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1. INTRODUCTION

Queueing network models have important applications in computer system

and computer comunica tion netw ork node l i n g. Work on tn i s a ppli cati on i n the

last severa l years has produced a variety of models to capture important

aspects of computer systems and compute r communication networks. A broad class

of queue i n g networ k models has been put together un der a un i form framewo rk by

Baskett , Chandy, Muntz and Palacios [2] and further extended by Kobayashi and

Reiser [18] [26]. Obtainable from such analyses are stationary queue length

di str ib u ti ons and measure s of system performance deri va b le from them , such as
• mean response time of each user and throughput of the system. Although the

• average response time or waiting time can be obtained easily from the mean

queue length based on Little ’s formu l a , “L = XW ” , the anal yt i c or a pp rox ima te

solution for response time or waiting time distribution is still an open problem.

Cle arly, the distribution function is much more info rmative than the mean

because i t can p rov id e us wi th  h igher momen ts , quantiles , percentiles, etc.,

i.e. fl uctuations around the mean.

Using simulations via regenerative techniques to obtain interval estimations

of passage time distributions has been studied by Iglehart and Shedler [14] for

close d queue i nq networ ks , where passage time is defined to be the time for a

job to traverse a portion of the network [14], hen ce , a more genera l term than

response time or waiting time .

In section 2, we briefly survey the history on the development of the

theory of queue i ng ne two rk models . In section 3 , we summarize the queueing

network models where analytic results are available and the results on steady

state probabilities of the queueing networks. In section 4, we derive the

L~~J . ~~~~~~~ •_  ~~~~~~~~~ ~~~~~~~ ~~~~~~~~~~~~~••~~ ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ ~~~~~~~~~~~ .• 
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passage time distributions of the closed queueing networks specified in

• section 3 using the concept of “hit ting time ” or “fi rst passage time ” of

Markov processes . In secti on 5, we use a multiprogramrne d computer system

model which i s a two sta ge cycl i c queue i ng network as an exam p le to go th rou gh

all the details invol ved in calculating a passage time distribution. In

sec ti on 6 , an efficient numerical technique to obtain approximate passage time

distributions of the closed queueing networks is proposed. The approximate solutions

are very satisfactory . In section 7, we exami ne the open queueing networks specified

in section 3 and extend the results on the closed queueing networks to obtain

approximate passage time distributions for the open networks. The major

difficulty encountered in handling the open queueing networks is the infiniteness

of i ts state space as we sha l l  see la ter. In sec ti on 8, we emp l oy the derived

techniques to study interfau lt time distributions and response t i m e  distributions

of multiprogrammed computer systems . Finally, in section 9 we draw the

conclus ion .

2
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2. SURVEY

A good survey on the development of the theory of queueing network

models up to 1972 is contained in Muntz and Baskett [22]. Here , we excer pt

the contents from [22] and fill in the development thereafter. For some ten

years , the most general class of queueing networks for which an analytic

solution was known is treated by Jackson [15]. Jackson develops the equilibri um

distributions of the states of the following class of networks :

(1) All the service time distributions are exponential

(2) All the customers are i dentical

(3) A customer leaving a service center can choose the next service

• center according to a fixed set of branching probabilities for

the serv i ce center bei ng le ft

(4) External arri vals and departure s are allowed. The external

• arrival process is assumed to be Poisson .

Gordon and Newell [13] treat the similar kind of queueing networks and make

clear the product fo rm of the solu tion of the balance equat ions descr ibi ng the

steady state of the model. Properties (1) and (2) of this class of networks

are c lear ly  limitations of its app licat ions. In the past few years , applications

of such queueing networks to the modeling of computer systems have been drawing

i ncreas i ng atten tion , and the extensions of the above results to more genera l

queue i ng networks have been at tempted by var ious authors . We summar i ze the i r

results in the follow i ng :

Ferdinan d [12) analyzed a particular queueing model called the finite

source model or the machine repairman model . The system was a cyclic model

with two service centers and consists of a fixed number of customers . One

3 1
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service center which can be viewed as the CPU is shared by all waiting customers

simultaneously at a service rate inversely proportional to the number of customer-

being served. The other service center which can be viewed as the terminals

consists of a sufficient number of servers so that no queueing occurs . These

two types of service centers will be referred to as processor sharing and infinite

server stations , respectively. Different classes of customers are allowed , i.e.

each customer has its own pair of exponentially distributed service times , one

for each service center. Posner and Bernholz [14] consider the more general

network model of Gordon and Newell where each customer has its own set of

- ‘ branching probabilities , and exponentially distributed service times.

• The network is closed and two kinds of service models are allowed : FCFS (first-

• come first-served) and processor sharing. Only under the processor sharing

• discipline , different customers may have different service time distri butions.

Sakata , Noguchi , and Oizumi [27] discovered that when processor sharing

scheduling was applied to the classical infinite source queueing model (M/G/l),

the equilibrium distribution of queue sizes for the model was the same as that

for a similar model with exponentially distributed service times with the same

mean as the original general distribution. Baskett [1] deri ved a similar result

for a finite source model in which the service time distribution at both

service centers have rational Laplace transforms and Baskett and Palacio~; [4]

extended that result to the central server network model which Buzen [5] has

studied. The equilibrium solutions have the product form. The model includes

FCFS , processor sharing and infini te server types of service centers and the

service time distributions can be any distributions with rational Laplace trans-

forms for the two latter types of service centers . But the queue ing system is

closed and only a single class of customers is allowed. 4
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F
Whittle [28] [29] showed that the balance equations describing the under-

ly in g b i rth and death processes could be replaced by sets of “ independent ”

balance equations. Chandy [8] extended this technique to more comp lex models

an d extende d t he ran ge of networ ks for wh i ch p roduc t form solu ti ons can be

found. Chandy developed the solution for networks in which the service center

is of FCFS , processor sharing or LCFS type and in which all customers are the

same . Palacios [23] independently develo ped solut i ons for a par ti cu la r  ne two rk

wit h “ty pes ” of customers. In [9], Chan dy, Keller  an d Browne fur ther exten ded

the conce pt of customer “type ” and added the concept of customer “mode ” for

general networks .

The recen t mos t noteworth y progress i n extend i n g the cl ass of anal yti call y

solva b le queue i ng ne twor ks has been done by Baskett , Chan dy, Mun tz an d Palac i os

[2). These authors have succeeded in c a s t i n g  into a unified theory of previousl y

known but unconnected results such as queue size distri butions for M/M/l with

FCFS discipline , general service time distribution for processor sharing, infinite

server discipline and pre-emptive --resume LCFS discipline and queueing systems

with various classes of customers. Reiser and Kobayashi [26] generalize the

resul t of [2] to the case in which customer transitions are characterized by

more than one close d Markov cha i n. The techni que of generatin g func ti on has

been applied to obtain closed form solutions. Kobayashi and Reiser [18] further

extend the job routing behavior to high order Markov chain , i.e. the transition

p robab i l i ty of a job from one stati on to the other can de pen d on , at least,

the last two stations it has visited and not just the last one. In Lam [20],

t he class of queue i ng networ ks wi th a p roduct form solu ti on i s exten ded to in c l ude

state dependent lost arrivals and trigger arrivals. Such queueing network models

can be used to model store and forward packet switching nodes and multi programming

computer systems wi th storage constraint.5



_ _ _ _ _  - • • - - - —• - ---- —-- ~~~~ -• --~~~ —-~~---- •

3. EQUILIBRIUM STATE PROBABILITIES OF QUEUE ING NETWORKS

- 
• In th i s sect ion , we exami ne the class of queueing network models whose

equilibrium state probabilities have been obtained by Baskett , Chandy , Muntz

and Palac ios [2] under a uniform framework . Their results will serve as the

basic foundation for our subsequent analysis of passage time distributions.

The queueing network can have any kind of topologies and any number of

serv ice centers . The customers may have different classes . We will assume

tha t the queue i ng network cons ists of M serv i ce cen ters and R c l as ses of

customers . At any time , each job can only be in one job class , but it may

change class as it traverses through the network . Upon completing service at

cen ter i , a job of cl ass j i s rou ted to cen ter k an d changes to class -e with

probability 
~~jkt~ 

Fur thermore , the routing matrix ~R =

can be considered as defining a Markov chain whose state space is

{(i ,j) , l < i < M  , l < j < R }  and transition matrix is

The most genera l service time distribution considered is the one which

has a ra ti onal La p lace trans form . All  ex ponen ti al , hyperexponential and hypo-

exponential distributions have rational Laplace transforms . Cox [10] has shown

that any distribution with a rational Laplace transform can be represented by

a network of exponential stages of the form shown in Fig 3.1.

~~~ 
)Q

~
Fig 3.1 Representation of service time distributions by the method

of stages

6



In Fig 3.1 , 1-a 1 is the probability that the custome r leaves the service

center after the i-th state and a
~ 

is t he proba b i l i t y tha t the cus tome r goes

to the next stage. The service time at stage i has an exponential distribution

with mean I-li
The service centers of the network can be any of the fol lowing four types .

Type 1: The service disc ipline is first-come fi rst-served (FCFS). Al l  -
•

customers must have the same service time distribution regardless -
~

of its job class.

Type 2: There is a s ingle server at the service center , the service discipl ine

is processor sharing. The processing rate is reduced to h r .  if n is

the number of customers sharing the service. Each cl ass of customers

may have a distinct service time distribution. The service time can

have any distribution wi th a rational Lap lace transform.

Type 3: The number of servers in the service center is greater than or equal

to the maximum number of customers that can be queued at this center.

Th is is call the infinite server model . Each class of customers may

have a dist inct service time distribution. The service time can have

any d i stri but i on w i th a ra t ional  La p lace transform .

Type 4: The stat ion contains a single server , the queueing discipl ine is pre-

emptive-resume last-come fi rst-served (LCFS). Each class of customers

may have a distinct service time distribution. The service time can

have any distribution with a rational Laplace transform .

No ti ce a type 2 serv i ce center i s , in many cases , a reasona b le re p rese nta ti on

of the central processing unit allocating small quanta to jobs requiring service

j r ~ round robin. Actually, i t  is the l i m i t i n g  case of round ro bi n sche dul i n g

7 t
j  
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where the size of the quanta goes to zero and no overhea d is associated with

• job switching. A type 3 center is often used to represent the terminals in a

time sharing system. Type 1 service centers are most commonly encountered , e.g.

in modeling secondary storage I/O devices , channels in point to point computer

~~ communication networks , etc. A type 4 service center may also be used to model

CPU since it is an efficient preemptive scheduling algorithm.

We now proceed to exami ne the state of the network model . The state can

~~~~~~ ~ be represented by a vector

s _ l,.~~
, xM)

where x .~ represents the state at service center i. The exact form of x.~

depends or the type of service center i. We summarize the forms of wi ’s below :

Type 1 service center:

= (x .1, ..., x . )

x~ is the class of the j-th customer at station i in FCFS order and n
~ 

is the

num ber of customers at station i.

Type 2 or 3 service center:

= (
~ n ’  ~i2~ ~~~~~~~~ 

V~~~)

~ir 
is a vector (m irl~ 

m12 , mirU ) and the £-th component of vir is

the number of customers of class r in center i and in the ~-th stage of service .

Ui r  is the number of stages of the service time for a c lass  r customer at

service center i.

Type 4 service center:

= ( ( r .1 rn .1 ), (r 12, m .2) . . . (rin , min i
))

• 
• 

~~ 
is the class of the j-th customer in LCFS order and 

~~ 
is its stage 

of8
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serv ice .

Let S(t) be the stochastic process describing the state of the network

model and E be the collection of all permissible state ~‘s described above .

Propositon 3.1

S(t) = (S 1(t) , ., S~ (t)) forms a cont i nuous time Markov cha i n w it h s tate

s pace E = {
~ } , where S

~
(t) describes the state of the i-th service center at

time t.

• Before presenting the solution to the class of networks descri bed ~ ove ,

we need to define a set of terms that appear in the solution. Recall

• ~R 
= 

~~~~~~ 
is the routin g matrix and defines a Markov cha i n . This Markov

chain is assumed to be decomposable into m ergodic subchains. Let E1, E2 , ... , 
Em

be the sets of states in each of these subchains . For each ergodic subchain

Ek~ 
we define the following set of equations

R
• 

E 
eir 1’ir ,js + q = e~5 (J,s)cE k

k

The value of q
~5 

is determi ned by the rate of exogenous arri vals of class

s cus tomer to service center j .  Notice if q . 5 = 0 ~ (j,s) c Ek~
i s closed w it h res pect to Ek . In this case , eir can onl y be determ i ned to

within a multiplicative constant and interpreted as the relative arrival rate

of class r customer to service center i. If not all q~~ = 0 for (j,s) c

then we assume a unique solution for ei r . In th i s case , eir i s the absolu te

arrival rate of class r customers to service center i.

One further definition is required. If at the i-th service center the

customers of class r have a service time distribution that is represented as a

ne twor k of sta ges , then it will be represented as shown in Fig 3.2.



: r :~~ ~~~~~
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~~

0

airl air2 ~~~~~~~1r3 — —
- • l-a jrl ~~, 

l-a jr2 \,,~,, 
l_ a

ir3 
‘\~, ~ , 

l_ a
ir~~~

(=l)

Note :

(1) the first subscript denotes the service center

(2) the second subscript denotes the class of the customer

(3) the third subscript denotes the stage of service

Fig 3.2 Representation of the service time dis tribution of a class

r customer at service center i

Let A .~~~ ir~..1 airj~ 
i.e. A ir-e 

is the probability that a class r

customer at station i will reach its j-th stage of service. Finally, we

• 
- state the equilibrium state probabilities in the following theorem which can

be proved by checking that the independent balance equations are satisfied.

Theorem 3.1:

For a network of service stations which is open , closed or mixed in which

each service center is of type 1 , 2, 3 or 4, the equilibrium state probabilities

are given by

• ~ 
~~~~~ ~~~~ 

XM) 
= c d (‘k) F1 ~ l f2(~2) fM (X M)

where c is a normalizing constant chosen to make the equilibrium probabilities

sume to 1 ,

~ is an abbr. of (x1, x2, XM)

d(’~) is a function of the number of customers in the system s



and each is a function that depends on the type of the service

center i.

To be more specific , for
• Type 1 service center:

= (1 1 
~~~ e.

• 1 1 j — l  ix 1 .

Type 2 service center:

f.(~ .) = n.! 11R 
U. ir ire ]

m
ire 

~r~r ~1 1 1 r l  £ l  11 irZ

Type 3 service center:
-
~~ e A . m .
• f.(~ .) = 11R ~ 

i r ir lre. ] in 
m I

I
- 1 1 r=l ~=l ‘1ire iri

-• 
- 

Type 4 servi ce center:
e. A.

= T j=l 1 ~~~~~~~ 
~

13 13

If the arrivals to the system depend on the total number of customers

i n the system , denoted by M(’~), and the arrivals of class r customers to center

i follow fixed probabili ty 
~
‘
~r’ 

then

d(~) = x(i)

- •  where A(i) is the arri val rate when the total number of customers is equal to i.

Another case of interest will be the case where the arrival process consists

of m Po~~son arriva l streams corresponding to the m ergodic subchains mentioned

before . Let ~~(i) be the instantaneous mean arriva l rate for the j-th stream

when the total number of customers in the j-th subchain is equal to i and M (~/E~)

denote the number of customers in the j-th subchain when the state of the system

11

Li -~~~~~~~~ ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ ~~ •-• ~~~~~~~



is s , then

d(~) = 11 j=l 11 M(~
’/E~)-l A~(i)

If the network is closed , then

d(~) = l

Now let us consider the marginal distribution of queue lengths. Define

• an aggregate system state as the number of customers of each class in each
0..

center. More formally, an aggregate state W of the system is given by

(y1, y2, 
~~ 

where = (n11, n 12, ~~ 
A IR) wi th nir denoting the number

of customers of class r in service center i. Let —‘-- be the mean service
~
‘ir

time of a class r customer at service center i.

Theorem 3.2

The equilibri um distribution of the aggregate state W = (i
~l ’ ~~~~~~~

is given by
0.. 0..

P(W = 

~ l’ ~
‘2’ ~~~~~~ ~~~ 

= Cd (W) g1 G~1 ) g2(~
1
2) ...

where

• for Type 1 service center: ~1 (
~~

) = n
~
! {11

~ =l 
~~r! 

(eir )
ir } (1 

)
1

Type 2 or 4 service g1 (~1 ) = n
~
! 11 R 1 

1 (Ji~ )
ir

center: ir~ ~ir

- •  

Type 3 service center: = 

~~=l ~~~

The most obvious implication of this theorem is that the equilibrium
0..

distribution of the aggregate state W depends only on the means of the service

time distributions.

A further simplification is possible if the network is open and the

arrival process does not depend on the state of the model . Let =

12
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• be the aggregate state which represents the total number of custome rs in each

service station. Let R1 = (r: class r customers may require service at

service center i}. Furthermore, let

= Erc R
~ 

if service center i is type 1

- 
,eirp. — E  A~~ . . . . 4• 1 r c R ~ ~ir 

if service center i is type 2,3 or .

Theorem 3.3

The equilibrium distribution of the aggregate state = (n 1 ,... ,r M )

of an open network with state indeperi&nt arrival rate is given by

P (I~ = (n1,... ,n 1,)) JI P1 (n~
)

where
n.

P.(n.) = (1— p.) p. 1 
.

1 1 m i if service center is type 1 , 2, or 4

-p. p.~ i
P
~
(n
~
) = e ~ (—

~
--i-) if service center is type 3

Furthermore , various forms of state dependent service rates can easily

be incorporated into the network models. We examine the following three cases :

Case 1: The service rate at a service center depends on the total number of

customers at that service center. Let v
~
(n
~
) be the rate of service

at the i-th service center when there are n
~ 

customers at that

service center relative to the service rate when n
~
=l. Then f

~
(x
~
)

in theorem 3.1 becomes f
~
(x
~
) (l/~’v.(a)) . This form of state

a=1
dependent service rate is very useful . Consider the case when the

i-tb service center contains k
~ 

multiple servers , we can let

13
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n. , 1< n. < k .
v1 (n

~
) = 

~ k~ , n. > k.

Cases where v
~
(n
~
) is a general function of n~ can be found in

Kobayashi [19].

Case 2: The service rate of a class r customer at service center i depends

on the number 
~
1ir of class r customers at service center i. This 

-
~~~

form of state dependent service rate can not be modeled for type 1

if . . service centers. Let 
~ir~”ir~ 

be the service rate of class

~~~

_ ‘ customers at service center i relative to the service rate when there

• is only one class r customer at service center i. In this case ,
R ~~~

f~(x~) is replaced by f~
(x
~
) TI II (1/ (a))

• r=l a=l ~
‘ir

Case 3: The state dependent service rate involves the number of customers

in several service centers. Let I = {i
~
,i2~

. .. ,i }

be a subset of the service centers. Let n = E n. andI
let ~1(n 1) be the relative service rate to customers in the subset I of

service centers relative to the service rates when n is one.
n 1

In this case IT f.(x.) becomes II f.(x.) ~ (h/i (a’~id ~ id ~ ~ a=l / I /

Finally, we note that these various forms of state dependent service

rates can be combined.
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4. ANALYTIC SOLUTION ON PASSAGE TIME DISTRIBUTIONS FOR THE CLOSED QUEUEING

NETWORKS

In this section, we obtain the distributi on functions of passage times

for the closed queueing networks specified in the previous section. That is

to say the closed queueing networks can have any of the four types of service

centers and different classes of customers whose transitions follow some routing

chain. The passage time considered is the time required for a job to reach a

specified destination from a given start where certain restrictions may be put on

the passage. A formal definition will be given later. Response time is taken

to be the time measured between the arrival instant of a customer and its

departure instant for open queueing networks and the time required for a job

to go through a complete circuit or a loop for closed queueing networks. As we

shall se~ that response time is actually a special kind of passage time. The

reason why we restrict ourselves to closed networks in this section is simpl y

because the state space of a closed queueing network is finite. The advantage

of the finite state space will be aparent later on.

We will first introduce the concept of a tag job. Concentrating on the

behavior of the tag job as it traverses through the network provides us a means

to evaluate the passage time distribution. Each job is assumed to have equal

probability of being tagged. In order to keep track on the position of the

tag job, we need to augment the state variable described in section 3 by an

extra component which describes the position of thc tag job in the network .

Examining the state variable , we see that in the FCFS and LCFS service station ,

there Is a one to one correspondence between the state components and the jobs

• 

. 

In the system. This component specifies both the position (implicitly) and

the class of the corresponding job. It also specifies the stage of service

If the center is LCFS. By letting K(t) denote the index of the state component

15



I
describing the tag job at time t, we can identify the tag job position and

status unambig uously. But, for the processor sharing and infinite server

service centers, a one to one correspondence between state components and jobs
• does not exist. All jobs in the same job class and stage of service will

be described by a single state component, i.e. they are indistinguishable

under the state description. Since we are only interested in the stochastic

behavior of the tag job, this ambi gu ity really doesn ’t matter. This ambiguity

only elaborates a lit tle bi t the speci fication of the transi tion matri x as

we shall see. We will still let K(t) indicate the index of the corresponding
0.,

state component in the state variable. Let S(t) be the stochastic process
0..

• defi ned in proposition 3.1 and (S(t),K(t)) be the new stochastic process just

described , and let E and E’ be the corresponding state spaces , respectively.

Recall {S(t) } forms a continuous time Markov chain. Let fT~} be the jump

times of the Markov chai n , with 0 = T0
<T1 < ... . Clearly S(Tk) 

is related

to S(Tk l ) through the transition matrix , P
0 

= {P~~}~ of 5(t). If the tag

job is a FCFS or LCFS station , at the service complet ion instant , i.e. the

jump time of the underlying Markov chain , K(Tk) will be uniquely determined
0.. 0..

by the S(Tk) and (S(Tk l ), K(Tk l )). That is to say there is a one to one

correspondence between the possib le next states of S(Tk l ) and (S(Tk_ l ), K(Tk l ))

under the same transition probabilities. If the tag job is in a processor

sharing or infinite server stati on , th i s i s no more true . For example , assume q

jobs of the same class are in the same stage of a processor sharing or infinite

server station and one of them is the tag job. At the next service completion

instant of this stage of the service center, one of the q jobs changes its

status, either movin g to a di fferent station or a different stage of the current

service center. K(Tk) will depend upon not only the value of 5(1k) and

(S(Tk_l ), K(Tk_ l )) but also the fact whether the tag job is the job just

16
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completi ng its service. Nevertheless , the service completion of the tag job

can be determined stochastically. Since the probability that the tag job completes

its service at this instant is known which is equal to l/q,we can incorporate

the uncertainty on K(Tk) into the transition probabilities of the stochastic

process (S(t), K(t)), and these transition probabilities only depend upon the
p 0..

current state (S(Tk_l ), K(Tk l )). Therefore, we conclu de:

Proposition 4.1
0.. 0.-

Z(t) = (S(t), K(t)) forms a continuous time Markov chain

In order to define the passage time considered formally, we need to intro -

duce four subsets of E’ , (A1,A2,B1,B2) which will tell us in effect the star~t t ime

and stop time of a particular passage time of the tag job as we observe the sample

• path of the stochastic process. A2 and B2 are the sets of state where passage

times may start or stop, respectively. Knowing that the state of the stochastic

process is in A2 or B2 is not sufficient to conclude that a passage time starts

t or stops in general under path restrictions. Path restrictions will be allowed

if appropriate A1 and B1 can be defined such that the start or stop of a

passage time can be determined from the additional fact that the

process has also passed through some state in A1 or B1, respectively. In the

case where A2 and B2 are disjoint and the passage time terminates at

the first time the stochastic process hits some state in B2, the set B1 will

be redundant. Similar remark holds for A1 We next define two sequences of

random times, (S
i 
: j>O } and {r~ : j>l }, where 5j.l is the start time of

the j—th passage time and is the termination time of the j-th passage time .

Assume that the initial state of the Markov chain {Z(t) ; t>O} is such that

a passage time for the tag job begins at tO . Formally,

S0 = O

S~ = lnf { T~ : ~(T~) c A2, Z(Tk) c A1 for

some Tk >S j_l and k < n} , j > l

17
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t~ = inf { 1 : z(T ) C B2, Z(Tk) € B1
for some Tk > 5j-l and k<n}, j>l

Then the j—th passage time is simply PS~ = r~-s~~1. j> l . In the

case of response times , we wi ll have A 1 
= B1, A2 

= B2 and consequently

S
i 

= for all j>l. This formal definition of passage time is similar to but

somewhat more restri ctive than that in Iglehart and Shedler L14].

Now we ’ll try to convert the above passage time problem into the hitting
L .

t ime or f i rst passa ge time prob lem of ano ther stochast i c process , ~ (t). The

Z (t) should have the followi ng properties

(1) The set of possible initial states, A2 ,  should be isomorphic

to the set A2 which may start a passage time of~~(t). Furthermore , the i n i t i a l
*distribution at each state in A2 should equal to the stationary probability

that ~(t) may start the passage time from its corresponding state in A2.

(2) The process ~ (t) has an absorbing state. When the passage of ~(t)

term inates , ~ (t) should hit the absorbing state simultaneously.

First of all , le t us add an extra componen t, 1(t), to the state variable
“4

(S(t), K(t)). That i s to say the new state variable wi ll be the vector
0.. 0..

Y(t) = (S(t), K(t), 1(t)), t> O

where 1(t) is used to indicate whether during the previous state transitions ,

any state in 81
* has been passed through . Here we let Bl

* be the direct

extens ions of Bi with the extra component setti ng to •zero, i.e.
*B1 = {(z,O) : Z r  B1 }. We will further assume the process Y(t) starts with

some state (~
‘,O) at t=O where ~ cA 2. Since I(Tk) can be completely determined

by Y(Tk l ), we conclude that

Proposition 4.2
0
Y(t) is a continuous time Markov chain with the following properties :

18



0.. 
*

• (1) Y(O)cA 2

where A2 
= {(~,0) : Z C A 2

}

(2) 
~~ 1,1)(~2,i) 

= 

~ 
z1,z~ for i=1
0 for i=O

P(’~ ,O)(
~2,

0) = { Z
1 
,z2 for ~ B1

0 for z1 cB 1
P0. 0.. 0.

P 0 .  0. = ~ z1,z2 
for z

1 
cB 1

~
z ,O)~z2,~) 0.

• 0 for z1 t~B1

where

is the transition matrix of 1(t)

and

{z 1,z2} is the transition of matrix of ~(t)

From properties (1) and (2), it is apparent
0.. “4 

*(~(t),O), i f Z(T~,) ~ B1 for all 0<T <T 1 <t< T
Y(t) = f 0. 0.. 

k n- I  — n
(Z(t),1), if Z(Tk) c B1 for some O<T k <T n l  <~~Jfl

If B2 and B1 are disjoint , the number of states reachable from A2 may be

reduced if we modify the definition of the transition matrix on the state

(
~1,0) 

to be

Po.. 0. 0. 0.

= 
~ 
z1,z~ for z1 B1, z2~~B1
0 otherwi se

and
~ 0. 0. 0.. 0.

• 0. = { z1 
,z2 for z1 4 B1 or 21 and 22 c B1• (Z 1, uj(Z2,uj 0 otherwise

for every 
~l £ E.

19 
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The di fference between the two definitions is that the component 1(t) will

not be set to one until the process ~(t) leaves the set B.~ for the fi rst

• time under the modified definitions.

4 *Let us define 82 to be the direct augmentation of B2 by setti ng the

extra component to 1 , i.e. B2 = {(~
‘,l):~~E B2}. We further modify the state

space of the stochastic process Y(t) by l umping all the states in B2 into a
0..

L single absorbing state r. Clearly the new stochastic process satisfies
0.

property (2) of Z (t) and for each state 
~l in A., of Z(t), there is a state

0. *
(z1, 0) in A2 corresponding to it. That is to say the passage time of

~(t) will have the same distri bution as that of the hitting time to state

of this new stochastic process under an appropriate initial distribution. We
“4
*

• will call the new stochastic process ~ (t) and the corresponding state space
*
E .

As pointed out earlier , if A2 and B2 are disjoint and the passage time

terminates at the first time that the stochastic process hits some state in

B2, the set 81 is redundant. In this case, the extra component 1(t) is also

redundant. Lumpin g the states in B2 into an absrobing state , we get the“4
*desired stochastic process ~ (t). Even if A2 and ~2 

are not di sjoint , we
“4
*may sometimes still be able to uniquely identify each state of ~ (t) after

dropping the last component 1(t). In this case , 1(t) is a conceptual tool to
“4
*hel p us define Z (t). For example , if the last stage of the passage contains

a cri tical service center which can not be reached by the tag job until the

end of the passage time , 1(t) can be dropped at the final step even if the

passage is a loop. Nevertheless , in the general case , 1(t) is required.

Fruthermore , the definition of passage time can be general ized i n the

follow ing way. We can modify the definition of 1(t) so that it will not be

20
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set to 1 until the underlying process ~(t) not only passes through some state

in B1 but also transi ts to 
appropriate next states when it depdrts from

that state in B1 . The setting of 1(t) can also be nondeterministic. The rule

can be that when the underlyin g process ~(t) jumping from state b in B1 to

state d , 1(t) will be Set to 1 with probability g. That is to say 
~~ ~ 

(d 1 
=

‘ , /,~~ 
,

and 
~(b ,o),(d,o) 

= (1 g) 
~bd 

An example of this type will be that a

passage time terminates at the time it transits from Server i to server j with
probability g. In this case , we can choose Bi to be the set of all states

corresponding to the tag job being served at station i. At the next state

* transition of ~ (t), the component 1(t) will be set to 1 with probability g if

• the state trans ition is due to the transition of the tag job to station j .
• Similar generalization holds for A 1 and A2.

We now proceed to eva l uate the appropriate initial distribution for
0. 0.

~ (t). Fi rst we need to fi nd the steady state distri but i on of ~(t) = (S(t), K(t)).
0.

The steady state distri bution of S(t) is given in the previous section . Let

{P(~)} be the steady state distribution of 5(t) and {P(~ ,k)}be that of ~(t).

Assume the total number of jobs in the network is N. Clearly, each job has L

probability bein g taged. If the tag job is in a FCFS or LCFS serv i ce

center , the steady state distribution at state (‘~
‘,k) will be

= ~ P(~) (4.1)

and if the tag job is in a processor sharinq on infinite server center , the

steady distribution at state (~,k) will be
0.

P(’~
’,k) = 

N1 (s ,k) 
P 0.. (4.2)

where N(~ ,k) is the number of jobs in the same class and stage of service

as the tag job.

_  -- 
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To evaluate the initial distribution of ~ (t), we fi rst consider the

comon case where each state (~,i) in A 1 can transit directly to some

states in A2 to start a new passage time
+. The infinitesima l trans i tion

rate of the continuous time Markov chain ~(t) from state (?Li) to

state (s,k) is denoted by 
~(‘j 1)(~~k)

. For each state

0. * 0.. *

(s ,k) in A2 , we will let H(s,k) denote the set of states in A 1 which can

• transit directly to the state (‘~,k). The appropriate initial distribution

will be

0. .
* P v 3 ) q 0 . .  0~

(
0. .\  Li(

0. t,~ ~ ‘ (v,j)(s,k) 
0. *

~V ,3 / C II~~S ~~ for (s,k ,u) cA
• 

. ___ — P
0..

(~,i) C H(~ ,h) 
u ,i

• rI(~,k,O) = (‘~,h)c A2 (4.3)

4 0 otherwise

0.

• Ji(s,k,1) = 0

For the general case, we need to calculate the taboo probabilit y

A A f* 0. ~~~~~~~ , which is defi ned to be the probability that starting from
1’ 2 ~u,i ,~s,k)

0. 0.

state (u,i) we can reach state (s,k) wi thout passing through any states

in A 1 and A2 during the intermediate steps , from the transition maxtrix of

the imbedded Markov chain of~ (t). Furthermore , we define f*(
o.. • )  ~~~~~~

1 ’2 U~

to be 
~ (~,i)(~ ,k) 

when both (‘~i,i) and (
‘
~
‘,k) are in A2. Let

= 

(~ ,j ) c A 1 
P(~,j) q(~~J)(~~1) A 1,A2 

f*

0.

for (s,k) rA 2
The appropriate initial distribution will be

+Consider the case where the passage time terminates upon the tag job
transiting from server x to server y.
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,k) 
0. *c(u ,i) for (s,k,O )EA 2

(4.4)
0 otherwise

IT(s,k,l) = 0

“4
*After obtaining the appropriate initial distribution of ~ ( t ) ,  let us

start to solve for the distribution of the hitting time to the absorbing

state r for each state of ~ (t). Let

F~(t) be the holding time distribution function at state ?~, and

G~(t) be the distribution function of the hitting time to absorbing

state 
‘

~~ when starting from state ~~~. Then decomposing over the holding time

and possible next states of ~~~, we get

G~(t) = F~(t) 
* ( ~~~ P~~ G~(t) +

= f ~ ~~~~~~~ ~~~ G~~t-S) dF~(S) + P~~.. F~ (t) (4.5)

where means sumation over all states in the state space of the Markov
0.0..• v+r

chain except ‘
~,the absorbing state.

Assume
F~(S) =

,00 St ~r- j 0 e uro,

G~(S) =

= ! e
_ 5t 

dG..1.,(t)
w

23
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* * *i.e. F0.(S) and G~.,(S) are the Laplace—Stielt jes transforms of F0.(t) and
w w w

t~ (t) , respectively.

Taking Laplace-Stieltjes transform on both sides of (4.5) we get

G. (S)  = F (S) (
~ P0.0. G~..(S) + P0.0..) (4.6)

‘cr w v  V wr

(P0.0. F~ (S) - 6 0.0. ) G~(S) 
= p0.0. FZ(s ) (4.7)

0.~~ 0. W v  w w v  v w r  w
y r

where 6,.,,,,., = 
~ 

1 if
0 otherwise

Equation (4.7) represents a system of linear equations with finite dimension .

After solving for G’~ (S), we can get G,~(t) by taking the inverser Laplace-

Stieltjes transform.

Finally, we get the passage time distribution function

F . G(t) = 
* 

II (~ ) G 0.(t)
~ C A 2

Before closing the section , we would like to point out the fact that

if we only tag the job from a specific class , we can obtain the passage time

distribtuion for a specifi c class of jobs directly by following the same

procedure.
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5 . ILLUSTRATIVE EXAMPLE

Consider the simple queueing network model shown in Fig. 5.1. This

F model is often encou ntered in modeling multiprogranined computer systems.

Under this interpretation the two service stations will be referred to as

the CPU and I/O unit and the imp lication of a closed queueing network is that

the degree of multiprograming is fixed. Upon completion of service at the

CPU , th e j ob rejoins the tai l of the queue in the CPU with probabilit y ~P

and that in the I/O unit with probability 1-~P . Neither the CPU nor the

I/O unit is subject to preemption and both follows the first-come first-

served discipline. The passage time of interest will be the passage time

• denoted by T which is measured from entrance i nto the CPU queue until

completion of the service at the I/O unit and rejoining the queue at the

CPU. Also possible of interest in the model will be the passage time denoted

by T defined as the time measured from entrance to the queue at the CPU after

1/0 completion until entrance to the queue at the I/O unit.

For ease of illustration , we will assume there is only one class of jobs

in the system. The state variable Z (t) can now be simplified into

~ (t) = (Q0(t), Q1 (t), K(t), 1(t))

where

Q0(t) 
= the number of jobs waiting or being served at the CPU

Q1 (t) 
= the number of jobs wa iting or being served at the I/O un it

• K (t ) = posit ion of the tag job in the network count ing from the

tail of the CPU queue toward the head of the I/O queue

1(t) = indication of whether the sy~tem ever passing though the

states in 87 as defined below

25
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We can further simplify the state variable using the fact that the

total number of jobs are fi xed. After simplification , the state variable
• 

0.
* 

V

~ (t) will be defi ned as

= (Q0(t), K(t), 1(t))

wi th state space E and forms a continuous time Markov chain. For this
*P model the state space E is given by

*

E { (j , k, I) : O< j<N; 1 < k < N ;  O < i < l }

where N is the number of jobs in the network.

Recall the sequence of refi nements needed to obtain ~ (t) described in

section 4. The sets A1, A2, B1, B2 defining the start point and end paint of the

passage time T of the tag job in the stochastic process ~(t) = (Q0(t), K(t)) V

• 
• are given by

• ‘
~l 

B1 
= f (i ,N) : 0 < 1  <N )

= { (O, 2) , (2 ,1))

• A2 B2 = ((1,1) : O < i < N }
= ((1,1) , (2 ,1))

* * * “4
*

and the corresponding A2 , B1 and B2 in Z (t) are

A2 = ((i,1 ,O) : O < i < N }

= ((1,1 ,0) , (2 ,1 ,O)}

B2
* = {(i ,l,l) : O < i < N }

= {(l,l ,l), (2,1 ,1))

B1 = ((1 ,2,0) : O~~i <N)

= ((0 ,2 ,1) , (1,2,0))

- I The absorbing state is formed by l umping the states in B , i.e. (1 ,1,1) and

- f (2 ,1,1), together.

I’
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1 , p ) [ ! 1 I I I  
® 

V

Fig. 5.1: A Closed Two Serve r Queueing Model

A2 B2 

— — — — —  — — — — — - -

Fig. 5.2: State transition diagram of x(t) = (Q0(t) , K(t))
and subsets A 1 ’s and 81

1 s for passage time T

27
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• Now we go through the refinement procedure step by step using a very

simple case where N = 2  jobs . In Fig. 5.2 , we show the state transition

diagram of ~(t) = (Q0(t) , K(t)). There are six states in total. After

adding the component 1(t) to the state variable , the state t rans i t ion

diagram is shown in Fig. 5.3. There are 12 states in total. Only the 11

states reachable from the permissible initial states which are the states in A2
are shown. Finally after merging the states in B2 into an absorbing state

the transition diagram of th: Markov chain is shown in Fig. 5.4. The

corresponding A1 
‘ 5 and B1 ’s or A1 

‘ 5 and B1 
‘ S are also indicated in each

-

~ 

••, figure. For comparison , in Fig. 5.5 and 5.6 , we indicate the A 1’ s a~.d B1 s
p. • 0. 

* *of ~(t) and A 1 ‘ s and B~ ‘ s of the corresponding ~ (t) on their transition

• diagrams for passage time T*, res pectively.

9 
p

28
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• ‘(2,2,1)

V Fig. 5.3: State transition diagram of (Q0(t),K(t),I(-t)) before B2 is l umped
0. * * *into r and subsets A2, B1 and B2 for passa ge time T

• 

- - - - -

((0,1 ,O) ~~~~~~~~~~~~~ 1 ,l ,O)~~~~~~~~~~~(2 ,1 ,0))
4 1 2

*B . - — -

(0 ,2,1) (1 ,2,0) (2~2 ,0 ) )

0..

• r

0
“4* * *FIg . 5.4: State transition diagram of ~ (t) and subsets A 2 and

- for passage time T
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Fig. 5.5: State transition diagram of ~(t) = (Q0(t) , K(t))
and subsets A. and B1 for passage time T
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/~ 
__
•\ \ /
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I

\ I I \~.,\ I \
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FIg. 5.6: State transition diagram of Z ~t) and subsets
A2 and B1 for passage time T
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I
To s i m p l i f y  the notat ion we will relabel the states as shown in

• Table 5.1

I Relabel led  state 
— 

Original state

0.0 r

1 (1 ,1 ,0)

2 (2 ,1,0)

3 (2,2,0)

4 (0,1 ,0)

5 (1 ,2,0)

6 (0,2,1)

Table 5.1: Relabelling Table

Assume the means of the exponential service time distributions at the

CPU and I/O unit are and ~-, respectively. We get the followingp 
“4
*infinitesImal generator [11], Q, for the continuous time Markov chain Z (t).

0 0 0 0 0 0 0

0 -(u+(l-ip)X) 0 ~ (l-’p)A 0 0

0 (1-’p)x -x ‘px 0 0 0

0 0 ‘pA -A 0 (l-~~)A 0

p 0 0 0 0 -(p+(1- ’p)A ) ( l - ’ p)A

U 0 0 0 0 0 -i•i

31



and the transition matrix , P, of the imbedded Markov chain can be obtained

from Q as [11].

1 0 0 0 0 0 0
V p (1- ’p)X

O 0 0 p+(1-’p)A p+(l-’p)X 0 0

O (19) 0 ‘p 0 0 0

0 0 ‘p 0 0 (1-’p) 0

O 0 0 0 0 1 0

0 0 (1-’p)x
• p+(l-’p)X v U

1 0 0 0 0 0 0

• Let F1(t) be the holding time distribution of state i

• S1(t) be the hitting time distribution to state 0 from state i ,

and F1
*(S) and G~(S) be the corresponding Laplace-Stieltjes transforms ,

• respect ively, as before .

Since the holding time is exponentially distributed ,

* 
q1 

V

Fi(S)  =

where q1 = -~~1

Furthermore, let

R = [r1~~ 1 < i , j<6]

where r1~ = ~~ F1
*(S) -

32 V
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then clearly

1 o ~1-’p)X 0 0- 
S+’p S+q

(1-’p)x -1 0 
V

V s+x s+x
R = 0 ~~~~~~

— -l 0 o
0 0 0 -1 ~~~~~

— 0

o 0 -l (1-~p)x

0 0 0 0 0 -1

k where ~ = p+ (1-’p)x

From equation (4.7), we get

• 
G~(S) 0

G2 (S) 0

R G;(S) = 0

G4 (S) 0

G (S) -g1

G (S) -g2

where
= ~~~g1 ~~

and

= - ~~-

~2 S+P

V After simp lifications , we get

G * (S) - 
(r 23 r35 +r 21 r13r35~ r21 r14 r45 ) (g 1+ r 56 g2) 

V

2 
- 

1 - r23 r32 
- r21 r13 r32

G~ (S) = r13 r32 F (S) + (r 13 r35 + r14 r45 ) ( g 1 + r 56 g2)

33 V
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Both G1 (S) and G2 (S) are rational functions of S. After simplification

and taking inverse transform, we can get G
1 (t) and G2(t).

From theorem 3.1 , we obtain the initial distri bution

1 1 1 ’  - x (1-’p)
/ — 

A (l-’p)+~ 
V

rI”2’ - U
V 

‘ / —

Hence , the distr ibution of passage time T is

— x (1— ’p ) / 
+

V~~.
V 

* 
‘ ‘ 

— 

X (l - ’p ) +u  1 ’ ~ T~~J~ji 2

Let us look at the case where A= 1 , p=O .5, and p = 0.75. The values
V of the parameters are the same as those used by Iglehart and Shedler [14] where

V the regenerative simulation is used to estimate the passage time distributions

V of the same system. After simplification , we get

* 
— 32S2 + 56S +l5

(64S + l76S + 124S + 15)(S+l)(2S+l)

- (6S+5) (45+3)
2~~’~~ 3 2 2(64S + l76S + 124S + 15) (25+l)

and
11(1) =

11(2) =

Finally, by taking the i nverse Laplace transform, we get the passage

time distri bution.

G(t) = l.6lB32 (l_e
_
~
J
~
lSl 9l39t) + O.121284 (1_e_°~9lB6SOBt )

+ O.O234787(l_e_L679435t) - O.0793388(l_e
_O
~
St) V

+ O.O3O3O3O(1_e~~
St 

-

which is a combination of exponential and Gamma distributions .

34
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6. NUMERICAL APPROXIMATION ON PASSAGE TIME DISTRIBUTIONS FOR THE CLOSED
QUEUEING NETWORKS

From the example in the previous section , we can see as t he complexit y

of the queueing network increases , the number of states increases ra pid ly

and the manipulations on transfer functions become very tedious . In this

section , a numeri cal approximation method is proposed. The basic idea is ~

V estimate the discrete approximation of the passage time distr ibution instead. V

Under the discrete approximation , all the convolution integrals become

recurrence relations , so the enumeration on computers is straightforward .

Recall F~(t) is the holding time distribution function at state w and is

exponentially distributed. Assume that its mean is —.
~~~~~ . If we discret ize

the density function dF~(t)/dt into a string of impulses separated by d as —

in Fig. 6.1 and set the magnitude of each impulse equal to the area under l e e

~ nsi ty function on its left hand interval , we get a geometric dist ributi on

where

-x~( k - 1) d -x~kd
V 0.1k) = ~ 

e -e for k> 1
Fw 0 for k = O

As d decreases , the accuracy increases and the efficiency decreases. In

Fig. 6.la and 6.lb , we display the density function dF~(t)/dt and its dis c ret V

approximation PF~
(k), respectively. Note the reason why the discretization

has a delay or shift d comes from the fact that no probability mass should

concentrate on the origin for holding time distributions in general .
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*

(a) density function dF0.(t)/dt
w

—x’~i1—e w V

I _ 1,+
(b) discrete approximation P~~ (k)

Fig. 6.1: Density function dF’4(t)/dt and its discrete

approximat ion P~~ (k)
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Let P~~ ( j )  be the discrete approximatio n of the hitting time density

function dG~(t)/dt.

The discrete version of (4.5) now becomes

= 

~
i!l 

PF~
(i) 

~cE* ~~ PG~
(j-i) 

i 
~ 

1 (6.1)

and

PG~
(O) = {0 z:~:;Furthermore, using the fact that the holding time is geometrically

distributed , the above equations for P~~(~) can be further simplified into

* . “4 0.

* 
P0.0.. 

~~~~~~ 
for w ~ r

P 0.(j) = ,~ vcE 
w v  J > 1  (6.2)

Gw 0.. 0.
(0 f o r w = r

and
0. “4

(0 f o r w + r
P 0.(O)Gw 1 0. 0.f o r w = r

where
-• W 0. 0.

* t ( 1-e  ) P0.~ f o r v + w
V P0.0. = w

w v
0. 0.e f o r v = w

V Clearly, the P~~( j )’ s can now be solved recurs ively for j > l , s t a r t i n g

with PG~
(O) = S ~~-~ for a l l  ~~~~

Hence, 
~~~ 

the discrete approximation of the passage time density

function , dG(t) /dt , can be expressed as 

- - ~~~~~~~~~~~ V
• 

_
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4

= ~~-~~~- 

* 

— 

f l (~~) PG~
( i)  (6.3)

where the initial distri bution II(~~) is given in (4.3) or (4.4).

V By linear interpolation, we get

G(t) 
~~~~ 

+ t-id for i d<t < ( i +1)d
j=1 —

Finally, let us apply the approximation technique to estimate the

response time distribution of the multiprogramed computer system mode l in

the previous section. In table 6.1 , we tabulate not only the approximate

percentile response time distributions under two different d values , 0.05

and 0.1, but also the analytic result obtained in the previous section and
V 

the simulation result obtained by Iglehart and shedler [14]. The approximation

leads to very satisfactory results especially when the size of d is small.
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7. APPROXIMATE PASSAGE TIME DISTRIBUTIONS FOR THE OPEN QUEUEING NETWORKS

• The major problem encountered on tackling open queueing network is V

that the state space of the network is infinite . We first use a specifi c

passage time which is the response time of a job to illustrate the similarities

and differences encountered in handl i ng open queueing networks and closed

queuelng networks. We assume that the network has already been in steady

state at t = 0 and a job arrives at t = O~. We will use this newly arrival

job as our tag job. The state variable of the network will still take the

form
1~ 0.

* 
0.

~ (t) = (S(t), K(t), 1(t)) t >O

C
. * * *as that in the closed queueing network. The set A2, B1, and B2 will also

be defined as before. Actually, the set B.~ is redundant in this case, but

for more general passage time it is indeed required. The states in A2 which

• correspond to all possible start points of response times have the form
V (~,k,O) where the k-th component of ~ describes a job which may be consider9d

V 
to be a new arri val to the queueing network. To be more specifi c , a job

can be considered as the newly arri val job to the queueing network , if i t

is the last job in the queue of a FCFS service center, or the job currently

being served In the first stage of a LCFS service center, or any job in its
*

first stage of service in a PS or IS service center. The set 82 which corre-
V sponds to all possible end points of response times and will eventually be 

V

V 

l umped Into an absorbing state consists of all states which can be the next

states ilTinediately after an exit of the tag job from the queueing network.

The states in B have the form (~,O,l). Notice we set K(t) equal to zero

to indicate that the tag job has left the network by time t.

40
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- We now proceed to evaluate the initia l distributions of the states in
*

- A2 under our previous assumptions . Let us for the moment return to the state

description of S(t) with state space E cited in section 3. Let H(~,k) be the

state that leads to ~ after an external arriva l whose class and enterning
service center Is described by the k-th component of ‘~~ where both ~ and H(~ ,k)cE.

Here we implicitly assume that the k-th component of ~ can indeed representV 

a new arri val to the network. Notice given ~ and k, the preceding state H(~,k)

• is unique . To be more precise , if the arri val enters from a FCFS or LCFS

~~ 

. 0. . .  . 0 . .
V - service center, H(s,k) is obtained by deleting the k-th component of S and if

the arri val enters from a PS or IS service center, H(~
’,k) is obtained by

decreasing the k-th component of ‘~ ‘ by 1 and deleting it if it drops to zero
0.

V after decrementation. Let C(s ,k) be the service class of the new arri val

described by the k-th component of ~ and T(
’
~
’,k) be its entering service center.

Recall that 
~,r 

is defined in section 3 to be the probability that the new

arrival will be of class r and entering from service center i. Clearly, the

V transition probability from H(~,k) to ~ conditioning on a new arrival will be

V V P~~10. k’ ~~
‘
0. k’ Finally the probability that conditioning on a new arri val

I )  L S , ,

with class C(~
’,k) and entering service center T(~

’,k), the network will be in

state 
‘

~~ is given by

= P(H( ’~,k)) ~~(~~k) C(~~k) 
(7.1)

where P(H(~
’,k)) can be evaluated by Theorem 3.1. Furthermore , the above

probability is in fact the initial probability distribution of the state

(‘~,k,O) in A of the augmented state space E*, i.e.

Following the same argument for closed queueing networks , we can derive

the same equations as in section 4 for G~(t) and G~(S), the hitting time

41
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0. *distribution and its Laplace-Stielties transform for each state w in E

respectively . That is in t ime domain

G~(t) = .r~ ~~ ~~ G~(t-~dF~(S) + ~~~ F~(t) (7.2)

in transfo rm domain

0.E,,, (P~~ F~~S) - 6~~~) &~(S = -P~~’~ F~(S) (7.3)

But the system of equations appeared in (7.3) now has infinite dimensions.
* 

0. 0.

Clearly, we only need to consider a finite subset ,D =~(S ,K ,i):ScD}, in the state
S 0.

space of Z (t) where 0 is the most frequently occurred states of ~(t) such that

the total steady state probability of Z(t) in D , which can be derived from

• 
• theorem 3.1 , i s close to 1. By neglecting the other states not in that

subset, the system of equations reduces to a finite set 0f linear equations.

We note that after the state reduction the transition probabilities should be

normalized.

To simplify the problem , we can again apply the discretization technique

introduced in section 6 to obtain recurrence relations for the discrete

approximation of the density function of the hitting time for eac h state

V 
The recurrence relations are similar to (6.2) except that now we have infinite

simultaneous recurrence relations due to the infinite state space. Using
*the same principle cited above to reduce the 5tate space to 0 , the problem

becomes solvable. The discrete approximation of the density function of the

response time is again give by (6.3) except that -~~~~~~~~~~ 
—

h becomes an infinite
(‘~,k,O)cA2

V sumation. By considering only the intersection of A and 0 ,

_  ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~
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the sumation becomes a finite surmiation. As before, all the probabilities

should be normalized after the state reduction . As long as the traffic in

the network is not heavy, all the infinite sumations appeared above will
V converge very quickly and only a reasonable number of states need to be

considered.

Alternatively, we can approximate an op.en system by a closed system

and apply the result in section 6 directly. Since the queue length distribution

of the system is known , we can calculate the quantile of queue length

V distribution with no difficulties. Let N be the 95% or 99% quantile of the

distribution of the total number of jobs in the system depending upon the

L • accuracy desired. That is to say 95% or 99% of the time the number of jobs

in the network is less than or equal to N. So if we cons ider a queuein g

network wh i ch i s identical to the original network in all respects except

• that the arrival process is shut down when the number of cus tomers in the

system is equal to N , the performance difference should be very minor. The

new queueing network can be viewed as a closed queueing network with N

customers as shown in Fig. 7.1. In fact, when N ÷ ~~, the per formance

the two network models becomes i dentical. As long as the traffi c in the network

is not heavy , N will be reasona bly small .
Let us consider an example. The example chosen is an open two server

queueing model. As in the closed two server queueing model , the servers can be

interp reted as CPU and I/O uni t , respectively. Now the total number of jobs being

activated is assumed to be variable. The open queueing model and its approximate

closed queueing model are given in Fig. 7.2a and 7.2b respectively. The passage

time under interest is the response time which is the time between arri val and

departure of a job to the system. In Fig. 7.2b, the equivalent passage time in V

the closed network is the time measured from entrance into the CPU queue from

the source unti l the entrance i nto the source af ter serv i ce comp leti on at the

I/O unit. 43

-

~ 

V V~~ ~~~~~~~~~~ V~~~~ ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ ~~~VV V~~~ ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~



——.-- • 
~~~~~~~

(a) open queueing network model

_ _ _ _ _ _  
the original 

_ _ _ _ _ _

queueing network
in (a) 

-
~~

(b) approximate closed queueing network model

Fig. 7.1: An Open Queueing Network Model and Its Approximate
Closed Queueing Network Model

CPU I/O unit
A,

(a) open queueing network model

source

CPU I/O unit

(b) approximate closed queueing network model

Fig. 7.2: An Open Two Server Queueing Model and Its Approximate

Closed Queueing Network Model
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In Table 7.1 , we compare the simulation result and the approximation results

V on percentile response time when ip = 0.3 , cx = 0.1 , A = 0.1 , = 1 and 112 0.5.

The simulation result is obtained via regenerative simulation where not only the

point estimation but also the 95% confi dence interval are provided. We evaluate
V the approximate percentile response time under two di fferent cut off values , i . e .

N = 3 and 4. Furthermore , the interval of discrete approximation , d , is chosen

to be 0.05. As we can see the approximations obta i ned ;under different N ’s have

little di fference since the system seldom has more than 3 jobs simul taneously.

• The approximation results are also very close to the simulation results . In

Table 7.2, we show the approximation results for N = 3 and 4 when the value of

d is doubled. The results are still very nice. In Table 7.3, we compare the

- simulation result and the approximation results on percentile response time

when ~p increases to 0.75. The traffic intensity increases in this case, so does

the appropriate cut off value on the arrival process. We consider two different

approximations for N = 7 and 8, respectively. The value of d is chosen to be

0.05 . Again , not only the approximate results under different cut off values

have very . ttle difference , but also they are close to the simulation result. V

approximatiOn V

Percentile Simulation N=3 N 4

{R<l} 0.0758 0.0059 0.0736 0.0723
{ R <2 }  0.227 0.010 0.225 0.221
{R<3} 0.384 + 0.012 0.386 0.379

{R<4} 0.523 + 0.013 0.528 0.520
IR<5} 0.640 + 0.013 0.644 0.634

{R<6 } 0.729 + 0.012 0.734 0.724

{R<7} 0.798 + 0.011 0.802 0.793

{R<8} 0.847 + 0.010 0.854 0.846
{R<9} 0 884 + 0.009 0.892 0.885
{R<l l }  0.935 + 0.007 0.941 0.936

Table 7.1: Percentile Response Time When~~ 0.3 , cx = 0.1 , X = 0.1
= 

~~~ 
p2 

= 0.5,and d = 0.05
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approximation 
V

Percentile N’3 N=4

P{R< l} 0.0695 0.0682

P~R < 2~ 0.219 0.2 15
P{R<3} 0.378 0.372

V 

P{R<4 } 0.520 0.512
P { R < 5 ~ 0.636 0.627
P { R < 6 }  0.727 0.7 18
P~R~~7} 0.797 0.788
P~R < 8~ 0.849 0.841

• P{R<9} 0.888 0.881

P{R < l l } 0.939 0.933

Table 7 .2 : Percen tile Response Time When p= 0.3, c~ = 0.1

~~
= 0.1 , 

~l 
= 1 , ‘~2 = 0.5 and d = 0 .1

1 .  

_ _ _ _ _ _ _ _  _ _ _ _ _ _ _ _ _ _ _ _ _  

_ _ _ _ _ _ _

_

_ _ _ _ _ _ _ _• r - 

approximation
Percentile Simulation N=7 N=8

P I R < l l  0.0202 + 0.0026 0.0208 0.0207

P R ~~2~ 0.0755 + 0.0053 0.0752 0.0749

P R < 3 r  0. 148 + 0.0076 0.148 0.147
P{R~~5} 0.304 ÷ 0.011 0.306 0.305
P P < 7 ~ 3.443 + 0.013 0.448 0.447

P - R ~~9} 0.562 4- 0.013 0.564 0.562
P~P < l 1 }  0.653 -

~ 0.13 0.653 0.652
P D < 1 3 }  0.723 ÷ 0.013 0.723 0.721
P 1R <1 6 } 0.797 + 0.012 0.799 0.797

P{R<20} 0.867 + 0.010 0.865 0.864

ia ble 7.3: Percentile Response Time When ~ = 0.75 , :~ 0.1
= o•~ ‘~1 = l, 1

~2 
= 0.5 , and d = 0.05
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8. A CASE STUDY ON INTERFAULT TIME DISTRIBUTIONS AND RESPONSE TIME
DISTRIBUTIONS OF MULTIPROGRAMMED COMPUTER SYSTEMS

We now proceed to investigate the distribution and density functions of

two important quantities encountered in analyzing the performance of a mu l ti -

programed computer system, namely interfault time and res ponse time . Both

quantities are measured in real time . The number of acti ve processes will affect

the ‘nterfault time and response time on two folds. It not only explicitly

implies the contention level on the processors but also implicitly implies

‘ -~ the content~on level on main memory . The amoun t of memo r~’ al loca ted w i ll have

a drastic effect on the number of instructions executed between page faults ,

i.e. the virtual interfa~1t time . In order to capture the memory effect on

the performance , we will take the approach of hierarchical modeling. In the

V first level of modeling hiera rchy we only consider the interactions between

the CPU and pag ing device . The closed two server queueing model in Fig. 8.la

is used to represent the CPU-PGU subsystem. The interfault time of a process

is defi ned to be the time between two consecutive epochs that the process

enters the CPU queue after receiving service from the paging device . The
V stoppage of CPU processing can either be due to the expiration of allocated

time slice or a page fault. In the fi rst case , the process rejoins the CPU

queue and in the second case, it joins the queue of the paging device. In

the second level of modelin g hierarchy , we consider the interaction between

the CPU-PC’iJ subsystem and file I/O device. Another closed two server queueinq

model in Fig. 8.lb is used for this case. The res ponse ti me of a p rocess i s de fi ned

to be the time between two consecutive time epjchs that the process passes

through the self loop of the CPU-PGU subsystem . ihat is to say a transfer

through the self loop can be viewed as a termination of a process and entering

of a new process at the same i ns tant .
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T_ -

- -interfault time >—J
(CPU) (page I/O)

(a) CPU-PGU model (first level )

response time

(CPu-PGu)

• 

_Q

~~~

l

~~~~

I/O)

• (b) Multiprograme d computer system model
(second level)

Fig. 8.1: Hierarchical Models of a Multiprogrammed
Computer System
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The virtual interfault time depends on the program behavior. As studied V

by Chamberlin , Fuller and Lin [30], the mean virtual interfault time , q, can be

expressed as

2S - 

-
,

dn 2
V 

~~
÷ (...._ )

where V

V I
M: main memo ry size

d: the number of pages that provides the process with half of
its largest possible life time

S: the expected virtua l interfault time when the process is V

allocated a memory space d

n: degree of miltiprograming

We will consider two types of program behavior as considered in [30], [31].

Typel: S = 2 5 ms
d = 50 pages

Type 2: S = 20 ms
d = 60 pages

Clearly, Type 1 programs lead to better performance . We will let N denote the 
V

total number of processes being activated , i.e. the total number of processes in -

the CPU , page and file I/O devices. Furthermore , we assume that processes in the V

file I/O queue will be swapped out from memory. Note n denotes the total number V

of processes contending for memory , i.e. the total number of processes in the CPU V V~~~

and paging device which is usually referred to as the degree of multiprogramming.

We begin with the fi rst leve l model in Fig. 8.la. Let us assume that the

total memory size is 128 pages and the time slice , t~, for each job is 50 msec. ~. 

- -

The mean service time , tpg~ of the paging device is assumed to be 5 msec. The 
V

mean CPU overheads for a page fault and a process switching, referred to as 0p
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V V~~ V# and 0~ are assumed to be 0.2 and 0.3 msec . ,  respectively. The mean time

between service completi ons at CPU is approximately

t q
= t5~ q 

+ 14) O~ + (l-~ )O~
where

- _ _

• 1~’ t~+q

The numerical approximation technique in section 6 is emp l oyed in the following

study . In Fi g. 8.2a and Fig. 8.3a, we plot the interfault time distribution

functions and density functions for type 1 programs when n=2 , 4, 6 and 8,

.4 respectively. The time is normalized with resp2ct to mean virtual interfau lt time .

F

In Fig. 8.2b and 8.3b we plot the same curves for type 2 programs . As we can

see when the degree of multiprograming increases , the changes in the shape of

distribution functions or density functions follow the same pattern for both

types of programs . Nevertheless , for type 2 programs , the performance deteriorates

further as n becomes large . In Table 8.1 and 8.2, we tabulate the CPU utilization

under various values of n for both types of programs . The CPU utilization for

type 2 programs decrease sharply as n goes to 8. The CPU utilizations given

in Table 8.1 and 8.2 will be used in the next level of the multiprogramed
V computer system model to determine the effective CPU execution time between file

I/O requests or process completions. The effective CPU execution time is defined

to be the CPU execution time devided by the true CPU utilization referred toas

UCPU

L
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degree of CPU utilization CPU utilization
multi programing (including overhead) (true), U~p~

1 0.898 0.882

-~ 2 0.979 0.956
3 0.991 0.961

V 4 0.992 0.952
5 0.989 0 .937
6 0.980 0.914 V

7 0.956 0.876
8 0.904 0.8 11

Table 8.1: CPU Utilization Under Type 1 Programs

• degree of CPU utilization CPU utili zation
multiprogra nining (including overhead) (true), U~~1~

1 0.870 0.851
2 0.959 0.931

- 3 0.970 0.929

V 
4 0.96 1 0.903
5 0.929 0.854

V 

6 0.859 0. 768
7 0. 749 0.649
8 0.629 0.526

- Table 8.2: CPU Ut i lizat ion Under Type 2 Programs

- V V V V ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~
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Now let us consider the second level model in Fig. 8.lb. We further

assume that te~ 
the mean CPU execution time of a process , is 100 ms and

tf) the mean execution time between file I/O requests of a process , is 50 ms. The

service time of the file I/O device is assumed to be 50 ms. The CPU overheads for

I, a fi le I/O fault and a process termination and initiation , referred to as O~ and

are assumed to be 4 ms and 0.3 ms , respectively. The mean service completion

~ time of the CPU-PGU subsystem is approximately

t t
tCPU PGU = 

(tf+tc)UCPU 
+ 

~ 
+ 

~~

where
f

tc + t f

In Fig. 8.4a and 8.5a, we plot the response time distribution functions and

density functions for type 1 programs when N = 2 , 4, 6 and 8. The response time

is normalized with respect to the mean CPU execution time of a process. In

Fig. 8.4b and 8.5b, we plot the same curves for type 2 programs . As we can

see as N increases , the changes in the shape of response time distributions or

densities follow the same pattern for both types of programs , respectively.

In Table 8.3, we tabulate the mean response times for both cases. As we
V can see when N is less than 6, the response time distributions or densities

under both types of programs are very close to each other. When N further

• increases, the performance under type 2 programs deteriorates faster than

than under type 1 programs since the paging device is not fast enough to

support paging requests .
Let us change the mean executVion time between file I/O requests to 30 msec.

and plot the same kind of curves in Fig. 8.4C, 8.4d and Fig. 8.5c , 8.5d as

before. Now the file I/O request rate increases and the file I/O device becomes

the bottleneck of the system. Comparing Fig. 8.5c with 8.5a or Fig. 8.~d with 8.5b,
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we can see the forms of density functions change sharply from before. In

Table 8.4, we tabulate the mean response t imes for both types of programs .

Since processes contending for the file I/O device do not content for memory resource ,

the performance difference between type 1 and type 2 programs become smaller

compared with the previous case.

To investigate the balancing of a computer system let us keep the degree

of multiprograming to be 8 and the processing rate of the CPU and paging 
V

device as before. Type 2 programs are used for illustration. In Fig. 8.6a

and 8.6b, we plot the interfault time distribution functions and density

functions under memory sizes of 128, 192 , 256 and 320 pages , respectively.

The time is normalized wi th respect to mean virtual interfault time . In

Table 8.5, we tabulate the mean virtual interfault time for each case. Although

the mean virtual interfault increases steadily according to almost linear rate,

the closeness of the distribution curves after memory size exceeds 192 pages

indicates that the system attains its balance after the memory size exceeds

192 pages. Further increasing the memory size only makes the paging device

idle most of the time . Notice the crossing of the distribution functions is

due to the time slice control which forces the long interfault time to be

V interrupted and increases the tail of the interfault time distribution . This

phenomenon becomes more apparent as the memory size or the mean virtual interfault

time further increases. Apparently, when the memory size is 128 pages , the

system is not balanced and the paging device is overloaded. Instead of increasing V

memory size to make the system balance , we can increase the speed of the

paging device . In Fig. 8.7a and 8.7b, we plot the interfault time distribution

functions and density functions when service rate of the paging device, ~~, is 0.2,

0.4, 0.6 and 0.8 processes/msec, respectively. The orig inal service rate of

the paging device is 0.2. After we double its service rate , the system gets close

to balance. Further increasing the speed of the paging device has marginal effect

on the performance. 
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N type 1 pro gram type 2 program

2 326 332
4 540 553

V 

6 766 823
8 1028 1318

V Table 8.3: Mean Response Time When the Mean Time Between
File I/O Requests is 50 msec

N type 1 program type 2 program

V 

- 
V 2 438 443

V 737
6 1048 1070
8 1373 1445

Table 8.4: Mean Response Time When the Mean Time Between
File I/O Requests is 30 msec

memory size mean virtual interfault time

128 2.66

192 5.52

256 8.86

320 12.31

Table 8.5: Mean Virtual Interfault Time Under Various
Memory Sizes.
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9. CONCLUSION

Queueing network models have been used extensively in modeling com puter

systems and computer communication networks. The situations where we can get

analytic solutions for stationary state probabilities have been studies in the

past few years . Although their average values can be obtained through Little ’s V

formula , the response time distributions or the more general passage time

distri butions have not yet been solved . The distribution function can provide
.4 : us with a lot of useful information , such as vari ance or other higher moments ,

percentile , quantile , etc .. By transforming passage times into hitting times

of appropriate Markov systems , we derive an analytical solution for passage

time distri butions for the same class of closed queueing networks specifi ed

in section 3, where the analytic solution on stationary state proba bilities

is ava ilable. Avoiding matrix inversion in transform domain required by the

exact analysis , efficient numerical approximation replacing convolutions by

recurrence relations is also proposed using the concept of discretization of

the distribution functions. Then we consider passage time distributions for
V the class of open queueing networks specified in section 3. The result for

closed queueing networks is extended to obtain approximate passage time distributions

for open queueing networks. Finally, we employ the techniques derived in this

paper to study the interfault time distributi ons and response time distr ibutions

of multiprograme d computer systems . The effects of program behavior , degree

of multiprograml ng , size of main memory, service time of paging devices , and

rate of file I/O requests on the shape of distribution functions and density V

functions have been exami ned .
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