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I. Introduction

1,2 : S : £
>” have been applied to finding stress intensity fac-

Various methods
tors for two dimensional problems in finite regions, including applications
of the method of Muskhelishvili, finite element methods, and boundary inte-
gral techniques. In addition, there have been several applications of the

3,

crack solutions by Williams as the elements in a series expansion. The

first element in this series contains the square-root singularity in stress,

The coefficient of this term is defined to be the stress-intensity factor.
The other solutions for the straight crack in the infinite sheet are not
singular, but provide a denumerable infinity of solutions of the form

_ .n/2-1
oij (r,8) = r

fij(n,O), n>2.

A significant advantage in using the Williams' solutions as elements in
an expansion is that each term not only satisfies the field equations, but
also satisfies the boundary conditions at points near to the singularity,
i.e., on the edges of the crack. Consequently the errors, whether numer-
ical or due to truncation, which result from approximating the boundary
conditions on a finite domain are introduced at points well removed from
the singularity.

The first applications of the series of Williams’ solutions to the
finding of stress intensity factors in finite sheets appears to have been

made by Gross, Srawley and Brown5’6’7

, in which the necessary coefficients
were found by boundary collocation. Stress intensity factors for edge
cracked rectangular plates in tension and bending and for other geometries
were obtained in this manner. More recently, Hulbert and Hopper8 deter-
mined expansion coefficients by using more boundary points than terms in

the series expansion, and determined the coefficients so as to minimize the

squared error on the boundary.
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In the present work, the Principle of Minimum Potential Energy is used
to develop an algorithm for finding the appropriate coefficients 6f an ex-
pansion for stresses and displacements when an arbitrary in-plane traction
is applied at the circumference of an arbitrary, edge-cracked, finite
domain. It is also shown that the Principle of Minimum Complementary
Energy, together with the series of Williams' solutions, is appropriate
when displacements are prescribed on the edge of the plate. Finally,
Reissner's Principle is used to find the coefficients of the expansion when

displacements are given on some portion of the boundary, and tractions are

prescribed on the remainder.




II. Method of Solution
The region of interest is depicted graphically as Figure 1. A simply
conanzcted elastic sheat of negligible thickness (plane stress) is assumed
to contain a straight crack of length a, originating at an edge. For con-—
venience, an origin of coordinates is placed at the crack tip, with crack
boundaries 5 and S, located at 8 =+ w, 0 < r < a. In-plane tractions are

3

assumed to be prescribad on the curve S, with values prescribed to be zero

LS
::‘ on Sl and S3.
1? It has been shown by Williams3’4 that the equations of elastostatics
- . are saticfied for the iunfinite domain by stress functions of the form
' +1 '
Mlpesn 1

x(xs0,X) = x

For the crack, the eigenvalues X are A = m/2, for all integers m. For the
coordinates shown, the stress function may be divided, for convenience, into
\ an even and an odd part. The even stress function and the corresponding
: ; h
k- ‘ infinite set of stresses are given in Appendix I. For each n there are two

| states of stress, each of which is multiplied by an arbitrary coefficient
> y

| and each of which satisfies the field equations and the traction free bound-

——

ary condition on the crack edges. For simplicity in that which follows, let

;. us designate a superposition of M of these solutions as:

% ro ¥ _‘o' mj
i 15 rr
| M %
| %0 | = m§1 4 - | %0 (2)
. 1
| © o M
L rO__ | rd |

wvhere dl = al, d2 = ~dys d3 = —a3, d4 - nA, etc.

Our purpose, then, is to develop an efficieat algorithm for finding

the set of M coefficients which give the best approximation to the stresse
b } ' S

within an arbitrary finite domain, using the first M eigenfunctions. As
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noted earlier, both collocation and the method of least

squares have been
used for this purpose. Here, we seek to use an extremal principle of elasto-

statics.

Sy 3,4 . -
As was shown by Williams™? ') displacem2nts corresponding to each term

in the stress function may be found throuzh

= = 8 . ——-—a l"J j

2u u ~EG§-¥ (1-o)r 25 : 3)
e 5§ —a) -2 2U

2u U, = = =8 + (1-0)r =

where p is the shear modulus, v is Poisson's ratio, ¢ is taken to be v for
plane strain, and o = v/(1+v) in the case of plane stress. The function ¥

which corresponds to the even stress function and the resulting displace-—

ments are given in the appendix.
: - “ m m o,
Thus, for any m we have a set of displaceneats, L ug which,
upon application of the strain displacement equations and the stress strain

: ; . o
laws, will yield the stresses Urrm’ %5 and Oram' For .the class of‘prob_

. 2%
lems with prescribed tractions T on the boundary, these displacements are

kinetically admissable, as is the superposition,

.
2u u a
X 8

M
g mzl dm . u ™ b
9( e

-—

2u u

Such displacements are therefore appropriate for use in the Principle of

Sl - 9 : :
Minimun Potential Energy”, with the dm to bz chosen to achieve the minimum.

f * 5
% = JJI w(ui)dv - ij Fiudv - JI T, u,ds )
AT \%

Let

where
W is the strain energy deasity

F., are body forces and
4




% .
Ti are tractions, prescribed on ST‘

Io the preseant work, the body forces are zero, and ST is the entire contour.

Taking the first variation yields, after some manipulation, that

St =0 = H(Ti - Ti*) bu, ds (N
Sq

Use has been made of the fact that

& f oW §
9X. {33. ] i ®
J 1]

since, by construction, the stresses arising from the kinematically admis-
sable displacements satisfy the equilibrium equations.

For displacements as given by Equation 5, the variations are

»|

2
HS u M u % :
= 6d_- (&)
= P P T
2ud ue p=1 ue
Writing the traction vector and the unit outward normal at any pointh on ST
in terms of components, Equation 7 becomes
M & M . . M "
J (vr z dmcrr + Vg Z dmcer ) - Tr ) Z deur
3 n=1 n=1 p=1
w (10)
M - M o & M P
+ ] (vr Z dmcre + vy Z dmoee - Ty Yy 3 deue =0
m=1 m=1 p=1
S .
T
Since the variations must be arbitrary, Equation 10 must be satisfied for
any choice of de. In particular, it must be satisfied for the selection
6d =0ifpfq, 64 =1ifp=gq. Q1) -
Thus, M
Z dlncmq ¥ Dq (12) .|

m=1

Py
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' m n, aq ul m Qi ?
= -+ s
. I {(vrorr Ve%o, )ur + (vro*ro + Vo%oo )u0 }d (13)
ST
= * q % " * q e [
Dq {Tr (r,O)ur F Ty (r,O)u0 }ds (14)
ST

The desired algorithm for choosingz the cozfficients dm has now been
obtainad. For any preselected number of terms, M, to be used in the ex-
pansion, the elemznts of the square array Cm‘:1 (which can be shown to be
syrmetric) are evaluated. The prescribed tractions are substituted into
Equation 14, and the H vector Dq is computed. Post—multiplyihg by C'-1
leads to the coefficients d .

For purposes of determining stress inteunsity factors, it is the firsti

of these coefficients which is of interest. Let ;

K, = 2im { v2ar o (8=0,r) 1} g (15)
I 60
>0
?
Only the first term survives the limit process, thus
KI =h= 2 iy = V2w dl (16)

The coefficients dm will have a linear dependence on the far field
stress, through Equations 12 and 14, thus the results may be put into the
usual dimensionless form for the Mode I stress intensity factor, through
d

l -
: an
co/na %

- = -

m

where a is the crack length, and . is a suitable measure of the far-field -~

stress.
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II1. Stress Intensity Factors for
Rectangular Sheets in Tension

The rectanzular sheet with edge crack loaded in uniaxial tension was
selected as a suitable problen for verifying the feasibility of the method.

The problem is of considerable interest; consequently, previously obtaimed -~

results are available for comparison.

We consider a rectangular sheet of length L and width b, subjected to
a uniform traction Ty of magnitude g and no shear on the ends, the other
faces being free. The geometry of the problem is depicted in Figure 2.
For this simply connected problem with traction boundary conditions, the
exact solution should be indepeadent of Poisson's ratio. Ho&ever, the

present method introduces Poisson's ratio through the displacements. A : b

value of v = 0.3 was used in the calculations here reported.

m
and ©
r

0 vanishes on 8 = + w, inte-—

m
Since each of the stresses 666

gration over that portion of the boundary produces no contributions to the

S
3

matrix defined by Equation 13. For the problem at hand, the tractions

on C1 and C3 are prescribed to be zero, thus the vector Dq is computed by

integration over C_, only. In this symmetric problem, only the upper half

2

plane need be considered, Since the boundary tractions on the plans y = L/2

are prescribed in the Cartesian frame, the computation of the invariant

quantity
>%
Dq=fr’-3qu : (18)
¢,

is more conveniently performed in the Cartesian system, i.e.,

x=b-a

.. %
Dq = Tx (urq cos € - uoq sin 0) + Ty (urq sin 6 + ueq
x=-a

cos 0)dx(19)

% *
Here, T =0and T =0,
X y o
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Since evaluatioan of the integrals in Equatioans 13 and 14 in closed

form is not feasible for the geometry selected, and certainly not for more

G N

y complex shapes, a numerical integration using Simpson's rule was employed.

Division of the boundary curve C, + C, + C_ into 200-400 points was found

2 3

} to be sufficient to keep the results inseansitive to the number of points

1

used. The approximations introduced through these numerical integrations

appeared to place a limit on the crack depths which can be considered by-
this method, Siensitivity to the number of integration points began to ! ?
appear when the distance from the crack tip to the nearest boundary was

allowed to become less than about ten times the distance betweeﬁ integra-

tion points. As a practical matter, this limitation is of no consequence,

i for the available closad form solutionslo for very shallow and very deep
cracks in strips of infinite length are applicable to such geémetries.

. Selected values of tha Mode I Stress Intensity Factor are tabulated ;
in Table I for various cra;k lengths and aspect ratios. A graphica¥ com—

| parisoq of some of these results is given as Figure 3. The form used by
Tada11 was found to be partiéularly convenient for this comparison. The
use of a dimensionless factor, N, defined through

K. (a/v,L/b) ;

4 - (1 - a/b)

N(a/b,L/b) = 3/2

(20)
¢ Vna
o

was found to reduce the large variations evident in Figure 3 to the more
rcadily useable results presented as Figure 4.
Numarical values obtained at small a/b (0.05 to 0.10) appear to con-

. R (1) -
verge satisfactorily to the known value for a/b > o, as do the numerical

1 ; . values obtainad at large a/b (0.9 to 0.95). Valucs of N obtained for
large L/b (L/b = 2, 3 and 4) give satisfactory agrcement with the curve

"
|

11 ; ; :
ada”  as a composite of previously obtainad values for long

presented by
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and infinite strips by Bowie and Neal ™, Emery and Seged1u13, and others.

Expansions using from eight to 48 terms were investigated. TIn most
cases, 24 to 36 terms were found adequate to give convergence to three sig-
nificant digits in the value of the first coefficient. Moure terms were
generally required for good couvergence as the ratio L/b was made large
and as the crack depth approached the plate edge. From results such as
those given in Table IT, it is suggested that convergence in the third
significant figure will only be achieved if the most rapidly oscillating
term has half period less than the smaller of ¢l and ¢2 (Figure 2), i.e.,
Mp > 2w. Some evidance of numerical difficulty began to appear in 48 term
expansions. These were attributed to the large variations between the
magnitudes of the elements of the C matrix which occurs in such cases. >
Thus, the mathod is not well suited to extremely long strips. This again
is of no consequence, as results for such geometries are readily‘obtained
by using the known results for fhe infinite strip aud St. Venant's ﬁrincip—
le.

The determination of a single set of coefficients on a CDC 6600 compu-
ter with a program which was not particularly efficient was found to re-

quire a run time of approximately 0.3H2Np X 1003 sec, where Np is the nun-

ber of boundary points used for the numerical integration.
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IV, The Influence of Notches

The applicability of the procedure here presented to complex boundar—
ies was used to investigate, in a2 limited manner, the influence of notch
width on the stress intensity factor for cracks originating from the notch
root. The geouetry considered is shown in Figure 5. A triangular notch
of depth d ard width 2h is assumad to be machined into the edge of a rec~
tangular tensile sh2et of width b -and length L. A straight crack of length
a-d is assumed to originate at the notch root. For h = 0, the problem re-
duces to that of an edge crack of depth a. The numerical integration in

Equation 13 was accomplished by dividing the boundary segment C, into two

3

seguents, AB and BC. Since the notch faces are free of traction, no changa
in the vector Dq results. : ‘

Numarical results were obtained for a square plate (L/b = 13 with
notch depth d/b = 0.25. - The distance, a, from the edge of the plate to the
crack tip was varied from a/b = .3 to a/b = .5. Dinensionless stress intea-
sity factors are compared in Table IIT for several notcﬁ widths. It is
evident from the results that notches have little effect on the stresé in-
tensity factor once the crack is well establishad (ac/@iz_O.Z). Thus, it
is to be concluded that the practice employed in experimental work of using

a narrow machined cut as a crack starter and then considering the depth of

cut to be a portion of the crack is not a source of significant error.
P S |
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Table IIX

Dimensionless Stress Intensity Factors

for Notched Plates, KI/(GOJ;Z)

a/b = i
2h/L 0.3 835 S 0.4 0.45 0.5 .
0 1.85 2,07 2,32 . 2.63 3.01 :
a 1.85 2.07 ©2.32 2.63 3.01 ;
= .5 1.86 2.07 2.33 2.63 3.01
4 1.0 1.85 2.07 2,33 2.64 3.02

w
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V. Mixed Boundary Value Problems

If displacements, 3*, rather than stresses, are prescribed on-the
boundary 82 (Figure 1) and the tractions are prescribed to be zero on Sl
and 53, as before, a mixed boundary value problem results. For such prob-
lems, each of the Williams' solutions is a statically admissable system of
stresses since each satisfies equilibrium and the traction boundary condi-
tions. Thus, any superposition, such as Equation 2, is also statically ad-
missable and may be used in the Principle of Minimum Complementary Energyg.

* - >% >
T = JJJ wc(oij)dv - JJ w o iids (21)
Vv S

u

*
The variation of m is taken, with the stresses treated as the independent

variables. Variations of the stresses,

M
§o,, = ¥ 6d o .P (22)
1] p=1 p 1]

satisfy the equilibrium equations and the traction free condition on Sl+S3'

Thus, setting the first variation of the Complementary Energy to zero leads

to M

M
* m, . P
J{Zuui - Z d u} ) 8d vj05;7ds = 0 (23)
m=1 p=1
S
2
The same choice of variation coefficients as given in Equation 11 is

apropos ; thus the algorithm for determining the coefficients of the ex-

pansion is seen to be

M
) 4,8 = E (24)
m=1 © ™ q
where
B =| v.u™. %4s 25
mq ! jioji Reay
Sy
F~J7' "oy, s (26)
4q “la U]_ \)j('ji S
S

B
53



One complication arises in this mixed problem which is not present

when tractions alone are prescribed. Each term in the expansion can be seen

(Appendix I) to have zero displacement at the origin of coordinates. Thus,
the crack tip is automatically specified to be a fixed point. When trac-
tions are prescribed on S this is of no consequence, and serves to remove
the rigid body displacements. When displacements are to be specified on
some portion of S, however, the crack tip must be left free to translate.
This may be accomplished by including the two possible rigid body displace-
ments as additional elements of the expansion. These solutions, in polar

coordinates, are

2u u, = do ur = d0 cos 0 i
2p ug = d0 ueo = —d0 sin 0

for x axis translation, and
2uu =d u®=4d, sino o
2u u8 = d_lueo = d_1 cos 6

for y axis translation. Of these, only the former (Equation 27) is symme-
tric with respect to the x axis and appropriate for inclusion with the

symmetric solutions given in the appendix. This solution represents a

rigid body motion; thus the corresponding stresses, orro‘ Grao and “eeo’

all vanish.
A more interesting class of problems arises if the boundary 82 (Figure

1) is allowed to be divided into two regions, C_ and Cu’ with tractions

T

prescribed on C,, and displacements on Cu' Neither the Principle of Minimum

T
Potential Energy nor the Principle of Minimum Complementary Energy can be
applied to such problems, for the Williams' solutions are then neither

statically admissable nor kinematically admissable. It will be shown,

9
however, that Reissner's Principle can be used to develop an algorithm for




determining the desired set of coefficients.

We consider the functional

J = [ {W(eij) = Fiui}dV -

<L—
Q
S
!

N
~~
fo
+
=

[N
N
ot
fa¥
<

where S =C and S,, = C_, + S_. + S_, and consider stresses, strains and
u u T T 1 3

displacements all to be independent variables. We let the displacements

be given by Equation 5, the stresses by Equations 2, and the strains by an

analagous form. Each element of the expansion then satisfies the equili-

brium equations, the strain displacement equations, and Hookes' law.

Setting the first variation to zero leads to

* *
= = . £ . ds - . -
§J 0 j Ti Guids J Ti Gui S f 5Ti (ui uy )ds
S S S
i u (30)
- J T,du.ds
S
S
u
or -y d S T *)d (31)
0= (Ti - Ti ) Gui s - i u, - ug )ds
CT Cu
Since T, = T ¥ OonS.-C.=8S, +8S, for each element of the expansion.
i i T T 1 3

Substituting Equations 9 and 22, and making the same choice of variation
coefficients as specified by Equation 11, we find that the desired ex-

pression for the expansion coefficients is

3 M

m q = q m - * q 5 * q

J vj Z d Uji ug ds J vjoji Z dmui ds j Ti uy ds J 2u uy Vjoi‘ ds
m=1 m=1 - o

T Cu s u

(32)

M

) dA =F =D -E (33)
ne] = B9 q q q
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b where
A= [ vioyma, s [ vy, s o (
it mq | jii i jiii
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If Cu -+ o, Equation 12 is recovered; if CT -+ o, Equation 24 results.
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VI. The Rectangular Strip with Prescribed
End Displacements

The method developed in the preceeding section for determining co-
efficients for displacements and stresses expressed as a series of Williams'
solutions can be applied to the determination of stress intensity factors
for the rectangular sheet with two free edges, prescribed end displacement,
and an edge crack. This problem has been considered previously by Bowie14,
who used a conformal mapping, and by Bradley and Kobayashils, who have fit
several terms from the Williams' solutions to data obtained from photoelastic
experiments. The geometry of interest is shown in Figure 6. Surfaces Sl’

CT » and CT are free of traction and displacements are prescribed on Cu .

1 2 1
For this symmetric geometry, and for symmetric loadings, i.e.,

uy(x,L/Z) = - uy(x,—L/Z); ux(x,L/Z) = ux(x,-L/Z) (35)

only the upper half plane need be considered. Thus,

= m m, q m m, q
Amq I {vrcrr + Yo%y )ur -+ (vrcre + Vo%oe )ue }ds
C + C
T1 T2 (36)
o q qy, m q qy, m
J T o " * VT T +0.0,5" + vy0,, Yy, }ds
Cu
1
{(u_"cos 6 + u_"sin 6)(v.o_ 9 + 3
q = u ux cos uy sin vrcrr vooer )
Cu (37)

1
+ (~u_oin & + u_ cos 8)( 94 914
u  sin uy cos vrore veoee ) }ds
and the dm are obtained from Equation 33.
Numerical results were obtained for a uniform extension with no trans-

verse displacements on the ends of a sheet of length L and width b, having

an edge crack of length a. The geometry is shown in Figure 7. The

23




Figure 6 Elastic Sheet with Mixed Boundary Conditions
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prescribed displacements are:

and
¥ (38)

]
e

uy(x,L/Z)

]
o

ux(x,L/Z)

Results were obtained by using 34 of the Williams’ solutions and the
rigid body mode previously discussed as the elements of the expansion. The
numerical integration was found to require 300-400 points on the boundary.
Convergence of the numerical solution was found to be similar to that pre-
viously discussed for prescribed boundary tractions.

A convenient means of reducing the Mode I Stress Intensity Factor to a

dimensionless form is through division by 00/53; where

= e ey (39)

is the uniform traction which must be applied on y = + L/2 in order to
produce the same displacements in an uncracked sheet of the same material,

subject to complete transverse constraint, S 0. Thus

KI KI G;
= o = A=v?) /2 4 (40)
¢ /ra iféjzc—i1~)/?2 ™

Numerical results for several aspect ratios are presented as the dashed
curves of Figure 8 for the case v = 0.3.

The results obtained for L/b = 1.0 appear to be in good agreement with
those plotted by Bradley and Kobayaskils. The present results can also be
compared with the exact result for a limiting case. For an elastic strip
of infinite width, having displacements uy* on clamped edges at y = + L/2,

Rice16 has shown the stress intensity factor to be

R, =Eu_ 2
1 Y% o L(-v2)

(41)
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Figure 8 Dimensionless Stress Intensity Factor for Rectangular Plates
with Prescribed End Displacements.
No transverse constraints ——.
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This result is compared with the present predictions in Table IV. It

should be noted that the normalization is with respect to square root of
the plate width, rather than the square root of the crack length, in order
to facilitate the comparison. It can be seen that the stress intensity
factor in short specimens is very uniform, and close to that given by
Equation 41.

Symmetrically located center cracks in strips with prescribed end

18

displacements and free edges have been considered by Bowie17 and Isida
Stress intensity factors for such problems were also found to be nearly
independent of crack length for all but the shortest cracks. Isida's

results show that the stress intensity factor for central cracks to be

qualitatively the value given by Equation 41 for L/b < 1 and a < c/2.

5




Table IV

Dimensionless Stress intensity Factor
2u
B iy
K55 ()b}

L/b = 0.5 L/b = 1.0 L/b = 2.0 L/b = 3.0
a/b = 0.1 0.251 0.285 0.295 0.340
a/b = 0.2 0.261 0.352 0.440 0.473 ' % s
a/b = 0.3 0.261 0.371 0.508 0.573 :
a/b = 0.4 0.266 0.375 0.534 0.639
,: a/b = 0.5 0.264 0.375 0.539 0.670
a/b = 0.6 0.264 0.375 0.533 0.673
a/b = 0.7 0.266 0.373 0.523 0.653
a/b = 0.8 0.265 0.370 0.507 0.619 i
a/b = 0.9 0.260 0.370 0.510 0.606
b= 0.269 0.381 0.538 0.659




VII. Calibration of the Fatigue Crack Life Gauge

It has been Pr0posed19’20’21

that a thin sheet of metal containing a
crack (the gauge) be attached to a structure and the growth of the crack
in service monitored as a means of predicting the rate of crack growth in

el have been

the structure. Both edge crackslg, and central cracks
suggested, although the edge crack would appear to offer advantages of
ease in fabrication. It may also be noted that the observed growth rate
of the gauge crack provides a much needed means of quantifying the dam-
aging aspects of the service load spectrum.

The gauge and plate are shown in Figure 9. A perfect bond is assumed
on line AB and CD, with gauge and plate not interacting elsewhere. A
straight edge crack of length a is assumed to be located on the axis of
symmetry of the gauge. It is assumed that the far-field stresses in the
plate are a uniaxial tension, cp. The state of strain in the plate is
uniform if forces generated in the gauge produce negligible deformations
in the plate, i.e., if (Egtg/Eptp) << 1. In this case, the displacement of
AB with respect to O is

g
u GL/2) = v’ = 5F ) (42)

Points on the line AB also undergo displacements

& o
ux(x,L/Z) o vpx ER 43)

due to the Poisson contraction of the plate to which the gauge is éresumed
to be perfectly bonded. Here Ep and vp are Young's modulus and Poisson's
ratio forthe plate, respectively.

These displacements, together with the condition that the edges CT
and CT are free of traction, furnish the boundary conditions for the :

2
fatigue crack life gauge. Substituting the displacements into Equation 37

30
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permits the coefficients of the expansion for the stresses and displace-
ments in the gauge to be determined.

Thirty-five elements were again used in the expansion, with the numer-
ical integration of Equation 32 being carried out at 300-400 boundary points.
The mode I stress intensity factor is conveniently made dimensionless
through division by GPJ;E’ where Gp is the far field stress intensity in

the plate. We find j

KI KI Eg
%

2u % 0
o Yra E ( b
P p

T )Vra

Dimensionless stress intensity factors for a gauge mounted on a plate

are given in Figure 8, where they may be compared with those previously given
for the case of complete transverse constraints. A Poisson's ratio of 0.3
was used in these computations. It is of interest to note that the differ-
ences are not significant, generally being within the 1-v2 stiffening effect
due to transverse constraints. The Mode I stress intensity factor is essen-
tially determined by the displacements perpendicular to the plane of the
crack, and is not sensitive to displacements parallel to the crack plane.

The rigid body motion, allowed through inclusion of a rigid horizontal
translation as one of the solutions, was found to have a significant ampli-
tude. The displacement of the crack tip in the direction of the crack can
be seen from Figure 10 to be a significant fraction of the end displacement
(longitudinal). These displacements may be sufficient to lead to difficul-
ties in attempts to view (photographically) the crack tip while a cyclic
test is in progress.

Stress intensity factors for the fatigue crack life gauge with 0.1 <

a/b < 0.9 are presented in Figure 1l after a different normalization. Tt
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can be seen that the stress intensity factor in gauges of low aspect ratio
does not vary significantly as the crack length changes. Thus, a éauge
crack under constant load will grow at a relatively constant rate, and the
rate of change of crack length will provide a measure of instantaneous load
spectrum severity which is essentially independent of instantaneous crack
length. A constant growth rate under constant load has been observedlg.

Verification of the results may be obtained through consideration of
two special cases. Rice16 has given a stress concentration factor for the
centrally cracked infinite strip with

*
uy(x, + Lf2) =4+ u_ ‘ony =% Lf2

y
(45)
Txy(x, +L/2) =0
as KI‘= ovL/2 where (46)
* A :
o = Eguy 2/L ; (47)

The boundary conditions for the present problem (Equations 42 and 43) lead
to the same energy density at large distances in front of the crack as do
those of Equation 45. Consequently, the argument given by Rice may be used
to deduce that the stress intensity must be the same. After some manipula-
tion, we find:

G W [1

(=) (48)
o/mb E 27b
P g

It may be seen from Figure 11 that this prediction (arrows) gives surprisingly
good agreement for L/2b < 1, even though Equation 48 is actually éppropriate
only for lim. {L/2b > 0}.

A second limiting case is appropriate for a/b + 0 and a/L -+ 0. 1In
this case, the stress intensity factor should be that of an edge cracked

infinite sheet, or
K Ep
-(Ef? = 1.1%

Ov,r;g

(49)
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The present results show good agreement with this prediction (dashed curve,
Figure 11) for small a/b and long strips.

A properly designed gauge should display neither extremely high, nor
extremely low, sensitivity. That is, a gauge length which is entirely
consumed during insignificant crack growth in the structure is a poorly de-
signed gauge, as is a gauge which shows little growth during significant
(and dangerous) growth in the structure.

At some critical point in the structure a crack of length a_ may be
presumed to be growing in accord with the Paris Law, with growth rate dom-

nated by

KIS = op/n—a; M (50)

where M is typically greater than 1. In the gage, the crack growth rate

is essentially that given by Equation 45, or, for very short cracks, less.

Hence, E /E.
KI = Up Eg'"i (51)
g P
and we have KI
E g
e SRR I
K E /2va = (52)
IS p\/ s

where M* < 1 and decreases as the cracks grow. Thus the initial ratio of
gauge crack growth rate to structure crack growth rate can be specified
through the selection of guage length and the modulus of the gauge. An ini-
tial crack length greater than L/2 has been suggested19 as being necessary
to assure a constant growth rate. The results given as Figure 1l suggest
that this criterion may be unnecessarily conservative, and that a ratio
ao/L > 0.25 would suffice.

As both cracks grow, the ratio of stress intensity factor in the gauge
to that in the structure will diminish, the crack in the structure will

begin to grow more rapidly, and the gauge will loose it's sensitivity.
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It may therefore be necessary to use more than one crack life gauge on a
structure, with one being a durability gauge designed for optimum éensitiv—
ity as cracks in the structure approach the length at which crack main-
tenance is required, and the other gauge, a safety gauge, being designed
for optimum sensitivity as cracks in the structure approach the critical

crack length.
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VIII. DISCUSSION AND CONCLUSIONS

An eigenfunction expansion was used to describe the stresses and dis-
placements in a finite elastic sheet containing a single straight crack
which intersects an edge. The set of solutions obtained by Williams for
the infinite sheet with crack were used as elements of the expansion, with
coefficients chosen by means of the energy principles of elastostatics.

The procedure generates an approximate solution which satisfies the field
equations everywhere and satisfies the traction free condition on the crack
face. When tractions or displacements are prescribed, a stationary value

of potential energy or complementary energy is achieved. Such solutions
approximate the boundary conditions elsewhere as well as can be accomplished
with a given number of terms. The use of Reissner's Principle was found

to make possible the construction of solutions when mixed boundary condi-
tions are given.

Although the numerical results do not suggest any difficulties with
convergence, the set of functions employed hasvnot been demonstrated to be
complete. No multiply-connected domains were considered. The boundary may
have arbitrary shape, although it is to be expected that boundaries with
re-entrant corners, other than the single crack, might lead to difficulties.
No attempt was made to investigate the convergence at singularities intro-
duced by abrupt changes in boundary conditions.

The functions are not orthogonal, in that forces of the pth mode do
work in acting through the displacements of the qth mode. Consequently,
the array, C, is not diagonal and the addition of elements to the series
leads to changes in all coefficients. Convergence was assumed to exist

when the addition of terms to the expansion did not change the coefficient




of the first term. The most rapid convergence was found to occur when the

boundary points at which the prescribed tractions were approximated were
all at about the same distance from the crack tip. Conversely, more terms
were found to be required for crack tips near boundaries, and for large
aspect ratios. A limitation in the number of terms which can be used,
other than one caused by computer storage capacity, was encountered and may
limit the degree of accuracy achievable with the method. Eigenfunctions
having rapid angular oscillations are required for some geometries, and the
large powers of radius which occur in such cases lead to large variations
in the magnitudes of the elements of C. This leads to truncation errors

in the solution of the system of equations.

For the rectangular sheets considered as examples, these limitations
precluded obtaining accuracy results for the stress intensity at crack tips
near the boundary, or for long strips. Stress intensity factors for the
former case can readily be obtained from the well known results for infi-
nite sheets. Results for long strips with prescribed tractions are not re-
quired, as it was found that a strip with an aspect ratio of three is, for
all practical purposes, infinite in length. Long strips with prescribed
end displacements are somewhat more complex, although a procedure for
estimating the stress intensity factor from the stress intensity factor
and compliance of short strips is being developed.

Results obtained for the edge cracked rectangular sheet have several
important implications for the design of fatigue crack life gauges. These
are: (1) The edge cracked configuration appears more desirable than the
center cracked configuration, for a shorter initial crack length is
necessary in order to achieve a constant stress intensity. This provides

more than twice the useful crack growth region. (2) Nearly uniform stress
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intensities are achievable in square sheets. (3) It may prove necessary

to use gauges which are of a different material than the structure in order
to tailor the relative growth rate. Materials with different moduli, as
well as crack growth parameters, should be considered. (4) More than one
crack gauge may be required on any structure, each having a different
sensitivity, as it may not be possible to design a gauge having the desired
sensitivity over the entire range of structural crack growth.

Although no anti-symmetric problems were considered, it is to be ex-
pected that the formal computation of Mode II stress intensity factors for
straight cracks in finite domains can be performed in the same manner. The
even functions given in the appendix must then be replaced with the appro-
priate odd functions, and suitable traction applied.

In addition to its utility in the determination of stress intensity
factors, the method can readily be applied to the determination of stresses,
strains and displacements in two-dimensional regions having re-entrant cor-
ners. For such problems, the appropriate eigen-functions are those corres-
ponding to the eigen-~values given by Williams3 for infinite wedges of ver-
tex angle greater than 180°.
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Appendix I

The symmetric state of stress, i.e., o and g ., cven in 6, o _ odd,

00 xe
is generated by the even stress function
-1 +5 2n-3
5 (—-1)n azn_lrn 2 { - cos(n- g)e +-5§;I cos(nt+s) g}
41 -
+ (-1)na2nrn { - cos(n-1)8 + cos(nt+l)a}
The corresponding stresses are found from the usual relationships
3%y ox
1
o‘rr.—_‘——— e+l‘_—-—e— (2)
rt 3¢ r &
52
e (3
60  orZ
2
1 . Xe 1 aXe
%6 = e (4)
r 3r33 r2? 30 ,
=1 n-3/2 5
Org = (-—1)n " 3/ azn_l(n-3/2)(n-l/Z){sin(n+%)0 - siun(n-3/2)9}

+ (—l)nrn_laZn(n){(n+l)sin(n+1)3 - (n-1)sin(n-1)98} - \3)

\
3

[ 1a-3/2)% - (@t 1cos(n=3/2)0

-1 n-3/2
o = =3 % a
E 8l N N () coelntise
o (6)
+ (=2)7" 1a2n ; { [ta-1)° - (a#1))cos(n-1)0
\ - (a+l)n ces(n+1)0
Oes ™ (—])n—lrn_3/2a2n_l(nkﬁ)(n-%) D;:é& cos (n+';)8~ cos(n-3/2)0}_
(7

+ (—l)nrn—lazn(n)(nFl) {cos(nt1)8 - cos(u-1)9}

It is casily verified that the stresses ¢ and ¢ i n
18 e« - -1l t stleSses o, vanish or ol r
63 ro 0 2% e

all n.
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For each we’ we may compute the harmonic function required'to gener—

ate the displacements by solving the differential equation

3y

2]
P G ) (8)
The result is: 5 -
%, n 3/2 5 - 2
o = 1™t = L(n 3/2)n 3/§n+-2) era /2)9]
n-1 - 2 e 2 (9)
+ (D" ﬁ' a5 _[Fn . n_l(n+l) siu(n—l)é]

The corresponding displacements, using Equations 3 and 4 are

el ( (@) +EDim-3/2? - 9 }eos@-3/2)6
2» e T -1 ), “2n-1 i '
\ - (n-3/2)cos(nt4s)6 (10)
o [(nt1) +.£li§l {(n-l)2 - (nfl)z}]cos(n-l)e &
+ (-1) r 250 $ :
- (n+l)cos(n+l)8
and (l U)
NS [-(m-3/2) + L2 ((a-3/2)" - (et }]sm(n-3/z)e
2u ug = (-1) T -a2n—l‘
+ (n—3/2)51n(n+4)8
(1)
Cay% [-(n-1) + —= e o) {(n 1) - (nt+l) }]51n(n—1)9
+ CL)re <
o + (n+l)51n(n+l)8

42




10.

11.

12.

13.

References

Sih, G. C. (Ed) Methods of Analysis and Solutions of Crack Probleas,
Noordhoff International Publishing Co., Leyden, 1973.

Cruse, T. A. and Rizzo, F. J. (Eds) Boundary-Integral Method: Computa-

tional Applications in Applied Mechanics, AlD-Vol IL, ASME, 1975.

Williams, M. L. "Stress Singularities Resulting from Various Boundary
Conditions in Angular Corners of Plates in Extension," Journal of
Applied Mecharnics, Trans. ASME, Vol. 74, December 1952, pp 526-528.

Williams, M. L. "On the Stress Distribution at the Base of a Station-
ary Crack," Journal of Applied Mechanics, Vol. .24, March 1957, pp 109-
114,

Cross, B., Srawley, J. E. and Brown, W. J. Stress Intensity Factors
for a Sincle-Edge-Notch Tension Specimen by Boundary Collocation of a

Stress Function, NASA TN D-2395, August 196%.

¥
Cross, B. and Srawley, J. E. Stress Intensity Factors for Single-Edge—
Notch Spacime2ns in Bending or Cowbinad Bending and Tension by Boundary-

Collocation of a Stress Function, NASA TN D-2603, January 1965.

Gross, B., Roberts, E. and Srawley, J. E. Elastic Displacemeats for
Various Edze-Cracked Plate Specimens, NASA TN D-4232, November 1967.

Hulbert, L. E. and Hopper, A. T. Numerical Analysis of Plane Elastic
Regions Containing Holes and Cracks, AFFDL-TR-75-66, Air Force Fligtt

Dyramics Laboratory Technical Report, August 1975.

Fung, Y. C. Foundations of Solid Mechanics, Prentice-Hall, New York,
1965, pp 284-306.

Benthem, J. P. and Koiter, W. T. "Asymptotic Approximation to Crack
Problems," in Methods of Analysis and Solutions of Crack Problems,
Noordhoff International Publishing Co., Leyden, 1973, pp 158-160.

Tada, Hiroshi, Paris, P., and Irwin, George The Stress Anmalysis of
Cracks Handbook, Dell Research Corporation, Hellertown, PA., 1973,
pp 2.10.

Bowie, 0. L. and Neal, D. M. "Single Edge Crack in Rectangular Tensile
Sheet, Journal of Applied Mechanics, Vol. 32, pp 708-709, September
1965.

Emery, A. F. and Scgedin, C. M. "The Evaluation of Stress Intensity
Factors for Cracks Subjected to Tension, Torsion, and Flexure by aa
Efficient Numerical Technique," Journal of Basic Engincering, Traas.
ASME, Vol. 94, Series D, June 1972, pp 38/-393.

43

LN




14.

15.

16.

17

18.

19.

20.

21.

Bowie, 0. L. and Neal, D. M. "Stress Intensity Factors for Single
Edge Cracks in Rectangular Sheet with Constrained Ends," Technical
Report AMRA TR 65-20, U. S. Army Materials Research Agency, Watertown,
Mass., August 1965.

Bradley, W. B. and Kobayashi, A. S. "Fracture Dynamics - A Photoelastic
Investigation," Engineering Fracture Mechanics, Vol. 3, 1971, pp 317-
332.

Rice, J. R. "Stresses in an Infinite Strip Containing a Semi-Infinite
Crack," (Discussion to W. G. Knauss, Vol. 33, p 356, 1966), Trans.
ASME, Series E., Journal of Applied Mechanics, Vol. 34, p 248, 1967.

Bowie, Oscar "Symmetric Edge Cracks in Tensile Sheet with Constrained
Ends," Journal of Applied Mechanics, Vol. 31 , Series E., December
1964, pp 726-728.

Isida, M. "Effect of Width and Length on Stress Intensity Factors of
Internally Cracked Plates Under Various Boundary Conditions,'" Inter-—
national Journal of Fracture Mechanics, Vol. 7, No. 3, September 1971,

pp 301-316.

Smith, Howard W. "Fatigue Damage Indicator," United States Patent
No. 3,979,949, September 14, 1976.

Grandt, A. F., Crane, R. L. and Gallagher, J. P. A Crack Growth Gage
for Assessing Flaw Growth Potential in Structural Components,
Proceedings, Fourth International Conference on Fracture, Waterloo,
Canada, September 1976.

Callagher, J. P., Grandt, A. F. and Crane, R. L. Tracking Crack Growth
Damage at Control Points, AIAA paper no. 77-379, 18th Structures,
Structural Dynamics and Materials Conference, San Diego, March 1977.

44




