" AD=AO42 705 WISCONSIN UNIV MADISON MATHEMATICS RESEARCH CENTER F/6 12/1
BLENOING INTERPOLATION SCHEMES ON TRIANGLES WITH ERROR BOUNDS. (U)
APR 77 K BOEHMER: 6 COMAN DAAG29=75=C~0024
UNCLASSIFIED MRC=TSR=1744 NL

| oF !




N~

AJ Ne.-

MRC Technical Summary Report #1744

BLENDING INTERPOLATION SCHEMES

K. Bohmer and Gh. Coman

ADAC4270S

Mathematics Research Center
University of Wisconsin—Madison
610 Walnut Street

Madison, Wisconsin 53706

April 1977

(Received January 4, 1977)

>
a.
D
(>
)
p—
| .

Sponsored by
c-a(J. S. Army Research Office

a. O. Box 12211
esearch Triangle Park

North Carolina 27709

ON TRIANGLES WITH ERROR BOUNDS

Approved for public release
Distribution uniimited

Volkswagen Foundation
Germany




UNIVERSITY OF WISCONSIN - MADISON
MATHEMATICS RESEARCH CENTER

BLENDING INTERPOLATION SCHEMES ON TRIANGLES WITH ERROR BOUNDS
K. Bohmer and Gh. Coman

. Technical Summary Report # 1744
April 1977

ABSTRACT

We give rational approximation schemes interpolating the values

T T

of a given function along two edges of a triangle and the normal
derivative along the third edge. In addition, we give error bounds for

our schemes. For the uniform norm, these bounds are best possible.
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BLENDING INTERPOLATION SCHEMES ON TRIANGLES WITH ERROR BOUNDS

K. Bohmer and Gh. Coman

0. Introduction: .

A few years ago Barnhill-Birkhoff-Gordon [1]) constructed rational
functions, interpolating the values of a given function on the
boundary of a certain normalized triangle T. In the same paper inter-
polation schemes are given, realizing the values of a given function
and its normal derivatives on the boundary of T. These schemes are
affinely invariant iff the normal derivatives are transformed into
the corresponding directional derivatives.

Here welgive rational approximation schemes interpolating the values of
a given function along two edges of a triangle T and the normal
derivative along the third edge. In addition we study the remainders
of our schemes and give better error bounds than in [6]. For tha L_-

- norm the error bounds are best possible.

As triangle T we choose the standard triangle Th={(x,y)e Dlzlx 2 0,

y 2 0, x + y ¢ h} with vertices (0,0), (o,h) and (h,0). Our schemes
& are affinely invariant in the same senge as discussed above.

1. First Interpolationscheme:.

E In contrary to the following problems we treat Problem 1 fairly
extensively.

3 " Problem 1: For f : Ty + R with f(i’O) exigting on X = O find a

N blending function G, f such_that y
o 3 |
Gif|y=° = f|y=° for x € [o,h] , — : x+y=h
i (1) Qfl o ® Bl e 700 % € [o3H] , } >
% 1" 'x+y=h x+y=h 25 £
y=o X

(1,0) « £1;0)
By e ™ eg ® T e FOT ¥ & [oal]

Sponsored in part by the United States Army under Contract No. DAAG29-75-C-
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As in many similar cases we use the Boolean sum of two operators

A, 3, namely

QaQ:J+*4Jd
e :=:+L-A% ,
B [
Here we take (- Pl, % = P2 with
l)1f|x+y=h 3 flx+y:h y P2flx+y=h ! - .
(1,0) _ (1,0)
(3555 Lt ! RN il Rk

P

Immediately one finds (compare the technique used in [1])

(B,£)(x,y) = £(hoy,y) + Cery-n)E 1o,y

(P, ) (x,y) D%éil £0x,0) + gl £(x,h-x)

and therefore

G =B (D PR,

We find for Glf with

U

y = Plf’ 02 H sz‘

the formula
(P1P2f)(x,y) =~(P1U2)(x,y)
= f(h-y,y) + (x+y-h) [!7<f<o,h)-f(o,o)>
h

o B £100%¢, oy o Lt UsO%0,m) - €100 )]

and so finally

5 (6,£)(x,y) = hﬁéilf(x,o) + ﬁgif(x,h-x) + (x+y-h)f(1’°)(o,y)

(2) < + hexey) [ LlECoun) - £loson) + heye(1:0) (5,0)

¢ L oy Vo hn)
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Now it is straightforward to check that G1 safisfies (1) and it is

equally simple to prove the rest of the following.

Theorem 1: Let f : Th + IR be given.

(a) If f(l’O)(o,y) for y € {o,h] and f(o’l)(o,h) exist, then G}f
in (2) catisfies (1). Moreover, if £(+,0), £(+,h=+2 and £’ 10) (5. 4)
€ Cllo,h] tken €,f € C(T,) for j = o and 6,f € CACE N (By0)))
for j > o. -
'(b) G1 reproduces bivariate polynomials of total degree at ‘most 2.

(e) If £(°,0), £(s ,h=r) and £{1:0)

solution of

(o0,+) € C2[o,h], then Glf ts a

2
(S; %—;) ¢ = 0 in T\ {(h,0)) .

@ If £0,0), £o,), £1:°)(0,) € L_[o,h) then 6, satisfies the
following kind of a maximum principle

"Glf“ l“(Th) <= ”f(' ’O)” Lh[o’h] 22 ”f(O,‘)” L,,[o,h]

\
+ h}lf(i‘O)(o,') + E%Lf(i’O)(o,o)l]Lm[o -
P A

+ Yeo,m-00,00 + n(£ 12 (0,m) - £4900 (0,01

3. Remainder for the First Interpolation Scherme:

To estimate the remainder le in

(3) le = f = Glf for Glf in (2)

we use a "Sard-Kernel-Theorem" [ 16] on triangles due to Barnhill-

Mansfield [ 2] : Let F be a linear functional of the form

(1) Flig) = 1 J] 99 tydan g tx,y) +
i<p T J
xq

B SaR 8(1’3)(x,b)duij(x) gt vl 8(1'3)(a,y)c}uij(y),
i+j<m 11 i+j<m 12
izp

i2q
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where the functions "ij are of bounded variation, T is a given
triangle, (a,b) € T is such that the rectangle with opposite vertices
(a,b) and (x,y) and with edgeﬁ parallel to the coordinate axes is
contained in T for all (x,y) € T, and I,, I, are the intersections of
the line y = b respectively x = a with T. If F satisfies

F(p) = 0, p € P __, = (polynomials of total degree ¢ m-1} ,
then we have

() F@) = T [ K dx,y;00gM™ 303 (¢, prat
i<q I

+ 1 Ki’m-i(x,y;r)g(i'm-i)(a,T)dT

i<p I2

+ {] Kp’q(x,y;t.t)g(p’q)(t,t)dt dr, g @ B; 4
. ?

where

/

’
Km'j’J(x.y;t)

(G)JK Lim=iey,yst) =

P(x,y){ (m-3-1)!

—¢ym-3-1 1)
(x-t) w(a,t,x)%%)_]’ j < q

_T)m-1-1

(x-a)i (y :
F(x,y){ 1T G- *‘b"’y’]’ ol

-r)a-1
E(P'Q(x,y;t’t) = (x’y)[(x E) vp(a,tax)( qt; T Y(b,t ,y)]
with
A 1 if‘a $t<x
vla,t,x) = -1 if x $t<a

i,m & M
and Bp,q Bp’q(a 3b), i.e.
with the properties

~
g3 e cem, i <p, 3
g™ Lid.pec

7y . g
8(1’,“-1-1)(5") € C (1

g{Pra) € Ly (D).

0 otherwise,

the class of functions g : T *+ R

< q,

1) , g™ by e L,(1,), 0

2) $ g(i’m-i)(a,-) € L1(12)’ 0

aln

uA

i<p

!
3




We, too, will use the class BT q = B ’m(a ;b) of functions, r > 1,
. =

whith slightly modified properties (7) namely

g(m-)'j)('ab) € LP(II)’ 0<j<q

A

-

A
e

§ogias
glim-i (ay*) € L (1), O
gPr¥% (M.

Now we are able to prove the following

Theorem 2: If f € B:‘a (03;0) then

2
3
h
) IRy vy & 9

(2,1) (o, 3)
”f L ")“ Lwlo,h]

nA

ety §T‘|lf

3
~ 2h (1,2)
+ 77—||f 15%¢a,2] L lo,h],

where the constants are best possible. If f € Bi’g(o;o) then
b

‘ €2,1)
(9 JIr £l < I| £ !
7 LTy © s-/" Loy,

)

7/2 v397/2 ” (0 3) 772 41971 ”f(1 2)

1760

+ h ’.)”L2[o,h]'

).)I!L2[o’h]

"'Remark 1: Best possible, but unusual, estimations for the L2-norm are

PR ® 3
valid if f € B,’-(o0;0):
1,2

"f(o 3) "

(2,1)
IR, £} g Safiet¥s3 % + 0y
1L, (Ty) #5037 IL,(Th) 35/‘ S TG

/3?7?6‘ ¥
e TR » Iy to,n

(17) via jj(g(x,y)) axdy vieh 221 from (1%)

This is proved by (13),
and similar arguments for the other indices.
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Proof: Since, by (2) and (3), le is of the form (4) with m = 3, p = 2,
qQ = 1, asb=o we find, using (5),

~

(RE)(x,y) = ] (x,y;0)£3°) (¢,0)at
o
h h
(10) <« + J K (x,y,T)f(o 3)(0,1)dr + ] K (x,y,'r)f(1 2)(o,r)d'r
o o ;

¢ I K ey, 0 (¢ m)atar
T
n

!

Now (6) implies

2
( KROtx,y3t) = Rl[ <x§t)+]

L (x-t)g _ h-x-y (x-t)g Ly (x-t)z z o
2 h-x 2 h-x 2 1
2 2 2
0,3 5 B (y-T)}% _ (y-t)% _ y (h=x-1)4%
K " (x,y;T) = Rl[ 5 = 7 {m —

(h-x- y)y(h -1 )]
2h

a1 < KRZoGyn) = Rixly-1),) = xty-1), - (L2 (ex-n),

+ (x+y-h)(y-1), + (h-x-y)L (h-1) }

= (y-1),(h-y) = £ (hex-1), - £ (h=x-y)(h-1)

Floayit,n = R, (-0 = et [ly=-1)0-L (h-x-1)3) .

.

Since the proof is a little bit lengthy we want to scetch what we are
going to do: (11) implies that there are three nontrivial summands
in (10), which we discuss separately. We first show how to find sharp

error bounds and then treat the kernels Kzﬁl, Koﬁ and K°p

by
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Sharp error bounds: To find sharp error bounds we have to lnok at

(R ) (x,y) = (RO23£) (x,y)+ (R1226) (x,y)+ (RZ 1) (x, )

with (Ri’Jf)(x,y) defined.corresponding to Klﬁ) in (10) and (11). Let

for example

T =t tierdal sl e 1) KploGyie, o) 2 o)
T_::T2’1-:T3:%x’y)::((t,t) e T, ] K tix,yst,1) < o)
Then

(2,1)

b2 ten e, gi] < 4; ol K2 x,ys5t,006 2 0] dt ae j

illfz,i“hm(Th) e L[ | Kzﬁl(x,y;t,r) | dt dr
'S
h

or
2,1 2,1 25
(a2) lIr%> ] sihe . K27 (e o 5t,1) at axl :
BB bzt I {i L x5 a0l b em)
Since f € BY’> the error bound (12) is sharp. To estimatel[Rz’lfﬂ %
1,2 "L, (T

we look at

2

(2’1)(t,1)dt dr)

' 2
(R 0x,y) = (S k% lex,yst,008
T
h

. i 2 2
2
e R eyt ard] deat St 1y 0353

LY

or

2
<] x%2Y(x,y:t,t)atdr) Jg(2) :
_(Th h DAL ) I ll%n(Th)

Here the first inequality is sharp for every fixed (x,y) € Th’ the

second for all (x,y) € Ty« So we finally have
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£

,

IIR? >3] <
l1‘2(Th) s

I (I! Kzﬁl(x,y;t.r)dtdr)
.

(13) §(£h 4

or

HA
3 —

In the first line the constant is best

in the second line.

Similar arguments hold for Ro’af and r?

Now for o < x, o £ ¥y, 0 € 1-x-y, 0 < 1

2 1/
f (4! (Kzﬁi(X,y;t,r)) dtdt) dxdy
h h

2 1/2
2,1
axdy) - eV 1)

2
(2,1)
e
| b,
possible, whereas it is not

8¢

<1

3 T -2 5.3 3 3
Koﬁ (E,%;E) =8h KO{ (x,vi;t) and Koi = Koﬁ lh=1 5
2 1 -2 1,2 3 1,2 1,2
et s n e ey s 7 2L
2,1 t =1 2.3 2,1 _ 2.4
KGR = b7 KT (x,yst,T)  and KO e

So, for example, by (12)

2,1 (2,1) h Talic o at
IR belly py < EP Pl IUT{1| K, se,0 | aearly oy

and with

2
T, := {Cx,y)€ R° | 0¢ x,0¢ ¥y, 0 ¢ 1=x-y} = Th'h:l :

Tt

we have

I Kzgi(x,y;t,r) | dtdr

T . .

= {‘I hl I K21’1(X',y'§t')1') ' hdt'
1 :

e nd If[Kzfl(x',y';t',t'ﬂdt'dt' .
T
1

"M~

hdrt!
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In a similar way we have

-~

; 2
0,3 )3 % ;
IR"5 g, o,ny gi (%I(K°h (x,y31)) “dr)dxdy £ 291y, o,m)

h

2
Fiepexy
o Ty

(x,y;T)) dt)dxdy

2

n* ]](]}(KoiB(x',y';T')) hdt ' )Yhdx 'hdy"'
b

1 Ty

2

S Il(ff(Kois(x',y';T')) dt')dx'dy'

T

So, to get the constants in (8) and (9), it is enough, to confine

ourselves to h = 1 in K°g3,

ad K2’1: From (11) we have
\

ki x,yit,0) = x-t), (y-0F - 72 A-x0D)

and therefore

So

X Y
£IIK2;‘<x,y;c.x>|dtdr s [ O

( K211
2,1 _ (x-t)(1-x-y)
L - 1~ x
(1)
K211 . - y(x-t)
1 - x
K2i1

Kl’2 and Kz’i. AT
h h 1
XZo
-X
Ko
X3y
K>o J K=o
2o forx<t, 1 ;
250 for o o B - Sixy o SLesy
foforo i EEE ¥YSTE1L-x;

m

n

o for o ¢ t ¢

nA
»
-
(=
1
»®
nA
-
nA
fors

1-x
o S £ N b AN
X x-trar + [ o(x-t)dat

1 t=o 170 T=y

e 2 - N -
R - y (x-t)2|::° s ENi2=x=y)

1-x

1 =X




and therefore
2,1 (2,1 2y (1-x-y)
IR T f(x,y)| < |If ”L“(Tl) N for (x,y) € T
e 20l .
To f1nd||g ’l|L°(T1) with

xzv(l-x-v)
T =

(15) g2 (x,y):= o iff (x,y)e 3 T,,

"y

o for (x,y) € Tl’

we derive: ; .

%?; (1-x-2y) = o iff x = o ‘or 1 = Xx = 2y

T

X [201-x)2 + y(x-2)) = o .
(1-x)

32)1 2 2,1 3 . . 2 2
So —%;—- (x,¥) = —%;—— (x,y) = o iff x = o or 8y“-2y -y = o,

s.t. ¥ = %, %X = % is the maximum point for g2’1, so

(16) R g

Lo(T, )

. . 1
To find estimations for HRz"fHL (.) “e proceed as follows (see (14))
273

’

2 2

X 1=x
LRI Guyn = ([ Koy, e et

t=o0 t=0 1

1-x 2 X 1-x 2
? J [K2{1(x,y;t,r)]dtdr J J [f(z’l)(t,T)]dth
t=o 1=0 t=0 T=0

uA

x P 1-x 2
AL G2 Te-nla ¢ ) L) enar) et g2

é t=0 1=0 Ty

nA

“L2(T]

. %3y (1-x-y) ”f(z1)” 2

1 -10-
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So finally HR2’1fu G <
L2(T1) =

3 2 R 2

x y(1-x-v) (2,10 '~ 1 (2,1)

¢ [ =yl I L (2,) " st “L2<T1)
1

2
or, with g2’1 from (15) and If (gz‘i(x,y)) dxdy = 1/400.21

- R

"f(2,1) ”
6730 Ly (Ty?

250
an R e <
LZ(Th) =

y
h ”f(Z,l)”L

20721 w (Th?
o503
ad X . From (11) we have for h = 1
(18) k%23 (x,y;1) = oL AR S S IO yoxy) (1-12)
g SRy atA ST 2(1-%x) + 2

We first prove that

(19) K% %(x,y51) 2 0 for (x,y) € Ty and T € [0,1] g

In o < T <y we have

2
0,3 . LS (y=mlsr Ty
K77 O6Gys3T) = =y 7(i=x)

R
(1—x-r)2 X x(l-x—;)(; i)

Now

B T a——r——

O : :
2K Br(x 3T) is linear in =

3K%’3(x,y;1)
ERS

|t=0 b
0,53 =
9K~ (x,v31) g = - SO .
FE: lt=y yliax=glls= y) > 0 in Ty

and = o iff y=o or 1-x-y = 0O
K°’3(x,y;r)|1=o = O

This implies Ko’a(x,ygr) >oinogTg Y

CRE L




1 = e

——

For o €y ¢ T ¢ 1 - x we have (see (18))

. Kois(x,y;r) 5 . grpieme [(1‘X'T)2 - (1-x-t+t-y)(1-t2)(1-x)]

= *_77¥:;7 [(1-x-1)(1-T+xT)T + (T'y)(1°12)(1'x)] 2 0.

0,3
1

Forocsysti-~xerv<1 X reduces to

y(l—x-y)(l-rz) -
2 =

Koia(x,y;t) = o,

so (19) is proved.

Since K°'3 is a semidefinite kernel we have with n € (o0,1)

. h
. (R°’3f)(x,y) i K°{3(x,y;r)f(°’3)(o,T)d1

: o
.

h
= £ 0, [ K x,y0ar
o

!
and, analogously to (12) and (13),

h .
0,3 (0,3) e 0,3 « o .
and
h 2"
3 (0,3) 0,3,, j
Ro’ 3 . 3 o e ) "
[t RN T LN CREL TP IIV{;K,, Coraty) drlly o s

Since we are interested only in the constants, it is enough to discuss
h=1 in cha-corresponding to
£l
¥ K°1’3(x,y;‘r) = (6 + 6, + 6)(x,y;T) with
2

s $q(x,y;T) i= SX%ll+ =0 fory <'T

_“ - - 2 = - < <
Py (1 x-1),° =ofor1-x T i

s 74
03(x.y;1)= y(1-x g)(i T°)

uA

1

L

¢y (x,y;3T) ¢

i

we find

T T P T




1 2
3 3 2
gl TR £ (k%27 Cx,9372 ) Ot = Z (0, + 20,8, + 26,0,)dt
1-x 2 1 2
% (0,7 + 20,85)dT + J ¢,° ar
. y 1-x
F e 6 4 2
S R SR T 0 TR Y kdexoi) oy L ¥ 4
3 [(20 * ¥ 3 Bo(I-x) @ 6 (1 10)]
3 v ] R () ilnx) G - =021, 2y a-x-y)?
20 6 1o 15
i and finally 3
i 0,3 s o BeY ;
{‘I G™? (x,y)dxdy = m
1
(20) S
1/ R
4 3175200 ~ 1260
\
; :
Computing
1
1 %0,3 1 ©53 f
L G (x,y) := £ K 1 (x,y;T)dT = - (¢1 + ¢2 + ¢3)dT
l” 1-x b
+ (¢, + ¢,)dT + I ¢, dr
y 1-x
4 C
p we find
%3,y = Yy - (102 ¢ 200-x-y)) = Eiy-0? - xP) 30
:‘:.'
p ™
P- b ] -~




2. Because of

since 1-x-y 20 and therefore (y-])2 2 x

3% 3 (x,y) x
-—_s;——iz— z % (+ 2(1-x)-2) = - %— o iff xzoo0ry=o

the extrema of %°*3(-,-> in T1 are realized on 3T1:

2
53 -1) 2
o ¢ %° (x=0,y) = 21%———— < 81 °
30‘3(x,y=o) =or

a°’3(x=1-y,y) = ol .

So

5 =

2300 0
(21) 87,0, () *

1,2

ad K *“: With h = 1 (11) implies

2)  x2y50 = (-0, (Amy) - B (dex-1), - (exmy) y(1-1),

1,2

Since K'y* is a continuous piecewise linear function (for x L8

one finds

(23) K1f2(x,y;r) g

by simply checking Kl’z(x,y; t) for T = 0, y, 1-x, 1.

Again we have to compute

2

1
Gl’z(x,y) [.(Kiiz(x,y;r)) dt and
o

81’2(x,y) - Kiiz(x,y;T)dT (see (23))

O ~—=

" ”
a4

and find

el 2(x,y) = % {(1-y)y3(-2+3y—xy-y2 + %%;)

+ xy2(1-x)(2-2y-x2-xy) + (1—x-y)2y2]

1.2 /A871% *
A (24) {I G *“(x,y)dxdy = (T 20 )
1

»




= 81‘2(x’y) = *(xz-y2+2y-1) ='¥(x2-(1-y)2) s 0.

Because of a&122/5x = o iff x = oory
by discussing

o< & 2(x0,y) = + XS%:!QE < s %7
F al'2(x,y=o) z o
31’2(x=1-y,y) : o
or
@ KUy g,

By fitting together formulas (16), (21) and (25) we have (8
(20), (24) we have (9) and the constants are best possible
sense indicated in Theorem 2 and in the following Remark. O

\

4. Second Interpolation Scheme:

By interchanging x and y we come from Problem 1 to

Problem 2: For £ : T, » R with £(®1)

blending function sz such that fy
G2f|x=° = f|x=° for y € [o,h]

(26) < G,f

2 lx+y=h 5 £]

x+y=h for x € [o,h]

L(G2f)(o,1)ly=o i f(o'i)lyzo for x € [o,h] .

o we find "@1’2HL
(]

(Ti)

), by (17),
in the

existing on y=o find a

The corresponding results to Theorem 1 and 2 are valid , too,

and we have for 62

(27) <

¢ (h=x-y) [%(f(h,o) - £lo,00) + BEX £00 1) o o)uf(s
h

-

w18

((sz)(x,y) = hﬁ§§X flo,y) + E§§ f(h-y,y) + (x+y-h)f(°’1)(x,o)

(o,1) (1,0)
(h,0)+f(h,0))

b



$. Third Interpolation Scheme and Remainder:

Now we discuss

Problem 3: For £ : Ty + R with glos1) f(i’?)

3
find a blending function Gsf with y N
1 x+y=h
G3f|i=o = f|x=o for x € lo,h] \\\}7
xz0
3 N
(28) { Gyfl = £l fory € [o,n) ST
; y=o x
(1,0) (0,1) 5 (1,0), .(0,1)
BN e W T o G SRCRE

existing on h-x-y = O

By distinguishing the two different cases x 2 y and x ¢ y we define

Gif and sz by

QFlyey = £y

.

(1,0) (0,1) - (1,0) (0,1)
€Quf ' # QT )lh-x-y=o AR ROET )k—x-y=o’
Q1f|y=o = fly;O:

(1,0) (0,1) B (1,0) (o,1)
Q™ 7 £ B Hpeegns = W £ e

and we find

«Iif)(x,y) = f(x-y,o0) " y(f(1’°) + f(o’i))(hi%:z,hl%iz)
(29) e
@, £)(x,y) = £lo,y=x) + %(£{190) 4 glosl)) (hbxoy hoxey,

and finally
Qlf(x,y) for y $x ,
(30) (Gaf)(x,y) s=

sz(x,y) fory 2 x .

w]fe




> s ’
BN ,

A straightforward computation yields

Theorem 3: Let £ : T, =+ R be given and [f(+,h=+)| z=supess| f(x,h-»
Lillin s h Lalo,h)"Fapess:

. 3
(a) If (f(l’O) + f(o’l))exists along h-x-y=o,then G3f i8 a solution

of Problem 3. Morcover, if f(*,0), f(0,*) and y
(1000 4 £y noey € cfo,h), then Gyf € C(Ty).

(b) G, reproduces linear functions.

() If £(+,0), £(o,), (£12°) 4 £ 1)y h-v) € L_lo,h)then

"Gsf"L,<Th> s el (oony * MECa L (o g *

(1,0)

. f(o,i)

To discuss the error we, again, introduce

(31) R

.3f iz f - G3f .

Since we have to transform the original triangle T,, we have to
transform the conditions defining B;’g(a,b), too. Let
3

r

£ o> BRiogi,]

C(Th) for (i,3) < (p,q) ,
AC(Ty {x=y}) for j<q, i=m-j-1,
Ar,m 3 .9 3 _9d ) s . <
(32) Bp:q 5=y (§;+§§) (5§-§§) fe 9 L.(Ty {x=y}) for j<q, i=m-j, >
AC(T, {x+y=h}) for i<p, j=m-i-1,

L. (Ty, {x+y=h}) for i<p, j=m-i.

.

By L Lr(Th) for (i,3) = (p,q)
Theorem 4: If f € 32:1 then, with |ki'sh")"L;[°’h]=5uPess | £¢x,h=x) ]|,
B P et 4 e x€[o,h]

IR £l ¢ ik o By pry gl
3" Mg (Ty)) = 89X vy’ £C,h=0) Lelo,h]
(33) 3 2
1 N TN R |
* 1osllGx * 3 Gy -l ay)

17




2,2
If £ € B22% th
f 2y oA
5/2
h T I
IRyEHy, (1) € 5,T375||(3’ + 35 £l 1o on)
(3w) 3
3 2 -
e e A o S
o B el o2 - R .
L 48 /% Ix qy Yy Ix LZ(Th)

The constants given in (33) and (34) are best possible and a sirilar -

remark to Remark 1 ts posstble.

Proof: To be able to apply (4) and (5) we transform the variables:

3 (35) u:=m V:=u x:ﬂ y:m'
-3 ﬁ’ ﬁ’ ﬁ ’ ﬁ X

Transforming Q2f via (35) we find with (29), (30) for y 2 x or v 2 ©

: (bzf)(u,v) = g(v,v) + (u-v)g(1’°)(h—,v)
T 2
g i
& with . :
Y u-v u+v
(u,v) := flx = — , ¥y = =—=)
ot i T
: (36) 7 @,6) (uzv,v) = glv,v) = £(0,/2v) for v € Fosid’ 4
; V2
3 (3 _h . 1,00 -
3 ﬁ (sz)(u = —/%, v) = g 5 (;/—E’ v) =
F .
{ i %§ (f(l,o) % f(°’1))(x=h-y,y)
3

Applying (4) and (5).to

#,8,6) w,v) := (g - Y, ) w,v)

= glu,v) - glv,v) = (u-v) 8(1'0)(53’ v)

e P, 2N W D
ENPP , S’ -

_h

withm=2=p,q=1, a:= 7§ and b = o we have

] ~18= 1




E n/ /2
X,8,0ww = [ KCu,vit) g
o

(2,0) (¢ .0)at

(0,2)(h LYLS I

V4] :
—,T)dt + I Kh'l(u,V;T)g(1’1)(D~,1)dt
7 2z

(37) < + i Kg’z(u.v;r)g !

h/v2 h/V/2 % 4 g %
+ ) K * 7 Cu,vit,Tig e (t,t)dtdr .
10 t=t

By (6)

~ .
xﬁﬂ°(u,v;t) = ﬁa(cu-t>¢<7;,t,u))

and with

1 h -1 for o < h//2 "
‘ Y(—,t,u) = & =e(tsu)
2 o for o h/v/2

A
c
uA
(ad
A

“wA
t
A
e
nA

k32%Cu,vit) = Bylt-w),) = (t-w), - (t-v),

k3 2u,v;0) = Blv-1),) = 0
h oy =
K%{i(u,v;r) = ?(3((\1-7;)(\7-‘:)+ ) = o
K%;{(u,v;t,t) = §3((u_t)w(5§’t’“) . (v—r)ow(o,t,v))

_ e Bteeew) fv=n) 0 s lsw), = Eevd Mvea) ?
Similar arguments like in the'proof of Theorem 1 show that (here

h @ .
Thx = {(u,v)| o § v g uéﬁ}, T1-- := T}\ﬂl h:i)

r

h//2
2 (2,0)
I £ Kh,O(.,.;t)g »O (t,o)dtHLb(Th“)

40 (38) S

s 020 ) K000ty (pox ¢ 182 CLodlly (o h
o o 1 ‘o ’/2-

]9~




ama | On ioEet .
R .

(39) <

(

(40) A

and ‘so on. Now

and so

!, (Ki’o(u,v;t)) dt = (u-v) (-/-f- s

That implies

(41)

"(u2)

ll i Ki’ (0 ’.;t)dt"L (Tl::) = u‘ 1Y
[ ]

0 odecsen’an ¥
(K (e 403t)) dt oy =
o * ; LZ(Ti ) 3/107/2

-20-

2,0 (2,0)
nJ O, e3t)g 2% (t,0)4at]]| .
e e L (T} #)
1//7 g ;
$/2 2
<h IV 70300 o500 atl (g oxy ¢ I8P (o
= o 2 71
2.1 (2,1)
W] K2 Coyostytlg “ 0 T (t,t)dtdr 5
T, ¥ h A "Lo(Th")
3 2., (2,1)
< h KS?2 (e 03t ,T)dtdr iy 3 "
= "'Jl‘{x 1 3 A%y IIL"(Tln ) "g "Lﬂ(Th" )
- (u-v) ¢o for o¢vgugtcg 1/V2
Xi’o(u,v;t) = 4= (t-v)icio for ‘or< wv< k< < 1172
() for o st c v g
1/V/2 .
/ Ki’o(u,v;t)dt = - (u-v)(l— - E%!)
o V2
1//2 2 2




PP

‘

For the second remainder term we need

1 o for v

2,1 £ Z
Ky (u,v;t,1) = 4 -(u-v) < o for
-(t-v) < o for
o for

Therefore

Ti“

2 2

2’1(u,v;t,1)) dtdt = (u-v) v

[] ]
T1-.

and finally

wsy I [ adot
T.®

(',';t,r»dth”L (T. %)
1 e

2t L z
(uy) "V{Ix«1 (v, ,t,r»%th”Lz(Tix) =
1

Until now we have only treated the error

.

By 12 {u,v) | o ¢

A
)
<

uA

Because of the symmetry of Qlf and Q2

f

T)
> 1 and o
> 1 and o

> 1 and o

]f Ki’i(u,v;t,r)dtdt = -(u-v) v (5% = E;!) s

(l_ l 2g+v)
V2

/2

Suy

B R
12v 1o

h//2} .

nn

in (29) we find, for

uA

nA

nA

"nA

un

in Th”, not in

nA

"A
c
"nA

1//7,

uA

1/Y/2,

nA

1/7/72.

example,




n_— — -
. 3 g 5,

>
h//2
2,0 : (2,0)
I -h£/§ Kh’ A o (t'O)dt”Lm[—hlff,h//5]
1//2
2 2
cntll [ KOG natl g x
o LT |
(us)ﬁ
(2500, (2500
« max{|lg (=20)lly, [o,n/vzysllE"" 2Oy, [-n/v7 00
1//2
i 20 2 (2,0),.
L = h ” ({ Kl, ( 3 ’t)dt”L”(Tlti) "g 2 ( ,O)HL‘D('h/ﬁ,h/v/:_)]

and
i 2,1 (2,1)
Wi R e LI R (t,vddtarll (p = TR )
Tl - 2 h Yl
. : ‘
3 2.1
< vl MTI{:(h;’ Co go 5t,1)) dtdrI[L2(Tlx)
1
(MB)T

) (2,1)
ety s+ et
[ Ly (T ) Lz(Th’_)]

2
31/ 25 (2,1)
= 0l JJOKGPT 005,10 atar ] aofig = . u
L T, 1 ’ ’ L2(T1 ) Ly (TR0 Ty ks

’

~

Finally we have to use the inverse transformation to (35).
By (35)

1

3 9 3
m:.Fz(a—x-* )’W-

<

and so, see for instance (39), (u0),




B N 2 DY ‘

.
2
5(2’0)(u,o) = % (%§ T %_) fix,h-%x) ,
u7) 4
2
g(?,l)(u’v) ~ 1 <%; + %;:) (%—y— = -g—x) f(X,Y) .

2/2
Fitting together (38), (41), (u3), (45), (47) we find (33), whercas
(39), (42), (4u), (46), (47) gives (34). 0 |

If one imposes additional symmetry conditions on f, one gan construct
interpolating functions satisfying (28) and reproducing bivariate

polynomials. ;
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