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- ABSTRACT

In this paper we establish L °° -bound s for the derivatives

of all order~ of the solutions to the FitzHugh~ N agumo ec~uation s .

These equations arise in mathem atical biology as a model for the

Conduction of electrical impulses along the nerve axon.

We obtain bound s for the initial value problem , the Dirich let

problem and the Neumann problem , by means of comparison

functions.
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APRIORI ESTIMAT flS OF HIGHER ORDER DERIVATIVES OF
SOLUTIONS TO THE FI TZHUGH -NAGUMO EQUA TI ONS

M. E. Schonbek

Si. Introduction

We consider the F itzHugh-N agumo equations

v = v  + f ( v ) - ut xx

(1. 1)
C-V -~~~u

where g, y are positive constants and f is smooth. The class of functions I which we

consider is characterized by certain growth .conditions at inf ini ty  (c. f. (2.1) ,  ( 5 . 1 ) . )  This

class contains cubic polynomials of the form 1(v) = -v(v-a) (v-b)  a , b > 0 . For back-

ground materia l we refer the reader to the survey article of Hast ings [3] and Smoller .-Rauch

[4].

We prove the boundedness ox the der ivat ives  of all orders in x and t . The proof
00uses com parison fu nctions and relies upon an a priori L estimates on the solution i t se l f .

00

This L est imate was established by Rauch arid Smoller [4] using the invar iant  regions

found by Conley and Smoller.

Our method is a general izat ion of the one which was used by Chueh , Conley and

Smoller [2] to obtain L
00 

es t imates  for the f i rs t  der ivat ives  in x for systems of the form

V = D V  + f(V , V )t XX X

where Vc R~ and D is a cons tan t  diagonal  m a t r i x  with positive entrie s .

The special case of the boundednes s  of th t~ f i rs t  der iva t ives  in the x var iable  for

the solution of the F i t z H u g h -N ag u m o  equat ions  was es tab l i shed  by Chuch [I~ using a

dif ferent  method.

In this paper we treat several problems for system ( 1. 1). In Sections 2 and 1 we

* 

consider the I n i t i a l  value problem and the D ir ich i e t  prnblc m with zero bound ary da t a .  In

Sponsored by
I) the Uni ted  SLites Arm y und ’ r Cnn t r a c t  N~ . DAA G2~~-7 c - C_ O 0 ? ..I ,
2) th e Na t lo n il Science I’ound ~ ’io n und er  Cr ~~nt No. MCS7~~— 1738~ .
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both situations we show that if the initial data lies in ~
m then all derivatives of the

solution up to order m are bounded uniformly in space and time.

In Section 3 we consider the Dirich let problem in the more general case where the

boundary data have compact support. We prove that if the initial and boundary data are

in ~
m then all derivatives of the solution up to order m are bounded unifo rmly in x

and t for x > e .

In Section 5 we study the Neumann problem with arbitrary initial and boundary data in

In this situation we show that the sup norm of the first m derivatives grows at

most exponentially in time.

In Section 6 we study the third boundary value problem for system (1. 1) with boundary

data at x = 0 of the form v(t , 0) - ~v ( t , 0) = 0, ~3 > 0 . We prove that ti the initial data

lie in H
2 I) ~

m then the sup norm of the first m derivatives grows at most exponentially

in time. Exponential growth of the solution itself , has been established by Rauch in [5]

for a class of equations containing system (1. 1).

-2 -
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S2. The Initia l value p oblem

In this section we stud y solutions of the system (1. 1); we show that they have

bounded derivative s up to order m , provided the initial data is in C~~. The main step

In establishing this bound s is found In Theorem (2 . 1), which , by means of comparison

functions, gives a unifo rm estimate for the x-derivatives.

Unless otherwise stated the smooth function f is assumed to satisfy the growth

conditions

u r n  inf f(v)/v = - 00

I m— 00

a (2. 1)

1 Urn inf if (v ) I / lv i>~ /~y

Further restrictions will be given in subsequent sections.

We will be using the following notation

1 2K(t , x) (4irt) 2 exp - (x /4t)

K(t , z , x) = K(t , z— x) — K(t , — z — x)  = K1(t , z , x) — K2(t , z , x)

C~ (R ) = {g c Ck (R) : lim Dri g(x) = 0 as lx i  — ~~~, n = 0, 1, 2 , . . . ,  k}

C~ (R ~ ) = {g € Ck (R +): Urn D~ g(x) = 0 as x -~~00~ n = 0, 1, 2,. . . , k)

Ilg IIn = sup ~ ID1 g(x) l
x i 0

u g h
00 

= sup Jg(x ) I

D° Dt
’ D

~
2
, a = (a1,

a
2
), la I = a

1 
+

a~ > 0  1 = 1 , 2

- ~11:~ ~~
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Lemma (2. 1). Let U(t , x) = (v(t , x), u(t , x)) be a solution of the initial value problem

(1. 1) with data

(v(0, x), u(0 , x)) = (g1(x) , g2(x)) = g(x)

inwhere g c  C0(R) .

Then;

1. For each T > 0 there exists a constant Q
k (T) such that

• sup ID~ U(t , x) I 
~ 
Qk(T) for 0 <t < T

0 < k < m

2. u r n  D~ v(t, x) = 0 for each t > 0 0 (k < rn
I xkco

,~ 

‘

~~ u r n  D
k u(t , x) 0 for each t > 0 0 < k < m

lx I- oo ~

Proof: (We remark that since g C~~(R), the solution U c Cm

I. The proof is by induction on the order of the derivatives

I. n = 0 . For a proof see Rauch and Smoller [4].

II. Suppose that our assertion is tru e for all n < k

111. Let n = k .

I

-4-
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v(x, t) has the following integral representation :

(2.2) v(t , x) = f g 1
(z) K(t , z-x)dz + f f  [f(v) ~ u]( s, z) K(t-s , z-x)dzds

Integrating by part s k times in the first integral and k - 1 times in the second , and

using the bound for Dkg yield s

H 00 00 k-i(2. 3) ~~~~~~~~~~~~~~~~ 
< hI~~ JI~ f K(t , z-x)dz + f f I D ~

(f(v) _ u ) u I D ~~K(t~ s, z_ x ) ( d z d s

Since

(2 .4)  II D~~
1
(f(v) - u) 11 00

< Qk l (T) by inducti:e hypothesis. 

2
(2. 5) f  fhD~

K(t_s, z-x)Idzds < 

~~~ I ~ ~ f ~~~ exp dzds
0 _ 00 0 (t -s)2 0 ( t - s)2

~~

From (2. 2), (2. 3), (2 .4 )  we get

(2.6) SUP ID~ v(t , x) i  ~ 11~~11 k + 
~ k-l~~ 

T~ = ~~(T)

Now we need a bound for ID~ u(t , x) I . By the second equation of (1. 1) we get

D~ u(t, x) = 
~ 

f D~ v(s, x) e ~(t-s) ds

Therefore

(2 .7)  sup ID~ u(f,x)I <

Thus from (2.6) and (2.7)  we have

SUP ID~ U(t,x)i ~ 
Q~(T)

and we are done with 1 .

-5-
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2. The proof is by induction

I. n = 0 . Since the initial data g t C0 the solution U C0,  for a proof see

Ra uch and Smoller [4].

Ii. Suppose our assertion is true for all n < k

iii. Let n = k .

If we integrate by parts k times in the first integral in (2. 2), and k - 1 times in

the second , and replace z by z - x we obtain

00

(2. 8) D~~v(t , x) = f D~~g ( z + x )  K(t , z)dz +

+ f  f  D~~’[f(v) - u](s, z+x) D K(t-s , z)dzds
-; 0 _00

Now let x I - .~°ø, since

a. K(t , z) and D~ K(t -s , z) are integrable

b. sup I[D~~
1 f(v) - u](s, z) I < Q(t) for 0 < 5 < t (Step 1)

z 
•

by Lebesgue ’s dominated convergence theorem we can pass this limit insid e the integrals

on the right hand side of (2. 8). Therefore, si nce

1~~ Dk g(x) = 0 by hypothesis and Urn D~~
1[f(v) - UI = 0 by inductive hypothesis

jxI-..oo Ix I-’~oo

• we get
kUrn D
~ 

v(t , x) = 0
IXI-.00

Recall

D~ u(t , x) = ~ f  D~ v(t , x) e~~*~
(t 5) tj s

— 6 - 
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Hence

lim D~ U(t , x) = 0
• I X I— CO

and we are done. 0

Bound for the x-derivatives.

Theorem (2. 1). Let U(t , x) be a solution of the initial value problem (1. 1) with data

(v(0 , x), u(0 , x)) = (g1(x) , g2 (x)) = g(x) . If g E C~~(R) then there exists a uniform cons tan t

such that

sup ID~ U(t , x) I < for all t > 0

0 < k <m  .

Pro ofs The proof uses induction on the order of the derivatives and the construction of

two com parison functions

1. n = 0 . For a proof see [4].

2. Suppose the assertion tru e for n < k

3. Let n = k .

Diffe rentIatin g (1. 1) k-t imes we get

(Dk v) t = (Dk v)~~ + A(v, . .. , D~~
1
v) - f (v) Dkv - Dk u

(2. 9) k k k( D u ) ~~= C - D v~~~y D u

where IA( v , . . . , D1
~~

1v ) I < c  by our inductive hypothesis. Define the following com pari-

son functions.

G1(D~~
1 v(t,x), D~ v(t,x)) = (D~~

’v)2/2 + Dk v . K

( .  
~ k l  k k i  2 •k

GZ(D X v(t , x) , D
~ 

v(t , x) ) = -(D v) /2 + D~~v - K

where K Is a large positive constant. The restrictions on K will be specified below.

Choose K so large that

-7-
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• 
G1(D~~

1v(0 , x) , Dk v(O x)) < 0

G2 (D 1
~~

1v(0 , x), IDk v(O x)) >0

-• Claim : For all t > 0 and all x

a. G1 (Dk_ l 
v(t , x), Dk v(t , x)) < 0

• and

b. G2(D~~
’v(t,x), D

kv(t,x)) >0

(which completes the proof of the inductive step) .

Proof of Claim: Suppose the claim is false , then there exists a first to such that for some

finite x0 (here we use Lemma (2. 1), 2).

G1 (t 0, x0 ) = 0 or G2(t 0, x0) = 0 .

Without loss of generality suppose

(2. 11) G1 (t 0, x0) = 0 . 

-

We want to show (Gi)t (t0, x0
) <0 in order to reach a contradiction. By (2. 11) for

t < t ~ we have:

• (2 . 12)  1. G 1 (D~~
1 v(t , x0) Dk v(t , x

0)) ~~0

ii. G2(D
k_l 

v(t, x0) D
kV(t, x0)) > 0 .

And at (t0, x0)

• (2. 13) 1. (G i)
~ 

= D~~
’v . D~ v + D~~

’v = 0

ii. (Gi)~~ 
= D~~

’v~ D~~ v + (D~~v) 2 
+ D1

~~
2 v < 0

D
1vD~~

1
v< ~(D

k v)
Z 
-D~~

2 v

-8-
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(2. 14) (Gi)~ 
= D~~’ v (D~~

1) t + (D~ v)t

k-I k+I k-I k-I
= v D

~ 
v + D~ 

v A(v,. . . , D,~ v) +

+ D~~~ v f ’(v) D
k v - D~~

’v D~~~u + D~~
2 v - Dk u

Therefore by 2. 13 ii we have at (t 0, x0
)

(2.15) (G1) t = D~~
1v . A(v ,. . ., D~

4 v) - D~
4v D~~~u - (D~~v) 2 

+

+ f 1(v) Dk v~~~D
k U . 

• H

a,
To show (G i)

~ 
(t 0, x0) < 0  we need a bound for Dk u(t 0, x0 )

From the second equation of the system (2. 8) we have

t0 -‘~(t -s)
ID~ u(t 0, ,c0) I  $~u f  iD~ v(s , x0) I  e 0 ds + ID~~u(0 , x 0) l

by (2. 11) l and ii we have for 0 < s < t 0

D~ v(s , x0) < K  - (D~~~ v) 2
/2 < K

D~ v(s,x0) > -K + (D~~~ v) 2
/2 > -K

Thus I D~ v(s , x0
) I <K for 0 <5 <t o Therefore if we suppose K > N

(2.16) ID~~u(t 0, X0) i  < 
!. K ( l - e  ‘

~t 0
) + N <  4 + 1)K

By (2. 14) and (2. 15) we get at (t 0, x0)

k
(2. 17) (G i

)t < D~ 
v A(v , .. .,D

~ 
v) - D

~~~ 
v D~ 

u - (D x v) +

1f ( v ) I lD ~ v i  + ( ~/y + 1) K

By (2 . 11) we have

4



D~~v(t
0, x 0) = K - [D~~~

4 v(t 0, x 0)] 2
/2

(2. 18) (D~ v(t 0, X
0

)
2 

> K2 - KfD~~
1 v(t 0, x0)] 2

at (t 0, x 0), (2. 17) and (2. 18) yield

(2. 19) (G 1)
~ 

5 D~~
1 v A(v , . . . , D~~

’ v) - D~~~~~
’ v D~

4 
U - K2 

+

+ K(D~~
I v) 2

/2 + I f ~(v) I [K - (D~~~v )
2/2] + (cr/y + l)K

Since A(v , . . . , D~~
1v), D~~’v, D~

4 u, f (v) are bounded (by Inductive hypothesis , if

we choose K large enough , then (G i) t (t 0, x0) < 0 which contradicts the fact that t 0
was the first t such that for some x0

G 1(t 0, x0) = 0

Thus there exists a such that

(2. 20) - sup I D~ v(t , x) I <
~~ k for all t > 0

Bound for D~ u (t , x)

From the second equation of (2. 8) we have

• (2. 21) ID~~u(t , x ) I  < a f  ID ~~v(s , x) l  e~~~
t
~~~ ds +

+ ID ~~u(o , x ) I  < C-’
~~~~~~k~~~ 

11~ 11 k

Let = (a~/y + l)~~ + j jg  ‘ k’ then by (2. 20) and (2 . 21)

• 
sup ID~ v(t , x ) I  + sUP ID~ u(t , x ) I  < 

~ k

and we are done. 0

-10 -
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Corollary (2. 1). Let U be a solution of (1. 1) with initial data g C~~(R) . Then

a a —
sup ID v(t , x ) I  + sup I D  u(t , x) < Q

- x x

for all t o  I a I < m

Proof: Follows from the equations (1. 1) and Theorem (2.1). ‘- - 0

a

¶ —11—

I

~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ 
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~3. The Dirichiot problem

In this section we study solutions of (1. 1) with Cm
~ compactly supported boundary

data at x = 0 and initial data in C~ . We show that for each ~ > 0 the derive-

• tlves up to order m are uniformly bounded for all t > 0 and x > e . Theorem (3. 1)

establishes the bound for the x-derj vatj ves. As for Theorem (2 . 1) we need to construct

• com parison functions G1 and G2 . The first part of the proof of Theorem (3. 1) is needed

to insure the existence of a constant K so large that  G1(t , e) < 0 and G2 (t , e) > 0, for

all t > 0 .

a The bound for the other derivatives is a mere corollary of Theorem (3. 1).

Theorem (3. 1). Let U(t , x) = (v(t , x) , u(t , x)) be a solution of the Dirichlet problem ( 1.1)

with initial and boundary data:

(v(Ox) , u(0 , X)) = (g 1(x) , g2(x)) = g(x) X > 0

v(t, 0) = h(t) t > 0

where

1. g o  C~~(R~ )

2. h E C m

3. h(t)  = 0 for t > T >  0

Then for each ~ > 0, there exists a constant 
~~ 

= 
~~~~~~~~ 

T) such that

sup ID~ v(t, x) I + sup ID~ u(t , x) I < Q for all t > 0
X > C x >~ O < k < m

Proof. (We observe that  if g o C~ and h ~ ~
m 

then U ~ Cm )

The proof Is by induction on the order of the derivatives.

1. n = 0 . For a proof see (6].

ii. Suppose the theorem is true for n < k .

111. Let n = k, then we will show
- 1 2-
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sup lD~~v(t , x ) I  + sup ID~~u(t , x ) I < Q k (C , T) for t > 0
X~~ t X~~c 

— —

(Note: we will use Q(c , T) instead of

Outline of the proot o ’ 3.

We establish the following estimates

-
‘ 1. sup ID~ v(t , x) I  + SUP ID~ u(t , x ) I < Q(c,T) 0 <t 5 T

X > ~~

2. 1. u r n  D~ v(t , x) = 0 for each t 0 < k < m
X-~ 00

-

. 

ii. Urn D~ u(t, x) = 0 for each t 0 5k  < m

3. ID~ v(t , a) I + ID~ u(t , a) I < Q(e , T) for all t > ~

SUP I Dk v(t, x) I < Q(c , T, 6) for all t > T + 6
X> e -

5. sup ID~ v(t , x) I  + SUP ID~ u(t , x) I  < Q(c , T) for t > 0
X~~a x~~e

1. For 0 < t < T  and x > 0  we have:

( 3. 1) v(t , x + e )  = f g 1(z) ~~(t , z-~ , x)dZ +

+ 

(~~)1~~ ~~ 

x exp 4~~-s) 
ds +

÷1 f  [(f (v) - u) (sz) ] IC( t - s , z-~ , X)dzd5
O a

Thus after integrating by parts

-13—
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(3 .2 )  IDk v(t , x+ c) I 
~ ~~~~ 

ID~ g
1(z+x) I K(t , z -t ) dZ +

+ f  ID~ g
1
(z -X) I K(t , z. ~)dz +

+ 1/2 
f  I D ~ [x exp 

4( t ) 
l I d s  +

+ If : 
l ( B(v , .. ., D~~

’V) - D~~
1u) (s , z) D~~Ki

( t _ S , Z
~

Z , X) l dZdS +

+ 

~~~~ 

I (B ( v , . . ., D~~ ’ v) - D
1
~~~)(s , z) D

~ 
K2(t-s , z-e , x) Idzds

U 11 + 12 + 13 + 14 +

where B(v , .. . , Dk
~~v) is obtained dif ferent ia t ing k - 1 times the first equation of system

- 
•

_ (1. 1),

(D~~~ v) = (Dk4 v) + B(v ... D
k I v) - D

k I  u
x t xx ‘ X X

I. Bound for I~ + I~

(3. 3) 11 + I~ < f  ID~ g1(z) I K (t , z1-t , x)dz <

hI g II~~f~~~(t , z , t)dz 5 const II~~II~

ii. Bound for 13

a. First we need a bound for

D~~(x e x p-x 2
/ (t -s))

Claim: For n = 1, 2,...

-14-
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(3. 4) D’[x exp - x
2/ 4 ( t_ s) ]  =

[~~~
aii (

~
_
~~

- ) i +~~~~~
a
~2 ~~~~~~~~~ 

+ ... + ~~~~~~ 
i

i ]exp _ x 2 /4( t - s )

Proof of claim: follows by Induction on n

b. By the inequality

exp - < const(a) exp -z 2 /2 z > 0

a > 0

we have for i > J

(3. 5) 
X 

~ 
exp -x 2/4(t -s) < x exp -x 2 /8(t-s)

(t-s) x

Therefore by (3. 3) and (3. 4) we get

(3. 6) D
k (x exp _x 2/4(t - s) )  

~ ~2k+l const exp _ x /8(t-s)

and if x > ~ we have

(3 .7)  D
k (x exp - x

2
/4(t-s)) < const exp _x 2 /8(t-s)

Therefore

const M x -x
2 const M

(3. 8) I i  3 1 5 Zk +1 0 ( t_ s ) 3
~
’2 exp 8(t s) 

ds 
~ 2k+ 1

where M is such that  II v(t) 11 00 
< M (see [6]).

lii. Bound for 14 and 1

- 
• 

‘ By our Inductive hypothesis we have for z > ~ and 0 < s < T

I[B(v , . . . , D~~
1v) - D~~

1 u] (s , z ) I  < const(~ , T)

— Therefore
-15-
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— 
t x+c 2

14 + 15 < const(:, T) •f IC (t- s)~~~ 
exp 

~~~~~ 
dzds  +

+ f  f  3/2 
- exp 4( t ;  dzd s +

• 0 x+a ( t -s )

+ 1
t
5

: 
~~~ exp dzds ~ ~6 + 

~7 
+ ‘8

make the following change of variables

a ~
‘ = dy = -Z 

~~~

-

~~~~~

-- dz in 16 and 17

• ~~~~4(t s~ 
d y = ~~~~~~’~~~ in

Therefore
2

— 
t x /4(t -s) t 00

I4 + 1 5 < const( c,T) [f  f  exp-y d y d s+ f  f  exp -y dyds +
0 0  0 0

t 0 0

+ 5 $~ e x p- y d yd s)
• 0 x /4(t -s)

= const(e , ~~) f (1 - eXp - x2 /4(t- s)) + 1 + exp - x
2/4 (t_ s))d s

0

< ZT const(c , T) -

— Now by (3. 2), (3. 3), (3. 8) and (3. 9) we get

(3.10) sU~ ID~ v(t , x ) I  < con st (a , T )  for 0 < t  < T
x>e

Bound for D
k
u(t,x) for x > c  0 < t < T

The second equation of the system (2. 8) gives us

- ‘ 
( 3. 11) :~ 

I D~ u(t , x) I < u f  s u p I D ~ v(s , x ) I  e (t
~~~ ds

- e~~
t ) const(c , T )  < const(~ , T )  .

-16-



By (3. 10) and (3. ll) we are done with step 1 of our outline. 0

Step 2. First we show by induction that

lim Dk v(t , x ) = 0

I. n = 0.

Since the initial data g(x) c C
0 

the solution o C0 (see [6]).

Ii. Suppose the assertion is true for n < k

Iii. Let n = k .

To prove the assertion for n = k we are goint use step 1. integrating by part s in the

right hand side of (3. 1) and replacing z by z - x in the first and 4th integrals , and

z by z + x in the second and last integrals we obtain:

— (3. 12) ID~ v(t , x) I  f  I (D ~ g1(z+x) I K(t , z-e)dz + f (D ~ g1(z -x) I K(t , z- c)dz +

+ 

( 4 ) 1/2 
~ 

Dk [x exp ]ds +

+ 5

t

1

00 

ID~ K
1
(t-s , z-c , 0)1 I [D~~ (f(v) - u)](s , z-x) I dzds +

0 C -X

ID~ K2 (t-s , z-c , 0) I I [D~~~(f (v) - u) ](s , z+x) Idzd s
0 C+X

= 111 + lI z + 113 + 114 4 II~

IiLet Xa(Z) = 1~o z a

Since a. IX (z) Dk g1(z+x) I < N for all z > 0

b. IX +~(z) D~ g1
(z-x) I < N for all z > 0 .

c. K(t , z) is integrab le over (~~00,00) .

-17-
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By Lebesgu&s dominated convergence theorem we can pass the limit when x ~~~00 Inside

~~ 
and II~ 

. We know that X
~~~

(z) D~~(Z+X) 0 as x — 00 (by hypothesis)

and X
÷

(z) D~ g(z -x ) -. 0 as x -. 00 (by the form of X +x
)

Therefore

u r n  II~ + u r n  
~~ 

= 0
X-..00 X-. 00

By (3.6) we have D~ x exp -x 2
/4(t-s) < -

~~~~

-

~

-

~ 
const _x 2/8(t-s) . Therefore

~ h v ( s , c ) I  x _ x 2 t x

~ (~ .5) v~ ~~~~~~~~~~~~~~~~~~~~~~~ ~2~~f1 ~ (t s) 3/2 exp j— ds

const M
— Zk+ lx

thus u r n  113 = 0 •
00

Now we need to show lirn (114 + II~ ) =  0 . From Step 1 we get
x-’cO

• Ix~~~Y) D~~ ’(f(v) - u)(s , x+y) D
~ 

K1(t-~ , y -e , 0) I +

• I X~~~(~) D~
4(f(v) - u) (s , y-x) D~ K1(t-s, y-e, 0) 1

< Q(t, a) ID~ K(t-s,y-e)I

Thus

114 + 115 < f
~
1 Q(t , a) ID~~~(t~s,y ~a, o)I dyd s +

H 4 0 0

+ 5 5 Q(t , a) ID XKZ (t~S, Y _ C , 0)Idyd s <

0 ..00

+ 00

< 5 5 Q(t , a) i D
~ K(t-s ,y -~ ) Idyd s < Q(t , a)

• 
0~~~~~~~ 00

• Therefore by Lebesgue s dominated convergence theorem we can pass the limit when x — ~~

inside the integrals in 114 and Ii . Thus

~l8 —



lint 11~ + Urn II~~ <
X-..00 X*00

t m
< 5 5 lirn X (y) D~~

1(f(v) - u) (s , x+y) Dx K(t-s, y-c)dyds
0 0 0 x~ 00

+ f f  1im X~~~(~ ) D~~
1(f (v) - u ) ( ,y -x )  D

~ 
K(t -s ,y - c)dyd s

= 0 .

since by inductive hypothesis

1. X 
- 

(y) D~~
1[f(v) - u] (s , x+y) — 0 as

a 

Ii. X +:(Y) D~~
1(f(v) - U) (s , y-x) — 0 as x — 00

Therefore

llrn ( 111 +11 2 +I1 3 + I1 4 + 11 5) = 0 .
• 

• 
X-~~00

which togeth~ r with (3. 12) yields

- lirn D~~v(t , x ) = 0  .

Recall

D~ u(t , x) = C- 5 D~ v(s , x) e Y(t
~

S) ds

thus we also have lim Dk u(t , x) = 0 for each t > 0 and we are done with Step 2. 0
X-~ 00

Step 3:

- 
•

• We wan t to show

ID~ v(t , a) I + ID~ u(t , a) I < Q(a , T) for all t > o .

For x > 0 and T + 6 < t , 6 > 0 we can represent v(t , x+e) as

-19-
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0 00

(3. 13) v(t , x+ a)  = v(T , z) K (t -T , z -c , x )dz  +

t 0 0
- f  5 (f (v(s , z) )  - u(s , Z)~K ( t - s , Z - c , x)dZd 5

•1’ a

Integrating by parts we get

ID~ v (t , x+ c) I < v(T , z ) I  K(t -T , z~a, x)dz +

+ 

~ 
I [D~ f(v) - u](s , z) I ~ ( t - s , z -c , x)dzd s .

Now by Step 1 and the last inequality we have for x > a

(3. 14) ID~ v(t , x) 1 < Q(a , T) co:st + Q(c , t) ~ (t -T, z-c , x -c)dzd s

Claim 1. u r n  5 5 K ( t - T , z-e , x-~ )dzd s = 0
x — a T a

Proof of claim:

• Let rz~a = y

Then we rieed to :how F
u r n  $ $ K( t -T , z ,w)dzds = u r n  A(t , T, w) = 0

w — O T 0 w—0

This is true since

J A(t , T, w) I < IA ( t , 0, w) I and A(t , 0, w) is a

Solution of

• A
t

(t , 0, w) A ( t , 0, w) + I

A(0 , 0, w ) = 0  •

A(t , 0, O) = 0 . 0

Therefore by (3. 1-1 ) we have

-20-
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• (3. 15) ID~ v(t , a) I < Q(c , T) const for all t > T + 6

Since by Step 1 we had

sup ID~ v(t , x) I < Q(c , T) for 0 < t  <. T .

• X 
—

Let T = T + 1, 6 < 1  and x = 
~ 

then

(3. 16) I D~ v(t , a) I < Q(a , T) 0 < t < T + 1 .

• Thus by (3.15) and (3. 16) we have

(3. 17) ID~ v(t , a) I < Q(c, T) V t > 0

Therefore —

ID~~u(t , a ) I < C - f ID~~v(s , e ) I e (t
~~~ d s <

• ~T/ ~ Q(a , T) for all t > 0

and we are do ne with Step 3. 0

Step 4: Proof by induction

i. n = 0 .  See [6].

ii. Suppose that our assertion is true for n < k

iii. Let n = k .

To show that sup ID~ v(t , x) I < Q(c , T) for all t > 0 we use a comparison argument
x> a

similar to the o~e for the initial value problem (Theorem (2. 1). Let

G1 (D~~ ’ v
1 

Dk v) = (D~~~ v) 2
/Z + D~ V - K

G2 (D~~
1 v1 Dk 

v) = -(D~~
1v) 2

/2 + D~ v + K

where K is a large positive constant which depends on ~ and T.  The restrictions on

~~ 1 K will be given below. Choose K so large that

-2 1-
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2. G1 (D~~~ v(0 , x) , D~ v(0 , x)) < 0

G2 (D~~
1 v(O , x) , D~ v(0 , x) > 0

3. G1 (D~~~ v(t , a) , D~ v(t , a)) < 0  for t > 0

G2 (D~~ ’ v(t , a) , D~ v(t , a) > 0 for t > 0

(3 is possible by Steo 3).

Now we can apply the same argument as In Theorem (2. 1) to show

sup ID~~v(t , x ) I  < Q(c , T )

where Q(a , ~ ~ ~~k- l~~’ T)) 2 
+ k

Observe that in the proof when we choose the first to such that for some f in i te  x

x) = 0 or G2 (t 0, x) = 0 • -

we make use of Step 2.

Step 5.

By the last step we have

sup I D~ u( t , x ) I  <~~f I~~ v(t , x)) e~~~
t
~~~ ds < Q(c , T)u

for all t > 0

Thus

SUP I D
k v(t , x) I + sup I D~ u(t , x) I < Q(c , T) for all t > 0 . 0

Corollary (3.  1): Under the assum ptions of Theorem (3.1)

sup I D~ v(t , x ) i  + sup I D a u(t , x) I  < Q(T , a)

where  a = 

~~l ’~~~ 
a1 a 1 + < m

Proof :  F o I l i -w  from T~~~ rem (3 .  1) and equ a t i o n s  (1. 1). 0
-22-
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• ç4. The Diri chlet problem with zero boundary data

Here we show with arguments  similar to the former sections , that  the derivat ives

of solutions of the system (1. 1) with C~ ini t ial  data  and zero boundary data are bounded

uniformly in x and t for all x > 0 ~nd t > 0

Theorem (4. 1) . Let U(t , x) = (v(t , x), u(t , x))  be a solution of the Dirichiet  problem ( 1. 11

with zero boundary data  and In it ial  data

( v (O , x) , u(0 , x )) = (g 1
( x), g

2 (x )) = g ( x )

where

m +I. g o  C0 (R

Then there exists a constant  such that

sup Dk v(t , x) + sup ID~ u(t , x ) l  
~x>0 x>0

• - 
Proof ; The proof is by induction on the order of the derivatives.

1. n = 0 (See [6 ]) .

2. Suppose the theorem is true for all n < k

3. S e t n = k .

Then we mus t  show there exist a constant such that

(4. 1) sup ID~ v(t , x) I  + sup I D~ u(t , x) I  
~ 

0k for t > 0
x>0 x>0

Proo f of 3

First we will show

sup I D~ v(t , x ) )  < ç ~
x> 0

We construct the same com parison funct ions G1 and C2 as for the in i t ia l  va lue  problem .

G1(D~~’v, D~ v) = (D~~~ v) 2
/2 + Dk v - K

G2(D~~~ v, D~~v) = - ( D ~~~v) 2 /Z + D~~v + K

- 2 3 -
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• where K is a large - positive constant , and the res t r ic t ions  on K will be given below.

21. G 1
(D~~ ’ v(0 , x), D~ v(0 , x ) )<  0

21i. G2(D k 1  v(0 , x) , Dk v(0 , x)) > o

3i. G 1(D~~~ v(t , 0), D1
~ v(t , 0)) < 0

- - 3ii. G2(D~~
1 v(t , 0), D~ v(t , 0)) > 0

Once we have a constant K which sa t i s f ies  1, 2. and 3 to prove the theorem we only r~oe-~
- 

• that k l  k
G u (D

~ 
v , Dx v) (x , t) < 0 for x > 0 , t > 0

a (4. 2) k -l  k
G Z (D X 

V, D,~v) (x , t) > 0 for x > 0, t > 0

We know we can choose K so large that  1, a nd 2i , Z i i  are sa t i s f ied .

For 3ii we need the following estimates

• a. sup I D ~ v(t , x ) I  + sup ID ~ u(t , x) I  
~~ 

Qk (T)
x>0 x>0

for 0 < t < T , 0 < k < m

b. I D~ v(t , 0) I < Con S t for all t > 0

a. The proof Is by induction

I. n = 0  See [6].

ii. Suppose the assertion is true for n < k .

iii. Let n = k .

Recall v(t , x) has the following integral  representation

(4. 3) v(t , x) = 5 g1(z) ~~(t-s , z , x)d z + f J ( f ( v )  - u) ( s , z) ~~( t - s , z, x)d zd s .

Therefore if we in tegra te  by parts arid make  the usua l  change of variables we obtain

—I

- 24 -
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• 
D
: v(t , x) = 

~: 
D~ g

1
( z + x )  K ( t - s , z , 0)dz + g

1
( z- x )  K2 ( t -s , z , 0)dz

f  5 D~~ ’(f (v )  - u)(s , z+x) DK 1
( t - s , z , 0)dzd s + f f D ~~~ (f(v)  - u) (s , z-x)D }~ t - s , z , 0 )dz ds .

Thus for 0<  t < T, by our inductive hypothesis  and the last expression we have

I D ~ 
v(t , x) I 

~~ 
11
~~~k + Q

k l T ID x K(t - s , z) ldzds

~~ 
11g 1~k + Q~~ 1(T) T const. =

a since D
~ 

K( t - s , z) is integrable.

kBound for D u(t , x)

ID~ u(t , x) I  <
~~~~ 

f  I D ~ v(t , x ) I  e~~~
t 5 ) dS < Q~~T)~

Therefore

( 4 . 4 )  sup I D ~ v(t , x ) I  + sup I D k u(t , x ) I  ~
x>0 x> 0

b• We have to show

I Dk v(t , 0) 1 < const for all t > 0

The proof is by induct ion

I. n 0 True by hypothes i s

ii. Suppose true for m < k

iii.  Let n = k .

Recall  tha t
• 

(D~ v)
~ 

= (D~ v)
~~ 

+ B(v , . . . ,  D~~~ v) + f (v) Dk v - Dk u

k kD
~ 

v(0 , x) = D g1
(x) .

Thus Dk v has  the fol lowing in te gra l  r epresen ta t ion .

-2 5-
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D~ v(t , x) = J q(z)  K ( t , z-x ) dz  +

0

+ f
t
f
:

[B (\ ~, . . . , D~~
1 v) P (v) D~ V - D~~u] (s , z) K ( t - s , z , x)dzds

I D~ v(t , x ) I  < l g I I ~ + + I f v  D~ v i  + ID~ u l ]  (s , z) K( t -s , z , x)d zds

By: Step I w~ get

a ( I B(v , . . . v) I + I t  iv) D~ v i  I D ~ u l ]  (s , 2) < Q( t )

for all O < s < t .

Therefore

I D~ v(t , 0 ) 1  ‘ k ~ Q (t )  lim 5 f~~~ ( t s  Z , x) dzd s
— x-~0 0 0

since by Cla im 1, Step 3 o ’ Theorem (3.1)  we have

u r n  
f 5 

k (t - s , z , x )d zds = 0
x-~ 0 0 0

• we get

(4. 5) I D~ v(t , 0) I Ii g 11 k for all t > 0

By (4. 5) we can find K so large that  condit ions (3i) and (3 i i )  hold.

To prove (4.  2) we can apply the same argument as for the initial  value problem in

theorem (2. 1) if we can show that

C. u r n  Dk v(t , x) 0 for each t > 0
X-~~~O

~

•- ---~~~~~~~~~~~~~~~~~~~~~~~~~ 
~~~~~~~~~~~~~~~~~~~~~~~~~ ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ 
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Proof of C: The proof is by inductio n and is sim ilar to Step 2 of Theorem 2.

i. n = 0 SInce the in i t ia l  da ta  g o C0 
so does the solution U

For a proof See [6].

ii. n < k Suppose the assertion is true.

iii. Let n = k .

If we integrate by parts in the integral expression (4. 3) of v(t, x) we obtain

v(t, x) = 5 Dk g(z) K(t-s, z, x)dz + 

—

a f  5 D~~
1 (f(v)  - U) (s , z) D

~ 
K (t-s , z, x)dzd s

1. If we let x go to zero the right hand side of the last  expression goes to zero ,

(the proof is the sam e as in Step 2 of Theorem 2 . )

• Thus kl irn D
~ 

v(t, x) = 0
x-

~
O

Now we can apply the comparison argument  of Theorem (2. 1) to get

sup I D~~v(t , x ) I  < Q  for t > 0
x > 0

And

sup I D~~u(t , x) I  < ~f I ~~ v(t , x) I  e t
~~~ d s < C -~~

Thus
• 

sup I D~ u(t , x ) I  + sup I D ~ v(t , X ) I  < Q  . 0

x>0  x>0

-27 -
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• Corollary (4. 1): Under the hypothesis of Theorem (4.1).

sup ID
a v(t , x) I  + S U P ID  u(t , x) I  < const

x> 0  x

a = (a 1,
a1) la1  = a1 + a2 < m

Proof: Follow s from the equations (1. 1) and Theorem (4. 1). D

a

-28-
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~5. The Neumann  problem

In this section we study the der ivat ives  of the Neumann problem (1. 1) with ~
m -com pactly

supported boundary data at x = 0, arid C~ initial data. We show that since the solution

has at most exponent ia l  growth so do the derivat ives.

In Theorem (5. 1) we get bounds for the x -der ivat ives , by means of comparison fu nc-

tions which are t ime dependent. The bound s for all the other derivatives are an immediate

consequence of Theorem (5. 1).

In th is  section we will suppose that  f is a smooth function which sat isf ies

growth condition (2. 1) and the additional property
a

(5. 1) 
~~ 

(v(t , x) I < const( 1v
2 (t , x) I ÷ 1)

We need the following prel iminary lemmas.

Lemma (5. 1). Let w(t , x) be a solt~tion of the heat equation with Neumann boundary data

w
~

(t , 0) = h(t) and zero initial data; where h( t )  satisfies

1. h (t) a BCm
,

2. h ( t ) = 0  t > t 0 > 0

Then

SUP Io~ w(t , x ) I  < const(t 0, II h II m ) 0 < k  < m

• Proof. Since

w(t , x) = 

~~~~ ~ ( t ) l/2 
exp 4(t s) ds

we have to show

I D~ 5 
(t s)~~

’2 exp 4( t s) d s l  < const( t
0, M)

1. k = Z p ,  p > 0

-2 9-
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(5. 2) ID ~ f  
(t~ s)~~

2 exP 4(~~~ ) d s l  =

= const ~ I h~’~(o~ I + 15 h ( s )  D~ 
1

1/2 exp -x 2
/4( t - s)  ds l

i=0 0 ( t - s )

p t o
~ Ih ~

1
~ 0 I + If h 

~m ~ 
ds const( f i b ii m~ 

t 0
)

1=0 0 ( t — s )

The last step follows by Integration by parts and the inequali ty.

• a 2 2• z exp -z < const exp -z /2

which we apply to the integrated term.

2. k = Z p + l , p > 0

- 
- (5. 3) I D~ ~ (t s) l/2 

exp 4(~
x:

) I

p t o 2
const~~~~f h U) (o) J + II h II J

~ ( t _ s ) 3h/’2 exp 
4( t ) 

ds <

• 

• 
< H~ Ii (const + f exp - y2

dy) < const( II h II

The last inequality follows by the change of variables

=

And we are done with Lemma 1. 0

Lemma (5.  2) . Let U = (v , u) be a solution of the Newmann problem (1. 1) with the follow-

ing Initial  and boundary data

(5 .4 )  (v(0 , x) , u(0 , x )) = (g1( x), g2 (x)) g( x)

v
~

(t , 0) = h(t)

where I . g o  C~~(R + ) and h o  Cm (R +), ( II ~ Il~ + U h I l  < M)

2. h ( t )  = 0 for t > t 0

-30-
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Then

1. Sup ID~ U(t , x ) I < Q k (T) 0 < k < m , 0 < t < T
x> 0

(Note: we will use Q(T) instead of Qk( T))

2. ID~ U(t , O ) I  < const (t 0, M) O < k < m , o < t

3. u r n  D~ U(t , x) = 0 for all t > 0
X-°°

• a
m m• Proof . (Note that since g and h o C , the solution U C

1. The proof is by induction on the order of the derivatives.

1. n = 0 . For a proof see [6].

ii. Suppose that the assertion is true for n < k

- :  iii. Let n = k .

Recall that v(t , x) ha s . the following integral representation.

(5. 5)

• 

v(t , x) = - 

~~~ 5 h~~~~
2 ex: - x2

/4(t-s) ds +

+ 5 g(z) K(t , z, x)dz + f 5 (f(v) - u) K(t - s , z , x)dzds
0 0 0

where K( t , z, x) = K(t , z-x) + K(t , -z -x)

K(t , z) = ~ exp - z 2
/4t .

(4irt )

Therefore

( 5.6) 1D~ v(t , x ) I  < ID~ 
~~ (lr ( t~ s)) V2 

exp - x 2/4 ( t - s) d s l  +

+ ID~ 5 g(z) K(t , z , x) d z l  + I D~ f f ( f ( v )  - u )K ( t - s , z , x )dzds l

< const(t 0, M) + Q(T)

-3 1-
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~

.

The last inequality lollows from Lemma (5. 1) and an argument similar  to the one used to

prove estimate a. in Theorem (4. 1).

From (5. 6) we obtain

- 

( 5.7) I D~ u(t , x ) I  <~ f ID ~ v(s , x) I  e t S )  ds < Q(T)

for all x > 0

( 5 -6 )  and (5 .7)  yield

• SUP ID~ U(t , x) I < Q(T) o < t ~~ T .

a x>O -

2. The proof is by induction.

I. n = 0 .

• Proof: Since Iu (t , x) I < const exp ct fo r x > 0 (see [6]) it follows that

lbs 55 (f(v) - U) K ( t - s , z , x) d zd s = 0
-. • x-’O 0 0 -

Therefore by the integral representation (5. 5) and Lemma (5.1 ) we have:

• 
h i s  I v(t , x) I < const(t 0, M) + f l g  u rn < const(t 0, M)
x-”O

ii. Suppose our assertion is true for n < k

Iii. Let n = k .

By (5. 6), Lemma (5. 1) and the same argument as for est imate b (Theorem (4.1) ) we have

(5. 8) ID~ v(t , 0 )I  < const(t 0, M) + lI~ I I~

and by the usual argument

ID~ u (t , O )I  < const(t 0, M , 11
~~

11 k )

Therefore

ID~ U(t , 0) 1 < const (t 0, M) 0 <  k < m  . 0

-32-  
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3. As usual the proof is by induction

i. n = 0 .  f o r a p r o o f see [5]

ii. Suppose the assertion is true for n < k

iii. Let n = k .

Recall (5. 5)

i. ID ~ v(t , x) l  < ID~~f 
h(s ) 

1/2 
exp - x 2/4 ( t - s )d sI  +

0 (ir (t -s)

+ID~~f g ( z) K ( t , z, x )dz l  + I~~~~f f f ( v ) - u ~~ (( t-.s, z, x )dzd sI

By the sam e argument as in Step c (Theorem (4. 1)) we can show that the last two integrals

go to zero as x — ~~~~. By the inequality

exp ~z Z 
< const exp -z 2

/2

we get the following estimates

• i. If k = 2 p ,  p > 0

ID~ 5 h(s)
,
,_ exp -x 2 /4(t - s ) d s i  <

- • 0 (t - s)

<
const exp -x 2/8t ~~~ Ih W (0) i + M f  

exP -xZ
/4y~ s ds

i=0 0 (t-s)

ii. If k = 2 p + l , p > 0 .

ID k
J 

h(s) 
exp -x

2
/4(t-s)dsl <

0 ( t -s)

Const exp -x 2/8t ~~~ I h ~’~(O) I + Mf 
X

1 
exp -x 2/4(t-s)ds

0 (t-s)

• and by Lebesgue’s dominated convergence theorem we get for both cases k = Zp and

k = 2p + I that the right hand side of the two last inequalities goes to zero as x tend s to

infinity. Therefore 33 -
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him ID~ 5
~ h(s)

,1 
exp -x 2/4 ( t - s) d s l  = 0

0 (t-s)

And hence all three in tegra ls  on the r ight  hand sid e of (5. 5) go to zero as x goes to in-

u nity.  Thus

ilm ID v(t , x) I  = 0

and by the usual argument

him I D~ u(t , x) I = 0

and we are done. 0

a
Theorem (5. 1): Let U = (v , U) be a solution of the system (1. 1) with ini t ial  and boundary 

—

data (5. 4), where g and It satisfy properties 1 and 2 of Lemma (5. 2).

Then there exists constants K and c such that  -

sup{I Dk v(t , x) I + I D~ u(t , x ) l ) <  K exp c t
x> 0 X

Proof: By induction

i. n = 0 .  See [6]

ii. Suppose our assertion is true for n

iii. Let n = k .

We construct the following comparison functions.

G
1

(D ~~~~~~ v, D~ v)(t , x) = (D~
4 v) 2

/2 + D~ v - K exp c t

v, Dk v)(t , x) = -(D~~
1 v) 2

/2 + D~ V + K exp c t

where K and c are large positive constants. The restrictions on K and c will be

specified below.

Choose K and c so large that

Ii. G 1
(O , x) < 0

~~ G2 (0~ x) > 0 -34 -

:~. ~~~~~~~~~~~~ ~~~~~~~~~~~~~~
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• 21. G1(t , 0) < 0

ii. G2 (t , 0) > 0 .

By our hypothesis on g and the results in Lemma (5. 2) we know that we can find K and

C so large that ii , lii , 21, 211 are satisfied. 
—

Thus we only need to show

G 1(t , x) < 0  for all x > 0  t > 0
(5. 9)

- G2(t , x) > 0 for all x > 0 t > 0

Suppose (5. 9) does not hold , then there exist a first to such that  for some finite x0

(here we use Lemma (5. 2) (3) )

a G1(t 0, x0
) = 0 or G2(t 0, x0

) = 0

Without loss of generality suppose

G 1(t 0, x0) = 0

We want to show that (G 1)
~ 

(t 0, x0) < 0 . At (t 0, x0
) we have

( G )  = D
k v D k4 v + D ~~

h v = Ol x  x x x

• ( . )  k + i k i  ~ 2 k+2• 
( G )  = D  D 

- v + ( D  v) + D  v < 0
l x x  x x x x —

(5. 11) (Gi
) t = D

~
4)

~ 
+ (Dk v) t

k-i k÷ l k -I  k-i k
D v D  v + D  v A(v , . . . , D v) + f ’(v) D v-x x x x x

k- l  k-i k+2 k
• 

-D  v D  u + D  v - D u - K e x p c t 0

< D~~~ v A(v ... D1
~~~v) - D~~~ v D~~~ u - (Dk v) Z 

+
— x ‘ ‘ x x x

+ f’ (v) D~~v - Dk u - K exp c t 0

To show (G 1) t I  < 0  we need a bound for
(t 0, x0)

u(t , xx 0 0

I D~ u(t 0, X 0) I  < C -f  ID~~:(:, x 0) I  e t 0 5) ds + ID~ u (0 , x0) I

-- ~~~~~~- ~~~~~~~~~~~~~~~ ~~~~~~~~~~~~~~~~~~~~~ 

-
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but for s < t 0 we have

ID
~ 

v(s , x0) < K exp c s

Therefore If we suppose K > N, we obtain

( 5. 2) lD ~ u (t 0, x 0) I <  ~ xf  e~~
t
0 

~~~~~~ ds  + ID~ u (O , x0) I

• < 1~ [exp c t 0 - exp -Y t 0 J + N

< K[ca/ .y exp(c t 0) + l ) .  -

By (5.11) and (5. 12) we have at (t 0, x0)

(5.13) (G
i
)t < D~~’v A(v, ..., D~~~v) - D~~’v D~~

1u - (D~~v) 2 
+

— 

+ If ’(v) l ID~ vI  + K(~ /’y exp c t 0 + 1) - K exp c t
0

where A is given by equations (2. 9). Since G1(t 0, x0) = 0 we hav e

D~, v(t 0, x0 ) = K exp c t
0 - [D~~~~~~ v(t 0, x0)]2 /2

(5. 14) 
k 2 2 k i  2[D v(t 0, x0)] > K exp 2 c t0 - K exp C t o(D

~ 
v(t 0, x0))

Recall th at

Iv(t , x) I < C1 exp C 1 t (see [5]) ,

• I f ’(v(t , x)) I < C2(v 2 (t , x) + 1) < C2 exp 2c1 t ,

I A(v , . .  . , D~~
1 v) I < C 3 exp C

3 
t (by Inductive hypothesis) .

Therefore if we choose K and c large enough (G 1) 1 (t 0, x 0) < 0, which contradicts the

fact that t
0 was the first t such that G1(t , x) = 0 for som e finite x

Thus

ID~ v(t , x) I < K exp c t - x > O

-
• t > o

and - 36- 
—
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k k -y(t - s)• “~x u(t , x ) i  < 
~ 5 Dx V(s , x) e ds +

0

+ ID ~~u (o , x ) I

C- e~~~ f e~~~~~ds + corist

< e/~(e - e~~
t ) + const < const exp C t

Therefore there exist constants K and c such that

SUP I D ~ U (t , x ) I  < K e x p c t  . 0
a x>0

Corollary 5. 1: Let U be a solution of (1. 1) with initial and bc~.indary data (5. 4). Let

g and h satisfy the hypothesis  of Theorem (5. 1) then

• sup ID a v(t , x) I  + SU P I D a u (t , x ) l  < K e x p c t
x>0

for t > 0  a = (a1, a2 ) I a I  = a1 + a2 < m .

Proof: Follows from the system (1. 1) and Theorem (5. 1).

_ 37 ..
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• §6. The third boundary value problem .

In th I s  section we s tudy the system (1.5)  with the fol lowing boundary  C - n  i~~t ~- r ~~~~t

x = 0 .

( 6.1) v(t , 0) - pv (t , 0) = 0 for all t > 0

p > o

We will rep lace the growth condition (2 .  1) for the smooth funct ion  I by

dl( 6 . 2 )  — < const for all v J~ .d v —

a In [5] Rauch shows that , for such func t ions  f , the solutions of system ( 1. 1) ,  •~~i~~

Ini t ia l  data In H 2 and boundary data  (6 . 1), have at most exponent ia l  growth.  We wi l l

• conclude this  paper by proving that  the der ivat ives  up to order m , of solut ions  of ( 1. 1 -

w i t h  ini t ia l  data in H 2 11 ~
m

, also have at most  exponential growth in t . In the pr~ -. . f

we use the comparison funct ions  which were introduced in Section 5.

We need the following pre liminary l emmas .

Lemma (6 .1 ) :  Let g(x) C~ . If w(t , x) is a solut ion of the heat -qu ~ t i - ~~ w i t h i~~ t :~~I

d ata w(0 , x) = g(x)  and boundary data w(t , 0) - 3w
~~

( t , 0) = 0, (~3 > 0), t h e n  ~- 

-

(6. 3) s u p ID ~ w(t , x) I < const(  
~ “ m ’ 0 k < m

(6. 4) Urn D~ w(t , x) = 0 t > 0

Proof:

Recall  t h a t  w ( t . x) can be represented by the in tegr al  equa t ion

( 6. 5) w(t , x) = 5 G(x , z , t) g(z )dz

where G(x , z , t )  is the corresponding Green s funct ion ( for an explicit  form see

Wetnberger [7]. ) We recal l  tha t  G(x , z , t) sa t is f ies  the condit ions

1.
xx 
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• ~~ . I G(x , z , t) I is Integrab le in z

3. lbs G(x , z , t) = 0
x...cc

It is easy to show that u r n  D
x G(x , z , t) = 0 and ID~ G(x , z , t ) I  Is lntegrab le. Hence by

arguments similar to the ones used in lemmas (5. 1) and (5. 2) , we obtain (6. 3) and (6. 4). L

Lemma (6 . 2 ) .  Let U = (v , u) be a solution of system (1. 1) with ini t ial  and boundary da ta :

• 1~ 0, x), u ( O , x ) = (g 1, g 2 ) = g x > 0, g o
(6.6)

Lv(t , 0) - 
~ 

v
~

(t , 0) = 0 t > 0

Then

(6.7)  I Dk U(t , 0 ) f  < const( f f g  ‘1m~ 
k < r n

(6 .8)  ibn Dk U(t , o ) o  O < k < m

Proof :

- 
• Recall that v(t , x) has the following integral representat ion

t~~~v(t , x)  = 5 G(x , z, t) g (z)dz  + 5 5 ff ( v ) -u ]  (5 , z) G(x , 2 , t - s )dzds
0 0 0

By the usual arguments we can show that

t~~~
u r n  Dk 5 5 [f(v)-u]  (s , z) G(x , z , t - s)dzd s 0
x~~oo 0 0

therefore (6 .7)  follows.

To show (6. 8) recall that G
~ 

= G x use Lemma (6. 1) and arguments  s imilar  to

the ones in Lemma (5. 2) . 0

Theorem (6. 1). Let U be a solution of system (1. 1) with ini tia l  and boundary data (6 . 6),

if f Is a smooth funct ion which sa t i s f i es  (6. 2) and the addi t ional  property

I 
~~(\ ‘(t , x)) I ~ const(v 2 (t , x)  + 1), then

-39-
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(6.9) SUP ID~ v(t , x ) I + SUP ID ’~ u(t , x) I < cofls t exp Ct

x > 0  x>0 X —

Proof:

The proof is by induction on the order of the derivatives

I. n = 0 For a proof see Rauch [5).

-• ii. Suppose the result is true for n . z k

ill. Let n = k

Let G1 and G2 
be the tim e dependent comparison functions introduced in Theorem (5 . 1).

In view of Lemmas (6. 1) and (6. 2) we can use the same arguments as in this theorem to

— get the estimate (6 .9 ) , and we are done. 0

Corollary (6. 1): Let U and g be as in Theorem (6. 1) then

sup Ir~ v(t , x) I  + sup ID a u(t , x ) I  <k exp ct
x > 0  x > 0

for t > 0

a = (a1, a2 ) 1a 1 a1 + ~~2 
< m

Proof: Follows from the system (1. 1) and Theorem (6. 1).

H -40-
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