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APRIORI ESTIMATES OF HIGHER ORDER DERIVATIVES OF
SOLUTIONS TO THE FITZHUGH - NAGUMO EQUATIONS

M. E. Schonbek
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§1. Introduction

We consider the FitzHugh-Nagumo equations

<
n

Vxx + f(v) -u

(1.1)

Yt

oV - yu

where o,y are positive constants and f is smooth. The class of functions f which we
consider is characterized by certain growth.conditions at infinity (c. f. (2.1), (5.1).) This

class contains cubic polynomials of the form f(v) = -v(v-a)(v-b) a,b >0 . For back-

ground material we refer the reader to the survey article of Hastings [3] and Smoller-Rauch

(4].

We prove the boundedness ot the derivatives of all orders in x and t . The proof

[=e]
uses comparison functions and relies upon an a priori L estimates on the solution itself.

> o}
This L estimate was established by Rauch and Smoller [4] using the invariant regions
found by Conley and Smoller.

Our method is a generalization of the one which was used by Chueh, Conley and

Smoller (2] to obtain L” estimates for the first derivatives in x for systems of the form

V, =DV +f(V,V))

where Ve Rn and D is a constant diagonal matrix with positive entries.

The special case of the boundedness of the first derivatives in the x variable for
the solution of the FitzHugh-Nagumo equations was established by Chueh [1] using a
different method.

In this paper we treat several problems for system (l.1). In Sections 2 and 4 we

consider the initial value problem and the Dirichlet problem with zero boundary data. In
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both situations we show that if the initial data lies in C™ then all derivatives of the
solution up to order m are bounded uniformly in space and time.

In Section 3 we consider the Dirichlet problem in the more general case where the
boundary data have compact support. We prove that if the initial and boupdary data are
in Cm then all derivatives of the solution up to order m are bounded uniformly in x

and t for x > e.

In Section 5 we study the Neumann problem with arbitrary initial and boundary data in
Cm . In this situation we show that the sup norm of the first m derivatives grows at
most exponentially in time.

In Section 6 we study the third boundary value problem for system (1. 1) with boundary
data at x = 0 of the form wv(t, 0) - {va(t, 0)=0, p>0. We prove that if the initial data
lie in I-I2 n Cm then the sup norm of the first m derivatives grows at most exponentially

in time. Exponential growth of the solution itself, has been established by Rauch in [5]

for a class of equations containing system (l.1).
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§2. The initial value problem

In this section we study solutions of the system (l.1); we show that they have

bounded derivatives up to order m, provided the initial data is in C’; . The main step

in establishing this bounds is found in Theorem (2.1), which, by means of comparison

functions, gives a uniform estimate for the x-derivatives.

Unless otherwise stated the smooth function f is assumed to satisfy the growth

conditions

lim inf f(v)/v = - ©
m=> 00

(2.1
lm inf [fW) 1 /lv]>o/y .

|v|-oo

Further restrictions will be given in subsequent sections.

We will be using the following notation
1 2
K(t, x) = (4nt)? exp - (x /4t)
Kit, 2, x) = Kit, 2-x) - K(t, ~z-%) = Kj(t, 2, %) - K,(t, 2, %)

k
Co®) = {g Ck(R): lim D" g(x) =0 as |x| -, n

n
o
-
J—'
R
P
—~

k _+ k .+
Co(R) = {ge C(R): lim D" g(x) = 0 as x =%, n=0,1,2,...,k}

n
lall = sup 3 ID! g
ns 1:20

lgll = suplaxl
X

a 1 2
D =Dt Dx’ a:(al,az), |¢:|=ml+az g




TR e

——
R

Proof: (We remark that since g ¢ C':(R), the solution U ¢ Cm ).

Lemma (2.1). Let U(t,x) = (v(t,x), u(t,x)) be a solution of the initial value problem

(1. 1) with data

(v(Q x), u(0,x)) = (gl(x). gz(x)) = g(x)
where g ¢ Cg'(R) :
'l'heng

1. Foreach T >0 there exists a constant ok('r) such that

sup ID: u(t, x)| < Qk(T) for 0<t<T
x

0<k<m

2. lim D:v(t,x)=o for each t >0 0<k<m

'x -+00

lllm D:: u(t,x) = 0 for each t >0 0<k<m
X | =»00

1. The proof is by induction on the order of the derivatives
f. n=0. For a proof see Rauch and Smoller [4].

ii. Suppose that our assertion is true for all n<k .

iii. let n=k.

-4-
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N > e

%

v(x,t) has the following integral representation:
© t o

(2.2) wv(t, x) =f gl(z) K(t, z-x)dz + f [f(v)-u](s, 2) K(t-s, z-x)dzds
o 0 -

Integrating by parts k times in the first integral and k-1 times in the second, and

using the bound for Dkg yields

o0 t o k-1
k
(2.3) le vit, x| < ||g||k f wK(t,z-x)dz + fo f-w|Dx(f(v)-g)lleK(t-s,z-x)ldzds

Since
k-1
(2.4) IIDx (fv) - wll < Q,_4(T) by inductive hypothesis.
kot k 1 e 1 -(z x)z
2.5 [ leK(t-s,z-x)Idzds < Q (D J T 1 exp ———— dzds
0" - 0 (t-s)?> 0 (t-s)?
1
2
< QDT
From (2. 2), (2.3), (2.4) we get
k > e
(2.6) sup D vit,x)| < llgll, + Q (M T =Q(m .
5 =
Now we need a bound for |D§ u(t, x)| . By the second equation of (1.1) we get

t
k i k - y(t-s)
Dx u(t, x) = o-fo Dx v(s,Xx) e ds .

Therefore

2.7) sup DX u(f, x| < o/y AT
X

Thus from (2. 6) and (2.7) we have

sup ID: U, x| < Qum
X

and we are done with 1.




. 2. The proof is by induction

i. n=0. Since the initial data g e CO the solution Ue C for a proof see

0 ’
Rauch and Smoller [4].

ii. Suppose our assertion is true for all n<k.

iii. Let n=k.

If we integrate by parts k times in the first integral in (2.2), and k-1 times in
the second, and replace z by z-x we obtain
00

(2. 8) pX vit,x) = [ DX g(z+x) K(t, z)dz +
~1 ‘ X S0 X

P
; :: fo / wa [£(v) - ul(s, z+x) DK(t-s, z)dzds .

Now let |x|-°o, since

f a. K(t,z) and Dx K(t-s, z) are integrable

b. supI[D:'1 f(v) - u](s, z)|_<_ Q(t) for 0<s<t (Step 1)
z

by Lebesgue's dominated convergence theorem we can pass this limit inside the integrals

on the right hand side of (2.8). Therefore, since

k k=
lim D" g(x) = 0 by hypothesis and lim Dx l[f(v) - u] = 0 by inductive hypothesis
X |=»00 X | -+00
we get

lim D':( vit,x) = 0 .

X | =00

e

Recall

t
k k - y(t-s)
D, u(t,x) = ¢ j; D, V(t,x) e ds

!L -6-
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Hence

'llm Di U(t,x) = 0
X|—+00

and we are done. 0

Bound for the x-derivatives.
Theorem (2.1). Let U(t,x) be a solution of the initial value problem (l.1) with data
m
(v(0, x), u(0, x)) = (gl(x), gz(x)) =g(x). If ge CO(R) then there exists a uniform constant

Qk such that

sup |D:: U(t, x) I < Qk forall t>0
X
0<k<m

Proof: The proof uses induction on the order of the derivatives and the construction of
two comparison functions

1. n=0. For a proof see [4].

2. Suppose the assertion true for n<k.

3. Let n=k.
Differentiating (l.1) k-times we get

(Dk v), = (Dk Vg AV .oty Dk'lv) - f'(v) Dty - DX u

(2.9)
(Dku)t =0 Dkv -y Dku
where |A(v, T ,Dka)Ii ¢ by our inductive hypothesis. Define the following compari-

son functions.

k-1 k k-1 2 k
Gl(Dx v(t, x), va(t, X)) = (Dx v)"/2+D v -K
(2.10) ,
k-1 k k-1 2 k
GZ(Dx v(t, x), Dx v(t, X)) = -(Dx v) /2 + D v -K

where K is a large positive constant. The restrictions on K will be specified below.

Choose K so large that

e




G, (Dk'lv(o,x), Dkv(o,x)) <0

Gz(Dk'lv(o, x), Dkv(o,x)) >0 .

Claim: Forall t >0 and all x

a. Gl (Dk'1 v(t, x), Dk v(t, x)) <0
and

b. Gz(Dk'lv(t, x), D v(t, x)) >0

(which completes the proof of the inductive step).

Proof of Claim: Suppose the claim is false, then there exists a first to such that for some

finite X (here we use Lemma (2.1), 2).

Gl (to, xo) =0 or Gz(to, xo) =0

Without loss of generality suppose

(2.11) Gl (to, xo) =0

We want to show (Gl)t (to, xo) < 0 in order to reach a contradiction. By (2.1l) for
t Sto we have:

(2.12) i. Gl (Dk'lv(t, Xq) Dk v(t, xo)) <0

o G0* it xg) DXVit,x ) 20

2(

And at (to, xo)

k-
(2.13) 1. (G)), = Dy be . D:v + D’;“v £0
k-1 k+l k .2 k+2
ii. (Gl)xx'Dx v-Dx v+(va) +Dx v<o
. k-1 _k+l K _.2 k+2
ii Dx va vg-(va) 'Dx' v




Therefore by 2.13 ii we have at (to, xo)

k-1 k-1 k-1 k-1 k 2
(2.15) (G =Dy V- MY,...,D,"v) - D,V D u- (D v+

+ f'(v) Dkv - Dk u .
x X

k
To show (Gl)t (to, xo) < 0 we need a bound for Dx u(to, xo)

From the second equation of the system (2. 8) we have
t

0 -y(t.-s)
k k 0
|Dxu(to, xo)l f_(rfo Iva(s, xo)l e

k
ds + |D__ u(o, x|
by (2.11) i and ii we have for 0<'s _ito .
k k-1 2
va(s,xo) £ K= (D) /2< K
k k-1 2
va(s, xo) >-K+ (Dx v)°/2 >-K .
Thus ID;v(s, x0)| <K for 0<s 5_t0 . Therefore if we suppose K> N.
k o -Y o
. - - < (= .
(2.16) IDx u(to,xo)l g Kl-e Yty + N< (5 + K
By (2.14) and (2.15) we get at (to, xo)
k-1 k-1

k-1 k-1 k. .2
(2.17) (Gl)tf_ Dx v A(v,...,Dx v) - Dx v Dx u - (va) +

[f (vl ID:vl +(o/y + DK .

By (2.11) we have




k-

k 1 2
D v(ty, %)) = K - [D, " v(tg, x0)]"/2

k 2 2 k-1 2
at (to, xo), (2.17) and (2.18) yield

k-1 k-1 % Y T 2
(2.19) (G)y £ D, vAW,...,D."v) -D “vD T u-K +

+ K(Di'lv)z/z + el K- (Dk‘lv)z/z] +(@/y+ DK .

k- 4 =
2 lv), Dk lv, D: 1u, f'(v) are bounded (by inductive hypothesis, if

Since A(v,...,D »

we choose K large enough, then (Gl)t (to, xo) < 0 which contradicts the fact that to
was the first t such that for some X

Gl(to, xo) =0
Thus there exists a ak such that

(2.20) " sup IDiv(t, x)| 56k for all t>0 .
. x =

Bound for Di u(t, x)

From the second equation of (2. 8) we have

t
(2.21) |Dt u(t,x)| < afo |Di vis, )| e Y-8} 4o 4

k -
+ | w0, x| < o/y Q, + loll

k
Let Q = (¢/y+1Q, + lall,, then by (2.20) and (2.2
k k
sup [D_ v(t,x)| + sup D ut,x) < Q
X X - "k
X X
and we are done. .

-10-




Corollary (2.1). Let U be a solution of (1.1) with initial data g e CZ‘(R) . Then
sup |D° v(t,x)l + sup |Da u(t, x)l <Q
X X

forall t>0 |a|f_m

\

Proof: Follows from the equations (l.1) and Theorem (2.1).

=1l




§3. The Dirichlet problem

In this section we study solutions of (1.1) with Cm-compactly supported boundary
data at x = 0 and initial data in C'; - We show that for each ¢ > 0 the deriva-
tives up to order m are uniformly bounded for all t>0 and x > ¢ . Theorem (3.1)
establishes the bound for the x-derivatives. As for Theorem (2.1) we neéd to construct
comparison functions Gl and Gz . The first part of the proof of Theorem (3.1) is needed
to insure the existence of a constant K so large that Gl(t, e) <0 and Gz(t, g) >0, for

all t>0.

The bound for the other derivatives is a mere corollary of Theorem (3.1).

Theorem (3.1). Let U(t, x) = (v(t,x), u(t,x)) be a solution of the Dirichlet problem (1. 1)

with initial and boundary data:

(v(0x), u(0, X)) = (g,(X), g,(x)) = g(x) o
v(t, 0) = h(t) t>0
where
1 ge Cp(RY

2. heCrn

3. h(t) =0 for t>T>0 .

Then for each ¢ > 0, there exists a constant Q = Qk(e, T) such that

sup |D: v(t,x)l + sup ID: u(t,x)l <Q forall t>o0
e x2e 0<k<m .

Proof. (We observe that if g e Cg] and he C™ then U € Cm).

The proof is by induction on the order of the derivatives.

f. n=0. Fora proof see [6],
fi.  Suppose the theorem is true for n < k .

iii. Let n = k, then we will show

=12 -
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o e

sup ID:'( v(t,x)| + sup ID: u(t, x) | <Q,(e,T) for t>0 .
xX>¢ X>e

(Note: we will use Q(g, T) instead of Qk(e, T.)

Outline of the proot ¢f 3.

We establish the following estimates

L sup ID: v(t,x)| + sup ID: ut,x)| < Qe,T) 0<t<T

x2e x>¢e
2. i.  lim Dk v(t,x) = 0 foreach t 0<k<m

X~+ 00 2

ii. 1lim D: u(t,x) = 0 for each t 0<k<m
X0
k k

3. I vit, e)| + ID, ut, )l < Qte, T forall t>0 .
4. sup |D§ vit,x)| < Q(e, T, 8) forall t>T+6

X> € 1

| k k

L sup Dx v(t, x)| + sup |Dx u(t, x)| <Q(e, T) for t>0

X>¢€ x>¢€
1. For 0<t<T and x>0 we have:

0
(3.1) vit,x+e) = [ 9)(2) K(t, z-¢, x)dz +
€
t 2
1 v(s, €) -X
+ 3/2 X exp it-9) ds +

(t‘l'lr)l/z 0 (t-x)

t 2 "
+ f f [(f(v)-u)(sz)]-lz(t-s, z-g, x)dzds
0 ¢

Thus after integrating by parts
o5




00
k
(3.2) le v(t, x+e)| < f |Dx gl(z+x)| K(t, z-g)dz +
£-X

0
k
+ f |Dx gl(z-x)| K(t, z-g)dz +

ge+Xx
5 1 - |v(s, &)l le [x exp = 1lds +
(4«)V2 0 (t-S)m b e

, t ftfw |(Bv Dk-lv Dk-l z) D K.(t-s,z-z,x)|dzds +
- J Ve, D B s 2
€

t wl B Bt Kl D_K.(t |dzd
s £ e szt < B DL K it
€

=II+IZ+IS+I4+IS

B where B(v,..., Dk'lv) is obtained differentiating k -1 times the first equation of system

(1.0,
k-1 k-1 k-1 k-1
’ (Dx v)t-(D v)xx+B(v,...,Dx v) -Dx u
i. Bound for Il + I2
o0
3.3 I+I<f|Dk z)| K (¢t dz <
(- ) 1 2 = 5 xgl() (,ZI-E,X)Z_
00

“g“kf E(t, z,t)dz < const“g"k 5
0

ii. Bound for 13
a. First we need a bound for

Di (x exp - xz/ (t-s))

Claim: For n=1,2,...

=14 -




.;\‘m

s

(3.4) D} [x exp - X2 /a(t-5)] =

n-1

&au‘t’x?’l*ﬁ By =T ¢ in
=0 £ i=n-1 (t-s) i=1 (t-s)

Proof of claim: follows by induction on n .

b. By the inequality

2% exp - 2% < const(a) exp -zz/z z>0
a>0
we have for i >}
J
(3.5) X exp -xz/4(t-s) < x senst exp -x2/8(t-s) ;
i - 2i+1-j
(t-s) x
Therefore by (3. 3) and (3. 4) we get
k 2 X 2
(3. 6) D_(x exp -X /4(t-s)) < F’T const exp -x_/8(t-s)
and if x >e we have
k 2 X 2
(3.7) Dx(x exp - X /4(t-s)) < e2k+l const exp -x/8(t-s)
Therefore
const M . X x2 const M
(3. 8) 1,1 exp —— ds < ——=—— .
- + = =  2k+
3 e2k 1 0 (t_s)s/z 8(t-s) . k+1

where M is such that "v(t) "w <M (see[6]).

iili. Bound for 14 and 15 v

By our inductive hypothesis we have for z >¢ and 0<s< T

MBI ooy Dl;-l v) - D’;-l u} (s, 2)| < const(e, T)

Therefore

-15-
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1

Therefore

4 + 15 < COﬂSt(S,T) {f f (t_s)3/2 exp 4(t-s) 1
1
e Z-X- ( ) |
+ff "€ exp SZEX) gads +
0 x+e (t- s)3/‘7‘ i)
+f f 2ix-¢ "“""’2 dzds } =1, + 1 +1 ‘
(t-s) 4(t-s) T
make the following change of variables
(x+e-2)° (x+e-2)
y=T(t-T) dy— —2—4(-;_5)_ dz in 16 and 17
2
_ (z+x-¢) _1 (z+x-¢) i 1
T 4(t-s) T2 (t-s) 8’
t x /4(t s)

4

Now by (3.2), (3.3),

(3.10)

(3.11)

sup |Di v(t,x)l < const(e,-'l") for 0<t< T
X>¢€
Bound for Dk u(t,x) for x >e 0<t 5? :
The second equation of the system (2. 8) gives us f
sup ID u(t, x) | <|rf supID v(s, x)| e W8} g =
x>e
'Yt —_ -
o/y(l-e V) const(g, T) < const(g, T )

I+l 2 const(e, T) [f f

t x+e

(X+g-2) -(z-eg-X

) dzds +

exp-ydyds +f f exp -y dyds +

t o . ‘
+ f exp -y dyds] ‘,
§

0 x2/4(t-s)

n

t
const(e,-'l-‘) f (1 -exp -xz/4(t-s)) +1+ exp - x2/4(t-s))ds
0

2T const(e, T)

IA

(3. 8) and (3.9) we get

-16-




By (3.10) and (3.11) we are done with step 1 of our outline.

Step 2. First we show by induction that

lim DX vit,x) = 0
X-» 00 X

i. n=0 .
Since the initial data g(x) ¢ C0 the solution e C0 (see [6]).
ii. Suppose the assertion is true for n <k .

fii. Let n=k.

To prove the assertion for n = k we are goint use step 1. Integrating by parts in the
right hand side of (3.1) and replacing z by z - x in the first and 4th integrals, and

z by z + x in the second and last integrals we obtain:

00 0

k k ; k
(3.12) IDx vit,x)| < [ I(Dx gl(z+x)| K(t, z-e)dz + [ (ngl(z-x)l K(t, z-€)dz +
£-X e+Xx
t 2
1 lvis, o)l k -x
+ 3/2 D_ [x exp——4(t;s)]ds +

(4«)‘/2 0 (t-s)
k= k-1
+fof : IDx xl(t-s,z.s,O)II[Dx (£(v) - u)](s, z-x) | dzds +
e—

£ k-1
f f |Dx K,(t-s, z-¢, 0| I[Dx_ (£(v) - u))(s, z+x) |dzds
0 g+x

=IIl+IIZ+II3+II4+II5 .

1 z>a
N {0 z<a .

k
Since a. lxe_x(z) Dx gl(z+x)' <N forall z>0.

k
b. |Xe+x(z) Dx ql(z-x)| <N forall z >0 .
c. K(t,z) is integrable over (-, ) .

. b




By Lebesgue's dominated convergence theorem we can pass the limit when x - {nside

11 and II‘z . We know that Xe x(z) D:(z+x) - 0 as x - o (by hypothesis)

k
and Xc+x(z) Dx g(z-x) - 0 as x - © (by the form of xux) :
Therefore

lim IIl + lim II2 =

X-+00 X—»00

By (3. 6) we have D: X exp -x2/4(t-s) < 'T,;(Ti const -xz/8(t-s) . Therefore
X

v(s E)l lD (x exp—)lds< M ft . exp xz ds
0 (t- s) = 2k+l o (t~s)372 t-s
n const M
- xZk+l

thus lim II3 =0.
X=» 00

Now we need to show lim (H4 + 11 5): 0 . From Stepl we get
X=+00

Ixe_x(y) Di'l(f(v) - u)(s, x+y) D_ K (t-s, y-¢, ol +
IX_, ) Ds " (£(v) - ) (5,y-X) D, K(t-5,y-¢,0| <
< Qt,e) ID K(t-s,v-¢)l

Thus

4+ oo
M, +H < fo f-wQ(t, &) IDK (t-s,y-¢, 0) ldyds +
+ »
+ [ [ Qe ID XK, (t-s,y-¢,0)ldyds <
0 -
+ ©
<f [ Qo D, Ki-s,y-e)ldvds < Qt, e)
0 -0

Therefore by Lebesgue's dominated convergence theorem we can pass the limit when x-—-®

inside the integrals in II4 and II 5 - Thus

-18-




™

L]
lm [, +lim I <

X=»00 X—+00

t ©0
< f f lim X (y) Dk'l(f(v) - u)(s, x+y) Dx K(t-s, y-¢)dyds
T g Ve gee X *
L k-1
+ f f lim Xe+x(y) Dx- (f(v) - u)(, y-x) D_ K(t-s, y-¢e)dyds

0 -0 x-»0

=0.

since by inductive hypothesis

b i. X _(y) Dk'l[f(v) -u] (s,xty) =0 as x =
: 1 e-y X
¥ 11 X  ( )Dk'l(f(v) u) (s,y-Xx) = 0 as x-—> o
s @ e+xy X i ) )Y' ) .
Therefore
lim (Hl + IIz +Il3 + II'4 + H5)= 0.

X =+ 00

which together with (3.12) yields

lim D]; v(t,x) = 0

X~-» 00

Recall
t
k k - y(t-s
Dx u(t, x) =0'j(.) Dx v(s, x) e ¥ )ds

J

fe thus we also have lim D:: u(t,x) = 0 for each t >0 and we are done with Step 2.
X~»00

Step 3:

We want to show

k k
Ip, vit,e)| + D, utt, e)] <Q(e,T) forall t >0

For x>0 and T+6<t, &§>0 wecanrepresent v(t,x+g) as

19«




0
(3.13) vit,x+e) = [ (T, 2) K (t-T, z-¢, x)dz +
€

t o T
f f (f(v(s, 2z)) - u(s, z) K(t-s, z-¢g, x)dzds
T ¢

Integrating by parts we get

00
k K -
Iva (t,x+e)| < fc |Dx v(T, z)| K(t-T, z-¢,x)dz +

t o
+ j'.rf |[D'; f(v) - u](s, z)| X (t-s, z-¢, x)dzds
€

E 1 Now by Step 1 and the last inequality we have for x > ¢

§ t o
i (3. 14) ID: vit,x)| < Q(e, T) const + Q(e,t) [ [ K(t-T, z-¢, x-¢e)dzds
T ¢

t o

Claim 1. lim f f K(t-T, z-¢, x-¢g)dzds = 0
x+>e T ¢

Proof of claim:

Z-
Let { &
X-£

Then we need to show

Yy
w .

t o
lm [ [ K(t-T,z,w)dzds = im A, T,w) =0 .
w=0 T O w-0

i
l
g
!

This is true since
|a, T, w)| < IAt,0,w)| and At,0,w) isa

solution of

R T T e 5

At 0,w) = A__ (t,0,w) +1

A(0,0,w) =0
o . 0

A(t, 0, 0)

Therefore by (3.14) we have

i'

-20-




g

(3.15) |D§ v(t, e)l < Q(e, T) const for all t>T+ 6 .

Since by Step 1 we had

suplDi v(t,x)l < Q(e,i") for o_<_t5-'i" .
x

Let T=T+1, 6<1 and x = ¢ then
(3.16) IDX vit, el < Q(e,m  0<t< T
Thus by (3.15) and (3.16) we have
(3.17) IDK vit, &) ] < Q(e, T Vt>o0 .
Therefore
lD:: u(t, ¢) | gcfot ID:: v(s, &) e” Y5 g <
/vy Q(e, T) forall t>0

and we are done with Step 3. O

Step 4: Proof by induction

i. n=0. See][6]
ii. Suppose that our assertion is true for n <k .
fii. Let n=k.
k
To show that sup IDx v(t, x)| < Q(g, T) forall t> 0 we use a comparison argument

X2 e
similar to the one for the initial value problem (Theorem (2.1). Let

k-1 K o kel 2 k
Gl(Dx lexv)-(Dx v)/Z+va-K
k-1 oo | k
G, (D, v) Dx v) = -(Dx v) /2 + D, v+K

where K is a large positive constant which depends on ¢ and T. The restrictions on

K will be given below. Choose K so large that
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k-1 k
. 2. Gl (Dx v(0, x), Dx v(0,x))< 0
6. 05! vio, %, DY v(o 0
(D7 v(0,%), D v(0,%) >
k-1 k
3. Gl (Dx v(t, €), Dx v(t,e)) <0 for t >0

k-1

G2 (Dx v(t, €), D:: vit,e) >0 for t >0.

(3 is possible by Step 3).

Now we can apply the same argument as in Theorem (2.1) to show

k -
sup |Dx v(t, x) | < Qe T)
1 xze

where Q(e, T) > (Q, (e, T))° +k .

k-1(&

Observe that in the proof when we choose the first to such that for some finite x

Gl(to, xX) =0 or Gz(to, xX) =0

we make use of Step 2. 0

Step'5.

By the last step we have

t
sup D ut, 0l < crfo DX vit, x) eV ds < Qle, T

st
forall t>0
Thus
3 K k
sup |Dx v(t, x)| + sup le u(t, x)| < Q(e, T) forall t>0 . D
X>e X>e

Corollary (3.1): Under the assumptions of Theorem (3.1)

sup iD® v(t, x)] + sup o u(t, x) | < Q(T, €)

XZC X_>_£
where ar(nl,n&) |nr| :al+rrzf_ m .
3‘[ Proof; Follows from Theorem (3.1) and equations (1.1). 0
e i




§4. The Dirichlet problem with zero boundary data

Here we show with arguments similar to the former sections, that the derivatives

of solutions of the system (1.1) with Cg] initial data and zero boundary data are bounded

uniformly in x and t for all X>0 and t>0.

Theorem (4.1). Let U(t,x) = (v(t, x), u(t,x)) be a solution of the Dirichlet problem (I. I
with zero boundary data and initial data

(v(0, x), u(0, X)) = (g,(x), 9,(x)) = g(x)
where
1. o cg'(R*)
Then there exists a constant Qk such that

sup D:: v(t, X) + sup |Di u(t, x)| < Qk 5
x>0 x>0

Proof; The proof is by induction on the order of the derivatives.

1. n=0 (See [6]).
. ‘ Suppose the theorem is true for all n<k .
3. Set n=k

Then we must show there exist a constant Qk such that

(4.1 sup |DX v(t,x)| + sup |pX u(t, x)| < Q for t>0
X X - Yk -
x_>_0 x__>_0
Proof of 3

First we will show

k
sup |D v(t x)l < .
x>0 X ’ Qk

We construct the same comparison functions Gl and G2 as for the initial value problem.

k-1 k k<l 2 k
Gl(Dx v, va) = (Dx v) /2 % Dx v-K
k-1 k k-l .2 k
GZ(Dx v, va) = -(Dx v) /2 + Dx v +K
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where K is a large' positive constant, and the restrictions on K will be given below.

k-1 k

2i. Gl(Dx v(0, x), Dx v(0,Xx))< 0
k-1 k

2ii. GZ(Dx v(0, x), Dx v(0, X)) >0
k-1 k

3i. Gl(Dx v(t, 0), Dx v(t,0)) <0
k-1 k

3ii. G,(D " v(t,0), D v(t,0)) > 0

Once we have a constant K which satisfies 1,2 and 3 to prove the theorem we only need

that kel K

Gl(Dx v, va) (x,t) <0 for x>0, t>0
(4.2) k-1 K

GZ(Dx v, D v)(x,t) > 0 for x>0, t>0

We know we can choose K so large that 1, and 2i, 2ii are satisfied.

For 3ii we need the following estimates

k
a. sup |Di v(t,x)| + sup le u(t, x)| < Q(T)
x>0 x>0

for 0<t<T, 0<k<m

k
b. |Dx v(t, 0)| < const forall t>0.

a. The proof is by induction

i. =0 See [6].

ii. Suppose the assertion is true for n< k .
iii. Let n=k .

Recall v(t,x) has the following integral representation

© t oo

(4. 3) v(t, X) = f gl(z) T('(t-s, z, x)dz + f f (f(v) - u)(s, 2) -}E(t-s, z, x)dzds
0 0 0

Therefore if we integrate by parts and make the usual change of variables we obtain

.




0 0

k
Dk v(t, X) = f Dz gl(z+x) K(t-s, z,0)dz + f D: gl(z-x) Kz(t-s, z,0)dz
5573 X
sl o e
f D, " (f(v) - u)(s, z+x) DK (t-s, 2, 0)dzds of D, " (£(v) - u)(s, z-X)D K(t-s, 2, 0)dzds..
0 -x 0 -x

Thus for 0<t < T, by our inductive hypothesis and the last expression we have

00

t
k
Ip} vit, x| < llgll, + Qk_l(T)f0 fo D, Kit-s,2)|dzds
< "guk + Qk-l(T) T canst. = Qk('r)
since Dx K(t-s, z) is integrable.

Bound for D]; u(t, x)

t
k = s
ID:: ut,x) | <o f IDx v(t,x)| e y(t s)dsg QUM .

Therefore
k k
(4.4) sup IDX v(t,x)| + sup |D_ u(t,x) | < Q(T)
x>0 x>0
b. We have to show

ID‘; v(t, 0)l§ const forall t>0

The proof is by induction

fo =00 True by hypothesis
if. Suppose true for m <k

fif. Let n=k.

Recall that

k k k-1 y k k
(va)t=(va)xx+B(v,...,D v)+f(v)D v -D u

k
Dx v(0, x) = Dk gl(x)

k
Thus D v has the following integral representation.
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00
k k = .
D, v(t, x) = j;) D, 9(2) K(t, z-x)dz +

g k-1 k k =
+ f f [B(v,... ,Dz— v) +f(v) D, v - D, u] (s, 2) K(t-s, 2, x)dzds
0 0
Therefore
k e k k =
DS vit, x| < llall, + [ [ (1Bl + |£(v) D vl + ID] ul] (s, 2) K(t-s, 2z, x)dzds
X — k 0”0 z z

By: Stepl we get

IB(v,...,Dk~l vl + (v DX vl + |DkUl](S,Z) < Q(Y)
z z YA =

forall 0 <s<t.

Therefore

> ¢]

t
|Dk vit, )| < llgll, + Qv lim ff K(t-s, z, x)dzds
¥ k x=+0 "0 "0

since by Claim 1, Step 3 of Theorem (3.1) we have

t o
lim ff E(t-s,z,x)dzds:O
x+-0 0 O
we get
k
(4. 5) lev(t,O)l_i"g"k forall t>0 .

By (4. 5) we can find K so large that conditions (3i) and (3ii) hold.

To prove (4.2) we can apply the same argument as for the initial value problem in
theorem (2.1) if we can show that

c. lim Dk v(t,x) = 0 foreach t >0
X~+00 =

e




Proof of c: The proof is by induction and is similar to Step 2 of Theorem 2.
i. n = 0 Since the initial data g e C0 so does the solution U .

For a proof see [6].
ii. n<k Suppose the assertion is true.

iii. Let n=k.

If we integrate by parts in the integral expression (4. 3) of v(t,x) we obtain

o0

p¥ v(t, X) = f pX g(z) K(t-s, z, x)dz +
X 0 z

t o
k- =
L f f D l(f(v)-u) (s,2z) D_ K(t-s, z, x)dzds
z x
00
i. If we let x go to zero the right hand side of the last expression goes to zero,

(the proof is the same as in Step 2 of Theorem 2.)

Thus K
lim Dx v(t,x) = 0
x—+0
Now we can apply the comparison argument of Theorem (2.1) to get
k =
sup |va(t,x)|_<_Q for t>0
x>0
And
t
sup le u(t, x)| < uf |Dk v(t, x) | o W8 gg ¢ ¢ Q
b - b -
: x>0 0
' Thus

k
sup ID: u(t, x)| + sup |va(t, x)| <Q
x>0 x>0
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Corollary (4.1): Under the hypothesis of Theorem (4.1).

Proof:

sup lDa v(t, x)| + sup |Da u(t, x)l < const
x>0 X

a = (al,az) |a| =al+az_<_m

Follows from the equations (l.1) and Theorem (4. 1).
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§5. The Neumann problem

In this section we study the derivatives of the Neumann problem (1.1) with Cm -compactly
supported boundary data at x = 0, and Cg‘ initial data. We show that since the solution
has at most exponential growth so do the derivatives.

In Theorem (5.1) we get bounds for the x-derivatives, by means of comparison func-
tions which are time dependent. The bounds for all the other derivatives are an immediate
consequence of Theorem (5.1).

In this section we will suppose that f is a smooth function which satisfies

growth condition (2.1) and the additional property
5.1) I (v(t, x)| < const(lvz(t, x)| +1).
( < <

We need the following preliminary lemmas.
Lemma (5.1). Let w(t,x) be a solution of the heat equation with Neumann boundary data

wx(t, 0) = h(t) and zero initial data; where h(t) satisfies

m
. Ry BE

2. ht)y=0 t2t0>0

Then

k
s:p |Dx wi(t, x)| iconst(to, "h"m) 0<k<m

Proof. Since

h(s) -X
exp ds
5 (t_s)l/z 4(t-s)

-1
w(t, X) =
Trl/l

we have to show

k f nes X

ds| < const(_to, M)
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Gl A

3

t 2
k h(s) -X
(5.2) D exp ds| =
o (t_s)l/z 4(t-s)
$ B0l 4 1 P - |
=const ) |h (0} + h(s) D exp -x /4(t-s) ds
i=0 fo S (t-5)/?

L) o, .
< const Z lh (0)| + "h"m f ——Tz—ds < const(”hhm.to)
i=0 0 (t-s)
The last step follows by integration by parts and the inequality.
2% exp -z2 < const exp -zZ/Z -~

which we apply to the integrated term.

2. k=2p+l, p>0

t
k h(s) -X
(5. 3) ID exp | <
0 (t-s)l/z 4(t-s)
$ 10001 + Inl fto = L,
const h*"(0)| + |lh exp s <
&y m o (t_s)3/z 4(t-s)

0

2
< uh"m(const + f exp - y dy) < const( ||h||m) Y

[ o]
The last inequality follows by the change of variables

L AT
(t-s)l/z

And we are done with Lemma 1. O

Lemma (5.2). Let U = (v,u) be a solution of the Newmann problem (1.1) with the follow-

ing initial and boundary data
(5.4) (v(0, x), u(0,x)) = (gl(x), gz(x)) = g(x)
v, (t, 0) = h(t)
where 1. ge CT(R") and he c™®Y), (ol + Inll <M
0 m m —
2. h(t)=0 for t>ty -
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Then

3 sup ID:U(t,x)Isok(T) 0<k<m, 0<t<T

x>0

(Note: we will use Q(T) instead of Qk(T))

k
2. ID, U, 0)] < const (¢t _, M) 0<k<m, o<t

3. lim Dz U(t,x) = 0 for all t>0

X-+00

Proof. (Note that since g and he Cm, the solution U e Cm)
1. The proof is by induction on the order of the derivatives.
1. n=0. For a proof see [6].

ii. Suppose that the assertion is true for n < k .

iii. Let n=k.

Recall that v(t, x) has the following integral representation.

t

1 h(s) 2
(5. 5) v(t,x) = - exp - X /4(t-s) ds +
1r1/2 J;) (t-s)l/z
0 - t o -
c+ [ e Kit, z,xdz + [ [ (f(v) - ) K(t-s, 2, x)dzds
0 0 0

where E(t, z, x) = K(t, z-x) + K(t, -z-x)

1 2
K(t, 2) = —75 exP -z /4t .

(4mt)

Therefore

h(s)

0 (11'(t-s))l -

(5. 6) ID: vit,x)| < ID:: exp - x2/a(t-s)ds| +

+ |Dif g(z) K(t, z,x)dz| + |Dif f (f(V)-U)E(t-s,z,x)dzdsI
Y 00

< const(ty, M) + Q(T)

a3l=




e

The last inequality follows from Lemma (5. 1) and an argument similar to the one used to
prove estimate a. in Theorem (4.1).

From (5. 6) we obtain
t
(5.7) ID:‘( ut,x)| <o [ |D§ v(s, x)| e Y5 ds < Q1)
0

for all x>0

(5-6) and (5.7) yield
suplDiU(t,x)lf_Q(T) BLELT O

xZO

2. The proof is by induction.

i. n=0.

Proof: Since |U(t, x)| < const exp ct for x >0 (see [6]) it follows that

un f f

(f(v) - u) E(t-s, z,x)dzds = 0
x+-0 0 0 -

Therefore by the integral representation (5. 5) and Lemma (5.1) we have:

um |v(t,x)| <constit , M) + llgll < const(t , M)
e = 0 m — 0

1. Suppose our assertion is true for n < k

fii. Let n=k.
By (5. 6), Lemma (5.1) and the same argument as for estimate b (Theorem (4.1)) we have
(5. 8) lDi v(t,0)| < const(t , M) + ||g||k
and by the usual argument
|D§ utt, 0)| < constit, M, llall)- .

Therefore

ID'; u(t, 0)| < const (tg, M) 0<k<m . 0
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3. As usual the prdof is by induction
i. n=0. fora proof see [5]
ii. Suppose the assertion is true for n < k

iii. Let n=k.

Recall (5. 5)

k ko hes) 2
i. le v(t, x) | < |D f e exp - x°/4(t-s)ds| +
k o ~ k t « ~
+IDS [ a(2) Kt,z,xdz| + IDS [ [ (£(v) -wK((t-s, 2, x)dzds]| .
R 0 00
By the same argument as in Step ¢ (Theorem (4.1)) we can show that the last two integrals

go to zero as x -~ @, By the inequality
2% exp -z2 < const exp -zz/z

we get the following estimates

i. If k=2p, p>0 .
kK ' hs) 2
|Dx =17 exp -x/4(t-s)ds| <
0 (t-s)
t
P 0 2
5-—-—-—c°n5t exp -x2/8t E Ih(i)(O)l + Mf PR S /;/tz's) ds
" i=0 0 (t-s)
fi. If k=2p+l, p>0.
t
k h(s) 2
IDx 177 exp -x"/4(t-s)ds| <
0 (t-s)
:: ty
const 2 (i) X 2
LR <8 /8t Z In oy + Mf —7 exp -x /4(t-s)ds

0 (t-s)

and by Lebesgue's dominated convergence theorem we get for both cases k = 2p and

k = 2p 41 that the right hand side of the two last inequalities goes to zero as x tends to

infinity. Therefore -33.




t
tim |B i h‘sz > exp -x2/a(t-s)ds| = 0 .
X-+ 00 0 (t-s)

And hence all three integrals on the right hand side of (5. 5) go to zero as x goes to in-

finity. Thus
lim ID'; vit,x)| =0

X—»00
and by the usual argument

lim ID'; ut,x)| =0

X—+00

and we are done. 0O

Theorem (5.1): Let U = (v,u) be a solution of the system (l.1) with initial and boundary

data (5.4), where g and h satisfy properties 1 and 2 of Lemma (5. 2).

Then there exists constants K and c such that

sup{le v(t, x)| + le u(t,x)|}<kexpct
x>0 % ®

Proof: By induction
i. n=0. See[6]
ii. Suppose our assertion is true for n <k

iii. Let n=k.

We construct the following comparison functions.

k-1 k k-1 2 k

Gl(Dx v, Dx v)(t, X) = (Dx v) /2 + Dx v-Kexpct
k-1 k k-1 2 k

GZ(Dx v, Dx v)(t, x) = '(Dx v) /2 +Dx v+Kexpct

where K and c are large positive constants. The restrictions on K and c will be

specified below.

Choose K and c¢ so large that

1. Gl(O, x) < 0

ii. Gz(O, x) >0 -34-




A = =
Gl(to’ xo) =0 or Gz(to, xo) =0

5 21, Gy(t,0) <0
. G,(,0)>0. :

By our hypothesis on g and the results in Lemma (5. 2) we know that we can find K and i
c so large that li, lii, 2i, 2ii are satisfied.
Thus we only need to show

Gl(t,x)<0 forall x>0 t>0 f
{5.9) i !

Gz(t,x)>0 forall x>0 t>0

Suppose (5. 9) does not hold, then there exist a first to such that for some finite Xy 1

(here we use Lemma (5. 2) (3)) ‘:

Without loss of generality suppose

Gl(to, xo) =0 .

We want to show that (Gl)t (to, xo) <0. At (to, xo) we have

Gy, = Dkak'lv+Dk+lv= 0
X X X X
(5.10)
; _ ~k+l_k-1 kg2 k+2
(Gl)xx = Dx Dx v + (Dx v) 4+ Dx v<o

k-1 k
(5.11) (Gl)t = Dx )t + (Dx v)t =
D.vD.  v+D " vA(v,...,Dk'lv)+f'(v)Dkv_
x x x

k-1 k-1 k+2 k
-Dx va u+Dx v-Dxu-l(expctO

k-1 k-1 k-1 k-1 k 2
< Dx vAVvV, ..., D v)- Dx va u - (va) +

vius iR K
+ f'(v) va - Dxu - l(expct0
To show (Gl)t < 0 we need a bound for
(tov xo)
k
Dx u(to, xo) 2
0
k k -y(tg-s) k
IDx u(to,x0)| 5«[0 |Dx v(s,xo)l e ds + IDx u(o,xo)l

38




Sk v

but for s < t, we have .

0
|Dkv(s X )I < Kexpcs
x 7o' = i

Therefore if we suppose K >N, we obtain
t, -

k "0 (ct+y)s k i

(5.2) |Dxu(t0,xo)|§<rl(fo e e Ty ds + IDx u(O,xo)l i

gK 7 ’
< s [expcto exp yto]+N

< K[ c /Yy exp(c to) +1].
By (5.11) and (5.12) we have at (to, xo)

k-1 k-1 k-1 k-1 2
(5.13) (Gl)tsDx vA(v,...,Dx v)-Dx va u-(va) +

+ If‘(v)“Divl + K(o /y exp ¢ to +1) - Kexpc to

where A {is given by equations (2.9). Since Gl(to, xo) = 0 we have

k k-1 2
D, v(to, xo) =Kexpc to - [Dx v(to, xo)] /2

(5. 14)
k 2 2 k-1 2
[va(to, xo)] >K exp2c ty - Kexpc to(Dx v(to, X))

Recall that
|v(t, x) | < C1 exp ¢, t (see [5]),

lf'(v(t, x))l < C (vz(t x) +1) < C_ exp 2c
- ’ =

k-1
v
X

R

)| < C3 exp c3 t (by inductive hypothesis).

|Awv,...,D
Therefore if we choose K and c¢ large enough (Gl)t (to, xo) < 0, which contradicts the
fact that to was the first t such that Gl(t, X) = 0 for some finite x .
Thus

ID,;v(t,x)lf_Kexpct X >0

and
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t

k -v(t-

l_Dx u(t, x)| < cf Di v(s, x) e Yit=8) . .
0

k
+ le u(o, x)|

t
Cae s f e EN ge & conat
0

-—

ct -
<e/yle -e Yt) + const < const expc t.

Therefore there exist constants K and ¢ such that

sup IDk uU(t, x)l < Kexpct.
x i |
x>0

Corollary 5.1: Let U be a solution of (1.1) with initial and boundary data (5. 4).

g and h satisfy the hypothesis of Theorem (5.1) then

sup |Da v(t, x)l + suplDa u(t, x)l <Kexpct
x>0

> = = < s
for t >0 a (al,az) |l al+a2_m

Proof: Follows from the system (l.1) and Theorem (5.1).

o3

Let




§6. The third boundary value problem.

In this section we study the system (l. 5) with the following boundary condition at

(6.1 v(t, 0) - pvx(t, t) =0 forall t >0

B >0

We will replace the growth condition (2.1) for the smooth function {f by

df
6. - .
(6.2) = < const for all ve R

In [5] Rauch shows that, for such functions f, the solutions of system (l.1), with
initial data in HZ and boundary data (6.1), have at most exponential growth. We will
conclude this paper by proving that the derivatives up to order m, of solutions of (l.1)
with initial data in Hz n Cm, also have at most exponential growth in t . In the proof
we use the comparison functions which were introduced in Section 5.

We need the following preliminary lemmas.

Lemma (6.1): Let g(x) ¢ Cg‘ . If w(t,x) is a solution of the heat equation with initial

data w(0, x) = g(x) and boundary data w(t, 0) - ﬁwx(t, 0)=0, (B >0), then

(6. 3) suplDi w(t, x)| < const( ”g”m) 0<k<m
k
(6. 4) lim D_ w(t,x) = 0 t>0
X =00 =
Proof:

Recall that w(t, x) can be represented by the integral equation

o0

(6. 5) wit,x) = [ G(x,z,1) g(2)dz
0

where G(x,2z,t) is the corresponding Green's function (for an explicit form see
Weinberger [7].) We recall that G(x, z,t) satisfies the conditions

L. G -G
XX
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2. |G(x, z,t)l is integrable in 2z
3. lim G(x,z,t) =0 .
X —»00

It is easy to show that lim Dx G(x,z,t) = 0 and le G(x, z, t)l is integrable. Hence by
X—>00

arguments similar to the ones used in lemmas (5.1) and (5. 2), we obtain (6. 3) and (6.4). 0O

Lemma (6.2). Let U = (v,u) be a solution of system (1.1) with initial and boundary data:

m
(v(0, x), u(0,x) = (9),9,) =9 X>0, ge @
(6. 6)
v(t, 0) -pvx(t,0)=0 t>0
Then
X
(6.7) IDx U(t, 0)| < const( "g"m) 0<k<m
(6. 8) 1im DX U, 0) = 0 0O<k<m
X-»00 2 9
Proof:

Recall that v(t,x) has the following integral representation

t o

t
v(t, x) = f G(x, z,t) g(z)dz + f f [f(v)-u] (s, 2) G(x, z, t-s)dzds
0 0 0

By the usual arguments we can show that

t o
lim D’l: f f [f(v)-u] (s, 2) G(X, 2,t-s)dzds = 0
0 0

X =»00
therefore (6.7) follows.
To show (6. 8) recall that Gt = Gxx use Lemma (6.1) and arguments similar to

the ones in Lemma (5. 2). )

Theorem (6.1). Let U be a solution of system (l.1) with initial and boundary data (6. 6),

if f is a smooth function which satisfies (6.2) and the additional property

lfx(\'(t, x) | < ConSt(VZ(t, x) + 1), then
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6.9) sup |D‘;‘ v(t,x)| + sup |D§ u(t, x)| < const exp ct
x>0 x>0

The proof is by induction on the order of the derivatives
1. n=0 For a proof see Raucﬁ [5).
ii. Suppose the result is true for n < 1305

iii. Let n=k

Let Gl

In view of Lemmas (6.1) and (6.2) we can use the same arguments as in this theorem to

get the estimate (6.9), and we are done. O

Corollary (6.1): Let U and g be as in Theorem (6.1) then

sup |Da v(t,x)| + sup |Da u(t, x)| <k expct
x>0 x>0

for t>0

a= (al,az) |a| = a +a2§m

Proof: Follows from the system (1.1) and Theorem (6.1). 0

_40-

and Gz be the time dependent comparison functions introduced in Theorem (5.1).

e



)

(2]

(3]

[4]

(5]

(6]
(7]

REFERENCES

K. N. Chueh. Thesis, University of Wisconsin 1975.

K. N. Chueh, C. C. Conley, J. Smoller, Positively invariant regions for systems

of nonlinear diffusion equations.

S. P. Hastings, Some mathematical problems from neurobiology, American Math.
Monthly 82(1975), 881-895.

J. Rauch, J. Smoller, Qualitative theory of the FitzHugh-Nagumo equations (to
appear in Advances in Mathematics). |

J. Rauch, Global existence for the FitzHugh-Nagumo equations (to appear).

M. E. Schonbek, Thesis, University of Michigan 1976.

Weinberger, A first course in partial differential equations. Blaisdell

Publishing Company, New York-London-Toronto. First edition 1965.

-4] -




T—

\\R\\

% AUTHOR(e) . -

SECURITY CLASSIFICATION OF THIS PAGH (When Nete Kntered)

REPORT DOCUMENTATICN PAGE

READ INSTRUCTIONS
BREFORI. COMPLRTING I ORM

. REPORT NUMBER 1. GOVTY ACCESSION,

I 1740

)3, RECIFIENT'S CATA‘EPO NUMELR

f]"l'{. ;

.\ TITLE (and Subtitle)

VAPRIORI ESTIMATES OF HIGHER ORDER DERIVATIVES

[Summary Repert.

B TYPEOPNREPORT 8 PERIOD COVERED

——r@porting period

no specific

OF SOLUTIONS TO THE FITZ HUGH- -NAGUMO
EQUATIONS -

s ——————————S——.

6. PENFORMING ORG. REPORT NUMBER

) =T

™ M E. /Schonbek g

N

. CONTRACT OR GRANT NUMBER(s)
T DAAG29-75-C-9B24, ]
MC§75-17385

9. PERFORMING ORGANIZATION NAME AND ADDRESS
Mathematics Research Center,” University of

A B PRUE‘T» ELEMENT, PROJECT, TASK

AREA & WORK UNIT NUMBERS

610 Walnut Street Wisconsin Work Unit No. 1 -
Madison, Wisconsin 53706 ’ Applied Analvsis
11. CONTROLLING OFFICE NAME AND ADDRESS _‘,J:" ?4 Rgggm
(/7 Aprfl 977 |
See item 18 below. Sl A NUMBEROF PAGES
41
"TI—FWNG AGENCY MAME a ADDRESS{H‘UM!MM{ lwln Controllln‘ Olfice) 15. SECURITY CLASS. (of thie report)
; e ' ' UNCLASSIFIED
1 T5e. DECLASSIFICATION/ OGWNGRADING
SCHEDULE

s

i
I

*

aR- 17#?\

Approved for public release; distribution unlimited.

17. DISTRIBUTION STATEMENT (of the abatract entered in Block 20, if dilferent from

Report)

18. SUPPLEMENTARY NOTES
U.S. Army Research Office
P. O. Box 12211
Research Triangle Park
North Carolina 27709

National Science Foundation
Washington, D. C. 20550

ilt KEY WORDS (Continue on reverse eide if necessary and identily by block number)

)

b

Fitz Hugh-Nagumo equations, boundedness of the derivatives

20. ABSTRACT (Continue on reverse eide Il necessary and Identify by block number)

the solutions to the FitzHugh-Nagumo equations.

)
/

In this paper we establishy ¥ bounds for the derivatives of all orders of

T W SRS E W

DD (38" 1473

EDITION OF | NOV 83 |S OBSOLETE

e ) A
UNCLASSIFIED ~ A 4

SECURITY CLASSIFICATION OF THIS PAGE rWhen Date Entered)

A T

A



