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I. Introduction

1 2Various methods ‘ have been applied to finding stress intensity fac-

tors for two dimensional problems in finite regions, including applications

of the method of Muskhelishvili, finite element methods , and boundary inte—

gral techniques. In addition , there have been several applications of the

crack solutions by Williams
3’4 as the elements in a series expansion. The

first element in this series contains the square—root singularity in stress .

The c o e f f i c i e n t  of t hi s  tern i is defined to he t h e  s t r e s s— i n t e n sit y  f a c t o r .

The o the r  solut ions for  the s t ra igh t  c r a c k  in  t h e  i n f i n i t e  sheet are not

s ingular , hu t  provide a denuniorable i n f in i t y  of so lu t ions  of the  form

a~~.(r~ O) = rT~
i/2]fj.(n,O), n>2.

A significant advantage in using the Williams’ solutions as elements in

an expansion is that each term not only satisfies the field equations, but

also satisfies the boundary conditions at points near to the singularity ,

i.e., on the edges of the crack. Consequently the errors, whether numer-

ical or due to truncation, which result from approximating the boundary

conditions on a finite domain are introduced at points well removed from

the singularity.

The first applications of the series of Williams’ solutions to the

finding of stress intensity factors in finite sheets appears to have been

made by Gross, SrawJ ey and Brown
5’6’7, in which the necessary coefficients

were found by boundary collocation. Stress intensity factors for edge

cracked rectangular plates in tension and bending and for other geometries

were obtained in this manner. More recently. Hulbert and Hopper
8 

deter-

mined expansion coefficients by using nero boundary points than terms in

the ser ies expa n sion , and determined the c o e f f i c i e n t s  so as to min imize  the

squared error on the boundary.  

~~~~~~~~~~~~~~~
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In the present work, the Principle of Minimum Potential Energy is used

to develop an algorithm for finding the appropriate coefficients of an ex—

• pansion for stresses and displacements when an arbitrary in—plane traction

is applied at the circumference of an arbitrary, edge-cracked, finite

domain. It is also shown that the Principle of Minimum Comp lementa ry

Energy, together with the series of Williams ’ solutions, is appropriate

when displacements are prescribed on the edge of the plate. Finally,

Reissner’s Principle is used to find the coefficients of the expansion when

displacements are given on some portion of the boundary, and tractions are

prescribed on the remainder.

~
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II. Method of Solution

The reg ion of in te res t  is dep ic ted  gr ep h ica l l .y as Fi gure  1. A simply

conu:~~ted elastic sheet: of neglig ible thickn~~s (plan-i stress) is assumed

to contain a s t ra ight  cr~ ek of length a , ori g Li ~-t t i ng  at  an edge . For con—

venicnce, an origin of coordinates is placed at the crack t ip , with crack

boundaries S~ and S
3 located at 6 ± ~~~ 0 < r < a. In—p lane tractions are

assu~aed to be prescribed on the curve S , with values prescribed to be zero

-• onS
1
and S

3
.

It has been shown by Williams3’4 that the equations of elastostatics

are sati~: fled for the infinite domain by stress functions of the form

X(r ,O,A) r
X

F(o;x) 
- 

(1)

For the crack, the elgenvalues A are A m/2, for all integers m . For the

• ~• 
coordi nates shown , the stress func t ion  may be divided, for  convenience, into

an even and an odd part. The even stress func t ion  and the corresponding

infinite set of stresses are given in Appendix I. For each n there a re  two

states of stress, each of which is multiplied by an arbi t rary  coef f ic ien t

and each of which satisfies the f ield  equat ions  and the t rac t ion  free bound—

• ary condition on the crack edges . For simplicity in that which follows, let

us designate a superposition of ~1 of these solutions as:

r 1 ti fl -i c ~ 0• rr rr
N

I ~oo d
m - (2)

iu=1I mt o r3~~

where d
1 a1, d 2 ~

t 2~ 
d

3 
—a

3, d 1 a1, e t c .

Our  purpose , then , is to develop an eff:Le cet al~orithn for findin g

thi ~ set  of 1-I c:oef I c i en t s  which g iv~ t h~ be fI t ~ p~~r o : J r~ ~t ion to th~-~ st u~~~ .es

w i t h i n  as ar i~~. t r ~~ry f i n i t r ~ dn~::t in , t t s i o g  t h ~ f i rst  N ~~~~~ r e t c r  iS i I:z . As

- --•--- - — - • - •  _ _ _ _ _ _ __ _ _ _ _ _ _ _ _  _ _ _
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noted ear l ier, both collocation and the method of least squares have been

used for  this purpose.  He re , we seek to use an extremal p r inciple of elasto—

stat ics.

As was shown by William s3’4
, disp lacements corresponding to each ter~t

in the stress funct ion  may be found through

2ji U = 
~~~~~~~~ 

± (l—o)r -
~~~~~ (3)

2 u = — ~~~ ~~~~~ + (l— o)r2 ~~L

• where ~i is the shear modulus, V is Poisson ’s ratio , 0 is taken to be v for
• p lane strain, and 0 v/ (i+v ) in the case of plane Stress. The function i~,

which corresponds to the even stress func t ion  and the resulting displace-

ments are given in the appendix.

Thus , for any n we have a set of disp lace:~ents , nr
~, u~ which,

upon application of the strain disp lacetl?nt equations and the st ress strain

in 10laws, will yield the stresses o 
‘ 

and . For the class of~prob—

lems wi th  prescribed t ract ions  T on the boundary , these displacements are

kinetically admissable , as is the superposition , 
-

1 [ T a  -
~~~~~2ii u l ur

= d .  I ml (5)
-

• 

2~i u 6 5i~l Lue]

Such d i sp l ac e m e nt s  are therefore appropr ia te  fo r  use in the Principle of

Minimnu:~ Potential  Energy 9 , with the d to be chosen to achieve the miu imum

Let

Jff W(u .)dv  — Jfj
. 

F .u . dv — T. u .dS

V V S
T

• where

W is th~ St r a i n  e ner g y  dens i

F . a r e  bol y f o;-ccs and
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•

T. are tractions, prescribed on ST.

In the present work , the bod y forces are zero , an d ST is the eutite contour.

Taking the f i r s t  var ia t ion  y ields, a f t e r  some mani pu la t ion, tha t

*
~~~~~~~~~~~~~~~~~~~~i = o = J J ( T _ T ) ~~~u d s  (7)

Us e has been made of the fact  that

a f a w ~• — ---— j= O (8)
3 3~J

since, by construction, the stressCs arising from the kinematically adinis—

• sable displacements satisfy the equilibrium equations.

For displacemehts as given by Equation 5, the var iations are

2p~~~ [u pi

~ 2p& u~~ 

= 

p~1 
~d .  

-

Writing the traction vector and the unit outward normal at any poine on ST
in terms of components , Equat ion 7 becomes

r N 
• 

N
I (u ~ d o  10

+ ~ d o  
10) T  )~~~ ô d u ~~j  r 

~~~~~ 
in rr in Or r 1 p r

T (10)

• H N N
+ 

8
T 

(V
r 

~L dmarO
in 

+ ~6 
~~~ 

dm000
m 

— T
0
*
) 
p=i 

~d~u6
’~

• Since the variations must be a rb i t rary ,  Equat ion  10 must be sat isfied for

any choice of ~d .  In particular , it mus t be satisfied for the selection

6d O i f p~~~q ,  ~S d l i f p = q .  (11) —

Th us , I’t
~ d C  = D  (12)

m -- l I!~ P -
~ q

6~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~
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C10q = J ~~V O ~~~~ + V
0o

0
~ m )u~~ + 

~~r~rO 
+ ~

0
0
00
m
)~
0
~ }~ 5

. 
(13)

ST

- 

Dq 
= J {T ~(r,O)u 

q 
~~ 

, *( Q ) q;~ • (14)

ST

The desired al~orithm for choosin~ the coefficients d has now been

• obtained. For any preselected number of terms, H, to be used in the ex—

pansion , the elements of the square array C (which can be show-n to be

symmetric) are evaluated. The prescribed tractions are substituted into

Equation 14, and the M vector D is computed. Post—multiplying by ~~~

• leads to the coefficients d -
in

• 
For purposes of determining stress intensity factors, it is the f irst

• of these coefficients which is of interest. Let

K
1 

= 9,ltn { ~~~~ a60
(0=0,r) 1 - (15)

Only the f irst  term survives the limit process , thus

— V~~ a1 
— 1~~~ d~ (16)

The coefficients d
~ 
will have a linear dependence on the far field

stress, through Equations 12 and 14, thus the results may be put into the

usual dimensionless form for the Node I stress intensity factor, through

a vra o
0

where a is the crack length , and is a suitable measure of the far—field -

s t r e s s .  

-----—--~~~~~~~ ~~--~~~~ - ~~~- - -
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III. Stress Intensity Factors for
Rectan gular Sheets in Tension

The rec tangular  sheet with ed ge cra ck loaded in unia x ial tension was

selected as a su itable problem for verif y ing the feasibility of the method.

• The problem is of considerable interest;  consequently, previously obt ained

• results are available for comparison.

We consider ~ rectangular sheet of length L and width b , subjected to

a uniform traction T of magnitude a and no shear on the ends , the other
y 0

-• faces being free. The geometry of the p roblem is depicted in Figure 2.

For this simply connected problem with traction boundary conditions, the

exact solution should be independent of Poisson ’s ratio. However, the

presen t method int roduces Poisson ’s ratio through the displacements . A

value of v = 0.3 was used in the calculations here reported.

Ta in . . -

Since each of the stresses ~ and a vanishes on 0 = + r, inte—60 rO — -

gration over that portion of the boundary produces no contributions to the

mat r ix de f ined by Equation 13. For the problem at hand , the t ractioris

on C1 and C
3 

are prescribed to be zero , thus the vector Dq is computed by

integration over C2 only . In this symmetric problem, only the upper half

plane need be considered Since the boundary tractions on the plane y = L/2

are prescribed in the Cartesian fram e, the computation of the invariant

quant i ty  -

Dq = j T u ds (18)
C2

is more conveniently performed in the Cartesian system, i.e.,

x=h— a

Dq = J T
x~~(u r

Cl cos 0 — sin 0) + T
~~~

(u
~~

’ sin 0 + ~~~ cos 0) d~~(19)

* *Here , T = 0 and T Ux y 0
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Since evaluation of the integrals in Equatio ns 13 and 14 in closed

• form is not feasible for the geometry selected , and certainly not for more

comp lex shapes , a numerical integrat ion using Simpson ’s rule was emp loyed.

Division of the boundary curve C1 + C2 
-I- C

3 
into 200—4 00 points  was found

to be suff ic ient  to keep the results insensitive to the number of points

used. The approximations introduced through these numerical integrations

appeared to place a limit on the crack dep ths which can be considered by

this method S S~ensitivit y to the number of integr ation poin ts began to

appear when the distance from the crack tip to the nearest boundary was

allowed to become less than about ten times the distance between integra —

tion points. As a practical matter, this limitation is of no consequence,

for the available closed form solutions’° for  very shallow and very deep

cracks in strips of in f in i t e  length ar e applicable to such geometries.

Selected values of the- Node I Stress Intensity Factor are tabulated

in Table I for various crack lengths and as2ect ratios. A graphical, corn—

parisoa of some of these results is given as Figure 3. The form used by

Tada 11 was found to be part icularly convenient for this comparison. The

use of a dimensionless fac tor , N , defined through -

K1( a / &, ,LI b)
N (a/b ,L/b) = (1 — a/b) ”’ (20)

~~ 0

was found to reduce the large varia t ions  evident in Figure 3 to the more

readily useable results presented as Figure 4.

Numerical  values obtained at small a/b (0.05 to 0.10) appear to con-

verge s ~. t n f a e L o r i 1 y
10 to th~ kno -.~; v~~ln e  f o r  a/i)  -

~~ o , as do the numerical

va l ues ( ! I t a  ~nad a t  large a/b  (0.9 Lo 0 .9~~) . V a lu e s  of N o ht ~~inc- J h r

1ar ~~ 1./b (k /b  2 , 3 an~ 4) g ive ~a L i s f i -  t o r y  agreement  wit h  the curve

pr  ie ~~‘n t ’~~! by Tada .
11 

a.~ a c~ :r~j t ~~ I t e of  p rev o~~; 1 ~ obt~ I :ie~1 v ,i lues for  long 

~~~~~~~~. -- --- -~~~-~~~-~~~~~~—
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and infinite strips by Bowie and Neal
12
, Emery and Segcdiu ~

3
, and o thers .  -

Expansions using from eight to 48 terms were investigated. In most

cases , 24 t o 36 terms ~-;~~re found ad-~~ u:!te to g ive convergence to three sig—

n i f ica n t  digi ts  in the value of the f i r s t  c oef f i c i e n t .  Nore terms were

generally required for  good convergence as the ratio 1./b was made large

and as the crack depth approached the p late edge. From results such as

those given in Table II , it is suggested that convergence in the third 
-

~~

significant figure will only be achieved if the most rapidly oscillating -

term has half period less than the smaller of and 
~2 

(Figure 2), i.e..,

> 2-ir . Some evidence of numerical d i f f i c u l t y  began to appear in 48 term

expansions . These were at tr ibuted to the large variations between the

magnitudes of the elements of the C matrix which occurs in such cases. -

Thus , the method is not well suited to extremel y long st rips. This again

is of no consequence, as results f or such geomet r ies are read ily ob tained

by using the known results for the inf ini te  strip and St. Venant ’s Princip— 
-

le.

The determinat ion of a single set of coef f ic ien t s  on a CDC 6600 compu-

ter with a program which was not pa r ticularly eff icient  was found to re-

quire a run time of approximately 0 .3N 2 N x io03 see , wher e N is the nurn — -

ber of boundary points used for the mraerical integration.

_ _
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IV. The Influence of Notches -

The app l i c-ahd ity  of the p r o ce d u r e  here presented to comp lc~~ bound er—

ie~ was used to invest igate , in a limited manner , the in f lu ence  of notch

w i dt h  on the stress in tens i ty  f ac to r  fo r  cracks orig inat ing from the notch

root. The geouciry considered is shown in Figure 5. A t r iangular  notch

of depth d and width 2h is assumed to be machined into the edge of a rec—

tangular tensile sh~ et of wid th b and leng th L. A straight crack of length

a—c ! is assumed to originate at the notch root. For li 0, the problem re—

duces to that of an edge crack of depth a. The numerical integration in

Equation 13 was accomplished by dividing the boundary segment C3 into two

segments , AR and BC. Since the notch faces are free of t ract ion, no change

in the vector D results.q

Numerical results were obtained fo r a squa re plate (L/b = 1) with

notch dep th d/b = 0.25. - The distance , a , from the edge of the piat~ to the

crack tip was varied from a/b = .3 to a/b .5. Dimensionless stress inten—
S.

sity factors are compared in Table III for  several notch wid ths . It is

evident from the results that  notches have l i t t le  e f fec t  on the stress in-

tensity factor once the crack is well established (a /d~
> 0.2). Thus, it

is to be concluded that the practice employed in experimental work of using

a narrow machined cut as a crack s t a r t e r  and then considering the dep th of -

cut to he a por t ion  of the crack is rio t a source of sig n i f i c a n t  error.

—-

~

-------- — -- - - -  — -- -- - — —- - - -—- --- - - -  —~~ - —
~
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- Table III

Ii~~~ ~~~ L(f l~ieS5 Stress  Iuten~ i ty Factors -

f o r  Notc1i~ d P I a t C S ,

a/b 
-

2h/L 0.3 0 . 3 5  - 0.4 0.45 0.5

- 

- 

0 l.8~ 2 .07 2.32 - 2.63 3.01

.1 1.85 2.07 2.32 2.63 3.01

.5 1.86 2.07 2.33 2.63 3.01

1.0 1.85 2.07 2.33 2.64 3.02

I
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V. Mixed Boundary Value Problems

If disp lacements , u , rather than stresses , are prescribed on the

boundar y S 2 (Figure 1) and the tractions are prescribed to be zero on S1
and S3, as before , a mixed boundary value problem results. For such prob—

lems, each of the Williams’ solutions is a statically admissable system of

st resses since each satisfies equilibrium and the traction boundary condi-

tions. Thus , any superposition , such as Equation 2 , is also statically ad—

9missable and may be used in the Princip le of Minimum Comp lementary Energy -

* rrr r r + ~71 JJJ Wc (Cl
ij

)dV — JJ u T ds (21)

V S
U

The var ia tion of is taken , with the stresses treated as the independent

variables. Variations of the stresses ,

M
iSa.. = ~ iSd a .  .~ ‘ (22)

13 
~

=1 ~~~~

satisf y the equilibrium equations and the t rac t ion  f ree  condition on S1+S 3 -

Thus , sett ing the f i r s t  variation of the Comp lementary Energy to zero leads

to M M
J .(21.)uj

* 
— 

m~ 1 
dmu

i
m } - 

p~ 1 
6d~ \)~ a~ 1~ ds = 0 (23)

The same choice of variation coeff ic ients  as given in Equat ion 11 is

ap ropos ; thus the algori thm for determining the coe f f ic i en t s  of the ex—

pans ion is seen to be
M

~ d B = E  (24)
m=l In rnq q

where

B = 
~ 

~~~~~~~~~~ ~~~~~ (25)
mq j  j  I

S
2 

*E = 1 2- . u . v .~~. (26 )q j i j i

S 2 

~~~ -_~~~~
l
~~ —--
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One complication arises in this mixed problem which is not presen t

when tractions alone are prescr ibed.  Each term in the expansion can be seen

(Appendix I) to have zero disp lacement at the ori gin of coo rdinates.  Thus ,

the crack tip is automatically specified to be a f ixed point .  When trac—

- 
- tions are prescribed on S this is of no consequence , and serves to remove

the rigid bod y disp lacements. When disp lacements are to be specified on

some port ion of S , however , the crack ti p must be l e f t  f ree  to t ranslate .

This may be accomplished by including the two possible rigid body displace—

ments as additional elements of the expansion . These solutions , in pola r

coo rdinates, are
2 p u  = d  u ° = d  cos Or o r  o (27)
2 p u  d u ° = — d  sin a

0 o O  o

fo r x axis translation, and

2~i u  = d  u ° = d  sin Or — i r  —1 (28)
2p u

0 
= d 

1
u0

0 
= d 1 cos 0

for y axis translation. Of these , only the former (Equation 27) is syrme—

tric with respect to the x axis and appropriate for inclusion with the

symmetric solutions given in the appendix . This solution represents a

rigid body motion; thus the corresponding stresses, 0
0
, ~~~~ and

all vanish.

A more interesting class of problems arises if the boundary 
~2 

(Figure

1) is allowed to be divided into two regions, CT and C , with t rac t ions

prescribed on C
T 

and displacements on C .  Neither the Princ iple of Minimum

Potential Energy nor the Principle of Minimum Complementary Ene rgy can be

app lied to such problems, for the Williams ’ solutions fire then neither

statically admissable nor kinematically admicsable. It wil l  be shown ,

however , that Reissner ’s Princf plc
9
can he used to develop an al gorithm for

_ _ _ _ _  ~~~~~ _ _ _ _ _ _ _ _-

~~~~~
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determining the desired set of coefficients.

We consider the func t iona l

J = {W(r .) — F .u .}dV — a . Jr .  - — (u . . + u .j ij i i j  ij ij 2 1,3 3 , 1
V V (29)

r * *— I T . - u .ds — T ( u . — u . )ds
J 1 1 J 1 1 1

• S ST u

where S C and S, = C + S + S , and consider stresses, strains andu u r T 1 3

displacements all to be independent variables . We let the displacements

be given by Equation 5, the stresses by Equations 2, and the strains by an

analagous form . Each element of the expansion then satisfies the equili—

brium equations, the strain displacement equations, and Hookes’ law.

Setting the first variation to zero leads to

r r 
~ *

= 0 = I T ,Su.dS — I T . 15~~. ds — I iST . (u — u )ds
J 1 1 j 1 1 J 1 1 1
S S ST U (30)

— I T . iSu .ds
i l l

S

or = — T~~~) - iSu. ds - J i S T . (u . — u .*)ds ( 31)

Since T . = T . = 0 on S — C = S + S for each element of the expansion.
1 ~ T T 1 3

Substituting Equations 9 and 22, and making the same choice of variation

coe f f icien ts as specified by Equation 11, we find that the desired ex-

pression for the expansion coeffic ients is

M MI m I m * I *I ~ d a . u “ds — I v a . ‘ ~ d u • ds = ! T . u~~~ds — 2ji u . v a .
-
~ 

~m=i
’
~ 

j]. ~ ~ ~~
31 m~’i 

m i  J 1 1 J 1 3 ]
C C C CT u T u ( 32)

M
~ d A  = F  = D  — E  (33)

H : m=1 m m q  q q q

_ _ _ _  ~~~- - - ~~~~~~~~~~ -~~- ~~~~~~~~~~~~~~~ -— - — - - — -
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where

A = f v .a.  •
m~~~~~5 - I v .a . ~~~~~~ - (34)mq j j i  i J 3 JJ. i

C CT u

If C -~ - o, Equation 12 is recovered ; if CT 
-
~~ o , Equation 24 results .

_ _  
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VI. The Rectangular Strip with Prescribed
End Displacements -

The method developed in the preceeding scction for determining co—

efficients for displacements and stresses expressed as a series of Williams’

solutions can be applied to the determination of stress intensity factors

for the rectangular sheet with two free edges, prescribed end displacement,

and an edge crack. This problem has been considered previously by Bowie14,

who used a conformal mapping , and by Bradley and Kobayashi
15

, who have fit

several terms from the Williams’ solutions to data obtained from photoelastic

experiments. The geometry of interest is shown in Figure 6. Surfaces S1,

CT , 
and C

T 
are free of traction and displacements are prescribed on C -

• 1 2 - U
1

For this symmetric geometry, and for symmetric loadings, i.e.,

u(x,L/ 2) = — u (x,—L/2); u(x ,L/2) = u
~
(x,—L/2) (35)

only the upper half plane need be considered . Thus,

A
mq 

= J {V ~~O~~~
m + v0a0~

m
)u~~ + 

~~r
0
r0 +

CT + C
T (36)

— + V
0

0
0 

dl
)U

m 
+ ~~0

q 
+

r * * q qF = — 2 ~i I {(u c o s 0 + u  sin O ) ( v o + v a  )q j x y r r r  O O r
C (37)

+ (_u
x
*sln 0 + U

y 
COS 0)(v a

0~
1 +

and the d are obtained from Equation 33.m

N umerical resul ts  were obtained for a un i fo rm extension with no trans-

verse disp lacements on t1~ - ends of a sheet of length L and width b, having

an edge crack of length a. The geometry is shown in Figure 7. The

~~~~~~~~

- 
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prescribed displacements are: -

*u (x,L/ 2) = u and
(38)

u(x ,L/2) = 0

Results were obtained by using 34 of the Williams ’ solutions and th~

rigid body mode previously discussed as the elements of the expansion. The

numerical integration was found to require 300—400 points on the boundary .

Convergence of the numerical solution was found to be similar to tha t pre—

viously discussed for prescribed boundary tractions.

r •
~ A convenient means of r educing the Mode I Stress Intensity Factor to a

dimensionless form is through division by a~/ i~, where

*2u
= 

E (__~~Y ) (39)
° 1—v 2 L

is the uniform traction which must be applied on y = ± L/2 in order to

produce the same displacements in an uncracked sheet of the same material,

subject to complete transverse constraint , c = 0. Thusxx

K K
_____ = 2u * 

= (l—v 2 ) / - ~
- (—d 1) (40)

~ r— E 
2 ()~~~~~~ ~ç0 1—v L

Numerical results for several aspect ratios are presented as the dashed

curves of Figure 8 for the case v 0.3.

The results obtained for L/b 1.0 appear to be in good agreement with

those plotted by Bradley and Kobayaski15. The present results can also be

compared with the exact result for a limiting case. For an elastic strip

of infinite width, having displacements U
y 

on clamped edges at y = ± L/2,

Rice16 has shown the stress intensity factor to be

* 2 
-

K1 = E U L ( l- v2 )  (41)
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This result is compared with the present predictions in Table IV. It

should be noted that the normalization is with respect to square root of

the plate width , rather than the square root of the crack length, in order

to facili tate the comparison . It can be seen that the stress intensity

factor in shor t specimens is very uni f orm , and close to that given by

Equation 41.

Symmetrically located center cracks in strips with prescribed end

displacements and free edges have been considered by Bowie’7 and Isida
18
.

Stress intensity facto rs for such problems were also found to be nearly

independent of crack length for all but the shortest cracks. Isida ’s

results show that the stress intensity factor for central cracks to be

qualitatively the value given by Equation 41 for L/b < 1 and a < c/2 .
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Table IV 
-

Dimensionless Stress In tens i ty  Facto r
*

~~~~~~~~ ( Y )/~J }

L/b = 0.5 L / b = l . 0  L/b = 2 .0 L/b=3 .0

a/b = 0.1 0.251 0.285 0.295 0.340

a/b = 0.2 0.261 0.352 0.440 0.473

• a/ b  = 0.3 0.261 0.371 0.508 0.573

a/b = 0.4 0.266 0.375 0.534 0.639

a/b = 0.5 0.264 0.375 0.539 0.670

a/ b  = 0.6 0.264 0.375 0.533 0.673

a/b = 0.7 0.266 0.373 0.523 0.653

a/b = 0.8 0.265 0.370 0.507 0. 619

a/b = 0.9 0.260 0.370 0.510 0.606

b = 0.269 0.381 0.538 0.659
exact

_ _  
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VII. Calibration of the Fatigue Crack Life Gauge

It has been proposed
19’20’21 that a thin sheet of metal containing a

crack (the gauge) be attached to a structure and the growth of the crack

in service monitored as a means of predicting the rate of crack growth fri

the structure. Both edge cracks
19
, and central cracks

20 ’2’ have been

suggested , although the edge crack would appear to offer advantages of

ease in fabrication. It may also be noted that the observed growth rate

of the gauge crack provides a much needed means of quantifying the dam-

aging aspects of the service load spectrum .

The gauge and plate are shown in Figure 9. A per f ect bond is assumed

on line AB and CD, with gauge and plate not interacting elsewhere. A

st raight edge crack of length a is assumed to be located on the axis of

symmetry of the gauge. It is assumed that the far—fie ld  stresses in the

p late are a uniaxial tension , a . The state of strain in the plate is

uniform if forces generated in the gauge produce negligible deformations

in the plate, i.e., if (E gt g/E p tp) << 1. In this case, the displacement of

AB with respect to 0 is

* 
0P Lu (x ,L/ 2) = U = 

~~~~~ (-i) (42)

Points on the line AB also undergo displacements

* 
a

u (x ,L/2)  = u = — v x (43)x x p E

due to the Poisson contraction of the p late to which the gauge is presumed

to be perfectly bonded. Here E and v are Young ’s modu lus and Poisson ’s

ratio forthe plate, respectively.

These displacements , together with the condition that the edges CT1
and C

T 
are free of traction , furnish the boundary conditions for the

2
fatigue crack life gauge. Substituting the displacements into Equation 37

---—-—

~
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permits the coef f ic ien t s  of the expansion for the stresses and displace-

ments in the gauge to be determined.

Thirty— five elements were again used in the expansion , with the numer—

ical integration of Equation 32 being carried out at 300—400 boundary points.

The mod e I stress intensity factor is conveniently made dimensionless

through division by a~~~~~, where a is the far  f ield stress intensity in

the plate. We find

V K E

a 

= 

E 
u)F __ 

= — J~7 d1 
(j~) (44)

p p L

Dimensionless stress intensity factors  for  a gauge mounted on a p late

are given in Figure 8, where they may be compared with those previously given

for the case of complete transverse constraints. A Poisson ’s ratio of 0.3

was used in these computations. It is of interest to note that the differ—

ences are not si gni f icant, generally being within the 1—v 2 s t i f f en ing  e f f e c t

due to transverse constraints.  The Mode I stress intensity factor  is essen-

tially determined by the displacements perpendicular to the plane of the

crack , and is not sensitive to displacements parallel to the crack plane.

The rigid bod y motion , allowed through inclusion of a rigid horizontal

translation as one of the solutions, was f ound to have a sign i f i ca nt amp li-

tude. The displacement of the crack tip in the direction of the crack can

be seen from Figure 10 to be a significant fraction of the end displacement

(longi tudinal) .  These disp lacemen t s may be suf f ic ien t  to lead to difficul-

ties in attempts to view (photographically) the crack tip while a cyclic

test is in progress.

Stress in tens i ty  fac tors  for the f a t i gue crack l i f e  gauge with  0.1 <

a / b  < 0.9 are presented in Figu re 11 after a different normalization . It
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can be seen that the stress intensity factor in gauges of low aspec t ra tio

does not vary significantly as the crack length changes. Thus, a gauge

crack unde r constant load will grow at a relatively cons tan t ra te, and the

rate of change of crack length will provide a measure of instantaneous load

spectrum severity which is essentially indepe nden t of instantaneous crack

length . A constant growth rate under constant load has been observed19
.

Verification of the results may be obtained through consideration of

two special cases. Rice’6 has given a stress concentration factor for the

centrally cracked infinite strip with

u(x, ± L/2) = ± u~~ on ~ ± L/2
(45)

T (x , + L / 2) = 0xy —

as K
1 

= aIi 7~ where (46)

a = E u  2/L - (47)
g y

The bounda ry conditions for the present problem (E quations 42 and 43) lead

to the same energy density at large distances in front of the crack as do

those of Equation 45. Consequently ,  the argument given by Rice may be used

to deduc e that the stress intensity must be the same . After  some manipu la-

tion, we f ind :
K1 E~

(—) = I— (48)
E 2nb

F’ g

It may be seen from Figure 11 that  this prediction (arrows) gives surprisingly

good agreement for L/2b < 1, even though Equation 48 is actually appropriate

only for lim. {L/2b -* 0) .

A second l i m i t i n g  case is appropriate for a/b -+ 0 and a/L -
~ 0. In

this case, the stress intensity factor should be that  of an ed ge cracked

p infinite sheet , or
K E rL 

~~~~~~~~ 
= 1.12 (49)F. - - b

a . - i b  g -.

—- _
~~~~~~~~~~~~~~ . ~~~~~~~~-
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The present results show good agreement with this prediction (dashed curve ,

Figure 11) for small a/b and long strips.

A properly desi~ned gauge should display neither extremely high, nor

extremely low, sensitivity. That is, a gauge length which is entirely

consumed during insignificant crack growth in the structure is a poorly de-

signed gauge, as Is a gauge which shows little growth during significant

(and dangerous) growth in the structure.

At some critical point in the structure a crack of length a may be

presumed to be growing in accord with the Par is Law , with growth rate dom—

nated by
K a / ~~~~M (50)Is p 5

where M is typically greater than 1. In the gage, the crack growth rate

is essentially that given by Equation 45, or, for very short cracks, less.

Rence , E 1
KIg 

0~~ 
~~~~~~ 

(51)

ari d we have
E I

K = E / 2ra M (52)

* 

Is pN ~ s

where M < 1 and decreases as the cracks grow. Thus the initial ratio of

gauge crack growth rate to structure crack growth rate can be specified

th rough the selection of guage length and the modulus of the gauge. An m i —
tial crack length greater than L/2 has been suggested19 as bein g necessary

to assure a constant growth rate. The results given as Figure 11 suggest

that this criterion may be unnecessarily conservative, and that a ratio

a/L > 0.25 would suffice.

As both cracks grow, the ratio of stress intensity factor in the gauge

to that  in the s t ruc ture  will  d iminish , the crack in the s t ruc ture  wil l

begin to grow more rap idl y,  and the gauge wil l  loose it ’s sensitivity.
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It may theref ore be necessary to use more t han one crack lif e gauge on a

structure, with one being a durability gauge designed for optimum sensitiv-

ity as cracks in the structure approach the length at which crack main—

tenance is required , and the other gauge , a safety gauge, being designed

for optimum sensitivity as cracks in the s t ructure  approach the critical

crack length.

_
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VIII. DISCUSSION AND CONCLUSIONS 
- 

-

An eigenfunctiort expansion was used to describe the stresses and dis—

placements in a finite elastic sheet containing a single straight crack

which intersects an edge. The set of solutions obtained by Williams for

the infinite sheet with crack were used as elements of the expansion, with

coefficients chosen by means of the energy principles of elastostatics.

The procedure generates an approximate solution which satisfies the field

equations everywhere and satisfies the traction free condition on the crack

face. When tractions or displacements are prescribed , a stationary value

of potential energy or complementary energy is achieved. Such solutions

approximate the boundary conditions elsewhere as well as can be accomplished

with a given number of terms. The use of Reissner ’s Principle was found

to make possible the construction of solutions when mixed boundary condi-

tions are given.

Although the numerical results do not suggest any difficulties with

convergence , the set of functions employed has not been demonstrated to be

complete. No multiply—connected domains were considered. The boundary may

have arbit rary shape , although it is to be expected that boundaries with

re—entrant corn ers , other than the single crack , might lead to diff icul t ies.

No attempt was made to investigate the convergence at singularities intro-

duced by abrupt changes in boundary conditions. - -

The functions are not orthogonal, in that forces of the p th  mode do

work in acting through the displacements of the qth m ode. Consequently,

the array , C, is not diagonal and the addi t ion of elements to the series

leads to changes in all coefficients. Co nver gen ce was assumed to exist

when the addition of terms to the expansion did not change the coefficient

- - -- - --- -

~ -
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of the f irst  term . The most rapid convergence was found to occur when the

boundary points at which the prescribed tractions were approximated were

all at about the same distance from the crack tip. Conversely , more terms

were found to be required for crack tips near boundaries, and for large

aspect ratios . A limitation in the number of terms which can be used ,

other than one caused by computer storage capacity, was encountered and may

limit th e degree of accuracy achievable with the method. Eigenfunctions

having rap id angular oscillations are required fo r some geometr ies , and the

~~ : large powers of radius which occur in such cases lead to large variations

in the magnitudes of the elements of C. This leads to truncation errors

in the solution of the system of equations .

For the rectangular sheets considered as examples, these limitations

precluded obtaining accuracy results f or the stress intensity at crack tips

near the boundary, or f or long strips. Stress intensity factors for the

former case can readily be obtained from the well known results for irif i—

nite sheets. Results for long strips with prescribed tractions are not re-

quired, as it was found that a strip with an aspect ratio of three is, for

all practical purposes , infinite in length. Long strips with prescribed

end displacements are somewhat more complex, alt hough a procedure for

estimating the stress intensity factor from the stress intensity factor

and compliance of short strips is being developed.

Results ob tained fo r the edge c racked rectangular sheet have several

important implications for the design of fatigue crack life gauges. These

are: (1) The edge cracked conf igu rat ion appears more desirable than the

center cracked configuration , for a shorter in i t i al  crack length is

necessary in order to achieve a constant s t ress  in t ens i ty .  This provides

more than twice the useful  crack growth reg ion. (2) Nearly uniform stress

_________________ 
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intensities are achievable in square sheets. (3) It may prove necessary

to use gauges which are of a different material than the structure in order

to tailor the relative growth rate. Materials with different moduli , as

well as crack growth parameters , should be considered. (4) More than one

crack gauge may be required on any structure , each having a different

sensitivity, as it may not be possible to design a gauge having the desired

sensitivity over the entire range of structural crack growth.

— Although no anti—~ymmetric problems were considered, it is to be ex—

pected that the formal computation of Node II stress intensity factors for

straight cracks in finite domains can be performed in the same manner . The

even functions given in the appendix must then be replaced with the appro—

priate odd functions, and suitable traction applied.

In addition to its utility in the determinat ion of stress intensity

f actors , the method can readily be applied to the determination of stresses,

strains and displacements in two—dimensional regions having re—entrant cor—

ners. For such problems , the appropriate eigen—functions are those corres—

ponding to the eigen—values given by Williams3 for infinite wedges of ver—

tex angle greater than 180°.
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The symmetric state of stress, i.e., a~~ and 0rr even in 0, a 0 
odd,

is generated by the even stress function

n--I n4-~ 3 2n-3 -
Xe 

= (—1) a2~~ 1r { — cos (n— -
~

-) 
~ + -

~
---

~
--ç cos ( ii+-i) Q }

(1)
+ (_ 1) fl a2 r1t

~~ { — cos(n—1) 3 + cos(n+l)O }

The corresponding stresses are f ound fr on the usua l relationsh ips - 
- -

~2. aa A
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a 2 x
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C (3\

1 e 1 ea = — —
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- ;
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~~ 
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~~~
-
~~~
‘
~ co~ (;i+ ’~~~- cos(n-3/2)O
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ai l s.



For each ~~~~ we ~ay compute the harnonic function required to gener-

ate the disp iaccn~nt~ by solving thn d i f f e r e n t i a l  equation

2 a C
(8)

The result  is:
n—3/2 r 2 , 2

( ] ~)fl~ 1 
~~~ a2 1  ~~~~~~~~~~~~~~~~ 

sin(n— 3/2)0~

+ ( 1)
ri L 

~~
‘
a2 
[(
n_i)2 = (n+1)2 

sill (n_ 1)0] 
-

The corresponding displacements, using Equations 3 and 4 are

n—i n—½ ( [ (n+½) + ~~-C (n—3/2)
2 

— (n~½)
2
}]cos(n_3/2)0\

2p U = (—1) r 
, 

a2~ _ 1
— (n—3/2)cos(n+½)8 

(10)

[ (n-El) ± ~~~a) {(n_1)2 — (n+l) 2}]cos(n~_1)0
+ (_l)~ rma . 

-

— (n+1)cos(a+ 1)&

and

n—i ~ 
[—( ~ —3/~ ) + (~ _~ ) { (n-.3/2)~ — (n+1)2)]sj n (ri 3/2)0

2ji u0 = (—1) r a2 1
+

(11)

[—(n—i) + 
(1—a) 

((n—i)
2 

— (n+1)
2
}Jsin(n—1)0

+ (—l)ra ‘
2n + (n+1)sin(n-i-l)O
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