the vectors is =Mu; s =1,...,N,

‘ (c) computation of u(k) =pM,u =p El; A RS |

(d) computation of Wy s k =0,...,N-1 from (3.5),
1

(e) computation of the matrix coefficients, GI-k’ e =051,
and the scalar coefficients dI—k; k = 0,...,I. This can
be done recursively as follows (see [5]):
“ (i) let F - n-1_, then
k d == % trace {FGk_l}, and,
| G, =FG _, +4.0,

where k = 1,...,I, with initial conditions

d0 = 1 and G0 = U (the identity). A check

can be made on these calculations since

dI = 0 and GI =0,

A ~
n = = pM =
(f) computation of the vectors 2 EMSGI-t PM (U Hw)GI-t’

for t =1,,.,,I, and s = 1,,...,N (note that one matrix

ey s ——— R

multiplication can be saved since G, = U),

0

(g) computation of the constants Ct t=1,...,I and

j,

j=1,.0.,2N-1 by performing the convolutions

——y

ﬂt *€ for t = 1,...,1, where nt and © are the vector sequences,

O Sr—

(h) computation of the coefficients ‘j’ j =0,...,(I+1)N-2,

This may be done by considering the I sequences, Et
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as polynomials of the form

2N-2
C.(zy= L ¢

1 i=0
The numerator polynomial may then be expressed as

A
t, i+l °

L
z ZN(t 1)

S LZ).
t=1 .

This implies that the sequence of numerator coefficients
may be found by right-shifting Ct by N(t-1) units and
summing the set of shifted sequences.

The point-by-point evaluation segment of the algorithm computes the

continuous spectral density for any frequency, f, from

(I+1)N-2
: 4
N-1 Z a z
i =k i=0 ? {
x(f)-ZRe1 Y w2z + —_—— b,
c A" 28T W/ yene)

This is best accomplished by evaluating

Nl (1+1)N-2
L T RN
k=0 i=0

and D(zN) for z = ej2TTf

,» and then combining the result as

X (f) = 2Re{X1(f) + Xz(f)/zzn-lD(zN)}.

The discrete spectrum is found from

e

N i
L g, (1),-1 2; N
i=1

Xd(f) N z = e s £ = 05..4,N=1,
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V. PERFORMANCE EVALUATION (COMPLEXITY ANALYSIS)

In order to determine the computational efficiency of this
algorithm, we shall analyze the amount of data storage necessary, and
the number of scalar multiplications needed to complete the computation
of the power spectral density.

The data storage (nmot including work space) is itemized in

Table 2.
Table 2
Variable Storage Space (Integers)
Ms; g=mlcees N 12N
1490 212
. Gl; £=Yss0uyl 13
| PRSI N
82 I
W, ; k=0,...,N-1 NI
‘ LIRS T PO I
é lts; =i RN | IZN
{ gl .
£ =1,...,0 IN
3 J=0,.4.,(I41)N-2 IN + N-1

j

i
.
o

I
2
1
1

"

Adding the memory requirements shown in Table 2 yields a total of

13 + 12(2N+2) + I(3N42) + 2N-1. (5.1)

The number of scalar multiplications will be counted for each segment

of the algorithm, The input processing segment requires multiplications for




s g

l
f
i
f
I
|
i
i
i
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steps (b) and (c). Step (b) requires N scalar multiplications for each

codeword. For step (c), the sums

N-k

e, 8 ﬁ(s+k)
g =~ g

g=1

q

must be calculated for k=0,...,N-1. This takes

NOVH) | No + 3N
2 2

multiplications for each codeword. Hence, the total number of multiplications

for the input processing segment is

K-1

2t o 1o £ 38415, (5.2)

The multiplications necessary to complete the main program are

summarized as follows (with reference to Section IV):

(a) v(1+1)3; for a constant y depending on the matrix inversion
algorithm used,

(b) none, because no multiplications are necessary for the
matrix-vector product Mu,

(c) NI, (N inner products with vectors of dimension I),

(d) the N inner products of the form p Ek require NI
multiplications, while the sums

T DTS PR T S |

s=1
require 5(N2+N) multiplications, yielding a total of

NI + k(N2+N),




T

i
|
i
|
—» '
I
I
I
I
I
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. 3
(e) each coefficient dk’ k=l,...,I requires I~ + 1 and the matrix

coefficients do not require any more, giving a total of

I4 + I multiplications,

>

(£) the vectors Tt require N products of the form pM (U-ﬁm) Xs
—ts =~ s =
and for each such vector, there are T products of the form

2
X G This yields a total of 2T N + I3N multiplications,

I-t°
g : 2 21l
(g) each vector convolution requires N~ inner products of vectors
having dimension I, and since there are I convolutions, we

¥
need to perform NZI“ scalar multiplications for this step.

Since step (h) doesn't require any multiplications, we obtain a total of

3

4 3 Ry T s
I 4+ vy(I4+l)” + I°N + I (N"42N) + I(2N+1) + S(N"#N). (5:.3)

The point-by-point evaluation for the continuous spectrum requires
the evaluation of 3 polynomials (complex); two of degree (N-1) and one of
degree (I+l1)N-2, Using Horner's Rule, these evaluations require a total of
IN + 3N - 4 complex multiplications (or 4IN + 12N - 16 scalar multiplications)
for each value of frequency.

The discrete spectrum also requires the evaluation of an (N-l)th
degree polynomial at [N/2| points. In addition, each point requires 2 multi-

plications to obtain the magnitude-squared value. Thus the total number of

scalar multiplications needed for the discrete spectrum is
IN/2] (4N = 2).

Since the total complexity of the spectrum analysis program is sen-
gsitive to the number of frequencies (points) desired, we shall only consider the
input processing and main program segments, Thus, upon adding (5.2) and (5.3)

we arrive at
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S @y — Rid e i ot ——

21

K

2 '1-1(N2+5N) + Ia + y(I+1)3 + 13N + 12(N2+2N) + I(2N+1) + L(N2+N) (5.4)

for the total number of scalar multiplications necessary to execute the
algorithm,
A similar analysis of the algorithm given by Cariolaro and Tronca

in [5] yields

2
K [IN+12+1] + 13 + 21 +I(N2+3N+2) +28% 4N - 2 (5.5)
as the data storage required, and
2
X (322 an] + 1+ (D)3 + o+ 2t + (Vo) (5.6)

as the total number of scalar multiplications (ignoring the pocint-by=-point
evaluation which is the same for both algorithms).

Comparison of (5.1) with (5.5) and (5.4) with (5.6) reveals that the
algorithm based on digit sums presented here is more efficient than [5] for
all (K,N,I) codes in both the amount of data storage and number of
multiplications. An intuitive explanation of this increased efficiency is
based on the amount of data used in the algorithm described in [5]; all of
the codewords are used in all phases of the computation. However, it is
seen from the analysis in Section II that all of this information is not
necessary tu determine the covariance of the encoded process, hence a more

efficient algorithm,
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