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ABSTRACT

The methods proposed by Karst and Sharpe of fitting a line to a given
set of points in the plane so as to minimize the sum of the absolute values of
the deviations are e;camined by means of their linear programming formulations.
It is seen that the Karst algorithm, which was criticized by Sharpe, already
contains the type of improvement propoéed by Barrodale and Roberts for ll
linear approximations. For the single purpose of finding the optimal line the
Karst procedure appears to be very efficient. If, as Sharpe suggests may
sometimes be the case, the investigator is interested in the sensitivity of the
minimum sum to changes in the slope parameter, then Sharpe's algorithm is
preferred. The Karst algorithm is improved by incorporating into it the simplex

stopping rule. The problem is generalized to permit arbitrary weightings of

the deviations.
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A DEFENSE OF THE KARST ALGORITHM FOR FINDING THE

LINE OF BEST FIT UNDER THE Ll NORM

Donald R. Schuette

1. Introduction
Curve fitting so as to minimize the sum of the absolute deviations, i.e. under the
t -norm, has received the attention of a number of writers in recent years (e.qg. [1], [3],

[7], [8]). In particular, Karst [ 4] and Sharpe [9] have proposed algorithms for fitting a

line to a given set of points in the plane under that criterion. Rao and Srinivasan [ 5] have

interpreted Sharpe's method as the solution to the parametric dual to the linear programming
formulation of the problem and have offered an alternate procedure parameterizing on the

intercept rather than on the slope as in the case of Sharpe.

In this paper the linear programming formulations of Karst's and Sharpe's algorithms will

be examined and compared. It will be seen that one iteration of the Karst algorithm is

equivalent to several simplex iterations in the same manner as in the 'improved algorithm
of Barrodale and Roberts. The Karst algorithm will be improved by incorporating into it the

simplex stopping rule. The problem will be generalized to allow for assignment of arbitrary

weights to the deviations at each point.
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2. Geometric Considerations
Given a set of points (Xl,Yi) and non-negative weights w1 for 4 = 1,2, ..%

the problem is to find values of the parameters a and b so as to minimize

N

S(a,b) = ), w‘h{1 - (a+bX)| .
i=1
In addition to the (X,Y) plane in which the given points lie, it is convenient to

consider as did Karst and Sharpe the (a,b) plane or parameter space for the problem. The
surface S(a,b) lying above the (a,b) plane is piecewise linear and convex as noted by
Sharpe and Karst (see also Rice [ 6]). Each point in the (a,b) plane corresponds to a line
in the (X,Y) plane. The line a =r - sb inthe (a,b) plane corresponds to the family
of lines in the (X,Y) plane through the point with coordinates (s,r), and the line b = b!
in the (a,b) plane corresponds to the family of lines in the (X,Y) plane with constant
slope. Hence, each of the given points (Xi, Yi) détermines a line a = Yi - Xib in the

(a,b) plane. Such lines will be referred to as basic lines (see Figure 1).

Figure 1
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One of the well known results of ! ] linear approximation theory (Barrodale and

Roberts [ 3], Rice { 6]) is that there is an optimal solution which interpolates at least two

of the data points. That means that there is an optimal point in the (a,b) plane which

lies at the intersection of two basic lines. When there is only one optimal point it must
lie at the intersection of two basic lines. Hence, the justification for solution search

procedures which restrict the search to the points of intersection of basic lines.
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3. Linear Programming Formulations

It is well known that the problem of choosing a and b so as to minimize
N
S(a,b) = ), w lY - (a+bX)] (1)
i i i
i=1
can be formulated as a linear programming problem (Wagner [ 12], Barrodale and Roberts [ 3],
Armstrong and Frome [1]). Armstrong and Frome, for example, in the case when w, =1

for all i, proceed by setting
P{- Iq1 = Y‘. -(a +in)

with P1 20 and N1 20 for i=1,2,...,N. Thus, the vertical deviation of each point

- 0

3 from the line with parameters a and b is divided into positive and negative components.
The linear programming problem then becomes

N
; minimize ), (P, +N,) (2)
; i=1 4
’ subject to

Pl-N1+a+in=Y1 (3)

P20, N 20 for 1= L,2...,N,

v with a and b unrestricted in sign.

The dual problem (see for example Wagner [ 12]) is

N
L maximize Z Y v (4)
~ ii
|34 i=1
o
subject to N
& Z vi = 0 (5)
y {=1
N
> Xv, =0 (6)
i=1
|
|l<v <1, 1=1,2,...,,N. (7)
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The dual is a bounded variable linear programming problem for which special solution methods

are available (see Taha [11]). If one prefers, the substitution t, = v. + 1 can be made so

i i

that the problem becomes
N N
maximize L AL Z Y
{21 2% q=y !

subject to

Gt 22, L=k 2 oun -

i

The variables are then non-negative and upper bounded.

In the more general case where the deviations are weighted by the factors W,

primal problem is
N
minimize E w, (P, + N,)
= ) Bl | i
i=1
subject to

Pi-Ni+a+bxi=Yi

P20, N 20, 1i=12..,N

with a and b unrestricted in sign. The dual then becomes
N
maximize 12‘1 Ylvi

subject to

(8)

(10)

(11)

(12)

(13)

(14)

(15)

(16)
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Xv, =0 (17)
P ii
-wi<vi<wl, = 1,2, ..., (18)
Alternatively, by means of the substitution ti G 7 + w, the dual problem can be
written as
N N
maximize Z Yt - E Y w (19)
L i
i=1 i=1
subject to
N N
e Z v (20)
i=1 i=1
ETR)
Xt = ), Xw (21)
1oy Taley, S
05t1_<_2wi, T T R N (22)

As before the dual problems (15)-(18) and ( 19)-(22) are bounded variable problems. In
the case of problem (19)-(22) the variables are non-negative and upper bounded. It will be
appropriate to examine the nature of optimal solutions to these problems as provided by
the theory applicable to them (see Simonnard [10], Chapter 10 or Taha [11], Chapter 6).

First to be considered will be what is called an extremal solution. An extremal solution
in the case of problem (15)~(18) is one in which two variables, say vj and Vi are
selected to be basic and the other N - 2 variables are to be non-basic and set equal

to one or the other of their extremal feasible values. Associated with the basic variables

1 1

X, Xk

are the basic matrix B = [ ] and the vectors YB = [Yj, Yk] and

v. = column [vj, vk]. Index sets 1 and I. may be defined such that v, = w, if

B U L i i
ie IU and V. if ie IL' Equations (16) and (17) then lead to the equations
s




et

&

&

vj+vk= b ieILwi-zl¢ Ile
vaj + kak =2 . Iinwi -= . quiwi 5 (24)
It will be convenient to let AU =z (e Iuwi’ AL =Z e ILwi’ CU = IUxiwi and
CL = Z o Iinwi' Solving for Vg then produces

A =By
v, = B_l
B CL-CU

(25)

The extremal solution thus generated satisfies constraints (16) and (17). If the values

for vj and Vi given by equation (25) also satisfy constraint (18), then the solution is

feasible. If a feasible extremal solution also satisfies the optimality conditions, then it is

an optimal solution.

The optimality conditions for problem (15)-(18) are

i
YBB Xi - Yi <0 for iely, (26)
and
]
YBB xi —Yizo for 1eIL. (27)
1 1 X -1
-1 1 k
Since B = B S and
Xj Xk Xk- Xj -X 1
1 Xk-X, X - X,
=il i i i
Y. °B =Y. +Y : (28)
B Xi )Xk Xj k Xk Xj

The latter quantity is the ordinate corresponding to Xi on the line in the (X,Y) plane which
passes through the points (Xj, Yj) and (xk, Yk)' Condition (26) is that (Xi' Yi) lies above

that line and condition (27) is that (XX’Y ) lies below that line. A method of generating

SRS




extremal solutions which satisfy the optimality conditions of problem (15)-(18) is thus
apparent: select a pair of points, (Xj, Yj) and (Xk, Yk) from the given set in the (X, Y)
plane and let vj and Vi be the basic variables; for the points (Xl., Yi) which lie above
the line set the corresponding dual variables v = wi, for the remaining points lying on or
below the line set the corresponding dual variables vi = The values of vj and vk
are then determined from equation (25).

Of course the dual problem optimality conditions are nothing other than the feasibility
conditions of the primal. An extrema)} dual solution which satisfies the optimality conditions

will be called primal feasible. An extremal dual solution which is primal feasible and dual

feasible, i.e. satisfies constraint (18), is an optimal solution.

-8-




4. Sharpe's Algorithm

Sharpe proceeds by parameterizing on b. With b held constant at b = b

N

' the

problem is then to minimize S(a,b') = Z wiIYi - (a+ b'Xi)). Let Y; = Yi - bX; so that

i=1

N
S(a,b) = ), wlvi-al.
i=1

With P1 - Ni = Y; - a the primal linear programming problem is

N
: minimize Z wi(Pi + Ni)
i=1
subject to
= -y
P‘ Ni +a=Y
Plzo' N‘ZO, i = 1’2’ ’

The dual problem is

N
maximize iz;l Y;vi

subject to

i=1
-wigvi<w1, i=1,2, SN
or alternatively with ti = vi + wi
N N
maximize i2=:1 Yiti = }_‘ Yiwi

subject to




As Rao and Srinivasan [ 5] have noted the latter is a knapsack problem without integer
restriction and has as its solution a = Y; where Y; is the median among the values of

Y; relative to the weights wi. From the point of view of bounded variable linear programming

theory that means starting with the largest value of Yi set the corresponding dual variable

ti : Zwi and assign i to the index set IU. Continue similarly with successively smaller
N

values of Y; as long as ZAU = Z wi = W. An index j will eventually be reached such
i=1

that Z(AU + wj) > W. Then set tj =W - ZAU. Clearly the constraint 0 < tj < ZwJ is

then satisfied. For any remaining index i set ti =-0 and assign i to IL' With
AU 1 wj + AL = W, it follows that
Tt - + 5
j AL AU wj (35)
and that the constraint 0 < tj < ij is equivalent to the two inequalities

AU < AL + Y"j (36)
AU > AL - wj (37)
from which follows the interpretation of YJ? as the median among the values of Yi' relative
to the weights w,.
Thus, at optimum problem (32)-(34) has tj as the single basic variable. For indices

assigned to 1 the corresponding dual variables are non-basic and set equal to their uppr

U

bounds, and for indices assigned to IL the corresponding dual variables are non-basic

and set equal to their lower bounds. If Y; is unique among the values of Yi, i.e.

Y]! # \"l for any other index £, then there is an interval of values of b about b' such
that tj continues as the basic variable and the optimal value of a lies on the basic line
a = Yj - ij. Sharpe calls that line the border for those values of b. Let

Sz(b) = main{S(a,b)}. Thgn over that interval Yi - in > Yj - ij for i IU and

Y ~bX, <Y -bX, for tel, .
i i j. j L

—lo-




——y

Hence,

§,(b)

s(y, -
(¥; - bX;, b)

L
2 wilY - ¥ - b(x, - X)|

i=1
= Sy < Al Y -Y - -
21 x Iuwi[Yi Yj b(Xi Xj)] zi : ILwi[ : Y’, b(Xi XJ))
= DU - DL - b(CU - CL) - (Yj - bxj)(AU - AL) (33)
where
Bp==y, lUini audE DS = ILini :

Thus, over the interval of values for which tj remains basic Sz(b) is linear in b with

slope

S'Z(b) =6 w0, = X),(AL - AU) g (39)

. It may be noted that formula (39) also follows from the interpretation of the dual variables

at optimum as the rate of change of the objective function with respect to the right hand side
quantities of the associated constraints.

Over its entire domain Sz(b) is piecewise linear and convex with changes in slope
occurring whenever the border intersects another basic line. For a value of b corresponding
to such an intersection SZ(b) is not differentiable and formula (39) does not hold. Sharpe
points out that if for b = b' the slope of SZ(b) is negative, the optimal value of b 1is
greater than b'. Vice versa if the slope is positive. The algorithm consists in following
the border to an intersection with another basic line a = Yi - in at which the slope of
Sz(b) changes sign. The coordinates of that point of intersection are the optimal valucs
of a and b. Each time the border reaches another basic line it must be determined

whether the border follows the new basic line or continues along the old line. That problen

will now be considered.




Suppose b' corresponds to the point of intersection of the two basic lines

a-= Yj - bXj and a = Yk - b)&, i.e. Yj = b'Xj = Yk - b'Xk. Consider an extremal solution

to problem (19)-(22) with vj and vk as basic variables and

AU+AL+wj+wk=w' (40)

Two cases must be considered. First suppose Xk > Xj. Thenfor b <b', (Xk, Yk) lies
above the line through (Xj’ Yj) with slope b and, hence, k ¢ IU. In terms of the values
at b = b' conditions (36) and (37) for a = Yj - ij to be the border are

AU+?~k5AL+w)_ (41)
AU+wk3AL-wj, or (42)
—(w, + wk)f AU - AL Swj S (43)

For b>Db', index k transfers from IU to IL and the conditions become

<
AU_AL+wk+wj and

FE AUZAL+wk-wj’ or

wk-wngU-Angj+wk. (44)

In order for a = YJ, - ij to be the border on both sides of the intersection both (43) and (44)
must hold, or

3 < - - - -
E (w’, wk)_sAU Angj Wy - (45)

Next suppose Xk < Xj' Then for b <b!, (Xk, Yk) lies below the line through

(x’,Yk) with slope b and hence k ¢ I In terms of values at b = b' the conditions

L’

for a = Yj - ij to be the border line are

& AUSAL+wk+wj and
+ =
AUZAL Wy wj or
: wk-wngU-AL_ka-wj. (46)

-]2-




For b >Db' the condition is

-(wj + wk) <A

U-AL_<_wj-w

K- (47)

i One additional result is required in order to implement Sharpe's algorithm namely
Formula (39) expressed in terms of values at b = b', i.e. when equation (40) holds. For
b <b' and X > Xj, (Xk, Yk) lies above the line through (X’, Yj) with slope b. Hence
along the border a = Yj - ij,
S'Z(b) = CL = CU - Xj(AL - AU) - wk(xk - xj) o

Formulas for the other combinations of conditions may be obtained in a similar manner.

The following table summarizes the results required to implement Sharpe's algorithm
at the point of intersection of the two basic lines a = Yj = b)(j and a =Y -bX in the

k
(a,b) plane.

-~

Conditions Border Line S:'l(b)

] - - -
b<b,xk>xj, (wj+wk)5A A gij

UL a=Y-bX CL-CU-Xj(AL-AU)—wk(Xk—X]_)

k i

wj-wk < AU—AL < wj i Yk-ka CL-CU-Xk(AL-AU)-wj(Xk—X))
1) - - = = - - - - - =
b>b', X >X, (“’j*‘”k) SA A SwWemw, a8 Y,-bX,  C,-Cy X (A -Ay) wj(XJ X,)
. . &N, K €k =Y -C,.-X.(A, A, )-w, (X -
| e b T T R (B ~Bg)-w (X=X )

-] 3=
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5. Karst's Algorithm

Karst proceeds by selecting an arbitrary line in the (a,b) plane and following it until
the minimum of S(a,b) above it is found. The initially selected line may or may not be a
basic line, but, it will be seen, that minimum does occur above the intersection of the
initially selected line with one of the basic lines. The algorithm continues by following the
just encountered basic line until the minimum above it is found, again at the intersection
with a basic line. The process continues until the basic line just found is not a new one
but one previously encountered. The last encountered point of intersection of basic lines
has coordinates which are optimal values of a and b.

In terms of the (X,Y) plane the algorithm is equivalent to selecting an arbitrary initial
point and solving the restricted problem of minimizing S(a, b) over the set of lines which
pass through that point. An efficient procedure for solving the restricted problem is the
key element in Karst's algorithm, because each ite;ation requires the solution of just such
a problem.

One linear programming formulation of the restricted problem may be obtained as a
special case of problems (15)-(18) or (19)-(22) merely by the elimination of one constraint.
The argument is as follows. Suppose that the initially selected point is one of the original
data points (X),,Y},). (If it is not, include it as the (N + 1)st point with Watey 0.)
Then the restricted problem is obtained as a special case merely by making wj very large
in the primal problem, because then an optimal solution must pass through (Xj, Y’,). In the
dual problems when wj is very large the constraints -w), 5 vj §wj and 0 < tj S 2wj
become non-restrictive and thus may be eliminated.

Hence, an extremal solution of problem (15)-(15) which has vj and vy basic and
which is primal feasible is optimal for the restricted problem if

-w, <v. <w, . : (48)

«]de
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However, from formula (25)

Gy = Gy = xj(AL - Ay

v, = : (49)
k Xk- )(j

If )(k > Xj, then (48) is equivalent to

-wk(xk - xj) 2C, - Cy- xj(ls.L - AU) swk(xk - x),), or (50)
- - - - < - - 5
CU xjAU wk()(k X],) < CL xjAL"' CU xjAU + wk(Xk Xj) 7 (51)
With X, = XI - X)_ and cy = Zie IUwixi and ¢, = Tice ILwixi’ formula (49) becomes
e
s X 4
and inequalities (51) may be written
Sy~ WX < c eyt WX - (52)

If Xk < Xj, then (48) is equivalent to

c..+wx <c

U k <c, - WX . (53)

L U k" k

Thus, a solution to the Karst restricted problem may be obtained by inspecting the
extremal solutions to problem (15)-(18) which are primal feasible until one is found which
satisfies either condition (52) or condition (53). The difficulty is that of generating those

solutions in a convenient and systematic way. One approach to overcoming that difficulty

will now be developed. Given that a = Yj - ij

= o x =z +
Yi (a + bxi) Yi (Yj bxj bxl,)
= yl - bxi .
The conditions under which Yy > bxi and index i therefore assigned to IU are either
Yi Yi
b < & and X, >0 or b> . and X, < 0. Similarly the conditions under which Y < bxi
i i Yy y
and index i is assigned to IL are either b <'x—i' and x1 <0 or b> L and xi >0.

i X
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The various situations may be visualized in terms of a plot of the given points in the (x,y)

plane and a line with slope b passing through the origin in that plane.

y 47
+ A°)
o\ ¥ Qz Z
>
o (%), yl)
4 ° (x3, y3) X
1
j-; o (x4y,)
Figure 2
‘ Y, |
L Index 2 is assigned to IU because b < % and x2 > 0; index 3 is assigned to IU |
3 2 5
1 4 |
: because b > .. and X, < 0. On the other hand index 1 is assigned to IL because
3
% Yy Y4
i b > -x— and xl >0 and index 4 is assigned to IL because b < ;‘ and x4 <0. The i
3 1 4
k : foregoing leads to the following procedure for solving the Karst restricted problem: 1
E ..
r 1) Compute xi and Y, for i =1,2,...,N, i#j. Assign i to IU if xi>0 and {
h i to IL if X, <0. (If the Xi values are not all distinct, so that X, = 0 is

possible, assign i to IU when xi= 0 and yi>0 and i to lL when xi= 0

3 and A <0).

- A y

; 2) Compute ;L except when xi = 0 and rank in ascending order.

i 2 Y y
3) For the smallest value of ';L say ;&, if Xy >0, delete k from IU and test
{ i k Y

| ; k
| for satisfaction of condition (52). 1f (52) is satisfied, then b = o is optimal. If
| k
|
:[ .
| -16-

.
5




L e

e oo 3

Y
not, transfer k to IL and proceed to the next higher value of '—i'. If X, <0, delete

x
i
k from IL and test for satisfaction of condition (53). If (53) is satisfied, then

Y Y
b = x—k is optimal. If not transfer k to IU and proceed to next higher value of ;(—i -
k i
4) Continue the process until an index k is found for which condition (52) or (53) is
satisfied.

The solution to the restricted problem may be a solution to the unrestricted problem.
From equation (25)

X (AL - Ay - (Cp - Cy) wx (A - Ay) - (Cp - Cp) i
vj i X -X & X : kad
k=% k

If the value of vj satisfies -wj < vj < w]., then an optimal solution to the overall problem
has been found.
Karst approaches the problem from a point of view not directly based upon a linear
programming formulation. He noted that
N
G(b) = S(Y, - bX;, b) = 1;1 w, Iyl_ - bxil
is piecewise linear and convex as a function of b. Furthermore the individual term
| | Ix | i Ix | d

w, yi - bxi has slope -wi X, for b < < and slope w, Ix, for b > % Hence

Yy

Yl N\ i
G(b) has slope - Z w |x| for b <min{—) and slope L w Ix | for b>max{—
~ L i =g - © i

g

y Y.

and the slope of G(b) increases by 2w1|xi| as b increases from x_i - ¢ to x—l + ¢
i i
where € > 0. The index k is sought for which the slope of G(b) changes from negative

b4
to positive. Thus by ranking the values of 'x—i' in ascending order and successively adding

i

2wi ’xil to an initial value of - 2 wi |x1| the index k may be found which changes
: i=1

b4

k

the total to a positive quantity. As before the solution is then b = x— . Karst proceeds

b

«]?=




with successive applications of the procedure until the index k so obtained is one previously
encountered. He does not take advantage of the stopping rule of the simplex or dual simplex
algorithm which is what equation (5+4) and the following inequality accomplish. It is
suggested that the recognition of that stopping rule represents an improvement to the Karst
algorithm.
An alternative linear programming formulation of the restricted problem can be developed.
If a-= Yj - bXj is substituted in equation (13), the primal problem that results is
N ]
minimize z‘l Wi(Pl + Nt)

subject to

Pi—Ni+bxi = yj
P20, N, 20, i=1,2...,N.

% The dual problem is

N
maximize 121 yi vi

subject to
)
xv, =0
t i=1 ii
- <
. Wi—vi w, or
- = +
s with ti vi wi
N
L maximize L yiti- g y.W
i=1] =i 11
)
i subject to
3 N
xt = xw, O0<t <2w, i=12,...,N
: =1 ii i=) i i i
-18-
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The latter problem appears to be a knapsack problem for which a median type solution

is available. However, when some of the x, values are positive and some negative,

i
the simple median procedure does not apply. Thus, the alternative linear programming
formulation does not appear to be any more useful than the previous formulation.
Barrodale and Roberts [ 3] have proposed an algorithm for the general discrete ll
linear approximation problem. Their algorithm is based on the primal formulation (minimiza-
tion) and takes advantage of the special structure of that formulation. They observe that
many columns in the full simplex tableau need not be explicitly retained and may be inferred
from the critical columns that are retained. If the values of n parameters are to be
determined (two in the case of fitting a line), then only n columns need to be maintained
from one iteration to another. Furthermore they have devised a way of combining several
simplex iterations into one iteration of their algorithm. It will be seen in the examples which
follow that the Karst algorithm when (0,0) is the initial point in the (X,Y) plane is

identical to the Barrodale and Roberts procedure in terms of path in the (a,b) plane followeg

to optimum.

...l9..




w
6. Example |
|
Example 1: A five point problem with values given in i )(i Y1 wl ‘
the table at the right. 1 1 \ i |
2 2 5 2
3 3 10 6
4 4 22 3
5 5 18 2 1
W= 14
Sharpe's Algorithm %
LYy
First minimization along b = 0. i Y, Rank 37T X
= i
1 1 5| 4.5
W= 14 2 5 4 5.0
-2w = -_6 j
N 3 10 3 _
“aw, = =4 4 22 1 12.0
4
“iwy = zl2 5 18 2 4.0

-8
j=3,a=10 and a = 10 - 3b is the border line for an interval of values b near b = 0.

1U={4,5}, IL={1,2},A =5 A =3,C,=22C =5 D;=102 and D = 1.

U L U
Hence Sz(b) = DU - DL - Y3(AU - AL) - b[CU - CL - x3(AU - AL)] = 71 = 11b.
Since S'Z(b) = =11, b must be increased. The value of b for which the border line first

intersects with another basic line is b = 4 at the intersection with a = 18 - 5b. At this
point j =3, k=5, I, = {4}, I, = {1, 2}, Ay=3, A =3,Cy=12 C =5 Dy= 65

and DL = 11. With wj = 6 and w, = 2, the condition which holds is

- < - < . i - i f > 4,
w wj _Au AL_wk fwj Hence, a = 10 - 3b continues as the border for b

Also, for b >4, index 5 ¢ I and Sz(b) =39 -3b. Thus b=4 and a=-2 isnot

L
optimal.
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The next critical value of b is b = 4.5 which occurs for k = 1 at the intersection

= 14, D,. = 66 and

with a =1 -b. 1U=(4}, 1L={z,s), AU=3,AL=4,CU=12,C U

L

D = 46. Since w,_-w <A -A <w

L k i— U L k

for b > 4.5. However, for b > 4.5, index 1 ¢ IU and

Sz(b) =21 +b,

+ wj holds, a = 10 - 3b continues as the border

which means the optimal solution has been found: b = 4.5, a = -3.5 and S(a,b) = 25.5.

Karst's Algorithm

Let the initial fixed point in the (X,Y) plane be the origin.

Iteration 1: Minimize along a = 0.

¥4 Condition (52)
=1 icfiod ?
i ﬁ ﬁ _w_i. x, i &l CL or (53) satisfied?
i W il e kg
R S W N 5
oy JL
3 3 10 6 3.3 24 1
4 4 22 3 4.5 -4
2 20 i no
5 5 18 2 3.
e 4
40 5
=18 a
250 5 i
k=3
Iteration 2: Along a = 10 - 3b with j = 3.
)'i Conditions (52)
2l e 3 D
i -X_l ﬁ x, il WX, SQ i or (53) satisfied?
i A
1 2 9 4.5 5 4 = e
2 -1 =5 5 3 -4 no
s 14
3 0 0 - 3 0
4 1 12 a2 1 2 __ af=p
5 2 " 4 3 2 yes

=21~




it B
1 x -2

%A - By) - (C -G
X

1

<
"
1

™ |-

N =

Since -w. <v <w, and -w_<v the solution is optimal with b = 4.5

<
1=V1=%) 3 sw

3 3’

and a = -3.5 as before.

Barrodale and Roberts Improved Algorithm

The full primal linear programming version of this problem requires fourteen variables 4
and five constraints after the variables unrestricted in sign a and b are each replaced
by the difference of two non-negative variables. However, as Barrodale and Roberts have

shown the normal simplex tableaux contain many columns which need not be maintained.

Only two columns corresponding to non-basic variables plus the column of current solution
values are needed. Again starting with (a,b) = (0,0) the sequence of condensed tableaux

is shown below.

Initial Tableau

Basis  Costs a b R
*

Pl 1 1 1 li
PZ 7 1 2 5
P3 6 1 3 10
P4 3 1 4 22
< P5 2 1 5 18
Marginal Costs | 14 | 45 173

=22~
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I as

.
L
o3

The marginal cost for b is greatest so that b will become basic at the first itera-
*
tion. The normal simplex pivot (1 ) corresponds to b = 1, but b can be increased

beyond that value by making Pl non-basic and Nl basic. That is accomplished by

subtracting Zwl from the marginal cost row. In a similar manner P2 will be replaced

by N2 as b increases beyond 2.5. Finally b will become basic replacing P

3~

bringing the first iteration to an end. The marginal cost row went through the following

sequence of values as Nl and NZ became basic. F

log
|=

a

Initial tableau 14 15 173

Nl replaces Pl 12 43 171

N2 replaces P2 8 35 151

0
1 so that N_ replaces P the marginal

Notice that if the value of b goes beyond —3' 3 3

: . 10
cost for b becomes negative which means that b should not increase beyond —3 at

this iteration.

Second Tableau

Basis Costs =5 p3 R (é;ittiicc):sal
o : + %** é % 3.5
b ot )
= 0 - % % l~39 -10
"4 - + 13 . % 53-6- 2¢
P5 2 + %* “ % % 2
Marginal Costs % - -3% i;

-23-




The second tableau does not represent an optimal solution because the marginal cost

of -a is positive indicating that decreasing a below 0 will decrease total cost. The
2

normal simplex pivot (; %) corresponds to -a = 2, but a can be decreased further by

making N5 basic replacing PS' The marginal cost row then becomes

= B, K

Marginal costs 1 -5 29

2
The pivot then employed (-3' *%)  brings the tableau to the following:

Third Tableau

Basis Cos s Pl P3 R
3 1
-8 0 2 2 395
1 L
N2 2 i 2 .5
1 AL
b 0 2 2 L)
1 3
P4 3 - > 7.5
2 2
N5 1 1
" 1 11
Marginal Costs | - ’2' - "2— 25.5

The marginal costs of Pl and P3 are negative, and the marginal costs of Nl and

N3 can both be inferred to be - -;‘ from the relation: sum of marginal costs of Pi and

N‘ equals —Zwi. Therefore, the solution represented by the third tableau is optimal with
a=-350b=4.5 and S(a,b) = 25.5.
Comparison of the Barrodale and Roberts condensed tableau with the Karst algorithm

reveals that in this example they are identical in terms of the sequence of values of a and b

through which they progressed to the optimal solution.
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Example 2: An eleven point problem with values as shown.

s o
1 1 34 3
2 2 24 5
3 3 3] 8
4 4 40 10
5 5 30 15
6 6 49 20
i 7 T 48 23
8 8 48 20
9 9 67 15
10 10 58 13
11 11 67 11
W = 143
Sharpe's Algorithm
10X Y 4 qrg—iﬁ%gf U S T T
e R N T
1 1 34 3 34 8 L 2,33 2 2.67
1 2 2 24 5 24 11 L 4.80 8 4.25
r 3 3 31 8 3] 9 L 4.25 9 3.86
1 4 4 40 10 40 7 L 2.67 - 3
5 5 30 15 30 10 L 9.00 -10 5.6
f 6 6 49 20 49 U -1.00 4.5 2.25
7 7 48 23 49 5-6 - — 2.67 3.33
8 8 48 20 48 5-6 - 0 2 5
) 9 9 67 15 67 1-2 U 9.50 5.4 ~9
10 10 58 13 58 3 U 3.33 3 -
‘ 11 )1 67 11 67 1-2 U 4.75 3.86 9

143

F
|
{ 53 ~25-




e v

7 23 8 20 438 0 59 41 506 152
b should increase and foir b>0, 7 is the border index.

T 23 1 3 31.67 2.33 59 58 506 309

b should increase and for b>2.33, 7 is the border index.

T 23 4 10 29.33 2.67 62 48 509 269

b should increase and for b>2.67, 4 is the border index.

4 10 10 13 28 3.0 49 171 379 430

b should increase and for b>3.0, 10 is the border index.

100 13 7 23 24.67 3.33 59 48 419 269

b should increase and for b>3.37, 7 is the border index.

23 3 8 18.25 4.25 59 53 419 375

for b >4.25, 3 is the border index, but b should not
increase.

Thus, the optimal solution is a = 18.25, b = 4.25 and S(a,b) = 643.50.

w2b=

Slope

-208

=172

=115

-109

154

Changes

1292

806. 67

14333

711

674. 67

643.5

i
i




Karst's Algorithm

Iteration 1:

Iteration 2: Along a

X,
ik
-6
=5
-4

Zl

-14
-24
=K
- 8

-18

19
10
19

Minimize along a = 0.

Joe

© W o N ™ »nod W N -

—
—

12

|- J<

«33

.67
.00
-1.00

2
4
4.25
2
9

10
15
20
23
20
15
13

5

© ¥ &x N o0 v s W N -

—
—

34
24
31
40
30
49
48
48
67
58
67

o <

48 -17b, j= 7.

U/L

(=

a = C

-z wilxi|=

2w6|x | =

6
Zwélxal =

Zwl|x1|=

™

<

o
"

-2

-2w|x_|
i i

Zwlolx

2w5|x8’

Zw5|x

2w Ix

11

Zw_, |x

Optimal solution:

a

11

=979

| =
o 260

-719
= 320
-399
150
-249
= 242

322
1315

48 - 7(4.25)

b=

o



The Barrodale and Roberts method will again follow the same path to the optimal

solution as the Karst algorithm, and will not be shown here.
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7. Conclusions

The Karst algorithm is similar to the Barrodale and Roberts method in that a single
iteration of each is equivalent to several standard simplex iterations. The two will follow
the same path in the (a,b) plane to optimum starting from (0,0) if initially a unit change
in b produces a greater decrease in S(a,b) than a unit change in a.

For the single purpose of finding the optimal values of a and b the Karst
algorithm is very efficient and undoubtedly involves less computation than Sharpe's algorithm.

The Sharpe algorithm generates the optimal values of a for values of b near the
optimal value of b, and from them the values of Sz(b). If the function Sz(b) is of

interest, then the Sharpe algorithm may be preferred. Otherwise, it is more cumbersome

than Karst's algorithm.
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